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A TT-1RE-DIL1ENSIONAL PHOTOELASTIC 
UViLYSIS OF A SUA1E BAR IN TORSION 

Introduction: The photoelastic method is an optical 
method used for the determination or stress distribu- 
tion patterns in structural members and machine parts. 
It is based on the experimental facts that certain trans- 
parent materials become aiiisotropic or birefringent when 

subjected to stress, and that the amount of birefringence 
is directly proportional to the amount of induced stress 
up to the elastic limit of the material. It is possible 
to determine the amount of birefringence by optical meth- 

ods; and from these and subsequent measurements, quanti- 

tative results of stress distribution. 
During the past decade, the use of the photoelas- 

tic method for stress analysis has been increasing rapid- 
ly. E. G. Coker and L. N. G. Filon were largely instru- 
mental in promoting this method by their "Treatise on 

Photoelasticity" (1) in which the fundamentals are pre- 
sented. 

In the past this method has been applied mainly to 
the analysis of two-dimensional stress problems. In l937, 
however, G. Oppel presented a method (5) for the analysis 
of three-dimensional stress problems. Briefly, the method 

involves freezing of the stress pattern in the model. 

This is accomplished by heating the loaded laodel to a high 
temperature and subsequently cooling it to room tempera- 
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ture. The niodel is then sliced., and. each slice analyzed 

in e. raanner similar to that eoloyed in tvjo-dimensional 

analysis. This raetiiod had several liniitations -- conse- 

quently, a new ziethod of three-dimensional analysis was 

developed. In 1939 a niethod of analysis 'sas used which 

ias based upon a new type cr stress-optical behavior.(8) 
In this method, the plane-polarizin effect associated 
with the scattering of light was employed. The 1iht 
is collinated, filtered, plane-polarized, and is then 

passed through a narrow slit prior to entering the model. 

The direction of observatiLn is at 90 degrees to the in- 
cident light beam which is plane-polarized in a direction 
45 degrees to the Drincipal stress directions in the 

normal planes (planes normal to the incident light beam). 

The light is continuously analyzed, and thus it is pos- 

sible to observe the manner in which the birerringence 
of the material varies along the liaht path. 

ith this method, the magnitude cf the shearing 
stress and the directions of the three principal stresses 
at any point in a three-dimensional stress system may be 

obtained, as well as the magnitude and direction of the 

principal stresses at a free surface of the material. 
This method may also be used. to obtain the magnitude and 

directions of the principal stresses in a two-dimensional 
stress system, and it is thought that this method is tile 



most rapid and perhaps the most accurate method of obtain- 

ing these values. R. jeher and 3. K. Bussey applied this 

method to the analysis of the stress system of a simple 

beam in bending for the IT. ... C. .. (8) 

In this investigation, the saine method has been 

applied to the analysis of a square bar in torsion. The 

results obtained with this method compare favcrably with 

the mathematical analysis derived by Timoshenko (7) us- 

ing the membrane analogy. A simple beam in bending was 

also analyzed in the preliminary work and the results 

are herein presented. 
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Theory of the Photoelastic Method: The theory of photo- 

elasticity is based on the fact that certain materials 

such as glass, Trolon, B&Telite BT-61-893 become ani- 

tropic when subjected to stress. The optical properties 

at a Doint under conditions of stress may be conveniently 

expressed in terms of three principal indices of refraction 

ni, 2, fl3. These indices lie in the directions of the 

three principal 5tresses, and the departure of the in- 

dices from the unstressed value n is related to the prin- 

cipal stresses as expressed by the following equations. 

(1) 8i -K(nO-ni) 

(2) S2 K(nO-n2) 

(3) S3 = K(nQ-n3) 

where 8j, 2, 53 are the three principal stresses, and K 

is a constant for the material as determined by calibra- 

tion. 

IT S1 (S2 <S3 and ec,uation (i) and (3) are combin- 

ed to give the following equation 

(4) S3 K(n1-n3) 

then it foliow that the maximum shearing stress, Thiac 

(5) Thiax (s-s1)/2 

= (K/2)(ni-n& 

Thus, if n1-r is measured at the point and the 

constant K for the material is known, the maximum shear- 

ing stress at a point may be determined. The value i-3 
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may be measured by passing a plane-polarized beam of light 

along S2and observing the resulting rate of foriiiation of 

fringes in the three-dimensional polariscope. 

Tne three-dimensional polariscope consists of a 

light source, a lens, a polarizer and a slit. The light 

is passed through the lens where it is collimated, then 

through the polo.rïzer, and finally through a narrow slit, 

approximately 3/16 inch wide, and as long as desired. 

