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Mechanical vibrations compromise the integrity of key components of thermal power 

plants. Without careful design, strong resonances during steady state operation can wear 

these components to the point of failure, leading to an unsafe situation that may force a 

plant to shut down. The purpose of this research is to further the understanding of the 

vibrations induced in a helical coil subject to steady fluid flow. A helical coil steam 

generator, such as that found in most integral pressurized water reactors, appears to 

eliminate many flow-induced vibration concerns when compared to traditional steam 

generators; however this has yet to be clearly demonstrated experimentally. The objective 

of this work is to develop a method of characterizing the motion of a helical coil in an 

annulus subject to external axial-flow of water. This is accomplished by observing the 

motion of a helical coil mounted to an inner opaque cylinder through an outer glass tube 

using a high speed video camera. A mirrored image-pair is used to observe this structure 

from two perspectives simultaneously, allowing for three-dimensional characterization of 

the coil motion. The experimental facility is described in detail. The method developed 

herein for identifying specific points on the coil from images and mapping them to the 

coil location using the law of refraction is described. A Matlab code conducts temporal 

measurement of the coil motion. An uncertainty analysis of the coil position 

measurement is conducted based on geometry and refractive index which can be readily 

applied to measurements obtained using this method. 
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Comprehensive Characterization of Motion of a Helical Coil Due to Flow 

Induced Vibration 

1. INTRODUCTION 

Mechanical vibrations compromise the integrity of key components of thermal power 

plants, such as heat exchangers and emission control systems. These structures have 

high length to width aspect ratios which make them susceptible to mechanical 

vibrations. They are often designed to maximize heat transfer and generation, reduce 

footprint or increase particulate sequestration. Flow typically passes through or around 

these elements at a rapid rate, causing periodic pressure changes that induce vortices 

and structural oscillations. Without careful design, it is plausible for strong resonances 

during steady state operation to wear these components to the point of failure, leading 

to hazardous conditions and potential shutdowns. 

 

Boilers, condensers, and steam generators are examples of power plant components 

sensitive to mechanical vibrations. Their heat exchanging elements often include 

hundreds of long tubes bundled together inside pressure vessels. These are commonly 

inaccessible to repair after installation without prohibitive cost. Also, emissions 

control systems in coal-fired plants, such as electro-static precipitators and selective 

catalytic reduction systems, have large parallel-plate arrangements that are regularly 

vibrated to remove particulate build-up. Finally, vibration or bowing of precisely 

spaced cylinders or parallel plates in a reactor core increases high temperature peaks 

which affect the determination of plant power rating. 

1.1 Motivation 

For example, the pressurized water reactor (PWR) at San Onofre, California is 

currently being decommissioned due to leakage of primary coolant through ruptured 

tubes in its steam generator. Changes in the steam generator design as well as 

manufacturing and handling issues exacerbated the response of the steam generator 

tubes when vibrating during steady state operation due to flow-induced vibration 

(FIV). This led to fretting of the pipes and their rapid deterioration. This power plant 
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was forced to close permanently, incurring heavy expenses to its parent company, the 

manufacturer of the failed components and the rate-payers in the area. This event 

underscores the need for careful consideration of flow-induced vibrations of high 

aspect ratio heat exchanging elements relevant to current power plant design as a 

necessary feature for safe and continuous plant function. 

 

Problems with steam generator vibrations in nuclear power plants are not new. The 

Enrico Fermi Atomic Power (EFAP) Plant, which operated from 1963 to 1972, was a 

fast breeder reactor operating next to Lake Erie [1]. As a sodium-cooled reactor, the 

plant had a mechanically complex steam generator. Designers had to account for the 

possible reaction of sodium with water while providing an efficient transfer of heat. 

Flow of sodium at the steam generator inlet of the EFAP Plant induced excessive 

vibrations in its serpentine tubes. Wearing between the tubes and their restraints 

allowed water to leak into the sodium coolant, incurring extensive damage. Shin and 

Wambsganss [2] identify two general causes for this wear. First, there was insufficient 

restraint of tubes near the inlets of the sodium coolant, where the flow velocity was 

high and the failures observed. Also, there was insufficient baffling at these inlets to 

reduce flow velocity. 

 

Sandusky et al. [3] noted that steam generators for most integral reactor designs, 

which have helical coil geometry, are less susceptible to flow-induced vibrations than 

traditional designs. However, this has not been verified experimentally, and further 

study is needed to confirm this assumption. Study in this area is complicated by a 

number of factors. The compression of the structure due to the pressure gradient from 

fluid flow parallel to the coil axis, or axial flow, around its exterior affects the coil’s 

natural frequency. When the coil is in close proximity to a solid surface, as when the 

coil windings are spaced less than their width apart or near a cylindrical wall, it may 

resonate with a different frequency. Predicting failure is difficult partly because the 

structural vibration of helical coils under steady fluid flow is currently not well 

understood. 
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1.2 Purpose 

The purpose of this study is to further the understanding of the vibrations induced in a 

helical coil subject to steady bulk fluid flow. A helical coil coaxial with an inner and 

outer cylinder is proposed as a simplified geometry of a heat exchanging element. In 

this configuration the flow of external coolant over the coil windings promotes heat 

transfer. The thinnest fluid channels are formed in the gaps between each loop of the 

coil and between the coil and the cylinder walls. With supports constraining motion 

only at its ends, the flexibility of the coil’s central windings will allow for observable 

motion from flow-induced vibrations. 

1.3 Objectives 

The objective of this study is to develop a method of characterizing the motion of a 

helical coil in an annulus subject to external axial flow of water, commonly referred to 

as flow-induced vibration. Separate effects experiments have been conducted by 

observing and quantifying coil motion while varying flow rates and coil pitch over 

ranges of interest. This is accomplished by performing the following tasks: 

 Design and construct an experiment that allows measurement of the structural 

response of a vertical helical coil supported at its ends in an annulus subject to 

fluid flow. 

 Analyze the response of the coil to adjusting fluid flow rate by varying the flow 

and coil pitch across the range required for inducing vibrations from vortex 

shedding and fluid-elastic instability in an equivalent in-line column of right 

circular cylinders in axial flow. Compare the resulting vibration amplitudes to the 

most relevant data from previous experiments on similar geometry. 

 Develop a method for characterizing a coil’s motion in an annulus undergoing 

steady external cross flow, including identifying specific points on the coil from an 

image, mapping them to the coil location, processing sequential images to obtain 

temporal motion, and transforming this motion to the frequency domain. 

 Conduct an uncertainty analysis of the experimental setup including optical 

effects. 
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1.4 Document Overview 

This document describes the process through which the previously stated objectives 

were achieved. Pertinent literature is reviewed describing flow-induced vibration 

mechanisms, measurement techniques of experiments with helical coils, and the use of 

computer vision in motion and modal analysis. Application of structural mechanics 

through Strouhal number, Connors’ critical velocity, and form losses are applied to the 

prediction of lock-in flow rate, the onset of fluid-elastic instability, and pressure drop 

across the coil element respectively for the purpose of supporting the design of the 

experiment. The experimental facility is described including factors that were 

considered in each significant component’s design selection. The experimental method 

is discussed and verification activities using parts of known geometry detailed. The 

experimental procedure is outlined including the test matrix used and procedures 

followed. Results are presented in terms of the observed frequency parameter and 

Reynolds number, with comparisons made from literature to right circular cylindrical 

inline square array geometry. Results are discussed and an uncertainty analysis of the 

position measurements applied. 
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2. SURVEY OF LITERATURE 

There is an abundance of literature on vibrations induced in blunt bodies subject to 

fluid flow, modal analysis of helical coils, and position tracking through image 

processing. However, the application of all these disciplines to the analysis of motion 

of a helical coil in external axial fluid flow is unique. Flow induced vibration 

mechanisms have been well researched by a variety of numerical and experimental 

methods. Numerous experimental techniques have been applied to the modal analysis 

of structures in fluid flow, but most of these techniques were developed before the 

wide adoption of high speed digital imaging devices. Recent developments in large 

dataset analysis using computer programs have also made image-based measurement 

more feasible. This study applies this knowledge and these tools to the analysis of a 

flexible helical coil using a high speed camera to observe the structure’s motion when 

mounted in a clear cylinder and subject to FIV. 

2.1 Mechanisms of Cross-Flow Induced Vibration 

Numerous flow-induced vibration mechanisms have been identified and thoroughly 

researched for the case of large arrays of cylinders in cross-flow. As described by Au-

Yang [4], mechanisms that relate directly to the safe operation of large heat exchanger 

elements are vortex-induced vibration, fluid-elastic instability, and turbulent buffeting. 

Lock-in occurs when oscillations in fluid due to the periodic shedding of vortices 

match the structural natural frequency. Instability occurs at a critical fluid velocity 

where coupled motion between adjacent structures causes a significant reduction in 

structural damping. Lock-in and fluidelastic instability lead to potential mechanical 

failure in the short term, while turbulent buffeting causes long term wear, fretting, and 

fatigue over a wide range of flow rates. 

 

The Strouhal number (S) is a dimensionless parameter which relates the frequency of 

vortex shedding to the velocity of flow passing a structure. As described by Au-Yang 

[4], 
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Here, fs is the frequency of vortex shedding, U is the time-averaged superficial 

velocity of the fluid, and d is the characteristic length of the body in flow. Numerous 

analytical and finite element models and experiments have been developed to 

characterize this mechanism. 

 

Williamson [5] defined a universal and continuous Strouhal-Reynolds number 

relationship for the laminar vortex shedding of a single circular cylinder. Reynolds 

number, Re, is a ratio of the inertial force to the viscous force in a fluid. Munson [6] 

defined this as 

 
Ud

Re



 . (2) 

Here, ρ is the density and μ is the kinematic viscosity of the fluid, respectively. 

Williamson investigated the Strouhal-Reynolds number relationship for low Reynolds 

number flows. Shih et al. [7] described an experiment where Strouhal number was 

measured based on pressure readings of a large tube in cross flow located in a 

pressurized wind tunnel. Surface roughness of the cylinder was shown to affect the 

drag over the cylinder for high Reynolds number flows, although the Strouhal number 

remained stable. Ahlborn et al. [8] defined a relationship between drag coefficient, 

Reynolds number, and Strouhal number. They defined a relationship between the drag 

coefficient and Strouhal number in the ‘drag crisis’ area of flow for a circular cylinder 

using an energy-mode parameter. Drag crisis here refers to high Reynolds number 

flow rates where a small increase in flow leads to the sudden reduction in the drag 

coefficient and a coinciding increase in the Strouhal number related to the narrowing 

and increased turbulence in its wake. This wake geometry was analyzed to develop an 

energy-mode parameter for calculating Strouhal number using a universal constant. 

Figure 2.1 (adapted from Figure 3-3 on page 48 of reference [9]) presents the 

measured values of Strouhal number over a large range of Reynolds numbers. Vertical 

dashed lines delimit the range of Reynolds numbers considered within this study. 
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Figure 2.1. Strouhal number for flow over circular cylinder 

 

A large body of work which similarly focuses on the vibration and fluid-elastic 

instability of tube arrays has been conducted on bundles of cylinders. Koch and Ladd 

[10] give a thorough description of flows with moderate Reynolds numbers through 

periodic and random arrays based on numerical analysis. By applying a discrete 

lattice-Boltzmann simulation method, they were able to characterize flow rates with 

low Reynolds number flows for both tightly and loosely packed array cases. Based on 

those results, Koch and Ladd calculated Strouhal numbers and drag coefficients. The 

inline array case is similar to the geometry of axial flow over a compact helical coil, 

with differences in inclined angle and curvature. However, each cylinder in an array 

has a unique response as opposed to the single aggregate response of the structurally 

linked turns of a helical coil. 

 

Higher Reynolds number flows over tube arrays have been studied experimentally. A 

study of cylindrical tube array vibration was conducted by Paidoussis et al. [11], 

which analyzed the flow-induced vibrations of a single flexible cylinder in a rotated 

square array of rigid cylinders. It was one of the first tests to identify a static fluid-

elastic divergence where the flexible cylinder statically shifted away from its typical 
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equilibrium at high flow rates. Lam and Lo [12] conducted a visualization study of 

four cylinders in cross-flow, analyzing the frequency of vortex shedding at a Reynolds 

number of 2,100. They observed an increase in Strouhal number as the spacing 

between the cylinders decreased as shown in Figure 2.2 (adapted from Figure 2 on 

page 113 of reference [12]). The range of spacing ratios between coil turns in this 

study is delimited with vertical dashed lines. 

 

 

Figure 2.2. Strouhal number for inline cylinders 

 

Connors [13] discovered the phenomenon of flow-induced fluid-elastic instability in 

early tests on cross-flow over cylinders suspended in tension. He derived a semi-

empirical relation to predict the critical velocity of a tube bundle. As described by Au-

Yang [4], 

 
1/2

2 n t
c n

m
V f






 
  

 
, (3) 

which is referred to as Connors’ equation. Vc is the critical velocity for initiating fluid-

elastic instability, fn is the modal frequency of a tube in the array, ζn is the modal 

damping ratio of the tube, mt is the total mass per unit length of a tube, and β is an 
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empirically derived constant of fluid-elastic instability, known as Connors’ constant. 

