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We present a novel strategy for minimizing the numerical dispersion error in edge 
discretizations of the time-domain electric vector wave equation on square meshes 
based on the mimetic finite difference (MFD) method. We compare this strategy, called 
M-adaptation, to two other discretizations, also based on square meshes. One is the lowest 
order Nédélec edge element discretization. The other is a modified quadrature approach 
(GY-adaptation) proposed by Guddati and Yue for the acoustic wave equation in two 
dimensions. All three discrete methods use the same edge-based degrees of freedom, while 
the temporal discretization is performed using the standard explicit Leapfrog scheme. To 
obtain efficient and explicit time stepping methods, the three schemes are further mass 
lumped. We perform a dispersion and stability analysis for the presented schemes and 
compare all three methods in terms of their stability regions and phase error. Our results 
indicate that the method produced by GY-adaptation and the Nédélec method are both 
second order accurate for numerical dispersion, but differ in the order of their numerical 
anisotropy (fourth order, versus second order, respectively). The result of M-adaptation is 
a discretization that is fourth order accurate for numerical dispersion as well as numerical 
anisotropy. Numerical simulations are provided that illustrate the theoretical results.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

We consider numerical solutions of the two-dimensional time-domain electric vector wave equation on square meshes 
using the classical Leapfrog time discretization. Although we restrict ourselves to time domain formulations, the ideas 
presented here can also be applied to frequency domain formulations. The design and characterization of many pulsed 
microwave and millimeter wave devices requires the time domain analysis of electromagnetic (EM) wave propagation [2,
14]. Popular numerical methods for simulating EM wave propagation are generally either based on the Finite Element (FE) 
or on the Finite Difference (FD) methods. The curl-conforming finite element discretizations (edge elements), first developed 
by Nédélec [25,26], are very popular for the spatial discretization of the first order Maxwell equations or the second order 
vector wave equation. The popularity of edge discretizations is due to their ability to eliminate the non-physical (spurious) 
modes that are present in discretizations of the vector wave equation based on nodal finite elements [12,22–24,30]. Edge 

* Corresponding author.
E-mail addresses: bokilv@math.oregonstate.edu (V.A. Bokil), gibsonn@math.oregonstate.edu (N.L. Gibson), vitaliy_gyrya@lanl.gov (V. Gyrya), 

mcgregod@math.oregonstate.edu (D.A. McGregor).
http://dx.doi.org/10.1016/j.jcp.2015.01.042
0021-9991/© 2015 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jcp.2015.01.042
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcp
mailto:bokilv@math.oregonstate.edu
mailto:gibsonn@math.oregonstate.edu
mailto:vitaliy_gyrya@lanl.gov
mailto:mcgregod@math.oregonstate.edu
http://dx.doi.org/10.1016/j.jcp.2015.01.042
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcp.2015.01.042&domain=pdf


V.A. Bokil et al. / Journal of Computational Physics 287 (2015) 88–109 89
discretizations also allow for easy implementation of boundary and material interface conditions by automatically ensuring 
the continuity of the tangential components of the vector fields [16,20,32].

One of the issues with FE discretizations for wave equations in general, and the electric wave equation in particular, is 
that a non-diagonal mass matrix has to be inverted to solve a linear system during every time step of the solution of the 
discrete system. This is highly inefficient for a problem where the number of time steps is typically on the order of the 
number of spatial steps (due to a Courant-type stability condition). A popular remedy has been an approximation of the 
mass matrix M with a diagonal matrix D obtained by lumping all entries of the mass matrix to the diagonal. Hence, the 
name for the procedure – mass lumping. Mass-lumped methods maintain the same order of the dispersion error as their 
non-lumped counterparts, however they often suffer from larger constants in their dispersion errors [21].

One of the most popular FD methods for the numerical discretization of Maxwell’s equations is the Yee scheme [33]
which has been shown to be equivalent to a mass-lumped version of the lowest order Nédélec FE method on a uniform 
cubic mesh [19]. An extensive overview of numerical methods for wave equation in the time domain can be found in [5]. 
This includes high order finite difference, high order finite element methods, and numerical dispersion analysis for the 
acoustics, linear elasticity, and Maxwell’s equations. There are versions of FD methods for unstructured grids [31], but these 
methods are easiest to implement on structured grids. In this paper we will focus on discretizations on square meshes that 
are optimized for their numerical dispersion error.

Bokil and Gibson [3] considered a number of FD discretizations of Maxwell’s equations for which they demonstrated re-
duction of numerical dispersion when the spatial discretization order was increased from second to fourth while maintaining 
second order for the temporal discretization. Increasing the spatial discretization beyond fourth order did not produce any 
significant reduction in the dispersion error. Smith et al. [28] were able to eliminate fourth order dispersion error by using 
a modified fourth-order FD method in space and time. The modified stencil of the FD method was obtained as a weighted 
average of various rotated stencils.

The problem of constructing methods with optimal numerical dispersion properties has been considered in the case of 
acoustics, where similar results were obtained using FD and FE-type discretizations. In particular, Jo et al. [13] and Stekl 
and Pratt [29] derived an optimized 9-point FD method in two space dimensions for an acoustic wave equation in the 
frequency domain. Their idea was to consider a weighted average of the standard and “diagonal” FD methods and optimize 
the resulting scheme for the weights. Sescu et al. [27] extended this idea to three space dimensions.

One can approach the reduction of dispersion with time domain finite element methods (TDFEM) by employing higher 
order discretizations. However, a well known drawback of this approach is the necessity of inverting the mass matrix at 
every time step. Fisher et al. in [7] addressed this issue by employing a generalized mass lumping technique. Their approach 
was to increase the computational efficiency of high order Nédélec Elements by choosing Gauss–Lobatto quadrature points 
and using these quadratures to resolve the integrals of the mass and stiffness matrices. On orthogonal Cartesian meshes 
their method produces a diagonal mass matrix and on more general geometries the sparsity of the mass matrix is greatly 
reduced if non-diagonal. As is typical of Nédélec elements, they recover a dispersion error of order 2p where p is the 
polynomial degree. This approach is philosophically different than our approach: while they attempt to make an accurate 
method more efficient, we will make an efficient method more accurate. Our optimization technique produces a method 
which has a formal L2 error of order two and dispersion error of order four producing higher quality solutions than those 
produced by the lowest order Nédélec elements. A natural extension of our work is the development of both higher order 
discretizations using M-adaptation and an extension to hexahedral meshes.

Another technique based on the FE framework is closer to our method, see e.g., [8,15,34]. Instead of using the typi-
cal lumping, i.e., by approximating the mass matrix M with a diagonal matrix D , an approximation of the mass matrix 
M ≈ DM−1 D is used. This approach makes approximation of M−1 ≈ D−1 M D−1 simple, as it involves inverting a diagonal 
matrix D . Also, in this approach the mass matrix M is retained in the scheme, which becomes important in the optimization 
step. The optimization step is similar in spirit to utilizing weighted combinations of standard and rotated stencils in the FD 
approach.

In [8,34] Guddati and Yue considered approximating the mass and stiffness matrices using quadrature rules, instead 
of employing exact integration. The use of quadrature rules allowed the characterization of each matrix by one quadrature 
parameter. The values of the parameters were selected to minimize the numerical dispersion error. We refer to this approach 
as GY-adaptation.

In [9,10] Gyrya and Lipnikov considered a generalization of FE and staggered FD discretizations to general polygonal 
meshes, called Mimetic Finite Difference (MFD) methods, (see [4,17] and references therein). The MFD approach produces 
a large parametrized family of schemes with equivalent properties, such as stencil size and base convergence rate among 
others. The number of parameters characterizing the scheme grows rapidly with the dimension, the number of vertices 
in a polygonal element, and the order of the discretization. For the acoustics equation in 2D on rectangular meshes the 
stiffness matrix was characterized by one parameter and the mass matrix was characterized by three parameters (two 
on square meshes, due to symmetry). The process of selecting an optimal member for a selected optimization criteria 
(in this case, minimization of numerical dispersion error) within the MFD family was called, M-adaptation. In principle, 
other optimization criteria could be selected, see e.g., [11]. On rectangular meshes the optimal member of the MFD family 
was shown to have fourth-order (vs. second-order) numerical dispersion and fourth-order (vs. second-order) numerical 
anisotropy. The Guddati and Yue approach [8,34] did not produce any reduction in the numerical dispersion or numerical 
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anisotropy on non-square meshes. On square meshes, using M-adaptation, the numerical anisotropy was further reduced to 
be of sixth-order (vs. second-order).

