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SOLTJIONS OF LINEAR SYSTEMS WITH RAiDOM COEFFICIENTS 

Introduction 

Many problems in engineering and statistics lead. to linear 

equations, in which the coefficients are not deterïninecJ. exactly. That 

is, tne coefficients have a random character, which may cause an error 

in the solution of the linear equations. The object of this thesis is 

to study the random error in the solution. 

Consider a system of n inhomoeneous linear equa.tions with n 

unknowns, in which the coefficients and. the constant terins are subject 

to error. If the trae system of equations is 

(1) aux. 
= yji i = 1 ..., n 

then the equations involving the errors can be written 

(2) jl (a1 + + = + 
i. = 1, ..., n 

In equations (2), is the eri'or in the coefficient a1 and is the 

error in the term y1. where i 1, ..., n and j 1, ..., n These 

errors will introduce an error C. in the jth 1, j 1, .., n . 

If either of the systems of equations (i) or (2) is to have a 

Unique solution, the respective determinants must be different from 

zero. The assumption is made here that the solution of (i) is unique 

and that the errors and are bounded sufficiently to insure a 

unique solution of the equations (2). 

Suppose now that the a and. are random variables. The question 

which then arises is: given the probability distribution function of 



2 

each and what is the distribution function of the errors 

i = 1, ..., n ? I. M. H. Etherington has found an answer to this 

cjuestion in the case where the errors have finite moments of al]. 

orders (2, pp. 107-115). 

If such is the case, then the desired distribution function can be 

written in the form of a Grarn-Charlier series, 

(3) f(z1) = k3(Ck/kt)N'(zj) 

where 

In the series (3), 

where 

C. - 
i zi= 

= N(z) 
k 

dz 

2 

N(z) = e 2 

The values of the constants C are determined by the integrals 

I, co 

Ck 1 h(z)f(z)dz, k 1, ..., n , 

where Ji(z) is the Hermite polynomial of degree k. Thus, each Ck can 

be expressed in terms of the moments of the standardized variable z, 

provided these moments exist. 

L1he series (3) can be shown to converge to 1(z) at every point of 

continuit of f(z) if tne integral, 
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I: e 

exists and if f(z) is of bounded variation over the range of integration. 

If f(z) does not satisfy these conditions, then the series (3) may 

diverge (1, p. 223). 

tberington assumed the distribution functions of the errors, 

to satisfy these conditions. By inald.ng this assumption, he was able 

to find an approximation to the desired distribution functions, using 

only the first term of (3). To simplify the derivation, he assumed the 

distribution function of the errors and to be srmmetric and 

stoccastically independent for all i and. j. 

Etherington approached. the problem by first finding an expression 

for the error in the value of a determinant due to errors in its 

elements. From this result he obtained an expression for the error in 

the ratio of two such determinants which differ only in a single column. 

This expression turned out to be an infinite series. .ecause of the 

complexity of this series, a great deal of work is required to find 

even the first few terms as approxiiations to the moments of the errors 

ci Consequently, Etherington found only the first term of the series 

(3) and this term is only approximately correct. The expression he 

obtained is 
2 

(C -ni) 
i 1 

(1f) 
= 

-{ 

e 2 

where ni1 an approximation to the mean and m is an approximation to 



the variance. 

In obtaining these approximations, Etherington used some of the 

properties of mathematical expectation. This is defined by the integral 

(5) E{g(x)} f(x)dF(x) 

where E{(x) Is read 'the exDectation of g(x)". The integral (5) is 

a Stieltjes integral. F(x) is a cumulative distribution function of 

the random variable involved, i.e. a function which gives the proba- 

bility that random variable X lies between - oo and x. 

The properties of expectation are therefore those of a Stieltjes 

integral. The properties which are used. in this thesis are: 

(i) E{Cg(x)} = CE{g(x)} , where C = constant; 

(ii) L{g(x)+h(x)} = E{g(x)}+E{h(x)}; 

(iii) E{g(x)'h(y)} = E{g(x)}.E{h(y)}, if g(x) and 

h(y) are Independent; 

(iv) jE{g(x)} I Eflg(x)l}; 

(y) E{jg(x)} < p , if I(x)I < í 

As has been noted previously, the expression for the error obtained 

by Etherington is not easily used in computing the moments. Since the 

existence of these moments is essential to the derivation of approxi- 

matlon (i-i-), a simpler expression for the error is needed. A. T. Lonseth 

has succeeded in finding an expression which is much easier to use 

(14, op. 333-3314). It is easily derived from the expression of the 
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systems of equations (i) and (2) in matrix forni. 

