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AN ANALYTICAL STUDY OF TEE EFFECT OF CHARACTERISTIC 

ENGINE PERFORMATCE PARA1IETERS ON TEE PAYLOAD 

CAPABILITIES OF VARIOUS HIGH PERFORMANCE MISSILES 

INTRODUCTION 

During the past few years the program of space travel 

has been accelerated at a very fast rate. With this rapid 

growth in the program of space travel has come ihe problera 

of imparting to a given payload the velocity necessary for 

an orbit or escape mission. This problem is becomin core 

and. more acute since the payload requirements to accomplish 

proposed missions are getting much larger. The solution to 

this problem appears to be in developing rocket engines with 

very high performance levels. 

A discussion of basic rocket theory may point out some 

of the possibilities that would. lead to performance improve- 

nient. The specific impulse is proportional to the square 

root of t1 combustion chamber temperature and inversely prop- 

ortional to the square root of the average molecular weight 

of the combustion products. The specific heat ratio has a 

less influence but a small ratio would increase the specific 

impulse. It is obvious that the best propellant is one that 

has the lowest molecular weight and can be heated to the high- 

est possible working temperature. 

A nuclear reactor is a logical means of heating the 

propellant to the highest temperature permitted. Hydrogen 

with a molecular weight of two appears to be the best 
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propellant from the standpoint of molecular weight. 

An examination of the available literature on apply- 

ing nuclear energy to rocket propulsion indicates that no 

exhaustive analysis of the capabilities of such systems has 

been madoe 

Large payloads for orbit or escape missions require 

thrusts on the order of millions of pounds. A chemical rocket 

with a six million pound thrust cluster now under study would 

place 150,000 pounds of payload in a 300 mile orbit, 42,000 

pounds of payload in a 22,000 mile orbit, and 19,900 pounds of 

payload for a lunar landing (3, p. 101-102). The theoretical 

performance of nuclear engines would permit much lower mass 

ratios for the sanie given amount of payload. NASA has stated 

that a chemical rocket would be able to carry a 7,500 pound 

outbound load to Mars and return with a 750 pound load while 

a nuclear rocket would be able to carry a 55,000 pound outbound 

load to Mars and return with a 25,000 pound load (3, p. 102). 

These results give an indication that nuclear rockets bave a 

rauch higher payload capacity than any chemical rocket. 

Nuclear rockets have the potential to develop much 

higher specific impulse without a reduction of thrust level 

than is possible with any chemical rocket. It can be shown 

that a high specific impulso without a reduction of thrust level 

allows a lower mass ratio to accomplish a designated mission. 
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This gives an Indication that a hither percentage of' takeoff 

weight is available for structure, enine, instrumentation, 

and payload weight over that which would be available with 

our present day chemical rockets. If the structure, instru- 

rientation, and engine weights do not chance too rapidly as the 

specific iripulse changes, it is reasonable to assume that 

increasing the specific impulse may cause a rather largo 

increase in the payload capabilities of a rocket vehicle system. 

The objective of thi3 paper is to investigate just 

what effect certain characteristic engine performance par- 

ameters have on the payload capabilities of missiles using 

nuclear energy for rocket propulsion. The engine performance 

parameters being investigated are: 

(i) Engine thrust to weight ratios of 20, 30, 
and 40 

(2) Values of the specific impulse at zero 
altitude of 552, 628, and. 686 seconds. 

In order to made a quantitative analysis as to the effect 

of the characteristic engine performance parameters on the pay- 

load capabilities of nuclear powered rocket vehicles, two 

missions have been selected. The first mission consists of 

placing the payloau in a circular orbit 22,400 miles above the 

surface of the earth. This is the so-called stationary orbit 

in which a point on the earth has no velocity relativo to the 

orbiting satellite. The second. mission consists of placing 
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the payload in an elliptical orbit with the perigee 2,000 miles 

above the surface of the earth and the apogee 10,000 Lilies above 

the surface of the earth. Thuis orbit is such that it will 

encircle the Van Allen radiation belt. 

The gross weight of the vehicle has been arbitrarily 

set ai; two million pounds for both Lussions. The propellant 

used for each nujssjon is hydrogen, 

In order to deteiine the payload capabilits of a 

rocket vehicle it will be necessary to consider the weights 

of the component parts thtvt nake the total weight of the 

vehicle. This will 'ce described in a systexa and weight 

analysis of the vehicle. A Luethod will then be presented to 

show how the component weights of the vehicle were calculated. 

The initial data for this analysis consists of curves 

of mass ratio versus burnout 

acteristic engine perfornianc 

(9, p. 1-8). In arriving at 

function of burnout velocity 

made s 

velocity for the various char- 

e parasteters being investigated 

the cu.rves of niass ratio as a 

the following assumptions were 

( i) The drag coefficients were taken from a 

cone cylinder combination 

(2) The terminal point of the trajectory was 

at an altitude of 100 miles with a velocity 

vector attitude of sero degrees with the 
local horizontal 

(3) Gravity or zero lift turns were used 

(4) A spherical, non-rotating earth was used. 



