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This thesis treats the numerical solution of 
partial differential equations arising in the fieJ..d of 
mathematical physics, particularly the heat equation, 
the wave equation, and the equations of Laplace and 
Poisson. The numerical solution of these equations for 
the case of two space variables has been treated by 
Milrie, Southwell, Bickley, Levy, Collatz, Fox, Courant, 
and others. I intend to extend this investigation to 
the case of three space variables. 

We shall solve numerically the wave equation, 
the heat equation, and the equations of Laplace and 
Poisson. The numerical solution for each of these equa- 
tioris is carried out by replacing the respective differ- 
ential equations with appropriate difference equations. 
Much of this thesis is involved with the derivation of 
these difference equations. 

The first step in establishing a difference 
equation corresponding to a partial differential equa- 
tion is the choice of a specific pattern of points at 
which to take the functional values entering into the 
difference equation. The point pattern chosen is 
associated with cubes of edge 2h which fill the region 
to be investigated. The twenty-seven points used are: 
the center of the cube; the centers of the six faces of 
the cube; the twelve midpoints of the edges of the cube; 
and the eight corners of the cube. We next expand the 
functions of the several points in Taylor's series about 
the center of the cube. These epansions enable us to 
replace the Laplacian operatorV' by one of the several 
difference operators. The choice of the difference op- 
erator is very important since the Laplacian operator is 
basic to each of the differential equations to be inves- 
tigated. Once the difference operator is determined, 
operations may be performed and functions expanded such 



that the respective differential equations may be ro- 
placed by corresponding difference equations. 

The heat and wave equations may be cL cul- 
ated step by step for the difference equation and are 
readily solved. The numerical solution of Laplacets 
and Poisson's equations, on the other hand, is deter- 
mined from a system of simultaneous equations. These 
equations may easily number several hundred since there 
are as many equations as there are interior points in 
the region being investigated. There is a matrix 
associated with the system of simultaneous equations. 
A certain amount of matrix theory is introduced in 
order to discuss some of the properties of this matrix. 
Use of the relaxation method or any other approximate 
method which must be used to solve the system of equa- 
tions introduces an error which must be calculated. 

Another source of error is introduced in each 
of the problems which has been solved numerically. 
This error, called the truncation, is due to using 
difference equations in place of the respective differ- 
ential equations. The truncation error, which is a 
measure of the accuracy attained in using the differ- 
ence equation, may be approximated by suitable differ- 
ences. These expressions enable us to èstimate the 
truncation error at any step in the calculations. 
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Difference Expressions For The 

Three-Dimensional Laplacian Operator 

1. Introduction 

The numerical solution of partial differential 

equations centers around the realm of linear equations a- 

rising in the field of mathematical physics. Those partial 

differential equations which are particularly adaptable to 

numerical methods are the heat equation, the wave equation, 

and the equations of Laplace and Poisson. The numerical 

solution of these problems in two space variables has been 

treated by Mime (2, pages 13O-22). I intend to extend 

this investigation to the case of three space variables. 

The Laplacian operator V2 is basic to each of the 

four partial differential equations mentioned above. The 

problem is first to determine a point pattern to be used 

in establishing a difference operator which may be substi- 

tuted for the differential operatorV2. Having determined 

the difference operator,\72u may be replaced by a differ- 

ence expression. The differential operator and differential 

expression, 2 and V2u respectively, are fundamental in 

determining difference equations which may be substituted 

for the four corresponding partial differential equations. 

The theory and principle of the problem of three 

dimensions is quite similar to that of two dimensions. The 

three-dimensional case of course will give rise to more 
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complicated operators and expressions. The two-dimensional 

problem has need of nine points in establishing the two 

basic operators which are used in finding a difference 

operator for Paralleling this case in three dimen- 

sions twenty-seven points are needed in order to establish 

the three basic operators which we use. 

Numerical methods tend to separate into two types: 

one, the kind arising from the heat and wave equations, 

called the explicit type, where the numerical solution may 

be calculated step by step from the difference equation; 

and two, the kind arising from Laplace's and Poisson's 

equations, called the implicit type, where the unknown 

quantities are determined from a system of simultaneous 

equations. A certain amount of matrix theory is needed in 

solving the implicit type and will be introduced accordingly. 

We shall discuss the wave equation, heat equation, 

and the equations of Laplace and Poisson from the standpoint 

of the numerical method, and shall establish difference 

equations of varying accuracy for each of these. It is 

noted that in establishing each difference equation an 

error is introduced. Each error which we shall calculate 

is a measure of the accuracy of the respective difference 

equation. 
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2. The Point Pattern 

The first step in establishing a difference equa- 

tion corresponding to a partial differential equation is 

the choice of a specific pattern of points at which to 

take functional values entering into the difference equa- 

tion. The minimum number of points needed is determined 

by the order of the differential equation in the several 

variables. Higher order equations require more points. 

The equation u2 + u72 + u2 O requires three points 

in each direction or a minimum of seven points, where one 

poInt is common to each direction. If more points are used 

the error term of the difference expression will generally 

be reduced, and the difference expression will be a better 

approximation to the corresponding differential expression. 

