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MECHANIZATION OF ThE MOORE-MEALY ALGORIThM 
FOR THE REDUCTION OF SEQUENTIAL MACHINES 

CHAPTER I 

INTRODUCTION 

In the past few years there have been an increasing 

number of references to finite automata in the literature 

concerning computing machinery. The concept of a finite 

automaton is one which can be used successfully to des- 

cribe, in mathematical terms, a number of different 

devices. These devices may be as simple as a fuse, 

which has just to states--blown or unbiown; or they 

may be as complicated as a large electronic computer. 

A sequential machine is essentially a finite automaton 

for which an output is defined for each internal state 

and each input. We will, of course, give precise defi- 

nitions later in the paper. 

One of the first problems which arose in connec- 

tion with sequential machines was that of reducing a 

given sequential machine to an equivalent sequential 

raachine with a minimal number of states. This problem 

was solved independently by E. F. Moore (7) and D. A. 

iIuufman (5) and extended by G. H. Mealy (6). The main 

contribution of this paper will be the mechanization 

of a form of' Mealy's algorithm for the reduction of a 

given sequential machine to a minimal form. While 



2 

this mechanization was actually carried out on the Aiwac 

III-E at Oregon State University, the program, as describ- 

ed is applicable to any general purpose computer. 

The notation and definitions given in Chapter II are 

primarily due to Weeg (li) and Rabin and Scott (10). The 

definitions are essentially the same as those used by 

Noore (7) and Mealy (6), differing mainly in notation. 

In Chapter III, where the theory leading to the reduc- 

tion algorithm is discussed, the principal theorems are 

due to Moore (7, p. 141-i4&6). However, the material has 

been rearranged and the theorems have been restated in 

order to point out the distinction between the class of 

sequential machines equivalent to a given sequential 

machine and the class of sequential machines indistin- 

guishable from a given sequential machine. This dis- 

tinction has not been sufficiently stressed by previous 

authors. The proofs of these theorems remain essentially 

unchanged. 

The work in Chapter Iv is, as Lar as I know, 

original. The material is presented for any insight 

it might give into the structure of sequential machines 

and not because it has immediate application to 
the 

reduction algorithm. 

In Chapter V of the paper we will introduce 
the 

reduction algorithm and give a complete example 



illustrating the steps. Some comment will be made in 

that section concerning sequential machines with so 

called "don't care" states. Finally in Chapter VI we 

will introduce and describe u symbolic language pro- 

gram which will, when translated into a machine 

language program, carry out the reduction algorithm. 



CHAPTER II 

DEFINITIONS AND NOTATION 

This Chapter contains the notation and those 

definitions that are fundamental to the rest of the 

work. For the sake of clarity sorno of the 

will be included in the sections where the 

Definition 1: A finite automaton is 

entity made up of a finite non-empty set S 

M of the cartesian product S x into S, 

finite non-empty set. 

ii 

definitions 

y are pertinent. 

a mathematical 

and a mapping 

where E is a 

In notation, the finite automaton A = (SM) over E 

The members of the set S will be called the states 

of A and the set will be called the input alphabet 

or simply the input. 

Definition 2: A tape is any finite sequence 

x= c d C() C where is in E 
o i n-1 

Definition 3: The set of all tapes x over is 

called T. 

Tapes may also be called input sequences. The 

tape which consists of no symbols will be called the 

empty tape or the null tape and will be denoted by 0. 

The juxtoposition of two tapes x and y in T will be 

denoted by xy. Thus if x = C1 
2' Cn_l and 
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y = ¶ ¶ 're.)... ¶ where the s and s are in o i. m-1 

z , then xy = ø 
1 en-1 ¶Ø ¶j 2''' 'r2_1 

The length of a tape is equal to the number of symbols 

it contains. In the above example the tape x is of 

length n, y is of length in, and xy is of length n + ra. 

If we have a tape x = 2' over 

then will denote the piece of the tape x beginning 

with C. and ending with where j < k < n. It is JL-1 - - 

obvious that: 

i) Øx = xØ = X, for all x in T. 

2) x(yz) = (xy)z, for all x, y, z in T. 

Definition 4: A sequential machine A is an automaton 

defined ou the triple A = (S,M,N) over where N is 

a mapping on S x E into Q where Q is a non-empty set. 

The set Q is called the ut or output alphabet 

of the sequential machine. 

The functions M of the sequential machine A can be 

extended in a natural way from the cartesian product S x 

Z to the cartesian product S x T. This is done 

recursively as follows: 

ii(s,Ø) = s 

and 

N(s,xci ) = N(Ns,x), ), for s in S, x in T 

and C in E 

We will also extend the function N from the cartesian 



product S x Z to the cartesian product S x T, as 

follows: 

N(s,x ci ) 

N(1(S,x), cy 

and 

N(s,Ød ) = N(s,ci ). 

Notice the difference between the meaning of J(s,x) 

and N(s,x). The former is a single state which is 

arrived at in a manner which is prescribed by the tapo x. 

The latter is a sequence of outputs corresponding to the 

sequence of inputs in the tape x and the states that the 

function N takes S into successively. For example, let 

= 
ci ci1, if 

and if 

then; 

and 

= s1 and N(s1, ci1 = 

N(s0, cia) = o 
and N(S1, ci1) = Q1 

N(s,x) = 

N(s0,x) = QoQi. 

