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The classical transmission line theory can be justified by 

wave analysis as exact for perfect conductors and as a good 

approximation for practical conductors. Because of its simplicity, 

the classical theoir is usually preferred instead of the rigorous 

wave analysis even though it is not so accurate. 

For the parallel conducting plane problem (two dimensions), 

it has been shon in this work that the rigorous analytical approach 
based on Maxwellts field equations can also be reduced to the 

familiar simpler language of distributed circuit theory. The field 

equations can be reduced to voltage and surface-current-density 

equations. In such an analysis, quantities such as conductivity 

per unit separation, permittivity per unit separation, and permeability 

times separation may be interpreted as conductance, capacitance and 

inductance per unit square of the parallel plates. An equivalent 

circuit can then be determined. 

The voltage and surface-current-density functions can be 

solved as a boundary value problem for single excitation. The 

results for multiple excitation can be obtained by using the 
principle of superposition since the phenomena are linear. From 

the solutions the important lumped network theorems can be extended 

to the parallel plate case iith slight modifications or limitations. 

For practical problems of interest, only the voltage function need 

be determined. The voltage distribution for various excitation 

conditions may be calculated. Several isometric projections of 

these voltage distributions are included in this thesis. The 

analysis applies to low frequencies as well as to high frequencies. 

At high frequencies, the analysis is of more interest because of the 

possibility of large voltage variations. 

The study of non-uniform dielectric heating is suggested as 

oneapplication of the work undertaken in this thesis. If the 

dimensions of electrodes are comparable to a quarter wave length, 

non-uniform dielectric heating would result, due to the non-uniform 

voltage distribution. Pwo suggestions for obtaining reasonably 
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uniform dielectric heating are noted in this study. By exciting the 

electrodes at opposite sides with currents of equal magnitudes but 

with a specific phase difference, the resultant voltage distribution 

due to the principal mode is uniform. The higher order modes disturb 

the uniform property only near the points of excitation. Also, 

the voltage distribution along the axis of excitation will be 

sinusoidal if the excitation frequency is properly adjusted. The 

resultant dielectric heating can be made uniform by heating the 

dielectric piece alternately under sine and then cosine distribution 

for equal riods of time. 

In order to verify the theoretical results experimentally, 

a special probe type voltmeter was designed and constructed to 

measure the voltage at different points without disturbing the 

electric and magnetic fields. The operating principle of this probe 

voltmeter is based on the fact that the displacement current passing 

through a differential area is proportional to theinean voltage 

over that differential area. With this probe voltmeter, the measured 

voltage distributions have been found to agree with the calculated 

distributions very well. The predictions for obtaining uniform 

dielectric heating have been verified experimentally. The other 

theoretical results are also reasonably substantiated by the 

experimental results either directly or indirectly. 
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INTRODUCTION 

Description of Problem 

If a low frequency source of voltage is applied to a load 

through two short conductors, these two conductors provide conduction 

paths and do not appreciably affect the impedance of the whole circuit. 

But if the frequency of the source is so high that the length of the 

conductors is comparable to a quarter-wave length, the voltage and 

current along the conductors vary from point to point, and the input 

impedance differs from the load impedance. As 'telectrically long" 

conductors are very important in many applications, such as in 

transmission of electric power and wire communications, the so called 

"transmission line theory" has been elaborately developed during the 

last hundred years. 

If a low frequency source of voltage is applied to two paraflel 

plates, the voltage between the plates will be the same everywhere, 

and the two plates act as a condenser having capacitance C A/d. 

A is the surface area of one plate, d the separation between the 

plates, and é the absolute dielectric constant of the medium between 

the plates. But if the frequency of the source is so high that the 

dimensions of the plates are comparable to a quarter-wave length, the 

voltage and current distributions are no longer uniform and the problem 

becomes considerably more complex. In this case the following questions 

arise: How are the voltage and current distributed about the plates? 

What impedance is seen by the voltage source? How are these things 
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related to the size of the plates, the frequency of the source, the 

point of excitation, and the kind of medium between the plates? All 

these constitute the problem which is considered in this thesis. 

It will be observed that this problem may be thought of as an 

extension of the two conductor (one-dimensional) transmission line 

to the two-dimensional case. 

Review ol' Transmission Line Analysis: - Classical Alr4 Wi Av1tr..4 

The classical method of analysis of a transmission line proceeds 

as follows: First, the distributed constants per unit length of line 

are calculated on the basis of' static electric and magnetic field 

distributions. Second, by using the calculated resistance, 

conductance, inductance and capacitance per unit length, the voltage 

and current differential equations are set up. Third, the differential 

equations are solved for a specific impedance termination at the end 

of the line Two points of this approach are doubtful, when setting 

up differential equations of voltage and current, no mutual 

inductance or mutual charging effect are considered. Also, the 

inductance and capacitance calculated from static field distributions 

are used in alternating current problems. Fortunately, these doubt- 

points are cleared by the analytical results obtained from Maxwefl ' s 

field equations for transmission lines having negligible series 

resistance. The first doubt is then dismissed by noting that the 

fields have no axial components and hence no mutual effects exist. 
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The second objection is cleared by the discovery that the field 

distribution in the transverse plane is actuafly one corresponding to 

the static field pattern, no matter what the frequency may be. 

Mathematically, the fields in the transverse plane satisfy Laplace's 

equation. Hence for a lossless transmission line, the classical 

analysis is justified by the analysis based on Maxwell field equations. 

If the transmission line is not lossless, but has resistance of finite 

amount, there must at least be some smafl amount of electric field in 

the direction of propagation to cause current flow through the 

conductors. The field distributions in the transverse plane are 

different from the static distributions somewhat due to the axial 

component required to produce current flow. It is then no longer 

correct to neglect the mutual effects and to calculate values of 

capacitance and inductance from the static field distributions. In 

this case, the exact analysis should be the Maxwell field equation 

approach. But, it is difficult to apply to practical lines. One must 

first obtain the wave solutions which apply in the dielectric between 

the conductors and those which apply inside the conductor and then 

match the two at boundary. The difficulties encountered with most 

geometrical configurations are obvious. It has been shown by J. A. 

Carson that the difference in results between the exact field analysis 

and the usual classical analysis when the line has small losses is 

extremely small. Therefore, the classical analysis with distributed 

resistance gives a very good approximation for all practical lines. 

S. A. Schelkunoff has carried through the exact analysis for coaxial 



lines and has determined the extent of the approximations which must 

be made to reduce the problem to the classical analysis. 

Theoretical Analysis of Finite Parallel 
T-BaseMe1l Field Equati 

Since transmission lines have long been used, the classical 

transmission line theory was developed before Maxwell's field equations 

became generally knovm. Therefore, the "classical transmission line 

theory" which is based on distributed circuit constants was developed 

first. Later, it was justified as exact for lossless conductors and 

as a good approximation for good conductors. Furthermore, it was 

found that the classical theory is simpler to apply and more convenient 

to use. Hence, the classical transmission line theory is stil]. 

universally used except in cases of extremely high frequencies where 

it fails to be a good approximation. However, for two dimensional 

cases (parallel plates problem) it can be shown that the analytical 

approach based on MaxweUSs field equations can be reduced to the 

familiar language of circuit theory, Thus, preserving the simplicity 

of the latter with the accuracy of the former, The important steps of 

this approach may be outlined. as follows. First, the electric and 

magnetic field equations are written to make sure thatthe approach 

is general and exact. Second, the field equations are reduced to 

voltage and surface-current-density equations of the equivalent 

distributed circuit, The equivalence is exact for lossless conducting 

plates and a good approximation (proved experimentally) for practical 
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conducting plates. In this step, the quantitie8 Y/d,k/d and/Id nay 

be interpreted as conductance , capacitance and inductance per unit 

square of the plates. The reduction to the equivalent circuit point 

of view makes it more convenient to visualize and easier to apply the 

boundary conditions. Third, the boundary value problem is solved with 

the boundary condition that the normal current around the boundary is 

zero except at the location of excitation. 

Extension of Network Theorems to Paraflel Conducting Platos 

From the nature of the problem and the solutions obtained, it 

can be shown that some of the lumped network theorems, when slightly 

modified, apply to the parallel conducting plates. 

Superposition Theorem. The resultant voltage and current 

distributions on the parallel plates by simultaneous excitations at 

two or more locations are equal to the sums of the distributions due 

to each excitation treated alone. 

Compensation Theorem. Any load impedance ZL connected at the 

boundary of the parallel plates with excitation may be replaced by a 

generator of zero internal impedance whose emf. is equal to the 

potential difference (both in magnitude and in phase) which appears 

across the impedance ZL. 

Thvenin's Theorem. If an excitation has a voltage V at point 

p]. with a load impedance Z connected at point P2 on the boundary, the 

current through this load impedance is the same as if ZL were 
connected to a generator whose open circuit emf. is the voltage across 



P2 àei ZL disconnected and whose iznpedaxiee is equal to the 

impedance looking back into the plates from 
2 
with the source replaced 

by a short circuit. 

Reciprocity Theorem. If a sou'ce of emf. V at point Pl produces 

a current k « a short circuit at point P2, on the side opposite P1, 

the same current 
'L 

would be produced in a short circuit at point P1 

if the source of eìnf, V were moved to point P2. 

Since several important network theorems can be applied, the 

electrical properties of parallel conducting plates, when viewed from 

the boundaries, can be thought of as those of a distributed network. 

Illustration of One Application: - Dielectric 
Heating at High Frequencies 

When the dimensions of parallel conducting planes are 

electrically large, the voltage distributions are quite complex. This 

distribution may be determined by methods developed in this thesis. 

Such information is of particular importance at present in the 

application of high frequency heating. Consider the following 

illustration. 

The power density d' power per unit volume, produced in a 

dielectric material by an electric field having intensity E and 

frequency f can be shown to be d where k is a constant which 

depends upon the absolute dielectric constant and power factor of the 

material. Higher d '' be desirable to produce more rapid heating. 

But E is limited to the spark-over voltage between electrodes. 

Therefore, higher frequencies may be desirable. Even at saine power 
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density, higher frequencies aflow use of a lower voltage which reduces 

the insulation problem. But with high frequency the electrodes 

become "electrically large." The non-tiniforni voltage distribution 

will cause undesirable non-uniform heating. Calcuations from the 

parallel conducting plate analysis will indicate the voltage standing 

wave pattern between the plates. This analysis also predicts at 

least two methods of producing a uniform dielectric heating which is, 

of course, desired. These are outlined in next two paragraphs. 

Reasonably uniform voltage distribution by simultaneous 

excitations. The voltage distribution can be altered by multiple 

excitations at different locations and by the relative magnitude and 

phase between the excitations. It was found that with double 

excitations at the opposite sides of distance a, the resultant 

potential distribution is nearly uniform if the two excitations have 

the same magnitude but with a phase difference of ±1T(l - {Ï) 

radians. X. is the wave length in free space and k is the dielectric 

constant of the material between the plates. 

Uniform dielectric heating by heating the dielectric piece 

alternately under sine and cosine distribution for equal periods of 

time From the voltage analysis , it was found, as ,k 2a 
J that 

the voltage distribution is sinusoidal along the axis of excitation 

"a" and is independent of the transverse axis . With this condition, 

the heating of the dielectric may be non-uniform, proportional to 

sin2X where X is measured along "a" axis. However, if the dielectric 

is shifted by 90 electrical degrees along the flat axis and again 



heated for the same period of time, the heating would be proportional 

to cos2X. The resultant total heating would be proportional to the 

sum of these two, sin2X + cos2X. This quantity is equal to i and is 

independent ol' X. Hence, the heating will be uniform even though 

the voltage distribution is not. 

Experimental Verification of the Analytical Results 

A special probe voltmeter was designed to measure the voltage at 

different points between the plates without disturbing the fields. The 

operating principle of this probe voltmeter is based on the fact that 

the displacement current passing through an elementary area is 

proportional to the average voltage over that elementary area. With 

the specially designed probe voltmeter, the measured voltage 

distributions for different conditions have been found to agree with 

the calculated distributions very well. The superposition theorem and 

compensation theorem have been verified. The two suggestions for 

uniform dielectric heating have also been verified. The theoretical 

prediction of uniformity of voltage by double excitation deviates 

from the measured result only slightly. When 
c' 

2a Ji, the 

measured voltage distribution along the axis of excitation was found 

nearly sinusoidal as predicted by the analytical solution. Some of the 

derived results have not been proven by direct measurement because 

voltage indication only is not sufficient, but these relations are 

derived from the theoretical results which have been checked 

experimentally. 



PART I 

THEORETICAL ANALYSIS 



CHAPTER I 

VOLTAGE AND SURFACE-CURRENT-DENSITY EQUATIONS AND TEE 
EQUIVALENT CIRCUIT OF FINITE PARALLEL PLATES 

The electromagnetic field within rectangular parallel plates 

satisfies Maxwellts Equations. But as circuit theory and ttclassicaltT 

transmission line theory are highly developed and simpler to apply, it 

is advantageous to reduce the field 'oblem of rectangular parallel 

plates to a distributed circuit 'oblem so that it might be thought 

of as a finite two-dimensional transmission line problem. It will be 

shown in this chapter that the eqwttions of voltage and surface- 

current-density of rectangular parallel plates may be reduced from 

Maxweflt g field equations. From the voltage and surface-current- 

density equations, distributed circuit constants may be interpreted 

:in terms of the constants of the medium and the separation between 

the plates. Furthermore, an equivalent circuit diagrai may be drawn. 

This serves as an aid when looking the problem from circuit point of 

view. The boundary conditions for which the equations are to be 

solved are determined from the fact that the normal current around the 

boundary is zero except at the location of excitation, at which place 

the current flowing in is equal to the excitation current, The 

boundary conditions are more readily applied to voltage axid surface- 

current-density equations than to field equations for a specific 

excitation. Therefore, the result of reduction from the field problem 

to a distributed circuit problem combines the simplicity of the latter 
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with the accuracy of the former. 

1.1 Voltage and Surface-Current--Densi 
from Maxwell's Equations 

The electromagnetic field between parallel plates satisfies 

Maxwell's field equations no matter what kind of medium. 

(1-l) 

(l-2) 

Anong the four vector quantities the following relations hold 

(l-3) =1Lt 

(1-1.) 

where = electric intensity or voltage gradients in volts per meter, 

= Magnetic field intensity in ampere turns per meter. 

= Electric displacement or electric flux density in coulombs 

per square meter. 

= Magnetic induction or magnetic flux density in webers per 

square meter. 

), = Conductivity in mhos per meter. 

Ju_ = Permeability of the medium in henrys per meter. 

: = Specific inductive capacity or absolute dielectric constant 

in farads per meter. 

In general, the four vector field quantities , , , are 

vector functions of space and time , while )' , ,,LL , are scalar 

functions of space and time. They denote the properties of the medium. 
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In ordinary oases, the alternation of the fields does not change the 

temperature and hunddity of the ndium too much during one cycle. 

Hence, the quantities 2", )- and remain almost independent of time. 

If equations (l-3) and (1-IL) are substituted in (l-1) and (1-2), they 

become 

(1-s) 

(1-6) Vx)1+ 
In the electrical analysis of finite rectangular parallel 

conducting plates, it is natural to use cartesian coordinates 'with 

origin O located at one corner of lower plate, axes X and Y at the 

edges of the plate, and Z perpendicular to the plates as shown by 

Figure 1-1. If the separation of the plates is small compared to the 

plate dimensions, the field quantities may be considered uniform 

along the separation, namely, independent of z as 

(1-7) 
. = (x,y,t) 

(1-8) 

If the plate material has low resistivity and the parallel plates are 

so excited that the electric field produced contains a z component 

only, the electric field may be written as 

(l-9) (x,y,t) 1 o +3o +E(x,y,t) 
where T, ', are unit vectors along X, Y, Z axes. Substituting 

(l-9)in Vx 
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z Y 

FIG. I-I REFERENCE AXES AND DIMENSIONS 
OF THE PARALLEL PLATES 

P12 
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Vx = a 
x ay z 

o o 

y 

From equation (1-S), one obtains 

( 1-10) 2 j: 3 

Equation (1-lo) is equivalent to three component equations 

(l-U) _!=_ 
x 

aE 
(1-12) 

a; 
(l-13) o = 

Since the electromagnetic fields are fîmctions of time , - O in 

equation (l-13) would lead the result 

H O 

At the surface of perfect conductor, and. a good approximation at the 

surface of metallic conductors, 

(1-l1.) i = n x H (Proved in Appendix 1) 

where i Vector surface-current-density along the conductor in amperes 

per meter 

i = Magnetic field intensity just outside the conductor surface 

= Unit vector normal to the conductor 8urface. is in the 

parallel plate problem. 

Equation (1-11f) may be written in terms of components 

i i1+j i7+k i=-i H+i }J+k O 



1h 

Thus H, = 

(1-lS) H7 = 

o 

Upon substituting the relations of (l-15) Into equations (1-U) 

and (1-12) and niultiplying both sides by d, the separation between 

the parallel plates, yields 

(1-16) (Ed) 
= 

(1-17) (Ed) y 
- ;y 

Ed is the voltage between the parallel plates along Z direction. 
It is denoted by v, and is a function of z, y and t. If Ji d is 

written as L, then equations (l-16) and (l-17) become 

-vz ix 
(1-18) L 

vz iy 
(1-19) - = L 

Substituting the relations in equation (1-15) into equation (1-6), 
one obtains 

- -- 
i j k 

- y az 

I 

' 
H 

- ix+iy - k( 

- 
i j k 

;? 

x ay z 

17 
1X 
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Since i,, i are independent of z, the derivatives with respect to z 

vanish. 