We shall use twenty-seven points in establishing a differ- 

ence operator for the three-dimensional Laplacian operator 

V2, thus getting better results than from the use of 

seven points. The more points one uses of course increases 

the amount of time and labor needed in applying the differ- 

ence equation. We shall take the interval Ax 

and use points associated with the cube of edge 2h. The 

twenty-seven points used are: the midpoint of the cube; 

the eight corners of the cube; the midpoints of the twelve 

edges of the cube; and the centers of the six faces of the 

cube. 
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The twenty-seven points are shown in figure 1 in 

which the center of the cube is encircled. The continuous 

function f(x, y, z) has values at the several points de- 

noted by: 

f = f(x, y, z) at the center 

f(x, y+h, z) 

C2 = f(x, y, z+h) 

f3 f(x, y-h, z) 

= f(x, y, z-h) 

= f(x+h, y, z) 

= f(x-h, y, z) 

f7 f(x, y+h, z+h) 

C8 = f(x, y-h, zh) 

f9 = f(x, y-h, z-h) 

lO = f(x, y+h, z-h) 

f11 = C(x+h, y+h, z) 

f12 = f(x+h, y, z+h) 

f13 f(x+h, y-h, z) 

12° 

23 

13 

/7 I / / 
//f 

/df 
/ / / '/0 

'22- 

fz'ìj&re. / 

= f(x+h, 

= f(x-h, 

f16 = f(x-h, 

f17 f(x-h, 

f18 = f(x-h, 

f19 = f(x+h, 

2O = f(x+h, 

f21 = f(x+h, 

22 = f(x+h, 

f23 = f(x-h, 

= 

f(x-h, 

f26 = f(x-h, 

-1 

y, z-h) 

y+h, z) 

y, zh) 

y-h, z) 

y, z-h) 

y+h, z-i-h) 

y-h, z+h) 

y-h, z-h) 

y-i-h, z-b) 

y-i-h, z+h) 

y-h, z-i-h) 

y-h, z-h) 

y+h, z-h) 

r:i 



3. The Taylor Series Expansions 

The expansions of the functions f 
, 

f2, , f26 

in Taylor series about (x, y, z) are of three distinct 

types depending upon the relative position of the points. 

The types are: center of the face type; midpoint of the 

edge type; and the corner type. An illustration of each 

shall now be given. The center of the face type; the mid- 

point of the edge type; and the corner type are respect- 

ively: 

(3.1) f = f h 
i n=l 

n! yn 

(.2) f = h r 7flf; 

il n=l ! L YJ 

and 

(3,3) f = f + + + f 
19 n=1 1! x 

Adding the six center of the face type; the 

twelve midpoint of the edge type; and the eight corner 

type by Taylor7 s series give respectively: 

(3.) . -óf=h272f+ 2hrfr fil 
L1J LX y)4 

+ 2h6 flf + f + f + 2h8r 
8 8 

+ 
6! Lx 6 zJ a Lx y z 

+ o(h'-° , 

18 

(3.5) - 12f 
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2 vr + 1f + f + f + 3f 
2 2 + 2 2 Lx y z xy yz 

+ 2 2 
+ 6[2(f 

Ô + + + 2 zxJ tx y zj kxy 

+ f2 
+ 

+ f 2J + 

f8Í81L«f6 f6+f62+f 
y z xy yz zx xy 

+ 72Ó + 3(f147 + + 

arid 
26 

(3.6) - 8f = Lh272f 

8hFf ff6(f22ff22)] xy y 

8h6f f6f6+15(f2+f2+f2 
y z xy zx 

+ + y2z + 
+ 90 fx2y22J 

[f8 + 8 f8 28 
(ó72 + + 

+f26+f26f2 +70/f xy yz zx) 1x4 
+ 20(f22 fy 

2 2 2 zx zxyjJ 
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+ O(b0..The expression o(h0 indicates that the 

respective formulas have an error in the term involving h10. 

This type of error which is committed by using an approximate 

formula is called the truncation error. Each of the equat- 

ions 3.L, 3.5, and 3.6 are basic in the development of the 

difference operator associated with V2. 



ru 
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Li.. The Partial Differential Operators 

The equations 3.L1., 3.5, 3.6 can be put in a nore 

coi-ive ient form by the use of several differential oer- 

ators. Those operators which will be useful to us in the 

develpment of difference equations are defined to be 

(L..i) ___ 

L1. +t1. 
(L1..2) 

= x2 y2 y2 cz2 cZ2 cx2 

ad 

(.3) R6 
x2-22 

Using these operators the following relations are 

found: 

(L1..L1.) ___ + ___ = - 2 

6 6 76 -3V2 + 3R6 ; 

(L1..6) L2 L2 l2 2t1. 2L1. 

_____ ô 
+ C) =QL+7_3fl 

; 
L1. 

