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DETERMINPTION OF STRESSES IN RIVETED LAP JOINTS 
BY THE PHOTOELASTIC METHOD 

SU WARY 

This thesis hs been written on the dev1opnent of techniques 

for e in testing riveted joints and determining stresses found 

therein by application of the photoelastic method This work has 

been used as the basis for further investigations into the practa- 

bility of the hotoe1astic method for use in riveted joint ana1rsis. 

It covers the design of a s7ecial testing ring for which the use of 

a reflecting type polariscope required. It also covers the search 

for a satisfactory reflectthg surface which could be applied to 

these tests and the difficulties which were encountered in the 

actual photoelastic analysis work on this type of riveted joint. 

While the equipment and techniques developed for testing purposes 

have proved sat±sfactory, further investigation using these tech- 

niques has proved that the photoelastic analysis of riveted joints 

seems rather im'actical due to many difficulties and large 

inaccuracies. 

INTRODUCTION 

This work concerns the necessary groundwork for investigations 

into stresses incurred in riveted joints as suggested by the National 

Advisory Conittee for feronautics, and carried out by B. F. Ruffner, 

Profes sor of Aeronautical Engineering, Oregon State College. A 

considerable amouht of time and money has been spent ( with few 
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satùfactorr results) by the National Advisory Corrnittee for Aero- 

iiutics and other research organizations, in attempts to analyze the 

stress distribution in riveted joints. Previous investigations have 

been undertaken to determine the stresses in riveted joiiits by uso of 

strain gages, but these attempts arrived at no definite solutions due 

to difficulties in applying strain gages over small areas in which 

stresses iaried rapidly. 

The object of the National Advisory Conidttee for Aeronautics 

investigation ;ias to determine the practicability of aPplying the 

photoolastic method of stress analysis to this type of problen. 

VJbrking from this, the objective of this work was to design apparatus 

and develop techniques for general testing procedure that could be 

utilized in the NACA project and other ±nvestigationa along similar 

lines. Going on step further, this work intends to present a 

picture of the difficulties that will arise in the use of photo- 

elastic analysis when applied to riveted joints. 

GNEIAL 

In usual investigations of stresses by use of polarized light 

and clear plastie models, the light from the source passes directly 

through the polarizer, model, analyzer, and then into the canera. 

However, in order to test a riveted joint in a palariscoe, it is 

necessary that the polarized light traverse only one of the joint 

plates. Should the light be passed directly through the model in the 

usual manner, the stress patterns of both plates would be super- 

imposed on one another, resulting in a confused picture of stress 



concontration. To obtain the tro$s in a single plate, a reflecting 

surface was placed. between the plates and the polariscoi:e as 

arranged as shoìn in Fgire 1. To divert the poliried licht bean 

a piece of plate class was utilized as a idrror in the setup. This 

mirror partially transrits and partially reflects. In other words 

the light from the source is partially reflected to the model re- 

fleeting surface, which in turn reflects the stress pattern through 

the class and analyzer to the camera. 

Reflected liht is always partially polarized, so it is nec 

essary that the axis of polarization of the light from the polari- 

scope lîes parallel to the plane of the glass plato in order that 

the licht striking the model remains plane polarized. This 

necessitated the design of a special loading frame that would allow 

test specimens to be rotated relative to the Diane polarized light 

field. Since isoclinics are obtained through rotation of 900, the 

loading frame was designed. to meet and exceed this limit by about 

The search for a suitable reflecting surface was a problem. 

The surface should not rinkle with tension; it should not add any 

tensile strength of it orn; and it should be brit and clear to 

avoid distortion. The surface should be easily applied with low 

cost. This entailed much research until a suitable answer was 

found. 

Such other problems as sheet preparation and rivet construction 

were also encountered and at least partial solutIons were attained. 

On the whole, much time was spent, in many instances, with 
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disheartening rosults. 

s: 'E C IF IC 

Design of Loading lUng. 

Several conditions had to be mot in the design of this piece 

of apparatus. 

I. The apparatus uust be accurate and easily read to the 

nearest half pound. 

2. The unit must be small enough to fit into existing photo- 

elastic apparatus without complicated changeowrs. 

3. The loaded model should be easily revolved 9Q0 with 

respect to the polarized beam, without changing the 

load on the raodel to any noticeable degree. 

4. From a practical standpoint it was desirable to design a 

loading ring that could be utilized in the laboratory for 

futuro work involving tensile loading of models. 

