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AN ITERATIVE METHOD OF WEGSTEIN FOR SOLVING 
SIMULTANEOUS NONLINEAR EQUATIONS 

CHAPTER I 

INTRODUCIION 

The method to be discussed is an iterative process 

for solving nonlinear systems of algebraic and transcen- 

dental equations due to J, H. wegstein (5, p. 9-13). It 
will be referred to throughout as ttegsteint s methodt1, 

Consider the problem of finding a root of the 

equation 

(1.1) F(x) = O. 

This can be put in the form 

(1,2) x = f(x) = x + 

and from an initial estimate of the root a, a sequence 

of values can be obtained using the simple iterative 

algorithm 

(1,3) Xk+]. = f(xk). 

Throughout thie thesis it will be assumed that a real root 

exists and within a neighborhood J of the root f(x) is 

analytic and both f(x) and f'(x) are monotonie, Under 

these assumptions the sequence generated by (1,3) will 

converge linearly to the root a if ¡f' (x) < 1 within 

the neighborhood J which includes X0 (1, p, 118-121), 
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Geometrically, the problem in one variable is to find 

the intersection P of the curves y = x and y = f(x) 

(Figure 1). The sequence (1.3) is found by drawing a 

horizontal line from the point (Xk, f(xk)) to the line 

x = y, This establishes x1, If instead of usine (1,3) 

repeatedly we find a correction to Xkfl, say Xk.l, and 

then use the relation 

(1,4) x1 = 

a more rapidly converin3 sequence may be obtained, 

Ideally, one would like to have 
k+1 = a (Figure 1). 

This can be expressed by 

(1,5) = + (Xk 

from which 

(1.6) q Xk + 

where q = 
BA 

The point C is not known, However, an approximation 

to q can be obtained by the following consideration: 

Since = 

then q = 
PC 4 CA 

and==-a or q= , a1, 



y=x 

where a is a va 

f (xx) 

Let a = k 

It appears best 

are calculated. 
/estoin can be 

(1.7) 

Figure i 

X 
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Lue of f'(x) between A and P. 

- f(xk_1) a. 
- Xkl 

to use corrected values as soon as they 

Therefore in final f orin the method of 

expressed as the two equations 

(1,8) = + (l_k)xk+1, 

ak 
where = and ak = aki 

- 

- Xk.l 

Given an initial est imate X0 
= 

to a root a, we find 
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X1 = and x2 using only (1.7). x2 and succeeding values 

are found using both (1,7) and the correction (1,8), 
In general Wegetein's method accelerates convergence 

in those cases when the simple iteration (1.3) converses 

and induces convergence in many cases when the simple 

iteration diverges, The advantages of the method are: 
a) A derivative is not used, hence only one 

functional value need be calculated each iteration, 

(b) The rate of convergence is nearly quadratic, 

(o) The condition that If' (x) 
J < i near the root 

is not required, 

(d) In some cases the initial estimate is less 
sensitive than when using other methods: a less accurate 
first guess can be tolerated, 

(e) In many cases a constant value q can be used 

for which will make otherwise divergent cases conver- 

g. 
Those points will be proved or explained in more detail 
in succeeding chapters, 
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CHAPTER II 

CONVERGEN CE 

e wish to prove that the two equations (1.7) and 

(1.8) generate a sequence of values which converse to a 

root a of the equation F(x) = O = f(x) - x, Combining 

equations (1,7) and (1.8) we get 

x f(x)_xkf(x 
x - 

+ k - 

where for simplicity of notatIon, bars on a].l x's are 

omitted, The equation of a straight line through the two 

points (Xkl, f(x1_1)) and (Xk, f(xk)) 

1' ( xk ) -f (x11) 
(2.2) g(xk+l) - f(xkl) = 

- 

where s(x141) is the ordinate of the straight line at the 

point Xk+l. Letting g(Xk+l) = xk+1 in (2.2) we obtain 

(2,1). hence, geometrically the method amounts to finding 

the intersection of the line x = y with the chord between 

the points (Xkl, f(xk_1)) and (Xk, f(xk)). The abscissa 

of this point of intersection is the value of our next 

estimate to the root, 

Since s(Xk+l) is the ordinate of the chord at the 

point Xk+:L, let 

(2. 3) f(xk+l) = s(xk+1) + (xk+l_xlt..,l) (Xk]X)Kk 

(2, p. 291-292), 
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Then 

f(xk.l) - 
(2.4) 