5 

NOTATION 

Cross sectional area of the :issilo 

A Cross sectional area of the tank structure 
VI 

a Acceleration of the missile 

D Diameter of the propellant tank 

odulus of elasticity 

g Acceleration of giavity 

h Height of the propellant in the tank 

Iso Specific impulse at zero altitude 

Isa Specific impulse at altitude 

k Thermal conductivity of the insulation 

L Length 

LEV Latent heat of vaporization of the propellant 

M Bending moment 

N1 Keppler number 

P Ratio of payload vîeight to vehicle gross weight 

p Hydrostatic pressure of the fuel in ti propellant tank 

Q. Heat transfer rate 

q Dynamic pressure 

R Mass ratio of the missile 

r Radial dìstance from the center of the earth 

S Ratio of structure weight to propellant weight 

T Tempers turc of the mirface of the missile 

T0 Initial engine thrust 
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Tbo EnGine thrust at burnout altitude 

t Thickness of the propellant tank structure 

t. Thickness of the insulation 
i 

V Volume of the tank structure 

Vs Velocity of the payload in orbit 

bo 
Velocity of the missile at burnout altitude 

4d 
Weight of the vehicle at burnout altitude 

W Engine weiGht 

w. Insulation weiGht 
i 

wo Gross weicht of the vehicle 

wp Propellant weicht 

wpl Payload weight 

w Structure wei(rht 
s 

WV Weicht of the vaporized propellant 

w Flow rate of the propellant 

X Coordinate at right angles to the y and z axes 

y Coordinate at right angles to the x and z axes 

oc Angle of attack of the missile 

Attitude of the missile measured from the horizontal 

Loading density of the missile 

Density of the propellant 

Çs Density of the structure 

Density of the insulation 

tT Yield stress of the tank structure 
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c Critical stress of the tank structure 
cr 

° Compressive stress 

Tensile stress 

SF Safety factor 

e Time of powered flieht 
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SYSTEM ANALYSIS 

In order to analyze the performance of a rocket vehicle 

system, the dependence of the veihts of the components upon 

characteristic vehicle performance must be known. Rocket 

vehicle analysis is necessary because the weights of all of 

the functional components depend strongly upon the power output 

of the propulsion system or the total enerr released in power- 

ed flight. The power output of the propulsion system is asso- 

elated with the thrust developed and the total energy released 

can be thought of as the total vehicle impulse. 

In making an analysis of a rocket vehicle it is advan- 

tageous to work with equations that express the variable 

parameters in a dimensionless form. The gross weight of a 

rocket system can be expressed as the sum of the weights of 

the following system components: 

(1) Structure weight 

(2) Propellant weight 

() Engine weight 

(4) Gross payload weight. 

The gross payload weight in this analysis consists of 

the net payload put into orbit, the tank insulation weight, 

the engine skirt weight, and aìg additional staging needed 

to boost the vehicle to orbital velocity. 
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Using the above analysis, the gross weight of the system 

can be expressed as 

W i + W + \ + V 

o s p e pl 

Equation i can be written in a dixsionless form by 

dividing both sides of the equation by the gross weight of 

the vehicle. Performing this division gives 

+ 
We \7p1 

(la) 
Vo Wo 

It is now advantageous to relato each of the dimension- 

less weiit ratios to known quantities or to the characteristic 

engine perfornance parameters. 

The ratio of structure weight to gross weight can be 

expressed as 

Wa Wp (2) 
Vio p Wo 

The ratio of propellant weight to gross weight can be 

expressed in terms of the vehicle gross weiit and the dry 

weight of the vehicle as 

Yip Wo Wd. Wd 
Wo = Wo Wo (3) 
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The mass ratio of the rocket vehicle is defined as the 

ratio of gross weight to dry weight. Using this definition of 

the mass ratio ecuation 2 can be written as 

Vis Vis R-1 
Vio VIp R 4 

The other dimensionless weight ratios will be defined 

in the following form: 

Wpl f 

Vio 

We Vi o 

Wo T/We 

(6) 

By use of equations 5, 6, 7, and 8 eouation 2 is now 

expressed as 

pi-(s+i) R1 T/o 
(s) 

A tank must be provided to carry the propellant in flight. 

Modern practice in the design of large rockets often utilizes 

the pressure in the tank to carry the thrust loads to the 

vehicle nose, The tank skin is then used as the outer 
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surface of tl vehicle. such a pracice will be followed in 

tItis analysis. 

The propellant tank is very much like a pressurized 

metal-skinned balloon and stiffening is needed only at the 

ends where the payload compartment and propulsion system are 

a t t ached. 

Using thin walled theory for circular tanks (6, P. 224) 

the ratio of' skin thickness to tank diameter can be expressed 

as 

_:L P 
D 2o (9) 

The compressive load in the tank structure is caused 

by the payload and can be expressed as 

(') (a,,) .ipl 
(lo) 

The tensile load in the tank is due to the gas pres- 

sure and can be expressed as 

TTD2 
(ap) (144) (n) t 4A 

VI 

The maximum acceleration that the rocket will have 

is given by 
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a 
in ío Iso 

(12) 

In this analysis it will be assumed that superposition 

of the stresses is valid rather than using combined stress 

theory. 

If the tanks are designed as a pressurized vessel, the 

12 

tensile stress must be equal to the compressive stress. 1quat- 

ing equations 10 and il arid rearranging terms, the change in 

pressure can be expressed as 

(ss) (P) (ïo) T Isa , 

TrDZ , ,. Wo Iso 
13 

ir 

The pumping system for pumping the fuel to the reactor 

must always 'ce operating at some net positive suction head. 

It is therefore necessary to put the restriction on equation 

13 that the sum of the atmospheric pressure and A p is always 

greater than the not positive suction head of the pump. 

Inserting equation 13 into equation 9 gives an express- 

ion for the skin thickness of the pressurized tank as 

t (SF) LP) (oi T Isa 
i 

= 288 Ah y 
W Iso 

(R ( 4 

The loading density of the vehicle is defined as the 

ratio of gross weight to the maximum cross sectional area of 

the missile o that equation 14 can be rewritten as 
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t (sp) (P) () T Isa 
288 Vio Iso 

(R) (ita) 

The propellant tank configuration used in this analysis 

is shown in figure 1. It consists of a hemispherical cap, a 

cylindrical section, and a cone on bottom. 

The weight of the propellants that can be stored in 

the tank can be expressed as 

8 
(2__+ 1 (15) 

The weight of the tank structure can be expressed as 

L 
_ (ç' ) (TrD2)(t) (0.8535 + --- ) 

(i6) 
s ja 

By dividing equation 16 by equation 15, the ratio of 

structure weight to propellant weight becomes 

C. ___ 
D (2'?) (17) 

In equation 17, ?1 is referred to as the length to 

diameter factor for the tank. 

