
AN APPLICATION OF THE NEWTONIAN BOUNDARY CONDITION 

TO SUPERSONIC JETS EXHAUSTING INTO A HYPERSONIC STREAM 

by 

JOH FRANCIS NEWTON, JR. 

A THESIS 

submitted to 

OREGON STATE COLLEGE 

in partial fulfillment of 
the requirements for the 

degree of 

MASTER OF SCIENCE 

June 1959 



APPROVED 

Instructor in Mechanical Engineering 

In Charge of Major 

Head of Department of'tvlechanlcal Engineering 

Chairman of School Graduate Committee 

Dean of Graduate School 

Date thesis is presented May 15, 1959 

Typed by Elaine M. Egger 



ACKNOWLEDGMENT 

The author wishes to express his appreciation for the advice and 

assistance received from Mr. ;obert E. Wilson of the Mechanical 

Enineerin6 Department. He also wishes to thank the mbers of the 

Mathematics Department for their support, particularly, Mr. Robert J. 

White for his continuous aid. 



TABLE 0F CONTENTS 

Pa6e 

INTRODUCTION ................. . i 

6 

CENERAL CONSIDERATIONS ............. 9 

Method of Characteristics ............ ii 
Newtonian Boundary Condition ........... 15 

Intersection of Like Characteristics .......... 17 

APPLICATION OF THE METHOD OF CHARACTERISIICS. . . . 19 

Newtonian Boundary Point Calculations ........ 20 

Interior Point Calculations ............ 25 

COMPUTER PROGRAMMING . ............ 30 

Newtonian Boundary Progracui . . . . 30 

RequiredlnputData ............. 32 

Sequence of Program ....... 32 

Coaparison of Convergence Criteria for Boundary Point . 34 

Selection of the Convergence Limit ......... 35 

EVALUATION OF THE BOUNDARY SOLUTION ....... 37 

CONCLUSIONS AND RECOMMENDATIONS ......... 42 

BIBLIOGRAPHY .................. 44 

APPENDIX .................... 46 

Computer Programs .............. 46 



LT OF FIGURES 

Figure Page 

1. Boundary Point Calculations 21 

2. Interior Point CalculatIons 26 

3. Computer Flow Chart 31 

4. Computer Program NotatIon 33 

5. Constant Pressure Jet Boundary 38 

6. Newtonian Jet oundary 39 

7. Newtonian Jet iounLlary 40 

8. Newtonian Jet Boundary 41 

9. Newtonian Boundary Program 49 

10. Prandtl.-Meyer Expansion Program 58 

11. Pressure atio Program 61 



AN APPLICATION OF THE NEWTONIAN BOUNDARY CONDITION TO 

SUPERSONIC JETS EXHAUSTING INTO A HYPERSONIC STREAM 

INTRODUCTION 

Since the advent of missiles and high speed aircraft the study of various 

facets of the jet propulsion system has received considerable attention. One 

such area of interest is the flow of the underexpanded supersonic jet issuing 

from the engine nozzle. The knowledge of the jet flow field is essential to 

certain design considerations of the propulsion system. For instance, the 

underexpanded supersonic jet may Impinge on the missile structure or cause 

communication interference (5, p. 5). 

The extent of the outward expansion of the underexpanded jet will 

depend on the notion of the stream of fluid surrounding the jet flow field and 

the jet exit conditions. For the study presented in the paper, the jet exit is 

assumed to be parallel with a uniform exit fluid exit velocity. The fluid 

issuing from the nozzle starts to expand at the sharp edged lip of the nozzle. 

This expansion, in the immediate vicinity of the nozzle lip, is defined by 

Prandtl-Meyer flow (9, p. 600). Since the nozzle exit pressure of the under- 

expanded jet is greater than the free streauL pressure, the jet expands until 

the pressure along the jet boundary is in equilibrium with the pressure in the 

exterior flow field. The jet boundary expands with an increase in altitude 

because of the associated decrease in the ambient pressure. Therefore, the 

problem of jet spreading is of more concern at higher altitudes. 
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A supersonic jet is usually classified by the boundary conditions imposed 

on It by the flow exterior to the nozzle. Three basic types of flows that may 

exist exterior to the jet flow field are the quiescent, supersonic, and hyper- 

sonic fields. The boundary imposed on the jet by these free stream flow fields 

is a streamline on which the pressure in the ai.cent flow fields is the same 

for every point on the boundary. Then in :eneral, free jet boundaries may be 

considered a streamline with pressure equilibrium existing across the bound- 

ary at each point on the boundary. 

Quiescent Free Stream 

The fluid exterior to the jet has zero velocity. Thus the entire jet 

boundary must expand to the ambient pressure. The boundary condt tion for 

exterior flow fields with a relatively low subsonic velocity may be approxi- 

mated by this constant pressure boundary. Since the exterior field pressure 

is constant the stanation pressure along the boundary streamline is constant. 

Therefore, the Mach Number along the boundary is a constant. 

