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CORRELATION OF MTTHODS 
FOR SOLVING INDETERMINATE FRAMES 

CHAPTER I 

INTRO DUCT ION 

The construction of indeterminate frames is an old 

art, dating back to the Babylonian days when small masonry 

arches were built (9, p.3). Of course they were done b 

trial and error method, as the theoretical approach to the 

analysis of these frames is comparatively new in structural 

engineering. 

About two hundred years ago, statically determinate 

structures were used almost exclusively. They were easily 

analyzed with the iiLethods known at the time, and their 

construction was simple and well suited to the early 

techniques. 

Then reLìforced concrete came to the scene of con- 

struction and effected the efficient use of both steel and 

concrete, which brought about an economy never known before 

to the profession. Besides being economical, this type of 

construction has made the continuity at joints an unavoid- 

able feature, and th.s, .t fi:st coidemned, has since been 

utilized to attain further economy in the rapid development 

of rigid frames. 
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In the meantime, structural theory has been highly 

developed with improvements in the old methods of analysis 

and with the addition of new ones. On the practical side, 

new techniques and ''ater1ais, such as welding and high 

strength rivets, have been trie1 and ;ade available to the 

profession. Thus the s1imltaneous development in theory 

and practice actually started statically indeterminate 

construction. 

As to its d"velopment, the economy du to better 

distribution of stresses in the structure has always played 

a dominant part. There is, however, snother factor that 

helps to increase the use of rigid frames, and that Is the 

architectural and aetIietic considerations in buildings and 

bridges. In general, the rigid frame is used in building 

construction for lateral strength to resist wind and for 
the simplicity and beauty it offers. It is also In popular 

use for bridges, as it is possible In this way to render a 

plain structure more attractive in apoenrance. 

The Problem: How to Select the Right Method to Use 

When efforts were first made to find a mathematical 

analysis of simple statically indeterminate structures, 
such as fixed-end and continuous beams, strain equations 

were naturaHy brought in to supply the necessary condi- 

tIons for a complete solution. Then other approaches based 



on the principle of conservation of energy and on mathe- 

matica]. analogy have been tried and developed. Recently, 

there have been introduced a few new tnethods of successive 

aproxinationa, among which the moment distrbution method 

is the best knoi. ndl hs also been used quite 

frequently, but except for very complex frames, its use is 

ain1y for verification of tnithenatical solutions by the 

different Lethods mentioner]. 

As these new methods hve been developed, certain 

problems have been. simplified in their solution. However, 

ali these methods are based originally on the same 

principle of elasticity, and consequently, statically 

indeterminate frames csn be analyzed by almost any method. 

Of course each method has its limitations and also its 

special adaptibility to certain types of structures, and 

the problem concerning the selection of the right method to 

use is quite common among engineers. 

In general, enginers have their individual lIkes 

and dislikes due to education or past experience, and so 

the selection of the method of attack in solving an in- 

determinate structure is mostly personal. In this paper, 

typical different methods ill be studied with specIal con- 

sideration to their limitations, to their suitability to 

different types of frames, and to the physical manipulation 

in their use. 
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Procedure of Investigation 

The methods used in the analysis of statically in 

determinate frames will be classified in the next chapter 

according to their different line8 of reasoning. Among 

these methods, only a few are accepted as standard; they 

are slope deflection, area moments1, elastic center, least 

work, moment distribution, and colunm analogy methods, 

These six methods will be studied from their assumptions 

to their limitations, Model analysis, being an entirely 

different approach mainly for checking analytical results, 

will not be discussed, although it is also based on the 

principle of elasticity. Then saiple frames will be 

analyzed by these methods, and the amount of work required 

in each case will be discussed. After this discussion, 

conclusions will be drawn, and recommendations will be 

given for different frames in common use. 

i 
T . ils term is used as a broad concept (2, p.60) covering 

all methods that make use of the moment diagram. Thus in 
a way, the colunm analogy and conjugate beam methods should 
also be under this heading, but as they emphasize the 
analogical procedure rather than the physical meaning of 
the different steps, they will be treated as a separate 
group. Hence the discussions here will be mainly on the 
moment area method. 
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CHAPTER LE 