Since È 

)EZ 
Ez ___ 
t 

+ 

or 

E à(Ezc1) ix 1y + 
a t = - + 

Denoting Y/d by G, Eid by C, and E5d by v as used before, one has 

___ = (aiX + Y) (1-20) Gv + C 

Maxwell's field equations (1-5) and (l-6) are therefore reduced 

to the voltage and surface-current-density equations (1-18), (1-19) 

and (1-20). As the voltage between the parallel plates contains a z 

component only, it would be convenient in writing to drop the subscript 

z hereinafter. Then equations (l-l8 (1-19) and (l-20) become 

(1-21) - 
v 

L 

Dv_ 
(1-22) ---L ct 

;v_ àx 
(l-23) Gv + C - - - ( + 



1.2 The Distributed Circuit Constants 
and the Equivalent Circuit 

The voltage between the paraflel plates is denoted by V, and 

ix , iy are the X and Y components of surface-current-densities flowing 

along the parallel plates. me may therefore interpret from equations 

(l-21), (1-22) and (l-23) that L corresponds to inductance per unit 

square along the paraflel plates and that G and C correspond to 

conductance and capacitance per unit area between the paraflel plates. 

From the equations, one can determine that for an elementary 

rectangular strip (4x)(iy), in the parallel plates, the inductance 

with respect to the current flowing along L x direction, is 

proportional to ¿ x and inversely proportional to Le In other words, 

the inductance of the strip is directly proportional to the length 

along the direction of current flaw and inversely proportional to the 

width perpendicular to the direction of current flow as shown by 

Figure 1-2 (a). 

Let L 4x = 
The inductance of the rectangular paraflel strip with 

respect to current i4Lxy (as shown by Figure 1-2 (a)). 

L = The inductance of the parallel rectangular strip with 

respect to current CiX. 

Then LxjyL4 

L 4yAx Lx 

where L d = inductance in henrys per unit square of the parallel 

plates with separation d in meters. 
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I 
I' 

w- 'X 

j 
LÍ 

___ AX 
AX 

(a) L AXY - 

t t I 

I AX Y 

y 

___ AX___ 

(b) LAyAXLT 

FIG. I-2 INDUCTANCE OF DIFFERENTIAL 

RECTANGULAR STIP 



Since c conductance in nthos per square meters between parallel 

plates with separation d in meters. 

e capacitance in farads per square meters between 

parallel plates with separation d in meters. 

The conductance and capacitance between the rectangular parallel strips 

can be seen to be 

J\XLXy GL\x1y 

= C Lix Ay. 

Lt' the separation d between the parallel plates is fixed, L, G 

and C are functions of ,,tL , )' and respectively. They are also 

functions of (x,y) in general but are constant for homogeneous and 

isotropic media. 

From equations (1-21), (1-22) and (l-23) an' equivalent circuit 

diagraii for the parallel plates may therefore be drawn as shown in 

Figure 1-3. The equivalence is exact as ¿x and y approach zero. 

For smafl ¿X and uy it is only a good approximation. 

If the dimension of the plates is comparable to the quarter 

wave length of the excitation source, neither the lower plate nor the 

upper plate could be kept at ground potential; therefore, the ground 

in the diagram Figure 1-3 should be the ficticious neutral plane 

between the two parallel plates, and the whole diagram is the 

equivalent from neutral plane to one plate. Since both plates are 

symmetrical with respect to the ficticious neutral plane, the diagram 

may be considered as the equivalent circuit diagram between the 
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AX 

AY 

FIG I-3 EQUIVALENT CIRCUIT DIAGRAM FOR PARALLEL PLATES 



paraflel plates. 

Equations (1-21), (1-22) and (1-23) are simultaneous linear 

differential equations of first order in i, i and y. By 

differentiating equation (l-23) with respect to t, one has 

___ i7 
(12h) G + C = - + 

Differentiating (l-21) with respect to x, and (1-22) with respect to 

y yields 

__ ix -----L xt 

__ iy 
___ - -L yt 

Upon substituting these in (l-213), one obtains a linear differential 

equation of second order in y only. 

2v v 
(1-2S) 

x2 + y2 = 
LC + LG - 

Equation (l-2g) with equations (l-21) and (1-22) 

(1-21) - _a! = L 
x 

- v= ?i 

(1.-22) - 
L 

are three independent equations for y, i and 
iy. In order to 

determine the voltage and current distribution along the parallel 

plates, it is therefore necessary to solve the three equations, 
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CHAPTER II 

SOLUTION OF VOLTAGE AND SURFACE-CURRENT-DENSITY EQUATIONS 

The voltage between the parallel plates ar. the surface-current- 

density along the parallel plates satisfy the following differential 

equations 

(1-2g) 2v v v + 
y2 = 

11C 

+ 
LO - 

(l-21) v ___ 

(l-22) 
= L 

- )t 

For a sinusoidal excitation, the steady state solution of y, 

ix and i. are all sinusoidal. If the excitation is periodic, but 

other than sinusoidal, then by a Fourier analysis the excitation may 

be resolved into a fundamental and harmonics. Since the differential 

equations are linear, there will be solutions corresponding to the 

different sinusoidal components of excitation. Superposition of aU 

different components of solutions will give the resultant solution. 

Therefore it is natural to assuzue that all the quantities vary 

sinusoidafly with respect to time without loss of generality. 

That is 

(2-l) v(x,y,t) V(x,y) 

(2-2) ix(x,y,t) = I(x,y) 

(2-3) 5(x,y,t) i(x,y) 

Substituting (2-l), (2-2) and (2-3) into (l-25), (l-21) and (1-22), 
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one obtains the differential equations involving space variables only. 

(2-44) 2v 
= (-Lc + j(LG)V 

x2 + 

(2-s) _iwLIx 

(2-6) - -- = j&LI 

Let 

Z jL = Impedance per unit square of parallel plates in ohms. 

Y = G + jóJc = Admittance per unit square between the parallel 

plates in mhos per square meter. 

Then the equations may be written as 

(2-7) v v 
+ =YZv 

(2-8) v 
- 

ZIX 

(2-9) _!= i 
y 

2.1 Solution With a Single Excitation At Boundary 

Let a and b be the length and vidtb of rectangular plate. The 

rectangular axes X and Y are located along a arid b respectively with 

origin O at the lower left corner of the plate as shown in Figure 2-l. 

If there is a single excitation at any part of the boundary, 

say on the side parallel to Y axis, the distance from the axis o 

excitation to the X axis will be denoted by Gb where O lies between 

o and 1. In order to avoid the problem of infinite current density 

at the point of excitation, it is necessary to assume that the 
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FIG. 2-I DIAGRAM FOR SINGLE EXCITATION 
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excitation current flows into the plate through a conductor having a 

width 2 
. E is the distance from each side of excitation axis, 

outside of which the normal boundary current is zero but within which 

the excitation current density is assumed to be a uniform quantity I. 

If the excitation width is small compared to the wave length of the 

source, then the calculated voltage distribution checks the measured 

voltage distribution very well. So the above differential equations 

(2-7), (2-8) and (2-9) are to be solved under the following boundary 

conditions. 

y=o I=o 
yb LO 

(2-lo) x = a I(a,y) O 

X = O Ix(O,Y) = O for O:y -b - andOb +y<.b 

I,(O,y)Ifor eb-Ob+E 

In order to solve the differential equations, try the method of 

separation variables. Try 

V(x,y) = P(x) Q(y) 

where P(x) is a function of x only and Q(y) is a function of y only. 

Substituting V into (l-2g) and dividing both sides by V yields 

PU QH 

Let 

(2-il) II _2 
P 

(2-12) " 2 

Q 
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Then 

(2-13) 
+ f32 = - IZ. 

From (2-U) pH + oP = O p A'cosox + B'sinox. 

From (2-12) Q" + (3 2Q = O Q = C'cospy D'siny, 

where A', B', C', D' are arbitrary constants to be determined by the 

boundary conditions Then 

V(x,y) = P(x)Q(y) (A'cosox + B'sinox)(C'cosj'3Y + D'sin1sy) 

L(x,y) - . ..! = (A'sinc?&x - B'coso&x)(C'cos + D'siny) 

I(x,y) - - = Ç(Atcosdx + B'sinox)(C'sin(3ï -D'cosjy). 

SinceatyO, i(x,O)O D'O 
and at y b, I(x,b) O sin 3b O, b nìr, j3 nlr/b, 

n = 0, 1, 2, .. 3, then, has values corresponding to different 

integers, n, and therefore it is denoted as = n'lT/b. Then 

n f- = 

n-11-y Thus, V(x,y) = (Acoso41x Bsinox) cos 

n I(x,y) = --(Asinox -BcosoÇx) cos 

I(x,y) = (Acosox + BsinoÇx) sin 

where A A1; C B B1 C. 

Since at X = a, L4(a,y) O B Atanoa. 

Therefore 
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V(x,y) = COB Ql(X - a) ny 
COB o:a 

COB 
b 

I(x,y) 
0m sin o(x - a) n-Try 

cos1a COB 

I(x,y) = 
coso(x - a) niry 

Z cosd1a sin b 

The differential equations (2-7), (2-8) and (2-9) are linear, and 

therefore superposition of the solutions is still a solution. Thus 

OD 

A00mfl - a) n'in 

(2-114) V(x,y) = n0 cos o/aa b 

(2-lS) I(x,y) 

OD sin(x - a) 
COB 

ri=O 
coso/aa b 

(2-16) I(x) = A- COB c(x - a) n'iy 
b n0 cosoa 

Remembering that 

at x = O L(O,y) O for O<yGb - and Ob + <y<b 

I(O,y) = I for b -y< Gb + 
and substituting x O into (2-15), the following is obtained. 

cO 

I,(O,y) = I A -tanoÇa) cos 
n=O 

The right hand side of the equation is the Fourier series expansion 

of I(O,Y) with period 2b. Therefore, the arbitrary constants A may 

be evaluated. 
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Ib Ob+E 
-A0 tan 0a I(O,y)dy 

= lOb-' b' 

(Ob-i-E 

-A tan QÇa 
= j0ICo,Ycos dy = 2 co TY dy 

b b 

141 ,fllrE = (cosn1rO)(sin--). 

Thus 

A z i 2E1 
o 0tano0a b 

z 1141 
fl - tanoa (cosn1rO)(siz"-) 

and 

(2-17) V(x,y) 
2I Z coso0(a-x) 1 
b 5Ç sin o0a n1 

(cosnilO) 

(sin!) coso/(a-x) nrry 
sinoa 

(2-18) I,(x,y) 2E1 sino0(a-x) ! 
b sino0a ff n1 n 

. 
sind(a-x) n'rry - cos sinoa b 

(2-19) I(x,y) ZI . _(cosn'rrO)(sin-) rrn=1non LI 

where 

cosc'((a-x) n-n-y 
. sin b sin 

t n = nrr/b n = 0,1,2,... 

°r Jj - 
(rir!/b)2 n = 0,1,2,... 

Equations (2-17), (2-18) and (2-19) are solutions of the voltage 

and surface-current-density equations of parallel plates with a single 



excitation and open-circuited at the boundaries. 

If instead of an open circuit at all the boundaries, the side 

opposite the excitation is un±î ornìly terminated by an impedance Zr 

per unit length, then the differential equations (2-7), (2-8) and 

(2-9) are to be solved under the boundary conditions. 

y=o I=o 
yb IO 

(2-20) x = a V(a,y) ZrIx(a,y) 

x O I(O,y) = O OyOb - and Ob +'y<b 

Ix(O,Y) = I Ob - yOb +E 

The same technique of separation of variables as used in the open 

circuit case may be used here. (See appendix 2.) The solutions are: 

(2-21) V(x,y) = 
2gIZ ZrCoso(o(ax) + Z/c0sin o?0(a-x) 
bo(0 Z/0cosc(0a -ZrS1floa 

+ i 
-(cosnirO) . 

flrn-E,\ 

rr 1flo( 

Zrcos(ax) + Z/o( sinc(a-x) 
7;çs o(a - Zr5ifl oa b 

(2-22) I(x,y) = 2E1.Zr$iflo(o(aX) + Z/o0coso'0(a-x) b Z/0(0coso0a - ZrsimG&oa 

+ 2: (cosnrO)(sir4) 
Tr nl 

ZrSifl0n(ax) + Z/Otn coso<n(ax) nhl-.y 008 
b z/olncos pa - ZrS1flOna 

= k : (COSfl1TO)(Sn) (2-23) 17(x,y) 
nl n 

ZrCOsOn(aX) + Z/onsino(a-x) . fliiy sin - z/ cosoa -ZSiflOÇa b 
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Since the solutions are for any arbitrary termination Zr per unit 

length, the open-circuit case and short-circuit case may be considered 

as Zr OO and Zr = O respectively. 

(1) Open Circuit Case Zr-. 

v(x,y) = 2EIZ cosolo(a-x) - coso4(a-x) ____ cos bo sino0a rr fo sin oa 
n..n-y 

b 

- 2E1 sinc4(a-x) 
I(cosnwe)(s1ft--) sinoa COZ b 

_________ . nilE sin4(a-x) nu-y I(x,y) - sina0a 
n1 

Iy(x,y) = - cosniiO) sin-s-) 
Win o a 

S3fl C 

nT: coso(a-x) 
'11 

These are the same as equations (2-17), (2-18) and (2-19). 

(2) Short Circuit Case Zr O. 

(2-2L) V(x,y) = 2IZ sinoo(a-x) (cosnhrO)(sin!) bo&0 cosç0a -Ji- n1 
sino(a-x) niry . cosca cos 

b 

- 2I cos o(a-x) 
cosnirO)(sin) (2-2S) I(x,y) - 

cosc,0a 9 n1 

. cosc(a-xj nïy 
cosc'ta b 

(2-26) 11(X,Y) cosn7VO)\s1nb-) t . 
n71 

-n- 

. sin((ax) ni-ry 
cosc'&a b 

It valli be shown in the next section that if b/2 and 



30 

O -, then the voltage and current equations from (2-21) to (2-26) 

can be reduced to the voltage and current equations of a transmission 

line with corresponding termination. This confirms the point of 

view that the paraflel plate problem is an extension of the 
transmission line problem. 
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2.2 Solution of Transmission Line Case by 
Redücing b/2 to 

If the width b of the rectangular parallel plates becomes 

smaller and smaller toward the axis ci' excitation and finally is made 

equal to 2 ¿, then the solutions given by (2-21), (2-22) and (2-23) 

remain true The terms of the infinite series for the three 

solutions vanish because these terms contain the product of cos 

and sin 
. 

Gos vanishes at odd n, and sin !L vanishes at even 

n. Therefore, the product vanishes for all integer values n. As 

b 2E , e = equations (2-21), b(2-22) ath (2-23) reduce to 

2 2 - 
Zrcos°o(ax) + z/&0 sin(a-x) 

( - 7) V - I coso0a Zr °/Z sinc0a 

(2-28) b = bI Zrsinco(ax) + z/0 cos0(a-x) 
'X Z cos c'&0a - Zr o47 sin c>a 

(2-29) 
I 

= O. 

V and bI in equations (2-27) and (2-28) are independent of y. They 

are the expressions of voltage and current for a transmission line at 

any distance X from the sending-end. The quantities used in equations 

(2-27) and (2-28) are related to the familiar symbols of transmission 

line as follows 

Z' = Z/b Impedance per unit length in ohms per meter. 

Y' = Yb Admittance per unit length in nthos per meter. 

7 t = J Yt_i = J7z'b) = = -i o0 

= propagation constants per unit length. 

z; = characteristic imoedance of a transmission line. 
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z; = Z./b teriinating impedance ol' a transmission line. 

Is = bI sending-end current o± transmission line in ampere. 

vs = sending-end voltage ol' transmission line in volts. 

a length of transmission line in meters. 

Substituting the above relations and. the following identities 

cosc0(a-x) = coz jY'(a-x) coshY(a-x) 

sin o<'0(a-x) = sin j)t(a...x) = j sinhY'(a-x) 

into (2-27) and (2-28), they become 

(2-30) = ' 

Z. cosh)"(a-x) + z sinh '(a-x) 
° 

Z1! cosh )"a + Z sinh )"a 

z;;' sirihy'(a-x) + z,, cosh'Y'(a-x) 
(2.-3!) ),I - J 

z coshy'a + z. sirih"a 
Equations (2-30) and (2-31) are the voltage and current 

expressions for a transmission line at any distance X from the sending- 

end in terms of the sending-end current Is . Letting x O in (2-30), 

the relationship between the sending-end voltage V5 Vixo and 

can be found. The ratio of V5 to I gives the input impedance Z5 of 

transmission line with length a and terminating impedance Z. Zr/b. 

(2-32) Z = 
V8 Vj 

= ' 

Z cosh)"a + z! sinh7'a 
I 1s Z cosh)' a + Z. sinhy'i 

and consequently 

(2 33) I -!. -!! z cosh)' 'a + Z: sinhY'a 
s 5 Zi. coshy 'a + Z Sin» 'a 

Upon substituting the value of I given in (2-3) into equations (2-30) 

and (2-31), V and I may be expressed in terms of the sending-end 

voltage. 
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(2-3h) = 
Z. coshY'(a-x) + z sinh?"(a-x) 

Z cosh7'a + sinhY'a 

(23g) bI 
8 Z sirihy '(a-x) + Z(!) cosh7'(a-x) 

Z cosh7'a + Z sinh7'a 

Equations (2-30) to (2-3g) are found to be the sanie as those 

given by transmission line textbook which obtain the solutions from 

the differential equations of a one dimensional space variable. 

In special cases such as open-circuit or short-circuit, the 

transmission line solutions simplify as foflows. 