Supersonic Free Stream 

The flow exterior to the jet has a supersonic velocity. Determination 

of the boundary properties requires the simultaneous solution of the jet and 

the exteror flow fields. Since the flow fields are interdependent the solution 

for the boundary is very lengthy and complicated. The exterior flow field 

must be considered rotational because of the curved shock that extends 
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outward from the jet exit plane into the free stream. At each boundary point 

tlìe pressure, flow an;le, and physical coordinates for the two flow fields are 

Identical but vary from point to point along the boundary (5, p. 34). 

Hypersonic Free Stream 

The flow exterior of the jet has a Mach Number much greater than 

unity. The copuscular theory of Newton maybe used to approximate the bound- 

ary con iition for low density hypersonic free stream. This theory shows that 

the effect of the exterior flow on the jet boundary may be expressed as a 

function of the jet boundary Mach Number and flow anfle. The advantage of 

this method is that only the jet flow field is considered in determininb e 

boundary location and the jet structure. 

Method 4 Solution 

A method for analyzin the structure of a supersonic inviscid jet flow 

field is the application of the method of characteristics. The differential 

equations that describe the supersonic flow are solved by the method of 

characteristics. This method is used to determine the internal fluid proper- 

ties and the boundary location. The foldbaek method of Love and Crigsby is 

applied to the intersection of the riit running characteristics to handle the 

internal shock (5, p. 34). The characteristic equations are solved by numer- 

ical or graphical means. In this study the ALWAC-3E electronic digital 
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computer was used to solve the cnaracteristic equations by numerical methods. 

Scope of Thesis 

The Newtonian boundary condition is applied to axisymmeteric jets 

exhausting from a parallel nozzle exit Into a uniform hypersonic stream. 

The inviscid equations of motion are employed to establish the characteristic 

equations. The assumptions made throughout this paper are listed as follows: 

1. The flow in the jet is steady, irrotational and inviscid. 

The fluid is a perfect gas with constant specific heat at constant 

pressure. The irrotational condition implies isentropic flow. 

Therefore, the fluid flow field is described by potential flow. 

Since the flow is inviscid there will be no interaction between the 

adjacent flow fields at the jet boundary. 

2. The Newtonian boundary condition describes the effect of the 

exterior how on the jet. 

3. The foldback method is used to handle the intersection of charac- 

teristics of the same family. Therefore, the calculation procedure 

ignores the crossing of the same fatnily of characteristics and 

applies the characteristic equations throughout the jet flow field. 

The characteristic equations were prorarnmed on the ALWAC-3E 

electronic digital computer in a finite difference form. The procedure 

employed for these calculations and son..e of the difficulties encountered in 
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establishing these procedures are presented. Some Newtonian jet boundary 

solutions are included. Digital computer programs are given for the appli- 

cation of the Newtonian and constant pressure boundary condition to super- 

sonic axisyinmeterie jets. 



NOTATION 

A defined by equation 25 

A' defined by equation 25a 

B defined by equation 30 

B' defined by equation 30a 

C local speed of sound 

c* speed of sound at Mach Number of unity 

Cp pressure coefficient 

C defined by equation 26 

C' defined by equation 26a 

D defined by equation 31 

D' defined by equation 31a 

E number of lines (characteristics) remainln 

F defined by equation 27 

F' defined by equation 27a 

G defined by equation 28 

G' defined by equation 28a 

H defined by equation 32 

H' defined by equation 32a 

k ratio of specific heats 

L function of x, y, u and y 

M Macli Number 
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M* dimensionless speed V/c* 

N number of points left on a line (characteristic) 

P pressure 

r radius 

P pressure ratio P0/ ce 

S defined by equation 33 

S, defined by equation 33a 

T function of x, y, u and y 

u axial component of the velocity 

y radial component of the velocity 

V total velocity 

W function of x, y, u and y 

x axial coordinate 

y radial coordinate 

Z function of x, y, u and y 

Mach angle 

e inclination of velocity vector to the x-axis 

velocity potential 

convergence limit 

( ) denotes stagnation state 

( )i denotes right running characteristic of family I 

( ) denotes left running characteristic of family JI 
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denotes jet boundary condition 

( e denotes nozzle exit condition 

( ) denotes jet flow field condition 

( ) denotes flow field exterior to jet 
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GENERAL CONSIDERATIONS 

The motion of a supersonic stream is described by a system of second 

order partial differential equations of the hyperbolic type having character- 

istic solutions, The method of characteristics is used to obtain the numerical 

solution of the hyperbolic type equations of supersonic flow, wrreas, the 

relaxation method is used to solve the elliptical type equations describing 

subsonic flow. 

The nonlinear potential equation for axisymmeteric, inviscid, irrota- 

tional flow is 

where 

(c2-u2)Q7 -2uvçZ' +(c2-v2)çV _c2=o (i) 
'n-x "Y y)? 

C2 = C2 - k - i 
(u2 + V2) (2) 

e 2 

The character of the solution ol tne potential equation depends on the 

size of M. When M <1 an elliptical type equation results for which the relax- 

ation method is the appropriate method of solution. If M >1 the potential 

equation is of the hyperbolic type. Therefore, the method of characteristics 

is used to obtain the numerical solution. 