MHOD8 OF ANALYSIS 

Historical Deve].opnent 

Although ind9term1nte frames were used In ancient 

times, the development of tieir analysis was started only 

wilen the famous Galileo introduced in the sixteenth century 
the idea of moment in beams (4, p.15?). Then Hooke's law 

was established in 1676 (4, p.415), which, with later im- 

provement and experint by Thomas Young (4, p.161), }as 

always been the basis of reasoning of all methods used 

in structural analysis. Another important step in this 

developrtient was the establishment of the 'elation betvieen 

beam curvature and bending nionent in 1694 by James 

Bernoulli (5, p.416), and most strain equations developed 

later are based on this relationship. Then in the nine- 

teenth century, the flexure fornila was given its present 

form by Navier (4, p.161), and he also introduced in his 

notes on continuous beams in 1825 (8, p.231) the idea of 

usIng elastic rroperties of beams in solving statically 

indeterminate structures. 

With the relation of beam curvature and bending 

moment establIshed, it was possible to represent the 

elastic curve of a structure by a differential equr.tion and 

to reach a solution by double integration. This process 



could be done in a semi-graphical way, and Mohr and Greene' 

independently developed in 1868 and 1874 the moment area 

method (7, p.144), which, simple and practical, was very 

well received. As a departure from integration, Bertot 

derived in 1855 and then Clapeyron published in 1857 

(7, p.203), the theorem of three mients, thus making the 

first step towards using stresses as redundants. 

In the meantime, the use of deformations as redun- 

dant8 was also being developed. Manderla and Mohr intro- 

duced in 1878 and 1892 tho expression of end moments by 

slopes and deflections in connection with secondary 

stresses. This was presented in 1915 by Maney as the slope 

deflection method for general analysis of rigid frames and 

was immediately accepted as a standard method. However, 

the general formulation of this method was given by 

Ostenfeld only in 1925 (6, p.227). 

While the elastic curve was being explored, there 

was another school 

energy that was fo 

engineers. It was 

matician, and then 

principle of least 

this principle was 

of thought based 

flowed by eminent 

first studied by 

Menabrea publish 

rork in 1858. Â 

given in 1879 by 

on the conservatIon of 

scieritists and 

Euler, the mathe- 

d a paper on the 

better presentation of 

Castigliano in his 

1 
The name is spelled Green in (5; 7), but in books written 

by him, it was Charles E. Greene as in (2; 6). 



tre&tise on least work, and the method has been used in 

that foriii because of ita simplicity and wide ap;ilicability 

(2, p.88). 

As structures grew riore complicated, the old methods 

based on elastic curve or elastic energy became at times 

too tedious to use, and there seemed to be a need for some 

improvement im manipulating the solutions by these methods 

or better still some entirely different approach. In 1932, 

Cross made Dublic his metod of moment d!stributlon1, and 

lt was lmrìodiately acclaimed as an important contribution 

to structural analysis. As the concept of successive 

approximation became popular by now, other methods follow- 

ing the sa.e reasoning were introduced, such as the ethod 

of balancing angular changea2, but they are not very widely 

lmown nor cornìonly used. 

Another approach to structural analysis is the use 

of analogy. Following the area moments method, the 

conjugate besm idea was brought in by Westergaard In l92l 

to facilitate the Integration by using the shoar and moment 

See Cross, Hardy; "Analysis of Continuous Frames by Dia- 
tributing Pixed-End Moments." ?rans ASCE, Vol 96, 1932. 

2 See Grinter, L. E.; ttAnalysis of Continuous Prames by 
Balancing Angle Changes." Trans ASCT, Vol 102, 1937. 

See Westeraard, H. M.; "Deflection of Beams by Conjugate 
Beam Method. Jour Western Soc of Engrs, November, 1921. 



due to the moment area or elastic weight, thus giving a 

picture of an imaginary beam. Then another contribution by 

Cross was made in 1930, whOfl he uublished the column analogy 

method'. There is at least a shear area method2, which 

resembles the conjugate beam method, but it lacks the mental 

picture that is the tialn feature of an analogy :ethod. 

Classification 

In accordance rth tPer reasoning, methods of 

analysis of statically indeterminate frames can be classi- 

fied into four groups, namely, elastic curvo and its 

deformation, elastic energy, successive approximations, and 

analogy. 

