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REFLECTION OF MICROWAVES FROM METAL-PLATE MEDIA 

Introduction 

Electromagnetic waves confined between conducting plates which are paral

lel to the electric vector and spaced more than a half wave length apart have a 

phase velocity greater than their free-space velocity. A row of such parallel 

plates constitutes a refractive medium with an index of refraction less than unity. 

A medium of this kind, with the proper profile, can be used to focus waves much 

in the same manner as a lens of dielectric material. 

The purpose of this study is to verify experimentally the theory of Carlson 

and Heins ( 1, p. 313), as well as the extended work of Lengyel ( 4, p. 265), re

garding the reflection coefficient of metal-plate media. Lengyel has found an 

expression for the reflection coefficient when a single diffraction beam is present 

and has compiled tables and graphs giving coefficients which describe electro

magnetic behavior at the surface of metal-plate media. The Carlson-Reins 

theory is applicable only in the presence of a single reflected beam. Hence the 

major part of this present work is concerned with Lengyel's results and his no

tation will be used throughout. The surface of the medium is normal to the 

plates and the E-vector is parallel to their edges. This is a special case of the 

general theory. 

Single Surface Measurements 

Slabs 1 and 2 were both constructed of square wave guide sections of 

equal lengths ( 8 3/4 inches) containing wooden matching wedges. An individual 

guide section and matching wedge are shown in Fig. 1. The sections were 

assembled and held together by a wooden frame. The assembly for Slab 1 is 
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shown in Fig. 2. The depth of the slab, d, the plate separation, a, the plate thick

ness, t, and the area of the slab surface, A, are given in Table 1. 

Experiments with Slab 1: 

A Sperry 2K39 klystron was the source of radiation. It operated in the 

wave length band from 3.2 to 3.7 em, providing a 2a/X ratio from 1.15 to 1.35. 

A bolometer ( Sperry Barretter ) served as a detector in conjunction with a 

Radiation Laboratory Mark IV amplifier and a Ballantine voltmeter. Provision 

was made for recording the data on the tape of an automatic recorder. The 

vertical deflection of the trace on the tape was proportional to power received. 

A spectrometer-like apparatus was constructed with a fixed transmitting 

paraboloid ( 8 inches diameter with dipole feed ) and a rotating arm carrying the 

receiver horn. This apparatus is shown in Figs. 3 and 4. 

The movable arm was rotated slowly by a motor through a gear reduction 

drive and the received power was recorded on a tape moving in synchronism 

with the receiving horn. Precautions were takeJl to insure accurate identification 

of the angular position of the horn from the markings on the recording tape. The 

horn could swing over an arc of 340° leaving 10° clearance on each side of the 

transmitting antenna. 

In every experiment the slab was set for a fixed angle of incidence, and 

the receiver arm was rotated to obtain a pattern of the reflected and transmitted 

radiation. When a reflection pattern was taken, the slab was so positioned that 

the axis of rotation was in its front surface. For transmission measurements the 

slab was positioned with the axis in its back surface. In order to obtain both 

transmission and reflection measurements on the same tape, the instrument was 

stopped at the proper point, and the slab was moved forward or back, keeping its 

orientation unchanged. This displacement of the slab was always accompanied 

by a corresponding displacement of the transmitter necessary to 



preserve the transmitter to slab distance. 

Figure 5 shows samples of the record tape obtained from a parallel piate 

slab of the same <;timensions as Slab 1, but having no matching wedges. Hence 

transmission data is recorded. The transmitting antenna was always at 180° 

on the scale shown. The letters F and B refer to the front and back surfaces 

respectively, indicating which one contained the axis of rotation. The position 

of the angular zero is marked by the sharp dip of the trace, caused by the action 

of a microswitch, which connected the recorder to a fixed reference of 0.3 volt 

at the instant the spectrometer arm passed the null position. 

3 

It is in the nature of these experiments that rather wide lobes are obtained 

on the record tape, extending 10 to 15 degrees on each side of their maxima. 

These maxima are poorly defined because of the fine structure of the iobes. For 

this reason the experimental definition of reflection and transmission coefficients 

was not based on the comparison of maxima, but on the areas under the curves. 

The amplitude squared ( intensity ) of the reflection coefficient was defined experi

mentally as the ratio of the area under a reflected lobe to the area under the main 

lobe received with the slab removed from the path of the radiation. This definition 

required a separate determination of the latter area for each wave length used. In 

addition, all data were normalized to a constant monitor reading. As a check on 

the normalization process a solid metal plate was placed in front of the slab, and 

its reflected pattern was obtained. When the area under the reflected lobe of this 

pattern was used as the denominator of the expression for the reflection coefficient, 

the values agreed within a few percent with those obtained by the previous method. 

When the angle of incidence 8 is less than the limiting angle 8L defined by 

the equation: 
1 + sin 8 L = A/a' 
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the theory predicts the presence of a single reflected beam at an angle equal to 

the angle of incidence. More precisely, the incident- and the reflected-wave 

normals are oriented at 8 and ., - 8 :respectively. This is the case of specular 

reflection, so well known in geometrical optics. When 8 ~8L , then, in addition 

to the wave propagating in the direction ., -8 , diffracted waves will be present. 

In the cases of practical interest there is only one diffracted beam; the direction 

8' of its wave normal is specified by the equation: 

sin 8 + sin8' = Aja~ where a' =- a + t. 

The theory is based on the assumption that the p.lates have zero thickness, 

therefore plate separation a and plate spacing a' are identical. In experimental 

work these quantities are slightly different. While propagation between the plates 

depends on a, diffraction grating effects depend on a' . 