(xk+1..xkl)(xk+1_xk) 

From (2.2) 

(2,5) 

f(xkl)[xk_xkl] + f(xk)_f(xkl))[xk#1_xk1) 

- 

5ubstitut1ní (2,5) Into (2.4) and simplifying we get 

f(Xk) - r(fk+i2N r(Xk+l) - 

f ' - Xk _ Xk+l Xk+J. _ Xk_l 
Kk_____________________________________ 

Xk _ Xk_i 

Hence 

fH 
(11l) 

(2.7) 'k 2 ' 
where 

Since g(Xk+l) = x1 we can write (2.3) as 

r" 
(2,8) f(xk+1) Xk+l + 2 (xk+l_xl)(xk+l_xk). 

By the Mean Value Theorem 

(2,9) 
k+]) = f(a) + (xk+l_)t'(12), 

where 
2 

between x1 and a 
From (2,8) and (2.9) and knowIng that f(a) = 



7 

f' (i,) 
(2 10) Xk+l 2 (xkfl_ Xk (Xk+1_ Xk) =a+ (Xk+1* a) f' 2 

Upon factoring and so1vin for (Xk.1-) we get 

(2.11) x1 - cL = 
2[f' 21] 

Lot M = max Ir" (x) J 
in J and m = min ¡f' (x)-1 

¡ 
in J. 

Thon 

(2,12) IXk+l_cLI lm J(xkf1_xk1)(xkf1_x)J. 

This suggests that convergence to will be rapid -- at 

least linear, possibly quadratic, It will now be shown 

that the order of convergence is (1 )/2 1.6. 

Write (2.1) in the form 

(2,13) 

x1 [f (Xk) - f (x_)) X1 (xx- xkl) 

= Xk, r (xk) - 
k_ 

If we expand f(xk) and f(xkl) in Taylor serios, neglect- 

Ing ternis of degree higher than two, we obtain approximate- 

ly 

( Xk_ cL ) 
2 

(2,14) f(xk) = f(a) (Xka) t'(a) + - 
2 

and 

(Xk 1a)2 
(2,15) f(xkl) = f(a) + (xkl_cL)f'(a) + 2 

ftt(a). 

iultiplying (2.14) by (xkl_a) and (2,15) by (XkcL) and 
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taking the difference of the two resulting equations we 

get 

(2.16) 
Xkl f(xk) - Xk f(xkl) - a[f(xk) - f(xkl)] 

= G(Xkl_Xk) f (xk_cz)(xk 1-a) (xk_xkl) 

here again recall that f(a) = a. Substituting from (2,13) 

we obtain 

(xk+la)(f(x) - f(xkl)) -xk.l(xl,..x11) k-1k 
(2,17) 

= (xk a) (Xk a) (Xk_ Xk 
f 1cL) 

If we ascume that for values near the root f'(xk) 
we get 

(2,18) (xkflcz) = (x-.a)(x1-a) 2[r'1-n 

Let k -log kxk_a)i. Then p = 11m 'k+l called the k- 
"order of convergence. From (2,18) 

(2.19) k+1 = k k-1 ' 'k' where r1 is bounded: 

Divide by k and let k-+ooto get 

(2,20) p=1+ or 

(2,21) p2 - p - 1 = o. 



Hence 

(2.22) = 2 
- 1.6, 

which is the approximate order of convergence of Wegatein's 

method. 

This is the same result that D, D Wall obtained for 

the order of convergence of the method of false position 

(4, 167-168), i : he like conclusions are the result of the 

omission of bars in equation (2,1) and the fact that Wall 

assumed that successive values were derived as a function 

of and Xk_1 instead of and a constant b, From these 

assumptions it appears that the true rate of convergence 

for the method of false position is less than 1.6 while 

that of Wegstein's is greater than 1.6 

While this is certainly not an extremely accurato 

figure it nevertheless provides a good basis for compari- 

son with the rates of convergence of the simple iteration 

(1.3) and Newtones method which are i and 2 respectively. 