The first group consists of all methods that are 

based on the elastic curve and its deformations. The 

analysis may be attained by assum!ng an elaztie curve and 

then finding the externa]. reactios (or internal moments 

in some cases) from the special points with known stress or 

strain, such as zero moment or zero slope; o' .: deformations 

may be used directly as redundants, and then stresses ex- 

pressed in deformations are found readily. The double 

integration method is the best known one which makes use of 

' See (ross, Hardy; The Column Analogy." Bulletin No. 215, 
Engineering Exp Station, Univ of Illinois, 1930. 
2 See Compton, H. B. and Dohrenwend, C. 0.; "The She'r 
Area Method." Trans ASCT, Vol 101, 136. 



the e1stic curve, &rìd two other methods, Fourter 3er1e81 

8rid traversing of the elastic curve2, are 1so based ori the 

elastic curve of the deforned frane, a1thouh the way to 

fina the unknowns is different tri each case. Among those 

methods using deformations es redundants, the slope 

deflection method Is the most widely used. The method of 

three moments, although having rio deformation terms in its 
equations, is derived from the elastic curve, end it should 

rightly be classified in this group. írea moments iethod 

is in fact a combination of graphical integration to find 
the slope anìd deflection and of the principle of super- 

position to meet the strain requirements of the frame; 

revertholess its principal feature still lies in the use 

of the deformations of the elastic curve. 

The method of least work is almost sterdir. by 

itself in the elastic energy group because it can be used 

for combined stresses as 'well as simple stresses. however, 

as bonding moment is the moat importa.t stress in ordinary 

i See Ruffner, B. .; tThe iJs of Fourier Series in the 
Solution of Beam Problems»t Bulletin Sertes No. 18, Eng 
Exp Sta, 03G, 1944. For cases where the bending moment due 
to axial load has to be considered, an extension of this 
method of representing the elastic curve by ari infinite 
series 'was given in another bulletin by the sanie author, 
8The Use of Fourier Series in the Solution of Beam-Column 
Problems." Bulletin Series No. 21, Eng Exp Sta, OSO, 1945. 

2 See Stewart, kt. .; "Analysis of Continuous Structures by 
Traversing the Elastic Curves." Trans ASCE, Vol 101, i9. 



frames, this method can be si.11fied by neglecting the 

sb.earn and direct treses. When graphical Integration 

i3 used to waluate the coefficients in this simp1If1ei 

ethod, the ru1ting aquatlons becone Identical to thoae 

br the area incnt iethod, and therefore the arca moments 

method can &iso b c1asified In the oiatic ne,gy group. 

Purther if the tchn1que of traiaformation of axgs is 

used to simplify the solution, the elastic center becoríe 

the new or1in, and it is the elestic cntr method1. 

Moment distribution is the fim'st and most iìportant 

neth.od of surcessiire approximations, and all other similar 

methods are but branches of this original contribution of 

Professor Cross. 

Ario'g the analogy group, tho coluin analogy method 

is tho most versatile and the easiest one to use for 

frames. The conjugate beam method, established earlier, is 

a siDecial caso of the column analogy particularly suited 

for use wIth continuous beans. Another method using shear 

area has been ropose.i, but It lacks the analogical pro- 

perties of the conjugate beam loaded with moment area. 

Also called the neutral ioint method (2, t.206). See 
Thitney, C. S.; "Design of Syìrntrical Concrete Arches»' 
Trans ASCE, Vol 68, 1925. 
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Thus, the classification may be tabulated as follows: 

I. Elastic curve and its deforations 

A. Double integration 
B. Fourier series 
C. Traversing of elastic curve 
D. Slope deflection 
E. Three mo!nents 
F. Area moments 

II. Elastic energy 

A. Least work 
B, Area moments 
C. Elastic center 

III. Successive approximations 

A. Moment distribution 
B. Balancing angular changes 

IV. Analogy 

A. Column analogy 
B. Conjugate beam 
C. Shear area 

Althow,h tbere are so many different methods, only 

a few are accepted as standard, arid their use is quite 

comon in the profession. They are: the slope dflection, 

area roments, elastic center, least work, moment distri- 

bution, and column analogy methods. In this paper, only 

these six standard methods will be discussed. 