Definition 5: If A = (S,N,N) over Z and 

B = (P,Q,n) over Z are two sequential machines with 

the same output alphabet Q, and if s in S and p is in P, 

then s is equivalent to p if and only if N(s,x) = R(p,x) 

Lar all x in T, x 



If s is not equivalent to p it is said to be 

distinguishable from p. It is also apparent that 

definition 5 defines equivalence of states in the 

same tuachine, for we may let A = 3. 

Definition 6: To sequential machines A = (s,14,N) 

over E and B = (P,Q,R) over are equivalent if for 

every s in S there is a p in P such that s is equivalent 

to p; and for every p in P there is an s in S such that 

p is equivalent to s. 

Definition 7: Two sequential machines A = (S,M,N) 

over E and (P,u,1) over E are indistinguishable 

if for every s in S and every x in T there is a p in P 

such that N(s,x) = R(p,x); and for every p in P and 

every x in T there is an s in S such that N(s,x) = R(p,x). 

Definition 6: A strongly connected sequential 

machine A (S,4,N) over E is one in which for every 

pair of states s..,s. in S there is a tape x in T such 
J. J 

that M(s.,x) s.. 
i J 
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CHAPTER III 

ThEOREMS PERTAINING TO ThE REDUCTION 
OF SECUZNTIAL NÀCHII\ES 

Equivalence betoen sttez and between sequent1 

machinos, and as define.i in the 

previous chptcr, are binary reition, that i, tIÀey 

are relations which hold betweer. paire oi states ei' 

pairs 01' sequential machines. It is almost obvious that 

these relations are equivalencu relations. That they 

are reflexive and symmetric foilovs inniediately from the 

definitions. That the relations are transitive follows 

almost as readily. We will verify the transitive pro- 

perty for equivalence of sequential machines. The 

verification for indistinguishability and for equiva- 

buce of states follows the same pattern. 

Suppose we have A = (S,M,N) over E is equivalent 

to 13 = (P,Q,R) over E and B = (P,C,) over E is 

equivalent to C (u,V,W) over E Then for each 

si in S, there is a p in P, such that N(s1,x) = 

for all x in T; and for each Pj in P equivalent to s in S, 

there is a u, in U, such that R(p1,x) W(u,x), for all 

X lfl T. Therefore, since N(s1,x) = R(P1x) = 

for all x in T, we have, for every s in S, there is a 

Uk fl U such that N(s11x) = W(u,,x), for all x in T. 



Now we also have, for every u1 in U, there is p in P, 

such that W(uk,x) = R(p.,x), for all x in T; and for 

every p in P equivalent to Uk in U there is an s. in S, 

such that R(Px) = N(s.,x), for all x in T. Since 

W(u],x) = = N(s11x), for all x iii T, wo have for 

every 
Uk in U, there is a s1 in S, such that 

W(u1,x) = N(s,x), for all x in T. Thus A = (s,N,N) over 

E is equivalent to C = (U,V,%) over E as required. 

Theoren 1: If A = (S,M,N) over E is equivalent 

to B = (P,Q,R) over E then A ìs indistinguishable from 

B. 

This theorem follows imxnediatoly frora the defini- 

tions of equivalence and indistinguishability. The 

converse of Theorem i is not true however, as is shown 

by example 1. In this and all subsequent examples, 

the sequential machines are shown in tabular form. 

The list of present states corresponds to the set of 

states S; the tables of next states and present out- 

puts define the mappings N and N respectively; and 

the set of present inputs corresponds to the set E 
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Example 1. 

Sequential Machine A (S,N,N) over E 

Next State Present Output 

Present Input Present Input Present 

O i O i State 

s 
i 

Se S O 0 

3 s 
I 

s, i î 

s_ 
, 

s 
I 

S) O O 

SZ1 s2 
2 

O O 

Seqientiai achine B = (P,Q,R) over E 

Next State Present Output 

Present Input Present Input Present 

State O i O i 

p i ) 
0 0 

L,'1 1 1 

k'3 i p2 0 0 

It is easy to verify that A is iridistinuishable 

froï B. But A is not equivalent to B, for 54 in S is 

not equivalent to any p in P. 

We will next state and prove the theorem which is 

fundamental to the theory of sequential machines. This 

theorem will show that any sequential machine 
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A (S,MN) over Z has a reduced form which is unique. 

Theorem 2: (Moore) The class of all machines 

equivalent to a given sequential machine A = (S,M,N) 

over E has a unique (up to an isomorphism) meuther, 

with a minimal number of states. This unique member 

will be called the reduced form 01 A. 

Proof: Suppose we have any machine B = (P,Q,R) 

over E which is equivalent to A. (We can even con- 

sider B = A if we i'ish.) Since A is equivalent to B, 

for every s in S, there is a p in P, such that s is 

equivalent to p. This equivalence relation defines a 

partition of the set S of A. That is, for s and s inS, 

si and s. are in the same equivalence class if' and only 

if there is a p in P for which N(s,x) = R(p,x) and 

N(s,x) = R(p,x) for all x in T. The least number of 

states that the sequential machine B may have is the 

number of aifrerent equivalence classes of the set of 

states S of A. 

We may now define the sequential machine 

= over E es follows: 

1) S' is the set of equivalence classes of A. 