(1) Receiving-end open-circuited: Zr-c» 

coth 7"a 

(2-36) V = V 
cosh t'(a-x) 

s cosh 7"a 

bT VsinhT'(a-x) 
-x coshV'a 

'Jo 

(2) Receiving-end short-circuited: Zr O 

Zs = z; tanh7'a 

(2-37) V = V 
sinh2'Ca-x) 

b - 
5 cosh '(a-x) 

Ix_ sinh)"a 
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2.3 Solution With Multiple Excitation: - 
By Principle of Superposition 

Since the voltage between the parallel plates satisfies equation 

(2-7) and the surface-current-densities are related to the voltage by 

equations (2-8) and (2-9), the solution of surface-current-densities 

may be obtained from the voltage expression vdthout difficulty. 

Furthermore, as practical applications are more concerned ith the 

voltage distribution than w±th currents, the properties of voltage 

only will be investigated hereinafter. 

The expression of V(x,y) for single excitation, equation (2-17), 

may be rewritten as 

(2-38) V(x,y) = Z(x,y; P) It 

where 

(2-39) 
It = 2 EI total excitation current 

(2-1.o) Z(x,y;P) = Z cosob(x-a) 2Z 

sino0a 
(COSflTJO)(SiflnE) 

n=l 

cos o(xa) niry 
sin COS 

b 

= Impedance function with respect to excitation 

point P (i.e. the center of excitation width is 

at point P). 

Z(x,y;P) depends upon the dimensions of the plates and the location 

arid width of excitation. It is a function of (x,y), the product of 

the value of the impedance function,and the total excitation current 

gives the value of voltage at the corresponding (x,y) point. 

Since c -y - (mr/b )2 , where Z j ) L and Y G + j 
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z(x,y;P) is therefore a complex quantity. Mu1tip1d.ng I by 

Z(x,y;P) gives a time phase shift of V(x,y) from the phase of' I. 

Hence, equation (2-38) and al]. the relations obtained in this work 

are in general complex equations. Since the voltage function depends 

also on the excitation point P, equation (2-38) may be rewritten as 

(2-1l) V(x,y;P) = Z(x,y;P) 1 

For a single excitation at point P1 with total excitation 

current Il as shcmn by Figure 2-2a, the voltage produced will be 

denoted by 

V1(x,y;P1) Z1(x,y;P1) Ii. 

For a single excitation at point 2 with a total excitation 

current 12, as shown by Figure 2-2b, the voltage produced will be 

denoted by 

V11(x,y;P2) = z2(x,y;P2) 12. 

Expression (2-L1) is the solution of the linear differential 

equation (2-7) under the boundary condition that the normal current 

around the boundai is zero except at the excitation point P with a 

total input current I uniformly distributed along the excitation 

width. Then for double excitations at pl and P2 with total 

excitation currents I and 12 respectively, as shown by Figure 2-2e, 

the resultant voltage may be determined by use of the principle of 

superposition which will be proved in section 3.1. 

(2-L2) V(x,y;P1,P2) = Z1(x,y;P1)11 + Z2(x,y;P2)12 

where V(x,y;P1,P2) is the resultant voltage function for this double 

excitation. The principle of superposition holds true for any number 
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FIG 2-2a 

FIG 2-2b 

FIG 2-2c 

FIG 2-2 DIAGRAM FOR MULTIPLE EXCITATION 
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of simultaneous excitations. Therefore, for excitations at P1, 

..., P with excitation currents Ii, 12, ..., I respectively, 

the resultant voltage can be expressed as 

v(x,y;P1,P2,...,Pfl) = Z(x,y;Pj)I + Z2(x,y;P2)12 + 

+ Z(x,y;P)I = 

r 

'2 I 

I. I 

I. I 

'ni 

It will be shown in the following paragraph that if n 

excitation voltages, or any n voltages at different (x,y) points are 

known instead of n excitation currents, then the n excitation currents 

can be solved in ternis of the n known voltages. Therefore, the 

resultant voltage function V(x,y;P1,P2,...,P) can be expressed in 

terms of the n known voltages. 

Let the n given voltages at points (x1,y1), (x2,y2), ... and 

(x,y) be denoted by 

vi = 

V2 = 

vn = 

and the impedances at the points (x1,y1) , (x2 ,Y2) ' and (x,y) 

are denoted by 

z11 = Z1(x1,y1;P1) z12 = z2(x1,y1;P2) ... zin = Z(x1,y1;P) 

Z21 Zl(X2,Y21) Z22 Z2(X2,Y22) ... Z2n Zn(X272n) 

Zn1 = Z1(x,y;P1) z2 Z2(x,y;P2) ... Z z(x,y;P) 



Then 

at (x1,y1) V1 = Z1111 + Z1212 + ... + ZI 
(2-1il at (x2,y2) V2 Z2111 + + ... + ZIj 

I .............. I 

at (x,y) V = ZI1 + ZI2 + ... + ZI 

This system of equati 

Vi 

V2 
(2-L5) = 

ons (2-)4i.) can be written in one matrix equation 

'Z1] Z12 ... Z3 Ii 

Z21 Z22 ... Z2n 12 

I I I I I I I I 

Zn1 Z2 Z1 'n 

Then the n excitation currents may be solved in terms of the n known 

voltages 

I I] 

'2 
(2-Li6) 

I 

I 

I. 
I. 
[SIn 

Z11 Z12 ... Z V1 

Z21 Z22 SI Z2fl V2 
I 

I I I I I I I 

Zn1 Zn2 III Zflfl 

Upon substituting (2-Ii.6) into (2-Li.3), the voltage function is 

expressed in terms of the n given voltages for n-m1tiple excitations. 

Z11 Z12 ... Z1 V1 

Z21 Z22 ... Z2fl V2 
(2-W7) v(x,y;P1,P2,...P) [ziz2...z 

I 

Zn1 Z ... Z 
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CHAPTER III 

EXTENSION OF NETWORK THEORE}AS TO PARALLEL PLATES 

It will be shown in this chapter that the important theorems for 

networks can be extended to the parallel plates case. In lumped 

networks of linear impedances, the steady state voltage and current 

satisfy linear ordinary differential equations based on Kirchoff's 

laws. In the case of paraflel conducting plates, the steady state 

voltage and surface-current-densities satisfy linear partial 

differential equations derived from MaxwoUs equations. Since 

superposition of independent causes producing superposed effects is a 

fundamental character of linear systems , the superposition theorem 

can be expected to hold true with proper interpretation in the parallel 

conducting plates case as well as in lumped networks. The main 

difference is that in a lumped network, the current in a closed loop 

due to several independent sources of electromotive forces in the 

network is to be determined. In the open-boundary parallel plate case, 

the voltage distribution function due to simultaneously independent 

excitation currents is to be determined, There is a duality 

correspondence between the two cases. The statement of the 

superposition theorem should be modified in a dual form. It can also 

be shown that Thvenin's theorem, the compensation theorem, and the 

reciprocity theorem hold true for the parallel plate case with slight 

modifications or limitations. 
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3.1 Superposition Theorem: The resultant voltage and current 

distribution on the parallel plates by simultaneous excitation 

currents on the boundaries are the superimposed distributions of the 

individual excitations. 

This theorem can be easily proved mathematically as follows. 

The steady state distributed voltage and current satisfy these 

linear differential equations. 

(2-7) ¿v v 2=Yzv 

(2-8) -.-=zIx 

(2-9) - = zIy 

For open-circuit boundary, the equations are to be solved under 

the boundary condition that normal surface-current-densïty I around 

boundary is zero except at point P of excitation with a total 
excitation current 1 f1oiiing over the excitation width. 

Let V1, I1, 'i be the solutions of equations (2-7), (2-8) and 

(2-9) with total excitation current I at P, where the 

excitation width is 2 C1, 

and V11, I11, be the solutions of equations (2-7), (2-8) and 

(2-9) with total excitation current 12 at P2, where excitation 
width is 2 

Then 



la 

aI __ 
x2 

+ = YzvI 

(3-1) vI 

___ = ZIXI 

dvI- 
I 

'N = o around boundary except at point P-j, where 2 lIN = Ii and 

2vII vII 
x2 + iy2 

= 

--I= (3-2) 
ax 

¿V11 

- ¿y YII 

'N o around boundary except at point P2, where 2 2'N = 2 Upon 

adding the corresponding equations of (3-1) and (3-2), the following 
is obtained. 

+ V11) (v1 + V11) 
= Yz(v1 + V11) 2 

_: (vi + y11) (3 .): - ;x = z(I1 + I11) 

(V1 + V11) - 
;?x = Z(111 + Iyii) 

The superposed solutions satisfy the boundary conditions that the 
normal surface-current-density 'N O around the boundary, except 

with the simultaneous total normal excitation currents 2 1'N 
at P and 2 e2IN 2 at p2. Thus, the superposition theorem is 

proved. 
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3.2 Compensation Theorem: Any load impedance ZL across the 

boundary of the parallel plates may be replaced by a generator of zero 

internal impedance whose enmf. is equal to the potential difference IZL 

across the impedance both in magnitude ani. phase. 

From Figure 3-la, the resultant voltage and current distributions 

due to excitation currents I and 12 are determined by use of the 

principle of superposition. A resultant voltage V will occur across 

points AB. So Lar as the voltage and current distribution is 

concerned, it makes no difference whether this V is developed across 

an impedance drop -I2ZL, as shown in Figure 3-lb, or across a generator 

with zero internal impedance whose emf. is equal to V such as shown 

by Figure 3-lc. Thus, the compensation theorem is established. 

3.3 Thvenin's Theorem: If a voltage V is impressed on 

the parallel plates at point P1 (see Figure 3-2a) and a load impedance 

ZL is connected across plates at AB on the boundary, the current 

flowing through this load impedance is the sanie as if ZL re 

connected to a generator whose open circuit emf. is the voltage across 

AB when ZL is disconnected and whose impedance is equal to the 

impedance looking back into the plates from the terminals A and B with 

the excitation eource replaced by a short circuit. 

The voltage and current equations each has been solved for the 

condition of single excitation. By using the principle of 

superposition, the solution for multiple excitations can be obtained 

by superposing the results of the single excitations. Upon recalling 
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FIG 3-Ia 

FIG 3-Ib 
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the procedure used to solve the differential equations, it is seen 

that the solution is difficult to obtain for the case where an 

impedance element is connected at a point along the boundary 

however, by using the compensation theorem, this can be done indirectly 

upon considering the upedance drop as a source of emf. having the 

same magnitude and phase. Then the resultant voltage distribution can 

be determined by using the principle of superposition if voltage 

magnitudes are known at three points. 

In order to prove Thvenin's theorem, the impedance looking back 

from AB into the plates should be determined first. As suggested 

above, both excitation source and the terminating impedance are all 

treated as voltage sources. They correspond to excitations Ii and 12 

at points P1 and P2 (coincide with A and B) respectively. By using 

the principle of superposition, with the notation consistent with 

that Introduced in section 2.3, the resultant voltage distribution 

can be expressed as 

(2-!2) V(x,y;P1,P2) = Z1(x,y;P1)11 + z2(x,y;P2)12 

at P1(x1,y1) V1 = Z1111 + ZI 
(3-)4) 

at P2(x2,y2) V2 Z2111 + 

If V1 is replaced by a short circuit, i.e. V1 O, then 

(3-S) 

O = Z1111 + 

V2Z2111 + Z2212 

Then to determine the impedance seen looking into P2, solve for 

V2/12 from (3-S). This is the impedance, Zj, looking from point 

P2(A,B) toward the parallel plates dth the excitation source 
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replaced by its zero impedance 

(3-6) Z12Z2]. 

- ______ 

Now, the next step is to find the current in the impedance ZL 

connected across AB with an excitation voltage V across P1. In this 

case, the voltage V2, in equation (3-4j.), appearing across AB is really 

a negative reactance drop, ZLI2. V1 is the only excitation voltage 

and will be designated V. Then equation (3-b) becomes 

V = Z1111 + 

-ZLI2 = Z2111 + 

Solving for 12 yields 

V 
12 Zfl(Z22+Z) 

Z12 

(3-8) 

(V ' 

Z21) 
Z (z22 + 

z12z21 

The current calculated by use of Thevenin' theorem is 'L -12. 

1 
(3-9) 'L 2 (: Z21) Z12Z21 

z22- 
11 +ZL 

In equation (3-9), it can be 

circuit voltage, V0 developed acro 

equation (3-6) that Z22 - Z12Z2]. 
Z11 

from AB toward the plates with the 

seen that -L z21 is the open 

3S AB with ZL disconnected and from 

is the impedance Zj looking back 

excitation source V replaced by its 

internal impedance vthich is zero in this case. Then (3-9) may be 

rewritten in a simpler expression as 



(3-10) 
vo 

'L = + ZL 

37 

The derived results is exactly the analytical expression of Th&veni&s 

theorem. 

3.Li Reciprocity Theorem: If a source of emf. V at point P1 

produces a current 'L in a short-circuit at point P2 on the side 

opposite P1, the same current 'L would be produced in a short-circuit 

at point P1 if the source of einf. V were moved to point P2. 

By Thvenin's theorem, the load current produced in a load 

impedance ZL across P2 due to a source of emf. V is expressed by 

equation (3-9) as 

i 
(3-9) -12 Z21 Zii 

z22- 
Z +ZL 

If 1L 

(3-li) I2 z12j Z2l 

If the source exnf. V and short-circuit are interchanged, the short- 

circuit current (-Ii) at P1 can be expressed by a similar relation 

as (3-11) except with subscripts 1 and 2 interchanged 

(3-12) -Ii = _ 
z12zj Z12 

If P1 and P2 11e on the opposite sides of the boundary, by equation 

(2-ItO) it S seen Z12 Z21. Then Ii 12. Thus, the reciprocity 

theorem for the opposite side is established. 



CHAPTER IV 

VOLTAGE STANDING WAVE 

In Chapter II, the solutions of the voltage equation for 

different boundary conditions were obtained. Each of' them is in terms 

of which is a complex number. Hence the voltage function is a 

complex expression and its value varies from point to point. 

Physically, the voltage at each point has its corresponding phase and 

magnitude. If voltage magnitudes only are plotted over the plate, 

the plot forms a curved surface. This curved surface is called a 

voltage standing wave. 

The voltage functions in terms of the excitation current 2 E I 

for different boundary conditions are expressed by equations (2-17), 

(2-21) and (2-2L). 

(1) The side opposite of excitation terminated; Zr per unit 

length. 

(2-21) V(x,y) 2iz ZrCO5o(aX) + Z/cosinoo(a-x) 
Z/0 cosoa - ZrSiflooa 

i _ 
n=l 

(cosnlye)(sinTE) 

ZrCOSo&n(aX) + Z/o sino(a-x) 
cohT.y 

Z/o< cosc'a -Zr8iflna b 

(2) The side opposite of excitation short-circuited; Zr = O 
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_____ n'iras (2-214) v(x,y) 
= 2IZ sincp(a-x) ____ bo0 iino0a 

+ 
i 

05fhr31 

so(a-x) niry 
cosca COB b 

(3) Open boundary parallel plates; Zroo. 

(2.-17) V(x,y) 
= 2IZ coso&o(a-x) 

Z1 (cosnhre)(sin.) - bc sin o0a n1 
coso&(a-x) nlry 
sino(a COB 

b 

where =f-z - p = JYZ - (fir/b)2 n = 0,1,2, 

The first terms in each of the three equations corresponds to the 

voltage expression for a transmission line. It is the infinite series 

from n = 1 to that takes into account the two dimensional effect. 

The terms in infinite series vary sinusoidally with respect to y, but 

in rather a complicated way with respect to X. By using a reasonable 

approximation for O&r1 it can be shown that the terms attenuate 

exponentially with increasing x. In this chapter, the voltage 

distribution shall also be expressed in terms of a reference voltage 

instead of the excitation current. By substituting the exponential 

relationship, the final expressions may be used to conveniently 

calculate the voltage standing wave patterns. 



L.l A Good Approximation for o 

(a-l) =kz - J-(G + jwc)(jL) - (n/b)2 

JCLc - (nt/b)2 -jJ - (nr/b)2 -jY 
where 7 is the conductivity of the dielectric medium between the 

parallel plates. For a medium having losses, this ?' is the 

equivalent conductivity including that due to dielectric loss. This 

dielectric loss is repeated each ha]! cycle, and hence that component 

of power is nearly proportional to frequency. It is convenient to 

indicate the loss in a given substance by expressing its power factor. 

At frequency f W/2, the conductivity Y is related to power 

factor (p.f.) and the absolute dielectric constant by 

p.f. = -y 

j 
2 
+ (cdé 

)2 

or 

(tt-3) = __________ 
i - (p.f.)2 

For p.f. < 10%, which is the case for ordinary dielectric materials, 

2 may be approxhnated by p. f. ( oi ) . Then (Li-l) becomes 

()-L) on = IWAE (/)2 j2/L(p.f.). 

For practical dielectric materials, ¡L is the same asj o the 

permeability of free space, but is different from , the 
absolute dielectric constant of free space by a proportional constant 

k, known as the dielectric constant. That is, k0. 



Then 

where 

E = ) L 0E 0k = W2/v2 k 

v ____ = velocity of electromagnetic waves in 

free space in meters per second. 

As W=2m1, vfA0, 
where X0 = electromagnetic wave length in free space, 

then = (2lrA0)2k 

and 

(b-6) = J(2117)0)2k - (n1/b)2 j(2)2 k(p.f.) 

J- 

p.f. \- = J(20)2k -(n)2(i - 
1- (nA2b)2 l/ 

For given values of 1\ , b and k, there will exist a least integer N 

such that (N/2b)2 1/k 2. For p.f. <10%, 

p.f. <10%. 
(N4J2b)2 1./k - i 

By using binomial expansion and neglecting terms of higher order, 

(b-6) becomes 

ji 
p.f. 

( 1-7 ) ° = J( 211/A ) 
2k -(nb )2 (i 

- (nXd2b )21/k) 
2 n 

for n N. 