It has been shown theoretically that the intensity of specular reflection de

creases gradually as 8 varies from 0 to 8L, and then rises very sharply. The 

angle of incidence for which the reflection coefficient is a minimum should then 

coincide with the angle for which the diffracted beam first appears . The observed 

angular position of the specular reflection coincides with the position predicted by 

the theory. The diffracted beam, however, makes its first appearance for an 

angle of incidence smaller than 8L. This fact is brought out in Fig. 6 where the 

minima of the intensity of specular reflection are also shown. The apparent dis

crepancy is understandable in view of the fact that the experiment is not performed 

with parallel beams; therefore the angle of incidence varies over the surface of 

the slab. The diffracted beam will appear when conditions for its appearance are 

satisfied on any one part of the reflecting surface. Moreover, when the diffracted 

beam first appears it has a broader power pattern than the incident beam, because 

of the small apparent size of the reflector when viewed from the direction of the 
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diffracted beam. This fact further enhances the early appearance of the diffracted 

signal in the receiver. Finally, from the asymmetrical nature of the curves rep-

resenting the reflection coefficient as a function of the angle of incidence, it fol-

lows that the minimum of the reflected intensity will be shifted toward smaller 

mean angles of incidence when a divergent incident beam is used in p1ace of a 

parallel beam. 

The reflection coefficient of a single surface is defined by Lengyel as 

-ip' 
r "' pe 

He has shown that 

p = cos8 - n 
cos8 + n 

cos 8 + cos8' 
cos8 - cos9' 

where 8 is the angle of incidence, n the index of refraction is given by 

n = vl -( A;2a) 2 

and 

8' = sin- 1 ( ~/a'- s in8 ) 

is the angle the diffracted beam makes with the-surface normal. Representative 

values of p measured for Slab 1 are shown in Fig. 7 where the two solid curves 

are computed from the above theoretical formula, using both a and a' in the 

expression for 8' . 

For angles of incidence of 10 to 25 degrees, the measured value of the 

reflection coefficient is consistently below the value predicted by the theory 

( solid curves ) . This apparent discrepancy is, no doubt, due to the fact that a 

parallel beam was not used in the experiment. It is likely that the measurements 

are subject to a systematic error which is more apparent in the case when p is 

small than when p is large. 

Lengyel ( 5, p. 13 ) has shown that when the angle of incidence is equal to 
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arc cos n, the first-order diffracted beam is reflected back into the transmitter 

and an interesting equidistribution of power takes place, one-half of the energy 

being transmitted into the metal-plate medium, the other half being divided equally 

between the two reflected beams. As L. J. Chu of MIT pointed out in a private 

discussion, in this case the transmitted wave consists of two plane waves inclined 

at t 8 to the z-axis. Within the medium the electric field is 

i exp ( iknz ) sin., x;a. 

This may be written as the sum of two plane waves, 

1j2 [exp ik( Z COS8 +X Sin 8 ) - exp ik( Z COS 8 -X Sin 8 n 1 

which satisfy the boundary conditions on the metal plates. These will emerge at 

the back surface of the metal-plate medium without reflection as two plane w~ves 

of equal amplitude each carrying one fourth Qf the flow of energy incident on the 

front surface. 

The distribution of power in the presence of diffracted beams is exemplified 

in Fig. 8. The points represent measurements using the parallel plate model of 

Slab 1 without wedges of the ordinary reflected and transmitted beams together 

with the diffracted transmitted beam. The measurement of the fourth beam had 

to be omitted because, for most angles of incidence shown, it was directed near 

the transmitter. Chu's check point where 8 = cos-1n and all beams have rel-

ative power values of 0.25, is indicated on the two diagrams with an X. Similar 

diagrams obtained for other values of the index of refraction provide a 

verification of Chu's prediction. 

The amplitude p of the reflection coefficient has been obtained for angles 

of incidence between 10° and 60° over the range 2a/X = 1.15 to 1.35. These 

agreed essentially with the theory, although, because of experimental difficulties, 

a quantitative agreement was not obtained in all cases. In particular, it has been 
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shown that the intensity of specular reflection decreases slowly with the angle of 

incidence until a critical limiting angle is reached. Beyond this angle the con

ditions for the formation of a diffracted beam are satisfied, and the intensity of 

the specular reflection rises sharply. 

The Effect of Plate Thickness 

Experiments with Slab 2: 

The pulsed magnetron of an APS-4 radar served as the source of radiation. 

It operated at the fixed wave length X = 3.2 em. Detection of the signal was ac

complished as before except that the automatic recorder was omitted and peaks 

of lobes were read from the Ballantine voltmeter. The spectrometer was used 

with the fixed transmitting paraboloid ( 5 feet diameter with horn feed ) about 

70 feet from the center of rotation and the receiving horn about 10 feet away from 

the metal-plate medium. The dimensions of Slab 2 are given in Table 1. 

Since the maxima were more clearly defined, it was now satisfactory to 

compare intensities of the peaks of lobes. Normalization was accomplished by 

means of a metal plate having its area identical to the area of the face of the 

slab. The experimental value of p was then determined from the square-root 

of the ratio between the voltmeter reading for the slab and the normalizing 

metal plate. 

As in the experiments with Slab 1, single surface measurements were made. 

To test the efficiency of the matching wedges, a check was made using the vari

able frequency klystron with the transmitter to center of rotation distance de

creased and a smaller transmitting antenna substituted. The effectiveness of the 

wedges is clearly indicated by the contrast between the amplitude of the re

flection coefficient versus 2a/X curves with and without wedges shown in Fig. 9. 