This semi-empirical relation has proven quite useful in describing this instability and 

is regularly used in the design of heat exchangers. Yetisir and Weaver [14, 15] 

developed and applied an unsteady theoretical model of flow through an array of tubes 

in cross-flow to model fluid-elastic instability. This is applicable to a number of 

different arrays and predicts the static divergence noted in the experimental work by 

Paidoussis et al. for the single flexible tube case. Nai-bin et al. [16] demonstrated the 

application of this stream tube model to predicting the onset of fluid-elastic instability 

in heat exchangers. By using the slip model for two-phase flow, experimental datasets 

from literature match well with the predicted critical velocity. The slip model 

emphasizes the importance of the velocity of the liquid phase in initiating instabilities. 

Hassan et al. [17] expanded on the stream tube model by including the effect of loose 

supports over time, quantifying the increase in drag and lift on a cylinder with 

increased clearance in its supports. Anderson et al. [18] developed a time domain 

model incorporating effects from the change in wake over time including motion of 

the separation point. 

 

Weaver et al. [19] summarize progress in flow-induced vibration analysis over the 

twentieth century, emphasizing the heavy reliance of knowledge in this subject 

through experimental methods. The general flow-excitation mechanisms of 

turbulence, vortex shedding, and fluid-elastic instability are described and research 

needs highlighted. They place emphasis on the need for research in developing a 

complete understanding of the underlying excitation mechanism for fluid-elastic 

instability. The use of quasistatic, quasisteady, and unsteady-flow theories to attempt 

to model flow induced instability is described. Ibrahim et al. [20] completed a 

comprehensive review of the research conducted involving pipes conveying fluid. 

Much of the early research established a better estimate for the experimentally derived 

constants in Connors’ equation to identify the critical velocity where fluid-elastic 

instability for pipes subject to single phase cross-flow is initiated. Later research 

mainly focused on developing analytical and numerical models which, although more 
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complicated, are less empirically based. Au-Yang [4] developed design practice 

guides for preventing instabilities in heat exchanger systems. A graph of reduced 

critical velocities as measured in literature for large square arrays with respect to 

reduced mass damping ratio is shown in Figure 2.3 (adapted from Figure 7.12 on page 

181 of reference [4]). This experimental data is compared to Connors’ equation with 

constants chosen to establish the threshold for instability for the mean case and the 

suggested conservative values. The dashed box indicates the range of parameters 

considered within this study. 

 

  

Figure 2.3. Stability diagram for square arrays 

 

While the majority of these analyses have been conducted on bundles of straight 

cylinders, models have been developed for curved cylinder arrays. Tang et al. [21] 

developed a numerical model of flow past a flexible curved cylinder in an array of 

rigid curved cylinders. This study’s geometry more closely reflects a helical coil than 

the previously detailed studies as Tang et al. incorporate the curvature of the structure, 

but it does not go as far as to link the structural elements together. 

 

Flow 
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To calculate lock-in and onset of fluid-elastic instability fluid velocities, the natural 

frequency of the solid domain must be known. The frequency of helical coil motion is 

due predominantly to the torsion and shear stresses in the turns caused by the fluid 

drag and lift forces as described by Budynas [22]. Yildirim [23] obtained an element 

stiffness matrix for helical springs with twelve degrees of freedom using the transfer 

matrix method. Becker et al. [24] used the same method to numerically solve for the 

resonant frequencies of helical springs subject to axial compressive loads. This is 

useful in comparing the frequencies obtained through experiments in literature, which 

have been conducted on compressed helical coils, to results obtained as a part of the 

present study. A modal analysis of helical coils using a more efficient method was 

presented by Lee and Thompson [25]. They compared their numerical method using 

the Wittrick-Williams algorithm to transfer matrix and finite element methods.  

 

A smaller subset of literary work assesses the characteristics of helical coil geometry 

in heat exchangers. Both numerical and analytical models have been proposed. Jo et 

al. [26] described the concept designs for Korea’s Systems-integrated Modular 

Advanced Reactor (SMART) PWR steam generator. This analysis includes the 

calculation of critical velocities to induce fluid-elastic instability of helical coils of a 

steam generator. The resulting critical velocities were heavily influenced by the 

spacing between coil windings, the type of coil, and the various intermediate support 

configurations as shown in Figure 2.4 (adapted from Figure 17 on page 901 of 

reference [26]). These supports are arranged equidistant from one another azimuthally 

about the coil. Notably, this calculation predicts a low velocity for the case without 

any intermediate supports, implying that a coil in this configuration would quickly 

witness instability. An analysis of fretting wear of foreign objects between coil loops 

is conducted. The effect of damping ratio on the natural frequency of a helical coil is 

presented, which is an important parameter that has not been thoroughly studied. The 

importance of characterizing multiple vibration modes in fretting wear analysis is 

illustrated by the number and complexity of helical coil vibration modes. This model 

predicts a low critical velocity for coils with no intermediate supports. However, the 
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model is not compared to previous tests since this is a novel result. Shifang and 

Xingzhong [27] developed a finite element model for evaluating the natural 

frequencies and mode shapes of the helical tube heat exchanger of the High 

Temperature Gas Reactor (HTGR) steam generator. Heqin Xu et al. [28] presented a 

method for using the computer code ANSYS to analyze turbulent buffeting on 

structures, including a case study of a helical coil steam generator subject to cross 

flow. They evaluated tube-to-support wear and tube fatigue using the root mean square 

(RMS) response of turbulence induced vibration. This numerical analysis 

characterized the amplitude and frequency of motion of a theoretical coil at high flow 

rates using empirical relationships, but it did not validate the results with comparison 

to experimental data. 

 

 

Figure 2.4. Critical velocities of a helical coil with different support structures 

 

2.2 Flow-Induced Vibration Measurement Techniques 

Flow-induced vibration of tube arrays in cross-flow was investigated in an extensive 

series of large-scale experiments conducted during a period beginning in the 1970s 

and ending in the 1990s. This research provided the majority of the data used in 
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validating the numerical models developed recently. Gesinski and Weiland [29] 

focused on compressed coils subject to flow parallel to the coil axes, or axial flow, to 

investigate the failure mechanisms of springs used to hold down nuclear assemblies. In 

their tests, a core component assembly with a hold-down spring was placed in a 

hydraulic loop. Two different instrumentation methods were attempted. Strain gauges 

were first applied to the coil, but the resulting tests had low amplitude oscillations due 

to added stiffness from the method of application. Removing the strain gauges, the 

Laser Doppler Velocimetry (LDV) technique was used. This sensor visually observed 

light reflected from a point on the spring through viewing ports to measure coil 

velocity.  

 

Stokes and King [30] conducted research on the same phenomena by varying both the 

compressed length and axial flow rate over a series of coils. As shown in Figure 2.5 

(adapted from Figure 5 on page 312 of reference [30]), there was a reduced response 

amplitude due to flow when the pitch to diameter ratio of the helical coil decreased 

due to compression. Large heat exchanger arrays typically have ratios around 1.5, so 

the reduction in the response amplitude for a helical coil observed here is of interest. 

However, the compression of the coil may have some effect on its fundamental 

frequency.  
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Figure 2.5. Response amplitude of a helical coil for different compressed lengths 

 

Axisa et al. [31] conducted a similar study by analyzing the response of springs 

subject to flow perpendicular to a helical coil’s axis, which they described as cross-

flow, at various compressed states. Fujita et al. [32] conducted tests on axial flow over 

a compressed spring resting on an inner cylinder in a large clear cylinder. The 

compression of the spring changed the critical velocity initiating instability. The case 

of a spring without compression was not analyzed, but the critical velocity decreased 

as compression was reduced. Kim and Chang [33] studied the vibration of a tube with 

an internal helical coil insert using accelerometers. The wire coil rested on the inner 

tube diameter, effectively adding roughness to the tube in that region. Moderate 

Reynolds number flows were analyzed for both single and two phase flow. The 

vibration of the outer tube due to flow effects caused by the internal wire coil was the 

subject of analysis rather than the coil itself. Chen et al. [34] sectored the helical coil 

bundle into an array of curved tubes. This experimental technique passed water over a 

135 degree sector of a helical coil steam generator tube bank. Natural frequencies and 

damping factors were measured using accelerometers on spring mounts within the 

tubes. Since separate curved tubes were hung above one another in this experiment, 

the characteristics of a full helical tube in flow were not simulated. A thorough study 
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by Blevins [35] provides a wealth of information on the flow-induced vibrations of air 

flow past a large helically coiled superheater. Multiple accelerometers and strain 

gauges were mounted at the tube mid-spans between support plates. However, the 

large and stiff tube coils analyzed in this experiment restricted observations to those of 

stable motion. 

 

Various experimental techniques have been applied in selecting sensors for modal 

analysis, but most of these techniques were developed using simple mechanical 

devices such as pitot tubes and accelerometers. The application of computers in data 

analysis was just beginning, requiring data from these sensors to be acquired and 

stored in analog form. Shih et al. [7] conducted tests on a large cylinder for high 

Reynolds number flow rates. The cylinder was instrumented on its surface with pitot 

tubes which were routed through the inside of the large hollow structure. Sensors are 

typically placed inside of immersed hollow tubes as described by Lin and Yu [36], but 

the tube inner diameter has to be sufficiently large to mount the sensor. A non-

invasive approach to analyzing position measurement for smaller tube or wire coils is 

more appealing. 

2.3 Computer Vision of Vibrating Structures 

Imaging of objects to conduct noninvasive position and motion measurement is a 

technique that has recently become more widely available. General methods have been 

developed for analyzing motion using imaging techniques based on direct observation, 

such as the videogrammetric technique developed by Chang and Ji [37]. Three 

dimensional structural vibrations were measured in a laboratory using close-range 

videogrammetry and computer vision. A two-step calibration process for two cameras 

given reference points is described. Experiments were performed and the method 

validated against position measurements from two linear variable differential 

transformers (LVDTs) for low frequency motion. 
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Imaged structures are typically not enclosed in solid or liquid surfaces to prevent 

distortion of the resulting measurement from refraction. If it is necessary to look at a 

motion occurring in these conditions, the medium is usually made flat, such as in the 

Particle Image Velocimetry (PIV) technique conducted by Amini and Hassan [38]. 

Budwig [39] evaluated the effect of matching the index of refraction of a fluid to a 

surrounding enclosure. A technique was described where the fluid refractive index in a 

solid container was varied and measurements taken of the resulting refraction using 

lasers. Index matching was also applied by Durst [40] in determining the position of a 

Laser Doppler Anemometer (LDA) with respect to a nearby wall. The refractive index 

of the fluid being analyzed was matched with the surrounding tube, which was also 

surrounded by an index matching fluid and a clear box with straight sides. The 

resulting refraction was primarily due to the index between the box surface and the 

outside air. Another strategy to reduce optical distortion from refraction is to reduce 

the thickness of the window area. Steenbergen [41] used sheet-fabricated pipe walls to 

this end. While this technique successfully minimizes refraction, it also limits the 

range of pressures and flow conditions that can be tested. Optical contouring can also 

be used to modify the geometry of the cylinder to cancel out the magnifying effects of 

refraction as demonstrated by de Witt et al. [42]. An acrylic test section was fabricated 

with an internal circular tube and an external surface with a complex lens shape to 

correct for refraction effects. This manufacturing is expensive and the high quality of 

the machined optical surfaces difficult to achieve. 

 

However, using ray tracing techniques outlined by Lowe and Kutt [43], optical 

refraction through a clear outer cylinder can be calculated and the position of specified 

points on an internal coil measured. In their study, Lowe and Kutt visually measured a 

positional array of precisely arranged objects in a clear cylindrical tube filled with 

water. They placed an angled mirror next to the cylinder to allow for simultaneous 

imaging of the objects from two directions. Object positions were reproduced with 

excellent accuracy. Murphy and Adrian [44] also developed a refraction model to 

correct position and velocity errors in their PIV measurements of shock waves. Their 
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method of correcting for a three dimensional curved surface using ray tracing is 

similar to that of Lowe and Kutt. 

 

The structural components in these fluid flow analyses are typically rigid and only 

considered as boundaries. In the case of this study, the object of interest is the position 

over time of the flexible helical coil. Forstner [45] describes a framework for 

automatic feature extraction of objects from images with an interpretation system, 

giving examples which use aerial photography to reconstruct three-dimensional 

structures. Yuen et al. [46] describe the two stage Hough Transform method of 

extracting circular features from an image which will be implemented in this study. It 

involves a voting process where edge points with large gradients contribute to an array 

of counters. Votes from edge points equidistant to a central point identify potential 

circle centers, with the greatest number of votes in a counter for a given region of 

interest indicating the circle center. This method identifies circle centers even when 

portions of these circles are hidden. Another study conducted by Yoo et al. [47] on the 

wall nucleation in a boiling system used two high speed video cameras to characterize 

the size and frequency of bubbles emerging from a hot plate in convective boiling. 