The characteristic solutions lie on surfaces which exist when the tran- 

sition from one region of the flow field to another involves a discontinuity of 

some of the derivatives. These surfaces divide two adjacent regions of the 

flow field described by expressions which are analytically different. The 
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projection of tue characteristic curves from the characteristic surfaces on the 

physical and hodogiraph planes are respectively termed the physical character- 

istics and the hodograph characteristics. The polar coordinates of the hodo- 

graph plane are the velocity and the flow angle. 

L'he physical characteristics are coincident with the Mach cones that 

exist at the point under consideration. The Mach cone defines the region in 

the flow field that a point will influence. The Mach cone may be considered 

as a cone of influence opening downstream obtained by rotating the line defined 

by the Mach angle through a full revolution about the flow stream line at the 

point being considered. since the flow is supersonic, waves will only propa- 

gate downstream within the cone of Influence. 

Two families of characteristics exist for supersonic flow. The first 

family termed right running, form an angle of ( - ) with the positive x 

axis and the second family termed left running form an angle of ( e + ° ) 

with the positive x axis. The characteristics are defined with respect to 

their orientation with the stream line. Looking in the direction of flow, 

the left running are to the left and the right running to the right. This 

notation is necessary to avoid ambiguity since the streamline is not restricted 

to the positive x direction. 

For axisynzieterlc flow the characteristic equations are a function 

of both the physical and hodograph planes. Therefore, the solution must be 

constructed simultaneously in both planes. íhen the directed velocity is 
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determined, the other fluid properties of the flow field are known since they are 

a unique function of the velocity for potential flow. 

Method of Characteristic 

The general form of the equations that describe a steady irrotational 

supersonic fluid flow is 

Ldy2 + 2Tdxdy + Wdx2 = Z (3) 

which is a nonlinear partial differential equation of the second order with two 

independent variables. The coefficients L, T, W, and Z are functions of the 

velocity components and the physical coordinates (10, p. 597). 

Since the fluid properties are continuous, the velocity components 

and Will be continuous functions of x and y. Then for the arbitrary incre-. 

n uts ux and dy 

d = ')ÇdX+ dy (4) 

d = dx+ dy (5) 

A solution of equation 3 may be considered a three diiensional surface in the 

X, y, space. ihis surface Is called a characteristic or integral surface. 

The characteristic curves of the solution are described by certain curves on 

the integral surfaces where the derivatives of the velocity components 4< , 

and ç1 are discontinuous. The projectiou of these characteristic curves onto 

the x, y plane is called the physical characteristics. 
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To determine the characteristic solution the osslble discontinuitles of 

the derivatives are investigated in the equations 3, 4, and 5. These three 

equations may be regarded as forrnin. a system of simultaneous, linear, 

algebraic equations in the variables , 27 md '. The solution to this 

system of equations is 

Ldyd - Zdydx + Wdxd 4 
= Ly2 - 2Tdxdy + Wdx2 

and will he indeterminate when the numerator and the 
'(X y YY 

denominator of equation G are set equal to zero. rflle resulting equations will 

describe the finite discontinuitles that may exist in the derivatives of the 

velocity components. 

The differential equations of the projection 01 the characteristic 

curves in the physical plane are obtained by setung the denominator of 

Ldy2 2Tdxdy + Wdx2 = O (7) 

After rearrangjn equation 7 becomes 

-i-= 
T± JT2_Lw 

(8) 

Equation 8 defines the physical characteristics. 

Since the slope of the characteristic curve in the physical plane is a 

function of the velocity components and it is necessary to determine 

how these functions vary along the characteristic in the physical plane. The 
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desired relation may be found by determining the equatioua of the characteris- 

tics iu the nodograph plane. Thì la done by setting th numerator of equation 6 

equal to zero. 

Ldyd - Zdydx + Wdxd = 0 (9) 

Equation 9 is rearranged to give 

d 43 !_ .?;_ 
(10) 

\v dx W 

which is further reduced by substituting equation 8 

= 
T ± /T2 - LW (11) 

W W dQ< 

The hodograph characteristics are defined by equation 11. 

The characteristic equations for axisymneteric, lrrotational, inviscid, 

steady flow are of the same form as equations 10 and 11. The complete 

potential equation for axisymmeteric potential flow in terms of the cylindrical 

coordinates x and y is 

(e2 u2)c22 -2uv9 +(c2 -v2)9 + = (1) 
y (xx ))d yy 

where C2 = c2 k - i (u2 + V2) (2) 
2 

and u , y = (12) 
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Comparing equation 3 with 1 it is seen that 

L=c2-u2 w 

-c 1=-uv 
y 

The resulting equations are 

(dy _uv±cJu2+v2_c2 (13) 
dxJ1 

II 

for the physical characteristics anJ 

(dv ucJu2+v2_c2 c2v ( (14) 
\du c2 - (2 - v3y 'i. du I 

for the hodograph characteristics 

In the above equations the upper si,n refers to the right running charac- 

teristic I and the lower sign refers to the left running characteristic II. 