The rotation feature was the moot difficult factor to incorp- 

orate. Vzirious types cf weight and lever loading frames would ivo 

the desired accuracy and size, but would not operate if revolved, due 

to change in center of gravity. A solution was found using the 

ïinciple of the loaded ring. If a circular ring of a given elastic 

material is loaded in a safe region below the elastic limit of the 

material, tho ring will deflect along the principal axes in proportion 

to the load, as given by the general ring deflection equation (Roe. 1): 

Dx 
0.137 i 



Where: 
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= incroae in diameter peruendicular to loading 

W = applIed load 

R = radius to centroidal axis of ring 

E = modulus of elasticity 

I = moment of inertia of ring cross section 

The deflection due to increase in load was to be measured by 

an Aines Dial gage in increments of t ten-thousandths of an inch, 

and with a useful range of 0.125 inches. The first design Lactar 

was then known: 

0.125 in. 

Next vras the size factor. In order to fit into the existing 

polariseope, the diaineter the ring more than fourteen 

inches. A welded ring of the aoxirnate diameter was found in the 

collego laboratory. Since the thickness was excessive, it was 

necessary to turn it down to the proper size. Using the generally 

accepted modulus of elasticity for steel (30 x io6 psi) , the above 

equation was then solved for I and. . Estimating from the model 

size to be used, the limit for '« was decided as 400 pounds. from 

the defloction equation, I was then found. Dy substituting various 

apja'oxirnate values in the bh3/12 equation for I, the final practical 

cross sectional dimensions ware deterriined. 

Tho loading ring was designed. with a factor of safety of 1.5 on 

the 'oportiona1 limit of the material and the ring was placardod at 

a maximum load of 400 pounds This is also the approxite range of 

the dial gage. The ring and gage assembly were calibrated on a 
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testing machine in the mechanical engineering laboratory and were 

found to closely approximate the calculated characteristic3. No 

hysteresis was noted in the loading curve, and a variation of room 

temoeraure within plus or iinus 10° 01' 700 F. had no noticeable 

effect. load versuz time was also chocked with negligible change 

in deflection over hourly periods. A load versus dial gage reading 

tahl was tabulated for increrents of 5 pounds from O to 400 rounds. 

To augment this, an interpolation curve was provided for small 

variations, 

A photograph of the loading ring is shom in Figure 3. A 

labeled drawing is showri in Figure 4. 

The ring proved to be an excellent piece of laboratory equIp.- 

mont, and more than satisfactory for the further work that was 

carried on. Its ap=Tljcatjon is extremely welluited for class.- 
room demonstration in loading various typs of models, due to its 
simplie:î.ty of operation and extreme portability. The loading ring 

ovec to be the most succssfìi1 outcome of the entirs investi- 

gation. 

Oreration of the loading ring. 

The operation of the ring consists merely of placing the model 

between two mounting pins, using care in securing longitudinal 

alignment to eliminate any induced bending. The loading screw is 

then twisted until the model is in tension to the cesired load as 

obtained by consulting the loading tables and dial gage. The complete 

ring may be rotated 450 in either direction from zero by merely 

sliding the ring about in its mounting brackets. The pointer on the 



Figure 2. Fhotoraph of Apparatus. 

Figure 3. Photograph of Ring. 
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base i11 correspond to the desired aiv:le as marked on the ring edge. 

This perdts the model to be subjected to a fuil 900 rotation to 

record isoclinic lines. 

The distance between mounting pins may be adjusted. to take 

models from 3.5 inches to 7.5 inches between mounting holos. AU 

screws should be tihtened on the dial cage mountings before testing. 

Since the ring diaetor will expand, the dial gage will read back- 

werd; therefore, it is necessary to have the dial gage plunger 

pressed completely in when mounting at zero load. The dial gage 

should be zeroed after the model has been pinned in place, and just 

enough tensIon has been put on to hold the aodel. It was found 

that the ring will stand quite a bit of shock from moving about 

without changing the dIal gage reading. This is an extremely val- 

uable feature as the complete unit can be moved about for demonstra- 

tion, et cetera, without great danger oÍ changing the load, 

Preparation of del Material. 

For this investigation I3akelite 13T 6J.-93 pla;es and rivets 

were used. The plates were milled to a thiclaiess of 0.1 inches, and 

Tolished to a glass-like finish. The latter operation was one of 

extreme importance as was .found by later tests. A great deal of 

tine was sent in the preparation of the plates. ile the general 

preparation of I3akelite sheets is given in various texts, exact 

methods are rather vague. The Lollowing step by step 'ocedure is 

the final procedure worked out by trial and error method, using the 

general text procedure as a basis. It is recorded in this work only 

to simplify and save the time of anyone who wishes to carry out 
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further experiments with Bakelite plates fri rivetod joint analysis. 