If equation 14a is substituted into equation 17, the ratio 

of structure weight to propellant weight takes on the following 



PROPELLANT TANK SHAPE 

h0 

N 
FIGURE I 
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() (si) (P) () (R) s T Isa 
+ (17a) 

268 Q O Iso ji 

The factor S' has been added to equation 17a to account 

for the structure weit required to support the hydrostatic 

load of the fuel. 

If equation 17a is now substituted back into equation 

6, the ratio of parload weight to gross weicht is expressed as 

_j__ R-1 ____ 
R R 

(s')- 

R - i s T Isa 
(18) 

1+ 
288 - Wo Iso 

(i) () 

Since the gross weit of the vehicle has been fixed 

at two nillion pounds, the payload of the rocket vehicle is 

a function of the parameters on the right hand sido of equa- 

tion 13. 

Once a mission has been selected, the required burnout 

velocity for t1 vehicle can be calculated. Once the burnout 

velocity of the vehicle is known, it is possible to determine 

the mass ratio of the vehicle. If the characteristic engine 

performance parameters are then selected, the payload weiit 

is only a function of the hydrostatic structure factor and 

the loading density of the missile. The hydrostatic structure 

factor and the loading density are in turn only functions of 

the tank diameter. Therefore, once a mission is picked and 
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the characteristic encine performance parameters have been 

selected, the payload weight can be expressed in terms of the 

tank diameter. 

In order to calculate the hydrostatic structure factor 

it is necessary to go into an analysis of the weight required 

to support the hydrostatic load of the fuel. This will be 

done in the following section. 
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WEICHT AHItLYSIS 

The fc11ow1n weicht analysis villi be concerned with 

determining the required tank weight that is needed to support 

the hydrostatic load. of the fuel within the tank. This analysis 

is required so that it will be pocshle to compute the hydro- 

static structure factor St. 

Referring to £iire 1, the volume of the balloon tank 

holding propellant would be equal to the volume of the cylindrical 

portion of the tank plus the volume of the conical section. 

This can be stated mathematically as 

lTD3 
(____) (19) 

4 

The wei«ht of the fuel within the tank would be equal 

to the product of its volume and density. Holding the density 

of the fuel constant and differentiating t equation with 

respect to time, an equation for the flow rate of the propellant 

can be written as 

dW __ ____ dv 
(20) w- - - 

ut 
- 

)p dt 

Por a given tank diameter it i shown from equatIon 

19 that the volume is a function only of the tank height. 

Therefore, the time rate of change of volume for a constant 

tank diameter can be written as 
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dV lTD2 d.h 

4 (It 

By substituting equation 21 into equation 20 the flow 

rate is expressed as 

T1D' d.h 
w - 0 (22) 

jp 4 dt 

Equation 22 is a linear first order differential equa- 

tian and. can be integrated between limits to give 

hf - h0 = 

- ? 
A 

(23) 

The height of the fuel at any time between takeoff 

and burnout is expressed as 

w t 
(24) h -h 

t o 

The pressure at any point in the tank, caused by the 

hydrostatic load of the fuel, is given by the expression 

Pyfa(hlt_Y) (25) 

The apparent density of the fuel may be expressed in 

terms of its true density as 



19 

= (sin + -- ) (26) 

Therefore, the pressure at any point in the tank can be 

expressed as 

as 

p (sinc+ -i-- )( ht - y ) (27) 

The acceleration of the rocket vehicle can be expressed 

a = - oin (23) 

By rearranging the terms in eauation 28, the ratio of 

the missile acceleration to the acceleration of gravity is 

expressed as 

sink (28a) 

If equations 28a and 24 are substituted into equation 

27, the hydrostatic pressure at any point in the tank is given 

by the following formula: 

Py ( vr 
h - - y ) (29) 
o A pb 

The total volume 0±' the fuel can be expressed in terms 
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of the gross weight of the missile, the mass ratio, and the 

density of the fuel as 

V(W0- WO)(j) (30) 

By equating equations 19 and 30, the initial height of 

the fuel is expressed as 

Wo 
R D 
A 

31 

b 

The mass ratio can be expressed as a function of time 

in the following form: 

" 2 lVo-wt 

From equation 32, the product of flow rate and time is 

given by 

w t Vi - ° () 

By substituting equation 33 into equation 29, the pressure 

at any point is now expressed as 

Viø 
° Wo 

p(+)7 A 
- ? : +Y»34) 



The naximum pressure .hat the tank pill experience due 

to the hydrostatic load will occur at takeoff. At takeoff 

equation 34 becomes 

Pn1 = 
? 

) ( h ) (35) 

21 

By cubstitutin equation 31 into equation 35, the maximum 

pressure becomes 

y 
Wo 

Pm=9(o)(;: Ab -+) (35a) 

Usine thin wall theory for cylindrical pressure vessels, 

the maximum wall thickness to tank diameter ratio is expressed 

as 

t 
plu 

-i-= 2 
(36) 

Upon substitutin; equation 35a into equation 3G, the max- 

inium wall thickness to tank diameter ratio becomes 

+=2(0)(? : 
-+) (37) 

The maximum wall thickness is now expresnci as 
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I .Wo 
T 

17C- 
R D 

) (38) 

The weicht of the structure required to support the 

hydrostatic load of the fuel is the product of the volume of 

the structure and the density of the material used in the 

structure. The structure weicht is expressed in eauation form 

as 

t h0 

D 
) 

(9) 

A ratio M is now defined as 

Ab 

By substituting equations 31 and 38 into equation 39 

the structural eiht of the propellant tank required to 

support the hydrostatic load of the fuel is expressed in the 

desired form as 

%V = (ii-D)( 
' D 1 + ¿) (40) 

Upon examining equation 40 it is seen that for a 

particular mission the tank structural vrei.:t required to 

support the hydrostatic load of the fuel is a function of 

only the tank diameter. Thus for a particular mission the 
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structure weight can be calculated as a function of the tank 

diameter. This in turn will permit the calculation of the 

hydrostatic structure factor S' as a function of the tank 

diameter, 



PROC2DU.E 

BURI1OUT VELOCITY 

It has been demonstrated by liohraan that the most effi- 

dent method of reachin; a high altitude orbit consists of 

applying an impulsive thrust tangent to the earths surface 

followed by a coast to orbit altitude at ihich time a second 

impulsive thrust is applied to bring the vehicle up to orbital 

velocity. An impulsive thrust and takeoff tangent to the 

earths surface can be ruled out froni practical considerations. 