Equations 13 and 14 are written in terms of the total velocity V and the 

flow angle & to facilitate handling. Introducing 

u=lJcos9 , v=Vsin& 

and the Mach angle cx , whici is defined as = sin1 (cí\ì) 

the equations simplify to 

(\ = tan ( ê ° 
) (13a) 

dx)1, 

1 / dv \ = ; tan o + Slfl ( thu o' sin e _2; /1Yj (14a) 
-;- n sin 

( ; c( ) y d&/1 
, 
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Equation 14 may be further simplified by multiplying by cot 0< and c". 

The resulting equation is 

- cot 0< 
(d e)1, 

M 
(dM*) flC 81fl9 (dy) 

I, ri (14b) sìn(o) y 

Equations 13a and 14b are then solved by finite difference methods to 

determine the desired flow field. 

Newtonian Boundary Condition 

The flow exterior to the jet has a Mach Number much greater than unity. 

The coriscular theory of Newton may be used to approxbnate the boundary 

condition for a low density hypersonic free stream (12, p. 323). This theory 

is based on the assumption of a rarified gaseous inedia. The Newtonian theory 

considers that the individual particles (molecules) strike the surface (boundary) 

rebound. without noticeable interference with each other. The average surface 

pressure caused by these particles may be expressed as the product of their 

mass flow with the normal component of their velocity (3, pt. 18, p. 16). 

Assuming an inelastic reflection, the chan .e in the normai component of the 

free stream velocity attributed to the jet boundary is V sin e b The 

resultin approximate expression for the pressure coefficient is 

Gp 2sin2 b (15) 



where Cp is defined as 

The pressure ratio 
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Cp 
= (i/, K M, (16) 

1'b =i+k M, sifl2eb (17) 

is obtained by combining equations 15 and 16. 

Equation 17, which is termed the Newtonian boundazy condition, 

expresses the effect of the exterior stream on the jet flow field as a function 

of t1 boundary Mb and &b and the free stream parameters M, and k 
(12, p. 323). This relationship reduces the boundary problem from the two 

interdependent flow fields to the single flow field of the jet. As a consequence, 

the calculations required for the determination of the boundary location and 

the jet structure are greatly simplified. 

Equation 17 is rearranged for calculation purposes by introducing 

the isentropic perfect gas relationships 

and 

2 

M2= 
k+1 (18) 

1- 
k +1 

k 

!2 = 
(1+ 

k; i M2) r:-i 
(19) 

P 



The resu1tin equation is 

17 

- i 

r1+kMSfl21 k 

R 
b] i (20) 

k. 
- i 

where R = (1 + 
2 

M) k1 (1 + k M sin2 O b) (21) 

R is the rado of staiaon pressure of the jet to static free stream pressure. 

J3oth of these pressures are assumed to be constant, therefore R Is constant. 

Intersection of Like Characteristics 

The intersection of the right running characteristics originating at the 

jet boundary represent the approximate location of the internal shock of the 

jet. The eqansion waves are reflected from the boundary as compression 

waves (9 , p. 613). Although each reflected wae is of weak strength, the 

8uperpoSitiofl of these waves represents a compression wave of finite 

strength. The locus of the intersection of these reflected characteristics 

approximates the location of the internal shock. This is illustrated by the 

calculated characteristic net shown in figure 6. The shock is of vanishing 

strength at Its ori' in but pows in strength as tue succeeding: reflected 

characteristics cross. The first indication of the internal shock is the 

intersection of the first reflected ri't running characteristic with the input 

characteristic orinating at the nozzle lip. This intersection is clearly 



18 

illustrated In figure 6. The above procedure for haixiling the intersection of 

the like characteristics is described as the foldback method (5, p. 34). 

The exact method for handlin the internal shock Is to combine the 

shock equations with the characteristic equations. The resulting equations 

are quite Involved and are very difficult to solve. To avoid this difficulty 

the foldback method will be used for the method of solution presented in this 

paper. As a consequence of the foldback method, the calculations disregard 

the crossing of the reflected characteristics and apply the characteristic 

equations throughout the jet flow field. 
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APPLICATION OF THE METHOD OF CHARACTERISTICS 

The equations of the characteristics in the physical and the hodograph 

planes are expanded into a finite difference form for the calculations. The 

system of continuous characteristic curves is approximated by straight line 

chords which connect the points of intersection of the two families of charac- 

teristics. The accuracy of the solution thus obtained depends on the input 

data, the characteristic net sìze and the degree of convergence obtained 

(9, p. 619). 

The sequence for the calculations used for the Newtonian boundary 

calculations is shown in flure 3. The input consisted of a right running 

characteristic from the exit nozzle lip as shown in figure 4. The fluid 

properties included for every input point on the right running character- 

istic were x, y, M*, M, e , and c' The remainder of the input was the 

constant; free stream parameters M , k and R. 

Since the Input characteristics were precalculated, a Prandtl- 

Meyer expansion program was written to expand the flow beyond the initial 

point of the input characteristic to obtain the desired pressure ratio e/1, 

This is possible because every expansion wave from the nozzle lip may be 

considered the start of a new right running characteristic (9, p. 600). 



Newtonian Boundary Point Calculation 

The boundary location and its fluid properties are determined by the 

intersection of the left running characteristic from the downstream point 2 

with the streaxnJ.ine from the upstream point 1. All the fluid properties are 

known at points i and 2. The physical iierpretation and the notation for the 

boundary point calculations are shown in figure 1. 