If A is the n matrix of the coefficients of the equations (i) 

and a. is the nni matrix of the errors in these coefficients, then 

A + a. will be the matrix of the coefficients of the equations (2). The 

ecplation8 (1) can then be written 

(6) Ax = y 

where x and y are n-dimensional vectors euch that 

and. 

x = (x1, X2, ..., z) 

ï = i' 
2' ..., ï) 

Sitailarly, the equations (2) can be written 

(7) (A+a.)(x+c)=y+3 

where is the vector formed from the errors in the components of 

and c is the vector formed from the errors in the components of x. 

If equation (7) is expanded and simplified by use of (6), the 

expression 

(8) Ac = - a.x - 

is obtained. Since the equations (i) were assumed to have a unique 

solution, the matrix A will have a unique inverse, A 1±' (8) is 

premultiplied by A", we get the iterative formula 



(9) e = A -Aax -Aa 

For convenience, let 

and 

-L -1 MA p-A .x 

N = -AcL 

With this notation, formula (9) can be written 

(10) = M + Nc 

If, in place of the in the right member of (io), we substitute 

.i + Nc, equation (io) becomes 

(il) 

If again in (ii) we replace the c in the right member by M + iIc, (il) 

become s 

(12) c = M + I'N + NM + N3 

If this process is continued indefinitely, we obtain 

(13) =kONkl'ì 

as the error in the vector x. 

From equation (13) an expression for the first moment of may 

be found. The series obtained for this moment may or may not converge 

for an arbitrary range of the errors o1 and i,j 1, ..., n. 

Lonseth has established the convergence for the case where the errors 



are bounded sufficiently 4, pp. 3314._335). He did this by finding a 

bound for the absolute value of the errors c, i = 1, ..., n. A bound 

for is also a bound for the first moment of c, as is seen from 

properties (iv) and (y) of mathematical expectation. In general the 

kth moment will be, in absolute value, less than or equal to the kth 

power of the bound for jc.j, since 

< k <p (i) 
i 

where p is taken to be the bound of 

The bound obtained by Lonseth is 

n n n n 
I (6/jAj)lkkjI{(l + k DILl - (o/lAI) 1kl]} m1 

subject to the condition that 

IAL 
(15) 8< n n 

k1 jlkkjl 

In the above ex)ression 

= determinant of A, 

o = a bound of la.I1 ll; i, 2, n 

A. . = cofactor of a. in £ 
'J ii 

xi = jth component of x. 

Hence we may conclude that ali. the moments of c exist if the errors 

cLjj. 
ji 

i,j = 1, ..., n, are bounded by the expression (15). 



1. The One Dimensional Problem 

Once the existence of the moments for bounded errors has been 

established, one might ask about the existence of the moments when the 

errors have an infinite range. Some insight is gained by looking at 

a sDecial case, where the system of equations is just one equation with 

one unknown. 

If the true equation is 

(1) ax = y 

then the equation involving the errors will be 

(2) (a + cL)(x + c) = y + 

The letters a, a., x, c, and now represent real numbers. Equation (2) 

can be solved directly for c. The result can be simplified by use of 

(1) and thus the equation 

(3) 

is obtained. 

- - 

If a. has the range - 00 to + then a. could equal a in magnitude. 

But when a. -a, the error c is indeterminate. Since the existence of 

any moment in this case would require the existence of an integral of an 

unbounded function, there is a definite possibility that some of the 

moments do not exist. Such a possibility can be avoided, in general, if 

the error a. is bounded sufficiently. To avoid the corresponding situa- 

tion in the general case of n equations with n unknowns, we would have 



to require bounded.ness of the errors a. and. i, j = 1, ..., n 

More light is shed on our problem by looking at the Drobability 

distribution of c when a. ath have a noiinal distribution. For simpli- 

fication take x = a = O in equation (3). The expression for c then 

become s 

(14.) 

If we assume a. and to be stochastically independent with zero 

mean and unit variance, the distribution of c turns out to be 

:1. 

, -oo<c<+ 00. 
1 + 

This Is the so-called "Cauchy distribution", for which the moments be- 

yond the first d.c not exist; in fact, even the first exists only as a 

"Caucy limit", not absolutely. 

Thus, Etberington's expansion would. not be valid in this case of 

one variable and one u.nknown when cx. and have a normal distribution. 

While these results do not conclusively show that the moments do not 

exist, they do show the necessity of using care in applying Ethering- 

ton's results for cases where a... and i, j = 1, ..., n have infinite 

ranges. 

i This distribution function was derived in the lectures of A. T. 