In this paper, following the ideas developed for nodal discretizations for the acoustics equation in [8–10,34], we con-
sider edge discretizations of the vector wave equation and apply the techniques of GY- and M-adaptation to produce novel 
schemes that are optimized for their numerical dispersion properties. In particular we will utilize the non-standard lumping 
approach for the mass matrix that was considered in [8,15,34] and described above. The derivation of the dispersion relation 
will be a generalization of the approach used in [10]. In the case of the vector wave equation, the dispersion relation takes 
a vector–matrix form, unlike the scalar form for the acoustics equation, which makes the analysis of numerical dispersion of 
discretizations of the vector wave equation more challenging. Also, unlike the case of the nodal discretization for the acous-
tic equation, the stiffness matrix is defined uniquely (i.e., does not depend on quadrature parameters); thus all parameters 
are located in the mass matrix.

The paper is organized as follows. In Section 2 we present the initial value problem for the vector wave equation and its 
variational formulation. In Section 3 we present a common framework for the three discretizations to be considered here: 
Nédélec, GY family of methods and MFD family of methods. All discretizations are first presented on rectangular meshes, but 
later most of the results will be obtained for square meshes. The common framework will allow us to use similar stability 
and dispersion analysis for the three methods. We present the dispersion relation for the continuous PDE formulation of 
the vector wave equation and derive the dispersion relation for the three numerical discretizations in Section 4. In Section 5
we produce the dispersion relation and calculate a numerical phase error for each of the numerical discretizations. For the 
GY family and the MFD family we identify the “optimal” members that have minimum numerical dispersion and anisotropy 
among all members in their respective families. In Section 6 we perform von Neumann stability analysis on all three 
methods and we identify Courant-type stability conditions. Of the three methods analyzed we find that GY-adaptation is the 
least stable and the Nédélec method is the most stable. Finally, in Section 7 we present computational tests that illustrate 
the reduction of the numerical dispersion for each of the numerical discretizations, as predicted from the dispersion relation, 
and in Section 8 we present some concluding remarks.

2. PDE formulation

We present Maxwell’s equations first in the classical differential formulation in Section 2.1 and then reformulated in the 
weak form in Section 2.2. The latter formulation forms the foundation for finite element discretizations as well as other 
discretizations considered in this paper.

2.1. Classical formulation

Let � ⊂ R
2 be a domain with Lipschitz boundary ∂� = �. Consider the two dimensional transverse electric (TE) formu-

lation of Maxwell’s equations in a linear medium, given by the following four equations

∂ H

∂t
= − 1

μ
curl E, on (0, T ] × �, (2.1a)

∂E

∂t
= 1

ε
curl H − J, on (0, T ] × �, (2.1b)

∇ · εE = 0, on (0, T ] × �, (2.1c)

E(x,0) = E0, H(x,0) = H0, on �, (2.1d)

along with appropriate boundary conditions. In the system (2.1), E is the electric (vector) field, while H is the (scalar) 
magnetic field. The variable J is the current density and the parameters ε , and μ, are the permittivity, and permeability of 
the linear medium, respectively. For a vector field f = (fx, fy)

T and for a scalar field f we define the scalar (curl) and vector 
(curl) curl operators as follows, [18],

curl(f) := ∂

∂x
fy − ∂

∂ y
fx curl( f ) :=

(
∂

∂ y
f ,

∂

∂x
f

)T

.

All the fields in the system (2.1) are functions of position x = (x, y)T and time t ∈ [0, T ]. Assuming sufficient differentiability 
of the solution and the data of system (2.1), taking the time derivative of Eq. (2.1b) we can eliminate the magnetic field H
to obtain a two dimensional vector wave equation in the electric field only. This yields a second order formulation of the 
Maxwell system given as the 2D Electric Vector Wave Equation

∂2

∂t2
E + c2curl curl E = − ∂

∂t
J, (2.2a)

∇ · εE = 0, (2.2b)

where c = 1/
√

εμ is the speed of light in the medium.
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Fig. 1. Illustration of the degrees of freedom on a rectangular element.

Remark. The above formulation is very similar to the 2D Magnetic Vector Wave Equation. This formulation is derived by 
assuming that H has only x and y components while E has only z components. The primary difference of the two methods 
is that ∂

∂t J must be replaced with curl J . Therefore the following work applies as easily to transverse magnetic problems as 
to transverse electric problems.

2.2. Variational formulation

To construct our numerical methods we start with a variational formulation of the two dimensional vector wave equa-
tion (2.2). We assume periodic boundary conditions and consider the following Sobolev spaces

L2(�) = [L2(�)]2,

H(curl,�) = {v ∈ L2(�) : curl v ∈ L2(�)}.
Multiplying (2.2a) by a test function φ ∈ H(curl, �) and integrating over � we obtain the variational formulation:
Find E ∈ C2([0, T ]; H(curl, �)), such that for all φ ∈ H(curl, �)∫

�

∂2

∂t2
E · φ d� + c2

∫
�

(curl E) · (curl φ) d� = −
∫
�

∂

∂t
J · φ d�, (2.3)

subject to initial conditions E(0) = E0 and ∂
∂t E(0) = 1

ε curl H0.

Remark. For weak solutions to be physically meaningful it is important that given initial conditions which satisfy the 
divergence constraint, that for all time the weak solutions satisfy the divergence constraint.

3. Numerical discretizations

In this section we will consider several discretizations of (2.3) in 2D where the discrete degrees of freedom (d.o.f.) 
representing the electric field will be defined in a uniform way. The only difference between the discretizations is the 
approximation of the bilinear forms. We represent the scalar magnetic field H on a polygonal element P using a single 
value which we take to be an average of H over the element. We represent the vector electric field E by the average values 
of the tangent component, of E on every edge, see Fig. 1. We refer to our degrees of freedom (d.o.f.) as E j ,

E j = 1

|e j|
∫
e j

τ j · E dS, (3.1)

where τ j is the unit tangent to the edge e j , as shown in Fig. 1.
To avoid confusion with the exact electric field E we define the vector of degrees of freedom as

U := [E j : 1 ≤ j ≤ N]T , (3.2)

where N is the global number of degrees of freedom. Since the magnetic field H is defined only by an average value on 
each element, we will assume that H is constant on each element. Just like for the continuous equations, in the discrete 
case the magnetic field H can be eliminated from the equations. We mention the discrete representation of H because our 
construction of the stiffness matrix will rely on it in Section 3.4.

The electric field is defined by at least three d.o.f. on each element. The number of d.o.f. depends on the number of edges 
in the polygonal element. On a triangular element the discrete approximation space Vh is the classical three-dimensional 
approximation space:
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v1 =
[

1
0

]
, v2 =

[
0
1

]
, v3 =

[ −y
x

]
. (3.3)

Remark. The local approximation space, being a linear space, admits many different bases. The standard choice for FE 
discretizations is the Lagrangian basis which, indeed, satisfies di(v j) = δi j . This choice of basis is associated with the d.o.f. 
and is convenient for the assembly of global matrices. For our construction it is convenient to use a different local basis 
containing monomials, see Eq. (3.3). After computing the mass and the stiffness matrices M̃ P and Ã P in this basis we 
then convert them to the standard Lagrangian basis using the transformation (3.5a)–(3.5b). We will also deviate from the 
standard d.o.f. for Nédélec Elements and use average values of tangential components over each edge instead of tangential 
integrals to improve the scaling of our d.o.f. matrix and to conform to the standard convention for MFD, cf. [17].

On a rectangular element the approximation space (3.3) is enriched by an additional (fourth) basis function. The choice 
of this basis function will vary with the method and will be discussed in each of Sections 3.2, 3.3, and 3.4.

Before diverging in our presentation of the three different methods, we present the common framework. Let {v j}n
j=1 ⊂

H(curl) be the basis of the discrete approximation space Vh on the element. Let [Tij] be a matrix of d.o.f. for the basis 
functions vi . Then the matrices T = [Tij] and T −1 represent the change of representation from the basis vi to the basis of 
d.o.f. First, we define the local mass and stiffness matrices M̃ P and Ã P on a polygonal element P in the basis {v j}n

j=1

M̃ P = [m̃i j], m̃i j =
∫
P

vi · v j dA, (3.4a)

Ã P = [̃aij], ãi j =
∫
P

(curlvi)(curlv j) dA. (3.4b)

Next, to define the local matrices in the basis associated with d.o.f. we perform a “change of basis”

M P = T −T M̃ P T −1, (3.5a)

A P = T −T Ã P T −1. (3.5b)

Assembly of the local matrices M P and A P into a global matrices M and A respectively is done in the usual way. Using a 
central finite difference discretization of the time-derivative term with time step �t we obtain a fully discrete representation 
of (2.2) given appropriate initial conditions U0 and U−1, we have

M
(

U j+1 − 2U j + U j−1
)

= −c2�t2 AU j, (3.6)

where the superscript denotes the time level.

