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BROAD-CRESTED WEIR DESIGN 
BY ABRUPT CONTRACTION, 

FREE -STREAMLINE ANALOGY 

Chapter I 

INTRODUCTION 

The occurance of separation at the upstream edge of a 

broad-crested weir produces a constriction with higher velocities 

on the separation surface than occur downstream. Thus, kinetic 

energy must be converted to potential energy as the flow passes 

beyond the separation zone. This conversion process is mehl- 

dent and results in a loss of total energy. In a situation where 

such energy losses are undesirable it may prove economical to use 

a weir with the upstream edge of such a shape that separation is 

eliminated. 

Much work has been done that applied either directly or in- 

directly to broad-crested weirs. However, most of this work was 

directed toward obtaining discharge coefficients, and a large part 

of this resulted in developments that are quite empirical. 

The free-stream line theory has been used frequently by the 

mathematician in cases that are of classical interest only. The 



hydraulic engineer, until quite recently, has made little use of this 

theory in application to practical problems. 

Many hydraulics texts refer to a weir that is tiweliti rounded at 

the upstream edge, however these same texts make no mention of the 

degree of rounding required to eliminate separation. 

'urpose and Scoe 

The purpose of this thesis is to attempt to adapt the abrupt 

contraction, free-streamline theory as set forth by Appel and 

Laursen (2 p. 21) to the problems encountered in the design of a 

separation-free, broad-crested weir. The degree of application of 

such theory to actual conditions encountered in practice was recog- 

nized to be limited at the outset of the work and several simplifying 

assumptions were made. The analysis was checked in the labora- 

tory and the results are presented in the text. 



Chapter II 

ANAL SIS 

Transition Curves of Constant Pressure 

A sketch of the two-dimensional flow contraction as used by 

Appel and Laursen (2, p. 21-27) in their analysis is shown below. 

i 

Figure 1 - Sketch of two-dimensional contraction. 
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The equations defining the transition curves a determined 

by Appel and Laursen are as follows: 
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Particular constant-pressure transitions can be calculated 

using specified values of the velocity ratios, or specified values of 

the minimum pressure along the transition, and the contraction ratio. 

A dimensionless parameter (Appendix B) is introduced at 

this point and has the form shown below: 

(v22 
v) 

The particular contraction transition considered herein is 

characterized by a constant pressure and constant magnitude of 

velocity along the curved portion of the boundary. The free- 

(5) 

streamline analysis as applied is sound only if the boundaries both 



upstream and downstream from the constant-pressure section aise 

straight lines along which the direction of flow is constant. 

One advantage of the constant pressure transition is the pre- 

vention of the occurence of an adverse pressure gradient in tl'e 

direction of flow within the curved portion of the transition. This 

reduces the probability of separation of flow from the boundary. 

Ppplication of Theory to Flow Over a Broad-Crested Wier 

The direct calculation of free-streamline flow is restricted 

in the purely theoretical sense to two-dimensional, irrotational 

flow of an ideal, incompressible fluid, free from the effects of 

gravity. The justification for the usage of the theory as previously 

defined will be covered in the following discus sion 

The occurence of true irrotational flow is seldom encountered 

in actual practice. However, the assumption of accelerated flow 

(3, p. 10) permits use of the aforementioned analysis with a close 

approximation of actual conditions. 

Density variations of the fluid are considered insignificant. 

Viscous effects are known to be negligible where shear is not 

a primary factor, as in rapidly accelerated flows such as those en- 

countered in this analysis 

Gravity presents the greatest problem and is known to have 
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an important effect on the geometrical configeration of flow over a 

broad-crested weir. In the case considered by Appel and Laursen 

the boundary conditions were such that the flow was completely en- 

closed and gravity forces had no effect on flow patterns. 

As flow enters a broad-crested wir there is a continuous 

drawdown of the water surface. For this analysis, it is assumed 

that the small magnitude of this drawdown over the upstream edge is 

insufficient to materially affect the results. This allows the water 

surface to be treated as analagous to the center line of flow in the 

abrupt contraction theory. The validity of this assumption can be 

verified only by the experimental results. 

