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DESIGN OF A RANDOM NU?BER GENERATOR 

INTRODUCT ION 

The physical problems which confront the modern math- 

ematician, engineer and scientist today are often too corn- 

plex and va>iiely defined for traditional mathematical 

methods. Problems such as the determination of gantma-ray 

diffusion, or the efficiency of a neutron shield, can not 

be solved directly. Either their mathematical models can 

not be written or the form is possibly a multiple order 

inte rai equation for which a solution would not be at- 

tempted. 

To solve these problems, various stochastic model 

methods have been developed. Essentially they consist 

of creating a game or physical model that represents 

the problem. By the use of random sampling information 

is obtained about the system, From this information, 

by use of statistical techniques, the problem can be 

solved. These techniques have also been applied to a 

wide ranqe of problems which have normal mathematical 

or philosophical solutions. They range from the inver- 

sion of matrices to war game theory and even to the 

creation of music. 

hen these methods were iritial1y developed calcu- 

lations were made by hand and use of desk calculators. 

Because of the time requirements necessary to obtain a 

solution the people concerned were satisfied with only 
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a few random samples. For this work methods for obtaining 

random numbers for their sampling could then be relatively 

crude Drawing numbers from a hat, uso of available small 

random integer table8, or a spinning disk similar in con- 

ception to a roulette wheel (from whence comes the general 

name for these techniques, Monte Carlo methods) were sat- 

isfactory. With the advent of electronic computers Monte 

Carlo techniques have been used extensively because cal- 

culation time is considerably shortened and extensive 

sampling is possible. At the sanie time there is a require- 

ment for a great quantity of random numbers. 

The concept of random numbers is simple at first 

thought, and yet a definition is seemingly impossible. 

There does not seem to be a definite criteria for random- 

floss. The ideal would seem to be that a mathematical law 

could be stipulated where the succession of elements wou]d 

be an infinite sequence of random numbers. In this concept 

lies the fundamental problem: that all ideas upon random- 

ness are based upon an infinite set of which only a 

finite subset can be investigated. The practical problem 

is then, if a finite sequence of numbers is obtained in one 

manner or another, is it a subsequence of an infinite 

sequence of random numbers? 

To further confuse the problem, how is this set to be 

tested for randomness? If a set is random, would not all 

interers and their successive combinations have equal 
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probabilities of occurrence? Certainly this would be true 

of the infinite set, but any subset should have a normal 

distribution of occurrence. This normal dietribution then 

presents the greatest problem, at least between authors. 

Some believe that any sot should be ideally random, or that 

only very slight deviation is allowable. John F. Walsh, in 

his paper (12), defines the term "maximum bias" to be the 

maximum deviation from the probability of occurrence. He 

also states that an acceptable set has a maximum bias less 

than the reciprocal of the number of digits in the set. 

However, most authors, and users, of Monto Carlo tech- 

niques take a slightly broader vIew of the problem. 

To8ting for randomness is concerned with the determination 

of the deviation within the set, with ideal randomness 

strived for but allowing the normal probable deviations. 

Since it is Impossible to test a set In every manner, only 

representative and critical tests aro made such that con- 

fidence of randomness is obtained. 

TECHNIQUES OF RANDOM NUMBER GENERATION 

NUMERICAL 

The principal methods of generating largo quantities 

of random numbers, for immediato machine use, rely upon 

numerical techniques. The chronological order of the moth- 

ads is first the multiplication processes, either the 
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Congruntia1 method or Middle Square, and later the 

Fibonacci Serles or a modification of lt. There are, or 

have been, possibly several other methods used, hut except 

for one to be mentioned later, they have not received rec- 

onition. The reasons for the almost exclusive use of the 

above methods is that they are easy to program and have 

proved satisfactory. 

The Congruential method uses the expression 

(1) N+1 K N (rod M) 

The value K is some arbitrary number that is experimen- 

tally determined to produce the longest sequence of num- 

bers, The value M is one larger than the largest number 

that can be ontained within the computer word. In this 

manror is exactly one word in length. 

The program would then require two storage locations, 

one multiplication and one stora& ;e command. The operation 

(Mod i y 1) is automatically performed by using the lowest 

order diì4ts which fill one word. Generally this occurs 

automatically within the machine. Because a random number 

is defined as ON<l and due to the necessary scaling 

the lower order dL4ts will then fill the low order pro- 

duct register. In this register the Nnl would be found. 

The Middle Square technique consists of starting 

with some number N0, squarin. it and usin the middle 

di its as the random number N1. If N0 is a 32 bit number, 



(N)2 is 64 bits in length. Then the first and last 16 

bits of (N0)2 are removed, N1 remaining. The number N2 

is generated in the same manner from the number N1.. 

Essentially the process is then 

(N0)2 XXx(N1)XXX 

(N1)2 XXX(N2)XxX 

etc. 

(2) (N)2 xxx(w+1)xxx 

The computer subroutine requires the use of only one 

storage location, one multiplication, and a mask or shift 

to remove the leading and trailing digits. 