3.1. Efficient treatment of the mass matrix

Time integration of the numerical scheme (3.6) requires a linear solve for U j+1 at every time-step. There are two com-
mon ways of avoiding (or drastically simplifying) the linear solve.

One commonly used approach is called mass-lumping. In this approach the mass matrix is approximated by a diagonal 
matrix D ≈ M , obtained by moving (“lumping”) all entries of M to the diagonal:

Dij = δi j

n∑
k=1

Mik. (3.7)

This does not change the accuracy order of the scheme, but in case of the acoustic and Maxwellian waves decreases the 
accuracy by increasing the constant in front of the error at the highest order [21].

Another, more recent, approach is to take the mass-lumping idea a step further:

M ≈ D = D I ≈ DM−1 D := W −1 ⇒ M−1 ≈ D−1M D−1 = W . (3.8)

Typically, this approach by itself does not yield significant benefits over simple mass-lumping (3.7). The advantages of (3.8)
over (3.7) can be realized if one can further modify the mass matrix M on the right of (3.8). This will be the idea in 
Sections 3.3 and 3.4, that will ultimately lead to a dramatic reduction of numerical dispersion.

For all of the forthcoming methods it can be shown that the local lumped matrix D P

D P
ij = δi j

4∑
j=1

Mij = |P |
2

I4×4,

where Im×m is the m × m identity matrix and |P | is the area of the polygon P . If Q is the quadrangulation of our domain 
and AP∈Q is the assembly operator then
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D = A
P∈Q

D P = |P |IN×N , (3.9)

as each degree of freedom in D occurs in exactly two elements. From this identity we can express the global matrix W as 
a scalar multiple of the matrix M as follows:

W = |P |−2M. (3.10)

This suggests that if W = AP∈QW P then

W P = |P |−2M P . (3.11)

For all forthcoming methods we use the following fully explicit, full discrete scheme:

U j+1 = 2U j − U j−1 − c2�t2W AU j. (3.12)

Using Eq. (3.10) we can rewrite the above scheme in terms of the Courant number ν:

U j+1 = 2U j − U j−1 − ν2(|P |−1M)A, ν2 = c2�t2

|P | . (3.13)

This is useful as the matrix (|P |−1 M)A scales like a constant and the Courant number, which is frequently crucial to stability, 
appears explicitly.

3.2. Nédélec’s edge elements

In this section we present Nédélec’s edge based elements. Consider a rectangular element [−�x/2, �x/2] × [−�y/2,

�y/2], as shown on Fig. 1. The approximation space is given by the basis functions:

v1 =
[

1
0

]
, v2 =

[
0
1

]
, v3 = 2

[ − y
�y

x
�x

]
, v4 = 2

[ y
�y

x
�x

]
. (3.14)

Here the scaling for the functions v3 and v4 is selected for convenience, to make the columns T j of the transformation 
matrix T , defined by the d.o.f. of v j , independent of the dimensions of the element:

T =

⎡⎢⎢⎣
1 0 1 1
0 1 1 −1
1 0 −1 −1
0 1 −1 1

⎤⎥⎥⎦ . (3.15)

Based on the definition of the basis functions (3.14), in the case of �x = �y = h, one can compute local mass and stiffness 
matrices in the basis vi , exactly:

M̃ P = h2

⎡⎢⎣
1 0 0 0
0 1 0 0
0 0 2/3 0
0 0 0 2/3

⎤⎥⎦ , M P = h2

6

⎡⎢⎣
2 0 1 0
0 2 0 1
1 0 2 0
0 1 0 2

⎤⎥⎦ , W P = 1

6h2

⎡⎢⎣
2 0 1 0
0 2 0 1
1 0 2 0
0 1 0 2

⎤⎥⎦ , (3.16)

Ã P =
⎡⎢⎣

0 0 0 0
0 0 0 0
0 0 16 0
0 0 0 0

⎤⎥⎦ , and A P =

⎡⎢⎢⎣
1 1 −1 −1
1 1 −1 −1

−1 −1 1 1
−1 −1 1 1

⎤⎥⎥⎦ . (3.17)

Note, that the auxiliary matrices M̃ P and Ã P are written in a special basis {v j}n
j=1 The mass, M P , and the stiffness, A P , 

matrices written in the (standard) d.o.f. basis are expressed in terms of M̃ P and Ã P using change of basis (3.5a)–(3.5b)
with the transformation matrix (3.15). This last operation changes diagonal matrices M̃ P and Ã P to the non-diagonal ones, 
M P and A P . Further the matrix M P is auxiliary to the local approximate mass inverse W P which is computed using the 
equation W P = h−4M P . The global discretization is obtained by assembling local matrices W P and A P .

3.3. Guddati–Yue’s family of 4-point quadratures

In this section we use the ideas of Guddati and Yue first proposed for acoustics wave propagation, [8]. In this method 
the approximation space is the same as in the Nédélec’s edge elements, see (3.14). However, instead of computing local 
mass and stiffness matrices exactly, as it was done in (3.16), they are computed approximately using a 4-point quadrature.
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These quadratures are defined by a two parameters, aM and aA , indicating the position of the quadrature points for the 
mass and the stiffness matrices, respectively:

p j =
(

±a∗
�x

2
,±a∗

�y

2

)
∗ = M or A. (3.18)

The quadrature weights are chosen to be the same, producing the following quadratures

Q ( f ) = h2

4

4∑
j=1

f (p j). (3.19)

On rectangular meshes, all such quadratures (a∗ 
= 0) approximate integrals of linear functions exactly.

Remark. As it turns out, unlike in the case of acoustics, in the case of Maxwell’s equations the stiffness matrix does 
not depend on the choice of the stiffness parameter aA . This is because all basis functions vi , i = 1, . . . , 4, in case of 
the Maxwell’s equations are linear and their derivatives constants. Hence, the use of quadrature does not introduce any 
ambiguity for computing the energy integrals. In case of the acoustics, the fourth basis function was bilinear. Hence, its 
derivative is linear and the integral of linear functions with itself using the above four-point quadrature rule is not exact. 
Therefore, in the case of the acoustics equations, there was a difference as to which of the quadrature points aA should be 
used.

The mass matrix, unlike the stiffness matrix, depends on the parameter aM . Here is the dependence for the local mass 
matrix written in the basis vi :

M̃ P = h2

⎡⎢⎣
1 0 0 0
0 1 0 0
0 0 2a2

M 0
0 0 0 2a2

M

⎤⎥⎦ . (3.20)

This construction produces a one parameter family of discretizations parametrized by the mass matrix quadrature parameter 
aM . As before, the local matrices in terms of d.o.f. are obtained using the change of basis transformation (3.5a)–(3.5b) with 
the transformation matrix (3.15). Again, the global discretization is obtained by assembling local matrices W P and A P into 
global ones, W and A.

3.4. Mimetic finite differences

In this section we consider a Mimetic Finite Difference (MFD) discretization, which can be seen as a generalization of 
the Guddati and Yue approach in the sense that the MFD family is richer and contains the GY family. Since the family 
of schemes is richer, it is not surprising that through an optimization of parameters we can obtain a scheme with better 
dispersion characteristics. We will now introduce the family.

Consider the approximation space given by the basis functions

v1 =
[

1
0

]
, v2 =

[
0
1

]
, v3 =

[ − y
�y

x
�x

]
, v4 =

[
?
?

]
. (3.21)

The fourth basis function v4 was intentionally left undefined, as its exact definition will not be important in this context.
Let us define the scalar curl operator that operates from the space of vector electric field E, defined by four values per 

element, to the space of magnetic field H , defined by a single value on each element. The natural definition of curl operator 
is based on Stokes’s Theorem

1

|P |
∫
P

curl(�u) dA = 1

|P |
∫
∂ P

�u · �τ ds = 1

|P |
∑

ei

�u · �τi = 1

|P |
∑

ei

o(ei)|ei |ui . (3.22)

Here P is the area of the polygonal element, |ei | is the length of the edge ei , o(ei) = ±1 is the orientation of the edge, 
and ui is the d.o.f. – the average value of �u along the edge ei . Assuming enumeration of edges as shown on Fig. 1, the 
orientation function is defined to be

o(e1) = 1, o(e2) = 1, o(e3) = −1, o(e4) = −1.