___ 78 + 28 + V2R6; 
x8 y8 
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c8 ____ ____ ____ ______ + ______ ______ ______ ______ 
.6 

c 

6 2 

+ 

L. 2ó 
- 2Q8 

_____ _____ _____ = - 2 V26 

and 

_________ _________ _________ v6. (L1..io) 
+c/ + _____ 

. The Partial Difference Operators, F, G, C 

Three partial difference operators are now defined 

which will be useful in finding a difference operator 

associated with the differential operator 
2 

The oper- 

ators F, G, C which are respectively associated with the 

six centers of the faces, the twelve midpoints of the edges, 

and the eight corners are defined by the equations 

(5.1) Ff 
l 

- 6f, 

18 

(5.2) Gf f, - 12f, 
i 

and 

26 

(5.3) Cf - 8f. 
'=19 



6. The Partial Difference Operators L, K, M, N 

Use of the relations given in paragraph L enables 

us to put equations 3.L1. - 3.6 in the more convenient form; 

(6.1) F2 = 2V2f + [v -2]f 
[v6_ 3Q!4V2 + 3R6Jf 

8[v8 + 28 - + + 

(6.2) Gf 272f 8h[V + 

f2v6 + 9V2 - 39R6Jf 

+ 8ii8[V8 98_ 8O2 R672 + 

and 

(6.3) Cf 
22 8h{7 + 

8h6 [6 + 1272 + L8R6Jr 

8h8 
[8 + l68 + 2V + 256V2R6Jf + O°. 

The next step is to eliminate from these equa- 

tions. This may be done in infinitely many ways. We shall 

use two distinct methods. The first method is to multiply 

equations 6.1, 6.2, 6.3 by 34, 3, 1 respectively and add. 

This choice was based ori the fact that if f was harmonic 
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in the region, then 1LF + 3G + c = o(i since all terms of 

lower orders vanish. These multipliers yield 

(6.) (lF3GC)f=h2V2f+60hVf 
21 

60h6 V6f l2OhóQV2f 
o(h 

6! 

Where the 

8 
(6.5) 

A second 

advantage in some 

3, 1 by 16, )4, 1. 

leading terms of the truncation error are 

8 8 14L1. 261 
LÓOV LOoQ. 320Q, V + 2LoV RJf. 

nethod to eliminate which may have 

cases is to replace the multipliers itt, 

The resulting equation from this second 

set of multipliers is 

(6.6) (16F + + c)c = 72 h2V2f + 72 hVf 

+ 72h6V6f ]JL72f - 114i4h6R6f + o 
61 

in which the predominant terms of the truncation error are 

(6.7) E = {72V8 8o8 + 38V -38V2R61f. 

The four difference operators which we will have 

cause to use are L, K, M, N. These operators are defined 

to be 

(6.8) L=1LF3G+C, 
(6.9) K=16FL1.GC, 
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(6.10) M = 14F - G, 

and 

(6.11) N=14F-2G+C. 

It is interesting to note that the operators F, G, C 

may each be expressed as a function of L, M, N. These re- 

lationships are 

(6.12) F=LM 
30 

(6.13) G=)4L-1OM-14.N, 
and 

(6.1)4) C = )4L - 140M + 26N 
30 

From the previous equations in this section the 

difference operators L, M, N may be expressed as functions 

of the several differential operators. The results are 

(6 1) L 60h2v2 + 60h14 V14 6oh6v6 120hóQ#V2 
2 6' 61 

60h8V8 )400h8Q8 320h814 V14 2140h8v2R0 

8 8" 

+ 0(h)10, 

(6.16) M = -h14 - hóV2 + h R ___ 

h8)4 14 h8 V R6 + o 
(0, 

360 60 

and 

(6.17) N = h6R6 h872R6 0(h)10. 

The difference operators defined in paragraphs 
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five and six, which are associated with the twenty-seven 

points of a cube of edge 2h, may be represented more vividly 

by various stencils. The stencils are associated with the 

aforementioned twenty-seven points of a cube. In figure 2 

we shall call ABCD the front plane, EFGH the center plane, 

and IJKL the back plane. The center of the plane EFGH has 

the co-ordinates (x,y,z). We shall have occasion to refer 

to these three planes in the following stencils. 

4 ¿3 

F;krQ 
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7. Differential Operator Expressed in Terms 

of Difference Operators 

We need to find expressions for the differ- 

ential operators v2, R6, such that each of them 

may be expressed as a function of the difference op- 

erators L, M, N. The method of successive approxi- 

mations is used to derive these formulas. The first 

approximation for V2 is found from equation 6.1S by 
dropping terms of the sixth and higher orders. This 

gives 

(7.1) 
1h2 v2) 2 + 30h2 y2 - L O 

which is a quadratic equation in h2\72. Use of the 

larger root of equation 7.1 and application of the 

binominal theorem yields 

2 2 L - L2 + o(i6. (7.2) h 7 - 12.302 

To correct this equation through operators of the 

sixth order consider the formula 

(7.3) h72 - L2 + E 
30 12.302 

Where E is a sixth order operator. Before E can be 

L2 evaluated a difference operator is needed for V 
This Is easily derived from equations 6.16 and 7.3 

and is 
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(7J) hóV2 = 
- 1* 

Use of this relation along with equations 6.]5 and 

7.3 establishes 

(7.5) E= L3 ML 

3'30 6.302' 

Hence a second aproximation for h272 is 

(7.6) h2V2 - _____ + L3 + ML + o(h 
30 12.302 3.3Ol- 6.302 

It can be shown from the previous equations of the 

last two paragraphs that 

(7.7) h=-M+ ML 
1230 

and 

(7.8) h6R6 = N + o(h. 