The stress-optical bebavior of the light employed in the 

three-dimensional case makes use of properties associa- 

ted with the scattering of light, and thus no external 

analyzer is used. 

The illuminated plane of the model is viewed at 

90 degrees to tha incident light beam, the fringe pat- 

tern observed giving the space rate of formation of 

fringes d.N/ds where I'T is the number of fringes formed, 

and S is the distance in the direction of the light. 

If a beam of light is passed through the point in ques- 

tion along 2 plane-polarized at 45 degrees to S1 and 

33 the light components will be retarded b, an amount 

proportional to the indices of refraction n1 and n3. 

.elative retardation of the components will take place 

at a rate as given by the following equation. 

(6) dR/dS = (n1-n3) 

where R is the relative retardation of the wave compon- 

ents and, exDressing this equation in wave lengths 



(7) dN/dS = 

= (1/K7)(s3-s1) 

= (1/c)(S3-s1) 

where () is the wave length of the light in the air, 

N is the number of cycles of interference, and C is the 

stress-optical coefficient which has been found to have 

a value of 85 pounds per square inch per fringe per inch 

of light path in the material. As the light is analyzed 

continuously along its path, a fringe appears each time 

the relative retardation between the light components 

is equal to a whole number of ''ïave lengths. 

The direction of S2 may be determined by passing 

the beam of light through the point in various directions 

until the ratio of d.N/dS is a maximum. In other words, 

until the fringes are most closely spaced at the point 

under consideration. The direction of the light under 

these conditions corresponls to the direction of S2. 

In the actual case, the stresses are considered to re- 

main constant over a all increment of light path and 

equation (7) may be re!ritten in the form 

(8) S3-S (c)(AN/í2S) 

In order to better understand and interpret the 

fringe patterns, a further discussion of the henomenon 

associated with scattering of light is presented.(9) 

The light may be scattered by small particles in the 
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medium, or it may be due to scattering by the molecules 

in a pure and. transparent substance. Jhen scattered, 

the light is plane-polarized in a direction at 90 degrees 

to tiie incident light beam, the direction of the electric 
light vector being at right angles to the incident light 
beani and the direction of observation. ,Ihen plane- 

polarized light is passed through the point along S2, 

it is split into two components. :ihen the light is scat- 

tered, these two components are analyzed, the direction 
of the analyzed light vector being a fanction of the two 

component light vectors. The maximum intensity of light 
is observed when the point is viewed from a direction 
at 45 degrees to S3and l directions. when the point is 
observed along S1 or 33, no fringes can be seen. Thus, 

the directions oÍ Si and 33 can be determined by obser- 

ving the direction along which the fringe intensity is 
a minimums (8) 

Fig. A shows a vector diagram for the beam in 
bending. The light beam is directed upward, the plane 

of polarization being at 45 degrees to the direction cf 

principal stress. The fringe pattern is observed at 

an angle of 90 degrees to the incident light beam and at 

45 degrees to the direction of the principal stress, 

which principal stress is parallel to the longitudinal 
axis of the bar. 



Fig. B shows the vector diagram for a square bar 

in torsion. In this case, as the bar is subjected to 

pure shear in planes normal to the bar axis, tho direc- 

tions of the principal stress S1 and 33 are at 45 degrees 

to the normal planes. Thus, the direction f the plane- 

polarized light is parallel to the longitudinal axis of 

the bar, and the direction of observation is at 90 degrees 

to the incident light beam and to the longitudinal axis 

of the bar. 
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pparatus: The apparatus assembled 1or the analysis o± a 

square bar in bending is shovm in Fig. 1. The light source 

used was a 100 watt mercury-arc lamp operating on 250 

volts supp1id by a transformer directly connected to a 

110 volt socket. In view of the fact that the fringes 

obtained were very faint, a lamp of greater capacity 

would be desirable. A small air blower (not showfl in the 

picture) was used to cool the bulb. The polarizer was 

made of a thin polaroid sheet placed between two sheets 

of glass. A Iratten light filter, number 77, was used 

to obtain essentially monochromatic light. A slit was 

used to limit the size of the section investigateci. The 

leverage system was used to place a load on the specimen, 

the lever arm being of such dimensions that a five bo one 

mechanical advantabe was obtained. The lens was used to 

focus the light and also to eliminate some of the edge 

effect due to scattering of the light at the surface of 

the material. The camera was used to obtain the photo- 

graphs. 