Proposed Equations 

To apply the analysis discussed in the proceeding section 

to a broad-crested weir it is desirable to adopt a notation more 

familiar to open channel theory. 

The coordinates of the curved surface are defined by values 

of x and y. As shown in the following sketch, y is allowed to in- 

crease positively downward, b/2 is set equal to h and a/2 is set equal 

to h-H. Thus the upstream depth of flow is denoted by h, and the 

height of the weir by H. The slope of the weir surface at any point 



measured counter-clock wise from the horizontal is . The 

vertical and hori:3ontal limits of the curved section are denoted re- 

spectively by c and d. Velocities are given for three locations, up- 

stream, on the curved section, and over the weh-, being denoted 

respectively by V1, V and V 
2 o 

\AI.-4-. 

Figure 2 - Sketch of two dimensional weir. 



Equations (i) and (2) with new nomenclature as shown in 

:'igure Z are defined below. 
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Using Kings's values (1, p. 166) for discharge over a well 

rounded broad-crested weir and neglecting head loss we have the 

following equation: 

3/2 
Q = 3.09 L (h-H) (10) 

10 

Having obtained this value the analysis can be completed as 

follows: 

From the continuity equation, 

t. V (11) Q A1 V1 o 

V-Q 
A 

i 
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V=-2- 
o 

As stated in the assumptions the velocity, V0, and the area 

of flow, A0, over the weir are calculated neglecting the drop in the 

water surface. The actual velocity occuring over the weir would be 

somewhat greater than that calculated above. 

Having obtained V0 and V1, the next step is the determi.n- 

ation of a value for V2. The use of equation (S) will allow V2 to be 

calculated if a suitable value can be defined. A value of 

equal to ero would provide no pressure difference between the 

transition curve and the adjacent downstream section but this would 

also require an infinite length of transition. The maximum value 

of çr- that will define a separation free transition for the anticipated 

flow over the weir is desired. These maximum values must be 

determined experimentally for each depth ratio. Having obtained the 

desired value of , V2 cari be calculated from the relation 

¡y 
I 2\ 1 

ç5- (v) o 

completing the preliminary steps. 
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The remaining work consists of substituting the values pre- 

viously obtained into equations (6), (7), (8) and (9). These equations 

may be solved by substituting values of varying from 7712 to O. 

The number of points desired will depend upon the degree of 

accuracy that the user requires. 
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Chapter III 

EXPERIMENTAL APPARATUS AND TESTING 

Apparatus 

A channel six feet long, two feet high, and six inches wide 

was constructed of clear plastic. Baffles were inserted in the up- 

stream porticn of the channel to aid in providing uniform flow up- 

stream fi-orn the test section. The use of clear plastic allowed dye 

to be injected and observed at any point in the channel. In addi- 

tion to visual observations the flow patterns could be easily photo- 

graphed. 

Three, twelve inch high weirs were constructed of one- 

quarter inch plastic and later tested. One of these had a sharp 

upstream edge and the other two had rounded edges designed for 

different flow rates. 

Testj 

The weir with the sharp upstream edge was placed in the 

channel at the extrene lower end. Flow rates over the weir were 

varied and for each flow rate the separation zone at the upstream 

edge was traced on the wall of the channel. Measurements from the 

face of the weir to the point where the separation surface was 
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tangent to a horizontal line were taken and considered as the critical 

value of d for that particular h/(h-I-I) ratio. Values at c were deter- 

mined in much the same manner except that measurements were 

taken vertically from the top of the weir to the highest point on the 

separation surface. The H value used was that measured to the top 

of the separation surface at the highest point, for this is the effective 

height of the weir. Entering the curves of Figure 8 with the above 

data, a number of limiting values of 0 were determined. These 

experimental values are shown in Figure 9. 