We will agree that (s,) denotes the equiva- 

lence class of thich s. in S is a member. 
i 

Then (s.) is ari element of S'. 
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2) M' is a function on S' x E into S' 

such that M'((s1),ø ) = (s,) if and 

only if M(s1, d ) = s , for s in 
û 

(s ) and s in (s.). 
i ¿I J 

3) N' is a function on S' x E into 

such that, N'((s), 0 ) = N(s1, C ). 

The sequential naehino A' $ equivalent to A by 

the way it is defined. A' has the least number of 

states that is possible over the class of machines 

equivalent to A, therefore, A' is inima1 with respect 

to this class. To show that A' is unique, up to n 

isomorphism, consider any sequential machine C, equiv- 

aient to A, which has the same number of states as A'. 

Then by the transitivity of the equivalence relation 

there is a 1-i correspondence between the states of A' 

and the states of C, '.thicb. completes the proof. 

We must note that the reduced form of a sequential 

machine is defined only with respect to the class of 

equivalent sequential machines. It is possible that 

for a given sequential aachine there is a akachine 

which is indistinguishable from it, which has fewer 

states. Example 1 may be used again to illustrate this 

fact. The sequential macblue A is in a reduced form, 

as is 33, and the sequential machine B is indistinuish- 

able from A and has Lower states. 
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We will now proceed with a theorem which will show 

that for certain sequential machines the reduction is 

minimal over the class of sequential machines indistin- 

guishable from the given machine. 

Theorem 3: (Moore) If A = (S,M,N) over E is a 

strongly connected sequential machine and B = (P,Q,R) 

over E is any sequential machine indistinguishable 

from A, then for every s in S there is a p in P which 

is equivalent to s.. 

Proof: Consider any tape x in T By the condition 

of indistinguishability between A and B, there must be 

at least one j. in P for which N(s.,x) = 

Let 
Y 

s 
[ 
p1:p in P and p1 = Q(x) for p. in P, 

such that N(s1,x) = r(p,x) J . 
We have shown that Yis 

never empty. Now, for any extension of the tape X by a 

tape y, the number of elements in Y is less than or at 

most equal to the number of elements in the set Y . To 
X 

show this let p. be in Y Then p. is a member of the 

set Y = [p.:p.in P, O.(p,y) for p in and 

N(M(s1,x),y) = R(pky)) . 
So, there is at most one p1 in 

Y for every p, in Y , and for any p. in Y such that 
xy ç X k x 

N(M(s1,x),y) , R(p,y), p. = Q(p1,y) is not in Y 
' :i .. xy 

There exists an x in T, therefore, for which Y is 
X 

minimal, that is, for no extension of x by a tape y will 

the number of elements in Y be less than the number 
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of elements in Y. Let x' be such a tape. Since A is 

strongly connected we can find a tape k such that 

N(s1,x'y1,) = s. for al]. s in S, and such that ; is 
the shortest tape for which this is true. Now, s is 

equivalent to p. for all p1 in . For, suppose 

there is a p. in Y, and an X" in T such that 
J 

N(s1,x") R(P1x1). Then would have one less 

eleuent than Y contradicting Y , is niniinal for all 
X 

tapes which are extensions of x'. This completes the 

proof of theorem 3. 

Since the reduced form of a strongly connected 

sequential machine is obviously strongly connected 

the preceding theorem j. ' roves that the reduced forni of 

a given strongly connected sequential machine is 

minimal over the class of all sequential machines 

indistinguishable from the given machine. 

The set of all tapes T over a given alphabet Z 

is very large and the equivalence relation used to 

obtain the reduced form of a given machine is defined 

over all x in T. We need to introduce an effective 

procedure for finding the equivalence sets of the 

reduction theorem. This procedure will be explicit in 

the proof of the next theorem. 
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Theorem : (Moore) Let A = (S,N,N) over E be a 

sequential machine, the reduced form of which has n states. 

Then for every pair of states s and s. in S, s. is equiv- 

aient to s. if and only if N(s.,x ) = N(s.,x ) for all 
j . n-1 j n-]. 

x11 in T, where is a tape of length n - 1. 

Proof: e will define P1 to be the set of equiv- 

lence classes defined by the equivalence relations; s1 

and s. in S are members o the same class in P if and 
j k 

only if N(s,xk) = N(sjlxk) for all Xk in T, where xis 

a tape of length k. From the definition it is apparent 

that k+l 
is a refinement of P1; since, if for any 

elements s and s. in S, N(s,x) = N(sxk+l) for 

ail 
k+l 

then N(s.,x,) = N(s.,x,) for all Xk T. 

Now if k has less than n equivalence classes, then 

is a proper refinement of k 
To show this consider two 

elements s . and s . in S which are in the saiie equivalence 
:i. j 

class of 
1'k' 

but are distinguishable. We can find an 

x in T of length ni > k which is the shortest tape such 

that N(s.,x ) N(s.,x ). Since 
i in zu 

N(sj,Øxfl_kl) = N(sjoxin_kl) 

we must have 

N(M(s. 'O'm-kl' X ) N(M(s . OXm_k_l)m_k_lXin)s m-k-1 in j i 

Now l«s, x ) = s and M(s., x ) s s are two Omkl k jOin-k-]. h 

states distinguishable by a tape of length k + 1 but not 
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distinuishab1e by any tape of' length k. For, if there 

was a tape z of length k which distinguished between 

SIC and 
h' 

the tape OXmklZ is a tape of' length in - i 

which distinguished s from s. contrary to the hypo- 

thesis that x was the shortest tape to do this. 
lu 

Now we will, show that for k < n - P has at 

least k + i equivalence classes. The argument is by 

induction. First, if n = i then N(s, ) = N(s., 0 ) 

for all s. and s. in S and all O in , so that 

there are no distinguishable states. Now assume n > 1. 