The values for the theoretical curve of p versus 2aj X at 9 = 25° were 
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obtained from Lengyel's tables ( 5, p. 28 ) . The other theoretical curve for I Rl 
versus 2a/A was calculated from Lengyel's result for a slab ( 5, p. 20 ) 

where 

'It = p" + 217"nd/). 

Here p 11 is the phase of the back surface reflection coefficient of a slab of metal

plate medium and likewise was obtained from Lengyel's tables ( 5, p. 30 ). 

Figure 10 shows p as a function of 9 for 2aj). = 1.341. Here as in 

Fig. 7, theoretical curves are plotted for both a and a'. For each vaJ.ue of 8 , 

the average of 3 or 4 experimental determinations is plotted showing the limits 

of probable error. The plate thickness t was varied by inserting metal sheets 

between each row of wave guides. Figure 11 shows p versus 9 at 2aj). = 1.341, 

using slabs 2a-d, whose respective values of t were increased in small incre-

ments and are given in Table 1. A careful study of these curves reveals the fact 

that the experimental points follow the theory more closely, when a is used to 

compute the theoretical curve for 8 < 9 L and when a' is used for 9 > 8 L. 

As has already been pointed out, propagation between the plates depends on a, 

while diffraction grating effects depend on a'. In the case of slab 2d where 

t = 1.045 em and a = 2.143 em, a' = 3.188 em approaches the wave length 

). = 3.195 em. The ratio tja is about 1/3, which indicates that 1/3 of the slab 

aperture is metal. In view of this fact it is rather surprising that experimentally 

p = 0.261 at 8 = 10°. Simple reasoning might lead one to expect the minimum 

value in this case to be p = 0.577 corresponding to l/3 of the power being ref

lected. However, in this experiment the latter value of p was not reached until 

8 = 40°. No theory is yet available to account for these results. 
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Slab Measurements 

The theory yields the transmission and reflection coefficients for an inter-

face between air and a semi-infinite region composed of par:ulel metal plates. 

These coefficients apply to a single surface. In practice such a condition is dif-

ficult to obtain. One method involves the use of absorbing wedges as described 

in preceeding sections. However, while these wedges appear to be quite effective 

when used with metal plate media composed of square tubes. satisfactory results 

could not be obtained with parallel plate structures. For this reason it was 

decided to make use of Lengyel's theoretical work on slabs, i.e. parallel plate 

structures of finite depth bounded on both sides by air. 

Let rt and t1 represent respectively the reflection and transmission coef

ficients for a wave travelling from air into a metal-plate medium and r 2 and t2 

the corresponding coefficients for a wave travelling from the metal-plate medium 

into air. Lengyel ( 3, p. 264) finds then that 

Arg t1 = Arg t2 , and 

Arg r 
1 

+ Arg r 
2 

- 2 Arg \ =- ±., 

These relations serve to define the properties of a slab in terms of the single 

surface coefficients of Carlson and Heins. 

The reflection coefficient of a slab is 

R =- r + 
1 

r 
2 

t
1 

t
2 

exp( - 2j 8
2
) 

1- r
2

2 exp( -2j8
2
) 

where 8 2 is the phase delay along the thickness of the slab. Lengyel ( 3, p. 264 ) 

uses the notation: 

jp' p e-jp" , -jr' -1 -jr' r 
1 

= p e- , r 
2 

""" t1 = q r e , t2 =- q r e . 

In terms of these quantities the reflection coefficient of a slab is given by 



where 

1 

+ 1 

I -1 Arg R = -R = tan 

2 
cos( 1Jt + p1 

) - p cos( Y, - p1 
) 

sin( Y, + p1
) + p

2
sin ( Y, - p1

) 

where y, = p" + s
2

. The above expressions for the phase and amplitude are 

derived in Appendix A, Tables of - p~2., . Lengyel gives tables of p , p1 

and p" . It is important to note that these equations leave an uncertainty in the 

sign of R which amounts to an uncertainty in Arg R of ., . Physically this is 

connected with the fact that Arg R changes by ., each time I R I passes through 

zero. The sense of this phase shift is such that as 2a/A is increased, Arg R 

increases by .,. each time IRI passes through zero. 

In the ideal case, treated theoretically, the sense of this phase shift is of 
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little importance since it leads to an uncertainty of 2.,. in the phase of R which 

is meaningless. However, in practice, the magnitude of R does not pass through 

zero, for a number of reasons, so that the phase shift as I Rl passes through a 

minimum is less than TT and it is necessary to ascribe the correct sense to the 

shift. 

The zeros of IRI correspond to the zeros of sinY, so that in order to 

determine the phase of the reflection coefficient for a slab, it is necessary to 

consider the number of zeros of sinY, occurring between some reference wave 

length and the wave length under consideration. A convenient reference f>oint is 

that for which 2a/ A = 1. Under these conditions Arg R = - p 1 which is equal to 

approximately 7Tj4. Furthermore IJt =., . As 2a/A increases, Y, increases. 

From this information the number of zeros of sin Y, lying between 2a/ A = 1 
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and some greater value can be easily determined and the required number of .,. 

added to give the correct sense to R. 

The value 1/1 =., which corresponds to 2a/ X = 1 is not a zero ofiR I 
since IR I assumes an indeterminate form under these conditions. A limiting 

process shows that I Rl approaches a finite value of slightly less than 1 for alJ. 

finite depths of slab as 2a/ X approaches 1. 