Lonseth on Frobability during the winter term of 1950. 
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2. A Bound for the Moments of Bounded Errors 

The original purpose of this investigation was to establish the 

existence of all moments of the errors for the case of unbounded 

errors. This was not accouiplished. and this paper has become an alter- 

nate proof of the existence of the moments in the case of bounded 

errors. The problem has been further specialized by use of the assup- 

tion that the matrix A of equations 6 of the Introduction be symretric. 

with this assumption a different bound for 
c 

is obtained, which may in 

certain cases be preferable to that previously known. 

If A is symmetric, there exists an orthogonal transformation T 

. -1 . . 

sucn that TAT is a diagonal matrix. Its diagonal elements will be the 

characteristic roots of the matrix A. They will always be real since 

A is assumed to be symmetric. 

NOW consider equation (8) of the Introduction where A is now the 

symmetric matrix considered above. If this equation is transformed by 

use of the matrix T, it becomes 

(i) (TAT)Tc = T -(Ta.T)Tx -(TaT)T 

To simplify equation (i) let 

(2) TAT1 = D 

where D is a diaconal matrix whose diagonal elements are the character- 

istic roots of A. In general TcZf1 will not be reduced to diagonal 

form. Let 
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(3) 
-1 tTT 

where a.' is an n.m matrix with elements 

n n 

Ji kltikIantjm i, j = 1, n 

Por any n-dimensional vector z, let 

(4) z' = Tz 

By use of the relations (2), (3), and. (4), equation (i) may be written 

(5) Dc' = ' - CL1X1 -CX.C1 

The inverse of D is another diagonal matrix whose non-zero elements 

are the reciprocals of the corresponding non-zero elements of D. If (5) 

is multiplied by D1, we obtain the iterative formula 

(6) 0 D' -D&x' - D1a'c' 

Formula (6) ean be used to solve for t' just as foruula (9) of the 

Introduction was used to solve for c. ie are thus able to obtain the 

infinite series solution 

(7) ci = rO 
{(_l)r(D-1,)r(D-lI -Da.'x')} 

e 

The existence of the kth moment of 
c 

follows directly from the 

existence of a bound for as was pointed out in the Introduction. 

¶!o find a bound for c.J, consider the tX1 element of the vector 

c=L c' 
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This element may be expressed as 

n 
(8) = .E t..c'. i j1 31J 

where 

-1 n 
(9) = - a. 

j j j j mljmm 

n , -1 i I 

E a X a a. + rL1)'m 'npl jm1 m1 m,m m1 mr 'nr 

-1 X1x' ]} + L(-i)'X E a X a. a 
j m1 ml i'n m 'n1'n2 'nr'nr+l m, m1 

For convenience, let 1(r) represent the exDression in the braces for 

I(o) r = 1, 2, ... and. let represent trie expression not included, in tne 

imfjnite suination. Equation (9) may then be written in the form 

i(r) (10)1 = E0 c. j r j 

By substituting this expression for in (6), we et 

(u.) = Àt1($0 st(r)) 

If we interchange the summations of (11) ad take absolute value, we 

may write 

(12) ¡jj E 
¡ 
E t 

I(r)j 00 n 

r0 j1 ji j 

Consider the first term of the infinite summation in (12). 

This is 
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t(0)i n lt n t.. i=It.(X x') (13) 
,ji j 1=1 ji j j j mi jm in 

cx.' x} < {l + im in - j=l 

If the valueB of cx., X', and. ¡3' in terms of the elements of T, a., , 

and. x are substituted in (13), we et 

n ,(o) n -i 
(lii.) 

j 

t C {j z t X. 1 t. j 

j=1 ji j j=1 ji j rn=1 jm in 

n _1n n n n 
+j.t..x. z_ z E(t a t t x)j. 

j=1 ji j p1 q1 s]. m1 jp pq. sq sin in 

Since the suiiunations of (Ñ) are all finite, they may be written in any 

order. Consecient1y we may write (1)4) in the form 

n i(o) 
n n 

I f : jt. x1t j (15) 
j=l ji in 

n n r n 
+.E E L ¿ t.X t a. t t xj}, 

j=1 :=1 q=1 s1 mi. ji j jp pq sq sin in 

since the absolute value of a sum Is less than or equal to the sum of 

the absolute values. 