However the vehicle trajectory can be divided into these three 

phases if the point of departure is assured to be at some 

altitude above the surface of the earth. A continuous thrust 

can be applied from takeoff to the specified altitude which 

is termed the burnout altitude. At this time the vehicle 

would coast until it attained orbital altitude. Once the 

vehicle is at orbital altitude an additional thrust would be 

applied to bring the vehicle to orbital velocity. This is the 

method that has been used to place the vehicles considered 

in this analysis into the specified. orbit. 

The burnout velocity of the vehicle is that velocity 

which the vehicle has at the termination of powered flight. 

The burnout altitude of the vehicle has been set at 100 miles 

above the surface of the earth. 



The derivation of the enuation for the burnout velocity 

required to place a vehicle in a specified orbit is based on 

Newton' s second law and the conservation of angular momentum. 

This derivation is carried out in detail in appendix C. The 

result is that 

y =r / 
2 (41) 

bo o 

J 
r (i+--) 

i r 

The orbits for missions I and 2 are shown in figures 

2 and 3. Usina equation 41, the required burnout velocity 

for mission i was calculated to be 33,711 feet per second. 

Similarly the burnout velocity for mission 2 was calculated 

to be 27,950 feet per second. 

MASS RATIO 

Once the burnout velocity for each mission has been 

calculated, the required nass ratios for each mission and for 

fixed characteristic enGine performance parameters can be 

determined from the curve of mass ratio versus burnout velocity 

in appendix A. The values of the required mass ratio for each 

mission and for specified characteristic paraneters are tabulat- 

ed in table 3 of appendix C. 

TANK STRUCTURE VJEIGHT 

Once the mass ratios foi' each mission are known 



CIRCULAR ORBIT FOR MISSION ONE 

N 

Path of Vehicle in Entering Orbit' 

FIGURE 2 



ELLIPTICAL ORBIT FOR MISSION TWO 

h0 

Path of VehcIe in 

. 4 
I_4__5v 

Lfllering ru!u 

FIGURE 3 
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calculations can be started on the structural weicht of the 

propellant tanks. The calculations of all of the parameters 

in this discussion are made as a function of the propellant 

tank diameter. Therefore, in the following discussion it is 

inferred that all parameters are being calculated as a function 

of the tank diameter. 

The tank stiucture is to be fabricated out of 243RT 

aluminum alloy. This material was chosen from an analysis of 

the stren;th to density ratio of several materials. It was 

found t1at this material had the highest strength to density 

ratio of the materials investigated up to a tnperature of 

500 F which is the highest temperature that the material should 

encounter. 

The first step in the calcultions is to select a value 

of the enine thrust to vehicle gross weight ratio and the 

specific impulse. Once these parameters are selected the height 

of the propellant tank can be calculated by use of equation 31. 

The weight of t1 tank structure required to support 

the hydrostatic load of the fuel can be calculated now since 

the height of the tank is known. This calculation is done by 

use of equation 40. 

Since the dimensions of the propellant tank are known 

as a function of the tank diameter, it is possible to compute 

tiie weight of the propellant that the tank must hold. This 

calculation will in turn permit the calculation of the 



hydrostatic structure factor since the eiht of the structure 

required to support the hydrostatic load of the fuel has 

already been calculated. 

The maximum projected cross sectional area of tie missile 

can be calculated for various assumed tank diameters. It is 

then possible to calculate the loading density of the missile 

since the c;ross weicht of the vehicle is constant. 

From equation 13 it is seen that for a specified mission 

and fixed characteristic eníine performance parameters, the 

ratio of gross payload weight to gross vehicle weight is only 

a function of the loading density and the hydrostatic structure 

factor. Since these parameters have already been calculated 

it is now possible to calculate the ratio of gross payload 

weight to gross vehicle weight. 

The difference between the pressure in the tank and 

the atmospheric pressure can be calculated once the ratio of 

gross payload weight to gross vehicle weight lias been calculated. 

This calculation is made by the use of equation 13. 

By use of equation 14a the thickness of the tank struc- 

ture can be calculated. The thickness of the tank required to 

support the hydrostatic load of the fuel can also be calculated 

by use of equation 38. 

Once the thickness of the tank structure has been cal- 

culated, the complete dimensions of the tank are known. It 

must be remembered that all calculations have been made as a 
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function of the tank diameter and for fixed characteristic 

engine perforinaiice rarameter. Phis procedure must be repeat- 

ed. for each group of the characteristic engine performance 

parameters. 

Once all of the tank dimensions are known the weit 
of the tank structure can be computed. The calculation pro- 

cedure is summarized in appendix A by presenting curves of the 

tank structure weight versus the tank length to diameter ratio. 

Curves are presented for each mission and for each of the 

characteristic engine performance parameters investigated. 

In establishing the length and. diameter of the tank, 

stability criteria and drag considerations must be taken into 

account. Decreasing the length to diameter ratio of the tank 

would increase the stability but at the same time it would 

increase the drag or the missile. Therefore, to establish the 

tank lenth and diameter, it is necessary to establish a rda- 
tionship between the increase in stability and. the assocíted 

icrease in drag that would. result as the tank length to 

diameter ratio is decreased. From this relationship it would 

then be possible to determine the desired length to diameter 

ratio of the tank. This relationship has not been investiated 

in this paper so that the tank length to diameter ratio has 

been introduced as another variable, The payload capabilities 

of the vehicle were investigated at tank length to diameter 

ratios of four and. six. 