1. From the milled sheet, as received from the shop, cut out 

a strip approximately to plato size; leaving about 1/4 inch 

over the final desired dimensions. 

2. kttach strip to a flat piece of t'ro by two wood block to 

servo as handle. A good quality model airplane cement will 

serve as a bonding agent. This can he wiped off cleanly 

from the sheet with acetone after the reuoval from the 

block, Pe sure that the Bakelite is firmly attached to 

the block by c1aiiping i1e the cement is drying. 

3. Cement fairly large pieces oí garnet paper or cloth to a 

fiat surface (plate glass or metal saw table), De sure 

that there are no wrinkles in the surface of the paper and 

that the entire area is cemented £rmly to the backing. 

It is suggested that the following grades be used: ïe 

liminary surfacing-6/O or 120 ioth, Successive grades 

should be used, finishing with 000. 

4. The polishing operation should he done with great care to 

prevent large scratches from appearing on the surface. The 

block should be held firmly in both hands and carefully 

held flat against the abrasive. Polishing should he done 

with a rotary moton. Scratch formation may be reduced 

by keeping the abrasive surface well lubricatee with a 

two to one mii'e of gasoline and 3.A.E. 40 oil. Polishing 

on one grade of abrasive should continuo u-ttil all of the 

marks from the proceeding abrasive have been obliterated. 
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5. Final buffing may be done on a lapidary wheel with levigccted 

alurthia and water. Il' carefully done, the polishing iay be 

successfuJi..y carried out on a high speed grinder with a 

cloth polishing wheel. Regular white buffing compound may 

be used as an abrasive. If the high speed grinder oper- 

ation is used, care should be taken not to overheat the 

Bakelite sheet. 

6. After buffing the speciin is removed from the block handle 

and the saine procedure carried out on the reverse side. 

Reaove ali excess cernent with acetone and wash with soap and 

water. 

7. Coat each side of the specimen with rubber cement, and to 

this apply a sheet of bond paper cut to size of soecimen. 

This will keep the surface from becoming marred during 

the following operations. The paper may be peeled away 

easily when ready to uso. 

3. It is inr;ortant that the specimen should be milled to 

exact size and the holes drilled after the final polishing 

and buffing have been done. Experimentation revealed that 

buffing after milling and il1ing results in rounded edges 

on the sTecimen. In order to obtain the best results froni 

photoelastic analysis of this type, all edges should be 

sharp and square. 

9. Bakelite must be machined with great caro for it is quite 

brittle and has an extremely bad tendency to chip. Therefore, 

all tools must be kept as sharp as ssih1e at all times. 
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To cut the Bakolite plates to the desired size, a milling 

machine should be used. The cutter hou1d turn at a 

fairly high speed to insure a clean ehipless cut. The feed 

should be moderately slow for forced cutting will result 

in edge stress £ortion in the material. Cutting too 

rapidly also causes overheating, resulting in initial 

stresses in the material. Very shallow cuts should be 

taken vthon nearing the desired outline, to prevent any 

ragged cutting or overheating. 

10. Extra care irust be taken mhen drilling the holes in the 

plates. In the case of the rivet hole, the edges must be 

sharp, there must be no sign of heat stresses, and the 

hole must be perfectly free fron chipping at the edges. 

To prevent chipping out the baek of the hole, a scrap of 

Bakelite should be cemented to the plate at the back o 

the hole to be drilled. The drill must be sharp and turn 

at a fairly high speed to insure clean cutting. To prevent 

overheating, the plate should be drilled under water. 

Even with these precautions, poor holes ;ill result 

occasionally. Too much care cannot be taken when machining 

Bakelite. 

11. then the plate has been cut to size and drilled, peel off 

the paper facing and remove the excess rubber cement with 

carbon tetrachloride. The material should be used not later 

than twenty four hours after the final machining. Tine and 

tenmerature chan:es will cause initial stress lines to form 



in the sheet, especially about the rivet hole. 

?reparation 01' the Rivets. 

The rivets are turned from one by one inch cubes of' Bakelite. 

Since the fit of the rivets is of extreme importaxico, a difference 

of' one thousandth of an inch will make thorn too tight or too loose 

to give good results. T1ìe surface of the shank of the rivet must be 

polished smooth to make sure of no irreüarities. The rivets raust 

be forced through the rivet holes with no trristing or tmning. 

Twisting of the rivet will cause it to become scarred by the plate 

and stick in the hole. Any scarring of the rivet surface will make 

the rivet out of round and give inaccurate stress concentrations at 

the contact with the lato. The rivet design is shown in Figure 5. 