A comparison of four methods is given in Example 1. 
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CHAPTER III 

ANALYSIS OF THE METHOD 

Having found the rate of convergence let us further 

analyze the method as to the following three points: 

(a) the value of in equation (1.8); 

(b) the way in which a sequence of values approaches 

a root; 

(e) the relationship between wegstein's method and 

other iterative procedures, 

The value of falls into certain ranges depending 

on the behavior of the simple iteration (1.3). The 

behavior of (1.3) in turn is determined by the value of 

f'(x) within the neighborhood J of the root under consid- 

eration, Let us consider four ranges of f'(x), illustrated 

respectively in FIgures 2(a), (b), (e), (d), 

x a Xk Xkl a Xk Xk+l Xk Q. Q. X 
k+ i 

(a) (b) (e) (d) 

Figure 2 
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CASE 1: -1 < f'(x) < O, The iteration oscillates 

and converses, As f'(x)-*-1, (xk_a)-.(a_xk#1), hence 

a-x -1 
k+i. 

2(a-x 
)-30.5. As f'(x)--+O, (a_xk+l)_-O, hence 

k+l 

q-*O, Therefore O < q < 0,5. 

CASE 2: f'(x) < -1. The iteration oscillates and 

diverses, As f'(x)--1, q-*0,5 as in Case 1. As 

a - 
f' Cx) -t -00, (xx- a) -*0, hence q = 1 There- 

fore, 0,5 < q < 1. 

CASE 3: f'(x) > 1. The iteration diverges 

monotonically. As f'(x)-*l, (xk_xk+l)?0 while 

(ci-xk+l) > O, hence q-++oo, As f'(x)-+oo, (xk_a)-*O, 

hence q-*l. Therefore q > 1, 

CASE4: O < f'(x) < 1, The iteration converges 

nionotonically, As f'(x)-1, (x_xk+l)-+ o while 

(ci - Xk.1) < O, hence q-*-oo, As f'(x)-O, (a-x,,+1)-_*_0 

while (xk_x,.+l) > O, hence q-*- O. Therefore q < O, 

Knowing the behavior of the simple iteration thus 

allows us to choose a constant q that is at least in the 

correct range of values. This topic will be discussed 

and used more in the discussion of two variables in two 

equations, 

To analyze the way in which a sequence of values 

approaches a root consider (1,8) in the form 
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a- i - 
(3.1) Xk+lTXk_Tf(Xk)S 

From thiß we obtain 

- fc;) 
(3.2) Xk+1Xk4 a-1 

If we define b as 

- a) 

(3,3) b = whore a) = a, 

Xk - 

then 

- + f - k) 
X + ---=x + 

f(xk) - a - Xk + 

or 

- 

(3.4) cL=xk+ b-1 

3ubtraetin (3,4) froN (3,2) we et 

b- a 
- a = 

- (a-1)(b-I) ' 

What we now wish to coneider is the sien of (xk+l_a) 

for the various combinations of siens of f(x), f(x), 

k 
a) , and. a) . e assume that near a root the 

sifns of (a-i) and (b-1) will be the same, then we need 

only consider the sien of the product 

(3.6) [; - f(k))Eb _ a], 
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Consider the fo11owin situations: 

(A) f'(x) < i 

(i) f'(x) < O 

(a) a < < 
or CL < < , then 

Xk - f(xk) > O, b - a > O hence (3.6) > O 

and the method converses monotonical].y. 

(b) Xk < a < ;- then 

-r() < O, b - a > O, hence (3.6)< 0, 

(c) 
k-1 < 

< a or 
< < a, then 

xk f() < O, b - a < O, hence (3.6)> 0, 

(d) 5k1 < then 

Xk - 
> O, b - a < O, hence (3,6) > O. 

Therefore for (b), (e), and (a) the signs will 

successively be two negative and one positive, 

two negative and one positive, etc. 