Assumptions and limitations 

As has been brought out, Hooke's law is the starting 

point of structural analysis. It is the basis of all 

methods dealing with elastic actions of structural iembers. 
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Other F'v,ortant assumptions are those used in the develop- 

:ent of the flexure foriu1a. They are, first, that a plane 

cross section remains plane during and after loading 

(Naviers hypothesis) and, second, that the stress due to 

bending moment is proportional to the distance from the 

neutral surface. Then there is the law of superposition; 

it dictates that the deformation of a structure as a 

system be proportIonal to the loads applied, and it thus 

also implies that the change of geometric shape of the 

structure be so small as to be negligible1. 

In the elastic curve group, shearing and direct 

stresses are assumed to cause little strain in comparison 

with bending moment, and therefore their effects on de- 

foriatIon may be neglected. This also holds true for the 

methods under the elastic energy classification, but this 

assumption or simplification is not always necessery in the 

case of least work because it can readily take into 

i In hothetical frames 1ike , the deformation of 

the system as a whole Is not proportional to the load, 
alttLongh the individual members do observe law. 
Hence these cases cannot be solved directly by the standard 
methods discussed here. If the load is not too heavy, the 
deforniation of the members will not be of extraordinary 
magnitude such. as to change the geometry of the frames, and 
then analysis can be effected by solving a frame by parts, 
which either are statically determinate or conform to the 
principle of supornosition. If the deformations are such 
that the shape of the frame Is affected, then the law of 
superposition does not apply to the parts, and otìer 

approaches such as model study will have to be taken. 



cosideratori, wliThin the general assumptions, any coinbi- 

nation of strcesea. The technique of suceessive approxl- 

matins, being ernploye1 as a mathematical met}od to solve 

the urilmowiis, has no extra assumptions besides the ones 

used in setting up the equations. Anaioy is used In 

structural analysIs to simplify and standardize certain 

procedures so as to make the whole process automatic and 

eas±iy rembered, and so ther are no assumptions other 

than the four general ones listed in the beginning of this 

section. 

As to limitations, it is necessary to study each 

method Individually. In slope deflection, the derivation 

Is from straight members with constant section between 

joints, and its application is usually restricted to frames 

with this kind of members, However, equations can be set 

up for members of variable sections by using different 

coefficients', which are available for the commonly used 

beams. Pu.rthermore, this method can be used in curved 

beams too2, but the use is rather awkward because all 

coficients have to be computed for each beam and the 

equations are cumbersome In the first place. However, as 

See (3, p.132-138) and (7, p.155-156). For coefficients, 
see Portland Cement Association; Handbook of Frame 
Constants. Chicago, The AssocIation, 1947. 

2 ap;endix, "Slope deflection equations for curved 
members," p. 57-58. 
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lt treats small units In a frame individually, it has its 
advantages in dealing wlth long continuous arch bent3, 

The area moments method is based on the integration 
of bending monient to get the e1atic curve, and so lt 

applies to structures where only bending moment Is con- 

sidered. As shearing and direct stresses are almost always 

neglected, the apilcatlon of this method is not restricted 

bj the type of f raide. For instance, curved beams and 

closed rings can be solved by this method quite easilyl 
In the elastic energy group, the least work method 

Is th.e basic and also the most versatile one. As work and 

energy are scalar quantities, this method can be used where 

shearing and direct stresses have to be considerod. In 

fact, this Is te on' rnetìtod that can be used this way. 

However, the standard form is derived on the basis that de- 

formations of the structure are directly proportional to 

the loads, and con8equently this form Is not applicable to 

cases where the deformation-load relation is different. If 

this relation is known (individual members are assumed to 

follow Hooke's law), the general theorem still holds good 

and can be used to find the solution. 

VThen shearing and direct stresses are neglected in 

frames with two supports (the maximum degree of 

See solution of a ring in case (e), p. 41-42. 
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indetermination Is three), there would be at most three 
unknowns In the least work equations. Then the elastic 
center can be used to advantage In this case to facilitate 

the solution by reducing sorie of the coefficients to zero. 

Thus lt is seen that this elastic center method is 

applicable only to single tranies, closed as In rings or 

open with two supports as in arches. 
The process of successive approximations, as a 

mathematical device, can be apulled in a number of ways. 