The process of successive approximations may 

be repeated over and over again to get any degree of 

desired accuracy. We shall carry this process one 

step further. We next take the formula 

(7.9) h c7 = - - 
12'3O 3.3t 6.302 

E 

Where E is an eighth order operator. For our imined- 

iate purposes it is convenient to put equation 6.16 

in the form 

(7.10) h= -M - hÓQI4V2 + h6R6 - h8Q8 

h8 y 2R6 h8 + o (h)° 
60 360 
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Operating on the last three equations with 

the several difference operators give us the differ- 

ence equations 

(7.11) hóy2 ML NL o(h0 
30 L30 

(7.12) h8Q8 = ii2 (1O 

(7.13) h°V + 0(h)1° 
900 

and 

(7.lLj) h8y2Ró NL + 

The last four equations along with equations 

6.15 and 7.9 enable us to determine 

(7.15) E = + ML2 

1L102303 65o1 3o3.32.fl 

NL 

3035.6.7 

Therefore we establish 

L2 + L3 + ML (7.16) h2V2 = - 12.302 330 6.302 

L1 M2 + ML2 

11.102.303 65oL 303.32.114 

NL 

303567 

The importance of this equation must not be over- 

looked. This equation will be the most fundamental 

one in establishing difference equations which cor- 

respond to the respective differential equations. 
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The other differential operators are defined by the 

f o rmul as 

(7.17) h6R6 = N - + O(h0 
30'12 

and 

(7.18) h4Q)4 = -M ML + - M2 - NL + o(i° 
1230 61 

8. The Equation U. = 

We shall solve numerically four types of 

boundary value problems. We shall discuss the prob- 

leni in which the region has a specially shaped bound- 

ary. For simplicity we take the region to be a ree- 

tangular parallelepiped or a rectangular parallele- 

pIped with chunks of rectangular cross-section cut 

out of it. We also choose the interval h such that 

there are nodal points on the boundary and further- 

more each nodal point is a distance h from four other 

nodal points on the boundary. Where these conditions 

are not satisfied, such as in the case of curved 

boundaries, an alternate method must be used in which 

a new operator must be defined to handle those nodal 

points near the boundary. Away from the boundary the 

operator L still may be used. With these facts in 

mind we set up difference equations corresponding to 

each of the four types of boundary value problems. 
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The respective difference equations are based on the 

previously defined difference operators. 

We shall first investigate the heat equation. 

By differentiation and substitution from Uj = c2V2U 

we have 

(8.1) Utfl = for n = 1,2,3, . 

Then by Taylor's series 

(8.2) U(x,y,z,t+k) - U(x,y,x,t) = 
k2utt 

+ k3Uttt = kc2V2U + k2c)4V)4U + k6V6U 
6 2 6 

Dropping terms of the sixth and higher order 

from equation 6.15 w have 

(8.3) u = 30h2V2U + hLkç7U. 

We combine equations 8.2 and 8.3 in such a manner 

that the terms involving 2 and V vanish. When 

this is accomplished we have a simple difference 

equation whose truncation error is of the sixth order. 

In order for this to be done we must have k = 
6e 

Substitution of this relation into equation 8.2 

yields 

(8.L) U(x,y,z,t+k) - U(x,y,z,t) h2V2U 

+ hvU 
+ 1296 

h6y6U. 

We substitute for h2flV2h1U, n=1,2,:3 from equation 



7.6 in terms of difference operators, collect differ- 

ences of like orders, and finally obtain 

LU 
(8.6) UG,y,z,t+ - Ux,y,z,t = 63o 

MLU _U + 0(h. 
+ 62.302 3.62.35 

Applying this equation one would drop all the terms 

on the right except the first and use the sixth order 

terms only for a check of the accuracy attained. The 

resulting equation represented by the stencil is 

-j-- ('.7) - 1gO u(x1t) 

Where the leading terms of the truncation error are 

E 

ML L3 
(8.8) E 

= 62.302 + 

To use equation 8.7 U must be known at all points of 

the network at t = O and U must be known on the bound- 

ary for all t. 



22 

The analytical solution of the heat equation 

is not easily adaptable to boundary values which are 

functions of time. The difference equation, on the 

other hand, is quite easily adaptable to variable 

boundary values. The boundary values must merely be 

known for all t. 

9. The Equation = c2V2U 

Let S2U be defined by the equation 

(9.1) 82U(x,y,z,t) = U(x,y,z,t-I-k) - 2U(x,y,z,t) 

+ U(x,y,z,t-k). 

The equation h2("+ -L 2"_ 1 
) 

derived by Milne (2, page 8)4) along with equation 9.1 

yields 

(9.2) su k2(Ut + . su + 0(h6)). 

This equation with the aid of Ut2 = c2V2U gives 

(9.3) = c2k2(V2U + s(vu) + 0(h6)). 

