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The purpose of this paper is an investigation of the properties 

of the differential equation 

2 d2z dz 
3x - + (2 l)z = O. (i) (i-x)---.- 

MaIW of the problems net in Mathematical Physics cive rise to a 

type of homogeneous linear differential equation of the second order 

having variable coe"ficients vthich ar° usually rather sinpie functions. 

Some very we1l-iom ecjuation in this class are Leendre's and Besselts 

equations about which whole books have been ji'itten. The polrnoeia1 

solutions of Legenxìre's equation are called zonal harmonics while those 
of Bessel's equation are called cylindrical harmonics. 

The equation treated in this paper bears an outward resen1ance 

to that of Leendre, although no direct relation has been discovered. 

It has a set of polynoriial solutions as does Legendre's equation. They 

both admit solutions of the type z = apm(x) + a1q(x), where (x) 

and q(x) are po'er series and the coefficients a0 and a are arbitrary. 

The polynomial solutions are obtained by giving to the ri, positive 



integral values. They are designated L(x) nd correspond to those 

similarly obtained end called P(x) in the case of Legendre's equation. 

The polynomials L(x) satisfy the relations 
Oifn/m, 

J(i 2) (x)M(x)dx = 
-1 -ifn=m, 

2n2 

while in the case of Legendre's polynomials, P(x) satisfies 
O if u 

2' rmn()ì 
= 2 

if n = ra. 

2n + J 

The process used by Rodrigues in developing his forTmlla for the 

polrnomials of Legendre, L'i the case of equation (i) yiélds a formula 

for those solutions which have en infinite nuriber of terms. 

= c 
d - X2)rn 

dxm 

By use of the follovïing formulas M(x) may be irediately obtained, 

simply by varying the ra of the expressions 

m-2 
(_i)2 sin m(sin x) 

= _______ , for n an even integer, 
m /l-x2 

(-1 cos ra(:in x) 
, for ra an odd integer. 

A resemblance between the generating function found by Legeiidre 

ed that obtained for equation (i) is evident 

(1 - 2xS = p0 + p1s + p2s2 ...... . 

'I 

-1 
9 

(i - 2xr + r2) 
= + 2r + 3M3r 

The recursion formulas are 

(n + l)P (x) = (2n + l)xP (x) - nP (z), n+l n n-1 



and 

(n 1)M1(x) 2nxi'.i(x) - (n -i)M1(x). 
The zeros of both sets of polynomials are all real 9nd all lie in 

the interval -1 to +1. 

A given function can be formally expanded in terms of either sot 

of olynomials. Iii the ease of M (x), the convergence of the resultant 
series resolves into a oonsidration of the convergence of a Fourier 

Series. This has been established by Dirichiot. 

There is material for further investigation in this problin. 

The relation of the equation to the hypereometric equation, the proper- 

ties of those solutions which do not rminate with integral values of 

m, the asymptotic forrulas involved, andher topics have not been 
touched upon. 
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A STUDY OF ThE DIFFERENTIAL EUAOEION 

(1- x2).4_ 3x+ (m2 - i)z = O 

INTRODUCT 1011 

I. Ordinary 1±near differential equations of 'che second order have 

received a greater amount of attention from investigators than has 

any other type of differential equation. This distinction is due to 

the special properties of linear equations, which make them a fruit- 

ful and enticing field of study for their own sake, and also because 

of the important role which they play in the field of mathematical 

physics. By mean3 of ordinary linear differential equations of the 

second order it is possible to construct solutions of iany import- 

ant boundary problems associated vrith the following basic partial 

differential equations in the field of matherriatical physics: 

.. Laplacets Equation 

à2v J2v_0 

2. The '.'îave Equation 

2(dV +.+y) 
. 

3. The Heat Equation 

¿2iy 2r 2v 

äi; 

4. The Equation of Telegraphy 

id± 
t2 t àx2 
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II. Certain differential equations of the second order have becoiie 

especially vrell-kno'vn and have been the object of a vast amount of de- 

tailed investigation. These are 

1. Bessel's Equation 

2.&+I (x2-m2y=O. 
2. Lane's Equation 

(x2_b2)(x2_c2)j. + x(x2_b2+x2_c2)-. [rn(n+1)x2 -(b2-)P]z = o. 

3. Herrnite's Equation 

d e- + ey = o. 

4. Legendre's Equation 

(i - x2) .2 - 2x .. + M(L! + l)z = O. 