The predictions of the theory were tested using Slab 3 consisting of 11 

plates spaced 1.920 em. The plate spacing was maintained within 0.008 em with 

spacing tubes of 0.48 em diameter. The other dimensions are given in Table I. 

Slab 3 is shown in Fig. 12. 

The source of radiation was a Varian X -13 klystron tunable over the range 

2.4 em to 3.7 em. The regulated power supply which was constructed to operate 

this tube is described in Appendix B. The measurements were made using the 

spectrometer-like device described earlier and shown with Slab 3 in Fig. 13. 

The transmitting, receiving, and slab apertures were all approximately equal, and 

the distances transmitter to slab and slab to receiver were both 314 em. A large 

electromagnetic horn was used as the ll'ansmitter antenna. Phase measurements 

were made using a 'magic T' mixer in conjunction with a squeeze-section phase

shifter. A schematic diagram of the apparatus used for phase measurements is 

s hown in Fig. 14. 

Upon selection of the desired frequency from the klystron , the following 

procedure was used for making both amplitude and phase measurements on 

Slab 3. The normalizing metal plate was placed on the front face of the slab. 

The RF cable between the line s tretcher and wavemeter which brings in the 

reference signal was disconnected. The tuner was adjusted until a low standing 

wave ratio was attained as indicated by the movement of the dial of the phase-
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shilter. The voltmeter reading was recorded, the normalizing plate was removed, 

and the voltmeter reading for the slab was obtained. This provided amplitude 

information. The reference signal was then brought in and adjusted by means of 

the knife attenuator so that its magnitude would produce the same standing wave 

ratio between normalizing plate and reference signal and between slab and refer 

ence signal. The phase shifter was adjusted for minimum voltmeter reading and 

the micrometer dial reading recorded. The normalizing plate was again placed 

in position, the phase shifter adjusted for a minimum and the reading recorded. 

From the calibration of the phase shilter which is described in Appendix C, the 

phase shift was then determined. 

Data were taken for a range of 2aj >. from 1.10 to 1.30 and for angles of 

incidence of 10°, 25°, and 35°, and are shown in Fig. 15. The amplitude data 

follow the predictions of the theory quite well. However. there is a systematic 

error which amounts to a displacement of the experimental curve in the direction 

of increased 2aj >. . The agreement of the measured phase is not so good 

although the same systematic error is evident. In addition, the phase departs 

rather far from the theoretical predictions in the vicinity of the regions where 

I R I attains its minimum values. These discrepancies are not too surprising and 

are probably due to a combination of the following effects. 

1. The finite distances and apertures involved will lead to phase and angle 

errors whose effect is difficult to take into consideration. The apertures and 

distances used were chosen in order to minimize their effect, but the residual 

effect is hard to estimate. 

2. Losses within the slab will prevent I Rl from actually becoming zero. 

If I R I does not pass through zero, the phase shift will be more gradual than 

predicted theoretically, and the total change will be less than.,. . Actually the 
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attenuation within the slab is very small ( --0.06 db/meter) and this effect should 

be negligible. 

3. The effect of plate thickness has not been treated theoretically. However, 

Epstein ( 2, pp. 35-37 ) has achieved some success by considering the effect to be 

similar to an inductive grating shunting the slab. The result of his approximation 

is the addi.tion of a small angle to the phase of r 
1 

which has the effect of shifting 

the axis of the curves to the right. This interpretation qualitatively explains the 

systematic displacement of the experimental points to the right on both the mag

nitude and phase measurements. Quantitative application involves the use of an 

arbitrary 'scale' factor so that it is not attempted here. 

Figure 16 giving the reflection coefficient for 8 ::; 10° plotted in the complex 

plane clearly shows that experimentally IRI does not pass through zero and con

sequently that the phase shift is less than .,. . The circles are experimental points 

and the solid curve is theoretical. I R j for the theory passes through zero, and 

this diagram shows the phase shift of .,. when this takes place. 
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Appendix A: Tables of - p/2"'!1' 

The reflection coefficient of a slab of metal-plate medium surrounded by 

air is given by expression (11) ( 3, p. 264 ). 

r 2 t1 t 2 exp(-2182) 
R .; rl + 2 

1 - r 
2 

exp( -21 82) 

Using (8) we obtain 

p exp(-ip'~ T 
2 

exp(-2iT') exp(-2i 8 2) 
R = p exp(-i p') + 2 

1 - p exp(-2i( p11 i 8
2
)) 

where 8
2 
= 27rnd/ A • Letting 1/1 = p 11+ 8 

2
, we get 

From (9) we see that 

p(1- p 2) exp( p 11+ 2 T' + 2 8 2)(-i) 
R "' p exp(-ip') + 

1 - p 2 exp(-2i 1/1 ) 

p11+ 2 T 1 + 2 8 2 -= p' + 2 1/f ± 7r 

Substituting this in the expression for R gives 
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pexp(-ip')- p3exp(-i(p' + 21J!))- exp(-i(p'+21J!))-. p
3

exp(-i(p• + 21J!)) 
R = 

· We now proceed in a straight-forward manner to separate the real and 

the imaginary parts of R. Factoring exp( -i 1/1) out of numerator and denominator, 

we have 

2i sin~/! exp(-ip') 
R 

exp(i'lt) - p 2exp(-i'lt) 

or 
2 p sin'lt i exp(-ip')~exp(-il/1) - p 

2
exp(i'lt ~ 

R = ------~------~----------~~~ 
1 - p 

2(exp(2i~) + exp(-2ilf )) + p 
4 
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Multiplying. we obtain 

2 p sin 1/t [i cos(l/t + p') + sin(l/t + p') - i p 2cos( 1Jt-p') + p
2

sin( 1j1 - p' B 
R = 2 

1 - 2 p cos 21/t + p 

We have finally the following expression for R in which real and imaginary parts 

are separated: 

2 p sinl/t 

From this expression for R, we have for the phase of R 

Arg R = tan 
_

1 
cos(l/t +p!) - p 2cos(1Jt- p') 

Also the amplitude of R is 

I . I r: 2 . . 4 ]1;2 2p sml/1 L1- p (cos(l/t +p') cos(l/1 -p')- sm(l/l +p') sm(ljl-p')) + p 
IRI = 2 2 2 2 

(1 - p ) + 4 p sin 1/1 . 