The streamline connecting points i and 3 is defined by 

tan e (22) 

20 

This equation is expanded into a finite difference form. The resulting equation 

for the streamline along the chord i - 3 is 

y3-yi=(xa-xi)tan9 (22a) 

The left running characteristic connectinpoints 2 and 3 is defined by equation 

13a. This equation is expanded into a finite difference form. The resulting 

equation for the fluid properties along the chord 2 - 3 is 

y3-y2=(x3-x2)tan(e ) (23) 

Similarly, equation 14b is expanded into a finite difference form for calcu- 

lating the fluid properties in the hodograph plane. The resulting equation 

along the chord 2 - 3 is 



BOUNDARY POINT CALCULATION 

d // 
/ // 

/ / 1 A. V2 / , _/ \__ 

'e 2 

RCTAN rIAW e _I____ 

ARcTAN.-[TAN(e2c2) + TAN (83+3)] 

FIGURE I 

t.D 
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= e coto< _________ 
3 2 M* 

(]1*3 - M*2) sine sin 0'< (y3 - Y2) (24) 
sin (+o<) y 

and the boundary equation on the chord i - 3 is 

I 
E11 2 2 93 

] 

9 
(20) 

- i 

M*3=J J 

-L ; - i 

First Approximation. As an initial approximation it is assumed that 

the fluid properties at point 2 represent those on the chord 2 - and slini- 

larly, the properties at point i represent those on the chord i - 3. The result 

of this first approximation is denoted by point 31 in figure 1. Introducing the 

following notation 

A=tan&1 (25) 

C=tan(û2+e) (26) 

cot o 2 F= (27) 

sine2 sino<2 
2: 

sin(O2+o2) Y2 
(28) 

Equations 22 and 23a become 

y3-yi=A(x3-xi) (22b) 

Y3 Y2 C (x3 - x2) (23a) 
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Since 9, °(, x and y are known at points i anci 2 equations 22b and 23a may 

be solveu sh.aultaneously for x3 and y3. Usin the average properties, 

equation 24 becomes 

a 
= + F(iVi*3 - M*2) - C( y - Y2) (24a) 

The first approximation for and M*3 is found by solving the transcendental 

equation 20 with equation 24a. Two different procedures were applied with 

success. In the first method was estimated by assuming the M*2 M*3. 

The resultin expression is 

93= 2" C(y3-y2) (29) 

Ihis value for 93 was then used to estimate mVt*3 with equation 20. The other 

method was to assume M =- M*3 repeat the above procedure. 

After the initial approximations were determined, equations 20 and 24 

were solved for e3 and M*3. An iteration process is necessa because of 

the transcendental nature of equation 20. These equations were iterated 

directly. ihe last calculate value of 9 WS used to determine the new 

va1ue of r/J*3 then jj*3 was used to find the next ê 
. 

This process was continued until the difference between the last and 

the next to last value of & was less than a specified convergence 

criterion . fhis comparison is denoted by -E 

where 9 is the absolute value of the difference between the last calcu- 

latec 93 and the next to the last value of e . When ¡4 et - < o the 



calculations proceed to the successive boundary point approximations. 

Successive 4pproximations. The initial approximation is Improved by 

assuming that the conditions on chords i - 3 and 2 - 3 na y be represented by 

averaging the properties alon these chords. The successive approximations 

are designated by point 3" in figure i. This averaging procedure has been 

shown to be a rapidly convergent process. The average coefficients are 

defined by the foilowing equations. 

A' = 
-? 

[tan + tan ] 

C, = - [tan ( e2 + 2) tan( & 3 + < (26a) 

F' = r01 < 2 + cot OK 3 (27a) 
LM*2 M*3 

j 

slno(2 i sin sinc( i 
GtL(&22) -- i1n(e3+o<jj 

Then equations 22a, 23, and 24 beeoe 

Y3 Yl = A' (x3 - xi) (22e) 

Y Y2 C' (x3 - x2) (23b) 

ea = 2 F' (M*3 _ M*2) _ G' (373 _ Y2) (24b) 

with equation 20 remainIng unchanged. The primed coefficients are evalu- 

ated with the last calculated value for point 3. 
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Converence Procedure. Two meti» ds were eniployed to establish the 

estimates for 93 for the boundary point calculation. 

1. Direct iteration. Equations 22e and 23b were solved simultane- 

ously for Y3. Then the new value of Y3 was used in equation 24b to find 

the next estimate for 9 rfhe resultin, 9 3 was used to solve 

equation 20 for M*3. This iteration procedure was continued until 

!LG1 - <Q . Then X3 was calculated by solving equations 22c and 23b 

simultaneously using the last calculated values for point 3. 

2. Averaging method. The sequence of calculations used was the 

same as that for the direct iteration except for the method used to estimate 

the next 93. Instead of using the last calculated value of for the 

next iteration cycle, the new estimate for 63 was made by adthn one- 

half of the difference between the last calculated 9 and the previous 9 

to the last calculated & 3. This ni ethod for estimating 9 3 provided 

rapid convergence for all the cases calculated. 