III. It is the object of this thesis to present a somewhat detailed 

study of the properties of the following homogeneous linear different- 

ial equation of the second order: 

2 d2z dz 
(i - x ) - 3x + (ma' - l)z = O. 

dx' dx 

So far as the v,riter is a'rare, this equation is not particularly well- 

known. It obviously bears a marked resemblance to the equation of 

Legendre, and we may therefore anticipate considerable s5milarity in 

the properties, which is indeed found to be the case. s in the sol- 

ution of Legondre's equation it ±s found that we get two linearly in- 

dependent solutions whose sunk .s Z = a0p(x) + a1q(x), where (x) 

and q (x) are two series, one in torras of the even powers of x and the 

other in odd powers, both converent in the interval -1 to +1. '.Then 
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m is a positive integer, one of the soluti.ons reduces to a to1ynotia1. 

Thus a set of po1yionia1s results which vie call 1(x) and which are 

analogous to the P(x) of Legendre. The generating functions for the 

two bear a resemblance, i gjjg P(x) as the coeffic- 
(l - 2xS + S2)2 

lents of S in hs expansion and giving siimilarly !.(x) - l-2xr+r2 
as the coefficient of r in this expansion. All of the roots of both 

and L(x) are real and all lie in the interval -1 to +1. The 

other solution in each case is not a polynomial. The process yielding 

a formula for the polynomials in the case of Legendre's solutions, 

gives a formula which generates the non-terminating forms in our sol- 

ution. The polynomials, M(x),' are given by a trigonometric formula. 

The relations existing between the polynomials P(x) and (x) res- 

pectively are 

(n + l)P1(x) = (2n-t.l)xP(x) - 

(n + l)L1(x) = 2nxi(x) - (n -l)M1(x). 
A given function con be formally expanded in terms of either set of 

polynomials. In the case of L(x), the convergence of the resultant 

series resolves into a consideration of the convergence of a Fourier 

Series. This, Dirichlet has established. 

There is material for further investigation in this problem. 
The relation of the equation to the hypergeomotric equation, the 

properties of those solutions which do not terminate with integral 

values of n, the asymptotic formulas involved, and other topics have 

not been touched upon. 



s 
TI CAiTONICAL FORM 

In order to reduce the equation 

d2z dz 
(i) (i - x2) - 3t (n2 - l)z = O 

to the form 

d dz 
(2) (P) + (k- q) z = O, 

we first divide each term of (i) by the coefficient of its first term, 

the result being 

d2z 3x d" (vi2 - i) 

1- (1 x2) 
z =0. 

'e now compare this with the expanded form of (2) or 

d2z P' dz (k - q) -+- -+ z-O 
2 PdDc P 

and discover that the following relation must exist between the 

coefficients if the two equations are to be similar 

P? -3x 
(3) 

The solution of tuis is 

or 

log P = log (1 - ,.2) log (1 - x2) 

3 

P = c(i - x2) 

end from this determination we may now write (1) in the canonical form 

3 1 1 

(4) 1 - x2) 
dzl 

(n2 1)(1 x2) = O. 
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2. SOLUTIONS rn PO'VER SERIES 

Since from (4) we have 
3 

P = (1 - x2) 

A (m2 - 1) 

k (1 - x2)* 

we may assume a soli.rtion in power series (Pierpont, Functions of a 

Complex Variable. Page 459, 17.) of the form 

(5) z 

We next substitute this assumed solution in equation (1), the 

result being 

+ i)(n + 2)+2 _f(n + 1)2 - m2} 
j 

x o 

whence 

(n + l)(n + 2)+2 _[(n + 1)2 - m21 - o 

f or n = 0, 1, 2, 3, . ...... 
The following relation therefore exists between the coefficients 

(n + 1)2 n2 (6) ii2 (n + 1)(n + 2) ii 
Then for n an even integer 

a0 = a0 

i2 - m2 n=O a2- 
2 

a0 

32 - m2 (12 - m2)(32 - in2) n-2 a4= a2- 
3.4 



52 - n2 (12 'n2)(32 - n2)(52 n2) m4 a6= 
5 a 

etc., 

and for n an odd integer 

a1 = a1 

22-m2 22-m2 n = i a3 
= 2'3 

a1 23 a1 

42 - n2 (22 n2)(42 - m2)a n=3 a5= a3 
t 

5. 