It can be used in a purely mathematical manrer as in the 

solution of simultaneous equations, but the moment dis- 

tributlon method, besides the thematics of tis process, 

gives a physical meaning to och operation corresponding to 

a certain step in releasing the joints of the structure, 

and it Is here that this method surpasses all others in 

the ease of being understood and remembered. The standard 

method can be used in all frames with straIíht embers, 

biit it Is not readily applicable to curved beams because of 

the unknown fixed-end moaents, carry-over factors, and dis- 
tribution factors. However, it can be used in these cases 

with the aid of other methods by which these unknown values 

have to be find first. Thus It can be said that the 

method in itself is not restrIcted by the type of frame, 

but, like the slope deflection method, its use in solving 
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curved members is rather cumhrsome except for long con- 

tinuous arch bents, 

Column analogy can be best proved by the elastic 

center rrethod and le iiited in a similar way. Cross has 

own2 cases of continuous beams, but it lacks the 

simplicity in rings and single frames, and consequently 

other methods are preferred. 

See (3, p.238-242). 

2 
See Cross, Hardy; "The Column Analogy." Bulletin No. 215, 

Engineering Exp Station, Univ of Illinois, 1930. 



Ca4PT1fl III 

ANALYSIS OP COMMON FRAWS 

In order to study the suitability of the. different 

methods, Cive types of comion frames are analyzed in this 

chapter. These types are selected for their illustrative 
values as well as their frequency in use. As all methods, 

whenever applicable, will give the sane results, attention 
will be p4ven to the labor involved., and the reasons for 

any difference in this respect will ho discussed for con- 

clusions. 

The area moments method has been pointed out to be a 

simplified form of the least work theory, a as shearing 

and direct stresses are usually of minor importance, the 

area moments method is used throughout this chapter instead 

of the least work method. Although the approaches used in 

these two methods are different, the final equations are 

identical, and the solution of these simultaneous equations, 

which constitutes the major part of the work, is therefore 

the saine. Similarly, the column analogy method is used in 

preference to the elastic center method, although both 

methods are essentially the same and can be used almost 

interchangeably. 

The ty-Des of frames analyzed and the methods used 

are thus tabulated: 



Methods of na1ysie 
Degree of ___ _______ _________ - 

Aree 
- 

Elastic 
________ 
Least 

_____ 
Moment dis- Column Type Indeter- Slope 

minatlon deflection moments center work tributlon analogy 

Fixed1 2 lot See See lot 
applicable column area applicable 

analogy moments 

Bent/. 3 n 

Gable i Applicable 
frame 

used 
_________ _____ 

Three- 6 n 
Not legged 
readily bent 
applicable 

Ring( 3 iiot w 
" Not 

readily readily 
applicable applicable 

1 Conjußate beam method is also used in this case, and the tables in the "Handbook of Frame Constants" are consulted. 
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Discussions 

(a) Fixed beam with straight haunches 

This is a special case where there is no rotation 

nor translation, and consequently the slope deflection and 

the noìcnt distribution methods do not apoly here. Thus 

there are left only four methods in common use, and among 

these, as brought out earlier in the chapter, the methods 

of least work and elastic center are not used to avoid 

repetition with the area moments and the column analogy 

methods. 

It is notI that there is little difference in 

labor in the two methods used, the area moments and the 

column analogy, but some simplification can be occasionally 

effected in the latter method by using a different stati- 

cally determinate beam. Por comparison purposes, the 

conjugate beam method is also used. It is essentially a 

special case of coiunm analogy where the section of the 

column can be treated as a line rather than an area, and 

its use is thus limited to straight beams, single-spanned 

and continuous. 

(b) Bent with inclined legs 

The solution of a bent like this can be obtained by 

the uso of any of the six standard methods, but only tour 

are given here as the least work an the elastic center 



45 

methods are purposely omitted. 

The moment distribution method seems to be the 

simplest one to use for this bent and this loading, and the 

similar approach by the 1ope deflection method is also very 

convenient. The area moments and the column analogy .nethods 

are used too, but it is not o simple to find the required 

tmknowns by these two methods. However, if one of the 

supports le hinged instead of being fixed, the bent would 

lose its symmetrical nature, arid the use of the slope 

deflection and the moment distribution methods would become 

more complicated. For the slope deflection method, the two 

angles would no lomger be idntical, and additional work 

would be required to effect a solution of the three 

unknowns. In the moment distribution method, the process 

of distributing the moments would not stop at the first 

operation but must be carried, on to two or three cycles. 

On the other hand, the degree of indetermination in the 

area moments method is reduced from three to two, and a 

certain emount of time would be gained in this solution. 