Application of equation 7.6 to this formula yields 

(9)4) 62U - L2 + u + 0(h6) 
0 12.302 1230/ 

where p2 c2k2 
h2 

This equation can be put in a better form with the 
22 

6 aid of the relation S2LU = LS2U = + 0(h ). 

Therefore equation 9.L1 becomes 
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(95) 
2( L 142 

L2 u + 0(h6). 
\ 30 12.302 

J 

The step by step solution of the wave equation ob- 

tained from equation 9.5 converges for only certain 

values of p2. We must determine the range of p2 such 

that equation 9.5 has meaning. If p2=l it can be 

shown that the process diverges. Suppose we have the 

following set up which is symmetric with respect to 

the midpoint of the cube. Let U be defined at two 

different times as given in figures 3 and 14.. Let 

figure 3 indicate U at (x.,y,z,t-4) and figure L in- 

dicate U at (x,y,z,t). 

3 Fire 
'-I 
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2!. 

The expressions LU and L U are indicated by 

the stencils 

jgq -iç'q /pc/ 

__/7' ig<,' -/t 

ig<,' is'' /<,' 

_fç'y /ge7I 
-ig'y 

/' /8'f ¡8<,' 

-/8<, /6'Y -,'Py 

18V -/8V I8 - 

-/S'/ uY -/P 

JV -uîq i<j 

- cjd L -. 

/8Yt igy írr 

-/Y /SY 

-iiv !8Y fI1 

-1g?t 

-trji -/z 

-/pr'- /py'- -/F" 

/8V 

-J84' IF,' -18'! 

From the characteristics of the wave equation for 

these two initial values it is impossible for the 

absolute value of U to be greater than i8L. at any 

point or time. Actually p2 chosen such that the 

absolute value of U at t-h&is less than or at most 

equal to the absolute value of U at t-4. Suppose 

we take the extreme case where the network for t+é 

is the same as for t-4. Substituting these quan- 

tities into equation 9.5 and considering ïn partie- 

ular the midpoint of the cube we have upon re- 

arrangement of terms L232p4 - l25l2p2 + Loo = O 

or p2 = 
3L - fl8i 0.52)47. Actually it can 

23 
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be shown that we must have Op2 0.52L.7. If p2 

takes ori greater values than those indicated here 

we have a diverging process and equation 9.5 is 

meaningless. The value of 0.50 is usually taken for 

p2 in applying equation 9.5. Then we have 

2 7L T2 
(9.6) u = u + 0(h°). 

60 
Li.. 

12.302/ 

The truncation error of equation 9.5 shall 

now be investigated. The error arises from two 

sources: not using enough terms of the equation 

i 827 h2[ + B - and not 

using enough terms of equation 7.6. The predominant 
k2stt 

and terms of errors and are 
2)40 

2 ( L3U + MLU \ - 2p L3U respectively. 
330L 6.3o) 122.303 

Upon operating on the equations in this section we 

have k2&4IJtt 86U p2L3U = 
2)40 2)40 30 

and p2MLU = MS2U. Hence the leading terms of the 
30 

truncation error of equation 9.5 are 

(9.7) E = - + L2S2U M2U 2p2L282U 
2)40 3303 630 122.302 

In practice we do not use a 125-point steri- 

cil for the operator L2, but first compute LU, and 

then by a second application of L we obtain L2U. 
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This method eliminates awkward situations on the 

boundaries. Higher order operators are treated in 

a similar manner. 
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10. Laplace's Equation \72U O 

The heat and wave equations which were 

treated in the two previous paragraphs are examples 

of partial differential equations whose numerical 

solution can be carried out step by step by means 

of explicit formulas, In contrast to this, 

Laplace's and Poisson's equations are examples of 

those partial differential equations whose num- 

erical solution is contained implicitly in a system 

of simultaneous equations. At this time we shall 

look at the numerical solution of Laplace's equa- 

t i on. 

Let us examine again the equations 

(10.1) FU = h2V2U 
+ 

V- 2Q)u + o (h6) 

and 

(10.2) LU = 30h2V2u + hu + L h6V6U 
12 

+hóV2u 0(h8). 
When h is so small that the right hand mem- 

bers can be ignored in view of the accuracy desired, 

the foregoing equations yield two difference equa- 

tioris by which Laplace's equation may be replaced: 

(10.3) FU = O 



arid 

(iO.L) LU = O. 

Although the F operator is simpler arid easier to use, 

generally the L operator yields much better results. 

This is easily seen from equations 10.1 and 10.2. 

Solving the equation of Laplace numerically by the 

difference equation FU=O introduces an error of 

fourth order, while the equation LU=O is subject to 

an error of eighth order. 

Our problem is to determine a function U(x,y,z) 

that satisfied Laplace's equation everywhere in the in- 

tenor of a connected region R where the boundary B 

of R has assigned values. We first inlay the region 

R with a cubic lattice of edge h, where the boundary 

B cuts the lattice at nodal points. First let us 

use the operator F in setting up this problem. For 

each of the N interior points we apply equation 10.3 

obtaining a system of N sImultaneous linear equations 

in the N unknown values of U(x,y,z). In these equa- 

tions it facilitates to change all signs and trans- 

pose to the right all known quantities, the known 

quantities being the boundary values. The system of 

equations in matrix notation is 

(10.5) PU = y 

1/here P denotes a N X N matrix where each element of 
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the main diagonal is equal to 6 and all other éle- 

nients are either -1 or O. The symbols U and V are 

n-dimensional vectors. 