Now we note that 

cos~ 1/t + p') + (1/1- p' ~ .. cos 21/1 

and making use of the relation for the cosine of the sum of two angles, we obtain 

IRI = v 2 2 2 2 
(1 - p ) + 4 p sin 1/1 

2 p lsinl/11 

Thus, in order to calculate the theoretical expression for Arg R as a 

function of 8 and 2aj). , it is necessary to know the appropriate values of p' 

and p". The quantity p' designates the phase of the reflection coefficient at the 

air-slab interface for radiation incident from air , and p" is the corresponding 

phase for radiation incident from the slab. Lengyel ( 5, p. 30 ) has tabulated p" 

for values of 2a/A ranging from l.Ol to 1.30 in intervals of 0.01 and for values 

of 8 ranging from 0° to 35° in intervals of 5°. At the time the experimental 

work was done, Lengyel's article in "The Journal of Applied Physics" in which 
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he tabulates - p'/2 11 for 2aj ). = 1.01 to 1.35 in 0.01 intervals and 8 = 0° to 

25° in intervals of 5° ( 4, p. 271 ) was not yet available. Consequently a table of 

- p'j21f , which partially duplicates his table, was calculated. Since a consider-

able amount of time and effort went into the construction of this table, it is 

presented here in Table 2. The values are determined to four places and the 

agreement with Lengyel's table is good. 

Lengyel has derived the result ( 5, p. 22) p' = 2 Arg K+(k cosB ). 

Substituting (13) in (10) ( 5, p. 7 ) and letting w = k cos 0 , we obtain 

V(k cos 0) = ij ( V(l -ak sinO )2
- ( ak )2 - iak cosO )exp(iak cos O + ak sinO ) 

n-1 2'7rn 2,.n 2'7rn 2'7rn 21rn 

From this expression it follows that 

00 -1 
Arg V(k cos 8 ) - - n:!; 

1 
(sin vos ~ 

- 2 ,. n 1 _ ak sin 8 
wn 

_ ak cosO 
27r n 

Similar expressions result for Arg W(k cosO) and Arg U(k cosO), so that, 

letting w = k cos 0 , we obtain from (9) ( 5, p. 7 ) 

where 

Arg K+(k cosB) = ak cosO ,. 

ak cos8 
A = sin - 1 

n 2 7T n , I 1 _ ak sin 8 
V 7Tn 

ak cos8 
B = sin - 1 -----;::======:::::::-

n 2 .,. n \ I 1 + ak sin 8 

C = sin -1 
n 

V 1rn 

ak cos8 

7Tn . /1 _ (ak sin8 )2 
V · 1rn ' 

and ak/1r = 2a/A . We then have for - pj 21r, 
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- p'j2Tr = 0.19535Xcos8 + ~ n~I(~+B0 - C0 ). 

An approximate method of computation was used. A remainder term 

k 
! (A +Bn- Cn) 

n=G n 

17 

was computed for 2a/ A = 1.10 and 8= 0°, the number of terms k being deter

mined by the criterion that the kth term be less than 10-5. This value of Sk was 

used in the computation for 10° through 35° also, s ince little error is introduced 

by this procedure and since the calculation is much simpler for 8= 0°. The 

procedure was repeated for 2a/ X = 1.15, 1.20, 1.25, and 1.30. The intermediate 

values of 2a/ X were then obtained by interpolation. Barring numerical errors, 

this method s hould yield four-place accuracy. 
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Appendix B: The X-13 Klystron Power Supply 

In the case of the klystron transmitter that was used in all earlier measure

ments of reflection and transmission from metal plate structures, there were 

voltage fluctuations in the power supply which were evident when watching the 

reflector potential. The APS-4 transmitter which was used in later experiments 

exhibited even greater voltage fluctuations in the power s upply. 

When the new high-power klystron ( X-13 ) was ordered from Varian 

Associates, it was decided to build a power supply with a very high degree of 

stability. 

Power Requirements of the X-13 Klystron: 

The X-13 Klystron operates at an anode potential of 500 volts with a cur

rent of about 60 milliamperes. A reflector potential which is adjustable between 

-250 volts and -1000 volts with respect to the cathode is sufficient to insure that 

at least two modes of oscillation are possible for any setting of the klystron 

cavity. 

Modulation at an audio frequency ( here 1000 cps was used ) is necessary 

in order to make use of bolometer type detectors. The modulating voltage is 

applied to the reflector and must be a square wave of very good waveform in 

order to keep the spectrum of the klystron output as narrow as possible. A 

modulating voltage of 250 volts is sufficient for modulating the klystron in any 

mode. 