Preparation of the Reflectinj Surfaces. 

Two types of reflecting surfaces were devised for this type 

of investigation. One method, possibly the bost reflecting surface, 

could be utilized with only the single riveted model. The back 

plate of the joint consisted of an alurinum lath polished to a 

nth'rored surface (Figure 6). 

This back plate was constructed from 24T alwriinu, 0.25 inches 

thick. The polishing operation on this back plate had to be as 

meticulous as that on the Bakelite. Any irregularities or waves in 

the surface would result in distortion of the reflected stress pattern 

of the model undergoing, test. 

The oolishing procedure was similar to that of the T3akelite with 

the exception of the final operation. The aluminum was cut to size1 
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a block cemented to the back, the surface ground and polished with 

a rotary motion over various grades of flat mounted abrasive papers, 

and then finally £inshed on a flat mounted paper towel, Uf ing fine 

talcum powder as the polishing compound. The latter method was a 

result of many discouraging methods and vias found to be extremely 

tedious but satisfactory. ! great deal of time was spent in ob- 

taining a bright, clear, undistorted surface. 

Another ''ob1ein was the drilling of the rivet hole without 

dIsturbing the edge of the hole. This sounds relatively simple, but 

wl'en aluminum is drilled, a small ridge is formed about the hole due 

to raising of the soft material. Any attempt to smooth this raised 

material will result in a round edge about the hole, or heavy dis- 

tortion about that area. This obliteration occurs at the most 

critical areas of stress located near the rivet. 

The problem was solved by drilling the hole undersize, then 

boring the hole to correct size vith a specially ound high speed 

bore. This bore was ground from high speed tool steel in such a 

shape as to deflect the metal shaving dovinward away from the reflect- 

ing surface. After some experimentation, this resulted in an 

extremely sharp round hole with the surrounding surfaces free from 

shaving scratches. 

The second method must be used then more than one rivet is to 

be analyzed. Since the stress distribution is carried through the 

rivets and material of both plates, the material of both plates must 

be the sane. The area between the rivets on one side of the joint 

will he stressed as a functIon of the characteristics of the area 
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between the rivets on the opposite plate. If the material and 

thiciess were the same for both plates, the stress would have been 

equally distributed. However, if the reflecting plate were substi- 

tuted as in the first caso, equal deformation between rivets would 

not occi' and the stress in tlìe observed plate would be inaccurate 

and overly high. 

This brought up the question of a suitable reflecting surface 

between the plates which would not effect the stress distribution 

nor add tensile strength of its om. The reflecting surface must 

have the faculty of stretching elastically with the plate and still 

retain its undistorted reflecting properties. This resolved itself 

into a trial and error procedure. Finally, it vas concluded thst if 

a bri2ht piece of aluminum foil (Figure 7) could be attached to the 

back surface of the plate to be analyzed, this aluminum foil vould 

stretch with the material and not add any ap'eciable tensile strength 

of its Application of this theory was another story. 

First, it was attempted to polish the aluminum foil after it 

was applied with airplane cement to the plate. This idea was dis- 

carded immediately as it was next to thipossible to polish a piece of 

aluminum foil into a bright reflecting surface. The result was about 

one himdred percent loss in the original luster. 

Secondly, a surface was smoothly attached by cement and left 

in its original luster. The surface of this model was bright enough 

but lacked a plate glass smoothness required for undistorted iniaes. 

However, this model was tested and the reflected image was bright and 

clear enough to realize that the right track was being taken. th 
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the apolicatiori of tension to the model the alunimun started to peel 

away from the plate, esecia11y about the rivet where the greatest 

stress concentration occurred. 

One step further from the previous attempt supplied the solution 

to tilo problem. After placing the foil over the cement-coated plate, 

it was rolled with a smooth 'ass roller. This action not only left 

the surface free from air bubbles and cement pockets, but also pro 

vided a sm-face that was clear and smooth, and one that gave an 

undistorted image. The draiback was that no matter how smooth the 

roller, it had a tendency to skid and tear the foil surface, 

During the laboratory photographic work, the paper-backed foil 

which comes about cut fiLm is generally thrown away. One day while 

absently plucking a piece of this covering, it was noted that the 

hack surface of heavy waxed paper peels off quite easily. This 

providd the final solution to the problem and the procedure for 

preparing this type of reflecting surface is as follows: 

1. Select a clean, unwrinkled section of the paperacked foil 

and cut to a size slightly larger than the plate width, and 

about an inch longer than the actual joint. 

2. Paint the inside of the back plate with clear airplane 

cement or dope, and place the foil (paper side up) on the 

plate. 