Basis: P1 has at least two equivalence classes, for 

if not, n = i contrary to hypothesis. Induction: 

Assume, for k < n - i, P has at least k + 1 states. 

Thon if he number of classes in P. is less than n, 

we have shown in the preceding argument that k+i 
is 

a proper refinement of P1. Therefore, k+l has 
at 

least one more equivalence class than P1, or at least 

k + 2 equivalence classes. 

We have now shoivn that P must have at least n 
n-i 

equivalence classes, but by hypothesis the sequential 

machine À has at most n equivalence classes, which 

completes the proof of the theorem. 

With the completion of this theorem we have 

introduced all the theory that is necessary to the 

statement of the reduction algorithm. Before we go 
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to the section of the paper which gives the algorithm 

and its mechanization, we will make a few comments 

concerning further properties of sequential machines. 
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CHAPTER IV 

SO)IE £URTHE1 PROPERTiES OF SELUENTIAL 1ACHINES 

The first thins that we will iention arises in 

connection with theoretu 3 in the preceding chapter. 

Since the reduced forai of a stroiiiy connected sequen- 

tial machine is iinia1 over the c1as of all sequential 

machines indistinguishb1e froi it, one xight ask 

whether there exists stronly connected sequential 

machine inditinguîshable from any given sequential 

machine. If this were so, and. we could alwLys find 

this strongly connected sequential ¡uachizie, then we 

could make our reduction a1orìthn hold for the class 

of 1l sequential machines indistinguishable from any 

given sequential machine. Unfortunately, titis conjecture 

is not true, as is shown by example 2, which follows. 
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Example 2. 

Sequential Machine C = (S,N,N) over 

Next State Present Output 

Present Present Input Present Input 

State O i O i 

s 
1 

s 
2 

s_ O O 

s 
o 

s s 
- 1 1 

s.. 

j) 

s 
I 

s O O 

1 1 

On examin sequential machine C we see that it 

is not strongly connected, for there is no tape x for 

which M(s,x) = s. Now there is no strongly connected 

sequential machine indistinguishable from sequential 

machine C. To show this is true, we have only to note 

that, for any tape X of length greater than 2, 

N(s,4 = 110...; and the output sequence never again 

contains two l's in succession for any extension of x. 

Now suppose we have a strongly connected sequential 

machine D = (P,Q,R) over E in which there is a state 

pi in P for which the tape x of length greater than 2, 

gives an output sequenceIp1,x) = 110... Then since 

D is strongly connected we can find a tape y such that 

M(p1,xy) = pi and therefore N(p1,xyx)= llO.llO... 
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The remainder of this section will be devoted to 

the investigation of some properties of subsets of the 

set S, of states of a given sequential machine. No 

claim is made that these properties have immediate 

application to the reduction of sequential machines. 

They are offered as some small extension to the general 

knowledge of the field, and because the author found 

them interesting. We will begin with the following 

de finition. 

Definition 9: Given A = (S,M,N) over , a subset 

s' of S is a strongly connected subset if and only if, 

for every pair of states s. and s in S', there is an 

x 
= % (11.. in T, ni = 1,2,3,... such that 

M(s,x) = s., and [N(sj,oxk) J is in S' for O k < m. 

Definition 10: A terminal state s, of a sequential 

machine A = (S,M,N) over E is one for which M(st,x) = 

for all x in T. 

Theorem 5: If A = (S,14,N) over E is any sequen- 

tial machine, then the set S, of states of A contains 

a subset S' which is strongly connected. 

Proof: If the sequential machine A is strongly 

connected, then S' = S, and there is nothing to prove. 

Also, if A contains a terminal state s then the sot 
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s' 
= J is a trivial strongly connected subset of S. 

Now, suppose that A is not strongly connected, and 

that the set S, contains no terminal states. Choose 

any s in S, and denote the chosen state by s . Since 
o 

by hypothesis s is not a terminal state, there exists 

a in E such that N(s, si' 11 i. By 

the saxe reasoning there is a C1 in E for which 

M(s. 
, 

C1) 
= 

s. , i2 i. Now, since S is a finite 
i 2 

set, a continuation of the above process must produce 

a state s. such that N(s. , C1 ) = s. for some j < k. i :L C 1. 
k k j 

Let be the tape defined by the sequence of inputs 

C C C 
i j+i j2'' ci11, and let 

s, = [s ,.. ,.. ,... 
j 'j+l 1j+2 'k5 

Then S' is a strongly connected subset of S, for, if 

s. and s. are in S' and j < p < q <k, then 
:i. i 
p q 

si = N(s. , x ) and s. s 

q p p 
qqXk CkjXp). i pq 3. i 

The proof of the above theorelil shows the existence 

of a strongly connected subset in every sequential 

machine. Note that there are sequential machines in 

which the only strongly connected subset is the trivial 

subset containing a terminal stato. It is quite pos- 

sible that the set S contains moro than one strongly 

connected subset. In any event, we are able to prove 

the following: 
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Theorem 6: Each strongly connected subset of a 

sequential machine is contained in a locally maximal 

strongly connected subset. That is, if S' is a strongly 

connected subset of the set S of the sequential machine 

A = (S,M,N) over E , there is a set S" contained in S 

such that S" is strongly connected, 5 is contained in 

S", and there is no strongly connected S"' in S which 

properly contains S". 