They developed a program for automatic identification of bubble features to 

characterize their nucleation rate. Automatic identification was compared to manual 

selection for a large dataset showing their equivalence. 

 

The uncertainty due to refraction through a circular right cylindrical sight glass can be 

quantified following a method similar to Patil and Liburdy [48] in their 

characterization of refractive index mismatch. They developed an uncertainty analysis 

based on refraction through arbitrary surfaces and applied it to the complex case of 

multiple clear spheres. Fortunately in this paper, the curved surface positions are 

known and the uncertainty is due to the structural characteristics, measurement 

methods and geometry, which can be quantified using the uncertainty analysis path 

described by Moffat [49].   
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3. THEORETICAL CHARACTERIZATION OF FIV 

3.1 Optical Parameters 

To observe the motion of the helical coil under flow, key elements from the method 

described by Lowe and Kutt [43] for locating points inside a clear cylindrical wall are 

implemented. The radial position on a horizontal plane for a clear upright cylindrical 

tube observed perpendicular to its axis from a sufficient distance can be readily 

calculated through a magnification factor. In this case, the point of interest is on the 

outer edge of the wire coil. External observation locates this point on the edge of the 

silhouette created by the obstruction of the structure to a diffuse background light 

source. A ray passing this edge would first pass through the fluid inside the cylinder, 

refract as it passed through the denser material of the cylinder wall, and refract finally 

toward the observer as the ray escaped into the surrounding air. Figure 3.1 depicts this 

along with corresponding nomenclature for angles, distances, and indices. The 

physical distance, L, between the axis of the coil, point O, and the focal point of the 

camera, point E, is approximated as the distance between the center of the support bars 

surrounding the cylinder and the base of the camera lens. The virtual distance from 

coil axis to camera focal point in the mirrored image, LM, is the sum of two distances, 

the distance between the center of the support bars surrounding the cylinder to the 

reflection point on the mirror and from the reflection point to the base of the camera 

lens. Points along the ray trace in the mirrored image are denoted with a prime to 

differentiate them in Figure 3.1. 
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Figure 3.1. Horizontal ray trace from observed edge, P, to camera focal point, E 
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Calculating the radial position, RP, of the coil edge in terms of known distances and 

the final observed angle can be accomplished by applying the law of refraction, the 

law of sines, and the definition of the sine function. It is here assumed that the coil and 

cylinder are coaxial and that the round surfaces of the cylinder are indeed circular. 

From the right triangle OPA, the radius can be calculated by 

 sinP AR R C  , (4) 

where RA is the inner radius of the sight glass and C is any axial offset between the 

centerline of the coil and the centerline of the surrounding sight glass. The external 

radius of the sight glass is RB. The angle α is related to β through the law of refraction, 

as are δ and γ,  

 sin sinf wn n  , (5) 

 sin sinw 0n n  . (6) 

The indices of refraction are labeled nf for the fluid, nw for the cylinder wall, and no for 

the outside air. The law of sines can be applied to the triangles OAB and OBM to 

relate β to α and Ω to δ respectively,  

 
sin( ) sin

B AR R

  
 , (7) 

 
sin sin( )

BR L

  
 . (8) 

The sine functions with angles subtracted from π can be shown to equal the sine 

functions of the angles themselves through the sum-difference formulas,  

 sin( ) sin    , (9) 

 sin( ) sin    . (10) 

Combining equations (4) through (10), the radial position of the coil can be calculated; 

 sin0
P

f

n
R L C

n
  . (11) 

The unobserved angles are eliminated and the thickness of the cylinder wall does not 

affect the measurement of this value, especially since this point is not constrained to 

lie on any particular vertical plane. However, deviations of this point from the vertical 

plane perpendicular to the angle of observation are slight; it is assumed that these are 
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negligible in this experiment. It is assumed that there is no offset between the axes of 

the helical coil and the sight glass, but this value has a variance associated with it 

which will be accounted for in calculating uncertainty. 

 

While the equation for radial position reduces significantly, the observed angle of 

vertical position, Φ, is affected by each of the surfaces traversed by the ray. The ray 

emanates from a unique vertical point, which is constrained to the outer edge of a 

particular coil turn. The vertical trace and applicable parameters are displayed in 

Figure 3.2 from the point of observation to the outer edge of the helical structure.  

 

 

Figure 3.2. Ray trace from edge to camera in vertical plane 

 

Vertical position is calculated by summing the vertical legs of each right triangle.  

 tan tan ( ) tanf f w w f wy L L L L L         (12) 

 

Alternate interior angles and the law of refraction relate these angles to one another. 

 sin sinf f w wn n    (13) 

 sin sinw w 0n n     (14) 
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The distances Lf and Lw are equivalent to the lines PA and AB depicted in Figure 3.1. 

Solving for these distances in terms of known values, 

  
1/2

2 2

f A PL R R  , (15) 
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. (16) 

The coil is observed from a sufficient distance so that all vertical angles are less than 

0.1 radians. Applying the small angle approximation to these angles, equations (12) 

through (16) can be simplified to evaluate vertical distance, 

 1 10 0
f w

f w

n n
y L L L

n n

    
              

. (17) 

3.2 Flow-Induced Vibration Effects 

With a method of observing the coil position defined, it is relevant to attempt to 

quantify the physical phenomena being characterized. Factors important to the design 

of this facility to complete its objectives include the natural frequency of the coil, the 

rate of fluid flow, and the structure affixing the coil in place. An adjustable flow rate 

allows for the observation of the structural frequency of motion and dynamic pressure 

drop over a range of fluid velocities, which hereinafter will be given in terms of its 

Reynolds number. To observe structural motion due to instability, fluid flow must 

reach and exceed the coil’s critical velocity. The motion should be readily observable 

and the geometry controlled to reduce uncertainties affecting position measurements. 

 

To achieve significant convective heat transfer, heat exchangers typically have high 

flow rates. Their characteristic size is large and the viscosity of the heated fluid low, 

leading to high Reynolds numbers in the range of 10
6
 – 10

8
. This flow regime is 

difficult to achieve in a small scale experiment. To these ends, rather than matching 

the Reynolds number of a typical heat exchanger, this experiment is designed to create 

the flow conditions necessary to induce structural vibrations in the test coil by means 

of FIV, such as vortex shedding or fluid-elastic instability. To accomplish this, the 
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Reynolds number of the flow with respect to the coil wire diameter must be sufficient 

to create regular vortices and a uniform turbulent flow in the annulus, and the 

maximum flow velocity must be greater than the critical threshold for fluid-elastic 

instability for an array of cylinders. 

 

To approximate the geometry of a helical coil heat exchanger, the coil is centered 

between an inner and outer cylinder. While heat exchangers typically have numerous 

banks of coiled tubes, this experiment simplifies the observation by exciting a single 

coiled wire. To estimate the fundamental frequency of a wire coil, the critical 

frequency of a compression spring is applied as described by Budynas and Nisbett 

[22]. This is derived from its total strain energy due to a vertical force on the coil 

winding. The critical frequency of a compression coil between parallel plates is given 

to be, 

 
1/2

1

2
cr

k
f

m

 
  

 
. (18) 

Here fcr is the critical frequency due to surging between parallel plates, k is the 

structure’s stiffness, and m is the structure’s mass. Assuming that force of fluid drag 

exerts a force parallel to the coil axis, coil stiffness is defined by Budynas and Nisbett 

[22] as follows, 
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The variable d is the coil wire diameter, which is the same as the characteristic length 

applied previously, G is the shear modulus of the material, D is the mean coil 

diameter, and N is the number of active turns. The total mass of the coil can be found 

by performing a line integral of the summed density of the wire material and displaced 

fluid, ρc, times the area of the wire over the length of the coil, 
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The variable t is used to parameterize the helix. The summed density approximates the 

effect of added mass on the natural frequency of a cylinder. Applying the Pythagorean 
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identity, the trigonometric functions sum to unity and the integral reduces to a 

simplified form, 
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. (21) 

 

The term with pitch is negligible compared to the term with the mean diameter. 

Combining equations (18) through (21), the critical frequency can be solved for in 

terms of the coil dimensions, 
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As the wire diameter becomes much smaller than the major helix diameter, the 

frequency becomes directly proportional to wire diameter and inversely proportional 

to the number of active coils and the square of the major helix diameter. In order to 

visually observe oscillations, this frequency would ideally be minimized, making a 

wide helix with multiple turns and a small wire diameter preferable. This is balanced 

with the need to have a sufficient rate of flow past the coil. Figure 3.3 presents the 

anticipated natural frequencies of coils made of two materials over a range of mean 

coil diameters calculated during the design process. For figures from this section, the 

data presented are for a coil made of AWG No. 12 wire with between 26 and 34 active 

turns and a pitch of 0.162 inches. 
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Figure 3.3. Frequency of coil over various mean coil diameters 

 

The frequency of vortices shedding past a bluff body is described by the Strouhal 

number as defined in equation (1). For a circular cylinder, the Strouhal number has 

been shown to maintain a nearly constant value over a wide range of Reynolds 

numbers, as seen in Figure 2.1. Fluid velocity is then directly related to the rate of 

vortex shedding in this range. The ‘lock-in’ phenomenon occurs when the 

fundamental structural response and vortex shedding frequencies are in resonance, 

increasing the amplitude of motion. Applying equation (22) to equation (1), flow rates 

where lock-in is anticipated to occur can be calculated as presented in Figure 3.4.  
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Figure 3.4. Vortex shedding critical flow rates versus mean coil diameters 

 

As discussed earlier, fluid-elastic instability in arrays of tubes causes the amplitude of 

oscillations to grow rapidly when the flow exceeds a critical velocity. This velocity 

can be estimated using Connors’ equation for critical velocity, equation (3). Connors’ 

constant is assumed to have a value of 9.5, which is based on the mean of trends from 

historical experimental datasets, and the damping ratio has an assumed value of 0.015 

for tubes submerged in water as suggested by Au-Yang [4]. The fundamental 

structural frequency is calculated using equation (22). A helical coil is a single 

cylinder which is wrapped into a configuration that is similar to an in-line array. 

Instability is seen when multiple structures are present; it is not clear if this coil 

geometry will display instability or not.  

 



 

 

27 

 

 

Figure 3.5. Critical flow rate of fluidelastic instability versus mean coil diameters 

 

Pressure drop across the coil was estimated using drag coefficients of cylinders. This 

determined the sensitivity required for pressure measurements. The first full turn was 

treated as a straight circular cylinder in cross-flow from Munson [6] and subsequent 

turns as cylinders in a square array from Koch and Ladd [10]. The drag coefficients, 

CD1 and CD2 respectively, were then applied to the dynamic pressure drop, ∆p, across 

all coil turns, 

  2

1 2

1
( 1)

2
D Dp U C N C    . (23) 

 

The resulting pressure drop across the coil was estimated to be 0.016 psid at 1.2 gpm 

flow, which increases for higher flow rates. This value was used to select the lower 

bound of the combined accuracy of pressure sensors. The entrance length of flow 

before the test element is approximately twenty hydraulic diameters to allow the flow 

profile to stabilize in the annulus.   
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4. EXPERIMENTAL FACILITY DESCRIPTION 

The Camera-Observed and Instrumented Loop (COIL) Facility uses a high speed 

camera and pressure transducers to analyze flow induced vibrations of test coils under 

turbulent flow. An overview of the facility labelling its critical components is 

presented in Figure 4.1. A clear borosilicate glass cylinder, or sight glass, allows for 

visual access to the test coil under analysis and an angled mirror provides a 

simultaneous second view for three-dimensional reconstruction. 

 

The values for parameters describing the test section geometry for each test coil case, 

including their respective uncertainties, are presented in Table 1 with reference to the 

annotations used in Figure 3.1. Multiple fluid paths intersecting with the test section 

allow for flow to be routed vertically upward or downward through the test section. 

The test coils are comprised of aluminum wires wound into helical coils which are 

attached to an inner cylinder at their ends. The coils were wound using printed plastic 

templates with helical grooves, depicted in Figure 4.2. The templates were mounted to 

a lathe and turned slowly while the aluminum wire was wound about them. To hold 

the coils in place, the coil ends are passed through holes in two stainless steel rods 

with fine threading within the inner cylinder which extend out into the annulus. Figure 

4.3 shows a rendering of this attachment. Piping connects the test section to a fluid 

reservoir with flow provided by a small water pump. Manual control valves on two 

parallel rotameters permit control of the bulk flow rate. Differential pressure across the 

test section is measured by a pair of pressure transducers. A thermocouple in the water 

reservoir measures the bulk fluid temperature. 