(2) f'(x) > O 

In this situation the sign of Ek - is 

the same in each case as in (1), However the 

sign of {b - a) is just the opposite of the 

respective cases of (1), herefore when 

Xk-1 < < a Or 
'k < Ck_1 < CL, the sequence is 

monotonie while the other three sub-cases oscil- 

late but now successive signs are two positive 

and one negative, etc, 
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(B) f'(x) > i 

The same argument is used as in case (A). The results 

are the same except the inequality signs have to be 

reversed on f"(x) in sub-cases (1) and (2). For 

example case (la) is monotonic when f"(x) > O. 

The case considerations can be summarized by the following 

statements: Ihe process converges monotonically if (-a) 

and are of like sign but different in sign from 

f"(x). Otherwise we get two negative signs to one posi- 

tive sign if f'(x)-1 and f"(x) are of like sign, but two 

positive signs to one negative if f'(x) - i and f"(x) are 

of different sign. 

This analysis can be helpful in determining the shape 

of a curve and hence in estimating additional roots, 

The third point to be considered in this chapter is 

the relationship between Wegstein's method and other iter- 

ative processes. Again consider equation (1.8) in the 

form 

(3.7) 

and let a = instead of the difference quotient 

f() - 
k-1 

Xk _ Xk_l 

Also recall that F(x) = f(x) - x, so that f'(x) - i = 

By making these substitutions in (3,7) and simplifying we 
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obtain 

F(x 
xl l-xl - 

k 

which is the Newton-Raphson equation. 

Main if we let 

(3.9) ak ::+ 
k 

and Xk = xk 

instead of usine corrected values of x, then equation 

(1.8) becomes 
2 

( 
)2 

k-lk+1 k k - (3.10) Xk+l -XkI 

This Is the equation for Aitken's 2 process, it con- 

verses somewhat more slowly in general than Westein's 

method since corrected values are not used immediately 

after beIne calculated but only after three iterations 

have been computed. 

If we write (1,8) In the form 

- Xkl f(xk) - xk(Xk_]) 
( 3. 1 1 ) Xkfl 

Xk_ 1 Xk _ Xk _ f' (xk 1 

where the bars have been omitted, and use the substitution 

f(x) = F(x) . x, then we et 

X F(x)x F(x ) 

( 3.12) x1 , = - 
\ ( ' n.+J. L Xk _ & 'k-1 ' 

This Is the equation for the method of false position. 
1itb this method, however, succeedIng approximations to 
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the root are obtained by Xkl (and F(xkl)) constant, 

while with Wegstein's the two latest aDproximations are 

used to find the next. 
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CJiAPTifI. IV 

SIMULTANEOUS EQUAT IONS 

In this chapter the use of Wegstein's method for 

solving n equations in n variables and certain restric- 

tions and modifications will be discussed, 

Suppose we are given a set of equations 

(F(1)(x(l), (2), (n) 

(4.1) 

{F2(xw (2), ,,, = 

F(x . . s 

(1) (2) 
0. , X , ..., 

These can be put in the form 

((1) = f(x, (2), ,,, 

(4,2) 

(2) = f(2)(X(l) (2), ,,, 

x(n) f 

0 0 

(n) (1) (2) (n). 
= (x , x , .,, x ), 

Then the iteration equations can be written 

(4.3) 

(1) (1q Xk+1Q Xk.P 

X1: _ 
q(2) (2) (1_q(2))f(2)(x,x(2) (n) 

k 
01X 

k 
- Xk+ 

. I O 

(n) qx+ (_q(fl))f(fl)( k X 
k 
1 

k 
(1) (2) (n) 

X 
k+i. 



where 

(1) (2) (n) q(i) 
, evaluated at (X k x k ' X k 

ax 

Here again k denotes the number of the iteration. By 

expanding all the functions about the root 

(a1, 2 aa), keeping only linear terms, we et as 

a general expansion 

f'(') ((), e.., 

f(i)( a2, a1) + (X(kLal) 
(i) 

(4.4) 

+ (x_a2) 
ai(i) 

(fl) 
a) 

(n1 
+ ... 