Similarly, in the column analogy solution, the fact that 

one leg is hinged makes the finding of the centroid un- 

necessary because lt would be at the hinge where the 

analogous section increases to infinity (I O, 1/EI =). 
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(o) Gable frame 

There Is one more member in a gable frame than In an 

ordinary bent such as the one In case (b) above, and hence 

more difficulties would be encountered in both the slope 

deflection and the moment distribution methods. en'.ral 

speaking, the introduction of one more member or joint will 

add two unknowns in the slope deflection equatîons, and it 

will make lt necessary to tarry out one extra distribution 

and one more sldesway computation in method. 

Although this does not hold txie rigidly, it applies to 

most common frames and can serve as a handy guide in the 

selection of a proper method of analysis. 

From. the foregoing discussion, lt follows that in 

this example the slope deflection and the moment distribu- 

tion methods, though apolicable, are far from. being simple, 

and the complications involved In the solution are a 

constant source of error. Thus while the frame is 

indeterminate only to the first degree, there would bo 

five unknowns in the slope deflection equations, and the 

method, clearly out of place, js not used. In this example. 

Even in the moment distribution method, th.ere are two un- 

Imown sides ays to be found. As a direct contrast, there 

is only one unknown in the area moments sointion, while the 

procedure in the column analogy method is quite straight- 

forward, too. However, the location of the centrold and 
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the major axes of the analogous section may occasionally 
cause some confusion, but the line joinin,g the hinges iø 

aLays a r.iajor axis, and the actual location of the 

controld along this line Is of no material Inportance as 

the I about this axis can be easily computed while t'ne 

other I Is Infinite. 

(d) Three-legged bent 

This is a case where there are iore than two sup- 

ports, and hence the elastic center method Is not appli- 
cable. Similarly, the column analogy method In the 
standard form cannot be used either. Por moment distri- 
butlon, there are two joint translations, and so there are 

two unknowns with three complete operations of distribution. 
As to the slope deflection and. the area moments methods, 

the number of unknowns Is six in either case. However, In 

the former method, the solutIon of the equations vili give 
the deformations rather than the reactions given directly 
by the latter method, but the equations with a few co- 

efficients being zero seem to be easier to solve, and 

they are set up without any computation as in the area 

moments method. 



If variations are used in the frame, the above 

situation concerning unknowns may change cotnp1te1y. Thus, 

if a horizontal bracing is uzed at b, e, or f, there would 

be one less unknown in the slope deflection equations, 
while an extra reaction would be required n the area 

moments method. Then the indeten'aination for the area 

moments method would be reduced to the fifth degree if one 

of the legs is hinged, but this does not effect the slope 

deflection solution at all. For the moment distribution 

method, the former àaso of horizontal bracing would simplify 

the operation by reducing the number of sideaways to one, 

and the hinged rn.ipport would cause little difference to 

its routine procedure. 

Another fact worth noticing is the accuracy used In 

the thme methods. Because of the use of differences In 

solving simultaneous equations, the accuracy of computations 

required in both the slope deflection and the area moments 

methods Is far greater than that for the moment distri- 

bution method. This is another advantage of the Cross 

method, and when there are many joint rotations but only a 

few sldesways, this may be the deciding factor for using 
the moment distribution method rather than the slope 

deflection or the area moments method. 



(e) The ring 

This ease la cornparatlirely simple because the 

forces are smmetrica1 about a vertical axis through the 

center, but the presence or lack of aynietry does not make 

very much d1ference to the co1uxrn analogy solution. The 

area moments method, though applicable and used, does not 

seem equally simple, especially when it is used analyti- 

cally. In cades like rings where the centroid and the l's 

of the analogous section can be found easily either by 

inspection or by simple mathematics (for rings, lxx = Iyy = 

ir r3, Ixy = O), the colwnn analogy method seems to be 

easier to use. 
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CHAPT1R IV 

CONCLU&IONS PND RECOMMFNDATIONS 

The ease of solution or a rigid frame depends on 

certain factors, of which the most important one Is the 

number of unknowns in the simultaneous equations, 0f 

course, the moment dIstrIbution method as the mathematical 

technique of successive approximations is a different case, 

but the addition of one joint translation would cause a 

complete dIstribution of some assumed moments, the process 

being Identical with the 1ution of the frame with no 

sidesways. 