Proof: Let F be the family of all strongly 

connected subsets of S in A, and let S' be a given 

member of F. Consider the set G =[S.: S. in F and 

Si û S' is not empty3 . Then S" = U [ 
S: s is in 

is the required locally maximal strongly connected 

subset of S containing S'. To show that S" is strongly 

connected consider s. and s. in S". Then s. is in some 
i J 

S in G and s . is in some S in G, and there is an s 
i J '. 

k 

in S1 r) s' and an 5h in S2 fl S' . Further, since 

Sl,s2, and S' are strongly connected subsets of S, 

there are tapes in T such that 

M(8ijk.i) = 
s. and tapes jXIhXkXj in T such 

that N(si,.xhhxMxj) = s. t? is obviously locally 

maximal since any strongly connected subset in S 

which contains S' is in G and therefore in the union of 

all S. in G. 
a. 
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For any given sequential machine there may be sev- 

eral locally maximal strongly connected subsets. It is 

also obvious that for a strongly connected sequential 

machine the set S of ll states of the given riiachine is 

the only maxima]. strongly connected subset. 

With these comments we are ready to proceed to the 

observations with which we will conclude th,i; section 

of this paper. 

Definition ii: A terminal subset S of a sequential 

machine A = (S,i'1,N) over E is a locally maximal strongly 

connected subset of S such that, for any sj in and 

any x in T, N(s,x) = s for some s. in S. 

This definition leads us to the final theorem: 

Theorem 7: Every sequential mac;hine A = (s,N,N) 

over E cantain at least one terminal subset. 

Proof: If A is strongly connected then S is itself 

a terminal subset. Also if S contains a terminal s, then 

the set = is a terminal subset. Now suppose 

A = (S,M,N) over E is a sequential machine which is 

not strongly connected and which contains rr 

states. By theorem 5 and theorem 6, the set S of A 

conta&ns a maximal strongly connected set S'. If 

S' is not terminal there is an s. in S such that 
i- 
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s. is not in S, and further there is an s. in S' and i J 

ail X in T such that N(sx) = s.'. Starting with this 

s. another application 1 theorems 5 and 6 gives us 

another maximal strongly connected set S". Since the 

set of all states S is finite repeated application of 

this process leads to a terminal subset. 

The terminal subsets of a given sequential na- 

chine are themselves sequential machines. This is ob- 

vious from the definition. If we call such sequential 

machines, sequentl sub-machines, then theorem 7 may 

be restated in the following forms: 

Theorem 7': Every sequential machine A = (S,N,N) 

over E contains at least one sequential sub-machine 

A' = (St,M,N) over E 



25 

ChAPTER V 

THE MOORE-MEALY ALGORITHN FOR THE 
REDUCTION OF SEQUENTIAL MACHIMS 

We are now ready to describe the a1orithrn for the 

reduction of a givei sequential wachine. This algorithm 

was introduced by Mealy (6, p. 1056) and is based on the 

work of Moore (7, p. l4i.146). It should be noted that 

Huffman (5), working at about the same time as Moore, 

arrived independently at many of the same results. Iii 

fact Phister (9, p. 156-16k) cal]. the algorithm the 

Huffman-Mealy algorithm. However, since the algorithm 

presented here is the one given by Mealy (6, p. 1056), 

and ho based his algorithm almost entirely on the work 

of Moore (7, p, kl-l4G), we have called it the Noore- 

i1ealy algorithm. 

We %lill a3Sume WO are given a sequential nachine 

A= (S,N,N) over We want to find the reduced form 

of A. The algorithm for accoxiplishing this, is as 

follows: 

£tep 1. Partition S into equivalence classes by 

the rule; s. and s. in S are in the saine 
1. J 

class if and only if N(s C ) = N(sC) 

for all C in Z Call the set of 

equivalence classes 



26 

Step 2. Given the set of classes 
k' 

define the 

refinement 
k+1 by the rule; if s and 

s. are in the same class of P , s. and 
j k i 

s. go into the same class of if and 

only, for each 1 in , M(s.,cc 
= 

and M(s., d) = s , where s and s are in h L h 

the same class in 

Step 3. II P1 is not a proper refinement of 
the process terminates, if P, is a 

+ i 

proper refinement of return to Step 2. 

Step 1k. 1en the process terminates, construct 

the sequential machine A' = 

according to the rules (the 

as were used in theorem 2); 

i. S' P where P is iil n-1 

ment at which Step 2 te 

(s' ,M' ,N' ) 

same rules 

the refine- 

rminated. 

Call the elements of S', (s1) where 

s. is one of the elements of the 
i 

equivalence class. 

2. N' is a function on S' x E into S' 

such that M'(s.), CY ) = (si) if and 

only il 1l(sk, C ) = Sh for s in (s1) 

and 
5h 

in (s). 

3. V is a function on S' x E into Q 

such that N'(s1), C ) = 
N(s1, C ). 
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The sequential aachìie A' is the required reduced 

1rín of A. This followz drect1y from the proof of 

Theoreiu arid froii Theorem 2. Further, by Theorem 4, 

we krow that the jrocsz of Step 2 aiuzt tcx'niinate 

after, t niost, n - 2 r*plic&tioiz of that step, This 

fo11ow from the fact that, if after Step i and n - 2 

repi.cations of Step 2, two states 
. 

and of S aro 

in tho same ret, they have the same output sequence for 

al]. tapes of length n - 1, and therefore are, by Theorem 

'J, equivalent. 