- ax 

the partial derivatives beine evaluated at 

1' 
a2, .., aa). If we substitute the expansions (4.4), 

(i = 1, 2, ,., n), for the functions in (4.3) and recall 

that f(i) a2, .., a) = a1 we obtain upon simplifying 



(4.5) 

- (x( (_q(l)) (i)] 

a 
1)] 

+ (x_a2) 
[(_q1 

x(2)j 

+ (xsa) [(_q(1)) a(1)l 
(nil 

ax J 

(2) . , (1) 

E' 

q(2)) af(2)l 
a2 = k 

-a11 
- 

+ (x..a2) [qi) + (1_q(2)) 
ax(2)] 

a 
2)1 

(X 
a)[(1q(2)) 

n] 

. . . 

xj - (x-a) [(1_q) 
J 

+ (X( _a2)[(1_) 
ax(2uj 

+ (x_a)[ + (1-q) 
axi 

i' 

where the i term of the 1th equation contains the factor 

[q(i) 
+ (1-q) 

ax(i)j= 
O 

If we lot and be the vectoïs 



- 

- 

k 

- 

(4,6) z 

(1) 
Xkl - 

(2) 

- 

= 

''I 

(n) 
Xk+l - Un 

thon Zk+1 = where is the matrix 

C) 

1_q(2)) ar(2) 

(4.7) 

20 

(1-q1) 
(l) 

,, (1-q1) af 
(nJ ax2 òx 

. . . 

]_q(fl)) ar (]_q(fl)) 
(n) 

e have 

(1_q(2)) 
ar(2) 

(4.8) 
= = Zk1 = s.. = M1z0, 

o I. 

Put Mz = Y nd define (2) ,.., as the n 

eienvectors associated with the n elgenvalues 

found by ova1uatjn the determinant 



(4.9) 

À 

(2) 
f(2) 

(q -) rl 

(n) 
(fl) 

(q -) 
r]: 

(q-l) 
(l) 

(q(2)_) ar(2) 

n) 

s.. 

s.. 

=0. 

2]. 

The value of z0 can be expressed as a linear combination 

of eienvectors u1, independent of k, as follows 

Z0 = U1 Z1 + u2 (2) + u 

From this we 

Mz0 = u1 

Mz0 = u1 

= U1 

obtain 

+ ... + u 

Àz + 
2 

Xz(2) + .. + un 

A2z) U2 x2z(2) + + u 

. . . 

= u1 + U2 xkz() + .. + u AkZ(n) 

From (4.6) and (4.8) 



(x - A9 

(2) 
- a2 = 

(4.10) 

(n)_ 
= 

22 

4 d ... 

(2) k 4 A A + .. + A n À 

. . . 

4 + A() 4 + ... 
A 

where A .., are the components of the 

vector u1, Hence the error involved in the kth Iterate 

is determined by the kt1 power of the elßenvalues. There- 

fore if the À1 are smaller than unity in absolute value, 

the iteration wil]. be stable at (a1, a2, .., aa). Con- 

verence will be attained 1f the initial estimate 

(x, x, .,, x) is sufficiently near the root. 
Also we see that the rate of convergence will be reater 

for A1 near zero in absolute value, 

The form in which equations (4,3) are written neces- 

sitates the calculation of partial derivatives as well as 

the functions themselves each iteration, As one of the 

principal advantaBes of WeSetein's method in the case of 

one variable was the elimination of a need to calculate 

derivatives, we wish to consider two modifications which 

accomplish this end. 

One method Is to use the first difference quotient 

In place of the partial derivative 
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-'- - k 

(4.11) f(x, ..., -f()(x1, ii, x) 
= (1) (1) 

X k - Xkl 

The four values used to calculate a are already 

available so that no new functional values need be 

calculated, In practice this method has been used with 

some success with the IBM 704 computer. However the 

approximation (4.11) can be quite inaccurate and ray lead 

to failure, 
A second method which seems to provide a better 

chance of converginp to a root is derived by findinE n 

constants to be used in place of the q(i) 
(= 

of 

equations (4.3). Those constants are used throughout 

all iterations. To simplify notation let 

(i) f 
X 

i = 1, 2, ,.., 

If all the partial derivatives f can ie evaluated near 
a root a2, .., aa), thei reasonably good estimates 
for the desired constants q(i) are 

f( i) 
(4.12) q(i) 