 

Volume flow rates at measured temperatures have been converted to Reynolds 

numbers with respect to their fluid properties from Todreas and Kazimi [50] and are 

presented as such. There are two important characteristic lengths to consider for the 

test section. If the characteristic length of the Reynolds number is taken to be the 

hydraulic diameter of the annulus, this value should be in the turbulent range so that 

the flow profile interacting with the coil is uniform. With a range from 2,250 to 
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12,600, the flow is in the turbulent range for all but the lowest case, providing a 

consistent uniform profile. If the characteristic length is identified as the coil wire 

diameter, this value is of more importance to the FIV effects of interest and will be 

used throughout the remainder of this paper. This ranges from 1,000 to 7,000 in this 

experiment, which is much lower than most heat exchangers but sufficient for 

inducing vortices on a cylindrical structure throughout the range as previously shown 

in Figure 2.1. Additionally, Figure 2.1 shows that a Strouhal number of a smooth 

straight cylinder over this range varies from approximately 0.18 to 0.22. 

 

 

Figure 4.1. COIL facility 
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Table 4.1. Geometry of test section 

Coil Identifier A B C D 

Coil Pitch, P [in.] 0.162 ± 0.05 0.129 ± 0.05 0.113 ± 0.05 0.097 ± 0.05 

Entrance Region Length [in.] 12.0 ± 0.10 13.0 ± 0.10 13.5 ± 0.10 13.9 ± 0.10 

Mean Coil Diameter, D [in.] 1.50 ± 0.10 

Coil Wire Diameter, d [in.] 0.0808 ± 0.005 

Number of Active Turns, N 29.0 ± 0.1 

Air Index, no 1.000277 ± 0.0001 

Water Index, nf 1.333 ± 0.01 

Borosilicate Index, nw 1.474 ± 0.004 

Direct View Length, LE [in.] 20.9 ± 0.25 

Mirrored View Length, LM [in.] 24.3 ± 0.50 

Sight Glass Outer Radius, RB [in.] 1.176 ± 0.004 

Sight Glass Inner Radius, RA [in.] 0.911 ± 0.004 

Annulus Inner Radius [in.] 0.581 ± 0.003 

 

 

Figure 4.2. Printed coil templates 
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Figure 4.3. Attachment of test coil to inner cylinder 

 

The high-speed camera is from a Dantec Dynamics PIV system which was adapted to 

observe coil motion. The camera is a SpeedSense M320 12-bit gray-scale camera with 

a sampling rate used in these tests of 1,000 Hz. Internal gauge pressure in the test 

section varies based on the flow conditions, ranging from 0.0 to 10.0 psig. Each 

pressure transducer is accurate within 0.0075 psig; a dynamic pressure drop across the 

test section can be measured within 0.0106 psid. Adjustment of camera placement 

gives a range of pixel resolution, from 0.002 to 0.006 inches per pixel. The pump is a 

one third horsepower extended life centrifugal pump with flow and pressure 

characteristics chosen based on the design base calculations. The K-type thermocouple 

extends approximately half a meter vertically into the water reservoir. This permits 

real-time sampling of the water temperature in the reservoir. Two rotameter-type 

flowmeters monitor and control flow rate through the test section from approximately 

2.0 to 11.2 gpm with increments of 0.2 gpm, corresponding to increments in Reynolds 

number at the average test temperature of approximately 120. They are mounted 

parallel to one another in flow, one covering a larger flow range than its smaller 

counterpart. This provides both a coarse adjustment to attain the higher flows of 

interest in this test and a mechanism for fine adjustment at any flow. The uncertainty 

in flow rate is within a Reynolds number range of ± 310, which is approximately 31% 
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of the lowest flow rate tested.  Further detailed information on the COIL facility, 

including fabrication drawings and a piping and instrumentation diagram, may be 

found in Appendix C.  

 

During initial testing, a persistent vibration was noticed regardless of flow rate. To 

characterize this periodic variation in flow, a test was conducted where the pressure 

transducer data was acquired at a sampling rate of 6.0 kHz, a small portion of which is 

shown in Figure 4.4. Measured pressure differential across the test section fluctuated 

significantly. This data was converted to a frequency spectra using Matlab’s Fast 

Fourier Transform (FFT) as shown in Figure 4.5. The pressure variation has a distinct 

fundamental frequency of 56.6 Hz with multiple observed higher resonant modes. The 

centrifugal pump impels fluid through the flow loop at a similar frequency. This has a 

direct effect on the motion of the test coil with the pressure variation causing a 

persistent low amplitude forced oscillation.  

 

 

Figure 4.4. Differential pressure variation over test section at 6.0 gpm flow rate 
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Figure 4.5. Test section pressure variation frequency spectrum 

 

To observe the motion of a coil subject to this fluid flow, the camera rapidly obtains 

sequences of images which store light intensity over a large range of horizontal and 

vertical angles in the form of pixel values. The camera’s geometric relationship to the 

test section is shown in Figure 4.6. A horizontal cross-section with labels for select 

structures and a ray traced between a coil edge observed in the mirrored view and the 

camera focal point follows in Figure 4.7. A Matlab script was developed to identify 

and arrange the locations of the wire edges from sequential images. From the side, a 

circular cylindrical coil appears as a semicircle where a turn loops back on itself as can 

be seen in the raw footage in Figure 4.8. The center of this semicircle is a close 

estimate to the center of the wire. To identify this semicircle, an image is first 

converted to binary to allow for clear contrast between coil edge and background. The 

region of interest where a coil edge is expected to appear is identified in the first 

image. Since the amplitudes of edge motions are within a wire diameter, the initial 

edges are calculated and used to establish regions of interest for further images in a 

sequence. The size of these regions is based on the coil wire diameter and a buffer. A 

circle recognition function in Matlab obtains circle centers and radii from these 

regions using a two-stage Hough method, as discussed previously. While conditions of 
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poor lighting or low contrast can lead to incorrect identification of edge centers, this 

technique works well when the curve of the edge is sufficiently visible and the 

contrast between the edge and its background is uniform. To establish a sharp contrast, 

the test section was backlit by a diffuse light source and the test coils were painted a 

matte black.  

 

 

Figure 4.6. Test section with camera (left) and camera view (right) 

 

 

Figure 4.7. Test element horizontal cross section 
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Figure 4.8. Binary image of coil, inset shows coil edges and one overlaid circle 

 

To calibrate an image sequence, a reference image with circles in known locations was 

analyzed as shown in Figure 4.10. The physical distance of the lens base to the test 

section axis was measured. Rays from tangent edges of the coil to the lens focal point 

were mapped as shown in Figure 3.1 and Figure 3.2. Using equations (11) and (17), 

pixel values were scaled to position dimensions. A vertical and horizontal dimension 

of each point was calculated from the image in this way. The remaining unmeasured 

horizontal position (X or Z) was taken to be the average of the measured points on 

either side. The edges were analyzed vertically from top to bottom with the well-

defined edges appearing in the direct view determining the section of coil to be 

modeled. The uniform appearance of the helical coil and the difference in 

magnification between the mirrored and straight views required verification of the 

order of coil edges after observed pixel values had been converted to position values. 

front view side view 

Center of wire 
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Figure 4.9. Calibration block rendering; (a) isometric, (b) front, and (c) side views 

 

 

Figure 4.10. Calibration image with highlighted reference circles 

 

 (a) (b) (c) 

 

front view side view 
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After constructing the facility, the characteristics of the test coils were assessed 

including natural frequency and damping ratio. To measure the natural frequency of 

the helical coil, tests were conducted on Test Coil D to observe the vibration of this 

coil in air after impacting the test section with a rubber mallet. Images acquired from 

the high speed camera are analyzed to measure the motion of edge points over time as 

shown in Figure 4.11. Although numerous high frequencies were excited by the 

impact, a dominant fundamental frequency is apparent. Applying Matlab’s FFT to 

convert the measured temporal positions to frequency spectra and taking the RMS 

value of the amplitude for each frequency, a natural frequency was identified at 18.0 ± 

0.8 Hz as shown in Figure 4.12. This is within the range of the calculated fundamental 

frequency as shown in Figure 3.3.  

 

 

Figure 4.11. Change in vertical position of four edge points following impact in air 
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Figure 4.12. RMS vertical position spectral amplitude after hammer strike in air 

 

A similar approach was applied to calculate the damping ratio of the coil. The 

damping ratio is defined by Au-Yang [4] as the system damping coefficient expressed 

as a fraction of its value at critical damping. For small ratios, this value can be 

quantified through measuring the ratio of amplitudes of consecutive pulses in the 

damped vibration,  

 
1

ln
2

i

i n

y

n y


 

 
  

 
. (24) 

 

To observe the effect of damping, Test Coil D was placed in the test section and 

submerged in water. The test section was again struck with a rubber mallet to generate 

an impact response. The vertical change in position over time of four edge points 

following impact is shown in Figure 4.13. The exponential reduction in amplitude due 

to damping is observable with some higher frequency vibrations superimposed on the 

first part of the signal. Using the amplitudes of the consecutive peaks in equation (24), 

the average damping ratio was found to be 0.0317 with a standard deviation of 0.0211. 

Both high frequency oscillations at the beginning of the signal and the resolution of 
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the position measurement toward its end appear to contribute to the large standard 

deviation, although the shape of the response was consistent across all of the observed 

edge points. 

 

 

Figure 4.13. Change in vertical position following impact in water 
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5. DESCRIPTION OF EXPERIMENT 

To reconstruct the position and motion of a test coil subject to fluid flow, the vertical 

and horizontal angles from the point of observation of these edge features must be 

identified and analyzed. In this experiment, a digital camera was used to capture high 

resolution digital images from which coil edges may be identified. However, analysis 

of images, which contain large amounts of information, is time-consuming. An 

algorithm which can efficiently locate coil edges in a repeatable manner simplifies the 

process and provides a consistent method for characterizing the observed motion of 

the helical coils. To this end, a custom Matlab script was created to analyze the image 

sequences of test coils observed under steady external flow. 

 

A flowchart describing the high-level processes in this method is depicted in Figure 

5.1. This script performs image analysis in an efficient manner by using programmatic 

feature identification to find and quantify coil edge positions. These tasks are 

separated into a series of steps. To begin, a preliminary analysis is conducted of the 

first grayscale image of a sequence. This analysis identifies the general location of coil 

edges to simplify subsequent edge identification. The grayscale image is imported as 

an array of intensity values. It is then converted to binary to sharpen the contrast 

between the coil edges and background. A built-in Matlab function identifies the 

centers and radii of circular edges in this image through a Hough transform method. 

However, this function not only identifies coil edges but blemishes, reflections and 

other optical aberrations as well. This generates circles ordered according to a weight 

assigned by the function which scatters them across the image. The coil edges as they 

appear in these images are arranged into four columns as shown in Figure 4.8. When 

the centers are ordered according to horizontal position, these columns become tightly 

clustered groups of circles. The four groups with the most centers, which correspond 

to the coil edges, are kept. The circle centers in each column are then arranged 

vertically from top to bottom. Two circles in a column which have similar vertical 

locations are typically from the same feature. These repeated circles are identified and 

eliminated. The locations of the remaining circles are converted into rectangular 
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regions of interest for the following images based on the radius of the coil edges and a 

buffer to capture motion.  

 

The remaining images in a sequence are then analyzed according to these regions of 

interest with the most prominent circles in these regions defining coil edges. To 

calibrate the observed edge positions with respect to a known geometry, am image is 

analyzed of a calibration block which is mounted in the same position as the coil with 

known circle patterns as shown in Figure 4.10. Circle centers are identified using the 

same method as the preliminary analysis except that regions of interest are defined 

based on manual inspection. The observed distance between the circle centers in pixels 

is compared to horizontal and vertical reference angles calculated from the geometry 

of the system. From this comparison, the incremental changes in angle horizontally 

and vertically are calculated as the quotients of the reference angles to the pixel values 

to obtain changes in angle per pixel. Applying this calibration constant back to the 

image sequence, pixel values are multiplied by incremental change in angle to convert 

them to angles. Horizontal angle with respect to the inner cylinder centerline, Ω, and 

vertical angle from the observed mid-plane, Φ, are then used to calculate radial and 

vertical position using equations (11) and (17) respectively and the three-dimensional 

coil geometry reproduced. With a known period between images, the script converts 

the temporal position of each point to frequency using Matlab’s FFT and obtains the 

RMS response amplitudes at each frequency over all the Cartesian coordinates 

described in Figure 4.6. These positions and dynamic responses are then presented as 

figures and stored for further analysis. An example plot of the temporal vertical 

position for a single point and its frequency spectrum are displayed in Figure 5.1. 
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Figure 5.1. Flowchart of Matlab program for determining coil positions 
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To generate a range of responses for analysis, the flow rate through the test section 

and the pitch of the unloaded coil were chosen as the control variables in this study. 