The apparatus used for analyzing the square bar 

in torsion is shown in Figure (2). The light source, 

polarizer and filter were the sane as those used for the 

analysis of the beam. The torsion loading device is 

shown in Fig. 3. The frame was made from a 4 1/2 inch 

pipe 5 3/4 inches in length. A 1/4 inch plate was wel- 

ded to the bottom of the pipe and two slits 5/32 inch by 
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4 inches and i 3/16 inches by 4 inches were cut in the 

sides of the pipe at 90 degrees. beveled ring, ±iee 

to rotate, was held. to the top of the frame by means of 

three clamps. A i 1/2 inches by 3/8 inch steel bar was 

welded to this ring and another bar of the sim size was 

welded to the frame. The bakelite specimen was held by 

means of two squared nuts which were welded to the bottom 

plate and ring bar respectively. Torque was applied to 

the specimen by means of a nut and screw fastened to the 

frame bar. There were eleven threads per inch on the 

5/8 inch screw which had an effective lever arm of 12 1/4 

inches. From this information, the an1e of tviist could 

be obtained for any given nuiber of turns of the screw. 

The lens and camera we..e the saiiie as thos2 used for the 

beam. ßastman tri-x pan safety films were used for the 

pictures. 
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Procedure: The rnateri&1 used as taken from a piece of 

bakelite BT-61-893 one inch by six inches by twelve inches. 
Prior to cutting, the whole piece of bakelite was placed. 

in a small polariscope and it wa observed that although 
there was a considerable amount of birefrinence at the 
edges, very little was noted at a distance of approxirna- 

tely one inch from any edge. For this investigation, a 

bar approximately one inch by one inch by six inches 
was cut from the unstressed portion of the piece. This 

was accomplished by cutting; ;iith a very sharp, fairly 
coarse saw at a rate slow enough to prevent heating and 

consequent birefringence of the material. The material 
was viewed in the small polariscope frequently during the 
cutting process. fter cutting, the material was placed 
in a milling machine and cut to size, 0.956 inch by 0.956 
inch by 5 3/4 inches. During the milling process a sharp 
cutter .îas used in connection with a slow cutting speed. 
fhe cutter was continuously cooled by means of a lubri- 

cating fluid. 
fter milling, the specimen was placed on a pol- 

isher using a number 400 alumina polishing medium, and it 
was then finished on velvet with precipitated alumina. io 
annealing of the model was attempted, it having been de- 

terulned by past experience that such a procedure was of 
little aid in peimanently eliminting tue initial bire- 
fringence in specimens of this size. 



12 

The apparatus used. ror the analysis of the beam 

'as assembled as shown in Fig. 1. The lamp and fan were 

started and allowed to warm. up for ten minutes, the light 

intensity reaching its maximum during this interval. The 

shutter of the camera was completely opened, and the fringe 

pattern brought to a focus on the ground glass screen of 

the camera by suitable adjustment. The time of exposure 

used was ten rainutes using a eastman tri-x pan safety filin, 

and a shutter opening of F-16. Pictures of the frie 

patterns Figs 4, 5, were talcen while the beam was under 

loads of 304 and 605 pounds respectively. Due to tìje Um- 

itations of the 1oadin; device shown in Fig. 1, the 605 

pound load was. placed on the specimen b: one of the test- 

ing machines in the laboratory, the polariscope being set 

up in a similar fashion to the arrangement shown in Fig. 

1. It should be pointed out that in Fig. 1, the beam was 

placed at an angle of 45 degrees to the axis of the camera. 

For the specimen in torsion, the apparatus was as- 

sembld as shorn in Fig. 2. In view of the fact that the 

fringe pattern varied for different parallel sections 

through the torsional model, the slit :JLL: made very nar- 

row in order to obtain a clear Dattern. parallel plane 

of the model is defined as one which is coplaner to the 

plane of the light beam. The intensity of light obtained 

with this narro;i slit was not sufficient to pennit the 
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fringe pattern to be seen on the ground glass screen of 

the camera. Consequently, to obtain proper focusing of 

the camera, a focus was made on a sheet of paper illuznin- 

ated by a flood light, the paper being placed in the 

center parallel plane of the bar. n exposure of 15 min- 

utes with eastman tri-x pan safety film and a shutter 

opening of F-16 was sufficient to obtain satisfactory 

pictures. The plane analyzed was one passing through the 

center of the material. Figs 6, 7, 8, 9, show the fringe 

patterns obtained at 4, 8, 10, 12, turns of the screw 

respectively. 