(i) , 
2. = 1, 2, ,,., n, 

fx -1 

where the partial derivatives are evaluated at, the initial 

estimate , I.,, xv), Example 5 illustrates 
failure of the method usine (4.11) but success uein (4.12). 
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everai generalities can be stated concerning the 

method for n variables. If in any of the functions the 

coefficients of the variables are relatively large or the 
initial estimate of the root is considerably in error, 

then the expansion (44) will be poor because of neg- 

lected higher order partial derivatives, In this case 

the computed eigenvalues may be misleading. Also if we 

are using constant r1, the calculated estimate of them 

may not be sufficiently accurate, 

Another observation to be noted 18 that in evaluating 

the determinant (4,9) the coefficients of all powers of 

À except Ari will have as denominators 

(4,13) (f() 
- 1), 

Tence if any f i at or near a root, difficulties will 

be encountered, Having ') = i is equivalent to the 

original function having the partial derivative = O, 

These possibilities should be investigated and avoided 1f 

possible upon deciding which original function is to be 

solved for a particular variable, Since there are n! 

different ways that the n functions can be solved for the 

n variables, the difficulties with vanishing can 

usually be avoided. 

If however f = i and 1f appears to higher 

powers, then the partial derivative can be changed by 
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adding cx to both sIdes of the equation and dIvIding 

by e + 1, Hence there is an unlimited number of forms 

in which the equations (4.2) can be used 
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CHAPTER V 

NUMERI CAL EXAMPLES 

Several examples will be given to illustrate 

Wegstein's method for one and two variables, A compari- 

son is given between four different methods, and an 

example is given of the calculation of a multiple root. 

EXA?LE 1: The root 3,0 of the equation 

(5.1) - 2x2 5x + 6 = o 

is found using four different methods, This example 

primarily shows the relative rates of convergence, since 
different methods approach the root differently. For 

example Newton's approaches on the convex side of the 

curve while the regula falsi approaches from the concave 

side, Calculations for Aitken's £2 process wore taken 
from (3, p, 24-27). 

k Aitken's 2 Regula Falsi Newton's ogstein's 

i 3.071034 2.500000 3.333333 3,182006 
2 3.030567 2.829268 3.056790 3.052942 
3 3.013117 2.976544 3.002123 3.006015 
4 3.005730 2,993540 3.000003 3.000239 
5 3.002505 2,998234 3.000006 
6 3,001102 2.999518 
7 3.000486 2,999869 
8 3.000215 2,999964 
9 3,000095 

TABLE 1 



27 

EXAMPLE 2: This is an example of solving a tran- 

scendental equation 

(5,2) + sin x - x - 4 = O, 

A solution correct to four decimal places is obtained in 

seven iterations as shown in Table 2, Observe that the 

value of is approaching a constant dependinç on the 

derivative at the root. 

EXAMPLE 3: A comparison is made between eE3tein's 

and Newton's methOds converging on a multip3e root at 

x = i of the equation 

(5.3) 5x + 3 = O. 

As seen from Table 3 both methods converge much more 

slowly than on simple roots, 
k q 

O --- 1.000000 
1 -- -0,440247 
2 2.320L62 2,090654 
3 3.453466 0.922005 
4 4.832036 1.342372 
5 3.546892 1,554501 
6 4,386266 1,502020 
7 4.653196 1.505772 
8 4.566036 1.505847 

k egstein Newton 

O 3,000000 3,000000 
i 7,800001 2,142857 
2 2,757687 1,628572 
3 2,571513 1.334269 
4 1.935632 1.173340 
5 1.644575 1.088434 
6 1.409767 1.044690 
7 1,263686 1.022468 
8 1.166255 1,011265 
9 1,104391 1.005641 
10 1.065224 1.002823 
il 1,040626 1,001415 
12 1,025269 1,000710 
13 1.015649 1.000353 
14 1,009718 1,000141 
15 1.006108 
16 1,003790 
17 1,002401 
18 1.001536 

TABLE 2 TABLE 3 



Example 2 and Example 3 both demonstrate a poor charac- 

teristic of esteln's method. This is the instability 

of the first two or three iterations due to the lack of 

a correction on x0 and X1, This poor start may cause the 

process to fail, converse to another root, o at best add 

to the number of iterations necessary for given accuracy. 