Thus the addition of one unknown In methods Involv- 

Ing simultaneous equations causes considerable amount of 

extra work, but It may require even more work or little 

extra work In the moment distribution method, depending 

on the nature of this unknown. An E.dditional joint that 

undergoes no translation would cause little trouble, but 

when the unknown represents a translation, far more work 

would have to be done to obtain the solution. 

Another point that seems to be of interest is the 

possible number of unknowns in methods with simultaneous 

equations. In the tiren moments or the least ork method, 

the number of unknowns Is always the degree of indetermi- 

nation, no more and no lesc. In the slope deflection 

method, when aplicabie, this number may vry consierably 
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from the degree of indetermination, and lt is equal to 

where nj is the number of joints excluding the supports 

d is the number of deflections the joints and hinges 

may undergo (except in symmetrical cases, a joint 

or hinge will usually move under load), 

and the degree of Indetermination of the structure equals 

3(n5 + no -1) - h - rip 

where n is the number of 

n0 is the nimiber of 

h is the number of 

r is the number of 

contact (for an 

'r = 1). 

supports 

closed frames within the structure 

hines 

joints or supports with rolling 

Drdinary support on rollers, 

It is thus clear that there is little relation 
between the number of unknowns and the degree of indeter- 

mination inthe slope deflection method. As the latter 

also stands for the number of unknowns that would come into 
the area moments solution of the same frame, a comparison 

of the number of unknowns in the slope deflection method 

and the degree of indetermination will indicate the 

relative ease of analysis of the two methods, 

Por instance, a frame like i rhas one unknown in 

the slope deflection method (nj = 1, d = O), but there 

would be nine (or seven as will be pointed out later) 
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unknowns to deal with In the area moments solution. Con- 

sequently, the decision as to which nethod of analysis to 

use is evidEnt. Of course, in this particular case, the 

axial reaotions eannot be determined although the resultant 

of either pair is known. For this matter, the area moments 

method, being a short cut by neglecting the shearing and 

direct stressee in the least work method, would yield the 

same results because a unit load applied at one end along 

a member gives the same effects as it would when applied at 

the other end. In order to find the axial stresses of the 

members, the least work method in its complete form has to 

be resorted to, or the reactions may be found by means of 

the so'called vertical stiffness1. 

At the other extreme is the gable frame in the 
9 

last chapter, where five unknown slope s and deflections 

have to be solved before the single statically indeter- 

minate horizontal resotion can be found. 

Hence the choIce of a method depends on the number 

of unknowns in the equations. This statement applies only 

indirectly to the moment distribution method because it 

does not use sirmiltaneous equations exclusively, nor does 

it arply to the column analogy and the elastic center 

1 
Cross used this term (1, p.140) in connection with a 

vertical member; Uaxial stiffness" would seem more ap- 

propriate here and for the general case. 
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1!lothod8 which are practically limited to three unknowns. 

Based on the above reasoning and the discussions in 

the last chapter, the order of preference Cor the few 

types of frames analyzed is as follows: 

Order of Preference 
Degree of 

Tipe Indeter- Slope Area Moment Column 
mination deflection momenta distri- analogy 

but ion 

Fixed 
beam g - i - 3. 

BentJ\ 3 3. 1 2 1 

Gable 
fiume i 3 1 2 1 

Thi' e e- 
leg»ed- 6 2 2 1 - 
bent 

Ring 
EI:: 

3 - 2 - i 

For trames not ana1zed here, the following recoin- 

mendations based on a similar reasoning are given on the 

following pago. 
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Order of Preference 

type Slope Az'ea Moment Column 
deflection momenta distriuu analogy 

bution 

£i 2 (?) 2 (5") 3 (2"") 1 

1(3) 1l) 3(2) 1 

1(3) 

1(4) 1(3) - 

i. (2) 2 (5) 1 (1) 

J7 

I 2 (9) 3 (9) 1 (4) - 

____ 2 (9) 3 (9) 1 (4) - 

3(8) 1(3) 2(4) - 

3 (11) 1 (5) 2 (5) - 

" 
indicates number of unknowns in equations. 

Inticates number of operations, 
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In clooing, it is hoped that these recommendations 

though incomplete, will furnish a sound and reasonable 

basis for the proper selection of a method of attack for 

solving different frames. 
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