The matrix P has a number of important char- 

acteristics. In discussing these interesting prop- 

erties let us concern ourselves with a particular 

region. Consider the region described in figure 5 

in which the U's are to be found at the eleven in- 

dicated points. 

fL(re S 

We verify the following properties of the matrix P. 

L The matrix P depends solely on the shape of the 
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set of lattice points within the region R and.. is in- 

dependent of the assigned boundary values. 

2. i1he matrix P is syriimetric for every region R. 

3. The latent roots of P are symmetrically located 

with respect to À6. Therefore if t is a 

latent root, so is 12 - j. This property is not 

quite obvious. To prove this we consider the hono- 

geneous system PV ÀV where A-.. is a latent root 

and V the associated latent vector. By subtraction 

from the identity 6V6V we have (61 -P)v(6 - 

where I is the unit matrix. Now we replace 6 - 

by 6 - and V by U where te new latent vector U is 
found froni V by the pattern of sign changes shom in 

figure 6. For any region R the pattern of sign changes 

is simply the one for which signs alternate in 

both rows and coltuans in each dim ension. The effect 

in the matrix bi - P which has zeros in the main diago- 

mal is to change (or leave unchanged) all signs in the 

ith row or column. If V 

x,x10,x11), then U(x,-x2,x,-x,x,-x6,x7,x3,-x9, 

x10,x11). Clearly U and are latent vector and 

latent root respectively, and 6 - A4 
'j - 6 which 

establishes the statement. 
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4. The matrix P is non-singular. The fact that 

FU O determines the range of U; which lies be- 

tween the least and greatest of the six adjacent 

values of U1 . Therefore if FU = O at every in- 

tenor point of R it is clear that U can have neither 

a maximum nor a minimum at any interior point. IThus 

the value at any interior point must lie between the 

least and greatest boundary values. If all boundary 

values are zero, so are all interior values. Hence 

the homogeneous system PU = O can have no non-zero 

solution and P is therefore non-singular. 

For each segment of the lattice joining two 

adjacent points t and tj, which are associated with 
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the operator F, we can form the square of t he differ- 

ence of the associated U's, (U - 2 
The symbol 

S denotes the positive definite quadratic form 

S = (U; - Uj 
)2 

in which each difference occurs just 

once. 

We now have the following: 

5. The solution of equations 10.5 minimizes S. This 

is established by showing Sj = O, s= l,2,, n. 
This is determined since FU =0. It follows that P is 

the matrix of a positive definite quadratic form. 

From this together with property 3 we see that 

6 The latent roots of P lie in the range O<,l2. 
7. If W is any N-dimensional vector with no negative 

components and if PU = W then U has no negative com- 

ponents. The non-zero components of W are the bound- 

ary values of R. For proöf of this property assume 

that some U1< O. Since FU = O the components of U 

can have no minimum in R and therefore some 
J 

Therefore some <O, a contradiction, and thus the 

proposition. 

8. If PU = a and PV = b where a1 b1, then U1 V,. 

Here we hâve PV - PU P(V-U) = b - a. Therefore 

P(V1 - U1 ) = b1 - a1 O. From property 7 V,. - TJ O 

or U1 V,.. 

VTh.ere the work is done by hand the solution 
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of the system of equations given by 10.5 is usually 

carried out by the relaxation method. q.uite a com- 

plete discussion of the implicit type of the numer- 

ical solution of partial differential equations by 

the relaxation method is treated by Southwell (3, 

pages 1 - 67). 

In place of the operator F and its assoc- 

iated matrix P one may use the operator L and its 

corresponding matrix X. Although F is simpler to 

set up and compute than L, the operator L usually 

gives more accurate results. Taking full advantage 

of this fact, what is often done is to use F in the 

early stages, and after a pretty good approximation 

is obtained, switch to L for the final approximations. 

Use of L gives the system of equations 

(10.6) X U b. 

The diagonal elements of X are 128 and the 

non-diagonal elements are either -114, -3, -1, or O. 

The matrix X is a n x ri matrix where there are n 

interior points. The properties of X are quite simi- 

lar to those of P. The following properties are im- 

portant. 

1. The matrix X depends only on the set of interior 

mesh points of R. 

2. The matrix X is symmetric. 
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3. The latent roots of X lie in the range O<<l814. 

This property is not quite obvious. However it is es- 

tablished from the following considerations. Imbed 

the region R in a rectangular parallelepiped R1. For 

R1 set up the matrix X1. The matrix X is found from 

X1 by dropping from X1 the rows and columns belonging 

to points of R- but not to points of R. Also from 

the theory of matrices, as shown by Milne (2, page i6L.) 

the latent roots of X lie within the range of latent 

roots for X1. The latent roots of X1 are given by the 

formula 

(10.7) = 128 - 28(cos ih cosjh + coskh) 

12(cosih cosjh + cosjh coskh + coskh cosih) 

8cosih cosjh coskh 

where i = liT 
i = .IL. k = The dimensions a b , o 

of the parallelepiped are a x b x c and 1, m, n, are 

integers such that 0<ïh<.Tt, 0jhTT, 0kh . 