As p.f. 
S% for n N, can be further approximated 

1 - (nÀd2b)21/k 

by 

(b-8) o,n J(211/A0)2k - (nir/b)2 jW 



where 

(li-9) = J(n-/b) -(21r/À0)2k. 

As is approximated by (1.4-8) for those n such that 

(nAj2b)2 i/k 2 or ì(nlltb)2 (2Tr/A0) k. 

Then 

>mir 

which means that n is a real positive quantity for those n N. N, 

as stated before, is the least integer determined by 

(b-u) (N /2b)2 1/k 2 

If À0 290 inches, corresponding to a frequency of bO.68 

megacycles per second, b = b8 inches, and k is not more than b, then 

N = i is the least integer satisfying (b-U). Therefore, the 

approximate relation (b-8) for n holds true for integral values 

n = 1,2,3, ... 



b.2 Exponential Attenuation With Respect 
to Axis of Excitation 

The first term in each of the voltage function expressions 

corresponds to that for a transmission line. They vary sinusoidally 

along x for a lossless medium. For a medium having losses, there is 

exponential attenuation in addition. These properties are thoroughly 

discussed in many textbooks. Now the factors contained in the terms 

of the infinite series will be investigated. Let 

F1 - 
cosc(a-x) 

°ri s1na in (2-17) 

i s(a-x 
F2 = cosoa in (22L) 

i ZrCOS o(a-x) + Z/0(sin((a-x) 
F3 

Z/o coscÇa - ZrsinDna 
in (2-21) 

Substituting o = j L&), where ú-) = J(nÏl/b)2 - (211/A 0)2k is a real 

positive number, into Fi, F2, and F3, they become 

i + 
F1 ; ea 

i - 
F2 - aJa -a 

F 
zr(e_+e_a_) + - 

3 

z (ea + e_a) + Zr n(e ' 
e) 

nil- -&a 
For n : Ab and consequently e « e , then 

(Li-12) F1 
¿ 

(eiX + e_h(2a_) 

(Li-13) F2 
(_x e_2)) 1 



(14-114) F 
Zr + z4o 

e 
Zr - Z/oJn -'4.1(2a-x) 

3 Z+Zr(AJn Z+ZrL)n e 

âs A)rj. X and (2a-x) are all positive, F, F2 and F3 decrease 

exponentially with respect to x. Hence, the ternis of infinite series 

in the voltage expressions (2-17), (2-214) and (2-21) decreases 

exponentially with x. The rapidity of attenuation depends upon the 

value of 6. The larger the c-), the more rapid is the attenuation. 

If the two dimensional effect is serious, it is only serious for 

values of x near the excitation source, since it decreases 

exponentially with x. Theoretically it vanishes as x becomes infinite, 

but practically no considerable effect appears for values of x greater 

than 2 feet from the source for b' x 6' plates excited at 140.68 

megacycles per second. 



Li..3 Voltage Function in Ternis of a Reference Voltage 

The voltage functions expressed by equations (2-17), (2-21) and 

(2-21t) are in terms of the size of the plates, the position and 

frequency of excitation, and the excitation current. With these 

conditions specified, the voltage standing wave on the plates is 

determined. Increasing or decreasing the excitation current can only 

alter the absolute value of the standing wave but not the wave shape. 

It is the wave shape which is called the standing wave pattern at the 

specified conditions Since the voltage standing wave pattern gives 

a picture of the relative voltage distribution, any voltage , other than 

zero, at any point on the plates may be chosen as a reference voltage 

and the voltage function is expressed in terms of this reference 

voltage. This relative voltage function will be called percentage 

voltage distribution function C(x,y). C(x,y) is complex in general, 

that means the voltage on the plate changes both in magnitude and in 

phase from that of reference voltage. It is natural to choose a 

reference voltage Vr which gives the simplest expression for the 

percentage voltage function. As the infinite series terms in the 

voltage function expressions attenuate exponentially with respectt X, 

a voltage at the largest possible X is preferred for a reference. For 

large values of X the infinite series terms vanish practically. The 

reference voltage Vr for each boundary condition and the corresponding 

expression for each percentage voltage function will be shown as 

follows: 



(1) The side opposite of excitation terminated; Zr per unit 

length 

(2-21) v(x,y) 
2 EIZ Zrcos(ax) + Z/o0 sinc(a-x) luZ - i 
b °Ç Z/d0 cos0a - Zrsifl o0a 

+ 
n1 

(cosn-rI-e)(sint.) ZrCOS0(n(aX) + Z/o( sino((a-x) 

Z/oco5o<a - ZrSln°'na 

n7r 
b 

Choose 

2IZ Zr 
(h-iS) Vr v(a,b/2) - bc0 Zfo 005 -Zrslr1oa 

Then 

= Vr o0b z/0 cos o(0a - Zrsinc<oa 
2E -ç-,--- 

and 

v(x,yJ (h-16) C(x,y) 
Vr coso(0(a-x) + 

i Z 
sin o/0(a-x) 

+ *'; c° c'0a - o'0sin ooa) 
n1 

(cosn'irO)(s n'irE 
) 

ZrCOS o(a-x) + Z/o sino(a-x) 
1-T- Zrsiicna 

cos nr-y 

Substituting F3 from equation (b-1h) into (h-16), it becomes 

= V(x,y) i Z (b-17) C(x,y) 
Vr = 

coso(a-x) + 
;; ç sinc(a-x) 

+ _(cosoa csinca) (cosnire)(sin ) 

co 2b Z 
____ fl'1E 

n]. 

Z +Zr 'nJ Z + zrn)e_2a_08 b 

I(Zr_+_Z/)fl)e_AhX (Zr ___ niT y 
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(2) The side opposite of excitation short-circuited; Zr 

2L Z sin o ( a-x) Liz -- i 
(2-21) v(x,y) 

b cas o0a 
+ j7 

n1 

(casnrO)(sin' 
¡sindn(a-x) )n'rr 

, Co5ca 

Since V(a,b/2) = O, it cannot be used as reference voltage. Hence 

(Li8) Vr = V(a,) L. is chosen. Then - 
O coso0a 

c b c0 cosc0a 
I - Vr T sin i7a 

and 

V(x,y) sin o(0(a-x) 2b osino0a (1r19) C(x,y) 
- -v sinc01/3 a ff sincxl/3a 

sin a- ny II__(cosn1ro)(sin') cosoa b n=1 

Substituting F2 from equation (Li-13) into (h-19), it becomes 

()-2O) c(x,y) = 
V(x,y) sin(0(a-x) 
Vr Sin o'l/3 a 'ire. sin a 

/-x -4(2a-x)\ 
ni-l-y _(cosnifO)(sin')(e ' - e )cos 
b 

(3) Open-circuited boundary; Zr m 

_2I Z cas o(a-x) luZ i ____ __________ . flflE (2-17) v(x,y) - 
sinc<0a Tr n=1 b 

COB o(a-x) ni-y 
sino(a cos b 

Choose 

- 21E Z i (t-21) Vr 2 V(a,b/2) - - _16_ sino<0a 



Then 

bo(0 
I T sin o0a 

and 

V(x,y) 
(Li-22) C(x,y) 

Vr 
= cos 0'0(a-x) +,(o0sincx'0a) 

coso(a-x) ____ -21 _(cosn1rO)(sinE) 
sino<a 

- ___ 

Substituting F1 from equation (Li-12) into (Ii-22), it becomes 

V(x,y) 2b 
(14-23) C(x,y) 

- Vr cosc(0(a-x) -(o0sinot0a) 

-I ___ nlrTy n itE ____ (cosnTre)(sin 
b 
)(e1X + e_2a_) 

b 

Equations (h-16), (L-19) and (1i-22) express functions in 

terms of a reference voltage 'with the factors involving x witten in 

sinusoidal form. Equations (Li-17), (L-2O) and (Li.-23) express the 

voltage functions in terms of the same reference voltages but with 

factors involving x written in exponential form which is more 

convenient for numerical calculations. 



PART II 

EXPERIMENTAL VERIFICATION 
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CHAPTER V 

EXPERIMENTAL EQUIPMENT 

The voltage and surface-current-density functions for parallel 

plates were obtained by theoretical analysis in Chapter I and 

Chapter II. In Chapter III, the important network theorems, such as 

the superposition theorem, compensation theorem, Thveni&s theorem 

and reciprocity theorem were shown to hold true for the parallel 

plates case with slight modifications. In Chapter IV, the general 

properties of the standing wave were investigated. The voltage 

function was expressed in terms of a reference voltage after making 

some reasonable approximations. This expression is convenient to 

use for numerical calculation. In this chapter, experimental 

equipment thich was used to verify the analytical results will be 

described, and in the next chapter, the calculated and experimental 

results will be plotted together to show how closely they compare. 

The measured data and calculated numerical results will be arranged 

as tables in appendix 3. 

In order to have a maximum standing wave variation along the 

parallel plates, the dimensions of the parallel plates should be 

comparable to quarter wave length. The source frequency for the 

experimental work was selected at LO.68 megacycles per second. The 

size of the parallel plates used in the experimental work was Li) X 6'. 

To measure the voltage between the plates without disturbing the 

field conditions, a special probe type voltmeter was designed and 



constructed. 

.1 High Frequency Source 

There are two reasons for selecting LiO.68 megacycles per second 

as the frequency of the source. First, it is the center frequency 

of the highest frequency channel assigned by Federal Communications 

Commission for industrial and other uses where radiation is 

unrestricted and operation need not be licensed. Second, the higher 

the frequency, the smaller the physical size of electrically large 

plates; hence it is easier to set up and less space is occupied. 

But on the other hand, the use of high frequency introduces 

additional measurement difficulties. Hence it is more difficult to 

obtain accurate experimental data. Thus, a compromise between the 

two factors is desirable. At the selected frequency of hO.68 

megacycles per second, parallel plates Lj) x 6' are electrically 

large, and furthermore it is not difficult to generate power or to 

obtain accurate measurements at this frequency. 

The LO.68 megacycle per second source contained an oscillator 

driving a push pull amplifier, the output of which was to feed the 

parallel plates through a transmission line and matching network. 

The block diagram is shown in Figure S-l. The matching network 

must be tuned to provide a reasonable voltage on the plates, and 

at the same time furnish the proper impedance for the amplifier. 

Figure -2 is the circuit diagram of the amplifier and Figure -3 

shows its picture. 



L'1i] 

FIG 5-I 

MATCHING 
AMPLIFIER 

NETWORK 

- - 

'PARALLEL , 
PLATES 

BLOCK DIAGRAM ARRANGEMENT OF EQUIPMENT 

FIG 5-2 CIRCUIT DIAGRAM OF AMPLIFIER 

[ri. 



FIG. 5-3 AMPLIFIER USED IN TESTS 
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.2 L1.' x6' Conducting Plates 

Two Li) x 6' x 3/16" aluminum plates were used because aluminum 

is a good conductor and comparatively light. The two plates were 

kept as flat as possible. The lower one was mounted on a wooden 

frame which was supported and made level by six adjustable legs. 

The upper plate was mounted on twenty l inch polystyrene insulators 

which were distributed almost evenly about the lower plate; the 

polystyrene insulators were fixed between the plates by screws to 

keep the plates parallel. On the upper plate, there were ninety-six 

5/8 inch diameter drilled holes, divided into 8 rows and 12 columns. 

Any two adjacent rows or columns are 6 inches apart and the outside 

ones are 3 inches from the edge. The reason for these holes was 

for the measurement of potential difference between the upper and the 

lower plate by use of the probe voltmeter vthich will be discussed 

in next section. 

In this work, the rationalized system of meter-kilogram-second 

units, the Giorgi system, is used throughout the whole theoretical 

analysis. Since the dimensions of the parallel plates used for 

experimental work are !' x 6', it is convenient in calculation to 

express all lengths, such as a, b, x and y, etc. in inches. But in 

graphs and data, it is convenient to express the position (x,y) of 

the center of a hole by the corresponding number of the column and 

the row where it lies, Therefore, if x or y is hereinafter expressed 

in inches, that means it is so many inches from the corresponding 



6L1. 

axis sho'vn in Figure 2-1. If x and y are expressed by nuirbers 

without units, they indicate the position of the hole in accordance 

with the numbering shown in Figure Figure -ì shows the 

locations of the holes on the parallel plates with center (x,y) 

expressed both in inches and in numbers. Hence the center of the 

corner hole x = 6911, y = 311 is also denoted by x = 12, y = 1. The 

whole assemble of the parallel plates with the wooden frame is shown 

in Figure 5-5. 

5.3 Probe Voltmeter 

Two special probe type voltmeters were constructed and 

calibrated to measure the voltage at different points between the 

plates without disturbing the fields. 

(A) Theory and construction: If the separation of parallel 

plates is small in comparison to the dimensions of the plates, the 

electric field between the plates will be perpendicular to the 

plates. In Figure 5-6, consider a circular differential area £A 

on the upper plate, let Va be the average (within A) instantaneous 

voltage difference between A and the lower plate. This voltage 

will produce a current from lower plate to AA as follows: 

(5-l) i = (GAA)va + (CAA) 

where G and C are conductance and capacitance per unit area. Since 

t:e elementary area is very small, the voltage y at the center of i A 

may be approximated as va. Without loss of generality, y is assumed 
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FIG. 5-5 PARALLEL PLATES WITH WOOD DIELECTRIC 



to be sinusoidal 

y = Em sinuit 
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Then 

(s-2) i = (GL\A)Em sinwt + (aJCLA)Em cosüit. 

This current flows from lower plate to iA on the upper plate and 

then spreads out and finally flows back to the source. If a 

circular ring is cut around on the upper plate, and the current is 

forced to flow through the crystal detectors lN3). connected as shown 

by Figure S-6, the microammeter will read the average of one-haS of 

the sinusoidal current wave provided the detector and microammeter 

have negligible impedance. The other crystal only furnishes a low 

impedance path for other half cycle. If the rectified current 

passing through the microammeter is denoted by 'd.c.' 

then 

(s-3) 
'd.c. = (GAA) + i(CA)F 

For air dielectric G = O, and for other ordinary dielectrics 

operating at sufficiently high frequencies G«C. Then equation 

(5-3) reduces to the approximate relation 

(5-)4) 
'd,c. - J(cA)Em. 

Equation (5-ti) shows that the microarnmeter indication is proportional 

to: 

(1) Voltage at middle point of ¿\A if LA is small. 

( 2) Frequency of the source. 



5000 u uf 

FIG 5-6 CIRCUIT DIAGRAM OF PROBE VOLTMETER 



(3) Capacitance per unit area; i.e., directly proportional 

to dielectric constant and inversely proportional to 

separation between the plates. 

(Li) Area of' L\A. 

A voltage indicating instrument built on the above principle 

will be called a probe voltmeter. If the series resistance of the 

crystal and microammeter is negligible, then the voltage difference 

between the parallel plates may be calculated from the m±croammeter 

indication by the approximate relation (s-li). But in actual cases, 

the resistance of microammeter is considerable, and furthermore, the 

resistance of crystal is non-linear. It becomes extremely high at 

low voltages. However, it is necessary to calibrate the voltmeter 

if good accuracy is desired. 

Each of the two probe voltmeters that were constncted has a 

circular area corresponding to A, with one-half inch diameter. The 

outside of the circular disk is tightly surrounded by 5/8 inch out- 

side diameter polystyrene tubing. This insulates the conducting 

plate from the probe as it is placed in the hole to obtain a voltage 

measurement. The circuit of the probe voltmeter is shovm in 

Figure s-6. Figure -7 shows the whole assembly of two voltmeters, 

number 1 with a lO microampere instrument and number 2 with a 30 
microampere instrument. A metal case is used to enclose the entire 

voltmeter to avoid stray field influences and also serves as the 

second terminal of the voltmeter which contacts the upper plate. 

(B) Calibration: The two probe voltmeters were calibrated at 
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Lo.68 megacycles per second with a separation of 1. inches for both 

an air dielectric and a plywood dielectric. Ca1ibration curves are 

also taken at 50.9 megacycles per second for the verification of 

sinusoidal distribution when 2a 

Vhen exciting the parallel plates at the center of short side 

(the Y side), it was found both by calcution and by probe voltmeter 

indication that the voltage is nearly the same along the Y direction 

for x >a/2. Hence, the voltage measured by a vacuum tube voltmeter 

at the edge point (x 63", y O") is very nearly equal to the voltage 

at hole x 63's y 3U which is three inches from the edge. The 

vacuum tube voltmeter used for calibration was a Hewlett-Packard, 

model LO1/. The 300 volt range was used to calibrate the lO pa 

probe voltmeter, while the 100 volt range was used. for 30 ,ua probe 

voltmeters. The calibration curves are shovn in figures s-d, 5-9, 

5-lo and 5-11. 
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CHAPTER VI 

CALCULATED AND MEASURED RESULTS 

The experiments were performed only for the open-circuited 

parallel plate case. Both measured and calculated results are 

expressed in terms of reference voltages. In other words, they are 

expressed as percentage voltage distributions. The calculated 

voltage distributions are plotted as curves while the measured values 

are shown as circled points on the same sheet for a comparison. At 

the same tie, their values are listed as tables in Appendix 3. The 

calculated voltage distribution patterns were verified expiinentally 

for single and multiple excitations. And also, from the experimental 

results of multiple excitation, the superposition theorem was proved 

experimentally. 

6.1 Single Excitation 

The voltage function expressed in terms of a reference voltage, 

or the percentage voltage distribution, for open-circuited parallel 

plates due to single excitation at side btt is given by equation 

(Li-23). 