Based on (3.22), the discrete curlh operator is defined locally as

curlh

⎡⎢⎢⎣
u1
u2
u3
u

⎤⎥⎥⎦ =

⎡⎢⎢⎣
o(e1)|e1|
o(e2)|e2|
o(e3)|e3|
o(e )|e |

⎤⎥⎥⎦
T ⎡⎢⎢⎣

u1
u2
u3
u

⎤⎥⎥⎦ =

⎡⎢⎢⎣
�x
�y

−�x
−�y

⎤⎥⎥⎦
T ⎡⎢⎢⎣

u1
u2
u3
u

⎤⎥⎥⎦ . (3.23)
4 4 4 4 4
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The local (discrete) curlh operator acts from cell edges to cell centers. Therefore, locally, it can be represented by a 1 × 4
matrix. The global representation of curlh can be obtained by the standard assembly process. The stiffness matrix is then 
defined in terms of the discrete curlh operator and the product matrix for the magnetic field Hh . The latter is just a scalar 
|P | on each element. Therefore, the stiffness matrix takes the form

A P = curlT
h |P |curlh. (3.24)

It is a technical exercise to check that the representation (3.24), written in the d.o.f., matches with the construction of the 
stiffness matrix in (3.16) after the change of basis procedure (3.5a)–(3.5b) with the transformation matrix (3.15). Thus, just 
like in Section 3.3 the stiffness is defined uniquely.

The local mass matrix is constructed, in such a way that it approximates the integrals of constants exactly, and allows 
for an error in the approximation of the products of higher order functions.

In the local basis vi the mass matrix has the form

M̃ P = �x�y

⎡⎢⎢⎣
1 0 0 0
0 1 0 0
0 0 m1 m2
0 0 m2 m3

⎤⎥⎥⎦ . (3.25)

The top left block of the matrix represents the products of constants and it is computed exactly. The off-diagonal blocks are 
selected to be zero so as to indicate the L2 orthogonality of the basis functions. This is a typical MFD construction, but it 
may not be necessary for preserving the order of the scheme. The bottom right block, is the block representing products of 
the non-constant basis functions, which is represented approximately.

The values of the parameters m1, m2, m3 can be varied as long as two conditions are satisfied:

• The bottom right sub-matrix of (3.25) is symmetric (always true due to notations) and positive definite (may not be 
true based on the choice of mi ).

• The bottom right sub-matrix of (3.25) scales like the top left sub-matrix of (3.25).

The above conditions are necessary for the stability of the scheme.

Remark. The construction of the mass matrix (3.25), in a way, is a generalization of the quadrature idea, where higher-order 
error is introduced which does not change the formal accuracy of the scheme. The bottom right block of the mass matrix 
(3.25) contains the analogue of the quadrature error. The small error then can be optimized to improve the dispersion 
properties of the scheme.

We have the following inclusion of the families of schemes

Nédélec ∈ Guddati–Yue ⊂ MFD.

The larger is the family of the schemes, the higher is its flexibility to improve the dispersion properties.

4. Dispersion relationship

Fourier modes form a basis in L2 and many of its subspaces. Moreover, linear combinations of planar Fourier waves

f (x, t) = exp i(k · x − ωt) (4.1)

are dense in these spaces. Arising in classical Fourier analysis, a dispersion relationship is the functional relationship be-
tween spatial wave numbers k and temporal frequencies ω = ω(k) for those plane waves which solve a particular linear, 
Cauchy PDE. For linear PDEs the dispersion analysis allows us to understand the qualitative behavior of a solution as a super-
position of planar wave modes (4.1). The dispersion analysis can be applied to the continuous PDEs and their discretizations 
alike.

We will start with the dispersion analysis of the continuous PDE (2.2) and then perform the dispersion analysis for the 
numerical schemes.

4.1. The dispersion relation for the continuous PDE

As typically done, we ignore the boundary conditions by considering the solution in the whole of R2 × R
+ . We search 

for solutions of (2.2) in the planar wave form

E(x, t) = E0u exp(ikk · x − iωt), |u| = |k| = 1, (4.2)

which we substitute into the PDE (2.2)

E0
∂2

2
uei(kk·x−ωt) = −c2 E0curlcurluei(kk·x−ωt). (4.3)
∂t
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We then simplify the above expression using properties of the exponential

E0(−iω)2uei(kk·x−ωt) = −c2 E0(ik)2k × k × uei(kk·x−ωt). (4.4)

Canceling the exponential terms and initial amplitudes, leaves us with the dispersion relationship between the wave num-
ber, kk, and the frequency, ω:

ω2u = c2k2((k × u) × k). (4.5)

We include the following classical result without proof.

Lemma 4.1. The dispersion relation (4.5) allows for a solution ω if and only if k ⊥ u or k||u. The corresponding solutions are

ω2 = c2k2 for k ⊥ u and ω2 = 0 for k||u. (4.6)

Remark. For a planar wave (4.2), the conservation condition ∇ · E = 0 is equivalent to the orthogonality condition k ⊥ u, 
which is the first condition in (4.6). The second condition in (4.6) correspond to a standing wave.

4.2. The dispersion relation for numerical schemes

Let �x and �y be the spacial mesh resolutions and �t the space discretization step. Let M, M P and A, A P be global 
and local mass and stiffness matrices, respectively (written in the d.o.f. basis). Just like in the case of the continuous PDE, 
we seek a planar solution as in Eq. (4.2).

To obtain a dispersion relation, we need to construct a discrete representation of the function (4.2) and substitute it into 
the numerical scheme (3.12). We do so in the following section where we develop some auxiliary results to simply the 
dispersion analysis.

4.2.1. Auxiliary construction for the discrete waveforms
Let P be one of the elements in the mesh. Let u1 and u2 be the d.o.f. of the wave (4.2) corresponding to the edges 

e1 and e2, as shown on Fig. 1. Then all degrees of freedom for the wave (4.2) can be written in terms of u1, u2 and the 
exponent ei(k·�xi) as

ui = u1ei(k·�xi) for a horizontal edge ei,

ui = u2ei(k·�xi) for a vertical edge ei, (4.7)

where �xi is the “shift”-vector from the center of the edge u1 or u2 to the center of the edge ei , respectively. In particular, 
the four d.o.f. (u1, u2, u3, u4), corresponding to the element P , can be written in terms of the first two (u1, u2) as⎡⎢⎢⎣

u1
u2
u3
u4

⎤⎥⎥⎦ = S

[
u1
u2

]
, where S :=

⎡⎢⎢⎣
1 0
0 1

eik2�y 0
0 eik1�x

⎤⎥⎥⎦ . (4.8)

From (4.7) one can see that the global dispersion relation can be expressed only in terms of two d.o.f., u1 and u2. In order 
to produce a simple form of the dispersion relation we first consider multiplication of a waveform (4.7) by a global matrix 
X assembled from generic local matrices X P that are the same for all elements. In our numerical scheme (3.12) we perform 
such multiplications twice; first, by a stiffness matrix A, followed by the mass-related matrix W . To proceed we require the 
following result.

Lemma 4.2. Consider the result of multiplication

V = XU , (4.9)

where the matrix X is assembled from identical local matrices X P and the vector of d.o.f. U is given by (4.7). Then the vector of d.o.f. V
also satisfies the relation (4.7), where all u’s are replaced by v’s. The two d.o.f. (v1, v2) defining the vector V depend linearly on the 
two degrees of freedom (u1, u2) defining the vector U ; the corresponding two-by-two matrix has the form (S∗ X P S):[

v1
v2

]
= (S∗ X P S)

[
u1
u2

]
, (4.10)

where S∗ is a conjugate transpose of S.

Proof. The fact that V satisfies (4.7) follows immediately from the fact that U satisfies (4.7). The linear relation between 
(v1, v2) and (u1, u2) is a direct consequence of the linear relation (4.9). The main point of the lemma is to show that the 
linear relation (4.10) is given by the two-by-two matrix (S∗ X P S).
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Fig. 2. Three elements that are involved in the definition of values of v1 and v2.