62 2 
n 5 a7 

= 6'7 a5 (22 - m2)(42 - n2)(62 - n2) 
7: a1 

et o., 

'Ne now substitute these values of the coefficients in the assuned solution 
z = >axfl 

obtaining 

(7) z=a0 12-m2 2 (12-m2)(32-m2)4 i + 2.-x + 
- 4 

+ 
(12_m2)(32_m2)(52_ni2)6 

(12 - m2)(32 -n2) ..... f(n - 1)2 - m2} 

(!._- rn2)(32 'n2) ....j(n _i)2 - m21{(n + 1)2_ n+2 
(n + 2) 

1 ......................... 
Il 

+ + _____r 
(22 - in2)(42- 

!) 

(22_ m2)(42 -in2) ...... {(n - l)2_m2Ì (n + i)'2 in2) 
n+2 

(n + 2): 

If we cali the first seriesp(x) and the second q(x), the solution of 

the given equation in the form of a power series is: 



(8) z = arjpm(x) a1q(x), 

a0 and a1 being the two arbitrary constants required by the order of the 

equation (i). 



3. COIWERGENCE OF Ti POTiER SERIES 

Applying the ratio test 

an+2 
2 2 n+2 p lim X x' 11m =x2L 

n -oo a n -, 

which signifies convergence if K 1, and divergence if 
o 
> 1. We test 

each series separately, taking p(x) first: 

(12 - m2)(32 - n2) ... (n - 1)2 - ni2 (n + 1)2 - 

____ (n_+ ________ P1ini_ 
n-.,o 

(12 - m2)(32 - rn2) ..... (n - 1)2 ni2 

n! 

2 1 m2 (n+i)2-m2 
= 11-rn n 22 =1. (o = lu _________________ 

(n + 2)Çn 
3 2 1+- 
n2 + 

So x2L = x2(1) arid in order that this be <. 1, x must lie in the 

interval 

-! < or -1 <. x2 K 1. 
IL IL 

Hence p,(x) is convergent within the interval -1 K x2 < 1. 

1e find by identical reasonin that q(x) has the same property. 

This radius of convergence we might have predicted since the coefficient 

of the highest order derivative in (1) has a singularity at x = 1. 
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4. TI TERMINATII'TG SOLUTIONS 

The series terminate for positive integral values of n, pm(x) 

for odd integers nd q(x) for even integers. This never haptens 

sinultaneously co we have one torn which becomes a finite polioiaial 

while the other remains an infinite series for every integral value of 

n. The first few are given below 

n p(x) q(x) 

i 
o (1 - 

1 1 x(l_x2) 

2 (l..2x2)(1_2)4 x 

3 (1 - 4x2) 
- 4x3)(1 72) 

4 2l(4x2 + 3)(l - x2) (x - 2x3) 

5 1- 12x2 + 16x4 

6 . 

7 I ......... 
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5. TITE POLYNOMIAL SOLUTIONS 

Vie so determine the terminating forms that z i when x = i and 

designate the resultant polynomials as 

= 

L12(x) X 

- i 
M3(x) 

= 

LI(x) = 2x3 - x 

M5(x) 16x4 - 12x2 + 1 

5 

(9) M6(x) 16x5 - 16x3 + 3x 

7 

M8(x) 16x7 - 24x5 + lOx3 - x 

256x8-448x6 + 240x4 - 40X2 + i M9(x) 
9 

LÇ x) 
256x9 - 512x7 + 336x3 - 80x3 + 5x 
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6. THE FORIAIJLA FOR THE SOLUTIONS CONTAINING 

AN INFINITE NUBER OF TERMS 

If we take 

0. (1 
.2) ±O - 3bc 

dx 
qz0 =0 

and differentiate it with respect to x, the result is 

(i - x2) d3z0 
- (2 + 3k)x O 

+ (q - 3k) = 0. 
dx3 dx2 dx 

In this we set 

dz _O = 
dx 

gett Ing 

i. (l_x2)l -(2+3k)x +(q-3k)z1 = o 
dx2 dx 

which we differentiate with respect to x and then collect terms, the re- 

suit being 

(l_x2) -(2+2+3k)x1 + (q_6k_2)1 O. 
dx3 dx2 dx 

Jere again we sot 

dz, - = z 
dx 

2. (i - x2) _2 - (4 + 3k)x 2 
+ (q - 6k - 2) z2 o. 