Once the tank length to diameter ratio has been estab- 

lished, the weight of the tank structure can be determined as 

a function of the characteristic engine performance parameters 

from the curves of tank structure weight versus the tank length 

to diameter ratio. These curves are shown in appendix A. The 

weight of' the tank structure for the assumed tank length to 

diameter ratios and a function of the characteristic engine 

performance parameters is summarized in table 4 of' appendix B. 

INSULATION WEIGHT 

The boiling poing of liquid hydrogen is at -423 F. 

Insulation must be Placed around the propellant tank in order 

to minimize any vaporization of the propellant within the 

propellant i±:. 

From the standpoint of heat transfer, an insulation with 

a very low thermal conductivity should be chosen. At the same 

time from a weight standpoint, an insulation with a very low 

density should be chosen. Using these criteria it has been 

found advantageous to choose an insulation for which the prod- 

uct of its thernal conductivity and density is a minimum. Also 

the insulation must have good structural properties over the 

wide range of' temperatures to which it will be subjected. It 

was found that glass wool best met the requirements that the 

insulation must meet. Therefore, glass wool was selected to 

insulate the tank structure. 
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The basis of heat transfer to the propellants is by 

transient conduction. To make an exact analysis of this mode 

of heat transfer would be very difficult and would require a 

great deal of time. In view of this fact and in order to get 

an estimate of the insulation thickness several assumptions 

have been made. These assumptions ares 

(i) An average skin temperature of 700 R is 
assumed 

(2) The temperature of the liquid hydrogen is 
initially at its boiling point 

(3) There is adequate shielding of the engines 
so that no heat from the engine will be 
transferred to the propellant. 

These assumptions will now reduce the heat transfer to a steady 

state analysis. 

The criterion that has been established for detemin- 

ing the amount of insulation to be used is one of minimizing 

the sum of the vaporized fuel and the insulation weight. 

Using Fourier's law of heat conduction, the total amount 

of heat conducted. to the propellant can be expressed as 

AT 
ç =kA (e) (42) 

m r. - r 
¿ i 

or 

A T 
ç k A (e) (42a) 

in t. 

Since the propellant is assumed to be at its boiling 
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point, the tount 01 prope11ait vaporized can be determined. by 

1idin equation 42e. by the 1tent heat of vaporization Íbr the 

propellant. Therefore, the amoimt of prope11aat vaporized for 

a giYen inat1atïøzi thiczne can be expressed a 

WV (e) (43) 

The v:eight of the inu1tion for a given insulation 

thiokioe can be exprecsod a 

4 

:; TVD (L)(?i) (44) 

The eu:i of the vaporized fuel nd the iniulation ieight 

can be determined by addini equations 43 aìici 44. Therefore, 

this cw can be expressed s 

(e) + :-' 

(45) 

It i3 desired to niniiize ocwtion 45 with rospoct to 

the insulation thickness. It can be shown that ecjuation 45 

is a Lini!21um vheri the insulation thickness is expressed as 

ti 
LHY)(-WD)(L)(?i) 

(4G) 

All of the quantities in equation 46 are constant for 
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a particular nission and. fixed characteristic engine per- 

formance parameters. Therefore, it is possible to calculate the 

required insulation thickness for each mission and each case 

considered. If the insulation thickness is know-n, it is then 

possible to calculate the weight of the insulation required. 

The results of this analysis are tabulated in table 5 of appen- 

dix B as a function of the tank length to diameter ratio and the 

characteristic engine performance parameters. 

ßJRT WEIGHT 

The length of the engine skirt must be determined such 

that the free stream does not impinge upon the engine nozzle. 

On the basis of drag considerations it is advantageous to place 

the skirt such that the base pressure coefficient is either zero 

or positive. A negative base pressure coefficient will result 

in an increase in drag on the missile. If the skirt is placed 

too far forward from the nozzle exit, the free stream will 

impinge on the nozzle causing large aerodynamic loads to exist 

on the nozzle. 

The method used to deteirjiine the length of the skirt 

was to take the dimensions of the Jupiter missile and scale 

them up to match the dimensions of the missile being analyzed. 

The skirt configuration for the Jupiter missile is shown iii 

figure 3. In scaling. up the dimensions of the Jupiter missile, 

the angle Ç was held constant to ensure that the free stream 
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would not impinge on the nozzle. Once the dimensions were 

scaled up it wao possible to determine the required skirt length 

since the skirt dimensions of the Jupiter missile are known. 

The engine skirt must support the entire weight of the 

vehicle at takeoff. The skirt can be analyzed as a circular 

column subjected to a load eçual to the missilos gross weight. 

The skirt will support the gross weight of the vehicle with a 

very small thickness if the skirt is designed as a compression 

member. However, at this cylinder thickness the column will 

fail due to buckling so that buckling of the column will be 

the design criterion in determining the required thickness of 

the column. 

To analyze tie column Danenutsu and Nojima (5, p. 389) 

proposes tho following empirical equation, which they find. 

checks experimental values of the buckling compressive stress 

for values of between 500 and 3,000 and values of + 
between 0.1 and 2.5. 

Ocr \ i.6 

E 
+o.16(-f-) 

1.3 

Using equation 47 it can be shown that it would. require 

a column thickness of 3 inches to support the gross weight at 

takeoff if no stiffening members are used in the column. Since 

this thickness is far to large the column is analyzed by plac- 

Ing attached stringers running parallel to the bending stress. 



The method of analysis le explained in detail by Bruhn 

(2, p. BG.1-B6.12). This analysis led to skirt weight that are 

tabulated in table G of appendix B. 