3. With a smooth hard-surfaced roller, roll with long strokes 

along the length of the surface. Care must be taken in 

order than the excess cement, which will ooze out of the 

ends and sides, does not get on the rolling surface and 
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cause marks in the foil. Apply a firm pressure as the 

roller is used, until the under side, as seen through the 

Bakelite, is clear and free from vrinkles. %i1e not as 

clear as a mirror, this reflecting surface should show 

distinctly any object placed before it. 

4. ush in a little extra cement in the rivet hole and about 

the edges. This will assure a firm adhesion about the hole 

and sides, 

5, Allow to dry about five or six hours. 

6. Cut out hole from back side with a sharp-pointed "Eacto" 

knife. r3e sure a clean cut has been made and that the 

edges are not ragged. If, during this operation, the foil 

pulls up about the rivet hole, the only remedy i to 

carefully remove all of the foil by allowing the plate to 

soak in acetone, and apply again, 

7. hen the hole has been cut, carefully peel off the paper 

from the back of the foil and remove excess cement from 

face of plate with acetone. It is advisable to start 

peeling from the top of the plate-ravdng the paper off 

toìrd the bottom of the rivet hole. 

8. Place the two plates together and carefully insert the 

rivet. Do not allow the two plates to twist because the 

fOil will be scratched or pulled up. L not twist the 

rivet, but press in firmly, as twisting will cause wrinkles 

to appear about the hole. 

If care and patience are taken, the resulting surface will give 
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satisfactory results when viewed through the ground glass 'view plate. 

While some work has been done with the firstescribed reflsctîng 

surfaco, lt is believed that the aluzninuni foil refeicting surface is 

entirely unique. It periiiits the use of heretofore untested multiple 

rows of rivets. 

If the surface has been carefully cerented, the model may be 

loaded and unloaded several tiznes before wrinkles occur in the foil. 

However, it is wise not to load the model again after the load has 

once been released. 

RE3ULTB AND CO1cgNTS 

As has been stated previously, the most successful outcome of 

this investigation was the addition of the test ring to the photo- 

elastic laboratories. Further investigation into the acticability 

of applying photoelastic analysis to riveted joints has shown that 

the method is subject to an excessive amount of variables and 

conditions ich result in inaccuracies and general confusion. It 

has also caused much wonder at the highly accurate results obtained 

by authors in photoelastic texts, then the method s applied to 

similar problems. Since the laboratory control in this investigation 

was as urecise as possible, .t vould seen. that the anawers to various 

sample analytical problems in texts were known nd worked from, rather 

than worked to. 

The foUowing will sumnarize briefly the results and conclusions 

drawn: 

1. ifl our tests, and in actual practice, the degree of initial 
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internai rivet pressure or fit, is a matter of driving, 

and is an important un1aiown factor in stress distribution. 

2. In our tests it as impossiblo to secure the clamping 

action obtained in the case of regular rivets with heads. 

The external clamping action used was not an accurate gage 

£OJ. re. 
3. The effect of induced bending caused by a curved or war ed 

plate will alter the true tensile stresses as seen b the 

stress lines. This same factor will occur in actual rivet 

joints and become an unknown quantity. 

4. The degree of polishing of the l3akelite models will vary the 

pattern of stresses. 

5. Duplication of results from similar models is Impossible due 

to numerous unknown factors and united laboratory control. 

Pecause of the numerous difficulties and set-backs encountered 

in this ìnvestiation, it is quite simple to seo ïhy the ccmmon 

riveted joint still remains a matter for guesswork, large safety 

factors, and low efficiencies. 
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APPLICATION 0F T}il PH0TOEL(STIC ThOD 
TO RIVETED LAP JOINTS 

INTRODUCTION 

This supplement to the preceding thesis work ha5 been sup1iod 

to acquaint the reader with the further ana1tica1 work on lap 

joints as carried out by the author and B. F. Ruffner. This further 

work has utilized the testing methods as described in the preceding 

section and is presented only to demonstrate procedure. It is not 

intended as a complete investigation into stresses in riveted lap 

joints. 

Parte of this in tiation included testing out methods and 

practices developed. from the thesis work. Lmprovements were derived 

and inclìxied in the final results as given in the preceding section. 

The methods of testing were standards as given in photoelastic texts, 

and .11 not be described here in full. It will be assumed that the 

reader has a basic knowledge in the inciples of photoelastic 

analysis. 

The test joints were loaded and fringe hotographs viere taken 

with monochromatic larized light of 5461 A. U. wave length. One 

picture was taken in plane polarized light and one with circurly 

polarized light. The light source was changed to an incandescent 

white lamp with heat filter, and isoclinic pattes were taken at 

various degrees of rotation. Prints were made of the 7ictures and 

from those the basic measurements wore obtained. 