The Fibonacci Series is 

(3) N = Nni + Nn2 

where N0 = O and. N1 1. In this discussion the starting 

points, or N0 or N1, are not important and quite often 

chosen at random with only a number length requirement to 

be met. However, the method ;f operation will still be 

referred to as the Fibonacci Series. There is also rof- 

erence made to a Modified Fibonacci Series 

(4) N Nn_i + En_k 

This modified Fibonacci Series is used to eliminate objec- 

tions to the first, due to the non-random distributions 

occurring within it. 



It should be noted that while the expressions for 

thi8 tohnique imply the nurnber$ as generated are used, In 

practice thIs is not so. If the number size within the 

computer Is 32 bIts, then number lengths smaller than this 

can not be used due to the bias effect of the required 

le&dlng zeros. Therefore, N and N are chosen as 32 bit 

numbers. However, when adding two 32 bIt numbers a 33 bit 

number can result, Since the scaling of the numbers is 

such that the binary point is at the furthest left posi- 

tlon, a 33 bIt number would be equal or greater than one. 

This is not meanIngful and so the 3rd or leading bit is 

dropped. The numbers boRIn as 2 bit numbers and remain 

so. 

The proLram requirements for this techr:ique are two 

or more storage locations, one additIon, storage and trars- 

fer commands to perform housekeeping so that the previous 

numbers are stored in the correct locations. This program 

is longer In command length than the multiplication pro- 

cess subroutines. However, It le possible for the Fibon- 

acel Series to operate in less tIme since addition instead 

of multiplication is required. 

There is one other tech nique that has been used in 

decimal machines. It would not be applIcable as such to 

a binary machine, The purDose is to generate single 

decimal digits. It was developed by Le1aront Hiller, Jr. 
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and Leonard Isaacson for uae in varioui !onte Carlo prob- 

lema, among which was the creation of experimental music 

(5). 

Suppose a number f, a fraction is represented in a 

base b. 

f = c1b + c2b2 + cb5 . . 

Suppose f is multiplied by an integer k. 

f c1kb1 + e2kb2 + c3kb3 + e 

If i k b then ck I 5s quite probable since it is 

equally probable that c 1/2 b or c 1/2 b. 

Then f 1k d1 + d2b- + d3b2 . . 

= 
i 

fk d 

Therefore, a set of integers, made up of the digits 

an O(1)k1 can be obtained from this product with seem- 

ingly random occurrence. The originators have shown that 

in a single test of B40,000 numbers, the integers neither 

terminate nor cycle. 

To use the techniques f is chosen as a transcendental 

such as O i ¶ or some irrational number If k is some 

factor of 2, k+l should be used and the integer k sup- 

pressed when obtained. The reason for this is if the 

right hand digit ever becomes zero it can never be changed. 

If a 10 digit f is used, it will become effectively 9 



dig;its in length. It Is then possible to become 8, 7, etc. 

until L time becomes zero and the technique terminates. 

The programming requirements for this technique would 

consist of 2 or 3 storage locations (for , k and 

possibly da), one multiplication and storage commands for 

the new numbers. The operation time of this program would 

be essentially that of the Middle Square routine, or pos- 

sibly faster since the multiplier would only be a single 

digit. 
This problem of termination or cyclin is not limited 

to the last technique described. It can occur in any nu- 

merical technique. Some work on this has been done on the 

Middle Square and Congruential techniques. The Fibonacci 

series does not have the problem of termination, only that 

of cycling. 

The termination problem of the multiplication tech- 

riques is that once 
l' 

0, all followIng numbers will 

equal zero. It has been found in the case of Middle 

Square or the NMIAC, which has a 3: bit word len:th, the 

two longest chains were approximately 500,00«) and 750,000 

numbers in length. 

For the Congruential technique the constants are 

chosen to obtain the longest chain. For the SVIAC they 

aro approximately 2 x 1010, for UNIVAC 5 x 108 and SEAC 

1012. These are only representative values of the chain 

lengths for various installations which use this technique. 



TABULAR TECJJ IQtIE 

For the most part tabular random nwnars would not be 

satisfactory for computer use. The time and space require- 

monts on the machine for loading and stor1fl the tables 

would make the method quite urthandy. However, there arose 

a requirement by the Rand Corporation wherein they nseded 

a very large number of decimal numbers which had to have 

very rigid and proven random characteristics. These were 

needed for mary purposes, therefore they decided to gen- 

erate a set of numbers in tabular form and then completely 

test their characteristics. 

"Arandom frequency pulse source providing 
on the average of 1,000,000 ppa was gated about 
once a second by a constant frequency pulse. The 
pulses were then passed through a five-place 
binary counter. ifl principal this then was a 
2-place roulotte wheel which made about 3000 

revolutions per trial and produced one number 
por second. A binary-to-decimal converter was 
used which converted 20 of the 32 numbers (the 
other 12 were discarded) and retained only the 
final digit of the two digit numbers; this final 
digit was fed into an IBM punch to produce the 
numbers on cards." t%)&'--"-.) 