Interior Point Calculations 

The equations that define the characteristic curves connecting points 

2 and 3 are identical with those of the boundary point calculations. The bound- 

ary point equations connecting points i and 3 are not valid because these points 

now lie on the right runnin charactelstic instead of the streamline. The 

notation used for the interior point calculations is shown In figure 2. Point 3t 



INTERIOR POINT CALCULATION 

V1 

[TANe_ TAN(O3-3)] 

- -J-- - ___ I -13 
'LI I/I 

/ r / ARCTAN - LTAN(O +) -4- TAN(e .4-) 

FIGURE 2 
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In figure 2 denotes the first approdmation and point 3' denotes the successive 

approdmatlons. As for the case of the boundary point calculations the con- 

ditions at points i and 2 are Imown. 

First Approximation. Introducing the following simplifying notation 

B =tan(91- o< i) (30) 

C=tan(&2-i-a<2) (26) 

p= coto(,i (31) .-. 

F = 
cotc< 2 (27) 

sin61 sjno(1 J. (32) fi = 
cos (1 -oi) Yi 

s = 
sinc'(2 _1_ (33) 

cos(02+o<2) Y2 

The equations for the characteristics in the physical plane become 

Y3 Yl = B (x3 - x1) 

along the chord i - 3 and 

(34) 

y3-y2=C(x3-x2) (23a) 

along the chord 2 - 3. 
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The equations for the characteristics in the hodograph plane become 

= 9i - D (M*3 - M*1) + H (x3 - x1) (35) 

on the chord i - 3 and 

ê3 = + F (M*3 - M*2) - S (x, - x2) (36) 

on the chord 2 - 3. 

The coefficient H is not the same as the similar coefficient G for the left 

running characteristic in the boundary point calculations. This rearrangement 

was necessary to eliminate the indeterminate point in the calculations when the 

sin ( & - 0 ) approaches zero. Equations 34 and 23a are solved simulta- 

neously for x3 and y. The resulting values of x3 and y are used to solve 

equations 35 and 36 simultaneously for and M*3. This step completes 

the first approximation. 

Successive Approximations. The coefficients are taken as the avera 

value on the chord connecting the two points under consideration. Introducin2. 

the following simplifying notation, the average coefficients become 

B'=f[tan(ei_ i)tan(9a-o<3)j (30a) 

C, =f[tan(ê2+o<2)ftan( e3+0<3)1 (26a) 

1r0,<1 coto3 
D' = 

--[ M*1 M*3 
J 

(31a) 
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= r coto(2 cota(3 (27a) 
2 

L 
M*3 J 

i. r sin 91 sin° i i sin93 sin 0< 1 32 -i Lcos (i -o(i) + (9 -°'3) y3 
( 

a) 

1 rSfl92 SjflO(2 i sin 93 sjnO<3 i 
-I -+ - I (.3a) 

2 LCOS (92+cx3) Y2 COS (93.+cX3) Y3 J 

The equations for the characteristics with the average coefficients then become 

Y3 -y 13' (x3 - x1) (34a) 

Y3 - Y2 = C' (x3 - X2) (23h) 

in the physical plane and 

= j)? (M*3 - *1) + It' (x3 - x1) (35a) 

e3 = 02 + F' (M*3 - M*2) - S' (x3 - X2) (36a) 

in the hodograph plane. 

The procedure for determining the conditions at point 3 is the same as 

for the first approximation. A rapidly convergent iteration process is employ- 

ed where the coefficients are evaluated with the last found results for point 3. 

(10, p. 679). The convergence procedure examines the change in 9 between 

successive iterations. When i A ei -E < O the computation of the interior 

point is completed. 
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COMPUTER PROCRAMMG 

The programming for the digital computer is a very flexible operation 

and therefore subject to the taste of the programmer. One of the basic 

criteria for an effective computer program is the achievement of the desired 

results with a minimum amount of machine time. Although the computer 

does arithmetical operations many times faster than possible by methods of 

hand calculations, programs such as this boundary study may require hours 

of machine time for the solution of one problem. 

Since the relatively lengthy iteration processes consume most of the 

machine time during a calculation, considerable time has been devoted to 

establishing rapidly convergent operations. This program should not be 

considered optimized, but an attempt has been made to keep in achine tiie 

to a minimum. 

Newtonian Boundary Program 

The sequence used for the calculations is shown in figure 3. The 

mathematical equations and the method used are described in the preceedin 

section. The computer pro,rain for the Newtonian boundary calculations 

and its various modifications is given in the appendix. A diaramatic rep- 

resentation of the calculated characteristic net with the notation employed 

is shown in figure 4. The points without the subscripts denote the initial 
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input data points on the right runnin1, characteristic. The subscripts on the 

other points Indicate the sequence of calculation. 

Required Input Data 

1. A right running characteristic from the lip of the exit nozzle. 

The input information for each point on the right running characteristic 

includes x, y, M*, M, and O( The first point of this input data may 

be a Prandtl-Meyer expansion wave originating at the nozzle lìp. 