C1iu.i.4i i$T 

The first step in any investigation using plastic models is to 

determine the stros optic nroperties of the material. The stress 

optic law is given as follows: 

p - q = 1.752 t r ' 

where: 

p, q = principal stresses 

n = fringe order 

= wave length of light source 

C = coefficient for material (Bakelite BT 6l-393 ave. 35.) 

t = nxxiel thjc1ess inches 

Since reflection or doubling polariscope is used, substitute 

double thickness in the above equation. For the sample problem as 

given here: 

546m 43.5n. 
t 

FiETHOD OF RESULT ANALYSIS 

Figure 8 shows the not tion that is used in the calculation of 

stresses across three sections through the center of the rivet hole. 

At the hole edge, the boundary stresses are unknown, so it is nec- 

essary to integrate the equilibrium equations from the unloaded outer 

boundaries to the edge of the hole. Across sections of synmietry the 

equilibrium equations take a form sùnpler to integrate than across 

other sections. This simpler form was used across section BD. 
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Inte:ration Along 3ection TP (F::ure 8). 

Stress components along, and perpendiculsr to this symmetrical 

section are principal stresses. The equation oi' equilibrium may be 

written at any point C as: 

where 

r 

ar + r 
sO, (1) 

= rincipal stress in direction 13E 

= principal stress perpendicular to BE 

= radius of curvature of stress trajectory through C 

r = radius vector from A to C. 

Integration of (1) from the edge of the hole r = R to r gives: 

r 
6 6 

r 
R 

r 
dr+C1. 

r = AD, G = O, therefore 

and, 

rAD 

C1- 
) 

dr, 

; = - + 

: 

ir. (2) 

Since the fringe phothaphs cive the difference in principal 

stresses, values of (a-Q-a';.) may be found. These are shown for 
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Model II in Fi:uro 9. The radius of curvature 
f) 

may be found 

from the isoclinics, In Fi;;in'e 8 let AS be the distance ietween 

two neighboring isoclinics of parameters 4) and 4) + t4). Since Ct C 

C'' i a stress trajector-, its radius of curvature may be written 

approximately as: 

Q AS 
(3) 

Measurements of AS may be made at various points C when the iso- 

clinics and 
4, + A4 re knovm. See Figures 10 and 12. 

Values of (-) are then divided by as determined by (3). 

The product is plotted versus r (Figure 13). The total 

integral under this curve is equal to the first integral in (2). The 

second integral in this equation ray be found by taking the area 

under the curve from the edge of the hole to any point r. The Ç 
values are thon obtainable from (2). Since c- ç is knovn at all 
Points on BD, and 

r 
been obtained for various oints, it is 

then possible to Lind c3 at every point. In Fiure 14 is shown a 

typical plot of and 
r 

versus r as deter:ninod for ode1 II-a. 

rpical tabulated values shoving computational stops are given 

in Tables I and II. 

In Table I, column (1) is given the distances from the center 

of the rivrt bolo to the fringes of order given in column (2). 

These values vere obtained from photo.rahs of Figure 9. The values 

were then plotted as shown in F!gure 15. The distance from the edge 

of the hole to the upper boundary was divided. into 10 equal stations. 

Values of in fringes were then recorded in Table II, 



27 

column (3). Column (4) is the distance S measured from the iso- 

clinic drawing, Figwe 12. Since the two isoclinics used had 

parameters 100 apart, then from equation (3); (Ref. 2) 

- - * 5 73 C, 

lo - I 

Column (5) of Table II is obtained by multiplying column (4) 

by 5.73. Coltmn (6) is equal to coluri (3) divided by column (5). 

Values from coluui (6) are plotted against r as shown in Figure 13. 

Column (7) gives the values of the integrals between station O and 

stations 2, 4, 6, , 10. Values of in column (3) are fod 

from equation (2). The last value of colirn (9) is equal to: 

or, 

so Ç at any station is found by adding the neative of the above 
integral to each value in column (7). Column (9) gives whîch is 

found by adding column (3) and column (3). Columns (10) and (li) 

aro obtained from columns (8) and (9) by multiplying those values 

by 42.5/t. 

Results obtained for and along section BD are shown 

in Figure 14. 

Integration Along Sections AO and AO' (Fiure ). 