This gave them a resultant deck of IB cards with one 

Random Digit punched into each of the 80 columns on the 

cards. 

They found that the initial deck was not satisfactory 

for their purposes, so they added column-by-column the 

digits on each two adjacent cards The low order digit of 

the resultant of each addition column-by-column was then 
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punched on new cards, The resultant deck of IB cards 

became the Rand table of 1,000,000 dec1ìial digits. 

They are printed in book form for those individuals 

who are interested in such an extensive set of random 

decimal digits, For computer use it is possible to ob- 

tain g copy of the card deck. 

in a Monte Carlo program when a random number is 

required, all that is needed is a single card road in- 

struction, and possibly a transfer command to remove the 

number from the read buffer to where it might be used. 

1hile this is much simpler to program, it would be much 

slower than a numerical method of generation. While no 

users are known to have placed the Rand Deck on magnetic 

tapo, it would seem practical. 13y this method the read 

time would he shortened considerably and by optimum pro- 

gramming it would be comparable in operation time to the 

various numerical techniques. 

The Rand Table numbers have the advantage over other 

techniques in that they have assumedly proven random 

characteristics. Rowever, it would be possible to gen- 

erate by numerical methods a series of numbers that would 

be tested and found to be satisfactory. Ey knowing the 

starting points this series could be regenerated any time 

necessary in conjunction with a Monte Carlo Program. It 

is linited by the fact that the numerical technique would 

be fixed, because the order of the numbers generated would 
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be invariable. Yet, with the Rand Deck, by rearranging 

the cards in any order, a new series of numbers is 

available with still-proven characteristics. 

PHYS ICAL RANDOM NIBI BER GENERATOR 

lt would be desirable, in computer usage, to be able 

to obtain random nwnbers with the simplicity of just 

reading the numbers, such as In the Rand Table, but where 

this could be accomplished faster than with a card or tape 

read command. Ideally the fastest time possible would be 

a single word time of the computer. This timIng would 

only allow the transfer of sorne word from one register ta 

another. If it were possible to always have available in 

some special register within the computer an always 

changing random number, this optimum timing of operation 

could be achieved, 

The only method by which this could be accomplished 

is by what shall be defined as a physical device, some 

electronic and logic circuItry within the computer. The 

Rand Corporation, for one instance, used such a device 

but it much too slow for computer time operation. 

In England two instances of such a device are known. 

One being a generator installed in the Manchester Computer 

for a time, hut its operation was never reported. The 

only information obtained was given in an interview with 

Dr. David J. Wheeler of Cambridge University. He said 
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that a shot diode noise generator was used but no attempt 

was ever made to determine the rardomness of the outputs 

The second device was a special computer, ERNIE 

(Electronic Random Number Indicating Equipment)) built by 

the British-General Post Office (3). It purpose being to 

determine 10,000 prize vinners per month from their 100 

million Premium Savin8 Bond Holders1 This device apaln 

uses shot diode noise generators and has an operation 

time of approximately 1/6 seconde between numbers. The 

computer'8 purpose is only to obtain valid Savings Bond 

number$ and print them out. In principal lt i only an 

electronic lottery device, Since the numbers appeared 

te be random no other teste were made. 

These device8 appear to be the extent of the develop- 

mont of ari electronic Random Number Generator, none of 

which attempted digta1 computer word time operation, 

except possibly for the Manchester Computer installation. 

It was thought to be possible to construct such a 

word time device for the Aiwac III-e computer located in 

the Oregon State College !athematics Department. Since 

the Aiwac III-s is a moderate speed binary computer, a 

very fast onerator would not be necessary. A shot diode 

noise source, being a high frequency current source, was 

thought to be unnecessary. It is normally assumed that 

radiation, either cosmic or radioactive, is a random time 

occurrence. If it is possible to measure the radiation 



occurrences In a time intrva1, and since a binary machine 

uses only two states, then a binary bit could be determined 

from whether the total radiation counts per time interval 

were odd or even. I one bit could be obtained in the corn- 

puter bit time, then one word could be enerated in one- 

word time. Essentially, the Random Number Generator would 

be a radiation moasuriní; device a a noise source, which 

would trig:or a binary or toggle circuit. The output of 

a binary changea state with each input pulse and so the 

output is an indication of whether the total count is odd 

or even. This binary output then can be shifted into a 

handom Number Fegister each bit time This would create 

a continuously changing random number In a specific reg- 

ister due to the one bit shift each bit time. If the reg- 

ister word length is 32 bits, then in 32 bit times a com- 

pletely new random number will be generated. Therefore, 

in each word time there would be a new random number avail- 

able which would allow the register to be interrogated at 

the maximum rate of the computer. 