- V(x,y) 2b 
(Li-23) C(x,y) - 

Vr = 
coso0(a-x) - - ( o sind a)Z 

ir o o n1 

. n7r / -ax n(28x)\ nu-y (cos nîr6)(ein b )( e + e ,,/cos -s--. 

where 

4_) n 
J(n1fl2 
- -()2k n1,2,... 
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c = --fí [i j(p.f.)} 
o 

= 290" at f Li.O,68 mc./sec 

¿ 0.L8" where excitation width = 0.96". 
(L' (2a-x 

Note that e n 
e for small values of x, and that for 

large values of x the infinite series practically vanishes. Hence 

-aL(2a-x) -wx 
e may be neglected in comparison vith e n for computation 

purposes. 

The numerical coefficients for calculation and the calculated 

and experimental results are given for the folloing cases of single 

excitation; 

(A) End Excitation vith air dielectric 

(B) End Excitation vith dielectric having losses 

(C) Side Excitation with air dielectric 

(D) Corner Excitation with air dielectric. 

(A) End Excitation with air dielectric: Excitation at, center 

of side btt. Now 

k 1, p.f. O and , ü) J(f) 
2(2 

n = 1, 2, 

Letting n = 2m in equation (Lj.-.23) yields 

(6-l) C(x,y) = 
V(x,y) a-x ° 

i 

_____ mir., 

Vr = 
cos21r- -5.27-cosmir)(sin 

) 

ni=l 

.f .-l3lnix\ 2miry \e ,cos 
b 

For x > 9H, the infinite series converges very rapidly. Only a few 
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terms need be considered. Thus sin may be approximated by m'1r/O 

because mW/SO is small for first few terms. Hence for x 911 

V(x,y) a-x 
(6-2) C(x,y) - Vr 

-cos2Tr-- 
m1 

2m'fly 
C05 

b 

The value of C(x,y) at x = 15", y LI5" is calculated according 

to equation (6-2) to illustrate the procedure of calculation 

x = 15", e°31 = 

y = L5", cos2mfl = cos 

-l.96m 'w 
in e cosme cosmit- 

1 O.lIl O.92L -1 
2 0.020 0.707 +1 
3 0.003 0.383 -1 

In 
(e ")(cosm) 

cosm'fl- i 

x = 15", cos 2TE 0.329. 
N0 

Hence at x = 15", y = )4511 or x = 3, y = 8 

-0.1301 
+0.0071 
_r 

= -0.l23L 

C = 0.329 - 0.33l(-0.l23h) = 0.329 + 0.OL09 0.3699 37%. 

The following set of graphs portrays the percentage voltage 

distribution for end-excitation with an air dielectric. Figure 6-1 

shows the isometric projection of the voltage distribution along the 

plate. Figure 6-2 to Figure 6-5 show the calculated and measured 

results along x ±th y 5, y 6, y 7 and y 8, respectively. 

The voltage distribution at y 1, y 2, y 3, ard y Li. are 

onìitted because the calculated distribution is symmetrical with 

respect to the axis of excitation. 
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(B) End Excitation with dielectric having losses: A piece of 

plywood )4 x 6' x ijt was used as a dielectric medium having losses. 

The dielectric constant k and power factor were determined by the 

method used in the paper "Dielectric Properties of Douglas Fir at High 

Frequencies," J. J. ittkopf and Li. D. Liacdonald, Oregon State College 

Engineering Experiment Station Bulletin No. 28, l9L9. 

At f = LO.68 mc/sec k = 2.6 p.f. 7 

21r ____ - 
-t--- fi(i P.f.) 

= O.O3-2.86° 
A0 

i1ien e = , let n 2m 

then 

ri 

2 )2 
2mw 

for m 2 

w 2 
2 

Jhile 1 fl1 (-T;) 
k = 0.126. Then 

(6-3) C(x,y) 
V(x,y) 

= cos(a-x)+5.32 

OD 
lmx 2m'-y -5.l1[.9°I -4(cosmrr)(sin)(e°13 )cos 

b m2 
m'fl- m.J7 For x > 9", sin may be approximated by . Then 

_____ O.126x 2'Try = V(x,y) (6-14) C(x,y) 
Vr 

cosol0(a-x) + O.33)46.9°(e )cos 
b 

OD 
-O.l3lmx 2m11-y -O.321°(cosmir)(e )cos 

b 
m-2 

The following set of graphs portrays the percentage voltage 

distribution for end excitation with dielectric having losses. Figure 

6-6 to Figure 6-9 show the calculated and measured voltage distribution 

with y = S, y = 6, y = 7 and y = 8, respectively. 
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(C) Side Excitation with air dielectric: The excitation is 

at center of side "a" instead of side ttbfl. For the cases of 

excitation at side "a'1, the percentage voltage distribution function 

is similar to that shown by equation (1.-23) except with (x,y), (a,b) 

and (oÇ,f) interchanged. 

(6-S) C(x,y) 
V(x,y) 

cos 180(b-y) -( a) 

,' 
-way _u(2b-y)\ fl--X .j(cosnir8)(sin- a )e + e )cos a nl 

Vere n 
= (nit/a) 

= - (nil/a)2 n = 0,1,2,.... 

For air dielectric k = 1, p.f. = O and center excitation e = 

f21VA0 

=J(211/,k0)2 - (nui/a)2 

Let 

aj zJ (Tr/a)2 - (211A0)2 

LÇi1 f(nlva)2 - (2T1/À 

n = 1,2,3,... 

= 0.0839 

nula forn2 

For practical calculation purpose e2b7) may be neglected. Take 

Vr V(a/2, b) and let in 2n. 

Then 

= V(x,y) ___ (6-6) C(x,y) 
Vr = 

cos2Tr + __ _ 2flx 

co 2mTre)(_O.O872m) 2m'jx -10.23Z-(cosm11-)(sin 
a cos a m_2m 



At distance y > 9", the infinite series converges very rapidly, and 

2m'rr only a few ternis neea. be considered. Then sin 
a 

may be 

approximated by 2mm-a . For y > 9" a 

V(x,y) b-y 
+ o6( -O.O839y 2TVx (6-7) C(x,y) - -i----- - cos 2fr e )cos 

a r 

O.L28 -O.0872y 2mTpc 
- -(cosmlr)(e )cos a m2 

The following set of graphs portrays the calculated and measured 

voltage distribution along y with different values of X for side 

excitation. Figure 6-lO is for x = 7, Figure 6-11 to Figure 6-15 

are for x = 8 to x = 12 respectively. Voltage distribution at x 

to x 6 are omitted due to symmetry. 
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(iJ) Corner Excitation with air dielectric: Excitation at 

the corner of "b" side with excitation axis parallel to side "a" 

In this case e = O in equation (L.-23). For air dielectric k = 1, 

p.1'. = O, 

= 2Th 
2 

J 
g, -() = 0.0618 

= - J2 2m2,n-ir 
o 

forn2 
For practical calculations, equation t)4-23) becomes 

(6-8) C(x,y) 
V(x,y) a-x . 

, -0.0618x 'Try ______ = cos2W- -22.3(s1n)(e )cos-- 
- Vr A0 

cx) X 
-21.02 

1 nm ___ -7(sinT)(e)cos b 

. n'Tr n-n-. For X ;;' 9" , sin may be approximated by 

Then 

(6-9) C(x,y) = 
V(x,y) a-x 

Vr = 
cos2ir-- -O.7O2(e0061BX)cos ______ 

11-y 

- 0.662 (e)cos--- n iry 

n-2 

The following set of graphs portrays the voltage distribution for 

the corner excitation with air dielectric. Figure 6-16 is the 

isometric projection of the voltage distribution along the plate. 

Figure 6-17 to Figure 6-2g show the calculated and measured voltage 

along x for different values of y as a comparison. 
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6.2 ultiple Excitations 

From section 2.3, as a result of the principle of 

superposition, the resultant voltage function due to excitation 

currents I and 12 at points p1 and p2 respectively is 

(2-2h) V(x,y;P1,P2) = Z1(x,y;P1)11 + z2(x,y;P2)12 

where Z1(x,y;P1)11 is the voltage distribution function due to 

excitation current Il alone and Z2(x,y;P2)12, due to 12 alone. 

These voltage distribution functions can also be expressed in 

terms of the percentage voltage distributions C1(x,y;P1) and 

C2(x,y;P2) with reference voltages Vlr and V2r corresponding to I 

and 12 respectively as follows: 

Z1(x,y;P1)11 = C1(x,y;P1)V, 

Z2(x,y;P2)12 C2(XY;P2)V2r 

Hence, the resultant voltage for this double excitation is 

(6-9) V(x,y;P1,P2) C1(x,y;Pl)Vlr + C2(x,y;P )V 
2 2r 

C1(x,y;P1) and C2(x,y;P2) are obtained from the calculated voltage 

distribution for single excitation at P1 and P2 respectively. In 
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order to determine Vir and V2, the resultant voltage V(x,y;P1,P2) 

at any two distinct points on the parallel plates must be knovn 

both in magnitude and in phase. If voltage magnitudes only at any 

three distinct points on the plates are known, the magnitudes Vlr 

and V2r and the phase angle difference of two reference voltages 

Vir and V2r can be determined as follows. 

Let 

- II° 
vlr -V11__, 

then 

V2r I'2I[j 
and 

(6-10) V(x,y;P1,P2) = C1(x,y;P1)JV + 

By dropping the argument of the functions, equation (6-10) may be 

written in the following simple form. 

(6-11) V = CJVlrI+ C2fr2lM. 

= (CVlrl+ CjV2rJCOS ) + jC2fr2rlsin Ø 

(6-12) tv = (Cjj\Tir + 
c2!r24 cos 

)2 + (c2v24 sin 

= (cfr1)2 + (02fr24)2 + 2C1C21V2cos 
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The actual experiment was performed under a double excitation 

at the opposite centers of side "b". The resultant values of voltage 

at different points were measured by the probe voltmeter in magnitude 

only. Table 21 shows the measured resultant voltage distributions. 

From this table and the calculated percentage voltage distribution 

for single-end feeding, sho%m by Table 3, it wi11 be seen that 

at hole no. (2,): = Lj8.5 C1 = 9.9% C2 = 98.0% 

at hole no. (6,6): IVf = 37.6 C1 = 66.1% 02 

at hole no. (8,6): lvi = 70.0 C1 = 83.3% C2 55.7% 

Substitution of these values into (6-12) yields 

(1.8.5)2 (0099kT1r2 + (0.96v2)2 2(0.099)(0.98)fV1v24cos 

(37.6)2 (0.66]41p2 (0.753ti2)2+ 2(066l)(07S3)WJ2rPOS 
(7Q)2 

= (0.83VirJ)2 + (0.57lV2J)2+ 2(0.883)(0.557V13jV2,bos 52. 

Solving for IV4, Iv2 and cos yields 

iVlrh 123.9 volts 1h72r1 61.7 volts 

cos Ø = -0.98 sin = ±0.199LL take sin = +0.1991j.. 

Upon substituting values of Ivlr!,I V214 and cos , sin from above 

into (6-il), the resultant voltage at any point on the parallel 

plates can be calculated by 

(6-13) V = 123.9Cl 60.502 + ) 122.802. 

The calculated voltage distribution along different values of y are 

plotted as curves and the measured values are shown as circled 

points on the same graph for comparison. Since the voltage 

distribution is theoretically symmetrical with respect to y 2L", 
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only the distribution curves along y = 5, y = 6, y = 7 and y = 8 are 

plotted in Figure 6-25, Figure 6-26, Figure 6-27 and Figure 6-28 

respectively. Since the formula to calculate the resultant voltage 

distribution for multiple excitation is based on the principle of 

superposition, the experimental verification of the calculated 

distributions verifies the superposition theorem at the same time. 
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PART III 

ILLUSTRATION OF ONE APPLICATION 
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CHAPTER VII 

DIELtCTRIC BEATING AT HIGH FREQUENCIES 

Dielectric heating is used industrially to quickly heat a 

non-conducting medium throughout its entirety. It is usually 

important that the heating be uniform. That is, the power density in 

all parts of the dielectric must be the same. When the material to 

be heated by this manner is electrically large, it d11 be found that 

the heating may be non-uniform. If the electrodes used in the 

dielectric heating process are paraflel plates, the methods developed 

in this thesis may be applied to this study. From the properties of 

the voltage standing wave on the plates, suggestions are derived to 

make the dielectric heating reasonably uniform for all practical 

purposes. 

7.1 Problem of Non-uniform Dielectric 
Heating at High Frequencies 

Since most dielectric materials are poor conductors, loss due 

to actual conductivity of the material is negligible. Another source 

of loss, known as dielectric loss, is of great importance. In an 

alternating electric field, energy is stored and released during 

each half cycle. If there is sorne dielectric material present in the 

electric field, the recovery of the energy is not complete. A small 

fraction of the stored energy is lost, possibly due to molecular 

frictional effect. Formerly,a concerted effort was made to overcome 
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such losses. Only in recent years has this phenomenon been put to 

industrial use. The het produced by dielectric loss is used to heat 

materials such as plastics and also to polymerize glue used in 

bonding wood surfaces, etc. This dielectric loss heats the inner part 

0± material as rapidly as the outer part, while by ordinary heating 

methods, it takes much longer to heat the inner part to the desired 

temperature because most dielectric materials are poor conductors of 

both electricity and heat. Thus dielectric heating is preferable 

in sorne circumstances. 

If Y is the equivalent conductivity of dielectric loss and 
actual conductivity of a medium, and E is the r.m.s. value of the 

electric field intensity, then the power]oss per unit volume in the 

dielectric material will be 

(7-l) power power per 
= YE2 watts per 

density unit volume cubic meter 

Since there is energy loss each half cycle, the dielectric 

power loss is proportional to frequency. Then the equivalent 

conductivity for a given substance is proportional to frequency. It 

is convenient to express the loss in a given substance in terms of 

its power factor which remains substantially constant within a 

considerable band of frequencies. 

r (7-2) p.f. = ____________ 

f7,2 
+ ()2 

and solving for 7' 
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(7-3) 7 
- (p.f.)2 

Then 

(7) Power (Pi.) 
we)E2 watts per 

density - J (pf)2 cubic meter. 

For power factors less than ten per cent, vthich is the usual case, 

4 
l-(p.f.) may be approximated by 1. Then the power density 

expression will be simplified. 

2 watts per power 
-(p.f.)(W)E cubic meter density - 

If two parallel plates are used as electrodes to heat the 

dielectric material between, the electric field E is uniform along 

the separation d of the plates. The expression of power per unit 

area of electrode surface, then, is 

power per Wut = (p.f.)(J )E2d 
electrode surface 

= (p.f.)(W 
a 

Where V Ed is the potential difference between the parallel plates. 

If the high frequency voltage changes from point to point along the 

plates the dielectric heating will be non-uniform. This non-uniformity 

becomes serious as the dimensions of the plate become comparable to a 

quarter wave length. As power density is proportional to frequency, 

the use of high frequency requires less time to heat the dielectric 

material to the same temerature nith the same voltage. Hence the 

rate of production would be increased. Or for the same production 
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rate, a lower voltage is required at higher frequencies. Thus the 

insulation cost is reduced. Present industrial practice is to limit 

the electrode voltage to about l,OOO volts. Thus, dielectric heating 

at higher frequencies may be desirable where the non-uniform heating 

problem requires investigation. 

7.2 Reasonable Uniform Dielectric Heating 
by Double Ecitations 

The voltage distribution function under single-end excitation 

is given by equation (Li-23). 

2b 
- V -( (Li-23) V(x,y) Vrcoso(o(ax) r<- o(0sinc0a) 

W___ 
nij /-ax + e2a_ n'lry 
b )e /cos b 

The infinite series terms attenuate exponentially along the axis x 

of excitation and spreads out sinusoidally along y, Because the 

infinite series terms are rapidly attenuated, they need be considered 

only in the region near the point of excitation. Hence, the first 

term, which will be called the principal mode, is the most important 

factor affecting the non-uniform voltage distribution on electrically 

large electrodes. It win be shown in this section that the principal 

mode can be made an even function by simultaneous double excitations 

at both ends having the same magnitude and proper difference in phase. 

In this case, the standing wave due to first term has a standing 

wave ratio of one. It is also called a traveling wave which gives the 

saine magnitude everywhere along the plates. Although, due to the 



distribution of infinite series terms, there is still a local non- 

uniformity near the points of excitation. Yet as a whole, the 

resultant voltage distribution is reasonably uniform. 

(A) Determination of Phase Angle Difference Between the 

Two Excitation Sources. From Equation (2-l), the instantaneous 

voltage distribution function is 

v(x,y,t) = V(x,y)e 
wt 

v(x,y,t) = V(x,y)coswt 
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where v(x,y) is the space voltage distribution function expressed by 

equation (Li-23). Let the voltage of principal modes be denoted by 

superscript I, and the voltage functions corresponding to excitations 

at different ends be denoted by subscript 1 and 2 respectively. Let 

the opposite side excitations be equal in magnitude but different in 

phase by an angle , then 

V(x,y,t) V(x,y) cos(ait - 

V(x,y,t) = V(x,y) cos ait 

where 
I 

v1(x,y) = Vcos c0(a-x) 

v(x,y) = VrCOS o0X replace a-x in V(x,y) by x. 