Pii advantage of Westein's method is that maxima and 

minima and points of inflection do not seem to affect the 

method as much as they affect certain other methods, The 

equat ion 

(5.4) - 2x2 + X - 2 = O 

has critical points at x and x = i with a root at 

X = 2, Newton's method failed when varIous choices of 

X0 
: 

rerO attempted. However 1Iesteints method con- 

versed to the root with x = .l or x0 = O, 

ror the case 0±' twO equations and two variables we 

write (4,2) in the form 

= f(x,y) 
(5.5) 

y = (x,y) , 

and the iteration equatIons (4, 3) in the f orin 

f-. (1- (1) - - 
I 
Xk+l = q 'Xk (1 - q 

) f(xk, 

(5.6) 

t)"k+l = 
q(2)' 

(1 - 
qt:2)) 

k' 

where 
q(]) 

f:I 
and 

q(2) 
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The determinant (4,9) is 

(5.7) 

A 

(q 
(2 ) 1) 

from which we find 

(q-l)f 

= o 

f 

(5.8) A = 
(f_l)(_1) 

Hence a necessary and sufficient condition for the itera- 

tion to be stable at a root (a, ) is (approxiznately) 

________ 
(5.9) I 1<1. 

I 
(r_1)(_1) 

This condition Is accurate within the decree of accuracy 

of our expansions (4,4). In order to attain convergence 

condition (5.9) must be satisfied and the initial estimate 

(X0, y0) must be sufficiently near the root (a, 13). 

EXA4PLJ 4: To illustrate the use of the criterion 

(5.9) consider fIndIng the simultaneous solutions to the 

two hyperbolas 

(5.10) xy-x-l=O 
(5.11) xy - y - 2 = O, 

By raphin we find two approximate solutions (O.4, -1,4) 

and (2,4, 1,4), (FIgure 3). ruhe most obvious forms In 

which to put the equations (5,10) and (5.11) are 
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(5,12) r(x,y) = x = xy - i 

(5,13) g(x,y) = y = xy - 2, 

fron which we obtain partial derivatives 

fxY, fy=X 

For the point (-0.4, -1,4) the criterion (5,9) is 

I___________ (5.14) 
I 
t.4)-1,4 < 1, 

hence the iteration should be stable. Using equations 

(5,6) with the difference quotients (4,11) the process 

converges in 27 iterations to (-.4142139, -1,4142131), 

the true root being (1 -'1, -f) or (-.414214, -1.414214) 

to six decimal places. Using constant qW = 0,8 and 

(2.4,1,4) 

Figure 3 

X 
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q(2) 
= 0.33 instead of calculating the difference quotients, 

the same accuracy is obtained in 2]. iterations. 

For the second root, however, using the approximation 

(2,4, 1.4) the criterion (5.9) is 

I (2,4) (1.4) t 

(5.15) 
i 

tl.4) 
I 

> ' 

Applying the iteration method confirms the criterion pre- 

diction that the method is unstable and convergence is 

not obtained, Furthermore adding various multiples of 

x and y respectively to both members of (5,12) and (5,13) 

fails to provide a form in which the condition (5.9) is 

satisfied. 

We then go back to the original equations (5,10) and 

(5.11) and put them in the forms 

(5,16) f(x,y) = x = xy + x - y - 2 

(5,17) g(x,y) = y = xy + y - x - 1, 

Now the partial derivatives are 

fx = 
y+l, 

f3 = x-1, = y-1, g = x.,].. 

The criterion (5.9) evaluated at (2,4, 1,4) is 

(l4) (0,4? t 

(l.4 2.4) 
I < 

hence the iteration should be stable, If we choose the 

modification using constant q and q(2) we approximate 



q(l) 
= 

1.7 

(2) 

g-1 = 14. 

In 10 iterations the process converges to (2.4142138, 

1.4142135), which is again accurate to within io6 of 

the true solution (1 # f, 

EXAMPLE 5: e now illustrate a failure of the dif- 

feronce quotient modification and the necessity of an 

accurate ostinate of the q when using the constant 

modification. Consider the ellipse and hyperbola (Wigure 4) 

2 2 

(5,18) + = i 

(5,19) - = 1 

Figure 4 

E 
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\ie r1te these in the form 

(5.20) f(x,y) = x = 9x2 + x + 16y2 - 144 

(5.21) g(x,y) 
32 

+ y + - 3 

and get for the partial derivatives 

= 
18x+1, f = 32y, g = 

2x, 
= 
-6y + 1. 