DESIG1ED C IRCIJIT ARI) IT S CONS IDERAT IONS 

In the Aiwac lII-e, one bit time in 16 micro-seconds, 

one word time is 528 micro-seconds. A Geiger-Mueller tube 

and cathode follower output stage was available, and for 

initial testing it was used. Cosmic radiation has ari oc- 

currence of 1.5 counts per minute per cm3 of volume, so 

- - 



this radiation as a source is impractical. It would either 

have too low a count rate or require too large a tube to 'be 

practical. A Cobalt 60 source (equiva1ent to 2,5 mg of 

radium), was borrowed from Professor Popovich, of the 

Oregon State Co11ee Enrinoering Experiment Station. This 

was used as a radiation source. 

A Geier-Mue11er tube pulse output has a rise time 

upon the order of 0.1 micro-seconds, but has a recoverv 

time upon the order of 200 micro-seconds. This recovery 

time places a restriction upon the count rate then posai- 

ble. (et,, a proportional counter has a cycle time, from 

pulse start to recovery, of less than i micro-second. It 

was thought that by operation of the Geiger-Mueller tube 

near the proportional region, the cycle time could be made 

small enough to obtain adquate count rate. This would 

have to be sufficient count occurrence, in a bit time, to 

make sure that the device is not zero biased due to no 

counts occurring in the bit time. As a value, B-16 counts 

in the 16 mIcro-second bit time would be acceptable. 

ïy observing the output of the Oelger-Muefler cathode 

follower stage on a Tektronix 55 oscilloscope, It was 

found that pulses approximately 0.3 volts In magnitude 

occurred about once in 10 micro-seconds. Pulses on the 

order of 0.05-0.1 volts occurred once or twice per micro- 

second. This was with the tube operation in the Geiger- 

Mueller region, For the most part these pulses might be 
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considered s randor noise which occurs in the Geiger- 

ue11er tubo and definitely not the major discharge of 

the tube. These pulsee have fast rise times hut very long 

fall tImes and, therefore, the pulses have the appearance 

of running together. ti11, it appeared that this would 

work as a generator source. Also, by staying in the 

Geiger-Mueller region, the possibility of damage to the 

tube, due to the high voltages required for proportional 

counting, was eliminated. A ast of 200 random numbers 

were obtained with a pulse counter unit and they were found 

to have random characteristics. The pulses occurred at a 

rate of approximately 25,000 ups. Towevor, the minimum 

magnitude of a pulso sufficient for counter operation is 

0.3 volts. 

The pulso output of the Geiger-Mueller circuit would 
not be suitable for computer input. It was necessary to 
construct an amplifier, a pulse shaper and a binary dr- 

cuit for computer input. The block diagram and actual 
circuit are shown in Fig. i and 2. It consists of an 

amplifier feeding a Schmitt-Trigger, the output of which 

is differentiated and the negative pulses limited by a 

cathode follower. The positive pulses then trigger a 

binary circuit, the output of which is then available 
to the computer. 

The Aiwac III-s computer, being an existing machine 

and limited in registers available, or posiblo, would 
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require something other than a Random 1umber Register. It 

was decided that the 1o1c should be such that when a ran- 

dom number is called, instead of transferring it from one 

location to another, the number would 'be generateci into the 

A register. This is the main operation roister of the 

computer0 The time requlredfor this would be no different 

than the transfer time. One word time, optimum, to trans- 

fer and ono word time, 33 bit times (32 number bits plus 

sign bit), to generate the number. It would lack the 

flexibility of a Random Number Register but it would be 

satisfactory * 

Despite the hope for a generator source which would 

operate at about 1,000,000 pps it could not be achieved, 

It was not possible to obtain suffteient amplitude of the 

very low level noise to cause operation, The resultant 

waveform was always masked by the larger pulses due to 

the long fall times. The upper frequency range of the 

enerator is then effectively only 25,000 pps. However, 

this only need effect the operation time of the device. 

Instead of achieving a hit time generator it is possible 

for it to operate as a word time generator. It would 

take 32 word times, or 1 drum revolution, to generate 

the number in the machine under these conditions. In one 

word time there would be an averaL;e of 13 counts which 

would be sufficient operation. It would be 32 times slower 



than desired but stili comparable to, or faster than, an 

numerical technique and much easier to use. 

TECHNIQUE OF TESTING 

The testing techniques are all based upon the assump- 

tion of equal probability of occurrence of bits, or digits, 

and their combinations. There are four common tests used: 

FreQuercy, Serial, Poker and Run. A fifth might be in- 

eluded in that the Chi-Square test is used to determine if 

the deviations in the above tests are normal or expected, 

The frequency test consists of counting the occurrence 

of a specific bit, or digit, in a set of numbers. In the 

serial test the sample is divided into 2 digit combinations 

arid a count of the specific two hit, or digit, combinations 

000urrind. is made, The poker test has the set separated 

into 5 hIt, or digit, combinations of which there are the 

seven poker hand form. 

abcde Bust 
aabcd Pair 
aabbc Two pair 
aaabc Three-of-a-kind 
aaabb Full-House 
aaaab Four-of-a-kind 
aaaaa Five-of-a-kind 

A count is then made of the occurrences of the above seven 

bands, A run test is a count of the different intervals 

that occur between specific bits, or digits. 