Consider the two elements P1 and P2 that determine the value of v1 and the two elements P1 and P3 that determine 
the values of v2, as shown on Fig. 2. The value of v1 is a sum of the contributions from the elements P1 and P2

v1 = [
1 0 0 0

]
X P S

[
u1
u2

]
+ [

0 0 1 0
]

X P S

[
e−ik2�yu1

e−ik2�yu2

]
= [

1 0 e−ik2�y 0
]

X P S

[
u1
u2

]
. (4.11)

Here the product X P S(u1, u2)
T is a size four vector of contributions from the element to the four d.o.f. of v , while multi-

plication on the left by (1, 0, 0, 0) extracts the first component of this vector.
Similarly, to (4.11) we get the expression for v2

v2 = [
0 1 0 0

]
X P S

[
u1
u2

]
+ [

0 0 0 1
]

X P S

[
e−ik1�xu1

e−ik1�xu2

]
= [

0 1 0 e−ik1�x
]

X P S

[
u1
u2

]
. (4.12)

Combining (4.11) and (4.12) and recalling the definition (4.8) of the transformation matrix S we obtain the final result 
(4.10). �
4.2.2. The discrete dispersion relation

Using the tools from Section 4.2.1 we are now ready to formulate the discrete dispersion relationship in a compact form. 
This and similar types of analysis can be found in [1,3,5,10] and in references therein. First, substitute the plane wave ansatz 
(4.2) into the discrete scheme (3.13) and cancel the time-dependent exponential term present on both sides:

2(cos(ωn�t) − 1)U = −ν2(|P |−1M)AU, ν = c�t

h
. (4.13)

We then pose the discrete dispersion relationship as a global eigenvalue problem

λU = |P |−1M AU where λ = 2(1 − cos(ωn�t))

ν2
. (4.14)

Here ωn is the numerical frequency. We find it useful to consider ωn = cnk and rewrite the cosine term of the above 
equation, recalling that νh = c�t as follows:

cos(ωn�t) = cos
( cn

c
νkh

)
. (4.15)

Now, we use the result of Lemma 4.2 twice, first for A then for M to rewrite the relation (4.14) only in terms of two 
d.o.f. UP = (u1, u2)

T :

λUP = M P A P UP , where M P = |P |−1 S∗M P S and A P = S∗ A P S. (4.16)

Eq. (4.16) is a discrete dispersion relation posed as an eigenvalue problem, just as in the classical case.

4.3. Phase error

We will now transition from the case of rectangular discretizations to the case of a square mesh. In case the spatial 
parameter |P | = h2 where h is the side length of a square. The numerical speed of the wave with frequency ωn is cn = ωn , 
k



98 V.A. Bokil et al. / Journal of Computational Physics 287 (2015) 88–109
similarly to the physical numerical speed c = ω
k . The difference between the numerical and physical wave speeds is that 

the physical speed is constant independent of the wave-number k and other variables, while the numerical speed cn varies 
depending on the wave-length 2π/k relative to the mesh size h and the direction of propagation of the wave. The ratio of 
the wave-length 2π/k to the mesh size h is the number of grid points per wavelength (N p.p.w.)

2π

kh
= Np.p.w.. (4.17)

We take kh to be our primary wave resolution parameter.
We will be interested in accurately recovering cn in the limit of small kh (many points per wavelength). For this purpose, 

consider a Taylor series expansion of cn:

cn = c
(

C0 + C1(kh) + C2(kh)2 + C3(kh)3 + . . .
)

. (4.18)

The numerical scheme is consistent if C0 = 1. This will be the case for all of the methods considered here. We define the 
relative phase error of the scheme as the quantity

ϕn = |cn − c|
|c| = C1(kh) + C2(kh)2 + . . . . (4.19)

We will say that the numerical scheme has n-th order numerical phase error if C0 = 1 and Cn is the first non-zero coef-
ficient in (4.18). We will say that the numerical scheme has n-th order numerical anisotropy if Cn is the first coefficient in 
(4.18) that depends on the direction of the wave. Clearly, the numerical anisotropy order is at least the numerical dispersion 
order.

5. Dispersion analysis and adaptation

In this section we will compute the numerical phase error of the three classes of discretization. We will select a member 
the GY family and MFD family which reduce the numerical phase error for each of the methods. We call this process GY-
or M-adaptation respectively. For the following three sections we will take k = [cos θ, sin θ]T , where θ is the angle between 
the direction of propagation and the x-axis of the mesh.

5.1. Nédélec’s discretization

In this section we will show that the Nédélec discretization has second order phase error and numerical anisotropy.

Theorem 5.1. The Nédélec discretization has second order numerical phase error and second order numerical anisotropy.

Proof. Consider the dispersion relation (4.16) and take a Taylor expansion of both sides in the small parameter kh. To 
perform the expansion, we first need to use the definition (4.14) of the eigenvalue λ. Next we rewrite the component of λ
in a form that explicitly contains the small parameter kh as in (4.15):

cos(ωn�t) = cos(cnk�t) = cos

(
cn

c
kh

c�t

h

)
= cos

( cn

c
khν

)
,

where the numerical wave speed cn has the form (4.18). Matching the terms at the same order of kh we find:

C0 = 1, C1 = 0, C2 = 1

96
((4ν2 − 9) − 3 cos 4θ). (5.1)

Since C2 is the first non-zero term in (4.18) and since it further has angular dependence – the numerical dispersion and the 
numerical anisotropy are both of the second order. �

Fig. 3 (left) shows the rate of convergence of the Nédélec method for many angles. Note that the width of the band illus-
trates over how many orders of magnitude the numerical anisotropy varies. Fig. 3 (right) shows that the lowest dispersion 
errors for this method occur along the diagonal.

5.2. GY-adaptation

Having established the Nédélec discretization as a baseline, we now identify the member of the GY family which has 
minimal phase error.

Theorem 5.2 (GY-adaptation). An optimal member of the GY family is obtained by taking the mass matrix parameter aM = 2√
3

. The 
corresponding method has second order numerical phase error and fourth order numerical anisotropy.
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Fig. 3. Shown left is a theoretical convergence plot for all three methods shown for 40 uniformly spaced angles between 0 and π
2 with log distribution of 

kh between 1 and 10−2. Here anisotropy is illustrated by the width of the band. Shown right is the theoretical, relative dispersion error at twelve points 
per wavelength as a function of angle. Courant numbers are selected within stability regions for all three methods, namely ν = 2√

3
for Nédélec, ν =

√
3
8

for GY-adapted, and ν = 1√
2

for M-adapted. Dispersion error is calculated from the eigenvalues of W A and solving for cn using the numerical dispersion 
relationship.

Proof. Performing the same steps as in Section 5.1 now for the GY family of scheme, derived in Section 3.3, we obtain an 
expression for the largest eigenvalue in (4.16). This leads to the following dependence of the error terms in (4.18) on the 
quadrature parameter aM :

C0 = 1, C1 = 0, C2 = 1

96

(
(4ν2 + 9a2

M − 12) + (3a2
M − 4) cos(4θ)

)
. (5.2)

No choice of a constant value of the parameter aM makes C2 = 0. The best we can hope to do is eliminate the dependence 
of the second order term C2 on the direction of the wave θ . This can be done by taking aM = 2√

3
. Using this value of the 

quadrature parameter the following terms in the expansion (4.18) become

C2 = ν2

24
, C3 = 0, C4 = 1

5760
((27ν2 − 20) − 12 cos 4θ). (5.3)

Therefore, the optimal member of the GY family has second order numerical dispersion and fourth order numerical 
anisotropy. �
Remark. This analysis shows that for the optimal method described above, dispersion error can be reduced by taking ν
small. This is in contrast to methods like the Yee-Scheme where the lowest relative phase error is attained when ν is as 
large as possible.

In Fig. 3 (left) we see that the optimal GY member has second-order phase error just like the Nédélec discretization. 
However, the anisotropic band of this method is completely contained inside the Nédélec band. Further, the anisotropy is 
perhaps best illustrated by Fig. 3 (right) where the relative dispersion error for the method appears completely circular 
while still being on the same order of magnitude as the Nédélec method.

Remark. Often the anisotropy of a numerical scheme is visualized using the ratio cn
c , see e.g., [6]. This is convenient for 

showing the differences between schemes but it does not capture well the order of magnitude differences in anisotropy 
between them. To highlight the latter we plot a related quantity, 

∣∣1 − cn
c

∣∣, on a logarithmic scale, see Fig. 3 (right).

5.3. M-adaptation

In this section, similarly to Section 5.2, we first find the optimal member of the MFD family. We then find the stability 
region for the optimal member.

Theorem 5.3 (M-adaptation). The optimal member of the MFD family has fourth order numerical phase error and fourth order nu-
merical anisotropy.
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Proof. For the MFD family derived in Section 3.4 the leading order error terms in the expansion (4.18) are

C0 = 1, C1 = 0,

C2 = 1

192

(
(−24 + 8ν2 + 6m1 + 3m3) − 12m2 cos(2θ) + (3m3 − 8) cos(4θ))

)
, (5.4)

where m1, m2 and m3 are the parameters in the mass matrix. These parameters can be selected to eliminate the C2
term altogether by first eliminating the angle-dependent terms through a choice of m3 and m2 and then eliminating the 
remaining angle-independent term through a choice of m1:

m3 = 8

3
, m2 = 0, m1 = 4

3
(2 − ν2). (5.5)

For the above parameter choices the next leading terms in (4.18) are

C3 = 0, C4 = 1

2880

(
− 10 + 15ν2 − 4ν4 + (5ν2 − 6) cos(4θ)

)
. (5.6)

Notice, that there is a special choice of the Courant number, i.e., ν2 = 6
5 that eliminates the numerical anisotropy at the 

fourth level. Unfortunately, as it will be clear from the stability analysis, this value of the Courant number does not guaranty 
stability of the scheme. �
6. Stability analysis

As we have produced the discrete dispersion relationship, we can produce necessary conditions for stability using the 
classical technique of von Neumann.