The nth such differentiation and substitution results in 

n. (1 - x2) (2n + 3k)x + (q - 3nk - n(n - 1)) z = O. 
dx2 dx 
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In order to make the original equation conform to the form n we now 

must equate coefficients of like terms in z: 

(2n + 3k) 3 

3 - 2n k- 

Using this v.lte of k after equating the last coefficients th '"Th 

beconios 

q 
3(3_2n 

- 3 ) -r(n-l) =r'2-1 

q + n(n - 2) ri2 - 1. 

If we next suppose q O and n(n - 2) m2 - 1, then equation n is 

exactly the original equation (i). ''Jhen n(n - 2) = ni2 - 1, we have the 

value m + 1 for n, and hence 

3-2n 3-2(m+l) l-2m k= 
= 3 = 3 

Upon substitution of these values in O, we obtain the followind differ- 

ontial equation 

(l_X2).o_3(1;2m dz0 
2 

)x- =0 
dx 

or 

(1 - x2) O - (1 -2m)x0 O. 
2 dx 

Starting With this and differentiating n times we arrive at the equation 

(1). We may better write the last equation in the form 

(lo) (i - x2) l (i - 2m)xz1 = O 
dx 

which can be solved as follows: 

f .l = 
1-2x 1' 

)z1 --} 
1dx +in) 1dx 
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z1 = c(i -X2)(l X2)m = X2)m 

The final form is then 

m 
m-1- 

(n) z = C i. (1 - x2) 2 
m dxm 

a forimila which may be used to write oixt the solutions which possess an 

infinite rnnber of terms. 

The process whereby this formula was obtained is that used by 

Rodrigues to derive his formula for the Legendre Polynomials which are 

the solutions having a finite number of terms: 

n 
Pri(x) 

i - (x2 
2mm: dm 
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7, FOIULAS GIVING THE POLYITOMIALS M(x) 

We transform the equation (1) to the form P L(F ) + m2y O 
dx dx 

by the substitution 

y - 

(i - 

the result being 

(]. - -x2).j = 

Let us now make the change = which in our case is 

(1 - 
= L 

dx dS 

and we obtain 

+ m2y = O, or + m2y = O, dS "dS 

the solution of which is 

y=AsinrnS +Bcosms. 

A10 we have the rel'ttion 

dx 
dZ 

(i - x2) 

from the above substitution, which gives 

s = sinx 
making the final formula 

(12) z = 
Sill m(siif1x) + B cas m(sinx) 

I i - 

We notice in the fol1ovdn computations for in an odd integer and for m 

an even integer 
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ra even 

2 z2 = M2(x) if A = B o 

4 z4 = M4 (x) if A B = O 

6 z6 = M6(x) if A = B O 

8 Z8 a U8(x) if A = -, B = o 

10 z10 = M10(x) if A = B = O 

etc. ...................... . ........... 

1j 

i z1 a M1(x) if A = O, B a 

3 z3 = M3(x) if A = O, B = - 

5 = M5(x) if A = O, B = 

7 z7 a M7(x) if A = O, B = 

9 z9 M9(x) if A = O, B 

etc. . ...... .... ....... 

arising in the use of the formula (12) that the constants A and B must 

be determined in such manner that for ni even 

m-2 (-)7 sin_m(sinx) (13a) - ______ 
In 

and for ra odd 

m-1 
(i) COS m(sinx) (13b) l(x) = - 

in 

ra being always a positive integer. 
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8. THE CASE VrìRE M IS NOT AN IWEGER 

If the formulas (l3a) and (l3b) which were derived for the oase 

where ni is an integer, satisfy the given differential equation (i), 

then they will give the solution when m is not an integer as well. 

In the latter case the solutions will not, however, be finite at +1 

and -1. 

Upon substitution of the tro formulas (13) in (i) we find the 

equation satisfied and hence they are valid where ni has any value, 

whether integral or fractional, real or complex. 
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9. THE GENERATING FUIICTION 

If in formulas (13) we set Ø sinx, we find that 

sin n sin 2nØ 
in being an even integer 

cos =M2n 
co 

cos cos (2n+1)Ø M = M2n+1 = 
in being an odd cos 

integer. 

Let us expand the function 
1 

1 + j.z 

______ 
= 1 - iz + (iz)2 - (iz)3 + (iz)4 - (iz)5. .......... 

When we set z = re''in this the result beoonez: 

= i - ir&-ø + (ireiø)2 (iro-ø)3 (ir&-ø)4 _ (ireø)5.. 