Let x be the largest of the jxj, i = 1, ..., n. Also, suppose 

that ¡a1j < 6 and. Ij < 8 for all i and j, where 8 is some positive 

number. If, in (15), every jx1j is replaced. by x and each ij 
and. 

by ô, then the inequality becomes 

n i(0) n n - 
z t. c. j {8 E E ¡X 1t. t. j (16) 

ji j j=1 m1 j ji jm 

n n n n -1 
+ ÔX.E L. E E ¡X t. t. t t j . 

j=1 p=l q1 s=1 ml j ji jp sq sni 
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Since the inverse of A has been assumed to exist, none of the X1, 

i = 1, ..., n will be zero. If the smallest such X1 in absolute value 

is equal to i., then 

-1 > - , i = 1, ..., n 

If we replace each X1 by p. in (16) we get 

n jt. t. (ii) .Lt . ,j1 ji j j]. m1 ji jm 

n n n n 
+(ôyJp.) lt.t.t t j}. j1 p1 q1 s1 in i ji jp sq sin 

Since T is an orthogonal matrix, 

n2 
(is) t =1. 

j=1 ji 

We apply the Caucoy ineouality to all terms of the form 

n 
. ¡t..t. 
j=1 ji jk 

and get 

n n 2 n 2)}l/2 
(3, D. 34) (19) jaJtjltjkI {(&jt. I ).( . I ji j1 jk 

By use of (is) we see that the expression on the right is just equal 

to one. Therefore, (i7) reduces to 

(20) 
I 

t 
t(0)j 8/p. + 

n n i n n 

j=l ji j m1 pl E E 8jp. q1 m=1 

Since the indices of the summations no longer occur in the summands, 

we may write 
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n t(o) 
(21) 

j 

n6/ + n3ôX/p. 

Similarly, for r = i we have 

n e(i) < 
n n n 

(22) j zt..c. j _{j Et.X. E E E t j 

1=1 ji j 1=1 ji j s1 m1 Pl q=1 js sti pm p pq q 

n _1n n n n n n n -i 
z z z z z z zt.,ctxtt txj}. 

j=1 ji j k1 m1 pl q1 sl u1 v=i. jc pm p pq qs us uy V 

After moving the absolute value signs inside the summations, we have 

n n n n n -1 -1 
(23) jt.1)j{z E E E z1jt X.t a t X t j1 ji j jl s1 m1 pl q ji j is sm pm p pq q 

n n n n n n n n -i 
+ z z z z z z z zjt.x t. j1 l m1 l q1 s1 u1 v1 ji j 

jktpmX;t t t X 
pq qs us uy y 

If we substitute ô for ¡cL..I and X for jxj and for jXj, the 

inequality (23) becomes 

n t(l) K 22 n n n 
(24) Izt.. j_o 1El2.j E z(t t t ti 

j=l ji j i= = = p=1 q1 ji is pm pq 

n n n n n n n n 
+ x62/p.2 E E E E E E E L j t 

pm pq us uy 
t t t t t j. j=1 k=l m1 pl ql s1 u1 v1 j 

Finally by use of relation (19), we get 

(25) 
I 

z t. 
u(i)j 2 3 2 ô2n5/2 

n 

j=ljij 6n/ + 

In general, for any value of r, we have 

< 2r+l r+1j r+l 2r+3 r+l r-fi -n 6 flL +n ô xI 
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or 

n i(r) < 2r+lr+1 r-Fi 2\ 
(26) . t..c (n ô /p )(i + n x' 

j-1 J]. j 

The inequality (12) may now be written 

00 n i(r) 
(27) kI E r0 =E1tc 

I 

< 
c 2r+1 r-Fi r-fi 2 

n ô / )(l+n -r0 

for j. = 1, .,, n. This is just a geometric progression, which may be 

written in closed foriu, so that finally 

(28) 

provided that 6 < 

(i. + n2x)(nô/)( ) 

- n28 

nô 
) 

Consequently, we may conclude that all the moments of cj., i = 1, 

. . . 2 . 

..., n will exist if ô < /n . If this same condition is satisfied, 

the right side of (28) will be a bound for the components of c. 
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3. Summary 

In solving linear equations in which the coefficients are random 

variables, the question of magnitude and distribution of the error in 

the solution arises. The problem has not been solved for the case 

where the errors in the coefficients are unbounded. If the matrix of 

the system of equations is symmetric, the errors in the solution will 

be bounded by 

(1 -f n2)( _ n6 
- n28' 

provided the errors in the coefficients are less than 

This bound may be better in some cases than the bound obtained by 

Lonseth. In other cases it may not be as good. That one bound. is 

better than the other has not been determined. 
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