Then 

(7-6) v(x,y,t) Vrcoso(a_x)cos(ódt - 

(7-7) v(x,y,t) V coso X cosoit. 
r o 
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By principle of superposition the resultant voltage distribution due 

to the principal modes is 

(7-7) v'(x,y,t) = v(x,y,t) + v(x,y,t) 

= Vr(cos o0(a-x)cos(t - + cos oxcosc)tj 

Vr cos[(C&)t-x)+( 

2 + cos(t-ox) +cos(&t +o(0x) 

- 1sin(t-dx) sin(o(a-Ø)J ( 

- 
2 

sin(a)Jf 

___ ___ ____ ____ a- 
VrCOS Lcos(1tox)cos- -sin(t)t-o<x)sin 

2 J 

ca+Ø 
_____ _____ +Vcos 

2 
[cosWt+xcos 

2 
+sint+o0x) sin 

2 1 

Vr(cos cos( ¿st- + 

+ Vr(cos cos(t+o ox 
2 ) 

If 

(7-8) 
2 

- (2m+l) , or ± = (2m+l)lr- oc0a 

Then only one term in equation (7-7) will remain. If 

Then 

= (2m+l)7í - o(0a 

(a- a-Ø 
v'(x,y,t) = Vr(COS 2 

cos( )t - 0x + 
2 ) 

which is a wave traveling in the positive x direction with magnitude 

Vr COS everywhere. If 

-0 = (2m+l)lr- '0a 



then 

¿(x,y,t) = Vr(CoS 2 ) cos(Wt + 
-4a) 
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which is a wave traveling in the negative x direction with magnitude 

VrCOS 2 
everywhere. From equation 4-6), neglecting losses 

(p.f. = o) 

(7-9) 

Then 

(7-10) ± = [(2m+1y _ kJ. m = 0, 1, 2, 

In particular, if positive sign and m1 are arbitrarily selected 

(7-11) 

If two excitations at the opposite centers of side bu are 

equal in magnitudes but having a phase difference detennined by 

equation (7-11), the resultant voltage distribution will be reasonably 

uniform. 

(B) Replacing One Source by_its Equivalent Impedance. 

With two end excitations I and 12 equal in magnitudes but vdth a phase 

difference determined by (7-11), the resultant voltage distribution 

is predicted to be reasonably uniform. Under these conditions, if 

the equivalent impedances of two sources are calculated, it will be 

seen that at least one impedance has a negative resistance component, 

which serves as a real source, supplies the power to the paraflel 

plates. The other equivalent impedance may have a positive resistance 

component, and if so it is actually a sink and power actually flows 
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out from the parallel plates. This is for the case of a lossless 

medium, and also for medium having losses but of low power factor 

where the equivalent impedance may be determined bj neglecting the 

losses. 

In order to determine the equivalent impedances of the sources, 

two simultaneous excitation currents Ij and 12 at P1 and P as shown 

in Figure 7-1 are considered. With the notations consistent to that 

in section 2.3, the resultant voltages V1 and V2 at pl and P2 

respectively will be 

(3-Li) 

at P1(x1,y1) V1 = Z1111 + 

at P2(x2,y2) V2 = Z1I1 + ZI 

P2(x2,y2) lie at opposite 

plates, from equation (2-LO), Z12 Z21. Denote this common value 

by Zm Let the equivalent impedances of source 1 and 2 be Z1 and 

zs2 respectively. Then 

\t1 12 
z51 = - = -z11 - Zm 

( 7-12) 

- V2 

ZS2_T=-Zm çZ22 

If, furthermore, P1 and P2 are at the centers of opposite sides, 

then Z1- = Z22. Denote their common value by Z5. Then 

12 
z51 = -z - Zm Tj 

(7-13) 

zs2=-z 
In 12 
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FIG 7-I DIAGRAM FOR CALCULATING EQUIVALENT 
IMPEDANCES OF SOURCES 
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Ií 12 and I are equal in magnitude but with a phase difference [, 

determined by equation (7-11), the resultant. voltage distribution 

will be reasonafly uniform. The equivalent impedances of the sources 

under the condition of reasonably uniform voltage distribution, i.e. 

12 = become 

(7-lL) Z51 = -Z - 

(7-ls) z2 Zm[ _ Z5 

where 

(7-li) 

Zw and Z in equations (7-1!) and (7-1g) can be calculated from 

equation (2-LO) directly or as follows. With single excitation I 

at P1, Z2111 is the voltage produced by P2, which has been chosen as 

reference voltage Vr for end-feeding shown by equation 1-21). 

is the voltage produced at P1, and it will be denoted by V. 

Therefore 

(716) Z2111 = Vr 

and 

(7-17) = 

where by 

(L-2l) V 
-2IZ 

r b sin 

Upon substituting equation (1-2l) into (7-16), and noting that 

1l2 I and Z21 ;, yields 
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- z i (7-18) Z -- bo0 sin o0a 

For a specific excitation frequency, a, b, o( and Z (impedance per 

uni-b square) are ail knovn. Then Z21 can be calculated. Further- 

more, from the percentage voltage distribution pattern ±or single 

end excitation shovn by table 3, the percentage voltage C at P1 

can be found. Since 

then 

or 

- vs 
cs_v_ whereVrO r 

vs C5Vr Zl1=- Il s2l 

z 1 (7-19) Z5 = -c5 bo<0 sino(0a CsZm 

With , Z1 and Z5 calculated by equations (7-11), (7-18) and (7-19), 

the equivalent iipedances of two sources are determined by (7-1)4 

and (7-ls) for reasonably uniform voltage distribution. If one of' 

the equivalent impedance has a positive resistance component, it 
can be replaced by a passive impedance. The resultant voltage 

distribution will be the same as that determined by principle of 

superposition providing the compensation theorem holds true. 
(C) Reasaiably Uniform Voltage Distribution Function. The 

resultant voltage distribution function for double excitation shom 

in Figure 7-1 is 

(2-2)4 V(x,y;P1,P2) = z1(x,y;P1)11 + z2(x,y;P2)12 
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lrfth the voltage distributions due to individual excitations 

expressed as percentage voltage distributions C1(x,y;P1) and 

C2(x,y;P2) with corresponding reference voltages Vir and V2r 

the resultant voltage distribution can also be written 

(6-9) V(x,y;P1,P2) = Ci(XY;Pi)Vir + C2(x,y;P2)V2r 

The reference voltage Vr for single-end excitation is related to the 

excitation current 2I by equation (L.-21). 

(Lb-21) y = 
2EIZ 

r bo(0 sin 

So 

V i 
ir sino(0a 

12Z i 

2r - sin ca 

and 

(7-20) 

1r l 

If 

12 IiLL 

then 

2r irtL 

Henc e 

(7-2i) V(x,y;P1,P2) = Ci(XY3Pi)Vlr C2(x,y;P2)V[ 

Let the phase angie of 
lr be arbitrarily chosen as zero. 

ir fl'irIL_2 
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Then 

(7-22) V(X,y;P1,P2) = 01(x,y;P1) VirJ c2(x,y;P2) 1ir if 

As C1(x,y;P1) and C2(x,y;P2) can be found from table 3, the 

resultant voltage V(x,y;P1,P2) can be calculated. If the phase 

difference yS between the two excitations satisfies equation (7-11), 

the resultantvoltage distribution will be reasonably uniform in 

magnitude. The resultant voltage distribution wàs calculated both 

for air dielectric and for dielectric having losses. They were 

plotted as curves in figures from 7-2 to 7-10. 

( D) Calculated and ieasured Results. The resultant 

reasonably uniform voltage distribution function was calculated 

according to equation (7-22). The experiments were performed by 

replacing one source by its equivalent impedance. The measured 

distribution patterns were found to agree reasonably well with 

calculated patterns. These experiments not only proved the 

theoretical prediötion for obtaining reasonably uniform voltage 

distributions, but also proved the validity of the compensation 

theorem and the superposition theorem. 

(1) Air dielectric case: k = 1 p.f. O 

At f = )30.68 mc/sec A0 = 290" 

o10 ' JLj (1 -jp.f.) = 
290 A0 

27r72 'ir 

290 

sinoÇa ' i 



Z = jL = j Wd = j2W(o.68.lo6)(1o_7)37 

Hence , Z and Z5 can be determined by equations (7-fl), (7-18) 

and (7-19) respectively. 

and 

Uhere 

=(l---) =Tr(l-2) 'fl 

Z- Z 1 ,-Z 
m - bo0 sin0a = b 11.78 

Zs = C5Z = (1.2L1.)(j11.78) = j iL.6---- 

C5 = -l.2L is found out from table 3 
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Substituting 0, Zm and Z5 into equations (7-lL) and (7-15) 

Z61 = -Z5 - -1.78 _ j lL.6 

Z62 = Zm Z ±11.78 - j iL.6 

This shows that source 2 can be replaced by a passive impedance. In 

the experimental work a resistance of 1l.L ohm in series with a 

variable condenser was used to replace source 2. The variable 

condenser was adjusted to give the correct reactance (1.6 ohms). 

The measured percentage voltage distribution is listed in table 25, 

and the calculated percentage voltage distribution is listed in 

table 22, 

Figure 7-2 is the isometric projection of the calculated per 

cent voltage distribution. It is almost uniform except near the 

points of excitation. Figure 7-3 to Figure 7-6 show the calculated 

and measured per cent voltage distribution for y 5, y 6, y 7 



FIG. 6-29 PERCENT VOLTAGE DISTRIBUTION WITH DOUBLE EXCITATION 
(Phased for Min imum Voltage Variation) 
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13)4 

and y = 8 respectively for comparison. It is seen they agree vdth 

each other reasonably well. 

(2) Dielectric having losses k 2.6 p.f. 7% 

At f )4O.68 mc/sec 

= 29Ot 

2'Ir 
Ii -j(p.f.)] 

oa jT72 = 2.S2 

sin o(0a = O.87 

= = jw,ßd = j2lr()4O.68x106)(h'Tr107) 
39. 

Hence , Zm and Z5 can be determined by equations (7-11), (7-18), 

and (7-19) respectively 

or 

=11(1 
2a-) 

71(1 
-2X?2J) 

= 0.629 rad. 

= 36° 

Z 1 
Zm b0 sino0a j12.)4S 

From table T C5 -1.9997 

Hence Z5 = CsZm -1.9997(-j l2.).5) = j 2)4.9 

Substituting , Zm and Z5 into equations (7-1)4) and (7-15) 

z51 = -z5 -;L= -7.33 - j 1)4.83 

Zs2 = Zm E - z = 7.33 i 114.83 
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Source 2 was actually replaced by an impedance in experimental work. 

The impedance used was a 7.1 ohms resistance in series with an 

adjustable condenser. The variable condenser was adjusted to give 

the correct reactance (lL.83 ohms). The measured. percentage voltage 

distribution is listed in Table 30 and the calculated percentage 

voltage distribution is shovn in Table 26. Figure 7-7 to Figure 

7-10 show the calculated and measured voltage distribution along 

x with y to y 6 respectively, It is seen they are both 

reasonable unifonn and agree with each other reasonably well. 
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7.3 Uniform Dielectric Heating by Heating the 
Delectriece Alternately Under 
Sine and Cosine Distributions for 
Equal Periods of Time When 

Equations (Li.-17), 4-2O) and (1-23) are the voltage functions 

for different boundary conditions expressed in terms of their 

respective reference voltages. Each of them has its common factor 

times an infinite series. Each common factor vanishes when the 

excitation frequency is adjusted to satisfy certain relations. If 

these relations hold true, then only the principal mode remains. 

The voltage distribution then will be sinusoidal nith respect to x 

for a lossless medium and nearly sinusoidal for medium having low 

power factor. This sinusoidal property may be used to obtain uniform 

dielectric heating. To avoid much complex mathematical manipulation, 

only the open-circuit parallel plate case will be fully discussed. 

(A) Condition for Sinusoidal Distribution and Uniform 

Dielectric Heating: For open-circuited boundary parallel-plates, 

the percentage voltage distribution in terms of the voltage Vr at 

point (a, b/2) as a reference is given by equation (Li-23). 

V(x,y) 2b 
(Li-23) C(x,y) - - cos 0(a-x) - ( o/0sin c&a) 

r 

° 1 nTh r -tt1x -c(2a-x) n'rç y 
. nwn(005n6)(3 b )Le 

+ e 
j b 

If 

(7-23) sin o0a = O or cL0a = mIT, m = 0, 1, 2, 

and the infinite series terms vanish. Noting that = with 



losses neglected. 

(7-2L) A 2aJ7m in = any integer 

mW 
(7-25) V(x,y) = VrCOS ---(a-x) 

rbitrarily taking in i 

(7-26) 2a ,fE 

(7-27) V(x,y) = VrCOSX 

With the frequency of excitation so adjusted that equation (7-2b) 

is satisfied, there will result a half-wave sinusoidal voltage 

distribution along the x-axis as shown in Figure 7-2b. The voltage 

distribution is uniform along the y-axis. Under the th.stribution, 

if two dielectric pieces i and 2 of same size are to be heated for a 

period of time T between the electrodes as shon in Figure 7-2a. 

They are non-uniformly heated along x. But if the dielectric pieces 

i and 2 are interchanged and are heated again for a saine period of 

time T, the resultant heating villi be uniform everywhere. This can 

be seen as follows. 

The distribution of voltage over the plate under condition 

(7-26) is expressed by 

(7-27) V(x,y) Vrcosx O4xa 

Let Xt = X - a/2 i.e. xt is counted from x a/2. Then 

IT- a (7-28) V(x,y) = VrS±fl X Xl 
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An arbitrarily fixed point on the dielectric pieces (1 or 2) 

is first heated under the condition shown in (7-27) and then (7-28) 

for the same periods of time. Since the power density is proportional 

to voltage squared, the resultant power density at any point in the 

dielectric pieces will be 

ir 2 
j' 2_ 2 power density (Vrcos x) + (Vrsln a x) Vr 

and is independent of position. In other words, the heating is 

theoretically uniform. 

(B) Experiment Verification. 

In the experimental work 

a72" k2.6 
By equation (7-26), if = 2aJi 232t (or f = O.9 mc/sec) the 

voltage distribution will be sinusoidal along x according to 

equation (7-27). 

(7-27) V(x,y) = VrcosÏx 

The voltage distribution with single end excitation at f O.9 mc/sec 

s obtained experimentally. It will be seen in the following set 

of graphs that the measured value (circled points) deviate from the 

theoretical distribution calculated according to equation (7-27) only 

slightly. 
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APPENDIX i 

A Proof of T = at the Surface of Perfect Conductor 

Refer to Figure A-l. Let S be an infinitesimal surface on 

the boundary of media 1 and. 2. S may be considered as flat because 

it is small. C is a rectangular closed path across the boundary 

with sides i paraflel to the surface and i h perpendicular to 

the surface. Let a be an elementary area enclosed by c. Then 

;i5 - 
(A-l) 

1Vx.dJ(+5T).da Ja a 

By Stoke's theorem 

Ç VxdÇ TcI 
Then 

(A-2) 
J 

d 
= Ja 

+ 

Let be a unit vector in the direction of AL. Then equation (A-2) 

may be approximated by 

(À-3) (2 H1 1TLI- + contribution from Ah ()+-)h 
If and i are unit vectors normal -to surface a and the boundary 

respectively, then 

(A-Lt) t.-= Txi 

Noting that the dot and cross in the scalar triple product are 

interchangeable, Equation (A-3), with relation (A-Li) substituted in, 



s 

Medium 2 

Medium 

rl 

FIG.A-I DIAGRAM OF BOUNDARY OF TWO MEDIA 
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becomes 

(A-s) x - ) L2 + contribution from i\ h 

=(Y+) 
As h-0 toward the surface, the contribution from h, which is 

proportional to h, becomes small. Equation (A-s) then may be 

reduced to 

_lim 
(A-6) x 

- 
H1) 

- ho + 

where conduction current density 

4 = displacement current density 

Since D and its derivatives are finite, (/i»h-0 as Ah-0. 
If is finite, then Et h 0 as Ah--0. It may happen, that the 

total current 4Qh through the rectangle is restricted to an 

iafinitesimal layer on S as j\h-0, becomes infinite so that the 

total current is the same. It is convenient to represent this surface 

current by surface-current-density I defined by h as h-0 and 

J--co. Therefore (A-6) becomes 

(A-7) 
- i) 

Equation (A-7) is only true if one of the media has infinite 

conductivity (perfect conductor). Only in this case, could a finite 

current flow in an infinitesimal layer with an infinite current 

density produced by a finite field intensity È. At the same time, 

this surface current deisity provides a boundary for the magnetic 
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field in the other medium and prevents the field from penetrating 

into the perfect conductor. As a result there can be no magnetic 

field intensity within a rfect conductor. 

If medium i is a perfect conductor, = O. If H2 is denoted 

as , equation (A-7) becomes 

(4-8) 

In a conductor that is good but not perfect, an alternation of 

magnetic field may penetrate the surface to some extent. It will 

induce voltage , and current will flow, and the current will 

distribute itself in such a way as to prevent the magnetic field from 

penetrating deeply into the conductor. Only for a perfect conductor 

can the current be concentrated entirely on the surface and completely 

prevent the field from penetrating. So that t relation x T 

hold true. But, this relation is often a very reasonable 

approximation for good conductors such as metals. With this 

approximation, the parallel plate problem will be much simplified. 
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Solution of the differential equations 

)2v v (2-7) 
+ = Yzv 

(2-8) --z- 'x 

(2-9) ---=z 

Under the boundary conditions 

y=o Iy=o 
y=b IO 

(2-20) x = a V(a,y) ZrI(a,y) 

x0 IOforOy<.9b- Ob+L<y<b 
x0 I=I for eb-y<eb 

Try solutions by separation of variables 

(A-9) ST(x,y) P(x) Q(y) 

where P(x) is a function of x only, Q(y) is a function of y only. 

Substituting (A-9) into (2-7) and dividing both sides by V yields 

PH fl 

P Q 



Let P" Q" 2 

P 

where 

(A-10) 
+ 

= -Yz 

Then P" + P = O P A'cosox + B'sino(x 

Q" + = o Q C'cosy + D'siny 

where A', B', C' and Dt are arbitrary constants to be determined 

by the boundary conditions. Then 

(A-11) V(x,y) = P(x)Q(y) = 

1v of. 