= 1 - ire»' - r2e2iø + ir3e3iø + re-ø' - 

= 1 - ir(cos Ø + i sin Ø) - r2(cos 2% + i sin 2Ø) 

+ 1r3(cos 3Ø' + i sin 3Ø) + r4(cos 4Ø + i sin 4Ø) 

= 1 - r(i cos Ø - sin Ø) - r2(cos 2Ø + i sin 2Ç1) 

+ r3(i cas 3Ø' - sin 3Ø) + r4(cos 4Ø + i sin 4Ø) 

= i + r sin Ø - r2cos 2 - r3sin 3Ø + r4cos 4Ø ....... 

+ i(-r cos Ø - r2sin 2Ø + r3cos 3Ø + r4sin 4Ø .....) 

Also we 1OVf that 

i __________ - i 1 + iz ______________________ l+ir(cosØ+i sinØ) - Cl-rsinø) +irco 

1 + r sin Ø - ir cos 

1 - 2r sin Ø' + r2 
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liow when we equate real parts from these two expressions: 

i 2rsi r2 i + r sin Ø - r2cos 2Ø - r3sin 3Ø + r4cos 4% 

and similarly imaginary parts: 

TZrsin/+ r2 - r cos Ø - r2sin 2% + r3cos 3% + r4sin 4-Ø 

In our case we make use of the latter of these two, dividing through 

first by (-r cos Ø) and obtaining: 

i sin 2' 
2 

cos % - r3 - r4 cos 5j =1r - -r I - ?Jr sin + r2 cos cos 0 cos cos 

Upon setting sin % = x, in this we arrive at the following: 

(14) i - 2xr + r2 
= 1 + (2x)r + (4x2 - 1)r2 + (8x3 - 4x)r3 + 

Thus we find that 

polynomials M(x). 

(1 - 12x2 + 16x4)r4 + (32x5 - 32x3 + 6x)r5 + 

(64x6 - 80x4 + 24x2 - 1)r6 + (128x7 - 192x5 

+ 80x3 - 8x)r7 + (256x8 - 448x6 + 2Ox4 - 40x2 

+ 1)r8 + (512x9 - 1024x7 + 672x5 - 80x3 + lOx)r9 

.. ........................ 

= M1(x) + 2L2(x).r + 31.3(x).r2 + 4L4(x).r3 

+ 5M5(x).r4 + 61:16(x).r5 + Th17(x).r6 . ......... 
1 

1 - 2xr + r2 is the generating function for the 



19 

10. THE RECURSION FORMULA 

We again consider the expression (14). Let us now differentiate 

both sides of the equation vrith respect to r: 

2(r-x) 
= 2 M + 6 M r + 12 M r2 ............. 

(i- 2xr +r2)2 2 3 4 

(n - 1)(n - 2) M,1,r3 + n(n - i) TÇrfl2 

+ n(n + i) ;1rnl + (n + 1)(n + 2) Ç2rfl..... 

We nect nu1tp1y this through by (i - 2xr + r2) and then substitute 

in the left side the value of fron (14). After this is 
i - 2xr + r 

done and after both sides of the resultant equation have been expanded, 

we then equate the coefficients of the like powers of r. For the gen- 

eral tert this give 

(n + 2) " () = 2x (n + i) M (x) - n M (x) n+2 n+1 n 

and when in this we retard the subscripts by one we get 

(15) (n + 1) M1(x) = 2x (n) I.(x) - (n - 1) _1(x) 

which is a simple and very usable recursion formula giving each M(x) 

in terna of the two preceding it. 
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il. THE ZEROS OF 1(x) 

To investigate the zeros of the polynomials M (x) we consider 

forms (13). When we make the substitution sinx = X, (13a) becomos 

m-2 

(-i) sin x 
(a) M (x) = - , in being an even integer, 

in in 005 X 

and (13b) becomes 
rn-i 

(-ií cos niX 
(b) M(x) = -- in being an odd integer. 

Frorn (a), IÇ(x) for in an even integer will have zeros when 

sin niX - O 

or when 

(16) x = sin, n = 0, 1, 2, 3, . 

and from b), M (x) for in an odd integer will have zeros -ihen 

cos niX = O 

or when 

(2n+i)ir (17) x = sin , n = 0, 1, 2, 3, 

When we apply these formulas, remembering that the +1 and -1 values 

resulting are not valid because of the cosine term in the denominator, 

the following zeros uro found: 

in = i gives no zeros, since a con- 

st ant m=2 o 

m=4 

in = 5 + .3+, + .8+ 
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. 

m =n 

i i,- 
, ' .±/3 

gives (n-1) zeros. 