For ccnvenience, two sets of axes were set up. On the left 

side of the snecimen X, y axes were taken as shown on Figure 8. i 

the right side X', y' axes were chosen. the left siclo of the 

de1 the isoclinic parameter is the clockwise angle that the 
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greater princinal stress makes .i.th the x axis, measured counter- 

clockwise. On the right side of the model the isoclinic parameter 

is taken as the angle the greater principal stress makes with the 

x axis measured clockwise. With this notation, calculations are 

identical for sections AO and AO' if the appropriate coordinate axes 

are ed. 

Since AO and AO' are not soctions of symmetry, these are not 

stress trajectories. The simplified forni of the equilibrium equation 

cannot then he used. The enerl form of the equation in rectang- 

ular coordinates is: 

This may be ritten approximately (2) as: 

x 

(6) 

o y 

where A rate of change of shear stress T in a direction 

y 

at rit-ht angles to the direction of integration. If the integration 

3_s taken from the outer boundary iward, then O at x = O, and 

the constant of integration in the above equation is equal to zero. 

For analysis of results given herein, A X IS taken equal to 1/2 y. 

Then equation (6) becomes: 

o-x=- ICÇy. (7) 
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X, 

-'=- IST'. (7a) 
x 2 

To conpute the shear stresses are found for sections 

I and II (Figure 3). Since p and q are principal stresses, then if 

fringe or(ers versus x are plotted for sections I and II, values of 

(p q) at ten stations may be found by taking faired values from 

the curves. Trpica1 plots of fringe order versus x and are 

shown in Figures 16 and 17. Values of (p - q) are found from: 

- 43.5 n p-q- e 

Values of are then obtained from; 

- (p -q) 2, () Cxy 2 

where is the isoclinic Darameter at the station considered. 

Also 

sin 2 $. (ea) 

Values of were deterined by taldng differences heten 

-r values for sections I and II. These were taken at oints half V - 

way between stations along the sections. These were then suirìed by 

equation (7) and 6 values obtained. 

From the Mohr's circle of stress we can write: 

-; = a-; (p - q) cos 2 . (9) 

To solve this, fringe orders were obtained along section 0E and 0E', 
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and ( p - q) was computed. The isoclinic parameters 4) were obtained 

directly from the isoclinic drawi.ns by interpolation between iso- 

clinics. 

The first step in the analysis was to plot fringe orders, 

obtained from Figure 9, versus x and x as sho in Figures 16 and 

1'7. The fringe orders at the various stations were then read from 

Figure 16 and entered in coluri (2) Table III. Column (3) is equal 

to the column (2) multiplied by 43.5/t. Values of in column (4) 

7ere obtained by interpolation between isoclincs in Figire 12. 

Column (6) is then foimcl from equation (8). 

The values from Table III viere then plotted as shown in 

Figare 18. Fi;ure 19 shows values. 

In Table IV are shown calculations for and acroas 

section 0E. Colui (2) gis Tvalues taken as the difference 

between at section I and at section II. The differences 

are taken half way between stations. Column (3) is the sum of the 

AIt values in column (7). Column (6) gives 0 deterdned br use of 

equation (7). Column (5) gives values of fringe orders along 

section 0E determined from fringe ohotographa of Figure 9. Column (6) 

is obtained by multiplying column (5) by 43.5/t. Column (7) is 

obtained from isoclinic drawings of Figure 12. Columns (8), (9) are 

steps in the solution of equation (9). Column (10) gives values of 

at the various stations. 

In Figure 20 are plotted values of 1, and for 

Model II. 

Following this procedure, princia1 stresses may be obtained 
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for the riveted joint being tested. Ap1ying this method to multiple 

rows of rivets will result in lengthy computations and plotting of 

curves. Figure U is a photograph of the fringe patterns in a double 

riveted lap joint. 
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TABLE I. 

Fringe Orders Along Section BD. 
}Dde1 11'a. 

(1) (2) 

r (inches) n 

0.141 (point B) _ 

.200 

.234 7 

.2&3 6 

.306 5 

.362 4 

.434 3 

.553 2 

.875 

1.020 (point D) 



TABlE II. 

Calculation2 for Section BD. 
Model II-E 

(l)_ J) - cYi (4T (5 -- ___(7) -- (9) (id) (1].) 

r G-G-0-;, ; 
Ç 

)cr 
tr;, 

Station inches 2rine inches Inches ¶ Ç' fringes fringes psi psi rs 
inehes ______ 

o 

____ 

O.14] 10.50 

______ 

0.040 0.230 45.'X .00 

______ 

- E.47 2.03 - 3540 46 

i .22E3 7.13 .043 .246 29.00 

2 .317 4.32 .046 .264 32.30 .j4 3.b l69 131U 

3 .405 3.35 .057 .327 10.20 

4 .492 2.42 .062 .355 6.dO - 1.15 1.27 - ¿ . u 532 

f.) .577 1.85 .072 .413 4.50 

( .667 1.42 .090 .516 2.0 - .33 1.09 - 13 454 

/ .775 1.1J .g50 1.40 

i .842 1.00 .269 1.542 .65 :.42 - ,5 .95 21 395 

9 .930 .95 .630 3.610 .26 

10 1.020 .90 .00 .00 .O O 376 
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TAI3LE III. 