A long, thin glass tube was used to inject potassium perman- 

ganate into the flow near the separation zone. The dye remained in 

the eddy currents formed by the separation for several seconds, 

allowing the boundary of the separation surface to be traced. The 

boundaries thus defined seemed to be subject to only a small degree 

of fluctuation and the results were quite consistent. 

Each of the other two weirs was constructed for a specific 

depth ratio with a of O. 5 used for both. The higher of these 

curved weirs was designed for maximum flow possible in the 

channel and when tested proved to be free of separation. The 

smaller weir was tested at flows up to four times its design flow 

and even at the high flow rates proved to be free of separation. 

This lack of separation above the design flow rate is explained by 
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the use of a value of o-, for the design of the curved section, which 

was considerably below the critical value of o- for the particular 

ratio of h/(h-H). 



igure 3 - Overall view of testing apparatus. 

C-' 
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Figure 4 - Separation surface defined by dye on the sharp 
edged weir. 
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Figure 5 - Design flow over larger curved weir. 
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Figure 6 - Design flow over smaller curved weir. 



Figure 7 - ''Iow ovei sî'ailer curved wei r at approximately 
foi.ir times 1esin flow rate. 

20 
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Figure 8 - Constant pressure transition dimensions plotted from 
equations (6) and (7). 
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Figure 9 - plot of experimentally determined critical Q 
values versus depth ratio. 
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Conclusions 

The simplifying assumptions made in the fore part of the 

analysis apparently led to no great error. Equations (6) and (7) 

when coupled with proper cr values provided a relatively small, 

separation-free, curved transition section. 

Determination of the maximum values of ci that would 

provide a separation-free transition curve proved to be the key to 

this approach. A more complete study of the limiting values of 

this parameter could be conducted if its magnitude were increased 

in the design until the curved section failed to eliminate separation. 

Such a comprehensive study was beyond the scope of this thesis. 
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Appendix A 

NOTATION 

a rjdth of the downstream portion of the abrupt contraction. 

A Cross-sectional area of flow. Subscripts refer to location 
in channel. 

b Iidth of the upstream portion of the abrupt contraction. 

c Vertical dimension of curved weir section, measured down 
from the top surface of the weir. 

d Horizontal dimension of curved weir section measured down- 
stream from the face of the weir. 

h Depth of flow upstream from the weir. 

H Height of the weir above the channel bottom. 

L Length of weir measured perpendicular to flow. 

m Dimensionless parameter defined by equation (3). 

n Dimensionless parameter defined by equation (4). 

p Pressure. Subscripts refer to location in channel. 

Q Flow rate. 

q Resultant velocity vector. 

e 
ass density 

y Dimensionless parameter defined by equation (5) 

& Inclination of q measured from x axis. 

V Velocity of fluid. Subscripts denote location in channel. 
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Velocity potential. 

-'i" 
Stream function. 

x Horizontal distance measured downstreair from the face of 
the weir. 

y Vertical distance measured down from a projection of the 
upstream water surface. 

z Elevation of a point in the flow above an arbitrary datum 
plane. 



Appendix B 

Mathematical Analysis of Constant Pressure Transition Curves. 

The derivation of the parametric equations for a constant 

pressure transition curve as developed by Appel and Laursen 

(2 p. 23) is presented in this section. The four planes used in the 

analysis are shown in the accompanying figure. 

VI 
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Figure 10 - Sketch of planes used in free-streamline analysis. 
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The flow plane is the z-plane and reference velocities are 

shown in Figure lO. The flow is represented in the XL plane by 

the relationship. 

in ± i (1) 

which gives the bounding streamlines the form of a semi-infinite 

rectangle. 

Using the Schwarz-Christoífel theorem the semi-infinite 

rectangle in the JL -plane is mapped onto the auxiliary t-plane. 