Twenty-four flow rates were selected, as well as four coils with unique pitches. The 

matrix of tests run to cover all combinations is presented in Table 5.1. These tests 

were randomized to reduce the impact of noise factors from on the tests as suggested 

by Barker [51]. In this case, the large thermal mass of the water reservoir prevents the 

fluid temperature from reaching equilibrium over the course of a day. After a two-hour 

warm-up period, the measured temperature continued to increase over the course of 

testing, which directly affected fluid properties such as density and viscosity. To 

reduce the impact of this type of effect on the measured response variables, the test 

order was randomized with respect to the order of coils tested and the flow rates for 

each coil. 
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Table 5.1. Test matrix 

Coil Identifier A B C D 

Coil Pitch, Pd [in.] 0.162 0.145 0.129 0.113 

Flow rate [gpm] 

2.0 10.0 10.4 7.2 

8.4 3.0 5.6 9.6 

10.4 6.0 6.4 4.4 

9.2 9.2 2.4 2.4 

4.4 2.0 3.2 10.0 

6.0 2.8 9.2 3.6 

5.6 3.6 4.8 6.0 

10.0 10.4 2.8 10.4 

4.8 5.2 8.8 6.8 

9.6 7.2 4.0 5.6 

6.8 8.8 7.6 10.8 

4.0 4.4 11.2 3.2 

3.2 4.8 3.0 6.4 

7.2 6.4 9.6 8.8 

10.8 4.0 2.0 9.2 

8.0 7.6 6.0 11.2 

2.8 11.2 10.0 8.0 

8.8 3.2 8.4 3.0 

6.4 2.4 3.6 4.8 

5.2 6.8 7.2 5.2 

3.6 9.6 8.0 8.4 

7.6 8.4 5.2 2.8 

2.4 5.6 6.8 7.6 

11.2 8.0 4.4 2.0 

3.0 10.8 10.8 4.0 

 

A key response variable of these tests was the fundamental frequency of coil vibration. 

Equation (1) may be used to calculate S for each coil with its unique pitch between 

coil wires. As shown in Figure 2.2, S was expected to increase with decreasing pitch. 

The difference between the geometry of a square array of straight cylinders 

perpendicular to flow and a single helical coil changes this relationship slightly, with 

the inclination angle of the coil reducing the magnitude of flow perpendicular to the 

rod and with effects from its curvature, but the Strouhal number for these geometries 

were anticipated to be similar regardless. 
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Unlike previous studies, all tests were conducted on an uncompressed coil suspended 

from its ends in a fluid annulus. Without azimuthal supports along the length of the 

coil axis, the null case in Figure 2.4, the helical coil was free to deform and respond to 

flow. The magnitude of its dynamic response over flow rate was quantified to observe 

if the absence of these supports would permit instability.  

 

The tests were conducted by the following method. The water reservoir was first filled 

with water from the local municipal supply. The pump was started and water 

circulated through the bypass loop. A warm-up period of more than two hours brought 

the water temperature throughout the flow loop to equilibrium. After this warm-up 

period, flow was channeled through the test section to eliminate visible air bubbles. 

The pressure transducers were vented by partly backing out each sensor from its 

threaded connection and draining the now pressurized volumes of air. With the test 

section ready for operation, the bypass loop was closed and the flow rate set according 

to the tests of the currently installed coil. When the flow rate was steady, acquisition 

of pressure and temperature data through a National Instruments compact Data 

Acquisition (cDAQ) platform was started through a LabView program which ran for 

at least 7.0 minutes at a sampling rate of 20 Hz. During this time, a burst of images 

was taken using the high speed camera. The flow rate was set to the next value from 

Table 5.1 and the acquisition process repeated. This was continued for all flow rates of 

the current coil, and the entire process repeated for each coil. The resulting images 

were then analyzed using the Matlab script described in Figure 5.1 to reconstruct coil 

position and motion. 

 

Factors contributing to uncertainty in the measured position using this method include 

coil to sight glass concentricity, angular resolution, component dimensions, and 

refraction indices. The concentricity of the inner cylinder with respect to the outer 

sight glass has variability based on the structures controlling the relative positions 

between these components. This was controlled to within ± 0.018 inches based on the 

tolerances of the connecting parts as detailed in Appendix C. There was also a 
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tolerance of ± 0.016 inches for mounting the coil concentrically to the inner cylinder 

due to the fine thread adjustment to align the holder to the coil wire. Both of these 

tolerances lead to an axial offset between the coil and sight glass. Also, measurement 

uncertainties of the dimensions of the sight glass, focal lengths, and mean distance 

between the mirror and coil center could lead to error in the position measurement. 

The uncertainty in measuring the absolute radial position, σRp, can be quantified by,  
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The derivation of this and following relations in this section are included in Appendix 

A.  

 

Uncertainty in the relative position of a point between sequential images directly 

affects the observation of motion. The indices of refraction and relevant dimensions do 

not change over the short acquisition period. Only the uncertainty in the measurement 

of angular position is relevant to the change in radial position between two angles, Ω1 

and Ω2. This uncertainty is found by,  
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Using the values for uncertainty in Table 4.1, the uncertainty in relative radial position 

was ± 0.0030 inches in the X and Z directions for each point. 

 

The absolute uncertainty in the Y direction can be quantified similarly to equation 

(25),  
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The uncertainty in relative vertical positions between sequential measurements is 

calculated as the root-mean-square of the uncertainties in the vertical angles,  
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This uncertainty was within ± 0.0039 inches.  
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6. DISCUSSION OF RESULTS 

Figures 6.1 through 6.11 present results from matrix testing as described in Table 5.1. 

Temperature in the water reservoir and dynamic pressure drop across the test section 

are shown in Figures 6.1 and 6.2 respectively. A control test was performed without a 

coil in the test section and the results presented along with the test cases.  

 

 

Figure 6.1. Temperature variation versus Reynolds number 

 



 

 

49 

 

 

Figure 6.2. Dynamic pressure versus Reynolds number 

 

The variation in temperature in the bulk fluid due to the randomization of flow rates is 

clearly seen in Figure 6.1. Any coupled effect between temperature and the rate of 

flow appears as stochastic noise. The importance of the initial warm-up period is 

demonstrated by the large changes in temperature between tests for Coil A, which had 

a shorter warm-up period than the other tests. The temperature in the test section is 

directly heated by the pump before returning to the reservoir. The bulk fluid 

temperature in the reservoir slowly approaches the thermal equilibrium of the system. 

 

A clear relationship between dynamic pressure difference and flow rate is shown in 

Figure 6.2 as described in equation (23). The added form loss from the coils produces 

a higher pressure drop for these cases when compared to the control test. This pressure 

difference is small for low flow rates, but increases to approximately 0.3 psid at higher 

flows. 

 

Figure 6.3 displays a raw image of Coil A taken directly from the high speed camera 

and a processed image with edge locations mapped. The Matlab script outlined in 

Figure 5.1 applies a Hough transform to each image to locate the visible coil edges. 
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Centers of the resulting circles approximate the center of the coil wire being imaged. 

The locations of the center pixels are converted to position and saved for further 

analysis and geometry reconstruction. 

 

 
(a) 

 
(b) 

Figure 6.3. (a) Raw image, (b) image with edge center locations mapped 
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Figure 6.4 presents the vertical position of five measured points with respect to 

Reynolds number and the dynamic pressure across the test section for Coil A. Each 

position is averaged over 800 images taken at each flow rate. Vertical lines indicate 

the deflection of that point from its original position.  

 

 
 (a) (b) 

Figure 6.4. Vertical position versus (a) Reynolds number and (b) pressure 

 

The large deflections indicated by the height of the vertical lines in Figure 6.4 show 

how the lack of median supports allows for significant deformation due to drag force. 

There is a clear linear relationship between the dynamic pressure across the test 

section and vertical deflection. For constant coil stiffness, force is directly proportional 

to displacement. With a constant area exposed to flow, pressure is directly 

proportional to the drag force and thus vertical deflection in the central portion of the 

coil. The coil displacement in the median is greatest for the flow rates tested, leading 

to a tension in the upper section of the coil and a compression in the lower section. As 

flow rate is increased, this effect is also increased and may contribute to a slight 

change in the observed structural vibration frequency. 

 

The amplitudes of frequency spectra with respect to flow rates on the left and pressure 

difference on the right are presented in Figure 6.5. Plots are presented for each matrix 

test completed in order of decreasing coil pitch. Contours are shown on the base plane 

showing the relationship of high amplitude responses noted in adjacent spectra. 
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 (a) (b) 

Figure 6.5. Frequency amplitude spectra versus (a) flow rate and (b) pressure 
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All observed RMS vibration amplitudes were less than one tenth of the coil wire 

diameter. As pitch decreased, the amplitude of vibration subsided. The fundamental 

resonant response is observable in all plots of Figure 6.5. As anticipated from the 

pressure variations in the test section, the most consistent response around 58.9 Hz is 

due to the operation of the centrifugal pump. For Test Coil A, the second resonant 

vibration mode in low flow is observed in a Reynolds number range of 1,000 to 2,500. 

At this point the third mode is excited and dominates until flow reaches a Reynolds 

number of 4,000. At this flow, low frequency responses begin to dominate while the 

higher modes subside. Overall vibration response decreases beyond that point until the 

highest flow tested, where the low frequency responses subside and the second mode 

becomes dominant again. For Coils B, C, and D, a periodicity is observable with 

respect to flow rate. This is especially apparent in Figure 6.5 (a) for a pitch to wire 

diameter ratio of 1.6.  

 

This periodicity with respect to flow can also be seen in Figure 6.6, which displays the 

maximum amplitude of vibration at a given flow rate for each coil. Peaks from a few 

of the observed modes are identified. Notice that the vibration amplitude generally 

decreases as the pitch to diameter ratio is reduced, similarly to what was observed for 

compressed coils in Figure 2.5. Since the coils in these tests were not compressed but 

held at their free lengths, the decrease in amplitude in both tests shows a close relation 

between the pitch of the helical coil and its response regardless of its compressed state.  
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Figure 6.6. Overall response amplitude with respect to flow rate for test coils 

 

 

The lower frequency oscillations which appear to have a significant effect above a 

Reynolds number flow of 4,000 may have a number of contributing sources. At higher 

flow rates, the inner cylinder to which the coil mounts would vibrate. As a long 

cylinder supported at its ends and exposed to flow, this object is also subject to FIV. In 

the case of movement of the inner cylinder, measured change in position of the coil 

edge is due to the combined motion of the inner cylinder and coil. This motion was 

particularly noticeable above a Reynolds number of 6,000. The erratic motion of 

turbulent buffeting is an effect from flow which may also contribute to this motion to 

some extent, although this is usually only seen at higher flow rates. The consolidation 

of low frequency vibration into a response dominated by the first observed mode in 

the highest flow rate testing is worth noting, perhaps indicating that low frequency 

sub-harmonic motions were being excited. These frequencies are not well resolved 

with the settings of the current test, making the identification of particular sub-

harmonics difficult. However, the observed amplitude of these vibrations did not 

increase significantly with flow rate, suggesting that this is related to a vortex-

shedding phenomenon rather than FEI or turbulent buffeting.  

2
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 Mode 
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 Mode 

1
st
 Mode 
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Lock-in is found at the flow rate with the maximum amplitude of helical coil response. 

This is caused by resonance between the shedding of vortices and structural vibrations. 

The measured lock-in frequencies, the lock-in flow rate, and the resulting Strouhal 

number with respect to the coil wire diameter for the first two modes of each coil are 

shown compared to values from literature in Figure 6.7 and presented compared to the 

values estimated from preliminary calculations in Table 6.1. 

 

 

Figure 6.7. Comparison of measured lock-in Strouhal number to literature 

 

Table 6.1. Calculated and measured values for lock-in response 

Test 

Coil 
Mode 

Estimated 

Frequency 

[Hz] 

Measured 

Frequency 

[Hz] 

Estimated 

Reynolds 

Number 

Measured 

Reynolds 

Number 

Estimated 

Strouhal 

Number 

Measured 

Strouhal 

Number 

A 

1
st
 14.1 12.5 739 1,170 0.2 0.114 

2
nd

  28.1 27.6 1,478 1,760 0.2 0.179 

3
rd

  42.1 46.4 2,217 3,380 0.2 0.151 

B 1
st
 14.1 15.0 739 2,480 0.2 0.068 

C 1
st
 14.1 16.3 739 1,260 0.2 0.148 

D 1
st
 14.1 13.8 739 2,240 0.2 0.069 
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The Strouhal number calculated from measured lock-in frequency and flow rate using 

equation (1) is generally lower than that of a right cylinder as shown in Figure 6.7. 

Note that this is based on an inference from observing structural vibration; direct 

vortex shedding in the fluid was not observed. Aside from the significant geometric 

differences between the test coils and a right cylinder, such as inclination angle, 

curvature, and self-shielding from oncoming flow, it is notable that the outer surface 

of the wire was not a smooth surface. Also, a reduction in Stouhal number for reduced 

pitch in-line arrays of cylinders has been observed previously in one of a divergent 

pair of cases in literature as shown in Figure 2.2.  

 

Unlike the lock-in phenomenon, fluidelastic instability was not readily observed. This 

instability requires an interaction with surrounding structures. For these tests, the only 

body in the flow path was the test coil itself, and interactions between different parts 

of this coil did not result in any noticeable vibration. The flows in this test were 

sufficient to excite this FIV mechanism if it could occur as shown in Figure 2.3. These 

test coils, with no axial supports, required higher critical fluid velocities than 

anticipated in the numerical analysis shown in Figure 2.4.  