The values of X given by equation 10.7 may be shown 

to lie in the range O <<18)4. The latent roots of 

X also lie within this range. The associated latent 

vectors are 

U = D sin lwx sin mrry n7Tz 
a b c 

The latent roots of X are not in general symmetric- 

ally situated. 
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L. The matrix X is non-singular. We have LU O, 

therefore the value of U lies between the least and 

greatest of the twenty-six adjacent values. 

We can construct a positive definite quad- 

ratic form A similar to S containing terms 

l)#(U - U2 for parallel to the axis differences, 

3(U -u)2 for differences making an angle of L5 

with the axes, and 

ct_Ti -u)2 for the corner type differences, and add 

the three types such that rio difference appears 

twice. 

5. The system of equations 10.6 minimizes A. 

Just as for P we can show that 

7. If W is any n-dimensional vector with no negative 

components and if XTJ = W, then U has no negative corn- 

ponents, and the corollary 

6. If XU = a and XV = b where then UjV 
for (i = 

Some of the more elementary properties of 

matrices which are needed in the numerical solution 

of Laplacets and Poissons equations are found in 

Wade (Lt, pages 55-176) and Bcher (1, pages 5L-83). 

We shall now examine the errors due to the 

numerical solution of Laplace's equation. There are 

two types of errors: ® the error introduced by 
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using the solution of the difference equations PU V 

or XU b in place of the partial differential equa- 

tion of Laplace; and the error due to using the re- 

laxation method in place of the exact solution of 

PU = V or XU = b. 

A rigorous error bound can be found for the 

error . First corresponding to the operator F we 

define a function H(t) by the formula 

(10.8) H(t) = U(xht,y,z) U(x-ht,y,z) + U(x,y+ht,z) 

+ U(x,y-ht,z) + U(x,y,z+ht) + U(x,y,z-ht) 

- 6U(x,y,z). 

Assuming the existence of the fourth partials 

of U with respect to x,y,z før all values in the 

ranges x t h, y t h, z ± h we may apply Taylor's 

series with a remainder and get 

(10.9) il(i) = il(o) + H'(0) + Ha(0) H"(0) H(S) 

where 0<S<1. 

When equation 10.9 is evaluated with aid of 10.8 it 

gives 

FUh2V2U=Hv(s) or 

B 
(10.10) !FU - h2v2u1 14h 

where B14 is the maxi- 

mum of the abo1ute values of the fourth partials of 

U in the sphere of radius h with center at (x,y,z). 

Similarly other auxiliary functions may be defined 
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such that 

(10.11) 1GU - )4h2 2u I B)4 h)4 

and 

(10.12) lou - )4h2V 
2) 

B)4 h 

Where B)4 is defined as above and G and C are the Oper- 

ators previously defined. These are rigorous bounds 

but the difficulty is that there is no direct way to 

compute the fourth derivatives of the unknown function 

U. However a rough estimate of the error from using 

FU = O comes from equations 7.7 and 10.1. This érror 

is not rigorous, but is practically helpful and is de- 

fined as 

(10.13) E = - 

The estimated error from using the operator L, 

which is derived from equations 6.15 and 7.12 is de- 

fined by the formula 

00 M2U 
(10.1)4) E=' 

The error woüld vanish if we could reduce the resid- 

uals to zero, but in practice we never succeed in mak- 

ing the residuals vanish. We estimate the magnitude 

of this error by using an approximation for which the 

residuals are all less in absolute value than some 

constant . We let U be the true solution, V the 



approximate solution, and e the error so that 

PU = b, PV = b+r, and P(V-U) Pe = r where 

i l,2,, n. 

Enclose the region R in a sphere with center (h,k,l) 

and radius q, and construct the vector d with compon- 

ents equal to the values of 

(10.8) y J1(q2_(x_h)2(yk)2(Z.i)2 

at the interior nodal points in R. Applying the op- 

erator F to Y we find that Pd = ni, 

where m is a vector whose components are all equal. 

It follows from proposition 8 of this section that 

e1<d1. Also since ri)' -ni we have e1> -d1. There- 

fore Ieik< dj. 
< 2 

From equation 10.8 it is seen that d. 
niq 

6h 
Therefore we get 

Theorem 1. If the maximum residual does not exceed 

a positive quantity m, the maximum error in the 

approximate solution of PU = b does not exceed 

By a similar proof it is shown that 

Theorem 2. If the maximum residual does not exceed a 

positive number g the maximum error in the approximate 
2 

solution of XU = b does not exceed gq where q is 
180h2 

the radius previously defined. 
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11. Poisson's Equation 

Many physical problems require the solution 

of the equation V2u = f(x,y,z) in the interior of 

the region R while U must take on assigned values 

on the boundary of R. For the numerical solution 

we inlay R with a cubic lattice of edge h and re- 

place Poissont s equation with an appropriate differ- 

ence equation. The simplest equation we can form is 

(11.1) FU = h2f(x,y,z). 