Power Supply Design: 

The power s upply consists of three nearly identical 500 volt units. The 
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first of these, operating with positive ground, supplies the anode potential. The 

other two, connected in series, provide the reflector potential which is made 

variable by connecting the negative of the anode supply to the reflector supply 

through a potentiometer. 

Voltage Regulator Circuits: 

Each section of the power supply is regulated independently using regulator 

circuits which are practically identical. A type 5651 voltage regulator tube 

operating at approximately 2 milliamperes provides the reference voltage. These 

regulators make use of a balanced comparison circuit and have a loop gain of ap

proximately 1000. The additional compensation introduced by applying part of the 

unregulated voltage across the 400 ohm resistor raises the effective gain of the 

loop to a very high value. With this arrangement, hum and variations of output 

with line voltage are held to less than 30 millivolts for a line voltage between 

100 volts and 135 volts. 

Modulator: 

The modulator consists of a multivibrator followed by a clipping amplifier 

which drives a cathode follower. This modulator is integral with the more neg

ative of the two power supplies providing reflector voltage. The reflector of the 

klystron is connected directly to the load resistor of the cathode follower. The 

cathode follower operates between plate current cut-off and zero bias. The 

direct current component of the reflector voltage is adjusted so that the operating 

mode of the klystron corresponds to the cut-off state for the cathode follower. 

With this circuit, the operating mode of the klystron can be set independently of 

the amplitude of the modulating voltage. After the reflector voltage has been set 

to give peak power output in the mode selected, the amplitude of the modulating 

voltage can be adjusted to give positive off-on operation without disturbing the 
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operating point. The output of the klystron is then essentially independent of the 

amplitude of the modulating voltage. 

Performance: 

Tests run on the X-13 klystron operated from this power supply were very 

satisfactory. The frequency remains constant to four significant figures over a 

period of several hours. The power output, as read on a Ballantine voltmeter, 

shows no measurable drift. 

A spectrum analyzer for 3 em wave lengths was not available. However, 

some information of the distribution of energy with frequency was obtained as 

follows. Energy from the klystron was fed through an attenuator and into a 

standing wave detector terminated with a short-circuit. The standing-wave-ratio 

set up in the s tanding wave detector was then measured as being in excess of 

40 db. This figure represented a limit on the measuring equipment, but the true 

value was probably not much greater. This indicates that the klystron is an 

essentially 'monochromatic' source. 

Figure 17 shows the front and rear views of the power supply. A complete 

schematic diagram is given in Fig. 18. 
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Appendix C: The Squeeze-Section Phase-Shifter 

Introduction: 

The microwave experimenter often has need for a calibrated phase-shifter. 

If the work covers a broad band of wave lengths with several determinations of 

phase shift for each individual wave length, it is desirable to have a simple and 

convenient means of calibration. The squeeze-section phase-shifter is readily 

adaptable to analysis and thus its theoretical development and experimental per

formance will be considered here. 

Design: 

A section of standard 3 em wave guide ( 1 inch x 1/2 inch outside dimen

sions with 0.050 inch wall thickness ) is slotted axially along the broad faces and 

provided with a micrometer head for compressing the guide at the mid-point of 

the slot. The slots are 25.00 inches long and 0.0625 inches wide. The guide is 

spring-loaded apart so that approximately equal changes from the normal guide 

width can be obtained in the directions of both increased and decreased guide 

width. The micrometer head is calibrated in units of 0.001 em and is adjusted to 

read 160 when the wave guide is in its normal unstressed position. 

Theoretical Calibration: 

The wave length shift per unit wave length will be calculated as a function 

of guide wall displacement with respect to the normal unstressed position. The 

following symbols will be used in the development. For dimensions refer to 

Fig. 19. 

). = free space wave length 



A = wave length in the wave guide 
g 

a = width of guide (inside) 

b = depth of guide (inside) 

w = width of slot 

2 L length of slot 
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The axis of x is taken along the wave guide with the origin at the mid-point 

of the slot. In terms of this variable, the shape of the stressed wave guide wall 

is represented by the function 

which will be used to represent that portion of the slot lying on the positive side 

of the origin. 

We now define certain dimensionless symbols which will be convenient. 

r = w;a 

8 = ratio of total guide wall displacement 
from the unstressed position to the 
inside guide width a . Hence a 8 
is the change in guide width. 

a = Af2a 

P = 2a(l ~ 8 q) = 
a 

1 - 8 q 

n = y1- a 2 
If we let a' be the guide width at any point, w' be the corresponding slot 

width, and 

then 
n' =Fil 
a' = a(l - 8q) 

w• = a( r - 8 q) 
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In terms of these quantities the wave length at any point in the guide can be rep-

resented as 

_ ). w'2 ).2 
).g - nr ( 1 + s,. ba13n•2) 

The term involving w' is an approximate correction of the guide wave length for 

the presence of the slot ( 6, p. 481 ). Let c = aj27b. Then 1/).g can be expres

sed in terms of fJ in the form 

1 1 (1-1'2)3/2 

Ag = T 1 - fJ 2 + c a fJ - 2c(l - r )/32 + ~1 - r )2 fJ 3 

The phase shift produced by squeezing the wave guide will be 

where use has been made of the symmetry of the problem. The bending function 

q(x) applies only for positive x, i.e. for 0 ~ x ~ L. However the phase shift 

produced by the section -L ~ x ~ 0 is assumed to be the same. 