1e see that L!.4(x) has then (n-1) zeros, and since this agrees with 

the degree of the polynomial in each case we are certain that we have 

found all there are. It is evident since our formulas involve only 

cines and cosines that these roots all lie in the interval -1 to +1. 



THE CURVES Z 
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12. TIlE PROPERTY OF ORTHOGOL'LITY 

Substituting the two solutions and L(x) in equation (i) 

vie have 

-x2)3/2] + (2 
- i)(i - o 

:I; 
[ X2)3/2 + (2 

- i)(i - = O. 

If we multiply the first through by LIE, and the second by I1, the fol- 

10w-ing equations result 

2..3/2 dIIl (2 
- - o 

2)3/2 
di!nÌ + (in2 - - = O. 

7e next subtract these two equations, multiply the results by dx an 

integrate each term between the liiiits -1 and -i-1: 

1+1 
3/2 dT - x2)3/2 

1.4 
Mnf(lx2) Jdx 

+Ì1 
i x2 )(2 1 

2 

nd 

2)3/2[ 

- 

+ (2 fl2)j7 x2)kx = o. 

This leaves 

Í_l 

(m2..n2)J (l_x2)L(x)jT(x)thcO 
-1 

froni vthich we see that for in n the following is true: 
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(18) (1 - (x) (x) = O 

J-i 

This is the property of orthogonalïty and is true only for those sol- 

utions which terninate. 



13. TITE VALUE OF THE INTEGRAL OF 

We have established the fact that 

(14) (i - 2xr + r2 
) 

= M1 + 2 fl2r + 3 Mr2 + 4 M4r3 ........... 

(n+ i) M.1 r .. ............ 

Let us square both sides of this equation and multiply through by 
i 

(3. - x2)2thC and integrate from -1 to +1: 

J. -2 (1_x2)(l_2xr+r2) dx=// (lx2)ax 
-1 -1 

+ 4 r/ L (1 
2) 

+ 9 r4f (1 - 2) 

(rL 
+ 1)2 r2flf1 

i(1 - x2)* 

+ (a group of other terms which are of the form 

(i - x2) 

and which are each equal to zero as we have found by the property of 

orthogonality). 

When we perform the integration indicated on the left side of the 

above equation, the result is, after the limits have been substituted 

: r = (1 + r2 + r4 + r6 + ............ r2 .....). 

Mow vron we equate the coefficients of the like powers of r from this 

expression and from the righthand side of the above equation, the re- 

suit for the general term is 



(n 

i 

(i - x2) i.1(x) dx = 
2 

whence so1vin for the integral and retarding the n by one 

(+i i 
(19) 

,,/.1 

(1 - x2) (x) dx 



14. TITE PISI0N 0F A FUNCTION IN T!S OF M(x) 

It is desired to represent the function f(x) in ternis of the M's. 

We therefore assume that 

(20) f (x) = A1M1 + A214 + A3M3 + A4M4 + + . ....... tM...... 

and then attempt to determine the coefficients, 

First ;re multiply the equation through by M (x)(l -x2)&x and 

integrate each term from -1 to .i-1: 

':1 
Jf(x)(l - x2)2 I(x) dx = A (1 - x2)2 M1(x) (x) dx 

-1 -1 

Ail (i - 2) l(x) L(x) dx 
¡1 

(1 - (x)dx 

.... ........... 

By the property of orthogonality (18) all the ternis on the righthand 

side of this equality are zero e:'cept the last which in (19) we have 

found equals 

Upon solving this remaining equation for we have as the formula, for 

the general coefficient 

2 7i i 
(21) A = / f(x)(l - x2) M(x) dx n. 

which we may now substitute back into the assumed expansion above, 

in order to vinte out the expression for f(x) in terms of 



1+1 
(20) f(x) f(S)(1 

32) 
M1(3)dS M1(x) 
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2.22 f' 
+ - J f(S)(1 -s2)k(s)ds M2(x) 

22 +1 21 
M3(x) 

-1 

2n2 
f+i 

r(s)(i 32) ;(s) (x) ........... + - 
irJ 
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15. THE DIFFERENCE BET?EEN F(X) AND THE SUM OF THE FIRST 

N TERMS OF THE SERIES IN M(x) 

We shall show that the difference between the function 1(x) 

and the strn of the first n terms of its expansion in terms of L(x) 

may be expressed as an integral. 