MASS RATIO FOR BOOST PHASfl 

The rocket vehicle is in upowered flight from the burn- 

out altitude to the orbit altitude. During this time in free 

flieht the angular momentum of the vehicle is constant. 

In order that the vehicle remain in the circular orbit 

for mission i it must have an orbital velocity such that the 

centrifual force on the vehicle is exactly ecjual and opposite 

to Che ravitational force acting on the vehicle. Using this 

analysis the required satellite velocity can be expressed as 

2 

V 
s r0+h (43) 

Fron angular momentum considerations, the velocity that 

the vehicle has as it gets to the orbit altitude can be found. 

If this velocity is then compared to the required satellite 

velocity it is found that a boost must be applied to the vehicle 

to brina it up to the required satellite velocity. This will 

Involve supplying additional thrust to the vehicle so another 

rocket stage is necessary. It therefore becomes necessary to 

determine the mass ratio required to get the vehicle to orbit 

velocity. The mass ratio must be calculated so that the net 



weicht of the paylcad put into orbit can be determined. 

The derivation of the equation foi' the mass ratio that 

is required to brine the vehicle to orbital velocity is carried 

out in detail in appendix D. The result is that 

(4v) exp 
Isa 

Prom equation 49 it is seen that the reciuired. mass ratio 

is proportional to the required boost velocity and the specific 

impulse of the vehicle at altitude. 

The required boost velocity is determined from angular 

nomentun consìderations. Then if it is assumed that the boost 

stase has the sane performance level as the first stage it is 

possible to determine the required mass ratio for the second 

stage. The results are tabulated in table 7 of appendix B. 

GUST LOADING 

During the missile's flight into orbit it is possible 

that it will become misalied with its uiiht. II' this 

happens it will be subjected to a gust loading which may induce 

additional stress on the missile structure above that which 

is allowable. 

In order to determine the gust loadin on the vehicle 

if suddenly subjected to an angle of attack it is necessary 

to determine the dynamic pressure on the vehicle at any specified 
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0 

altitude. To determine this it is necessary to integrate the 

equations of motion for the vehicle. The result of integrating 

the equations of motion is 

and. 

V = (Iso)(c) Ln 
Vro 

- g t (50) 

('so) [ 
(N) Ln(N) (Iso) (g) (Vio) 

(N) (51) 

In equation 51, N is defined as 

Vio 

- VI t 
o 

By using equations 50 and. 51 it was possible to construct the 

curves of dynamic pressure versus altitude as shown in appendix 

A for each of the cases considered. 

In order to analyze the rust loading it is assumed that 

the nose of the missile is a cone with a cone angle of 25 degrees. 

The body section of constant diameter will contribute 

very little in the way of a potential normal force. The princi- 

pal effect cornes from the nose of the cone. It will be assumed 

in this analysis that the normal force is caused. entirely by 

the pressure acting on the nose of the cone. Linearized theory 

for yawed bodies will be used in this analysis (i, p. 39-46). 

If the missile is suddenly subjected to an angle f 
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attack, tl moment that is created about the nose due to the 

normal force can be expressed as 

M 2 (0<) () (AhL - y) (52) 

where L is the length of the nose and V is the volune of the 

cono. 

In calculating the stress placed on t10 missile structure 

it will be assumed that the maximura angle of attack of the missile 

is 6 decrees. Then by usine ecuation 52 it is possible to cal- 

culate the ¿oment about the leading edGe of the missile for the 

various characteristic engine performance parameters considered. 

Then by use of the flexure formula the stress induced to the 

missile skin by the moment can be calculated. These results are 

tabulated in table 8 of appendix B. 

This analysis showed that the maximum stress imposed 

on the missile structure due to iist loading is 8,800 psi. The 

tank structure has a yield stress of 50,000 psi and. a safety 

factor of 1.5 was assumed in all calculations. Therefore, the 

stress that would be produced by a maximum oust loading is not 

sufficient to cause failure. The structure would still have a 

safety factor of at least 1.2 at maxium ist loading. This 

safety factor is considered sufficient and the structure does 

not have to be increased in size at any section. 
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DETEIMIIIATION OP PAYLOAD PUT INTO ORBIT 

The weights of all the components of the missile have 

now been made. The net weight of payload put into orbit can 

be determined by subtracting the weight of the following system 

components from the gross weight of the vehiole 

(i) Tank structure weight 

(2) Insulation weicht 

(:3) Engine skirt weight 

(4) Engine weight 

(5) Propellant weight 

(6) Weight of the boost stage 



RESULTS AND DISCUSSION 

The results of this analysis have been tabulated in 

tables I and 2. These tables show the payload put into orbit 

for each mission as a function of the characteristic enGine 

performance parameters and the propellant tank lith to dia- 

eter ratio. The curves in firures 6, 7, 8, and 9 sh the 

variance in the payload that has been put into orbit as a func- 

tion of the specific impulse. 

Examination of fiires 6, 7, 8, and 9 reveals that an 

increase in the specific impulse of the missile does produce 

a definite increase in the weight of payload put into orbit. 

In mission I a 23.5 percent increase in the specific impulse 

ret:lted in a 24.5 percent increase In the payload capabilities 

of' the vehicle. The same result was true for mission 2. 