The above tests, while being widely used, raise scv- 

eral questions as to their validitr. Always the 

- 



cornbthatioru3 between bits, or digits, not ori;ina11v se- 

lecteci as occurring together are neglected. Consider the 

following ten digits as being part of a set, 

X0 X1 X2 X3 X4 X6 X7 X8 X9 

These are generally considered to be made up of 5 serial 

combinations and two poker hands. 

Xox1, X2X3, X4X5, X6X7, X8X9 

and 

XUX1X2x3X4, x5X6x?x8X9 

If this group represents a subset of an infinite sot of 

random numbers, then they could be chosen in any mánner. 

If this is so the following neglected combinations should 

also be investigated. 

X1X2, X3X4, X5X6, X7X8 

and 

X1X2X3X4X5, X2X3X4X5X6, X3X4X5X6X7, X4X5X6X7X8 

In this manner the entire subset is investigated, not 

merely a sample. Certainly if these were random samples 

of the subset combinations, such correlation should be 

acceptable. But the methods used are certainly not ran- 

dom sampling. 

One other complaint could be made as to the poker 

test. Since only the type, and not the content of each 

hand is investigated, serious errors could arise Con- 

sider the case of the asaa combination, If probability 



states that in a çlvon set of random numbers 20 such handa 

shou11 occur and it is found that 20 do occur, then lt 

passes this portion of the test. However, if the set Is 

made up of decimal numbers, then there should be two aaaaa 

combinations of each digit. The test does not show this 

and It le possible that ten 55555 and ten 00000 hands and 

no others occur. This certainly would not be acceptable. 

Yet, the testing procedure would have validated the set, 

it le possible, if this would happen that the combination 

of all the tests would show the set to be non-random, but 

It is not certain, 

There are certain valid reasons for testing a set of 

digital numbers in this manner. The main reason being the 

time and storage requiremens of such a program. The poker 

test alone would requIre 100,000 storage cells for the 

various combinations and the time involved in program 

operation would be quite lengthy. 

As for the Chi-Square tests, the normal criterion 

is generally used. This is the significance at the 5 per 

cent level. it Tts a value that specifies that as large 

of a departure from expectation would occur in less than 

3 per cent of the samples if they are truly random. This 

means that one In twenty samples could have a larger Chi- 

Sauare value and thereby can be obtained by chance. In 

the evaluation of test results this qualification must be 

considered. 
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For binary numbers it is possible to test acttial corn- 

binations readily. First, it is necessary to determine 

the probability of bit or bit combination occurrence. Let 

a be the subset of the first n bits. Let rß- be 

the number of . Â first necessary condition for ran- 

domness would be 
V\E (O 

2 

Consider the pairs 00, 01, 10, 11 which can be obtained 

from a binary number such as 

10 10 11 01 

Let (o) be the number of occurrences of the pair 
in the set an. The second necessary condition of 

randomness is that 
t. ________ 

For the i necessary condition, let he 

the number of occurrences of the subset of 

the set a. 
tr - 

The bias, 
, 
cf a subset would be 

's. - (Q) 
LJL r-L-i- 2i 

Also, the maximum bias of a subset would be the maximum 

value of 



While this defines the probability of occurrence in 

a sat of binary numbers, in dealing with the computer, a 

modification must be made. The computer deals in 32 bit 

subsets of the set of nwnbers and there is no relation 

between numbers in time or position. It is impractical 

to attempt to connect them together to form this larger 

or infinite set. Therefore, the tests are made upon the 

subsets with the hopo that it reveals the nature of the 

larger cet, From this point Ori ït shall be defined that 

A. - (Z') - 
- (3a--i-) T 

total number of numbers 
that have been investigated 

and L= 

Bias or maximum bias form this point will refer to 

hile these values of j aro indicative of the degree 

of randomness, the final acceptance must be with the Chi- 

Square test. Since only a subset of the entire possible 

set can be investigated, some deviation must be expected. 

It must be known if this deviation is normal. 

RESULTS OF TESTING 

As a means of comparing the various techniques of 

generating random numbers, tests were made upon several 

of the methods. The Middle Square, Fibonacci Series, 

Rand Table of Numbers, and the physical generator were 



Investigated. The ConruentIa1 and Decimal Digit methods 

were neglected, the former due to the excessive time re- 

quirenients to evaluate a useful maitude for K and the 

latter because it is not applicable. 

The Middle Square and Fibonacci Series methods wero 

programmed with the generated number being immediately 

processed by the correlation routine in the computer. 

Since there was no need for operator attention during 

the routine It could run quite rapidly, processing approx- 

Imately 154 numbers per hour. As these were initial 

tests, and sample size had not been fixed, samples of 

1000 and 2000 mimbers were used. 