Calculation8 for at Sections I, II. 

Model IIsß 

Cl) (2) (3I (4) (5) (6) 

Station 
Fringe (p - q) 

4 sin 2 T 
order, n pi 

Section I 

o 0.92 384 90 0.000 0 

i 1.00 4]í 34 .208 43 

2 1.05 438 77 .437 96 

3 1.15 4l 77 .437 105 

4 1.25 522 7 .406 106 

s 1.38 576 79 .3'75 108 

6 1.50 627 80 .342 lcYl 

7 1.78 744 ¿2 .276 103 

2.30 961 5 .174 

9 3.68 1538 Cr, .104 

10 8.10 3382 77 .437 740 

Section Il 

o 0.92 334 90 .000 0 

i 1.00 4J8 75 .500 104 

2 1.05 4:3e 73 .560 122 

3 1.16 485 67 .720 175 

4 1.30 543 70 .642 174 

5 1.45 606 7]. .615 16 
6 1.60 66 77 .438 146 

7 1.92 802 81 .309 330 

8 2.35 981 134 .208 102 

9 3.12 1302 87 .104 68 

10 5.80 2425 100 .342 - 415 



TÀBI$ IV. 

Ca1cu1ation for for Sections 0E. 

x1e1 II-a. 

(1) k6)_ (7) (8) 9? 

Station 

___cai__ 

AC EA:t - 
n p q 4 cos 2 ' ;q a; 

fringes psi 

o o o 0.90 37/ 93 1.000 377 37/ 

-24 
i - 24 12 LOO 4]ß 79 - .927 - 38 400 

- 47 
2 - 71 36 1.05 439 74 - .48 372 408 

3 

-62 
-133 67 1.10 461 73 - 3S1 448 

-70 
4 -03 102 1.19 49 7/ 4ß 43 55 

-70 
5 -27:3 137 1.27 532 4 - .848 - 452 59 

- 5 
(j -33]. 166 L.4O 5L6 7 - .866 - 50'? 673 

7 -372 186 1.77 743. 7; - .927 - 686 872 

. a95 198 3.17 1328 2 .961 -1274 1472 
- 30 

9 -425 213 6.35 2655 84 - .9% - 2600 2813 

430 
10 5 3 11.50 4820 90 - 1.000 -4820 4823 

L) 
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LE V. 

Section BD. 

. 

r c3- 

Station 
r cs-Ga Fr= 

a-;i 
F= -; 

o - 3540 346 -4.2 1.15 
2 -1310 706 -1.78 .96 

4 - 480 532 .65 .72 

6 133 454 .19 .62 
23. 395 .03 .54 

10 0 376 .00 .51 

TA3LE VI. 

Lbdel Ii, 

Station 
s-; 

or c:rv F ox' ' F1 or F' 
- - 

Sectioì 0E 

o o 377 0.00 0.51 

I 12 400 .02 .54 
2 36 40 .05 .56 

3 67 448 .09 .61 

4 102 525 .14 .71 

5 137 59 .19 .30 

6 166 673 .23 .9]. 

7 16 !3'72 .25 1.19 
190 3472 .27 2.00 

9 213 2]3 .29 3.3 
10 - ¿ta3 .00 6.55 - _ 

Section O'E' 

o o 376 0.00 0.50 
1 28 425 .04 
2 85 502 .12 

3 15]. 629 .21 .85 

4 215 753 .29 1.02 

5 267 855 .36 1.16 
6 309 952 .42 1.30 

7 342 1077 .47 1.46 
8 369 1355 .50 1.83 

9 364 2295 .4Ç 3.12 
10 94 4914 13 6.68 
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Figure 9. Fringe Photograph 
Plane Polarized Light 



Figure 10.-b. 
Isoclinic Photograph 

Model II-6 

Figure 10-a. 
Thocinic Photograph 

MOdel II-a 

= 450 

450 



Figure ii. Fringe Photograph 
Example o± Double Riveted Joint 
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Figure 1. vs r for 3ection BD Model II-a. 
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Figure 21. Sketch Showing Notation for Dimenons and Loads for Sin1e Fiivet L!odels. 0 