Increasing the thrust to gross weight ratio of the vehicle 12.5 

percent and at th same time increasing the specific impulse 

by 9.2 percent resulted in a 19.5 percent increase in the pay- 

lo&d capabilities of the vehicle for both missions. A 50 per- 

cent increase in the engine thrust to weight ratio resulted in 

an average Increase in the payload o± 10 percent for both missions. 
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TABLE 1 

PAYLOAD PUT INTO 0FQ31T FOR MISSIOIT i 

T 
- 

Iso Isa 
L 

20 686 878 6 238,434 

30 686 878 G 268,762 

40 66G 878 6 284,095 

20 666 878 4 243,802 

30 686 878 4 275,467 

40 686 878 4 291,654 

20 628 800 6 200,095 

30 628 800 6 226,441 

40 628 800 6 239,697 

20 628 800 4 202,697 

30 628 800 4 230,203 

40 628 800 4 243,956 

20 552 740 6 160,837 

30 552 740 6 186,285 

40 552 740 6 199,010 

20 552 740 4 163,018 

30 552 740 4 189,496 

40 552 740 4 202,496 
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TABLL; 2 

PAYLOAD PUT INTO ORBIT POR MISSION 2 

T L 
- Iso I s a - 

D pl 

686 878 G 320,296 

30 686 878 6 350,717 

40 666 876 6 365,927 

20 686 678 4 335,616 

30 666 878 4 359,127 

40 666 878 4 375,001 

20 62e eoo 6 267,885 

30 628 800 6 294,372 

40 628 800 6 307,726 

20 62e 600 4 272,518 

30 628 800 4 299,956 

40 628 800 4 313,644 

20 552 740 6 219,963 

30 552 740 6 244,865 

40 552 740 6 257,472 

20 552 740 4 223,030 

30 552 740 4 249,333 

40 552 740 4 262,407 
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This analysis has shown that increasing the perfoiiance 

level of a missile system does increase the potential payload 

capabilities of such a system. The results are of course sub- 

ject to the assumptions that have been made thrijhout the 

analysis. 

A nuclear gine does seem to be very promising from the 

standpoint of vehicle performance. For a fixed propellant 

the specific impulse is almost entirely dependent upon the temp- 

erature of the gases entering the engine nozzle. Therefore, the 

specific impulse can be increased by heating the gases to a 

higher temperature before they enter the nozzle. One of the 

better methods of' accomplishing this is by the use of a nuclear 

reactor. The temperature to which the gases can be heated is 

of course subject to the temperature limitations of the reactor 

and nozzle structure. A nuclear engine does possess several 

disadvantaes such as radiation problems, engine shielding, 

and structure problems which have not been included in this 

analysis. 

A method of preliminary analysis of a rocket system has 

been presented and an analysis has been made of the payload 

capabilities of a rocket vehicle for two missions as the per- 

£ormarce level of the vehicle is increased. The accuracy of 

the analysis has been subject to the assumptions made and to 
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the accuracy of the hand calculator, If a more elaborate analysis 

is planned on the subject, it is suggested that the equations 

ol' motion of the vehicle be programmed on a digital computor. 

This would allow a more exact analysis to be mudo and. would cut 

down on the laborious task of hand calculating. It is also 

suggested that a more detailed parametric study be made on the 

engine performance parameters in order to better predict just 

what effect they have on the overall capabilities of a missile 

system. 
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APPENDIX A 
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TABLE 3 

M.&SS RATIOS 

MISSION i MISSION 2 

64 

Vio 
Iso R 

Wo 
Iso R 

1.5 666 3.375 1.35 686 4.25 
628 3.93 1.2 628 4.93 

1.2 552 4.395 1.2 552 5.563 

TABLE 4 

TANK S TRUC TUBE WEIGHT 

MISSION i MISSION 2 

I s o 
L T 

-i; 
, 

Je I s o 
L 

-f-- 
T -- s -r 

686 6 20 79,048 686 6 20 74,709 
686 6 30 87,652 686 6 30 81,511 
686 6 40 92,440 686 6 40 84,904 
686 4 20 53,527 686 4 20 60,738 
686 4 30 59,794 686 4 30 64,835 
686 4 40 63,090 686 4 40 67,571 
628 6 20 75,382 628 6 20 61,785 
628 6 30 82,516 62e 6 30 69,313 
62e 6 40 86,965 628 6 40 72,297 
628 4 20 51,101 628 4 20 53,122 
628 4 30 56,746 628 4 30 58,134 
628 4 40 59,809 626 4 40 6o,Gio 
552 6 20 60,183 552 6 20 70,117 
552 6 30 66,093 552 6 30 77,598 
552 6 40 71,271 552 6 40 81,538 
552 4 20 51,384 552 4 20 55,742 
552 4 30 58,128 552 4 30 61,956 
552 4 40 61,917 552 4 40 65,811 
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TABLE 5 

INSULATION V/EIGHT 

MISSION I LIISSION 2 

L L 
Iso 

"i 
ISO -- 1i 

686 6 3,204 686 6 3,464 
686 4 3,130 686 4 2,985 
628 6 3,752 628 6 3,463 
628 4 3,254 628 4 3,156 
552 6 3,476 552 6 3,561 
552 4 2,821 552 4 3,078 

TABLE 1 

ENGINE SKIRT EIGHT 

Iso 
L 

Iso 
L 

sk 

6c6 6 12,575 686 C 12,050 
686 4 14,277 6o6 4 13,794 
628 6 12,534 628 6 12,534 
628 4 14,091 628 4 13,199 
552 6 14,338 552 6 12,587 
552 4 15,519 552 4 15,129 

TABLE 7 

M&SS RATIOS FOR BQOST PHASE 

-4- 
io 

Iso R 4- ìO Iso 

1.35 686 1.187 1.35 686 1.236 
1.2 628 1.207 1.2 628 1.261 
1.2 552 1.226 1.2 552 1.285 



TABLE 8 

STRESS IN STRUCTURE DUE TO GUST LOADING 

T L 
Iso 

i) 

686 20 6 7,200 
686 30 6 6,420 
686 40 6 6,080 

686 20 4 8,800 
686 30 4 7,840 
686 40 4 7,440 

628 20 6 3,990 
628 30 6 3,550 
628 40 6 3,350 

628 20 4 5,880 
628 30 4 5,210 
628 40 4 4,940 

552 20 6 4,260 
552 30 6 3,720 
552 40 6 3,500 

552 20 4 4,180 
552 30 4 3,640 
552 40 4 3,430 
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APPENDIX C 