 

Four points were captured per full turn of each test coil. Using a cubic interpolation 

scheme, the points were used to reconstruct the three-dimensional shape of the coil 

visible to the camera as shown in Figure 6.8. This provides a means for qualitatively 

comparing the positions of the coil to those observed in the raw images. 
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Figure 6.8. Reconstructed geometry for Coil A 

 

The curve radius at the ends in the reconstructed coil geometry is exaggerated in 

Figure 6.8. This region is more difficult to interpolate since there are fewer 

surrounding points to use for the cubic interpolation scheme applied. It is more 

successful where it has a sufficient number of surrounding points. Variations in the 

pitch of the coils due to their method of manufacture are observable in the 

reconstructed geometry. 

 

Motion of coil geometry is depicted in Figures 6.9 through 6.11. Figure 6.9 describes 

the path of a single point over a period of eight oscillations. This path resembles an 

orbit mostly in the horizontal plane. Figure 6.9 shows the measured position traced out 

over time of a single point at the antinodes of the observed modes on Coil A. A 

circular orbit is traced mostly in the horizontal plane for the second mode, while the 

third mode has a greater vertical component. Figure 6.10 presents the horizontal mode 

shapes of the first two identified frequencies of Coil A for a column of edges. The 

vertical axis is plotted with respect to measured position while the horizontal axes are 

the displacement of each point from their average over that period. A cubic least-

squares fit line is traced through each set of points, and the frames are taken over a full 

period. The first mode shows a node in the middle of the coil, while the second mode 

has nodes above and below mid-plane. An exaggerated deformation of the three-

dimensional reconstruction of the helical coil vibrating in its second mode over a 

front view isometric view side view 
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single period is shown in Figure 6.11. Exaggeration as shown by the blue dashed lines 

was accomplished by multiplying the displacement of each point from its mean value 

by a factor of four. A dashed black line indicates the unexaggerated coil.  

 

 
(a) 

 
(b) 

Figure 6.9. Coil A single point motion in (a) 2
nd

 mode, (b) 3
rd

 mode 
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(a) 

 

(b) 

Figure 6.10. Coil A (a) second and (b) third transverse modes 
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 (a) (b) 

 
 (c) (d) 

Figure 6.11. Coil A in 2
nd

 mode over a single period, in order from (a) to (d) 

 

Figure 6.10 demonstrates this method’s capability to capture aggregate dynamic 

motion of the helical coil due to flow induced vibrations. Reconstructions observing 

detailed static and dynamic structural deformation are made possible, unlike previous 

single point observation methods such as the LDV method employed by Gesinski and 

Weiland [29]. This may be useful in identifying the locations where helical coil heat 

exchangers are most susceptible to damage, such as by fretting wear against supports 

or fatigue due to areas of increased stress.   
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7. CONCLUSION 

The objective of this research was to develop a method of characterizing the motion of 

a helical coil in an annulus subject to external axial flow of water. An experimental 

facility was designed and constructed to accomplish this using a high speed video 

camera. A series of tests was conducted to evaluate the method of characterizing the 

shape of a helical coil subject to external flow. Sequential images were acquired and 

processed using feature recognition functions in a Matlab script. The pixel values were 

then converted to position and the three-dimensional shape reconstructed. Position 

over time was analyzed to obtain vertical static deformation, overall frequencies, and 

modal shapes of motion response. The frequencies of excited modes increased with 

increasing flow rate, and the effect of lock-in was clearly seen. Uncertainty of position 

was quantified based on geometry and refractive indices. Capabilities to measure edge 

positions and reconstruct coil geometry from image sequences were demonstrated 

along with motion tracking and frequency analysis. Strouhal numbers were quantified 

for assuming lock-in between structural vibration and vortex shedding and compared 

to existing literature. Fluidelastic instability was not observed in the range of flows 

tested.  

 

The method developed in this paper for characterizing the motion of a helical coil in 

flow can be applied in the analysis of many other flows of interest to power plant heat 

exchanger elements with slight modifications to the experimental facility. Further 

work can be accomplished using the current test geometries to investigate the lock-in 

fluid-structure interaction, perhaps including adding seeding particles to the fluid to 

observe fluid motion. Results from this testing can be used to help validate numerical 

analyses of fluid dynamics and fluid-structure interactions.  The coil parameters, such 

as the mean coil diameter, wire diameter, material, and number of turns can be 

modified. For more radical changes to the test section, multiple adjacent or interwoven 

coils could be placed in the test section. Test elements could potentially be heated. 

This new method is a useful tool for investigating critical fluid-structure interactions 

in helical heat exchanger elements.  
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8. NOMENCLATURE 

PWR   – Pressurized Water Reactor 

FIV   – Flow Induced Vibration 

EFAP   – Enrico Fermi Atomic Power Plant 

S   – Strouhal number 

fs   – frequency of vortex shedding 

U   – time-averaged superficial velocity 

d   – helical coil wire diameter, characteristic length 

Re  – Reynolds number 

ρ   – density of fluid 

μ   – dynamic viscosity of fluid 

Vc   – critical velocity for fluidelastic instability 

fn   – modal frequency of a tube in an array 

ζn   – modal damping ratio of tube 

mt   – total mass per unit length 

β   – Connors’ constant 

SMART  – Systems-integrated Modular Advanced Reactor 

HTGR   – High Temperature Gas Reactor 

RMS   – root mean square 

LDV   – Laser Doppler Velocimetry 

LVDT   – linear variable differential transformers 

PIV   – Particle Image Velocimetry 

LDA   – Laser Doppler Anemometer 

L   – distance between axis of coil and point of observation 

LM  – virtual distance from coil axis to observation point in mirrored image 

O   – axis of helical coil 

E   – point of observation; focal point of camera 

RP   – radial position of coil edge 

RA   – internal radius of sight glass 

C   – offset between the axes of the helical coil and the sight glass 



 

 

63 

 

RB   – external radius of sight glass 

α   – angle of ray from sight glass through fluid 

β   – angle of ray from fluid through sight glass 

γ   – angle of ray from air through sight glass 

δ   – angle of ray from sight glass through air 

Ω   – observed horizontal angle between ray and centerline of coil 

nf   – index of refraction for fluid 

nw   – index of refraction of sight glass wall 

n0   – index of refraction of outside air 

Φ   – observed vertical angle 

y   – vertical position of edge with respect to mid-view of camera 

Lf   – horizontal length of ray through fluid 

Lw   – horizontal length of ray through sight glass wall 

φ
f   – vertical angle through fluid 

φ
w   – vertical angle through sight glass wall 

fc   – critical frequency of helical coil spring due to surging 

k   – structural stiffness 

m   – mass of structure 

G  – shear modulus 

D   – mean coil diameter 

N   – number of active turns 

ρc   – summed density of wire material and displaced fluid 

CD1
   – drag coefficient for an isolated straight circular cylinder 

CD2
   – drag coefficient for a straight circular cylinder in an in-line array 

∆p   – dynamic pressure drop across the coil 

COIL   – Camera-Observed and Instrumented Loop 

X   – horizontal axis in plane of direct view 

Y   – vertical axis 

Z   – horizontal axis in plane of mirrored view 

cDAQ   – compact data acquisition 
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σRp   – uncertainty in absolute radial position 

σn0   – uncertainty in refractive index of surrounding air 

σL   – uncertainty in length between coil axis and observation point 

σΩ   – uncertainty in observed horizontal angle 

σC   – uncertainty in axial offset between coil and sight glass 

Ω1   – observed horizontal angle in first image 

Ω2   – observed horizontal angle in second image 

σΔRp
   – uncertainty in change in radial position 

σy   – uncertainty in vertical position 

σnf
   – uncertainty in refractive index of fluid 

σLf
   – uncertainty in distance travelled by ray through fluid 

σLw
   – uncertainty in distance travelled by ray through sight glass wall 

σΦ   – uncertainty in observed vertical angle 

σΔy   – uncertainty in change in vertical position 
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10. APPENDIX A – UNCERTAINTY ANALYSIS 

To calculate the uncertainty of the measurement of radial position, an axial offset, C, 

between the coil axis and the center of the outer sight glass is added to the equation for 

radial position derived previously in equation (11).  

 sin0
P

f

n
R L C

n
    (11) 

Uncertainty can be found by applying the root-sum square method for uncertainty 

analysis developed by Moffat [49] assuming that the variables are independent.  
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Equation (29) can be applied to each variable in equation (11) to calculate the 

uncertainty in radial position,  
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First the partial differential equations are solved for each variable. 
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The uncertainty of radial position in terms of experimental parameters is then 

described by combining equations (30) through (34).  
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The uncertainty between two relative horizontal positions is calculated in a similar 

manner. The relative radial position is the difference between two measured positions 

of the same point at different times, RP1
 and RP2

.  

 
2 1P P PR R R    (35) 

Each position is defined in terms of its angle Ω1 and Ω2 respectively.  

  2 1sin sin0
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The uncertainty may then be solved for in terms of equation (29).  
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For images being taken in sequence, there is no appreciable change in the length and 

material index variables. This leaves the angle uncertainty as the last remaining terms. 

The partial differential equation is solved for each of these variables.  
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Equation (37) through (39) can be combined to calculate the uncertainty in the relative 

position of a point between two measurements.  
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The uncertainty in the vertical position can be calculated in a similar fashion. Equation 

(17) derived previously can be used directly since it is not influence by axial offset.  

 1 10 0
f w

f w

n n
y L L L

n n

    
              

  (17) 

Assuming the variables are independent, Equation (29) can be applied to define the 

uncertainty in the vertical direction.  
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 The partial derivatives may be replaced by their equivalent values.  
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Incorporating equations (41) through (45) into equation (40), the absolute uncertainty 

in vertical position can be obtained. 
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The uncertainty in vertical position between two measurements of the same point is 

found in the same manner used before for radial position. The change in the vertical 

position of a point in sequential images is the difference between each position, 

 2 1y y y   .  (46) 

The vertical position as derived earlier is directly related to vertical angle, 
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Combining these equations, change in vertical position can be given in terms of 

change in vertical angle,  
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The material indices and non-angular dimensions do not change in the sequential 

images. Therefore, the uncertainty of the change in vertical position is simply the root-

mean-square of the uncertainties of the vertical angles,  
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11. APPENDIX B – TABULATED RESULTS 

Reynolds Number (*10
3
) Temperature [°F] 

Control Coil A Coil B Coil C Coil D Control Coil A Coil B Coil C Coil D 

1.2236 1.1696 1.2602 1.2349 1.3035 91.442 87.0121 94.2283 92.3232 97.3178 

1.4983 1.5003 1.5038 1.4921 1.4872 93.364 93.4907 93.7053 92.9719 92.6629 

1.7524 1.7602 1.7565 1.7295 1.8243 93.6018 94.0164 93.8165 92.356 97.2898 

2.0405 1.8874 1.888 1.8479 1.9496 95.3334 94.087 94.1147 92.0927 97.0583 

2.3008 1.9872 2.0047 1.9899 2.0187 95.5401 92.8664 93.691 92.9969 94.3391 

2.5094 2.2373 2.2734 2.2234 2.2423 93.8223 92.9382 94.4355 92.3483 93.1494 

2.7505 2.4789 2.5117 2.4832 2.6060 93.489 92.6711 93.9095 92.8349 97.2831 

2.9791 2.6373 2.7825 2.7295 2.7226 92.8118 89.456 94.5668 92.7671 92.5251 

3.2582 2.93 3.0106 2.9783 3.1203 93.7064 91.2272 93.8008 92.7862 97.0868 

3.5277 3.2232 3.2871 3.2179 3.3830 94.2072 92.6911 94.5291 92.5347 97.157 

3.7691 3.3805 3.5059 3.4886 3.5181 93.9467 90.1522 93.6295 93.1635 93.9527 

4.0261 3.6082 3.7804 3.6976 3.7429 94.0797 89.7817 94.2259 92.1402 93.2936 

4.2393 3.9525 4.0087 3.9723 4.0437 93.2332 92.343 93.6739 92.8163 94.4854 

4.5612 4.2029 4.2993 4.2266 4.2625 94.7301 92.4194 94.5478 92.951 93.7473 

4.8301 4.4863 4.5471 4.4582 4.4273 95.0257 93.1842 94.4426 92.5915 91.9296 

5.0759 4.7381 4.7739 4.7189 4.9521 94.8729 93.2345 93.9413 92.852 97.2974 

5.1603 5.0171 5.055 4.9844 5.1894 91.8397 93.7899 94.4921 93.1777 96.8925 

5.5653 4.9449 5.3026 5.231 5.4710 94.5725 87.6734 94.4008 93.1309 97.2585 

5.8566 5.418 5.5223 5.4539 5.5827 95.1789 92.0498 93.8498 92.6782 94.8614 

6.1287 5.4942 5.7661 5.6753 5.9417 95.4404 89.0982 93.7331 92.2358 96.4964 

6.3113 5.9124 6.0446 5.9706 5.9251 94.3819 92.0809 94.1625 93.009 92.2838 

6.4685 6.0789 6.3065 6.1473 6.2148 93.0133 90.8287 94.3121 91.9036 92.9395 

6.6877 6.152 6.5033 6.4288 6.5032 92.5973 88.156 93.5193 92.4312 93.5171 

6.9072 6.7525 6.8328 6.7348 6.8001 92.2102 93.5056 94.6081 93.2588 94.1621 

 7.024 7.0427 6.9609 7.2517  93.7922 94.0405 92.9432 96.7253 
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Reynolds Number (*10
3
) Dynamic Pressure [psid] 