In the case of the Rand Numbers and the physical 

generator, the sample sizes had to be reduced. Ta eval- 

uate the Rand Numbers It was necessary to change decimal 

numbers from odd and even to binary and then the binary 

to hexidocimal for computer input. The required time 

was 6 hours to obtain 200 hexidecimal random numbers in 

this fashion. For the physical generator it was necessary 

to count the output of the device per 1000 micro-seconda 

(the closest available time base in the Advance Co. dOi- 

mal counter unit tó an Aiwac Word Time) and translate by 

odd and even to binary. This also had to be translated 

aain to hexîdecuinal for computer Input. This re.uired 

approximately hours per 200 number sample. The computer 

was able to process approximately 100 numbers er hour 



under the conditions by which each nwnber had to be 

entered into the machine through the Flexowriter. The 

tetin time required approximately 50 man-hours of number 

:eneration and translation, and over 70 hours of computer 

time for correlation purposes. Because of these time ro- 

quirementa, e8peclally computer time, extensivo sampling 

was not dones However, the tests performed do show the 

nature of the techniques involved. 

A comparison of the results from sorne of the repro- 

sentative tests are shown in Tables I, Ii and III. The 

first, Table i, shows the obtained values of maximum 

bias. The interostini: point in this is that for all of 

the tests the maximum bias obtained is much greater than 

the allowed value as described by Wr Walsh. The Rand 

and physical generator numbers appear to have an excessive 

bias in comparison with the others. The ratio, shown in 

Pable II, of the maximum bias obtained to the allowed max- 

imurn bias, is approximately the same for ali tests, al- 

though the Rand and physical generator number deviation 

ratios are consistently smaller. Turning to Table III 

it can be aeon from the Chi-Square values that ali of the 

number sets were acceptable except the Fibonacci Series, 

As mentioned before, the maximum bias value of Mr. 

Walsh seems to be an atterrnt at obtaining ideally random 

numbers in a finite set, However, the results listed in 

Tables I, II and Iii show that some tolerance concerning 



TABLE I. Values of Maximum Deviatior Observed 

Fiban- Fibon- 
T1iddlo Middle acal aai Rand Rand Physical Physical 
square Square erieh er1es Table Table Generator &enerator 
Test i Test Test 2 Test 3 Test i Test 2 Test i Test 2 
2000 1000 1000 1000 200 200 200 200 
Samples samples Samples Samples Samples Samples Samples Samples i 

O00l53 0.00190 0.00856 0.00868 0.00124 0.00812 0.01156 0.00859 1 

000224 0.00196 O.Ol1& 0.01245 0.00516 0O1O80 0.01580 0.01096 2 

0.00111 0.00203 0O0959 0.00643 O0O766 0,00783 0.01166 0.0O73 3 

0.00156 0.00201 0.00629 0.00687 0.00698 0.00506 0.00991 0.00301 4 

0,00151 0.00153 0.00507 O.O0332 0.00553 0OO5OO 0.00589 0.00446 5 

0.00143 0.00148 0.00259 0.00215 0,00344 0.00395 0.00414 0.00344 6 

0.00138 0,00134 0.00176 0.00157 0.00281 0.00295 0.00262 0.00314 7 

0,00118 0.00113 0.00129 0.00143 00O229 0.00210 0.00230 0.00229 8 

0.0005 0.001 0.001 0.001 0.005 0,005 0.005 0.005 Maxirmn 
All owec 
Bias 

5. = Number of Bit Combinations 



PABLE II. Values of Maximum Deviation Ratio 

Fibon- Fibori- 
Middle Middle acci aoci Rand Rand Physical Physicil 
Square Square Series Series Table Table Generator Generator 
Test i Test 3 Test 2 Test 3 Pest i Test 2 Test i Test 2 

2000 1000 1000 1000 200 200 200 200 
Samples Samples Samples Samples ampIes Samples Samples Samplos i 

3.06 1.90 856 8.68 0.24 1.62 2.31 1.71 1 

448 1.96 11.38 12.45 1.03 2.16 3l6 2.19 2 

2.23 2q03 99 643 l53 1.56 2.53 1.56 3 

3.32 2.01 6.29 6.87 1.39 101 1.98 0.60 4 

3.03 1.53 5.07 3.82 110 1.00 1.17 0.89 5 

2.87 1.48 2.59 2.15 0.68 0.79 0.82 0.68 6 

2.77 1.34 1.76 1.57 0.56 0.59 0.52 0.62 7 

2.37 1.11 1.29 1.49 0.45 0.42 0.46 0.45 8 

i Number of Bit Combinations. 