In this example the four true solutions to six decimal 

places are (+3.341076, .1.649524). Suppose an initial 

estimate (3,8, 1.2) is attempted usirì the difference 

quotient modification (4.11). Here the criterion (5.9) 

is satisfied and convergence is obtained to an accuracy 

of about However no greater accuracy is obtained 

due to an oscillatory effect in the computed difference 

quotients. This indicates that even though the condition 

(5.9) is satisfied and evidently the initial estimate is 

sufficiently close, the use of the difference quotients 

prohibits attaining desired accuracy. 

However, the constant q modification can be used 

to achieve the desired accuracy. If we use an initial 

estimate of (3.3, 1,7), estImated qW ioi, and esti- 

mated q(2) 0,91, the process converges to an accuracy 

of lo6 in 13 iterations1 

In this example we chose to find the intersection 

of the two curves in the first quadrant (Figure 4). If 

the point in the second quadrant is chosen and an initial 

estimate of (-3.34, 1.64) is used, we calculate 
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= 0,99 and 
q(2) 

= 0.88. Now the process converges 

in 17 iterations to an accuracy of io6, Ìiowever even 

with this very accurate initial estimate of (-3.34, 1,64), 

if 
q(]) 

= 0.98 in9tead of 0,99 the process diverges. The 

same is true if q = 1,00, We see then that for some 

cases the estimation for the constant ql) can be extreme- 

ly important to successful results. 
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APPENDIX 



ARITHMETIC 5U{OUTINE 

The following is a description of the arithmetic 

subroutine used in sOlving simultaneous nonlinear equa- 

tions by We5atein's method on the ALWAC III-E digital 

computer. This routine uses the difference quotient 

modification, On the following two pases are the com- 

puter code and a complete flow chart for the entire 

method, To use: 

Enter 

Ex i. t 

(1) Floatinß point arithmetic subroutine III. 

(2) Westein arithmetic subroutine S I. 

(3) f() le 

Exit address into left address of 3. 

(4) Transfer to address 00. 

(5) Upon exit is located in A and is located 

in B. 

FLOT Off ART 



ALWAC III-E CODE FOIl WEGSTEIN'3 AIITUrIETIC SUBIlOLTTINE 

O0/2f30 L4d17/8O 01/0093 0061/81 02/0000 0000/82 03/3a00 4102/83 

O)4/c706 7905/84 05/0c18 c1o1/85 06/0000 0000/86 07/791b a508/87 

08/a508 1160/88 

Oc/5blf 4902/8c 

1O/791e 2f30/90 

14/7905 1110/94 

18/2f3a 4102/98 

lc/791d 1160/9c 

09/1+902 410a/89 

Od/2f3a 790e/8d 

11/a508 1160/91 

15/2f30 5b02/95 

19/790e 1160/99 

ld/0009 007e/9d 

Oa/8600 0000/8a Ob/1160 3a00/8b 

Oe/1512 617e/8e Of/411e 7901/8Í' 

12/4902 791e/92 13/1160 4102/93 

lo/2f3a 4106/96 17/1100 0000/97 

1a/791b 1160/9a lb/8b03 6f61/9b 

le/0000 0000/9e lf/0000 0000/9f , 



FLOW CHAuT FOR WEGSTEIN'S MBTHOD 

st ore n 

, 

o )k 

b- Litia1 estimates 
11-.j 

- 

I [Ca1cu1ate 
____ 

Arithiriet ic 
.th functionJj)H subroutine ______ 

I 

[+i )j ¡f(3E(i))_.:. 

esi11 
stoPD 

store 

________________ 

IOu.tput 
I 

______ISet 
subroutine If1 

I 

non-zero >ì 

n = number of equations i = 1, 2, .., n 

k = iteration number j counter on number of equations 

(i) = stop to be set non-zero when jth equation passes tolerance test 
al]. stops must be non-zero before final stop is set 

To].. = degree of accuracy desired for the difference of two successive 
iteration values. 