In determining the angle of twist, the following 

procedure ws used. The bar was adjusted until no fringe 

pattern was observed, th screw bing in contact with the 

ring bar under this condition. The screw was then tur- 

ned through 4, 8, 10, and 12, tunis froni trie initial 

point respectively ana. pictures viere taken. The effective 

leger arm of tile ring bar was determined as 12 1/4 inches 

by means of a scale. The angle of twist, in radians, was 

then determined froni the measurements taken as follows: 

Tan 9 9 (Travel of Screw)/(Lever rm) 

In both of these tests, adjustments of the polar- 

oid and loading frames were made in order to obtain the 

best fringe pattern. 

Tables i and 2 sho the calculations made from the 
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spacing of the fringes in the fringe pattern obtained 

from the beam under a load, of 605 pounds, and from the 

torsion bar at 12 turns of the screw. 

Column 1 shos the position of the fringes rela- 

tive to the edge of the bar. These measurements were 

made in the following manner. The film was placed in a 

photo-graphic enlarger, and the measurements taken direct- 

ly from the pattern enlarged aDproximately seven times. 

Column two shovs the measurements in column one multi- 

plied by the ratio of the actual beam thickness to the 

enlarged fringe pattern thickness. Column. three was ob- 

tamed by simple subtraction of the values in column 

two. The stress corresponding to the spacinh of these 

fringes, column four, was determined by dividing the 

stress-optical coefficient of the material by the fringe 

spacing. Tile stress corresponding to any fringe spacing 

was assumed to lie midway between the two fringes, and 

the position oi' the stress relative to one edge as shown 

in column five was obtained by suitable calculation. 

Curves i and 2 were obtained from data shown in 

columns four and five of data sheets one and two. Very 

little emphasis was placed on points adjacent to the cen- 

ter line of the specimen as the spacing of a fringe at 

a point of contra-flexure has no meaning except for one 

special case; that is, where the relative distance between 
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light components is zero at the neutral axis. 

Calculations of the theoretical maximum strsses 

are also shown on these curve sheets, The beam formula 

S Mc/I 

vías obtained from considerations of elementary strength 

of materials, where S equals the maximum stress in pounds 

per square inch, k is the maximum moment in inch pounds, 

c is the distaiice from the neutral axis to the point under 

consideration and I is the moment of inertia with respect 

to the neutral axis. 

The mathematical formula for the maximum shearing 

stres. of a s uare bar in torsion was obtained from a 

mathematical analysis made by Timoshenko (7) 

Tinax (O,675)(2)(G)(a)(8) 

where Tmax is the maximum shearing stress; O.67 is a 

constant dependent on the crossectional dimensions of 

the material; 2 is a constant; a is 1/2 the thicimess of 

the material in inches; e is tile angle of twist per linear 

inch, radians; and G is the shearing modulus of elasticity 

in pounds per square inch. 

The shearing modulus of elasticity was determined 

from the equation 

G (i)/(2)(l+) 

and (Poisson's ratio) being obtained from reference 

(2). 
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TL3LE I 
Beia in Bending 

Bakelite BT-61-893 Dimensions O.956"xO.956"xb.75" 
pri1 26. 1940 Load. 605 Lb. - 

Fringe Distance Fringe Stress Positìn Stress 
From dge of Bar, in. 3pacing, 

in. 
From dge, 

in. iinlarßed. ctua1 

0.00 0.000 

0.22 0.045 
0.022 0.034 3860 

0.43 0.045 
0.032 0.061 2655 

0.174 0.077 
0.041 0.098 2072 

1.13 0.118 
0.041 .139 2072 

1.5 0.150 
0.04 0.182 1850 

1.96 0.205 
0.052 0.231 1635 

OAR. (.I ) 
'J e 

0.06 0.288 1650 
3.06 Q,.320 

0.06 0.354 966 
¿.90 3.408 

0.224 0.520 308 
0.0_ 

0.07E 0.671 1090 
6.79 .710 

0.055 0.738 1548 
).765 

0.041 0.78o 2073 
7.71 

0.032 0.826 2180 
8.06 0.845 

0.03e 0.86 2430 
8.41 0.800 

0.031 3.896 274]. 
8.71 0.911 

0.021 0.922 4050 
8.c)1 0.93 

9.15 0.956 



TABLE II 
Ear in Torsion 

Bakelite t3T-61-89 Dinensions L.956"xO.956"x5.75" 
I.îri1 26. 1940 12 Turns of Screw - 

Fringe 
From de 

Distance 
of Bar, in. 

'ringe 
Spacing, 

in. 

3tress Posft:on 
From dge, 

in. 