(A-12) L(x,y) = (A'sinx -B'coso<x)(C'cosy+D'siny) 

i v - 
(A-13) I(x,y) - -z(Atcosx +J3tsinx)(Ctsin(y+DTcost5'Y) 

Since at y O, I(x,O) = O D' = O 

and at y = b, I(x,b) O sinb O, b nh1 , n0,i,2,.. 

f-9 , 
then, has values corresponding to different integers, n, and 

therefore it is denoted as nlr/b. ihen 

oÇ = j_z _ (32 =J_z - (nir/b)2 

Since equations (A-11), (A-12) and (A-13) are solutions of linear 

diíferential equations (2-7), (2-8) and (2-9), superposition of the 

solutions is still a solution. Thus 
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oe 
n-n-y 

(A-11f) v(x,y) = I(Acos oIx + BsindX)COS 
n=o 

(A-1g) I(x,y) -¼Asino1x -BcosoÇx)co5 
n=o 

nlry (A-16) i(x) .-Ç(AcosIx -BsincÇX)6±fl b n-o 

B' C where A = A' C' B = n n n n n n 

Since at x = a, v(a,y) ZrIx(a,y) 

n 1Ty ____ 
b = 

n=o n=o 

The above relation is true for all y lying between O and b, therefore 

the coefficient at both sides of cos must be equal. Thus 

A1.cosoÇ1a+Bsinoa = z (sifldna_Bncos/na) 

- 
ZoÇSifl n- Zcoso4a 

Bn ZpÇcosda - ZsinoÇa A 

Substitute En into (A-1h), (A-ls), (A-16) arid they become 

OD Zrcos(ax)+Zs(ax) ____ (Â-17) V(x,y) COS 
n=o 

_ZrSn(a_X)CO5n(a) n-jry 
(A-18) I(x,y) 

n=o 
os b 

(A-19) 11(x,y) Zcosc'(a-x)+Zsinc(a-x) ____ 
n=o Z 



As x0 I(O,y)O 
'(°) = I 

(Â-20) (°Y) = Ti 

The right hand side of 

forO<y<Ob-E Ob+<y<b 
for Ob - <y'Ob +. 

o -ZoÇ1sinca+Zcoa4a n - 
Z Z cosca+Zsinaa COS b 

quation (A-20) is the Fourier Series 

i5 

expansion of LL(O,y) with period 2b. The coefficients A's may be 

evaluated as follows: 

A 
° ZrS1fla+ZCOSQa 1b (0b+E 
o_ ZrO(ocosO(oa+ZsiflO(a I(0,y)dy = 

ki 
Idy = b ____________ 

ZEll 
o 

n ZrSiflDa+ZCOSOta 2 Ib __________________ Çb+E 

Zcosc4a+ZsiflOÇa jIx(0Y)cosdY = 
I 

Icosdy 
J Ob-E 

firE = (cosnjre)(sin b ) n = 1,2,3,.... 

Thus 

z ZrCOsoa+ZSiflc4a 2I 
A0 = b 

A L 141 - (cosnTrO)(sin'E) 

Substitute A0 and A into equations (A-17), (À-18), (A-19). The 

complete expression of the solutions is then obtained. 
z 

- 2EIZ ZrCOs/o(a_X)+Sin0(a_X) (2-21) V(x,y) - b cos0a -Zrsina 

+ t . 

firE 
zco4a-x)+sino(a-x) n---y 

'-Ji- 
(cosiT17O)s1n_.5._) Z cos 

b coscÇa Zrsiflc4a 
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2 E1 Zr5ifl(aX)+co54(aX) 
(2-22) L(x,y) = b cosca -Zrsinoa 

z 

z 
cosnire) (siri) ZrSin4i( a-x)+cosoÇ(a-x) 

cosc41a -ZrSina 

(2-23) 

I(x,y) (cosnu1O)(sin) _Zrcosoi(a_x)4sin4(a-x) nn- 

;;c osoa -ZsiI1DÇa b 
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APPENDIX 3 

All the calculated numerical results and measured data are 

listed as tables under the correspbnding titles in the f oflowing 

pages. 



Table 1: Calibration of Probe Voltmeter No. i 

(lO ,ta instrument) 

air dielectric wood dielectric wood dielectric 

f = LO.68mcs f = LO.68mcs f 50,9mcs 

Deflection Voltage Deflection Voltage Deflection Voltage 

(ga) (Volts) (jia) (Volts) (,,i2a) (Volts) 

o o o o o o 

2 l 2.0 3.9 3.0 

6 23 .O 7.0 .O 6.7 

lo 28. 10.0 10.1 9.0 8.9 

l 3ì.; l.O 12.6 lL.O 10.7 

LO.O 27.0 17.1 22.S 13.8 

26 L1.0 )4.0.0 20.8 3Ö.6 18.0 

30 )8.0 l.o 23.9 1.9.O 21.0 

36 3.0 67.0 27.8 62.0 23.9 

ho 56. 78.0 30. 70.0 

Lt3 58.0 86.0 32.L 7L1..5 26.2 

62.0 97.0 35.2 88.0 29.3 

51 6i.o 109.0 37.9 102.0 32.1 
60 70.0 125.5 Li.5 113.0 3b.2 

72 77.5 1k2,0 Lj5.i 120.0 35.9 
82 83.0 1L9.0 )6.6 130.0 37.8 

91 88.5 137.0 38.9 

100 93.5 150.0 

110 100.0 
118 10)4.0 

128 110.0 
1)40 117.0 
150 122.5 



Table 2: Calibration of Probe Voltmeter No. 2 

(30 fia instrument) 

air dielectric 
f = )40.68mcs 

Deflection Voltage 
(,L&a) (Volta) 

wood dielectric 
f = )40.68mc5 

Deflection Voltage 
(ta) (Volts) 

wood dielectric 
f = 50.9 nies 

Deflection Voltage 
(ta) (Volts) 

159 

o o o o o o 
0.5 7.7 0.5 2.L o.5 2.8 
1.0 10.5 1.0 3.7 1.05 
1.5 12.7 3.0 6.I. 2.0 5.9 
2.0 1)4.)4 3.9 7.3 3.05 7.2 
3.0 17.3 5j4 8.5 14.5 8.7 
14.0 19.8 8.5 10.9 6.2 10.1 
5.0 22.0 13.5 lL.2 9.0 12.1 
7.0 25.9 17.5 16.3 11.2 13.6 

10.0 30.5 20.8 18.1 lL.0 15.2 
l2.L 3Li..1 23.0 19.2 16.2 16.Li. 

lLt.8 37.8 25.1 20.3 19.2 18.1 
17.6 Ll.7 29.5 22.5 23.2 20.2 
20.3 L5.o 26.0 21.7 
23.0 18.L 29.2 23.3 
26.0 52.1 
30.0 57.1 





Table ) Measured probe voltmeter (No.1) deflection for 
end excitation vdth air dielectric 

x 1 2 3 h 5 6 7 8 9 10 11 12 
y 

8 7 12 22 140 60 77 93 109 121 132 1140 1145 

7 3 7 19 39 514 72 90 105 118 128 135 1145 

6 1 3 15 314 53 72 91 102 116 126 13h 1142 

5 9 1 12 30 51 71 90 101 115 127 132 1141 

14 8.5 1 U 32 5]. 71 87 100 112 125 132 1143 

3 1 3 16 35 53 72 89 102 1114 126 133 11414 

2 3 9 22 140 58 77 93 108 U8 130 139 1143 

1 8 114 25 14]. 60 79 96 111 121 132 1140 114.2 

H 



X 

y 

8 

7 

6 

3 

2 

II 

Table Measured voltage distribution for end excitation 
with an air dielectric at f tO,68 mcs. 

1 2 3 14 5 6 7 8 9 10 11 12 

25 31.5 141,3 56 70 80,6 89.8 99 106 112,14 117 120 

17.5 25 38.8 53.7 66 77.6 88 96 1014.2 110 1114.8 120 

10.6 17.5 314.7 51.3 65.3 77.6 88.6 95.1 103.1 109 113.5 118.1 

28 10.6 30.14 148.1 614 77 88 914.5 102.6 109.5 112.14 117.6 

27 10.6 30.14 149.7 614 77 86.3 93.8 100.9 108.3 112.14 118.7 

10.6 17.5 35.7 52 65.3 77.6 87.5 95.1 102 109 U3 119.2 

17.5 28 14i.L,. 56.1 68.7 80.5 89.8 98.5 1014.3 111.1 115.2 118.7 

26.5 33.6 1414 56.9 70 81.7 91.6 100.2 106 112.14 117 118.1 

H 



Table 6 easured per cent voltage distribution for end excitation 
with air dielectric at f Lo.68 mcs. 

X 1 2 3 b 6 7 8 9 10 11 12 

y 

8 21.2 26.7 35.0 9,3 68.3 76.1 83.9 89.8 9.2 99.1 101.6 

7 1)4.8 21.2 32,8S LI5.5 55.9 65.8 7LI.5 82.0 88.3 93.2 97.2 101.6 

6 89.8 1)4.8 29.)4 )43.5 55.3 65.8 75.1 80.6 87.)4 92,3 96.1 100.1 

5 23.7 8.98 25.75 )40.8 5)4.2 65.2 7)4.5 80.0 86,9 92.7 95.2 99.5 

22.9 8.98 25.75 )42.l 5)4.2 65.2 73.1 79.5 85.5 91.8 95.2 100.3 

3 8,98 1)4.82 30.2 )4L.o 55.3 65.8 7)4.1 80.6 86.)4 92.3 95.7 101.0 

2 1)4.82 23.7 35.1 )47.5 58.2 68,2 76.1 83.)4 88.)4 9)4.2 97.6 100.3 

1 22.)45 28.)4 37.3 )48.2 59.3 69.2 77.6 85.0 89.8 95.2 99.1 100 



16h 



Table 8 Measured probe voltuieter deflection in microamperes for end excitation 
with wood dielectric (k = 2.6, p.f. 7%) at f = ItO.68 nics. 

x 1 2 3 Lt 5 6 7 8 9 10 U 12 

y 

8 68 50 21t 8 (0.3) 8 31 60 90 115 128 1)43 

7 60 55 28 9 (0.3) 7 29 55 87 105 l2Lt litO 

6 10)4. 7h. 37 il (0.Lt) 8 31 57 81 103 126 129 

5 1)43 89 Li li (0.Lt) 8 31 SIt 82 105 126 130 

Li. 132 8Lt Iii 12 (0.3) 7 29 SIi. 79 103 117 129 

3 iOL 78 38 10 (0.3) 7 30 5)4. 77 110 121 13It 

2 81 65 35 9 (0.3) 8 3L 59 76 UI. 121 137 

1 73 56 33 9 (o.1.) 10 35 65 81 122 130 11.1. 



X 

y 

8 

7 

6 

5 

3 

2 

I-I 

Table 9 Ivleasured voltage distribution for end excitation 
with wood dielectric (k 2.6, p.f. = 7%) at f = )40.68 mcs. 

1 2 3 5 6 7 8 9 10 11 12 

28 23.5 16.2 9.0 

30.9 2)4.8 17.5 9.5 

36.5 29.)4 20 10.6 

)45.5 33.0 20.9 10.6 

)43.O 36.5 21.1 11.1 

36.5 30.)4 20.3 lO. 

31.1 27.3 19.5 9.5 

29.1 25.0 19.0 9.5 

1.9 9.0 l8.)4 26 33.3 39.1 )42 )45.5 

1.9 8.)4 17.8 2)4.8 32.6 37.0 )4l.2 )4t.8 

2.2 9.0 i8.)4 25.3 31.2 36.5 )4i.6 )42.)4 

2.2 9.0 18,)4 2)4.5 3l.1 37.0 Ltl.6 )42.6 

1.9 8.3 17.8 2)4.5 30.6 36.14 39.5 142.14 

1.9 8.3 18,1 214.5 30.1 38.0 140.5 143.5 

1.9 9.0 19.2 25.8 30.0 38.9 140.5 )4.i 

2.2 10.0 195 27.3 31.1 140.7 142.6 145.7 

H 



Table 10 Measured per cent voltage distribution for end excitation 
with wood dielectric (k = 2.6, p.1'. = 7%) 

X i 2 3 I 6 7 8 9 10 11 12 
y 

8 63.6 3.L1 36.8 20. ).32 20.5 L1.9 9.1 7.7 89.0 103.6 

7 70.3 56.L 39.8 21.6 Lt.32 19.1 Lo.5 7Li.2 8L..2 93.8 102,0 

6 83.0 66.9 )4L.3 2)4.1 5.00 20.5 )4l.9 57,5 71.0 83.1 9)4.5 96,5 

5 103,6 75.0 )47.5 2)4.1 5.00 20.5 )4l.9 55.7 71.5 8)4.2 9)4.5 97.0 

97.9 83.0 )48.0 25.2 )4.32 18.9 LtO.5 55.7 69.6 82.9 90.0 96.5 

3 83.1 69.1 )46.2 22.75 )4.32 18.9 )4i.1 55.7 68.)4 86.5 92.1 99.0 

2 70.7 62.0 1114.)4 21.6 )4.32 20.5 )43.6 58.6 68.2 88.5 92.1 100,1 

1 66.2 56.8 )43.2 21.6 5.00 22,8 )4t.3 62.0 70.7 92.5 97.0 10)4.0 

H 
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Table 12 Measured probe deflection in inicroamperes for side 
excitation with air dielectric at f = hO.68 mes. 

x 1 2 3 5 6 7 8 9 10 11 12 

y 

8 137 135 135 139 137 136 135 135 136 ihi 1h3 1h5 

7 129.5 123 127 130 12) 123 1214 126 129 130 1314 1140 

6 129 12L 120 119 119 116 liij. 115 120 121 129 132 

5 123 116 110 107 106 105 103 103 108 liii. 119 123 

112 107 101 914 87 83 81 88 9L 1014 110 113 

3 105 102 91 79 68 60 58 67 80 914 102 105 

2 105 99 83 65 147 30 28 1414 614. 85 98 1014 

1 101 91 75 52 23 0 0 214 56 80 92 100 

H 
'o 



Table 13 Measured voltage distribution for side excitation 
with air dielectric at f Io.68 mes. 

X i 2 3 Ii. 6 7 8 9 10 11 12 
V 

8 115.3 iO8.L io8.I ii6.L 115.3 llL.8 iiL liii. 11L.7 117 118.8 120 

7 111.0 107.1 109.5 111.1 108 107.1 107.8 109 110,7 111.1 113.6 117 

6 109.5 107.9 105.5 105 105 103.1 102 102.6 105.5 106 110.7 112.3 

5 107.1 103.0 99.8 98.0 97.Li 96.9 95.7 95.8 98.5 102 105 107.1 

101.0 98.0 91t.5 90.I 86.3 8Lj,0 83 87.0 90.I 96.1 99,7 l01.b 

3 97.0 95 68.7 81.8 75.1 70.0 68.7 7Li.7 82.2 90.3 95.1 96.9 

2 97 93.3 8I 73.3 61.1 b8 L6.5 59 72.7 85.1 92,8 96.1 

1 9L.5 88.6 79.3 6L.7 L2.2 - - Li2.2 67.3 82.2 89.2 93.8 

t-J 
-,1 

o 



X 
y 

8 

7 

6 

5 

1. 

i 

Table 1L1. 1ieasured per cent voltage distribution for side 
excitation with air dielectric at f = LO.68 mcs. 

1 2 3 5 6 7 8 9 10 11 12 

102.0 96 96 103.0 102.1 101.6 100.! 100.9 10l.L 103.6 105.0 106.1 

98.3 95 97 98.5 95.6 95.0 95.2 96.L. 97.8 98.3 100.3 103.L 

97.0 95.5 93.5 93 93.0 9l.1. 90.2 90.7 93.3 93.7 97.9 99.lj 

95.0 91.2 88.3 86.7 86.1 85.6 8L.6 8L.t 87.1 90.2 92.8 9t.8 

89.5 86.7 83.6 80.0 76.3 7Li.3 73.L. 77.0 80 85 88.2 89.7 

85.8 8L,0 78.5 72.Li 66.5 61.9 60.8 66.1 72.7 79.9 81î.l 85.7 

85.8 82.5 7L.3 6L.8 5L..i Ij2.5 Ii.i.l 52,2 61t.5 75.3 82.1 85 

83.6 78.5 70.1 57.2 36lz. 37.Lj 59.5 72,7 79.0 83.0 

H 
H 





X i 

y 

8 9S 

7 23 

6 1 

S 2 

14 13 

3 28 

2 141 

1 14.8 

Table 16 Measured probe voltmeter deflection in microamperes for corner 

excitation with air dielectric at f 140.68 mcs. 

2 3 14 5 6 7 8 9 10 ii 12 

22 i 6 28 2 76 96 109 120 129 1314 

3 1 10 30 514 76 92 108 117 12 133 

1 14 18 140 61 60 914 .o8 118 12S 129 

6 114 29 147 66 85 96 110 123 i2 130 

19 27 140 56 71 814 97 109 120 1214 128 

314. 14]. 52 66 79 92 103 113 123 128 130 

146 52 61 73 87 101 110 116 129 135 1140 

149 57 66 79 91 1014 115 122 136 135 1140 



Table 17 Ieasured voltage distribution for corner excitation 
with air dielectric at f LO.68 mcs. 

X 1 2 3 L 6 7 8 9 10 U 12 

y 

8 91 11.2 - 23.1 6L.7 80 91.7 99.1 io5. 110.7 113. 

7 ).2.2 17.5 - 29.2 L8.i 66.0 80 89.2 98.5 103.9 108.2 ll.0 

6 - - 19.6 37.7 56 70.6 82.2 90.3 98.5 10)4.2 108.2 110.7 

5 1)4.5 23.1 33.7 )47.3 61,2 7)4.0 85.2 91.7 99.7 107.1 108.2 111.2 

32.6 38.7 15.5 56.0 67.3 77 8)4.6 92.2 99.1 105.5 107.8 110.0 

3 )46.5 51.3 56.8 6)4.7 7)4 81.8 89.2 95.7 101.5 107.1 110.0 111.2 

2 56.8 6o.)4 6)4.7 71.3 77.7 86.)4 9)4.5 99.7 103.1 110.7 11)4.1 117.0 

1 61.9 62.5 68 7)4 81.8 88.7 96.2 102.7 106.7 11)4.8 11)4.1 117.0 

H 



Table 18 Iìieasured percentage voltage distribution for corner 
excitation with air dielectric at f LO.68 mcs. 