TAFLE III. Values of CM-Square Test 

Fibon- Fibon- 
bilddle Middle acci acci Rand Rand PhySIcal Physical 
Square Square Series Serias Table Table Geriortitor Generator 
Test i Test 3 Test 2 Test i Test i Test 2 Test i Test 2 
2000 1000 1000 1000 200 200 200 200 1aximum 

i Samples amples Samples Samples Samples Samples Samples Samples Values 

i 0.600 0.465 9.3t4 9.660 0.041 1.690 3.422 1.890 3.841 

2 1.752 0.791 34.019 37.764 2.127 4.081 8.800 4.418 7.814 

3 2.662 1.982 52.515 57.064 6.350 8.757 13.826 6.130 14.067 

4 10.226 5.808 76.559 80.788 15.999 14.328 22.604 9.765 24.095 

5 18.194 15.878 111,803 102.905 32.914 22.891 42.502 18.125 44.970 

6 32.868 46.888 138.048 116.250 63.727 54.032 71.288 42582 $2.520 

'7 89.216 114.333 190.631 102.803 121.255 111.016 127.920 98.773 154.302 

8 38.193 225.769 316.602 305.456 264.896 245.030 237.964 231.896 293.250 

i Number of Bit Combinations. 



this point would be acceptable. A definite value for maxi- 

mum acceptable bias would be difficult to determine because 

it represents a specific deviation. In contrast the Chi- 

V Square test Is a measure of all of the deviations of a bit 

combination, In the first Middle Square test the two bit 

combination has a bias deviation ratio of 4.4, but an 

acceptable Chi-Square value. In the first physical gen- 

erator test the two bit combination has a bias deviation 

ratio of 3.1, yet the Chi-Square value Is unacceptable. 

Again, in the first Fibenacci test, the eij:;ht hit combi- 

nation has a totally unacceptable CM-Square value but 

bias deviation ratio of 1.2, One interesting facet is 

that in the acceptable tests, the bias deviation ratio 

does not vary extensively, at most by magnitude of 4 from 

largest to smallest value. In the Fihoracci tests the 

ratio varies by approximately ten. There does not seem 

to be any manner by which a definite value can be obtained 

for bias deviation or ratio that would determine the 

boundary of the acceptability of a set. Possibly the 

variance of ratio might be usable, but only as a guide. 

In ail cases, the final test would have to he the Chi- 

Square. 

There occurs in the first physical generator test a 

single excessive Chi-Square value. Because it is the sin- 

gb deviation in this series it is probably due to chance 

occurrence. 
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some further mention should be made as to the physical 

generator tests. At all t1ìos it has been indicated that 

the generator would be installed in the Aiwac III-c corn- 

puter in the Oregon State College Mathematics Department. 

While the intention still exists, the installation has 

been put off for an indefinito period of time due to 

unavailability of components for construction of the corn- 

puter logic circuitry. The generator and associated cii- 

cuitry have been constructed and tested, the results 

being those shown here. Because of this uncertainty of 

the installation date it was decided to limit the dis- 

cussion and testing at this point. 

The results of the numerical techniques teste'i, Only 

the iddio Square method is acceptable. The Rand Table 

of numbers were, as expected, completely acceptable. As 

for the physical generator, that was constructed, it 

appears to be entirely feasible. The hypothesis that ran- 

dorn numbers could be generated by the method described, in 

a time compatible to the computer operation, has not been 

disproved. All numbers generated by this method have been 

found to he completely satisfactory. This technique, along 

with the Rand Table, was found to have one advantage over 

the numerical methods not originally predicted. The values 

of maximum observed bias for the numerical techniques occur 

almost exclusively with the all one binary bit numbers. In 

the translated Rand Table and the physical generator numbers, 



the maximum bias seems to occur for unpredictable bit 

combinations. 

VthiIo the physical generator seems to be entirely 

acceptable at this point, complete and final testing will 

require the computer installation. Only in this manner 

can the immediately successive hits generated be investi- 

gated, 

A further note should be made as to the Fibonacci 

Series tests. A shown, they were completely unaccept- 

able in ali tests. However, in the interview with 

1)r. Theelor he stated that he personally preferred the 

Fibonacci Series. In his method he used only every other 

number generated in his problems as a means to eliminate 

the bias effect, 

A test of this method was considered, but before it 

was attempted a paper (2) was published which investigated 

this problem extensively. The authors found that by using 

the Modified Fibonacci Series, Equation 4, excellent re- 

suits could be obtained if a value of k equal to, or 

greater than 18 was used. They also found that if alter- 

nate numbers were used, as in Dr. Wheeler's case, the non- 

random distributiona did not occur. 
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CON OLTIS IONS 

This discussion has served a two-fold purpose. First, 
it was a comparison of the available techniques of ener- 

ating random numbers. Secondly, it was an evaluation of 

a method of electronically producing these numbers at 
computer compatible speeds. 

As for the comparison of techniques, the Middle Square 

test showed that method to be suitable. From the published 

work of others, the Modified Fibonacci Series was shown to 

have acceptable results while the results of the Fibon.acci 

Series were not satisfactory. In a choice between methods, 

the Modified Fibonacci Series would probably be the most 

acceptable for ;eneral use. It would require the least 

subroutine operation time with the advantage of non-termi- 

nation of the series. rfhe only disruption of the serie 

would be if it were to cycle, but this is a relatively 
small problem compared to the problems of termination. 

The Rand Table would provide acceptable numbers, but 

it is doubtful that it would be used for most purposes. 

'Then compared in operation time with the other available 

methods, the time for card or tape reading and possibly 

translation would make it unacceptable except under the 

most strenuous number requirements. 