The truncation error of this equation is 

O(h). It is possible to secure a somewhat more 

accurate difference equation by 7.6, which 

yields the equation 

(11.2) LU L2U L3+50ML u 30h2f(x,y,z)O(h8). 
12.30 

For computational purposes this equation can be con- 

siderably improved if the function f(x,y,z) is such 

that V2f(x,y,z) exists everywhere in R. In that case 

we have of sixth order accuracy 

L2U = 9O0hVU = 900h#2f(x,y,z) 

and we can replace equation 11.2 by 

(11.3) LU = 30h2f(x,y,z) + 4 
hV2f(x,y,z) + 0(h6). 

Note that if f(x,y,z) is harmonic we have the equa- 

t i on 

(ii.L) LU = 30h2f(x,y,z) + 0(h6). 
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Equations of higher degree accuracy which correspond 

to 11.3 and iii4. can be derived quite easily. The 

results are respectively 

(11.5) LU = h2f(x,y,z) (30 
- 

h4c2f(x,y,z) 

+ h6Vf(x,y,z) 0(h8) 

and 

(11.6) LU = h2f(x,y,z) (30_ ) 0(h8). 
The solution of the difference equation is 

usually carried out by relaxation methods. The op- 

erator F is used in the early stages and either L or 

K when greater accuracy is demanded. 

The errors are of two kinds: the error 

committed by using a difference equation in place of 

Poisson's equation; andJ the error committed in 

using approximate solutions obtained by the relaxa- 

tion method in place of the exact solution of PU = V 

or XU = b. 

The predominant terms of error due to us- 

ing the operator F are 

¡M F2\ 

The corresponding error due to using the operator L 

is 

L3U- 1800MLU 
The error is not so easily E = 

l230 
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calculated since in this case the error depends upon 

the nature of f(x,y,z). Where f is a constant the 

error may be handled in a manner similar to the cor- 

responding error of Laplacets equation. 
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12. The Operator K 

Use of the operator K in most of the equations 

which we have discussed gives approximately the same 

accuracy as the L operator. In solving Laplacets 

equation numerically the L operator is best to use 

since it gives a higher degree of accuracy. However 

in certain problems it may be advantageous to use the 

operator K. Since it is not c1ea cut which operator 

to use in a given case we list here the difference e- 

quations obtained by use of the K operator. 

From Taylor's series K is defined by 

(12.1) K = h2V2 hV + . h66 + 

- h6R6 + 0(h8). 

The differential operators defined as func- 

tions of the difference operators are 

2 K K2 K3 + MK (12.2) h2V 
12.362 9O36 

N 

+ 536 + 0(h8) 

and 

(12.3) hQ= -M MK 
+ O ( h8). 

12 36 

The difference equation obtained using the 

operator K in solving the heat equation is 



(l2.L) 

form 

= 

L13 

U(x,y,z,t-f) - U(x,y,z,t) 
= 62 

K3U MElI NU \ + 0(h8). 
+ l836 + 30.362 + 30.36) 

Applying this equation we have in stencil 

I 

i / 

/ 16 

t' y / 

I /, i 

1i .q i' 

IC q 

/ y i 

/' y 

L( (x, 2 t) 

with a truncation error whose leading terms are 

ic3u 
+ ivixu + NU 

5.l8.36 30.362 3036 

The wave equation may be solved numerically by using 

(12.6) 62U ?2 1K - (l_P2)K2] U + 0(h6) 
L36 12.362 j 

Where o<2 20- \Ti3i 0.575. 
13 



In practice we use = 0.5 which gives the differ- 

ence equation 

i (12.7) s'u = i- - ________ lu. 
L72 14.12.362.J 

The truncation error of equation 12.6 has 

as its leading terms 

E MB2U + 2í NU 2K2E2U + K282U 
2L0 5.36 L536 122.362 90.362 

The K operator may be used to find the nu- 

merical solution of Poisson's equation. The differ- 

ence equation used is 

(12.8) KU = 36h2f(x,y,z) + 3hV2f(x,y,z) 

where the leading terms of the truncation error are 

K3 -I'IIKNÌu 
L1o363 536 & 

The solution of equation 12,8 involves solving a 

system of simultaneous equations. The matrix T 

associated with the operator K has properties quite 

similar to those of X. The one distinct property 

involves the range of the latent roots. The latent 

roots of T lie in the interval O <À<206. The error 

due to using an approximate method in solving the 

system of equations TU = a is not easily found un- 

less f(x,y,z) is a constant and will not be dealt 

with here. 
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There is no theoretical principle which 

determines whether to use L or K ir setting up 

difference equations in three of the four partial 

differential equations which have been discussed. 

The lone exception is solving the equation of 

Laplace in which the operator L yields a higher 

degree of accuracy. The magnitude of the trun- 

cation error in the three other cases may be used 

as a guide-post in determining which operator to 

use. Use of either L or K will give better results 

than use of F. Use of F, on the other hand, makes 

for simpler calculations and would be the choice 

where a high degree of accuracy is not demanded. 
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