In order to evaluate the integral, the integrand is expanded in a power series 

in 8 q about the point 8 = 0. This expansion yields 

Using this expression as the integrand, the phase shift becomes 

Writing the phase shift in the form 
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the first three coefficients are found to be 

a1 = - n ~ a 2 
[1 - (1 - c y

2
) a~ - 2 G -cy (2 - 3y) - (1 - 2cy) a 

2
] 

.2 - ~~ :2 ~ [1- (1- c y2) a2r3 {[a+ 2c(1- 6 r + 6 r 2>] 

-2 [ 4 • c(3 - 16 r • 9 r 2> • 3c 
2 r 2<1 - r > 

2
] a 

2 ·G • 2c(3 - 14 r ~ 
+ 3 r 2> + 3c 

2 r 2(2 - r ) 2 J a 
4 

- 2 [ 1 + c(1 - 4 r ) + 3c 
2 r 2(2 - r )2 J a 

6!' 
43 

2 
L [ 2 2l -

4 
{ r £1 ~ = - i40 ~ T 1 - {1 - c r > a J L4 + 2c{3 - 12 r + 10 r ~ 

- [17 + c{28 -102y +59 y 2)- 8c2y (1- 6y + 9y 2 - 4y 3)] a
2 

[ 
2 2 2 3 

+ 29+2c{26-87Y +33y )-4c y(8-41y +45y -15y) 

-2c3 y
3
(4-9y +6y 2 - y

3>] a
4

- [25+c{48-150y +35y
2
) 

- 3c
2r (16 - 68 r + 48 r 2 

- 11 r 3
> - 3c

3 r 3(8 - 12 r + 6 r 2 
- r 3D a

6 

[ 
2 2 2 3 

+ 11 + 2c(ll - ss r + 4 r > - c r (32 - 108 r + 36 r - 5 r > 

-oc
3 

y 3(4 - 3 r_ + r 2
) J a 

8 
- [2 + 4c(1 - 3 r ) - 4c

2 r (2 - 5 r ) 
_603 y3 J a10} . 

For standard 3 em wave guide ( 1 inch x 1/2 inch) with 0.0625 inch slots, the 

expressions for these coefficients reduce to the forms 

a1 - n ~ a 2 (1 - 0 .99827 a 2) -
2 

(0.95545 - 0.95026 a 
2
) 

13 a2 L 2 -3 2 4 
a2 = - 3511 Tu - o.99827 a > {3.4385 - 9.3871 a + 8.4695 a 

- 2.5311 a 6) 

a
3 

= - r\t ~ ~ (1 - 0.99827 a 
2

) -
4 

(5.5863 - 24.548 a 
2 

+ 43.217 a 
4 

- 38.211 a 6 + 17.031 a 8 - 3.0750 a 10) 

A convenient calibration chart can be constructed by plotting phase shift 
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relative to the unstressed wave guide position as ordinate versus wave length 

using the micrometer setting as a parameter to produce a family of curves. The 

curves of this family have small curvature and can be plotted with considerable 

precision. Phase shift corresponding to two different micrometer readings can 

be obtained merely by measuring the difference of ordinates of the two members 

of the family corresponding to the micrometer readings with a scale shifted to 

the appropriate wave length. Points suitable for such a calibration curve for the 

phase-shifter described earlier are given in Table 3. 

Experimental Calibration: 

The phase-shifter was tested at the three wave lengths shown in Fig. 21. 

The experimental procedure was to read the minimum position of the probe of 

a standing wave detector for particular micrometer settings (0.01 em intervals), 

the end of the line being terminated with a short. The source of power was an 

X -13 klystron and a knife attenuator was used to adjust the input power and to 

reduce the amount of power reflected back into the oscillator. The micrometer 

setting 160 corresponded to the wave guide under no stress and was taken to 

represent zero P!tase shift. The other minimum positions were referred to this 

point and the corresponding phase shifts 1:1)..).: computed from these relative 

minima by dividing by the guide wave length 'Ag. To check the performance of 

the phase shifter, the standing wave detector probe was fixed and micrometer 

settings for two successive minima corresponding to 6/ = 0.5 were observed. 

The calibration data were then used to determine the values labelled 'experi

mental' in Fig. 21. Likewise, using the values of 8 corresponding to the micro

meter settings, the derived formula for~). was used to obtain the value labelled 

'theoretical'. These points are plotted against the average of the two micrometer 

settings. The standing wave detector probe was then shifted appropriately and 
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the procedure repeated for tWo new micrometer settings. 

Conclusions: 

The data shows that both experimental and theoretical points are within 3% 

of the true value Af= 0.500 for the wave lengths tested. In general the experi

mental points lie above the theoretical points to the left of about 110 and below to 

the right of this average micrometer setting. This can be explained from the fact 

that although the theoretical calibration curve has the same slope as the experi

mental at 160 ( 8 = 0 ) , its curvature is smaller and points for the micrometer 

setting greater than 160 (negative 8 ) lie above the experimental calibration 

curve ( i.e. are too large ) and points for positive 8 also lie above (i.e. are too 

small), where we consider positive 8 giving negative phase shi!t and negative 

8 giving positive phase shift. The slope of the two curves being nearly the same 

at 8 = 0 indicates that a1 is approximately correct but the different curvatures 

clearly show that a
2 

is in error. This difference will produce as much as 3% 

error in the worst case. At a wave length of 3.717 em an increase of 10% in the 

value of a
2 

over the theoretical calculation is necessary to produce the experi

mental curvature of the calibration curve. 