The physical generator has been shown to be a feasible 
method of obtaining random numbers. While it has not yet 
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been installed in the Oregon State College Aiwac III-c 

computer and tested, ali preliminary tests have been 

satisfactory. It did not meet expectations as far as 

speed of operation was concerned, but would be faster 

than any numerical method besides being easier to pro- 

kram. 

There is only one other point of comparison. For 

sorne problems it is necessary that a series of random 

numbers 1e repeatable. By knowing the starting points 

either of the numerical methods, or the sand Table could 

be used. There is no means by which the physical gener- 

ator can be made to reproduce a given series. If this 

were possible, it would he immediately suspect. 
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APPENDIX I 

The discussion and testing of the phys1c1 r.dom 

number generator has been based upon the us of a radio- 

active noise source. A different choice would be desir- 

able for several reasons. The radioactivo source has a 

problem of being a health hazard, a1t)ouh by eno1osin 

it in a simple lead brick shelter the radioactive interi- 

sity is less than i mr/hour 2 feet away. Also, it re- 

quires special power supplies and the use of a Geiger- 

Mueller tube which is relatively expensive and has a 

short life. 

The ideal circuit configuration would use something 

which would eliminate these problems without introducing 

others. There arc two likely substitutes. The first 

would be the shot diode mentioned before. This method 

would require an extensive video, or wide hand amplifier, 

to provide the signal gain necessary to operate the pulse 

shaping and counter circuitry without causing frequency 

distortion. 

A second possible choice would be the use of a photo- 

multiplier tube which operates either on its "dark' current 

(internal noise with no light applied) or with some con- 

stant light source. Because of its characteristics it 

should provide the signal gain within the tube necessary 

to trigger the go orator circuit. However, it would re- 

quire a high-voltage power supply. With a tube such as a 



931 wIth a 1000 volt supply, noise signals of i volt 

would be readily obtained. 

Since the computer installation has not been eccom- 

ìished as yet, it will be possible to use a different 

noise source if it is desirable. 



APPENDIX II 

During the testrnf, of the physical number generator 

a time gated counter, manufactured by the Advance Corpo- 

rat1on was u8ed. It was found that it had an upper 

count-rate limit of 100,000 pulses per second. This 

limit was imposed by the units decimal counter unit, and 

because of this the pulse driver circuit for the decimal 

counter units was also designed with this limit. When 

the counter was driven at a rate greater than 100,000 pps, 

instead of 8aturatirI, it wou]d lose count. or instance, 

at an input rate of 140,000 pps, lt would indicate 80,000. 

This count loss was not linear or constant, and so the 

true count could not be obtained frani the indicated count. 

For the initial tests of the physical generator, it 

was necessary to adJust the gain of the first amplifier 

stage and the Schmitt Trigger balance for maximum sensitiv- 

Ity. It was found that the count rate appeared to be 

hi)her than 100,000 ppa Since no other decimal counter 

unit was available it was necessary to extend ita count 

range, 

A i i1ipps decade unit, a Eerkley 707A, was obtained 

anc it was initially hoped that it could be inserted in 

the counter unit prior to the first decimal unit. iut 

two problems made thIs impossible. First, the driver 

circuit output fell off too rapidly for frequencies 



39 

greater than 100,000 pps, and secondly, there was an 

incopatibi1ity between voltage levels. Therefore, it 

wa8 necessary to construct a circuit which would supply 

voltage pulses of the correct magnitude and level to the 

i Mpps unit, This circuit is shown in Fige 3. 

The circuit consists of an amplifier and a driver 

atae0 The first stage is a g rid current limited ampli- 

fier. Under no-signai conditions it operates with 

slightly positive bias and drawing grid current. With 

a negative signal input, the first few volts of chango 

are not seen at the tube because of the signal bias due 

to the rid current, This, then, clips the slowest rising 

portion of the input pulse. As the signal goes moro ne;- 

ative the sta;e is cut-off. rPhis drives the second stage 

with a positive si;nal. The second stage uses the Borkley 

?O7A i 'pps unit as a plate load. The l3erkley input oir- 

cuit is a diode coupled, plate trigered, binary stage. 

Therefore, the Berkloy unit is being driven with the max- 

imum voltage output of the amplifier circuit. 

This amplifier has proved satisfactory from 10k to 

600k pps. It has a lower frequency limit due possibly to 

the Berkley unit and the upper limit is given, only 

because lt was never tested at higher frequencies. Since 

this range was satisfactory further testing was neglected. 
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Fig. 3
Pulse Amplifier Circuit for Frequency Extension

of the Advance Counter Unit
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The phrs1cai generator turned out to be unbalanced 

and, therefore, miltivibrating at some rate over 100,000 

pps, and also being trin :ered by the random pu1se. This 

gave the appearance of the random count at rates over 

100,000 pps. These counts mi;ht have been satisfactory 

for number generation but were never tested, When the 

physical generator was balanced, the 25k pps rates wore 

obtained as mentioned in the discussion, 