Stress 

n1arged .ctua1 

0.00 0.000 

_________ 

0.05 0.00? 
0.025 0.019 3372 

0.24 0.032 
0.025 O.04u 3372 

0.43 0.057 
0.036 0.075 2360 

0.70 0.093 
0.038 0.11 2240 

0.99 0.131 
0.044 0.153 1932 

1.32 0.175 
0.053 0.201 1607 

1.72 0.226 
0.077 0.266 1104 

2.30 0.305 
0.179 0.399 475 

2.65 0.484 
0.153 0.b56 555 

4.73 0.627 
0.079 O.6o7 1075 

5.33 0.706 
0.061 0.737 1392 

5.99 0.767 
0.045 0.789 1890 

6.13 0.81 
0.042 0.833 202 

6.44 0.854 
0.038 0.873 2240 

6.'73 0.892 
0.035 0.909 2430 

6.99 0.927 
0.023 0.938 3700 

7.16 0.950 

?.ì. 0.956 
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Pig. ¿ Vector Diagram f r Bar in Bending 
z 

x incide/ir uosrver 
Light Seam 

Pig. B Vector iagrwn for Bar in Torsion 

o 
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Fig. i Assembled pDaratus Thr Square Bar in Bending 

i. Light Source 4. Light Slit 
2. Polaroid 5. Lever System 
3. Light Filter 6, Lens 

7. Canera 



Fig. 2 Assembled pparatus for Square Bar in Torsion 

1. Light Source 4. Loading Frame 
2, Polaroid 5. Lens 
3. Filter 6, Camera 



ig. 3 Torsion Load.ing Frame 

1. Frame 6. Ring Bar 
2. Bottom Plate 7. Frame Bar 
3. Slits 6. Lodel 
4. Beveled Ring 9. Square Nuts 
5. Clamps 10. Nut and Screw 



i . 4 Scjuare Bar in Bending Under a Load. or 304 Pounds 

Fir. S Square Bar in Bending Under a Load. of 605 Pounds 



Fig. 6 Square Bar in Torsion at Four Turns 

7 bquare Bar in Torsion t sight Turns 



Fig. 8 Squtre Bar in Torsion at Ten Turns 

Fig. 9 Square Bar in Torsion at Tweive Turns 
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Data and Discussion of' Results: Curve i shovis how the 

stress varies over a plane section through the bar. It 

can be seen that the plotted points lie approximately 

along a straight line in accordance 1th elementary theory 

for a beam in bending. For a load of 605 pounds and under 

loading conditions as shov.rn on the curve sheet, the theo- 

retical maximum stress is 3115 pounds per square' inch. 

The maximum stress as determined from the curve is 3050 

pounds per scuare inch. Thus, there is a difference of 

6b pounds per square inch or 2.08 per cent between the 

two values. This is considered to be a very close check. 

It may be noticed that plotted points close to the edges 

were a considerable distance off of the curve. This was 

thought to b the result of refraction of the light at 

the surface of the material. This may be eliminated by 

subnerging the model in a liquid having the same index 

of refraction as that of the model. Differences between 

the other ïactted points and the curve were thought due 

to lack of precision in iieasuring the fringe spacings. 

nother factor contributing to the differences found 

was distortion of the image caused by the optical system 

employed. Other possible contributing factors were errors 

involved in measuring physical dimensions of the model, 

and leverage loading systems 

Curve 2 shows how the stress varies over a cross 



section through the bar in torsion. This curve is also 

a straight line which agrees with the theory as given 

by Timoshenko. The stress obtained from the theoretical 

equation for a suare bar iurned through an angle of 

0.0891 radians in a 5.0 inch gage length was 2640 pounds 

per square inch. The maximum shearing stress obtained 

fron. the curve was approximately 2ô80 pounds per square 

inch. These vai.ues show a difference of 40 pounds per 

square inch or an error of 1.u2 per cent. Sources of 

errcr involved are the sxne as those discussed for the 

bar in bending. 

Figs 4, 5, show the fringe pattern of the beam 

under a load of 304 and 605 pounds, while Figs 6, 7, 

8, 9, show the fringe patterns of the bar in torsion. 

It may be noted that as the stress increases, the error 

due to initial birefringence of the material is lessened 

as indicated by the more symmetrical fringe patterns. 
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Conelusions: In view ol the fact that the results obtain- 

ed by this method checked the theoretical results very 

closely under two conditions of loading, the method seems 

to be fundamentally sound and can be applied to iore 

complicated three-dins lonal stress problems with ease. 

The three-dimensional polariscope may be used also to 

determine optically the magnitudes of the principal 

stresses existing in a tv10-dinnsionL.l stress system. 
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