Lemma 6.1. The derived matrices A P , W P are Hermitian. One of the eigenvalues of AP is zero while the other one is a non-negative 
real number.

Proof. Using the definitions (4.16) of the matrix h−2M P and recalling that h−2 M P by construction is symmetric we have

(M P )∗ = (S∗M P S)∗ = S∗(M P )∗ S = h−2 S∗M P S = M P .

The proof of the statement for the matrix A P is identical.
Consider an eigenvalue problem (4.16). Since by construction (4.16) of the matrix M P = S∗M P S it is non-singular (M P is 

rank four and S is rank two), hence, it can be inverted and its inverse is also Hermitian. Multiplying both sides of the 
eigenvalue equation (4.16) by (UP )∗(M P )−1 from the left we get

λ(UP )∗(M P )−1UP = (UP )∗ A P UP .

Since both matrices (M P )−1 and A P are Hermitian, the two scalars (UP )∗(M P )−1UP and (UP )∗ A P UP are non-negative real 
numbers. Hence, the eigenvalue λ is always non-negative.

Moreover, since A P is rank one the derived matrix A P is at most rank one. Therefore, zero is one of the eigenvalues 
of (4.16). �

In the light of Lemma 6.1 we have

λ = tr(M P A P ). (6.1)

6.1. Norm-based stability bounds

In this section we derive the stability condition for a numerical scheme based on the dispersion relation (4.16).
A numerical scheme is unstable if the wave frequency wn has an imaginary component for some wave number k and 

some direction of the wave. This corresponds to the term eiωnt growing exponentially. On the other hand if ωn is purely 
real the term eiωnt remains bounded.

The condition that ωn is real is equivalent to the following condition on the eigenvalue λ in the dispersion relation 
(4.16):

−1 ≤ cos(ωn�t) ≤ 1 ⇔ 0 ≤ λν2 ≤ 4. (6.2)

Based on the stability condition (6.2) we write the following lemma.

Lemma 6.2. The numerical frequency ωn is purely real if the following are satisfied

M P is positive definite and A P is non-negative definite, (6.3)

ν ≤ (‖h−2M P ‖‖A P ‖)−1/2. (6.4)
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Proof. The condition (6.3) is the basis for Lemma 6.1, which implies the first inequality in (6.2), 0 ≤ λ.
The condition (6.4) implies that

λ ≤ ‖M P A P ‖ = ‖h−2(S∗M P S) (S∗ A P S)‖ ≤ ‖S∗‖2‖S‖2‖h−2M P ‖‖A P ‖
= ‖S∗‖2‖S‖2‖h−2M P ‖‖A P ‖ = 4‖h−2M P ‖‖A P ‖. (6.5)

Here we first used the definitions (4.16) of W P and A P and that ‖S‖ = ‖S∗‖ = √
2. We can satisfy Eq. (6.4) by applying the 

above estimate on λ to the second inequality of (6.2), λν2 ≤ 4 and solving for ν . �
Using the above Lemma 6.2 we were able to prove the following three conservative stability bounds.

Theorem 6.3. Nédélec’s Discretization satisfies the stability condition when ν ∈ [0, 1√
2
].

Proof. We will begin by showing A P and M P
N the local stiffness and mass matrices

A P =

⎡⎢⎢⎣
1 1 −1 −1
1 1 −1 −1

−1 −1 1 1
−1 −1 1 1

⎤⎥⎥⎦ , M P
N = h2

6

⎡⎢⎣
2 0 1 0
0 2 0 1
1 0 2 0
0 1 0 2

⎤⎥⎦ . (6.6)

As we know that the local mass and stiffness matrices M P and A P represent the same discrete bilinear form as M̃ P and Ã P

in a different basis. Therefore M P is positive definite if an only if M̃ P is positive definite and A P is non-negative definite 
if and only if Ã P is non-negative definite. The singular values of A P are 4 and 0 (which has multiplicity 3). The singular 
values of M P are given by 1/2 and 1/6, each with multiplicity 2. Therefore,

‖A P ‖2 = 4, ‖h−2M P
N‖2 = 1/2, (‖h−2M P

N‖‖A P ‖)−1/2 = 1√
2
. (6.7)

To produce the final stability condition we apply Lemma 6.2. �
Theorem 6.4. The GY-adaptation method satisfies the stability condition for ν ∈ [0, 

√
3/8].

Proof. Note that A P is the same for the GY family as for Nédélec’s discretization. Therefore ‖A P ‖ = 4. The mass matrix 
M P

GY is positive definite as aM > 0. We begin by presenting the local mass matrix:

M P
GY = h2

12

⎡⎢⎢⎣
7 0 −1 0
0 7 0 −1

−1 0 7 0
0 −1 0 7

⎤⎥⎥⎦ . (6.8)

The singular values of h−2 M P
GY are 2

3 and 1
2 so ‖h−2M P

GY ‖ = 2
3 . We now calculate

(‖h−2M P
GY ‖‖A P ‖)1/2 =

√
3

8

to produce the final condition on ν . �
Theorem 6.5. The M-adaptation method satisfies the stability condition for ν ∈ [0, 

√
3/8].

Proof. The stiffness matrix A P is the same as in the two other methods. For the choice of ν2 ≤ 2 the matrix M P is positive 
definite. The local mass matrix M P

MFD in the d.o.f. basis is

M P
MFD = h2

12

⎡⎢⎢⎣
7 0 −1 0
0 7 0 −1

−1 0 7 0
0 −1 0 7

⎤⎥⎥⎦− h2ν2

12

⎡⎢⎢⎣
1 1 −1 −1
1 1 −1 −1

−1 −1 1 1
−1 −1 1 1

⎤⎥⎥⎦ . (6.9)

We used MATHEMATICA to calculate the singular values of h−2 M P , which are given by 2
3 , 12 , 13 |2 − ν2|. For the Courant 

number ν in the region (0, 
√

2), 1
3 |2 − ν2| ≤ 2

3 . Therefore, ‖h−2M P
MFD‖ = 2

3 for the relevant ν . As this is the same as GY case 
we reach the same conclusion. �
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Remark. The mass matrix (6.9) is written in such a way that it is obvious that

h−2M P
MFD = h−2M P

GY − ν2

12
A P .

The above may prove useful in understanding the relationship between the two methods and proving the order of accuracy 
of the MFD scheme.

During our numerical experiments we found that our conservative stability estimates were too conservative as the meth-
ods appeared to work outside of the proven stability region. In the subsequent section we produce tight bounds on the 
eigenvalue λ which produce less conservative stability regions.

6.2. Tight stability bounds

The norm-based stability estimates are not optimal. We will now produce optimal estimates by working directly with 
the non-zero eigenvalue, λ, of the derived matrix product B = M P A P . Let bij = [B]i j . As det(B) = 0 then λ = tr(B). The 
expression for λ can be greatly simplified if written in terms of the following two parameters:

α = sin2
(

k1h

2

)
, (6.10)

β = sin2
(

k2h

2

)
, (6.11)

where k1 = k cos θ and k2 = k sin θ . As k1h and k2h can take arbitrary, independent values, α and β can each take indepen-
dent values in [0, 1]. A discretization will be stable at a particular ν if it satisfies the following two conditions

min
(α,β)∈[0,1]2

λ(α,β,ν2)ν2 ≥ 0 and max
(α,β)∈[0,1]2

λ(α,β,ν2)ν2 ≤ 4. (6.12)

We can define the stability region of a discretization as [0, νcrit] where νcrit is the maximum Courant number which satisfies 
Eq. (6.12). The following three sections, we will compute ν∗ for each discretization. In Fig. 4 we plot the maximum from 
Eq. (6.12).

6.2.1. Nédélec discretization
We will now compute ν∗ for the mass lumped Nédélec discretization. We express B as follows:

b11 = 4

3
α(3 − 2α), (6.13)

b12 = ei h
2 (k1+k2) 4

3
(αβ)1/2(3 − 2α), (6.14)

b21 = e−i h
2 (k1+k2) 4

3
(3 − 2β), (6.15)

b22 = 4

3
β(3 − 2β). (6.16)

As detB = 0, the non-zero eigenvalue λ = tr(B):

λ = 4

3
(α(3 − 2α) + β(3 − 2β)). (6.17)

Therefore 0 ≤ λ ≤ 3, we find that νcrit = 2√
3

.