To illustrate the alorith;n, and also to show how 

this algorithm ay be mechanized we will give an example 

of the complete process. The examule is meant to be 

illustrative only--so the sequential machine given in 

the example has been constructed to illustrate the 

algorithm and not necessarily as an example of a 

useful machino. 



Zxawple 3. 

Sequential NuchirLo A = (S,M,N) over E 

Next State Prozent Output 

Freent input Prezent input Present 

State 
ci a2 cl O2 

si 
S2 

l 
O O 

2 
is4 s8 i i 

3 9 
O O 

s. 
6 

O i 

) 
s 
LI 

1 3 

s 
6 

s 
1 

u 

z 
( 

s 
r) - 

.1. 

3 3 

53 
lO 

57 1 0 

s 
9 

s 
6 

s 
8 

i 

s s O i 
10 10 ____________________ 

Note: The input sot E 
= 

d and 

the output set = [o, i 

Stop 1. We must partition the set S into equiva- 

lenco classes, where two states go into the saille class 

if they have the same output for each input. 
This is 

equivalent to saying that two states go into the saine 

class if the row ìn the output table defining the 

machine is the same for both states1 So, we have the 

classes: (s1,s3,s7) , (S.)S9) , (s4,s6,s10) , 
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This is the set of equivalence classes P1. 

o will identify each class by the state which has 

the least index which is contained in the class. Thus 

the class (s ,s ,s ) is called (s,). 137 J. 

Step 2. In order to facilitate the process of 

constructing refinement P , we will construct the 
k + 1 

following tables: 

Class 

(s1) 

Present Input 

1 

s1 (s1) 

s.. (se,) (s, ) 
1 

(s 

Class 

(tj;) 

Present Input 

cl1 
'2 

(s) (si) 

6 
(84) (si) 

Sb (s) (85) 

Class 

(s2) 

Present Input 

l 

S2 (s) (85) 

S9 (s) ( S) 

Class 

($5) 

Present Input 

c1 

S (si) 

S (sq) (si) 

Note: The entries in the tables are the classes 

into which a given state 
s 

is riiapped by the 

function M for each in Z 

The refinenient P1 can be found directly from 
these tables, two states in the same table going into 

the same class of P, if the rows in the table for 
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both states are identical. Two states, that are not 

in the saine table are never in the same equivalence 

class of P Now P0 is made up of classes: 
k+l 

(51iS7) (ss) 
, 

, 
(s,$) , (s1) 

, 
(55153) 

Step 3. Since P2 is a proper refinement of P1 we 

repeat Step 2, using P2 to construct the tables. Note 

that any class which contains a single stato need not 

be tabulated since no further reduction is possible. 

Step 2. (First replication) 

Class 

(s1) 

Present Input 

d1 

1 

S7 (se) 

Class Present Input 

C1 C2 

2 (s) (S5) 

59 (54) (35) 

Class 

(84) 

Present Input 

C1 

5'k 

SG 

(54) 

(sik) 

(si) 

(si) 

Ciìsz 

(55) 

Present Input 

C1 C2 

S (s) (s) 

S8 

The set ii.,. consists of the classes: 

' 

(33) 1 
(s91s9) , (s,s6) , (s10) , (s5) , 

Step 3. (First replication). 

Since P.; IS a proper refinement of P0, repeat Step 2. 
_1 



Step 2. (Second replication) 

Class 

______ 

Present Input 

C1 C2 

(s2) 

$7 (s2) 

Class Present Input 

C C 
____ 1 2 

S2 (S4) (er) 

$9 (s,) (s) 

C1as 

(s) 

Present Input 

C] C2 

s (s4) (si) 

S6 (84) (Si) 

The set P4 consists of the classes: 

(ss) 
, 4'6 , (810) , (s5), (se). 

Step 3. (second replication). 

Since P4 is not a proper refinement of P3 we now go on 

to Step 4. 

Step 4. We now construct the sequential machine A' 

which is the reduced form of machine A. The sequential 

machine A' is shown below. This completes the example. 
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Sequential Nachine A' = (S',N',N') over E 

Next State Present Output 

Present Input Present Input Present 

C3. 02 02 .,tate 

(si) (si) O O 

(s,) (s) (s ) O O 

(s2) (Sß) 3. 1 

(84) (s1) O i 

(si) O i 

(s ) 

5 
(s ) 

4 
(sS,,) 

) 
i O 

_________ 
(ss) i O 

One uiht notice in the preceding exanple that the 

entries in the table for sequential tnachine A, the rows 

opposite 
s 

and 87 aro identical and therefore s and 

57 uust always be in the same equivalence class. From 

this observation we could merge rows i and 7 of the 

table before starting the algorithm. Huffnian (5, p. 176) 

includes this process as a step in his reduction algo- 

rithxn and calls it "row iaerger't. It is obviously not a 

step that is needed to arrive at the reduced form of 
a 

sequential machine, but is included because it is a 

simple step. 

The simplicity of this step is more apparent than 

real when one starts the mechanization of the algorithm 



on a computer. The reason is that every time two rows 

aro merged, one state is deleted from the table, and 

one must go completely through the entries of the table 

of next states and replace every occurrence of the 

deleted state with the state with which it was merged. 