Points A and D are arbitrarily placed at zero and infinity in the 

t-plane, leaving the positions of three points to be determined. For 

convenience the distances f and g are defined by the parametric 

equations, 

f= gm (m>i) 
m-t-1 m-i 

The Schwarz-Christoffel transformation between the Sì. - 

plane and the t-plane then becomes, 

in i cos1 (t-1)1 (2) 
V 2 

[mt __c_1_=- - - ____ 
o 

The values of fL and t for points A and B in the two planes 

were used to evaluate the constants in the transformation. The 

parameter rn is obtained by substituting values of XL and t for the 
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point D in the two planes, giving 

1V /v \21 
in i ¡ 2\ o 
T Lv) + o Z 

The infinite rectangle representing the potential and stream 

function in the w-plane is mapped onto the t-plane by the transforma- 

tion 

for h 

where 

w iJ/ V0 in (t+h) (3) 2y 
Evaluating equation (2) for the point E, gives an expression 

h_ rn 
n - m 

nl 
- 

r 

L() 

2 

The restriction that the magnitude of the variable velocity q 

equals that of Z is imposed at this time. Equation (1) thus be- 

cornes, for the free streamline, 

__r_)_ = - in ± i 8 (4) 
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3o1ving equations (2), (3) and (4) simultaneously gives the 

following relationship between the complex potential w and the inclin- 

ation of the free-streamline 

w=42+i1í=\Toa mT m ml (5) 
2 Lm-cos2 n-ml 

Taking the free-streamline as being J/= O, the distance s 

along the free -streamline from B to a point at which the inclination 

is ' can be obtained by combining the equation for velocity, 

V2 

with equation (5) and integrating 

V r 
s o__a_ ln m ± m 

27TV2 Lm_c05 2 n-m (6) 

The curvilinear distance s along the bounding streamline is 

of little practical use, but equation (6) can be expressed in rectan- 

guiar coordinates by using the differential relationships, 

dx = ds cos , dy = ds sin 

The parametric differential equations for the curved boun- 

dary then become 

dx _2 V0 a (m_n) [ d (cos ) l() 
V2 L(m i _ 2 cos2) ± i - 2 cos2 & J 
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sin2 d (sin ) 

i 
V2 7T 

Choosing the origin of x and y such that x = O if 7/72 and 

y = a12 if ==O and integrating we obtain 

rn±i 

X i 
V0 m- i in 

± cos 
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2 Ç ___ - cos 

'n - i ___ I -j-cos 
/n±i in V z -1 
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/2 -cose j 
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The above equations allow calculation of particular constant- 

pressure transitions for specified velocity ratios, or for a specified 

pressure along the transition. A dimensionless parameter u will 

now be introduced to generali;e calculations. 

7riting the energy equation between points O and 2 and neg- 

lecting head loss we get, 

letting 

V2 p o o z0g V22 z g 
=-i--i---- 

z = z 
o Z 

we obtain 

Po- PZ 

dividing by 

lo P2 2 

Z Vo o e2 
let the above equation be equal to J 

/ Z P0_p2 V2 

c::3-= Z 
:=: 

V o 
C ° 
\ 

Z 

- i (il) 



Appendix C 

Tabulated Values of Model Weir Calculations. 

Weir Height, H 12' Flow depth, h 201 

y x y 
deg. h-H h-H inch. inch. 

0. 0 0. 660 1. 000 5. 28 8. 00 

io. o 0. 522 1. 014 4. 17 8. 12 

22.5 0.294 1.083 2.72 8.67 

45. 0 0. 072 1. 20f) 0. 58 9. 60 

67. 5 0. 007 1. 279 0. 06 10. 23 

90.0 0.000 1.300 0.00 10.40 

Weir Height, H 1ZU 

X 
deg. h-H 

0.00 0.673 

22. 5 0. 305 

45.0 0.078 

67.5 0.010 

90.0 0.000 

Flow depth, h =-15" 

y X y 
h-H inch. inch. 

1. 000 2. 02 3. 00 

1.084 0.92 3.26 

1.223 0.23 3.67 

1. 322 0. 03 3. 97 

1.350 0.00 4.06 
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