6.2.2. GY-adaptation
We proceed as for the Nédélec discretization.

b11 = 4

3
α(3 + α), (6.18)

b12 = ei h
2 (k1+k2) 4

3
(αβ)1/2(3 + α), (6.19)

b21 = e−i h
2 (k1+k2) 4

3
(αβ)1/2(3 + β), (6.20)

b22 = 4
β(3 + β). (6.21)
3
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Fig. 4. Numerically computed values of the maximum of ν2λ(α, β, ν) where (α, β) ∈ [0, 1]2. In this case λ(α, β, ν) is computed at each ν on a uniform 
mesh of 10,000 grid points in α, β space and the maximum is selected from these samples.

Similar to the Nédélec discretization, det(B) = 0. We can then use tr(B) to calculate that the non-zero eigenvalue

λ = 4

3
(α(3 + α) + β(3 + β)).

Therefore 0 ≤ λ ≤ 32
3 , we find that νcrit =

√
3
8 .

6.2.3. M-adaptation
We can then express B as follows:

b11 = −4

3
αβν2 + α

3
(6 + 2(1 − ν2)α), (6.22)

b12 = ei h
2 (k1+k2) 2

3
(αβ)1/2(6 + 2(1 − ν2)α − 2ν2β), (6.23)

b21 = e−i h
2 (k1+k2) 2

3
(αβ)1/2(6 + 2(1 − ν2)β − 2ν2α), (6.24)

b22 = −4

3
αβν2 + β

3
(6 + 2(1 − ν2)β). (6.25)

We can compute the eigenvalue using the trace and note that

λ(α,β,ν) = 1

3

(
−8αβν2 + α(6 + 2(1 − ν2)α) + β(6 + 2(1 − ν2)β)

)
. (6.26)

The above computation allows us to find that νcrit = 1√
2

. See Fig. 4 for numerical evidence.

7. Numerical simulations

In the following few sections we present a number of numerical experiments designed to illustrate the convergence 
properties for the numerical dispersion and numerical anisotropy derived analytically in Section 5.

7.1. Phase error convergence

In order to present a rate convergence for the numerical speed we must first adapt our analysis to computable problem. 
As the domain of our analysis is R2 we will use periodic boundary conditions and solve the following initial value problem:⎧⎪⎪⎨⎪⎪⎩

∂2

∂t2 E + c2curl curl E = 0 on [− 1
2 , 1

2 ] × [− 1
2 , 1

2 ],
E(− 1

2 , y) = E( 1
2 , y), E(x,− 1

2 ) = E(x, 1
2 ),

∂
∂t E(− 1

2 , y) = Ė( 1
2 , y) Ė(x,− 1

2 ) = Ė(x, 1
2 ).

(7.1)

Further, after we discretizing the system we will use the initial conditions corresponding to the classical solution of the 
plane wave:
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Fig. 5. The relative errors in the numerical wave speed cn for planar waves aligned with the mesh (θ = 0) for various resolutions of the wave characterized 
by the number of points per wavelength between in the range between 12 and 96. The Courant number ν = 2√

3
for the Nédélec method, ν = 1√

2
for the 

M-adaptation method, and ν =
√

3
8 for the GY-adaptation method.

Fig. 6. Proper selection of θ enforces continuity over the top and bottom boundaries of the domain, while k determines continuity across left and right 
boundaries.

U0 = k⊥ exp(ik · x), (7.2)

U−1 = k⊥ exp(ik · x + ick�t). (7.3)

In order to produce the numerical speed from calculations of the degrees of freedom we track the location of a local 
maximum of the degrees of freedom lying along the x and y axes. The location and value of this maximum and its nearest 
neighbors is quadratically interpolated to estimate the location of the front. We then use a least squares linear regression of 
times and location of the front to produce a numerical velocity.

From this a speed in the x and y direction is computed and the total speed is determined to be the Euclidean norm of 
these values. See Fig. 5 for results. For this experiment we recovered O(kh)2 convergence in relative phase error, |c−cn|

|c| , for 
the Nédélec and GY-adaptation methods and O(kh)4 relative phase error for the M-adaptation. This experiment is consistent 
with our theoretical results above.

7.2. Numerical anisotropy

In this section we wish to confirm the convergence rates for the numerical anisotropy analytically shown in Section 5
on a set of numerical experiment. Unlike the case of waves oriented with the mesh where periodic conditions are simple 
to define, for waves not aligned with the mesh extra care must be taken to enforce continuity across the periodic edges.
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Fig. 7. Log-scale polar plots of relative dispersion error computed on the first half of the first quadrant and symmetrically extended to all directions of wave 
propagation, i.e., actual computations were done for planar wave angles θ ∈ [0, π/4]. The data points are marked with markers and the smooth curves are 
constructed using cubic splines interpolation. In all experiments the largest stable time step was used.

By choosing angles of propagation θ such that tan θ = a
b , a, b ∈ Z and choosing wave numbers k = 2πb sec θ the necessary 

continuity is guaranteed. This produces a plane wave which is continuous over the edges on the interval [−1/2, 1/2] ×
[−1/2, 1/2]. The number of points per wavelength can then be increased to any tolerance by taking mesh size h sufficiently 
small. See Fig. 6 for an illustration.

Due to various symmetry considerations (mesh rotations and reflections), we will only consider waves forming angles 
θ ∈ [0, π4 ] with the mesh. Fig. 7 shows the relative dispersion errors at for waves with 12 and 24 points per wavelength. 
The displayed results are consistent with the analytically results of Section 5. We note that for the angle θ = π/4 (i.e., wave 
moving diagonally relative to the mesh) the M-adaptation displays additional super-convergence. In particular, even for 
waves with twelve points per wavelength M-adaptation leads to a numerical dispersion which is below machine precision.

7.3. Demonstration of convergence in L2 and energy norms

In this section we demonstrate the convergence of the numerical solution of the electric vector wave equation obtained 
using the Nédélec, GY and MFD schemes in the L2 and the energy norms, where the energy norm for the electric field is 
defined as

‖E‖E :=
√√√√∫

�

|E|2 + c2

∫
�

|curl E|2. (7.4)

Consider the function

Ei, j(x, t) = cos(ωπt)

⎡⎣ j
ωε

√
μ

cos(iπx) sin( jπ y)

− i
ωε

√
μ

sin(iπx) cos( jπ y)

⎤⎦ ω =
√

i2 + j2

εμ
for i, j ∈ Z. (7.5a)

For simplicity we choose ε = μ = c = 1. For every pair of integers i and j the function Ei, j is an exact solution of the 
following initial boundary value problem:

∂2

∂t2
Ei, j + c2curl curl Ei, j = 0 in � = [0,1]2, t > 0, (7.5b)

Ei, j × n = 0 on ∂�, t > 0, (7.5c)

Ei, j(x,0) = Ei, j(x,0), (7.5d)
∂

∂t
Ei, j(x,0) = 0. (7.5e)

For this problem we will refer to the numerically computed solution as E∗
h , where ∗ = N, G, M indicates the numerical 

method used to obtain the solution. Here ∗ = N stands for Nédélec, ∗ = G stands for GY-adaptation, and ∗ = M for M-
adaptation. For each method, we ran our simulations at the maximum stable time-step, cf. Fig. 4, and for each method we 
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Table 1
L2 errors and rates for E1,1.

h N p.p.w. log2 eN
L2 N rate log2 eG

L2 GY rate log2 eM
L2 M rate

2−5 142 −6.5223 −8.1234 −18.6520
2−6 284 −8.5324 2.0101 −10.1213 1.9979 −23.6471 4.9952
2−7 568 −10.5355 2.0031 −12.1214 2.0001 −28.6463 4.9990
2−8 1137 −12.5366 2.0011 −14.1218 2.0003 −33.6309 4.9847

Table 2
Energy errors and rates for E1,1.

h N p.p.w. log2 eN
E N rate log2 eG

E GY rate log2 eM
E M rate

2−5 142 −4.3368 −5.9363 −17.0760
2−6 284 −6.3455 2.0088 −7.9344 1.9979 −21.1318 4.0557
2−7 568 −8.3483 2.0028 −9.9342 2.0001 −25.1397 4.0079
2−8 1137 −10.3495 2.0010 −11.9347 2.0003 −29.1230 3.9832

Table 3
L2 errors and rates for E4,4.