Let us assume that the suri of the first n terms of the series 

in M(x) is 

(22) S(x) .1M1(x) A2M2(x) . ................ AM(x) 
n 2"+l 

= AkMk(x) =T.?./ f(S)(l-S2)í,(S)dS M,(x) 
= k=l 1TJ_1 

L(x) is constant with respect to S so we may insert it under the 

radical sign: 

2 
k2 f(S)(1 s2) 

Mk(S) (x) dS 

f(S)(l - S2)2 k2 (x) Mv(s) dS 

= 

f(S)(l -S2)(x,S) dS Ir-' 
where I((x,S) = M,(x) M1(S) i- 4L!(x) Me(s) + 9.r3(x) Ms(s) s 

2 '(x) ;(s) 

an expression having n terms. 7e now express K(x,S) in two terms. 

From the recursion fozimula (15) 

(n + 1) Lj1(x) = 2x (n) :(x) - (n - i) M1(x) 

for successive values of n we obtain 



2M2(x) = 2xì.1(x) 

3M3(x) = 4xM2(x) - M1(x) 

41Â4(x) - 6xM3(x) - 2M2(x) 

5M5 (x) = 8xM4 ( x) - 3M3 (x) 

6M6(x) =1OxL5(x) - 4M4(x) 

7M.1(x) =12xI(x) - 5M5(x) 

(n + i)M1(x) = 2n (x) M(x) - (n -i)M1(x) 

each of which wo now multiply through respectively by nM(S): 

2L1(S)M(x) = 2x M1(S)M1(x) 

2.3M2(S)M3(x) = 2.4x L12(S)M2(x) - l.2M2(S)M1(x) 

3.4M3(S)M4(x) = 3.6x i.3(S)M(x) - 2.3M3(S)M2(x) 

4.5M4(S)M5(x) = 4.8x L!4(S)M4(x) - 3.4M4(S)M3(x) 

5.6L5(S)M6(x) =5.lOx M(S)M(x) - 4.5M5(S)M4(x) 

6.7M6(S)M7(x) =6.l2xM6(S)M6(x) - 5.6M6(S)M5(x) 

n(n + l)M(S)!s1(x) =2 2mx L(S)L(x) - n(n -l)M(S)M1(x) 

71e sun these now and our result, since 

2x M1(S)U1(x) + 2 Li(S)M2(x) + 3 M3(SM(x) + 4 M4(S)M4(x) 

.......... n 111(S)M(x) 2x K(x,S) 

becomes 
n n-1 

(a) k(k + l)MKl(x)Mk(S) 2xK(x,S) - k(k + l»(x)M1(S) 
k=l k=l 

As a next step we multiply each tern resctively by nM(x) 

where before we used nM(S) as a multiplier, the present result being: 
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n n-1 
(b) 1c(k1)M1(S)M(x) 2SK(x,S) - k(k+1)Mi(S)Mi1(x) 

k=]. k=1 

We see that 

and 

n n-1 
2xK(x,S) k(k+1)Mk+l(x)Mk(S) + 

k=1 k=1 

n-1 n-1 

k(k+1)Mkl(x)L(S) + 
k1 ku]. 

+ n(u1' 

2S(x,S) Zk(k+1)+l(S)Mk(x) + 1k(k+1)Mk+l(x)Mk(s) 

Upon subtracting (b) from (a) we obtain 

2(x -S)K(x,S) = n(n+ i)[ 1(x)(S) - 

n(n+1)[ L1(x);(S) - 
K(x,S) = 

2(x - s) ____________ 

and therefore 

(c) s (x) ' f(S)(1 - 2) 
(x,S) dS n J-i 

2 ' i n(n+1) Í+i(x»(s) - 
-;L- 

f(S)(1 - S2) dS 

n(n+1' ___) I f(s)(i -2)+1(x)(S)-1(x)+1(3) 
I 

dS. 
= 
_r 
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111e hope to determine how great the difference is between the ñuietion 

and the swn of the first n terris of the series. 

Again 

S (x) A M (x) + A2M (x) + A M (x) + A M (x) + ..... A M (x) n 11 2 33 44 nfl 

is the swn of the first n terns of the series. If f(x) C = a con- 

stant then 

A1 

f+i 
c(i - X 

) 

1 1+1 
2 

C x(1 - 2)2 + sin1x I C. 