We conclude that the theoretical formula is accurate to within about 3% 

over the entire design range of the phase-shifter. The accuracy is best for small 

values of 8 and for the shorter wave lengths. The experimental data s how a 

scattering of about 2% so that there is little to be gained from an improvement of 

the theoretical formula. 
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FIG. I GUIDE SECTION AND MATCHING WEDGE 
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FIG. 2 WAVE GUIDE ASSEMBLY (SLAB I) 
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FIG. 4 SPECTROMETER WITH SLAB I 
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FIG. 12 SLAB 3 
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FIG. 13 SPECTROMETER WITH PHASE APPARATUS 
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REFLECTION COEFFICIENT IN THE COMPLEX PLANE 

FOR SLAB 3 AT 10° 
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FIG. 17 FRONT AND REAR VIEWS OF POWER SUPPLY 
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Slab No. A d a t 

1 84.5 X 35.7 22.17 2.143 0.079 

2 17.8 X 17.8 22.17 2.143 0.079 

2a 18.7 X 22.2 22.17 2.143 0.206 

2b 19.6 X 22.2 22.17 2.143 0.333 

2c 21.5 X 22.2 22.17 2.143 0.613 

2d 24.5 X 22.2 22.17 2.143 1.045 

3 20.0 X 20.0 10.00 1.920 0.064 

Table 1: Dimensions of metal plate slabs in centimeters. 
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Tables of - p'/2., 

2af). 10° 15° 20° 25° 30° 
0 

35 

1.10 .1198 .1251 .1326 .1424 .1551 .1714 
1.11 .1212 .1268 .1347 .1450 .1587 .1762 
1.12 .1227 .1285 .1368 .1477 .1624 .1812 
1.13 .1242 .1302 .1390 .1505 .1662 .1866 
1.14 .1257 .1320 .1412 .1534 .1701 .1921 
1.15 .1272 .1338 .1434 .1564 .1742 .1980 
1.16 .1287 .1356 .1457 .1595 .1785 .2044 
1.17 .1302 .1374 .1481 .1627 .1830 .2114 
1.18 .1317 .1393 .1505 .1660 .1877 .2190 
1.19 .133·2 .1412 .1530 .1694 .1926 .2272 
1.20 .1348 .1431 .1555 .1729 .1977 .2361 
1.21 .1364 .1451 .1581 .1765 .2031 .2457 
1.22 .1380 .1471 .1608 .1803 .2089 .2561 
1.23 .1396 .1491 .1635 .1842 .2151 .2675 
1.24 .1412 .1512 .1663 .1883 .2217 .2804 
1.25 .1429 .1533 .1692 .1926 .2288 .2958 
1.26 .1446 .1555 .1722 .1971 .2364 .3187 
1.27 .1463 .1577 .1753 .2018 .2446 .3635 
1.28 .1480 .1600 .1785 .2068 .2539 
1.29 .1498 .1623 .1818 .2121 .2645 
1.30 .1516 .1647 .1852 .2177 .2769 

Table 2 



Micrometer Wave Length 
Reading 3.3 em 3.4 em 3.5 em 3.6 em 3.7 em 3.8 em 3.9 em 

10 -.5128 -.5494 -.5908 -.6382 -.6936 -. 7601 -.8435 
20 -.4746 -.5083 -.5464 -.5900 -.6409 -.7018 -.7781 
30 -.4371 -.4680 -.5029 -.5428 -.5893 -.6449 -.7142 
40 -.4002 -.4284 -.4601 -.4964 -.5387 -.5891 -.6517 
50 -.3638 -.3893 -.4180 -.4508 -.4889 -.5343 -.5906 
60 -.3281 -.3510 -.3768 -.4061 -.4402 -.4808 -.5309 
70 -.2929 -.3132 -.3361 -.3621 -.3924 -.4282 . -.4727 
80 -.2583 -.2761 -.2962 -.3190 -.3455 -.3771 -.4153 
90 -.2242 -.2396 -.2569 -.2766 -.2994 -.3264 -.3593 

100 -.1907 -.2037 -.2184 -.2350 -.2543 -.2770 -.3047 
110 -.1576 -.1684 -.1804 -.1941 -.2099 -.2285 -.2511 
120 -.1251 -.1336 -.1432 -.1540 -.1664 -.1811 -.1988 
130 -.0931 -.0994 -.1064 -.1144 -.1236 -.1344 -.1475 
140 -.0616 -.0658 -.0704 -.0757 -.0817 -.0888 -.0973 
150 ·-.0305 -.0326 -.0349 -.0375 -.0404 -.0439 -.0481 
160 .0000 .0000 .0000 .0000 .0000 .0000 .0000 
170 .0301 .0321 .0343 .0368 .0397 .0431 .0472 
180 .0598 .0637 .0682 .0732 .0789 .0856 .0935 
190 .0890 .0949 .1014 .1088 .1173 .1272 .1389 
200 .1178 .1256 .1343 .1440 .1552 .1682 .1835 
210 .1462 .1558 .1665 .1785 .1923 .2084 .2272 
220 .1742 .1656 .1983 .2126 .2290 .2480 .2702 
230 .2018 .2150 .2296 .2461 .2650 .2869 .3124 
240 .2291 .2439 .2606 .2792 .3005 .3252 .3540 
250 .2559 .2725 .2910 .3118 .3355 .3629 .3949 
260 .2824 .3007 .3211 .3439 .3700 .4001 .4352 
270 .3086 .3285 .3507 .3756 .4040 .4368 .4748 
280 .3345 .3559 .3799 .4068 .4375 .4730 .5139 
290 .3599 .3830 .4088 .4377 .4706 .5086 .5525 
300 .3851 .4097 .4373 .4681 .5033 .5438 .5905 

Table 3 
0) .... 
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