h N p.p.w. log2 eN
L2 N rate log2 eG

L2 GY rate log2 eM
L2 M rate

2−5 35 −0.5717 −2.3715 −8.7529
2−6 71 −2.3941 1.8223 −4.1348 1.7634 −13.6724 4.9192
2−7 142 −4.4597 2.0656 −6.0904 1.9556 −18.6523 4.9800
2−8 294 −6.4837 2.0239 −8.0806 1.9900 −23.6471 4.9949

Table 4
Energy errors and rates for E4,4.

h N p.p.w. log2 eN
E N rate log2 eG

E GY rate log2 eM
E M rate

2−5 35 3.5541 1.7822 −7.0289
2−6 71 1.7526 1.8015 0.0189 1.7632 −11.1454 4.1166
2−7 142 −0.3076 2.0604 −1.9367 1.9556 −15.1453 3.9999
2−8 294 −2.3303 2.0226 −3.9265 1.9900 −19.1061 3.9941

Table 5
L2 errors and rates for E1,4.

h N p.p.w. log2 eN
L2 N rate log2 eG

L2 GY rate log2 eM
L2 M rate

2−6 98 −3.4588 −5.7736 −8.3872
2−7 195 −5.2503 1.7915 −7.4233 2.0212 −11.0952 2.7079
2−8 390 −7.2069 1.9564 −9.8013 2.0065 −13.6458 2.5507
2−9 780 −9.1964 1.9897 −11.8035 2.0021 −16.0276 2.3818

computed a fixed number of time steps which is an integer multiple of the Courant number for the respective scheme. We 
computed initial conditions exactly and used Mass and Stiffness matrices to compute norms. To compute the L2 -error using 
the mass matrix, one must solve a linear system as only the inverse mass matrix W is available to us. We use conjugate 
gradient methods to solve the system set to the tolerance of 10−14 in this experiment.

Our results suggest that the Nédélec and GY-adaptation Methods are second order in both L2 and Energy norms. We 
observed super quadratic convergence for the M-adaptation method, and for the case of the E4,4 mode we observed a fifth 
order convergence in mesh resolution. For the E1,4 and E2,8 modes we observed convergence rates much closer to O(h2). 
This suggests that for general initial conditions the MFD method is second order in L2 and Energy norms. We believe that 
the super-convergence observed for E j, j modes coincides with super-convergence of numerical dispersion as Ei, j is a linear 
combination of the imaginary parts of four plane waves where k = (i, j), (−i, j), (i, − j), and (−i, − j). That is E j, j, j ∈ N is 
a linear combination of four plane waves propagating at 45◦ angle to the mesh axis, exactly the angle at which we observed 
super-convergence in numerical dispersion. For each of the methods ∗ = N, G, M we define the absolute error in the norm 
V as

e∗
V := ‖E∗

h − E‖V, where V is the norm and ∗ is the method. (7.6)

In Tables 1–8 and Figs. 8 and 9 we collect all the results of this experiment. For each of the simulations the mesh resolution 
of the wave is computed as a number of points per wavelength (Np.p.w.) by rounding the quantity 2πc

ωh to the nearest 
integer. We believe that suboptimal results displayed for E2,8 for the Nédélec method may be due to relatively low mesh 
resolution.
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Table 6
Energy errors and rates for E1,4.

h N p.p.w. log2 eN
E N rate log2 eG

E GY rate log2 eM
E M rate

2−6 98 0.2335 −2.0858 −8.3228
2−7 195 −1.3512 1.7863 −4.1003 2.0143 −11.0843 2.7615
2−8 390 −3.5080 1.9551 −6.1044 2.0041 −13.6645 2.5603
2−9 780 −5.4971 1.9894 −8.1055 2.0012 −16.0276 2.3832

Table 7
L2 errors and rates for E2,8.

h N p.p.w. log2 eN
L2 N rate log2 eG

L2 GY rate log2 eM
L2 M rate

2−6 48 −1.7981 −2.3848 −4.7301
2−7 98 −1.7812 0.0730 −4.3139 1.9292 −7.7039 2.9737
2−8 195 −3.6930 1.9120 −6.3024 1.9887 −10.6574 2.9535
2−9 390 −5.6878 1.9948 −8.3002 1.9978 −13.5697 2.9124

Table 8
Energy errors and rates for E2,8.

h N p.p.w. log2 eN
E N rate log2 eG

E GY rate log2 eM
E M rate

2−6 48 2.9545 2.2941 −3.2794
2−7 98 2.9083 0.0461 0.3780 1.9158 −7.0056 3.7260
2−8 195 1.0016 1.9070 −1.6075 1.9856 −10.4205 3.4147
2−9 390 −0.9919 1.9935 −3.6053 1.9970 −13.5096 3.0895

Fig. 8. The L2 (left) and Energy (right) errors for E1,1 and E4,4 solutions.

8. Conclusions

In this paper, we have constructed and analyzed three different methods for the spatial discretization of the two dimen-
sional electric vector wave equation in the time domain. All three methods use the explicit Leapfrog time integration for 
their temporal evolution in order to produce efficient time domain methods for long time integration. An analysis based on 
stability and dispersion is performed for all three approaches that indicates the different advantages and disadvantages of 
the three methods.

All three approaches use a non-standard lumping method on the mass matrix. In the case of the lowest order Nédélec 
edge finite elements, the local mass and stiffness matrices are computed exactly and the lumping is applied in the global as-
sembly. In the GY-adaptation method the local mass and stiffness matrices are computed using a four-point quadrature rule 
which produces a one parameter (aM ) family of mass matrix discretizations. The stiffness matrix turns out to be parameter 
independent and identical to that in the Nédélec method. The Nédélec method is a special member of the GY family of dis-
cretizations. The mimetic M-adaptation approach is a generalization of the GY-adaptation technique, including the Nédélec 
method and the GY family as special cases, and produces a three parameter (m1, m2, m3) based family of discretizations. 
Using dispersion analysis of the parametric families we obtain the optimal members of the GY and M-adaptation discretiza-
tions that have minimum dispersion error. We show that the mass lumping technique used in this paper produces a Nédélec 
method which has second order phase error and second order numerical anisotropy. The optimal member of the GY family 
has second order numerical phase error and fourth order numerical anisotropy, while the optimal member of the mimetic 
family has fourth order numerical phase error and fourth order numerical anisotropy in its stable region.
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Fig. 9. The L2 (left) and Energy (right) errors for E1,4 and E2,8 solutions.

There are other considerations that need to be accounted for in an overall comparison of the three methods (Nédélec, 
GY-adaptation, M-adaptation). We show that the local mass inverse is 2 × 2 block diagonal if m1 = m3 and m2 = 0, as is 
the case of the Nédélec and GY-adaptation schemes. When m1 
= m3 the local mass inverse is a 4 × 4 dense matrix. Thus 
density of the global lumped mass matrix W G in the case of the M-adaptation scheme is roughly double that of the GY and 
Nédélec discretizations.

We performed a von Neumann analysis and found that the Nédélec method is stable for ν ∈
[

0, 2√
3

]
, GY-adaptation 

is stable for ν ∈
[

0,

√
3
8

]
, and M-adaptation is stable for ν ∈

[
0, 1√

2

]
. It should be noted that the Yee Scheme is stable for 

ν ∈ [0, 1√
2
]. Therefore the Nédélec method is more stable than the Yee Scheme, M-adaptation is as stable as the Yee scheme, 

and GY-adaptation is less stable than the Yee Scheme.
In terms of other error metrics, our experiments suggest that the Nédélec and GY-adaptation methods have order O(h2)

L2 and Energy Error. For certain initial conditions we observed that the M-adaptation method has super quadratic conver-
gence rates in both these metrics. Given that some of our rates for M-adaptation were fairly close to two we suspect that 
there may be initial conditions for which the method exhibits only quadratic convergence rates.

An interesting property of the optimal GY-adaptation method is that, unlike methods such as the Yee scheme [31], 
equations where the lowest dispersion error is attained when the largest stable time step is taken, dispersion error decreases 
as the time step decreases. Thus small time steps will reduce numerical dispersion error. Further the lack of anisotropy at 
the second order may make the optimal GY-adaptation method desirable over the Nédélec approach in situations when a 
radially symmetric pulse is being simulated.

The M-adaptation method’s fourth order dispersion error comes at a slight cost increase. However, as demonstrated ex-
perimentally in our simulations, the super-convergence along the diagonal in the M-adaptation method could be of great 
use in the simulation of plane waves for scattering problems. In such a case the plane wave could be propagated along the 
diagonal with machine-tolerance dispersion error at a mere twelve points per wavelength. Thus, for problems where match-
ing wave speeds is critical, and especially where high resolution is computationally infeasible, the M-adaptation method 
appears to be most desirable.
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