J-1 

And all of the other coefficients 

C(i - x2) M(x) ± 

= . -x2)*(x)M1(x) = o 
J_1 

by the property of orthogonality. So 

f(x) = C + O + O + O + O + O + O + ........ 

Now if f(s) be replaced by C, then the siza of the first n termß is eq- 

ual to C or 

c 
n(ni) 

/1+1 
f(x)(l - x2) [+(x»(S 

: dZ. VI-1 
Since C is any constant, it may be chosen to equal f(x), which is hide- 

pendent of our variable S. This will give 

n(n+1) 
(d) f(x) = 

f f(x)(1 - 2) [+ixS -;(x)M1(S 
dS yr 

.- -1 X-Z 
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'.'Ie nor subtract (o) from (d) and obtain as the difference betucen 

the ftnction and the sinfl of the first n terms of the series in M(x) 

the follodng integral: 

n(rl) f(x) -f(S)(2 [+ixS - f(x) - 
- s 

which is similar to the expression obtained in the case of the Fourier 

expansion. 



and 

16. CO1I1TERGCE OF TILE SERIES IN M 

Let us consider the polynomials in the forni 

(1)fl_]. 
sin 2nQ 

=M - 
ni 2n 2n 

, for m an even integer 

( 

1)fl 
cos (2n+l)Q 

, for ni an odd integer. 
cosQ 

Now if we expand the fction f(sin Q) in terms of these polynomials 

we obtain an expression 

f(sin Q) = a1M1 + a3M3 + a5U + + ......... a21M21. ...... 
+ b2M2 + b4M4 + b6M6 + . ........ . b2M2 ....... 

which, when we multiply throughout by the ces Q appearing in every 

denominator of the righthand side, becomes 

cos Q f(sin Q) an expression involving _ 
()fl 

2n + . 
a2n+l cos(2n+l)Q 

n-1 

and - a2s1n 2nQ, n being any positive integer. 

7e now employ the method uaed for determining the Foui-1er coef- 

ficients to determine our a's and b's in this expansion. The equation 

is first multiplied throughout by the coefficient of a2n+l and inte- 

grated over the interval -1 to +1, term by term, then in a sinilar 

manner by the coefficient of b2 and again integrated over the same 

interval. In this work we make use of the property of orthogonality 

and of the value of the integral of the square of M, fr9m (io). To 

get these in usable form in this connection we set x = sin Q, dx = 

cos Q dQ, jT - x = cos Q, and for the M's, the values at the top of 
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page 33 are used. In which case, the property of orthogonality becomes 

¡+1 , /2 
22 

J (i - x ) !.(x)(x) dx = either J cos mQ cos n dQ 

J-1 I'-! 
2 

fir 
or 2 cos in sin nQ dQ, im ir 

and (19) becomes 

'ir 
1 

1 12 cos2mQdQ=iT(1 )2 f - fl.Ç1(x) dx = either 

Ar 

i or - sin2 mQ d ir( i )2 
muir 2n 

Using these values after the above indicated multiplications 

and integrations, we have remaining two equations, the first of which 

will solve for a21 and the second for b, giving us the following 

values for the general coefficients in our expansion: fir 
2' a41 
- J 

cos Q f(sin Q) cos (2n+1)Q dQ 12 
1'ir 

b2n = - I 
cos Q f(sin Q) sin (2n)Q dQ. ir J ir 

Let us now substitute these values forthe a's and b's in the expansion 

for cos Q f(sin Q), and then in the resulting expression set Q = 2x, 

dQ = 2 dx, and cos Q f(sin Q) = F(x), and we lind that our series takes 

the form of a Fourier series: 



22 

[ 
1j 

F(x) cos 2x dx cos 2x 

+ F(x) cos 6x dx . cos 6x 

+ F(x) cos lOx dx. .cos lOx 

+ .. ...... ............. ........... .. 

+ F(x) cos 2(2nl)x dx. cos 2(2n+l x 

+ ....... ..... ............... 

F(x) s± 4x dx. sin 4x 

+ F(x) sin 8x dx. sin 8x 

+ F(x) sn 12x dx sin 12x 

+ . ................. . ................ 

+ !fF(x) sin 2(2n)x dx. sin 2(2n)x 
i.....] 

The convergence of the Fourier Series to the value of the function F(x) 

has been rigorously established by Dirichlet (Ca.rslaw, Fourier Series 

and Integrtls, Page 210 and following). Henoe the convergence of our 

series is like7ise proved frori his conclusions. 
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