Control Coil A Coil B Coil C Coil D Control Coil A Coil B Coil C Coil D 

1.2236 1.1696 1.2602 1.2349 1.3035 0.0887 0.1005 0.1017 0.0876 0.0933 

1.4983 1.5003 1.5038 1.4921 1.4872 0.1305 0.1367 0.1439 0.1217 0.1223 

1.7524 1.7602 1.7565 1.7295 1.8243 0.1618 0.1803 0.1775 0.1565 0.1611 

2.0405 1.8874 1.888 1.8479 1.9496 0.1985 0.1949 0.184 0.1699 0.1833 

2.3008 1.9872 2.0047 1.9899 2.0187 0.2367 0.2157 0.2133 0.1983 0.1993 

2.5094 2.2373 2.2734 2.2234 2.2423 0.2996 0.2655 0.2635 0.2399 0.2434 

2.7505 2.4789 2.5117 2.4832 2.6060 0.3267 0.294 0.2966 0.2864 0.2716 

2.9791 2.6373 2.7825 2.7295 2.7226 0.3888 0.355 0.3486 0.339 0.3296 

3.2582 2.93 3.0106 2.9783 3.1203 0.4242 0.4054 0.4028 0.3971 0.3869 

3.5277 3.2232 3.2871 3.2179 3.3830 0.4953 0.4713 0.4593 0.4444 0.4356 

3.7691 3.3805 3.5059 3.4886 3.5181 0.5535 0.5313 0.5286 0.5226 0.489 

4.0261 3.6082 3.7804 3.6976 3.7429 0.6264 0.6014 0.5788 0.5894 0.5615 

4.2393 3.9525 4.0087 3.9723 4.0437 0.6918 0.6704 0.6701 0.6571 0.6224 

4.5612 4.2029 4.2993 4.2266 4.2625 0.795 0.7603 0.7301 0.7595 0.7163 

4.8301 4.4863 4.5471 4.4582 4.4273 0.8817 0.8519 0.8371 0.8431 0.8154 

5.0759 4.7381 4.7739 4.7189 4.9521 0.9946 0.9485 0.9375 0.9331 0.8904 

5.1603 5.0171 5.055 4.9844 5.1894 1.0748 1.0472 1.0458 1.0302 0.9897 

5.5653 4.9449 5.3026 5.231 5.4710 1.1874 1.1667 1.1422 1.16 1.0915 

5.8566 5.418 5.5223 5.4539 5.5827 1.2861 1.2802 1.2669 1.2652 1.2025 

6.1287 5.4942 5.7661 5.6753 5.9417 1.3969 1.411 1.3837 1.4062 1.3293 

6.3113 5.9124 6.0446 5.9706 5.9251 1.5394 1.5479 1.4976 1.5239 1.4444 

6.4685 6.0789 6.3065 6.1473 6.2148 1.6445 1.6846 1.6658 1.7066 1.5873 

6.6877 6.152 6.5033 6.4288 6.5032 1.7965 1.8008 1.8093 1.8295 1.7257 

6.9072 6.7525 6.8328 6.7348 6.8001 1.8467 1.9278 1.9449 1.9722 1.8713 

 7.024 7.0427 6.9609 7.2517  2.0858 2.0285 2.0508 1.9626 
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Reynolds Number 1,500 1,987 2,479 3,223 

Average Vertical Deflection of Edge [in.] 

-0.0138 -0.0223 -0.0322 -0.0582 

-0.0194 -0.0252 -0.037 -0.0653 

-0.0173 0.1536 0.1418 -0.0627 

-0.0206 -0.0275 -0.0378 -0.064 

-0.0176 -0.0262 -0.0377 -0.0676 

-0.018 -0.0262 -0.038 -0.0682 

-0.0185 0.1501 0.1409 -0.0672 

-0.0225 -0.0294 -0.041 -0.0692 

-0.0186 -0.0251 -0.0357 -0.0676 

-0.0185 -0.027 -0.0377 -0.0684 

-0.0182 0.1079 0.0981 -0.07 

-0.0211 -0.0312 -0.0413 -0.0725 

-0.0177 -0.0275 -0.0373 -0.0702 

-0.0186 -0.0264 -0.0392 -0.0709 

-0.0194 0.1079 0.0971 -0.071 

-0.0233 -0.032 -0.0438 -0.0735 

-0.0214 -0.0302 -0.042 -0.074 

-0.017 -0.0255 -0.0369 -0.0698 

-0.0182 0.1232 0.1105 -0.0679 

-0.018 -0.0289 -0.0412 -0.0712 

-0.0193 -0.0278 -0.0405 -0.0738 

-0.0188 -0.0298 -0.0412 -0.0741 

-0.0202 0.1126 0.1009 -0.0708 

-0.02 -0.0294 -0.0432 -0.0736 

-0.0207 -0.0305 -0.0443 -0.0761 

-0.0162 -0.0262 -0.0372 -0.0698 

-0.0171 0.1186 0.1072 -0.0702 

-0.0222 -0.0311 -0.0431 -0.0742 

-0.0202 -0.0299 -0.0423 -0.0734 

-0.0178 -0.0271 -0.0395 -0.07 

-0.0193 0.1517 0.1389 -0.0708 

-0.0219 -0.0297 -0.041 -0.0728 

-0.02 -0.0288 -0.0418 -0.0726 

-0.0175 -0.0265 -0.0352 -0.0675 

-0.0146 0.1374 0.1243 -0.0652 

-0.0212 -0.0306 -0.0417 -0.072 

-0.0204 -0.0299 -0.0397 -0.0716 
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Average Vertical Deflection of Edge [in.] 

-0.018 -0.0279 -0.0367 -0.0686 

-0.0154 0.1152 0.1065 -0.0612 

-0.0198 -0.0283 -0.0395 -0.0669 

-0.0202 -0.0282 -0.0378 -0.0695 

-0.0151 -0.0244 -0.0358 -0.0628 

-0.0152 0.1579 0.1474 -0.061 

-0.0187 -0.0285 -0.038 -0.0658 

-0.0195 -0.0268 -0.0369 -0.0653 

-0.0187 -0.0298 -0.0347 -0.0611 

-0.0151 0.1478 0.1372 -0.055 

-0.0164 -0.0253 -0.0348 -0.0595 

-0.017 -0.024 -0.0326 -0.0585 

-0.0151 -0.0228 -0.029 -0.0562 

-0.0143 0.1312 0.1205 -0.0531 

-0.0146 -0.0204 -0.0309 -0.0528 

-0.0164 -0.0241 -0.0326 -0.0571 

-0.0111 -0.0209 -0.026 -0.0508 

-0.0137 0.1387 0.1301 -0.0494 

-0.0146 -0.02 -0.0294 -0.0503 

-0.0144 -0.0213 -0.0298 -0.0511 

-0.014 -0.0211 -0.0273 -0.0461 

-0.0114 0.148 0.1396 -0.0417 

-0.0138 -0.0223 -0.0322 -0.0582 
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Reynolds Number 1,500 1,987 2,479 3,223 

Frequency [Hz] Amplitude [in.] 

1.2531 0.1622 0.2876 0.4012 0.3877 

2.5063 0.0909 0.2642 0.2337 0.5676 

3.7594 0.1173 0.1636 0.2108 0.5632 

5.0125 0.1218 0.1607 0.1562 0.4152 

6.2657 0.1052 0.173 0.1281 0.1999 

7.5188 0.1029 0.169 0.1868 0.2856 

8.7719 0.0981 0.2095 0.1958 0.1557 

10.0251 0.11 0.1862 0.2683 0.2919 

11.2782 0.1377 0.1954 0.1866 0.2001 

12.5313 0.1716 0.2767 0.2096 0.3711 

13.7845 0.1722 0.2171 0.2358 0.2594 

15.0376 0.2816 0.2076 0.2193 0.3133 

16.2907 0.1454 0.2273 0.1648 0.2073 

17.5439 0.1403 0.2697 0.1595 0.1556 

18.797 0.1663 0.267 0.1914 0.1514 

20.0501 0.1743 0.2762 0.2052 0.1072 

21.3033 0.1937 0.3376 0.2798 0.1031 

22.5564 0.2598 0.3842 0.28 0.0788 

23.8095 0.3309 0.4836 0.2709 0.0906 

25.0627 0.5278 0.6645 0.4595 0.2121 

26.3158 1.0595 1.0013 0.5876 0.1797 

27.5689 3.785 2.7113 0.957 0.4058 

28.8221 0.728 5.0489 3.8274 0.2135 

30.0752 0.406 1.4403 2.2988 0.7701 

31.3283 0.3094 0.7633 0.9799 0.4148 

32.5815 0.2058 0.5315 0.55 0.1438 

33.8346 0.165 0.3973 0.3997 0.1864 

35.0877 0.1468 0.3169 0.3196 0.1057 

36.3409 0.1298 0.2679 0.2646 0.1121 

37.594 0.1289 0.2532 0.2435 0.1294 

38.8471 0.1194 0.2191 0.2061 0.1571 

40.1003 0.1107 0.1912 0.1882 0.1519 

41.3534 0.1079 0.1784 0.1842 0.1673 

42.6065 0.0973 0.1768 0.1707 0.22 

43.8596 0.0943 0.1652 0.1724 0.4276 

45.1128 0.0969 0.2164 0.2438 0.6409 

46.3659 0.09 0.142 0.1618 3.0517 

47.619 0.0812 0.1253 0.1621 0.3545 

48.8722 0.0793 0.1279 0.135 0.1983 

50.1253 0.0856 0.1223 0.1238 0.1805 

51.3784 0.0786 0.1132 0.1092 0.1948 

52.6316 0.0965 0.0964 0.1192 0.1209 

53.8847 0.1327 0.1212 0.1131 0.1319 

55.1378 0.1363 0.1045 0.1134 0.1098 

56.391 0.1012 0.2026 0.1121 0.1169 



 

 

80 

 
57.6441 0.0769 0.1671 0.1155 0.1048 

58.8972 1.5603 1.2797 1.2385 1.4865 

60.1504 0.0856 0.1219 0.1138 0.1217 

61.4035 0.1114 0.1225 0.1576 0.1436 

62.6566 0.0753 0.0942 0.1181 0.106 

63.9098 0.0737 0.0948 0.1065 0.0792 

65.1629 0.071 0.1023 0.109 0.0929 

66.416 0.0735 0.0886 0.2898 0.0805 

67.6692 0.0692 0.0862 0.1014 0.0857 

68.9223 0.0728 0.0908 0.0929 0.0928 

70.1754 0.0752 0.0887 0.0797 0.075 

71.4286 0.0667 0.0854 0.1136 0.0932 

72.6817 0.0655 0.0907 0.1102 0.0988 

73.9348 0.0701 0.0824 0.0842 0.101 

75.188 0.067 0.0778 0.0867 0.0819 

76.4411 0.067 0.0771 0.0848 0.0904 

77.6942 0.0707 0.0796 0.0784 0.0936 

78.9474 0.0706 0.0844 0.0785 0.0899 

80.2005 0.0682 0.0805 0.0791 0.0716 

81.4536 0.0895 0.0808 0.0747 0.0728 

82.7068 0.0806 0.0826 0.0728 0.0661 

83.9599 0.0707 0.0765 0.0772 0.075 

85.213 0.0677 0.1323 0.0744 0.0616 

86.4662 0.0856 0.0843 0.082 0.0682 

87.7193 0.0598 0.0827 0.115 0.0704 

88.9724 0.0654 0.0854 0.084 0.0851 

90.2256 0.072 0.0704 0.071 0.1005 

91.4787 0.0645 0.0786 0.0705 0.1301 

92.7318 0.0703 0.0797 0.0766 0.1661 

93.985 0.0666 0.0786 0.08 0.0851 

95.2381 0.0667 0.0697 0.0799 0.0757 

96.4912 0.0656 0.0696 0.0728 0.0795 

97.7444 0.0683 0.0734 0.0693 0.0742 

98.9975 0.0636 0.0743 0.0716 0.0758 

100.2506 0.0626 0.076 0.0725 0.0661 

101.5038 0.0617 0.0655 0.0691 0.0659 

102.7569 0.0599 0.0755 0.0739 0.0656 

104.01 0.0624 0.0769 0.0709 0.0743 

105.2632 0.0572 0.0714 0.07 0.0806 

106.5163 0.0671 0.0694 0.0705 0.0711 

107.7694 0.0622 0.0803 0.0736 0.0756 

109.0226 0.0786 0.0773 0.0739 0.0772 

110.2757 0.0654 0.0702 0.0755 0.062 

111.5288 0.0649 0.0665 0.0636 0.0682 

112.782 0.0774 0.0824 0.0647 0.0761 

114.0351 0.075 0.0964 0.0684 0.0703 

115.2882 0.094 0.0918 0.0767 0.0793 
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116.5414 0.0735 0.0752 0.0758 0.0971 