X 1 2 3 L. 5 6 7 8 9 lO U 12 

y 

8 79.8 36.1 - 2O.2 Lifl.8 56.7 70.1 80.Li. 86.9 92.5 97 99.5 

7 37.0 15.3 - 25.6 142.1 57.9 70.1 78.2 86.3 91.0 95 99 

6 - - 17.2 33.0 149.1 61.9 72.1 79.2 86.3 91.14 95 97 

5 12.7 20.25 29.5 141.5 53.7 614.9 714.7 80.14 87.14 93.9 95 97.6 

28.6 33.9 39.9 149.1 59 67.5 714.2 80.8 86.9 92.5 914.14 96.14 

3 140.8 145.0 149.8 56.8 614.9 71.7 78.2 83.9 90 93.9 96.14 97.6 

2 149.8 52.9 56.7 62.5 68.2 714.9 82.9 87.5 90.5 97.0 100 102.5 

1 14.3 514.8 59.6 614.9 76.7 77.8 814.14 90.0 93.5 100.5 100 102.5 

I-L 

-3 
'-n 



-4 
G) 



Table 20 Measured probe voltmeter (No. 1) deflection for double 
excitation with air dielectric at f = hO.68 mcs. 

x 1 2 3 h 6 7 8 9 10 1]. 12 

y 

8 16 8 l. 1.2 19.S hO 62 82. 102 ll 12)4. 

7 23 12 2. i 18 39 59. 81 99, 116 129 

6 b1. 21 h i h-i- 18 39 59. 82 lOi 120 139 

82 30. 6 1 b 18 39 60 8h 107 i2 l0+ 

h 77 30. 6 1 h 18 37 9 81 103 121 l0 

3 b2 20. b 1.2 b.S 18 38 60 81 103 119 13h 

2 23 13 2.5 1.2 5 20 hi 62 82 10h 117 130 

1 15 8 1.5 1.2 6 21 b3 65 86 105 113 123 

I-i 

-3 



Table 21 Measured voltage distribution for double excitation 
with air dielectric at f )O.68 mcs. 

X 1 2 3 L 5 6 7 8 9 10 11 12 

y 

8 3.7 26.2 13 11 21.14 39 56.1 71.2 83.8 95 102.6 107.7 

7 142.2 31.5 16 10.8 20 37.6 55.1 69.6 82.8 93.5 103.1 110.6 

6 59 140.5 19.5 10.8 20 37.6 55.1 69.6 83.14 95.7 105.14 116.3 

5 83.5 148,5 23.0 10.8 19.6 37.6 55.1 70 814.6 98 108.3 122.7i- 

14 80.6 148.5 23.0 10.8 19.6 37.6 53.6 69.2 82.8 95.7 106 122.7+ 

3 57.5 140,0 19.5 11,0 20.3 37.6 514.14 70 82.8 95,7 105 113.5 

2 142.2 32.7 16 11.0 21.14 39.5 56.7 71.2 83.14 96.1 103.8 111.1 

1 314.7 26.2 13 11.0 23 140.14 58.2 73.3 85.7 96.8 101.3 107.1 

H 



179 

:: : -T' TJThITh 
--r- 

L1 . .: :J.IIJ T ::14L IT7J:IIL :i IT' 
. 1L 

* - - ----- 
TABIE 2 1 LGULAED PERi ENTVO JAtE t [STRIBLF TON FO DOUE EXCI TRfiN WiTH K i 

4 -+ -- - - (Phsed For- Mimmun V&tg VariatIG4 '2Vi9O° ---_-r f tl 
f 

T TIL - 

i 

I i 
U1 _ 

IO27 lO.O Io5 ¡09 O.3 10.0 10.9. 10:0 IO.O 103 i1O.W ..,. IO5 .lO.O :IO27.iLii:. t 

t77° 7&IO 7323 68'35 6223' 55 36 48 36 4I '4 31 24 27 37 2I'25 16 57 __ I3 50 I2°5 
I 

I 

L 

t I- 
t 

1 .10Z8 Io 2 101.7 1013 10.0 . io 1O7 . .10 2. :.. IO 2 tOL&.IQZ 4- 
'w 77°2 7e 23 73 34 68D40 2 55 38 48 34 4f0 

6' 34 12' 27 32 2I d i& 6' t3°37 :. _ ..-,--. 
. .. . .. 

; ........ ,. i... 
I 

r --- -----F - ______ i _ 4 
1 --- ----- --J- __ _____ --- - 

I : . 

. . 

t 
: 

. 

. 

.: 
. . .. .. , 

. .. -. 101.3 10.7 ....... jiø 3 . 
lO ....... L .... t.io. L .... _f_.I.OL6 ... J .... i.QLß... ..., lO!L7 ... [0t7 io L' r -ri - 8O°24 79 14' 7 32' 699 63 55 51' 48 37' 41' 3 34 9 27 2C 'I4 14 8 ' IO46 9°6 i 

. 

,. 

____ 
i:_f ........ . ........... 

---- --r- _ -T--H-. ...... - ........ --.---.-.-.--- .. __ 
. ........ ----- 

..i 
I 

H H 
I I - 

. . 

-6-.--to.o-- 
tOLO .:.. ...... 9 . :... i.oLû.. .io .......... lo 10 ........ .99.7 .LJOEO ioo.oJ -- o.18I 86 l6 71° d 63 50 561 13' 48 42 41 I8 33 47 26 1O 181 io 4' 5° 14 90°18 L--- - - ---i_-___ I 

_ j __ ___ ___ 
* -__ ___ 

H -HT 
1--e---- 

L04& IO. Z 982 98. 994 9 4 io o io LO L. 9 988 j Ñ O 7 104S I 

- Q 07°2C tOC 2S 8030 73°22 6427' 56 6' 48 7 410131 33 4 l 

61 3 

4 
°: D -io 023' 17°2( 1 

.- -- \/ P777 - - __________ __________ __________ - 777,' 4-I V Q0 : ' 1595 O4.2 98.0 98.8 99 9 ,Io .0 . IO .0 99. , 99 98 98. ) 104.2 159.5 I 

. 40 tO°24 85!8' .7336 6424 56°8' 48 48' 4tI2' 33932' 25936' I64 4 . l64 5JO . -±-H 
...... 

.L_.._.._....___I .._._I ........ ___..___ 
. . 

....] . , 



Table 23 Measured probe voltmeter (No.2) deflection for minimum voltage variation 
with air dielectric (End excitation with terminated impedance ll.).i. - jlL.6) 

X 1 2 3 1 6 7 8 9 10 il 12 
y 

6 13.7 13.2 13.2 13.5 13.7 13.7 13.8 lIt.1 lIt.2 15.0 15.0 15.Lt 

7 12.9 12.0 l2,Li. 13,0 l2., 13.0 13.1 13.2 13.5 13.6 JJj.0 iI,6 

6 13.0 12.8 12.1 12.6 12.7 13.0 13,0 13.0 13.2 13.Li. 13.8 lIt.0 

5 lL.0 l2.t 12.0 12.2 12.5 12.7 12.9 12.6 13.0 13.5 13.2 lIt.2 

Lt 13,3 12.2 12.0 12.0 12.0 12.2 12,1 12.5 12.6 13.1 13.0 13.5 

3 13.5 13.2 12.5 12,5 12.5 12.5 12.6 12.2 12.8 13.5 13.5 13.6 

2 lIt.8 lIt.6 13.2 l3.Lt 13.Lt 13.5 13.7 13.5 13.5 lIt.3 lIt.5 lIt.8 

1 15.0 lIt.5 lIt.0 13.3 13.6 lIt.0 lIt.2 lIt.5 lIt.5 15.0 lIt.6 lIt.9 



Table 2L 1easured voltage distribution for minimum voltage variation with 
air dielectric (End excitation with terminated impedance li.t - j1L.6) 

X i 2 3 ! 6 7 8 9 10 Li 12 

8 31. 36.9 36.9 37.3 37.5 37.5 37.6 36.1 38.6 39.3 39.3 39.8 

7 36.L 35.0 3.6 36.5 35.8 36.5 36.7 36.9 37.3 37. 38 38.8 

6 36.5 36.3 35.2 36.0 36.1 36.5 36.5 36.5 36.9 37.1 37.6 38.0 

5 38,0 35,6 35,0 35.Li 35,8 36.1 36.Lt 36.0 36.5 37.3 36.9 38.6 

37.0 35.1. 35.0 35.0 35.0 )5.b 35.2 35.8 36.0 36.7 36.5 3,'.3 

3 37.3 36,9 35.8 35,8 35.8 35.8 36.0 35,L1. 36.3 37.3 37,3 37.5 

2 39,0 38.8 36.9 37.1 37.1 37.3 37.5 37.3 37.3 36.5 38.6 39.0 

1 39.3 38.6 38.0 37.0 37.5 38.0 38.6 38,6 38.6 39.3 38.8 39.1 

H 
H 



Table 25 Measured per cent voltage distribution for minimum voltage variation 

with air dielectric (End excitation with terminated impedance ll.b-j.lL.6) 

X i 2 3 14. 5 6 7 8 9 10 11 12 

y 

8 102.9 101.1 101.1 102.2 102.9 102.9 103.0 iOLi.5 105.9 107.8 107.8 109.1 

7 99.8 96.0 97.6 100 98.2 100.0 100.7 101.1 102.2 102.9 l0L.l 106.3 

6 100.0 99.5 96.5 98.7 99.0 100.0 100.0 100.0 101.1 101.8 103.1 l0L.2 

5 l0L..2 97.5 96.0 97.0 98.2 99.0 99.8 98.7 100.0 102.2 101.1 105.9 

101.5 97.0 96.0 96 96 97.0 96,5 98.2 98.8 100.7 100.0 101.7 

3 101.7 101.1 98.1 98.1 98.1 98.1 98.7 97.0 99.5 102.2 102.2 102.9 

2 107.0 106.3 101.1 101.8 101.8 102.2 102.9 102.2 102.2 100.0 105.9 107.0 

1 107.8 105.9 l0L.2 101.5 102.9 10)4.1 105.9 105.9 105.9 107.8 106.3 107.1 

H 
cx 
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Table 28 Leasured probe voltmeter deflection (No.2) for minimum voltage variation 
with wood dielectric (End excitation with terminated inpedance 7.l-jl.83) 

x 1 2 3 L 5 6 7 8 9 10 11 12 
y 

8 i1. 10.5 11.5 10.5 12.2 12.9 13.3 13.0 13.0 l.O 

7 O.2 9.1 10.1 9.Lj 10.5 11.3 11.5 11.2 11.5 12.1 12.5 12.2 

6 10,8 9.8 10.0 9,5 l0.L 11.5 10.9 10,1 10.1 10,7 11.5 11.0 

5 11.8 9J4 9.0 9.5 10.3 11.2 11.1 9.9 10,0 10.1 9.6 9.5 

11.6 10.5 9.7 1O.Li. 10.5 11.3 11,5 10.5 10.2 io.t 10.6 10.5 

3 11.7 11.5 10.7 10.8 11.5 12.0 12.3 10.9 11.2 11.]. 11.6 11.1 

2 13.6 13.0 11.9 12.5 11.8 12.1 13.7 12.0 13.2 12.0 13.5 13.L 

1 1J4.L 13.3 1).0 12.5 12.5 12,8 13.1 13.5 13.0 11.5 13.7 1)1.5 



Table 29 easured voltage distribution for minimum voltage variation vith wood 
dielectric (End excitation with terndnated impedance 7.l-jlLi.83) 

x 1 2 3 5 6 7 8 9 10 11 12 
y 

8 12.8 12.2 12.9 12.2 13.3 13.7 1)4.0 13.8 13.8 J).) 1)4.6 1)4.6 

7 12.0 11.3 12.0 11.5 12.2 12.8 12.9 12.7 12.9 13.2 13.5 13.3 

6 12.)4 11.8 11.9 11.6 12.2 12.9 12.5 12.0 12.0 12.)4 12.9 12.6 

5 13.1 11,6 ii.)4 11.6 12.1 12.7 12.6 11.8 11.9 12.0 11.6 11.6 

13.0 12,2 11.7 12.2 12.2 12.8 12.9 12.2 12.0 12.2 12.3 12.2 

3 13,0 12.9 12.)4 12.)4 12.9 13,2 13,)4 12.5 12.9 12.6 13,0 12.6 

2 1)4.2 13,8 13.1 13.5 13.1 13.2 1)4.2 13.2 13.9 13.2 1)4.1 1)4.0 

1 1)4.6 1)4.0 13.8 13.5 13.5 13.7 13,9 1)4.1 13.8 12.9 1)4.2 1)4.7 



Table 30 Leasured per cent voltage distribution for minimum variation With wood 
---- 

dielectric (End excitation With terminated impedance 7.l-jl4.83) 

X i 2 3 1 6 7 8 9 10 11 12 
y 

8 98.6 91.0 99.L 91,0 102.! 105. 107.9 106,2 106.2 111,0 112,). 1l2,1 

7 92.L 87.0 92.L 88. 91.0 98.5 99J 97.6 99.L 101.7 io1.o 102,)4 

6 95.5 90.8 91.7 89.L1 9L.0 99.L 96.3 92.5 92.5 95.5 99.) 97.0 

5 101.0 89.b 87.8 89.ì 93.2 97,8 97.0 91.0 91.6 92.5 89.L 89.L 

100 9Li 90.0 9Lt.0 9)4.0 98.5 99.)4 9)4. 92.5 9)4 9)4.8 9)4 

3 100 99.3 95. 95.5 99.)4 101.7 103.1 96.3 99.)4 97 100 97.0 

2 109.2 106.1 101 10)4 101 101.7 109.3 101.7 107 101.7 108.6 107.9 

1 112.)4 107.9 106.2 10)4 10)4 105,5 107 108.6 106.2 99.)4 109.)4 113.2 

H 
CX) 



Table 31 Measured probe voltmeter deflection for end excitation with wood 
dielectric (k = 2.6, p.f. = 7%) at f = 50.9 mcs 

x 1 2 3 Lt 5 6 7 8 910 11 12 

y 

8 13Lt 111 76 5Lt 23 (l.Lt) (1.7) 25 60 97 118 137 

7 131t 109 77 57 22 (1.5) (1.55) 2Lt 59 90 116 136 

6 139 122 86 56 23 (1.7) (1.7) 25 56 89 116 121 

5 138 125 86 55 22 (1.7) (1.7) 2Lt 56 90 116 126 

Lt 128 118 86 51 22 (1.5) ( 1.55) 2Lt SIt 87 110 125 

3 lIto 130 90 51 22 (1.5) (1.6) 23 53 92 liLt 130 

2 litO 130 93 53 23 (1.8) (1.95) 25 51 96 112 132 

1 11t3 136 95 55 23 (2.0) (2.05) 26 53 101 119 138 



X 

y 

a 

7 

6 

L. 

3 

2 

I' 

Table 32 Measured voltage distribution for end excitation with wood ----- 
dielectric (k 2,6, p.f. 7%) at f O.9 mes. 

i 2 3 L 6 7 8 9 10 11 12 

38.5 33.8 26.7 22.1 lL.o L.9 5.3 iL.6 23.ij. 31.0 35.1 39.0 

38.5 33.14 27.1 22.6 13.7 .0 1L.3 23.2 29. 3L.8 38.9 

39.5 36.0 29.0 22.5 lL.0 5.35 5.35 iL.6 22.5 29.2 3h.8 35.8 

39.2 36.6 29.5 22.L 13.7 5.35 5,35 11.3 22.5 29.5 3L.8 36.9 

37.2 35.2 28.7 21,5 13.7 5.0 5.15 1L1..3 22,1 29.0 33.5 36.6 

39.6 37.6 29.5 21.5 13,7 5.0 5.2 ih..o 21.9 29.9 3!.b 37,6 

39.6 37.6 30,1 21.9 JJ..0 5.5 5.7 lL.6 21.5 30.7 3L.0 38.0 

I0.2 38.8 30.5 22.L1. it.o 5.8 5.9 1hi.9 21.9 31.1 35.L. 39.2 

H 
'o 



Table 33 Measured per cent voltage distribution for end excitation with 

wood dielectric (k = 2.6, p.f. = 7%) at f = 50.9 mes. 

X i 2 3 L. 5 6 7 8 9 10 11 12 

y 

8 101.Ii. 89.0 70.2 58.15 36.85 12.9 iL.i 38.L5 61.5 81.6 92. 102,9 

7 i0i.L 87.9 71.3 59.5 36.10 13.18 13.6 37.65 61.0 77.6 91.7 102.5 

6 10L.0 9L..7 76.3 59.2 36.85 1L..i iL.i 38.b5 59.2 76.9 91.7 9L.L 

5 103.2 96.3 77.6 59.0 36.10 1I..1 iLt.1 37.65 59.2 77.6 91.7 97.3 

h 98.0 92.6 75.5 56.6 36.10 13.18 13.58 37.65 58.2 76.3 88.2 96.5 

3 10)4.3 99.0 77.6 56.6 36.10 13.18 13.7 36.85 57.6 78,6 90.5 99.1 

2 10)4.3 99.0 79.2 57.6 36.85 1)4.5 15.0 38.)45 56.6 80.8 89.5 100.1 

1 106.0 100.22 80.3 59.0 36.85 15.3 15.5)4 39.2 57.6 82.6 93.2 103.3 

H 
'o o 