2. The pressure ratio R. 

3. The specific heat ratio k. 

4. fj free stream parameters k, and M» 

Sequence of Program 

Points I and 2 of fijire 4 are used to determine the boundary point I. 
Then points I and 3 are used to calculate the interior point 2 the first 

calculated right running characteristic. The remaining points on the charac- 

teristic is completed. Then the computer counts down the number of points 

on the initial input characteristic by one. The result, minus one, represents 

the number of right running characteristics remaining to be calculated. In 

terms of the notation of flure 3 this result is stated as E. The word line 

in fiure 3 refers to the right running characteristics. If E O the last 

calculated right running characteristic is typed out. The output includes 
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x, y, M*, M, eand ° for each point of the characteristic. The program 

then reverts to the boundary point calculation routine. The next boundary 

point to be calculated is point 12. The above cycle is then repeated as siown 

in fi,ure 3. When E = O after the count down the prorarn types out the last 

boundary point and stops. 

Coiparlson of Convergence Criteria for the Boundary Point 

Two methods were employed to establish the first estimate for 

These methods were applied to equation 24a. The first method assumed 

that M*2 = j*3 and the seconu method assumed M = M*3. The first 

method provided a slightly faster rate of convergence than the second method. 

Both methods convered to the same for the same E . The first 

method was used in the final program bècause it converged more rapiïy 

and it was more compatible with the method used for the successive 

approximations. 

Two methods were used to establish the estimate for 9 for the 

successive approximations. These methods were the direct iteration 

process and the averaging method. The direct method uses the last calcu- 

lated value of ê3 for the next estiLtate of 93 in the iteration process. 

The averaging method uses the last calculated value of G plus one-half 

the chane in &3 between successive iterations for the next estimate of 

e . An examination of equation 20 reveals that for large values of R 
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and small values of the change in M*3 corresponding to a small change 

In ê3 will be extremely small. In fact, as ê3 becomes less than 20 

degrees and R becomes greater than 2000, the rate of ccnvergence of the 

direct method of iteration becomes unacceptable. This disadvantage is 

overcome by the averaging method which does not directly Iterate 

equatIons 20 and 24b. The new estimate for does not depend directly 

upon the transcendental equation 20, but only on the change in between 

successive iterations. The averaging method for obtaining the estimate 

for 93 provided rapid convergence for all the cases calculated. 

Selection of the Converence Limit 

The selection of the convergence limit will depend upon the particular 

problem being solved. The accuracy of the initial input data and the net size 

employed will be the determining factors. The for the first boundary 

point approximation is not critical since it is only used to establish the first 

estimate for ê 
. The main consideration In the selection of this first 

is the machine tiïe required. If the direct method of iteration is used, 

this E should be close to the desired convergence limit since the first 

approximation loop for tI boundary point calculation requires about one- 

third the machine time per cycle as the successive approximation loop. 

Experience has indicated that this procedure will require minimum machine 

time for the boundary point calculation using the direct iteration method. 
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The most efficient method used for establishing convergence was the 

averaging method. The first boundary point approximation E for this method 

should be on the order of unity. This, in effect, allows the program to pro- 

ceed directly from the first approximation to the successive approximations. 

Experience has shown that this procedure will require the minimum amount 

of machine tinie. It should be noted that 6 is applied to /4 6/ in 

radians. The result of the boundary point calculations was the same for the 

two different methods of convergence when the same was employed. The 

E for the interior point calculations may be quite small since the method 

employed provides rapid convergence. 

Experience has shown the required for a specified degree of con- 

vergence is inversely proportional to the input characteristic spacing. 

Therefore, the larger net size will require the smaller for the same 

accuracy. This result is suggested by observin that as two points on the 

same characteristic approach each other the differences in their fluid 

properties will also become less. The method used to determine the size 

of was to start with a relatively large on the order of O. 01 and reduce 

it until there was no noticeable changes in the results. Each boundary cal- 

culation requirec a different to obtain the same degree of stability in the 

results. The E should be made as large as the accuracy requirements 

will permit to reduce the machine time required for solution of the problem. 
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EVALUATION OF THE BOUNDARY SOLUTION 

The accuracy of the jet structure calculated by this program is depen- 

dent upon the accuracy and the net size of the input characteristic. The reH- 

ability of the input data is dependent upon the procedure used to calculate it. 

The right running characteristics used for the calculations presented in this 

paper were precalculated and assumed to be accurate. 

A constant pressure boundary presented by Love and Grigsby was 

duplicated to check the accuracy and continuity of the interior point calcu- 

lations (5, p. 110). The computer solution for the constant pressure bound- 

ary was in close agreement with the cited boundary. The boundary calculated 

with this program is shown in fiire 5. The calculated boundaries presented 

in this paper should provide an adequate description of the jet flow fe1ds 

subject to the inherent limitations of the assumptions made. Newtonian jet 

boundary solutions are presented in figures 6, 7 and 8. Fi:ure fi shows the 

calculated jet characteristic net. The dashed line in figure 6 is the continu- 

ation of the input characteristic after the first foldback occurred. The 

effect that a chanLe in the pressure ratio Pe/P has on the boundary is 

shown in figure 7. Figure 7 shows that for the saine free stream conitions 

an increase in Pe/P will tend to expand the jet boundary. 
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CONCLUSIONS AND RECOMMENDATIONS 

The computer program for the application of the Newtonian boundary 

condition to axisymtneteric free stream jets has been written and its 

accuracy verified. The solution obtained with this program is subject to the 

initial assumptions made. These assumptions are listed below. 