DERIVATION OF ORBIT EQUATIONS 

From Newtonts second law the acceleration that a body 

will experience due to an unbalanced force can be expressed as 

F = ma (53) 
'1 7F 

Figure 19 

Coordinate system 

X 

By using the coordinate system shown in figure 19, 

the acceleration of a 1'oy In free flight can be expressed as 

By letting 

r 
a = - 

= 

equation 53 takes on the following formz 

F=-m---j=ma (53a) 

The acceleration in the x and y direction can be expressed 

as 



that 

gives 

and 

ax 
a = =x=--cosG (54) x dt 

a y=--sins (55) y dt 

The ani1ar momentum of the vehicle must be constant so 

h 
2 

constant 

Introducing angular momentum into equations 54 and 55 

h 
cose () (54a) 

y - sinS (ò) (55a) 

Integrating equations 54a and 55a gives 

= - ( - sine+ a) (56) 
h 

= ( cose+ B) (57) h 

The anii1ar momentum can be expressed as 

h = r Ue 

From figure 19 it can be determined that 

sin e 
* U. 

(58) 

s 

cos9= (59) Ue 



If equations 58 and 59 are squared and. thon added 

together, an equation results in which 

i = - sine + cos e (60) 
U8 Ue 

Solving for the aniilar velocity from equation 60 gives 

156= - sinO + Sr cose (6Qa) 

But 

h r Ue 

Therefore, equation 60a can be written as 

and 

But 

h r ( - c sine + cose) (61) 

sin e 
r 

X 
cos 9 - 

r 

Therefore, equation 61 now becomes 

h=-y+x (62) 

Substituting equations 56 and 57 into equation 62 gives 

h = x (-)(cose + B) - y (-f)(_ sin9 + A) (62a) 

Rearranging equation 62a gives 

= (x)cos9 + xB + (y)sine - yA (62b) 



The instantaneous radius can be expressed in terms of 

x and y s 

r (x) cose + (y) sin9 (63) 

Substituting equation 63 into equation 62b and rear- 

ranging terras gives 

(64) 

71 

If x and y are now expressed in cylindrical coordinates 

equation 64 can be written as 

h2 
r 

i + B cose - A sine ) 
(64a) 

The origin is chosen such that the following boundary 

condition is satisfied. 

gives 

At rr1 , 

Introducing this boundary condition into equation 64a 

h2 
B 

,«r1 

Equation 64a can now be written as 

r 

+ - i)cose - Asine] 

Another boundary condition is that 



if 

72 

at r=r1 and e=O 

and ,=ê 

Introducing this boundary condition to equation 64b gives 

r1 h 
A 

= 

Equation 64b can now be expressed as 

h' 

h h 
(64e) 

- cos e rh sine 

The time rate of change in radius can be expressed as 

E2 
r 

h 
- 1)siia9 

i 
h 

cos ê 
h ,«r1 

(65) 
f liZ 

)coe 
i' h 

+I 
-1 - 

tb 

'r1 
sine1 

Prom equation 65, it is seen that r is equal to zero 

r h h' 
- 1)sin + cose = o (66) 

Equation 66 can then be arranged to give 

h r1 

tan = h2 \ 
(66a) 

,t'1 (i - 
,1'r1) 

If the burnout velocity occurs at r1 , the angular 

momentum at this point can be expressed as 

h = r Vb cos 
¿' 

(67 

Squaring ecuation 67 and then dividing byM vill give 



where 

2 2 
¿ V cos 

- r1 (68) 

2 
V5 - g0 

The Keppler number is defined as 

'V 
bo 

s 

Introducing the definition of the Keppler nimber into 

equation 68 gives 

h r1 N cos 4 (GSa) 

The time rate of change of r1 can be expressed as 

a 

r =v sin4 (69) 
1 bo 

Multiplying equation GBa by equation 69 and dividing 

byh gives 

gives 

h 
u2 cost (70) 

Substituting equations 68a and 70 into equation 64e 

2 2 

r Tk 
COB 

-T:;- = ( i - cse + IT2cos$cos(+e) (71) 

At burnout velocity the boundary onditions are that 

1) 



4o ance1T 
Impos1n these houndary conîitions on oquation 71 gives 

the equation fo the burnout ve1ocitr as 

V, 
1 2j 

(72) 
00 (1 +---' 

r / 



APPENDIX D 



DERIVATION OF THE EQUATIOIT F0 i!SS RATIO OF BOOST PUASE 

Figure 20 

Sketch of missile in powered flight 

The motion of the vehicle can ho c.escribed by using 

Nowtonts second law. Upon taking the algebraic suIlT.ation of 

the forces in the direction of the thrust in figure 20, 1ewtons 

second law can be written as 

T_D_rain)=m 

Rearranging the terms in equation 73 gives 

dV To+AT-D 
dt m - g sine 



as 

The specific impulse is defined as 

Is= T 
(75) w 

The mass of the vehicle at any time can be expressed 

= 
- ii t (76) 

77 

By substituting equations 75 and 76 into equation 74 

and assuming that the increase in thrust is equal to the drag, 

equation 74 can be written as 

dV , ni i 
= IsOg) 

-;-- 
- gsln9) I.77 

The mass flow mte can be expressed in terms of the 

total mass of the vehicle as 

= - 1i (78) 

If equation 78 is now substituted into equation 77, 

the time rate of change of velocity can be expressed as 

dV d.m 

dt 
Iso(g) -- - gsin (79) 

The term g sin is smalï compared to the other terms 

and will be neglected in order to linearize equation 79. 

Inteating equation 79 between limits gives 

ni 

L. - V = - Iso(g) Ln ---g- (-o) 
' i 

1111 



78 

Rearrançing equation 80 gives 

AV Iso(g) Ln 
1 (80a) 

The ratio of in1 to ru2 is defined as the mass ratio of 

the stage. With this definition, the mass ratio can be expressed 

as 

R = exp 
Iso(g) 

(oi) 