In the example, if rows 1 and 7 aro merged then the 

entry in row k under 
2 
must be changed from 87 to s1; 

and the entry in row 8 under must be changed from 

87 to s. On the computer this process of reconstruct- 

ing the table after merger can take more time than is 

saved by reducing the number of states in the original 

table. Threfore, row merger is not used as a step in 

the algorithm. 

It may be appropriate at this time to mention the 

problem of finding the reduced loris of sequential 

machines which aro not completely determined. It is 

possible to modify our definition of a sequential 

machine to allow the set S to contain, so called, 

"don't care" states. A care" state is one 

which, for some s in S and some C in , N(s, ci ) is 

free to be defined from the set of states available. 

It may also be that, for certain s in S and certain 

in E , N(s, ) is a "don't care" output, similarly 

defined. Nealy (6, p. 1063-1067) gives a modified form 

of the afore mentioned algorithm, which takes care 
of 
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"don't care" states. Tuis work is based largely on the 

work of Hufîman (5). It turns out, however, that the 

reduced form given by this algorithm is not unique, and 

that the only way to insure a minimal solution is to 

exhaust all possibilities. In the last few years D. D. 

Aufenkamp and . E Hohn ( i ) , D D . Aufenkwìip ( 2 ) , and 

Seymour Ginsberg (3,Li) have introduced various techniques 

in an attept to solve this problem. Apparently all of 

the techniques sugestod require a choice or judernent 

which cannot be programmed for a computer, short of 

complete enumeration, a process which is obviously too 

long. For this reason the present work handles nothing 

but the completely specified problem. 
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CHAPTER VI 

THE MECHANIZATION OF THE MOOP.E-MEALY ALGORITHM 

In this section we will give a description of a 

computer program which will automatically perform the 

steps of the reduction algorithm given in the previous 

section. The program will accept, as input, a table 

describing a given sequential machine, and will give, 

as output, the table for the reduced form of that 

sequential machine. 

The description of the program has been simplified 

by assuming that there is sufficient random access 

storage available in which to store the program and all 

of the data. This asswnption is not true for the 

A1WaC 111E, for which the program has been written; 

nor will it be for most small computers. It will, 

however, materially sirnplify the description of the 

program without any loss of essential information. 

Another assumption that has been made, is that each 

entry in the table describing the given sequential 

machine is contained in a distinct machine word. In 

actuality there is a certain amount of packing of 

information in the Alwac program in order to conserve 

storage space. As with the previous assumption, there 

is no loss of information, in the program description. 



The elements of the set S, of states, and the set 

9, of outputs, will be represented in the computer by 

positive integers. If there are p states in S, then S 

will be represented by the integers l,2,3,...p. The 

output set of a sequential machine with p states and 

r elements in the input alphabet E , could have pr 

elements. Those elements, would be represented in the 

computer by the positive integers l,2,3,...q = pr. No 

stato, or output is ever represented by O in the comput- 

er. We have used O to separate the equivalence classes 

as they are generated. The set of inputs is represented 

in the computer only indirectly. The table of next 

states and the table of present outputs are stored as 

p x r arrays, or matrices. The arrays will be denoted 

by xs and n respectively. The 
1th element of the next 

state array is the integer representing the state that 

.th th 
is the mapping of the i state and the j input. In 

symbols ¿n. . corresponds to N(s. , d. ). Likewise, n. 
13 i j 

corresponds to N(s1 0. ). The two arrays ni and n are 

stored separately and by rows. This means that 

will follow ¡u. and n will follow n. The only 
i,r 1+1,1 i,r 

input, other than the two matrices, consists of the 

integers p and r, where p is the number of states and r 

is the number of elements in the input alphabet of the 

given sequential machine. 
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On the following page, we will present the program 

for the Moore-Mealy algorithm. This program has been 

written in Algol 60, the International Algorithmic 

Language (8). No input or output routines are included 

in the program. It will be assumed that the arrays m 

and n and the integers p and r are already stored in 

the computer memory, and that the problem of' retrieving 

these tables from the computer is one which is already 

olved. 



An Algol Program for the Moore-Nealy Algorithm. 

procedure NNA (p,r,rn,n,a,b,c,d,s,i,j ,hl,h2,h3,h4t,h5, 

h6,h7,ul,u2,u3,uk,u5,u6,Swl) ; 
integer p,r,i,j ,hl,h2, 

h3,htf,h5,hG,h7,ul,u2,u3,u4,u5,u6 ; Boolean Swi ; 
array 

m,n,a,b,c,d,s 

comment: NNA is a procedure for reducing a given sequen- 

tial machine to minimal form, using the Moore-Mealy 

algorithm. The states and the outputs of the sequential 

machine are represented by integers. The set of states 

s has elements from the set of positive integers 1,2,...p 

where p is the number of states in the given sequential 

machine. Likewise, the set , of outputs, has elements 

in the set of positivo integers l,2,...q. A bound on q 

is pr where r is the number of elements in the input set 

E The tables defining the mappings M and N are p x r 

arrays ni and n respectively. The integers p and r are 

fixed integers dependent on the size of the sequential 

machine. All other integers are used as various indexes. 