1. The fluid is a perfect as with a constant specific heat at a 

constant pressure. The flow is steady, irrotational, and inviscid. 

2. The Newtonian boundary condition describes the effect of the 

exterior flow field on the jet. 

3. The foldback method describes the intersection of characteristics 

of the same family. 

The Newtonian boundary condition is a realistic approximation of the 

conditions existing in the low density hypersonic flow regime (12, p. 323). 

The simplification of the calculation procedures resulting from the Newtonian 

boundary assumption makes the solution of the axisyinineteric jet boundary 

problem feasible. The analysis of the effect of various flow parameters on 

the jet structure is not included in this paper, but the tool for this analysis 

has been developed. This program provides a practical method for studying 

the structure of the underexpanded supersonic jets. Although the present 

program is restricted to the calculation of the ewtonian ai d constant 

pressure boundaries, this program could serve as the basis from which other 

jet boundary conditions could be investigated. 
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The present program requires a precalculated right running character- 

istic from the nozzle lip for the Initiai input. This requirexoent limits the 

application of the prorarn to the available input data. A loical extension 

of this program would be the addition of the necessary sections for the cal- 

culation of the entire jet flow field. The interior point, Prandtl-Meyer 

expansion, and the pressure ratio calculation sections of the present proram 

could be utilized for this purpose. The additional sections that would be 

required for the generation of the flow field are the point on the axis of 

syinnietry and the nozzle exit flow condition input. 

Once the basic calculation sections are written other flow problems 

Involving supersonic flow could be sol'ed. A worthwhile endeavor would be 

the sthdy of the internai flow of a nozzle. If these basic additions to the 

present proram were made, the resulting computer program would be a 

valuable aid for the study of supersonic flow phenomena. 
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The computer programs developed are for the ALWAC-3E electronic 

digital computer. These programs utilize the floating point subroutines 

programmed at Oregon State College. The subroutines used in this program 

are as follows: 

1. sine 7. addition 

2. cosine 8. multiplIcation 

3. arctangent 9. division 

4. natural log 10. add multiply 

5. exponential 11. input 

6. square root 12. output 

The above subroutines use working storage 4. The programs use 

working storages 1, 2, and 3. 

The basic programs included are the Newtonian boundary, Prandtl-. 

Meyer expansion, and the pressure ratio programs. 

Newtonian Boundary 

Start 4000 
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Input Data. 

1. k, ki, MI, R, n, and Me. 

Where ( )=( ) 

n is a two digit decimal nurither equal to the nuniber of points on the 

input characteristic. 

2. x, y, ivI*, M, 9 , and for every point on the characteristic. 

Output Data. x, y, M*, M, 9 and o for every point on the caicu- 

lated cìaracteristic. The first point of the output is the boundary 

point. 

Data Storage. The characteristic net points are numbered as shown 

in figure 4. Only one point is stored in a channel. The nth point is 

stored In channel (xx - A). A is the total nuiûber of points on the 

characteristic minus the (nth - 1) point. For exam pie, if n = 5 and 

xx = fO, then the first point is stored into channel Lb and the laat 

point In ff. The following words are chan. ed to relocate the data 

storage. 

43 04 570f82 (xx) 51 1cl 8c (xx) 0000 

43 08 84(xx-1)5713 5e 26 17a68c (xx) 

43 15 c3Of8a (xx) 5f 2e 80 (xx) 573b 

43 Oa 81 (xx-1)llac 
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Location of Converaence Limit. 

Approximation cflannel word sign of ¿ 

First boundary 4u of plus 

Successive boundary 4u of uìnus 

Successive interior 5e 37 plus 

These are applied o ( I in radians. They are placed in the 

proram in hexidecimal forai. 

Modifications of Newtonian Boundary 

1. To change the converence on the successive boundary point 

approximations to the direct itteration niethod insert the following words. 

4d 0e 2d305b0f 

4cl 12 7900a508 

2. To change from the Newtonian boundary to the constant pressure 

boundary insert the follow1n words.. 

45 13 49510000 49 28 112c00b4 
17 794c4956 2e 794d4937 
lb 81461104 30 794f493b 

34 00000000 

46 18 490b0000 4d 07 8b4e8349 
0e 49501107 Ob 00001120 

0e 2d305b01 
12 7900a508 

Change the input for the constant pressure boundary calculation to 

lvii = o and arbitrary value for E. to avoid division by zero. 
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Prandtl-Meyer Expaiion 

Start 6000 

Input Data. 

k,M, Eand 

E is the increase in M between expansions. If M1 is the nth 

expansion, M = M + nE. 

Output Data. 

M j* , onea and e in tabular form. 

is the initial flow an1e at the start of the expansion. 

Onea is tie expansion an le from the initial flow an. le. 
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Pressure Ratio 

Start 6d20 

Input Data. 

k., , 6 b, Mb, Me 

Output i;ata. 

Pe/P 

Remarks: The progra.0 is self restoring. 
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