The arrays b and c are used in the generation and corn- 

parison of the equivalence classes p and k+l 
The 

array a is a temporary store for rows of the arrays n 

and d. The array d corresponds to the table generated 

in Step 2 of the algorithm. The array s is the set S' 

of equivalence classes used in defining the reduced 

form of the sequential machine. Swl is a Boolean 
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variable used as a flag 

begin array i[1:p,l:rJ, n(1:p,1:rJ, a[1:rJ, 

eEl:2pJ, c[1:2p3,cj[1:p,1:r], s[i:p) 

for i := i step i until 2p do c. := b. := O 

hi := O 

Ii : ir i := i step i until r a := 

Swi := true 

2: j := i 

3: if a. - O :then .&2. !2. 7 

.! Swi then !2 8 

.&2. :a 5 

4: Ch2 := i 

h2 := h2 + i 

n. . :=-n. . 

:L,J 1,J 

! P - hi = O then to I I 9 

hi := hi + i 

5: if p - i = O then to 6 

i := i + i 

.2 !a 2 

6: 1i2 := h2 + J. 

i := ui 

go to Ii 

7: if r - j = O then to 4 

i := j + i 

.2. !2. 3 
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3: if n 
, 

<O .a 5 

Swi = falso 

ul := i 

.&2. 2. 5 

119: h]. := u2 := O ; 

h2 := 113 := := 1 

10: j := 1; 

i := C12 

u4 := h2 +1 

11: u5 := ¡n. 
1,J 

h2 := 1 

12: u6 := Ch2 

13: 
: u5 - Ch2 = O then o j 15 ; 

h2 := h2 + i 

ile =Othento14 h2 

£2. !2. 13 

14: h2 := h2 + i. 

£2. 12 

15: d114,1 = uG 

! x - j = O then i6 
; 

j := j + I 

.2. !2. 11 

16: 1ì2 := u4 

h]. := hi + i 

1 Ch2 = O then to III 18 
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M + i 

:z 10 

1117: if p - hi = O then to IV 28 

h2 := h2 + i 

10 

11118: i := h5 := i 

19: for j := i i until z do = 

Sw). := true 

20: := I 

21: if a. - cl. . = C then to 26 ; - 
J L,J - - 

_: Swi £2 .tE. 
27 

£ .a 23 

22:b_ :=c. 
h i+u2 

h3 := 1i3 + 3. 

d. :=-d. 
1,1 1,1 

_: M - h5 = O then to 24 

h5 := h5 + i 

23: ifhi - i = O thento 25 
i := i + i 

£2. 20 

24: u2 := hi + 1 

h3 := h3 + i 

M := i ; 

_& II 17 ; 



25: h3 := h3 + i 

i := u). 

i2 19 
26: if r - j = O thento 22 

j := j + i 

21 

27: <O then ! 23 

Swi := false ; 

u). := i 

£2. .2. 23 ; 

1V28: h2 := i 

29: ! Ch2 _ bh2 = O £2. 30 

for h2 := i step 1 until 2p do c := b ; - 1i.. 

£2. !2. I' 9 

30: if 2p - h2 = O thento V 31 
1i2 := h2 i 

£2. !2 29 
V31: s1 := i ; 

h3 := 2 

h6 := 2 

32: if bh3 = O then to 33 

h3 := h3 + I 

£2. 32 

33: h3 := h3 + I 

5h6 := bh3 
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h3 := 113 +1 

p + h6 - h3 = O thento 34 

- . t:, .- u 'r j. 

..° ! 32 

34: u := h6 

1A6 := h7 := 1. 
; 

35: i := s 

j := I 

36 123 := i ; 

37* i: - b1.. = O then o to 39 

bh3 = O thon to 38 

h3 := h) + i 

La a 37 

38: h3 := h3 i- i 

1i6 := h6 i 

£2. !2 37 

39: n. := s ,- j_,J ho 
h6 := i 

:! r - j = O then to 40 

i := j + 3. 

12. !a 6 

oI : 127 = o then to end 

1i7 := h7 = i 

£2. ..2: 35 

end: 

end MNA 



A program following the form of the foregoing 

Algol program has been written for the Aiwac III-E at 

Oregon State Uiiiversity. This program will accept as 

input the tables representing a given sequential machine 

with up to 236 states and an input alphabet of up to 16 

characters. Because of memory space limitations, the 

output set ha been restricted to only 256 elements. 

The Aiwac III-E has a fixed word length of 32 binary 

digits or bits. By restricting the size of the set of 

states to 256, we are able to pack 4 states into each 

word. Thus, one row of the next state table of a 

sequential machine with 16 inputs will occupy 4 words 

in memory. Even with this packing, the tables, describ- 

ing the largest sequential machine that we allow, occupy 

a fourth of the memory capacity of the comptor. It is 

felt that, for most problems, 256 is adequate. 

In conclusion ve would like to make the following 

observatior. In the past, one of the main arguments 

for the use of the reduction of sequential machines has 

been one of economy. We feel that in most cases this 

argument is difficult to support. If one considers a 

sequential machine with n states, then this machine 

may be realized with 2 binary elements where k is the 

least integer such that n < 2. Now, if the reduced 

form o the given sequential machine has only half as 
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many states as the original machine, k will be reduced 

by only one. Unless k is quite small to begin with, the 

relative saving is rather small for the effort. 

As a consequence, it would seem that the 

reduction algorithm is more important as a tool which 

will lead to better understanding of the structure of 

sequential machines than as a tool used to arrive at a 

form which is cheaper to build, 
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