117.7945 0.7359 0.7754 0.7522 0.7166 

119.0476 0.0851 0.0819 0.0721 0.0817 

120.3008 0.1441 0.1514 0.1618 0.185 

121.5539 0.0648 0.0653 0.0699 0.0745 

122.807 0.0652 0.0698 0.073 0.0719 

124.0602 0.0679 0.0668 0.0671 0.0618 

125.3133 0.0662 0.0724 0.0683 0.0698 

126.5664 0.0646 0.0681 0.062 0.0698 

127.8195 0.0675 0.0658 0.0644 0.0692 

129.0727 0.0599 0.0641 0.0655 0.0633 

130.3258 0.0697 0.0698 0.0671 0.0592 

131.5789 0.0648 0.0695 0.0723 0.0647 

132.8321 0.0662 0.0745 0.0676 0.0663 

134.0852 0.0615 0.0661 0.0655 0.0691 

135.3383 0.0672 0.0615 0.0699 0.0645 

136.5915 0.0645 0.0633 0.0654 0.0725 

137.8446 0.0731 0.0744 0.0676 0.0617 

139.0977 0.068 0.0607 0.0685 0.0713 

140.3509 0.0744 0.0623 0.0759 0.0581 

141.604 0.0677 0.0804 0.059 0.0584 

142.8571 0.0666 0.0725 0.0718 0.0627 

144.1103 0.0674 0.0758 0.0634 0.0704 

145.3634 0.0697 0.0676 0.0665 0.0627 

146.6165 0.0614 0.0645 0.0837 0.0646 

147.8697 0.0686 0.0682 0.0735 0.0653 

149.1228 0.074 0.068 0.0676 0.0665 

150.3759 0.064 0.0673 0.0651 0.0661 

151.6291 0.0582 0.0718 0.0691 0.0642 

152.8822 0.0608 0.0712 0.0736 0.067 

154.1353 0.0672 0.0676 0.0717 0.0614 

155.3885 0.0621 0.0679 0.0645 0.0637 

156.6416 0.0666 0.0638 0.071 0.066 

157.8947 0.0668 0.073 0.0696 0.0668 

159.1479 0.0645 0.0641 0.0733 0.0653 

160.401 0.0728 0.068 0.0645 0.0615 

161.6541 0.058 0.073 0.0655 0.0641 

162.9073 0.0658 0.0749 0.0597 0.0646 

164.1604 0.0666 0.0613 0.0662 0.0714 

165.4135 0.0665 0.0558 0.0664 0.0628 

166.6667 0.0646 0.0696 0.0623 0.0665 

167.9198 0.0641 0.0629 0.0667 0.0669 

169.1729 0.0625 0.0679 0.0661 0.067 

170.4261 0.0644 0.0777 0.0648 0.0713 

171.6792 0.0682 0.0693 0.0653 0.0634 

172.9323 0.0665 0.0651 0.0678 0.0648 

174.1855 0.0677 0.0747 0.0675 0.0674 
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175.4386 0.0671 0.0634 0.0635 0.0655 

176.6917 0.1592 0.1401 0.1479 0.1278 

177.9449 0.0597 0.0613 0.0641 0.0705 

179.198 0.0654 0.0707 0.0796 0.0736 

180.4511 0.0634 0.0698 0.0754 0.0629 

181.7043 0.0592 0.0709 0.0646 0.062 

182.9574 0.0626 0.062 0.074 0.0642 

184.2105 0.0618 0.0643 0.0657 0.0641 

185.4637 0.0614 0.0686 0.0682 0.0682 

186.7168 0.0674 0.067 0.0685 0.0596 

187.9699 0.0645 0.0632 0.065 0.0588 

189.2231 0.0628 0.0634 0.0679 0.0603 

190.4762 0.0624 0.0698 0.064 0.0598 

191.7293 0.0734 0.0621 0.0661 0.0626 

192.9825 0.0648 0.065 0.0672 0.0632 

194.2356 0.0678 0.064 0.0654 0.0669 

195.4887 0.0681 0.068 0.0597 0.0637 

196.7419 0.0634 0.0728 0.0686 0.0652 

197.995 0.0669 0.0655 0.0655 0.0644 

199.2481 0.065 0.069 0.0681 0.0665 

200.5013 0.07 0.0626 0.0649 0.0623 

201.7544 0.0639 0.0624 0.064 0.0613 

203.0075 0.059 0.076 0.069 0.0596 

204.2607 0.0638 0.0733 0.0701 0.0616 

205.5138 0.0691 0.0752 0.0684 0.0578 

206.7669 0.0678 0.0626 0.0682 0.0654 

208.0201 0.0637 0.0648 0.0647 0.0657 

209.2732 0.0656 0.0616 0.06 0.0586 

210.5263 0.0616 0.0644 0.0664 0.0625 

211.7794 0.0654 0.0652 0.0661 0.0652 

213.0326 0.0618 0.0682 0.064 0.0677 

214.2857 0.0632 0.0645 0.0653 0.0663 

215.5388 0.0605 0.0688 0.0676 0.0614 

216.792 0.0626 0.0654 0.0654 0.0602 

218.0451 0.0618 0.0663 0.0619 0.0661 

219.2982 0.0672 0.0667 0.0642 0.0607 

220.5514 0.0644 0.0623 0.0662 0.0613 

221.8045 0.0683 0.0624 0.0673 0.0562 

223.0576 0.0663 0.0716 0.0659 0.0612 

224.3108 0.0611 0.0596 0.0588 0.0595 

225.5639 0.0648 0.0707 0.0588 0.0676 

226.817 0.0778 0.0566 0.0655 0.0705 

228.0702 0.0713 0.0657 0.0591 0.0655 

229.3233 0.0674 0.0682 0.0641 0.0657 

230.5764 0.0636 0.0663 0.0651 0.0637 

231.8296 0.0668 0.0655 0.0703 0.0633 

233.0827 0.064 0.0659 0.0684 0.0634 
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234.3358 0.0622 0.0641 0.0725 0.0669 

235.589 0.0665 0.0732 0.0674 0.0668 

236.8421 0.0637 0.0717 0.0579 0.0619 

238.0952 0.0639 0.0622 0.0664 0.0601 

239.3484 0.0635 0.0731 0.0572 0.0646 

240.6015 0.0613 0.065 0.0667 0.067 

241.8546 0.0642 0.0617 0.0574 0.0629 

243.1078 0.0673 0.0671 0.0586 0.0632 

244.3609 0.0649 0.0615 0.0658 0.0671 

245.614 0.0609 0.0633 0.0683 0.0639 

246.8672 0.0622 0.0701 0.0679 0.0631 

248.1203 0.063 0.0672 0.0662 0.065 

249.3734 0.0611 0.0684 0.0674 0.0583 

250.6266 0.0621 0.0714 0.0592 0.0634 

251.8797 0.0594 0.0607 0.062 0.0593 

253.1328 0.0629 0.0596 0.0674 0.0636 

254.386 0.0638 0.0646 0.0606 0.0628 

255.6391 0.0668 0.0636 0.073 0.0637 

256.8922 0.0696 0.0649 0.0623 0.0629 

258.1454 0.0651 0.0655 0.0612 0.0598 

259.3985 0.0703 0.062 0.0657 0.0662 

260.6516 0.0622 0.06 0.0647 0.0563 

261.9048 0.0607 0.0603 0.0666 0.0563 

263.1579 0.0657 0.0698 0.068 0.0581 

264.411 0.0691 0.0635 0.0673 0.0622 

265.6642 0.0642 0.0631 0.065 0.062 

266.9173 0.071 0.068 0.0667 0.0617 

268.1704 0.0612 0.0646 0.0674 0.0629 

269.4236 0.0636 0.0662 0.0606 0.0627 

270.6767 0.0604 0.062 0.0664 0.0654 

271.9298 0.0664 0.0646 0.062 0.065 

273.183 0.0677 0.0705 0.0643 0.0594 

274.4361 0.0586 0.0639 0.0706 0.0617 

275.6892 0.0627 0.0634 0.0571 0.0647 

276.9424 0.0618 0.0645 0.0732 0.0592 

278.1955 0.0667 0.0658 0.0677 0.0581 

279.4486 0.06 0.0649 0.0562 0.064 

280.7018 0.0603 0.065 0.0624 0.0684 

281.9549 0.0574 0.061 0.0618 0.0683 

283.208 0.0599 0.0733 0.0672 0.0564 

284.4612 0.0633 0.0684 0.0653 0.063 

285.7143 0.066 0.062 0.0613 0.0629 

286.9674 0.061 0.061 0.0676 0.0588 

288.2206 0.0652 0.0655 0.0642 0.0657 

289.4737 0.0585 0.0646 0.0751 0.0628 

290.7268 0.0671 0.0657 0.061 0.0712 

291.9799 0.0654 0.0586 0.0698 0.0601 
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293.2331 0.0629 0.0626 0.0665 0.0667 

294.4862 0.0674 0.0608 0.0693 0.0628 

295.7393 0.0593 0.0654 0.0651 0.0648 

296.9925 0.0638 0.0643 0.0665 0.0626 

298.2456 0.0631 0.0653 0.073 0.0593 

299.4987 0.056 0.0663 0.063 0.0646 

300.7519 0.0634 0.0617 0.0654 0.0659 

302.005 0.0594 0.0732 0.0677 0.0638 

303.2581 0.0657 0.0649 0.0663 0.0604 

304.5113 0.0586 0.0702 0.0632 0.0646 

305.7644 0.0657 0.0664 0.0629 0.0649 

307.0175 0.0617 0.0632 0.0692 0.0636 

308.2707 0.0699 0.0597 0.0637 0.0612 

309.5238 0.0596 0.0648 0.0669 0.0631 

310.7769 0.063 0.0717 0.0655 0.0617 

312.0301 0.0609 0.0609 0.0606 0.0607 

313.2832 0.0608 0.0712 0.0637 0.0653 

314.5363 0.0529 0.0706 0.068 0.0608 

315.7895 0.062 0.0547 0.0585 0.0635 

317.0426 0.0652 0.0593 0.0627 0.0642 

318.2957 0.0656 0.0615 0.0589 0.0588 

319.5489 0.0588 0.0621 0.0648 0.0606 

320.802 0.059 0.0614 0.0592 0.0651 

322.0551 0.0698 0.0599 0.0687 0.0647 

323.3083 0.0697 0.0669 0.0693 0.0648 

324.5614 0.0675 0.0652 0.0658 0.0639 

325.8145 0.0672 0.0567 0.0683 0.0611 

327.0677 0.0664 0.062 0.0644 0.0675 

328.3208 0.0643 0.0617 0.0678 0.0682 

329.5739 0.0635 0.0656 0.0624 0.0594 

330.8271 0.0631 0.0683 0.0627 0.0604 

332.0802 0.0637 0.0644 0.0668 0.0636 

333.3333 0.0626 0.0778 0.0653 0.066 

334.5865 0.062 0.0646 0.0611 0.0637 

335.8396 0.0679 0.061 0.0659 0.0639 

337.0927 0.0649 0.0644 0.0602 0.0661 

338.3459 0.0627 0.0647 0.0566 0.0621 

339.599 0.0588 0.0597 0.0602 0.068 

340.8521 0.0612 0.0627 0.0604 0.0594 

342.1053 0.0617 0.0659 0.0638 0.0583 

343.3584 0.055 0.0667 0.0619 0.065 

344.6115 0.062 0.0624 0.0666 0.0597 

345.8647 0.0597 0.0627 0.0635 0.0674 

347.1178 0.0605 0.0664 0.0657 0.058 

348.3709 0.06 0.0664 0.0642 0.0612 

349.6241 0.0667 0.0633 0.0669 0.0607 

350.8772 0.065 0.0645 0.0572 0.0602 
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352.1303 0.0634 0.0698 0.0733 0.0608 

353.3835 0.0613 0.0657 0.0662 0.0672 

354.6366 0.0666 0.0686 0.0608 0.0617 

355.8897 0.0664 0.0629 0.0663 0.0615 

357.1429 0.0623 0.0641 0.0697 0.0673 

358.396 0.0566 0.0655 0.0586 0.0604 

359.6491 0.0659 0.0626 0.066 0.0654 

360.9023 0.0667 0.0624 0.0593 0.0648 

362.1554 0.0558 0.0627 0.0643 0.064 

363.4085 0.0604 0.0649 0.0681 0.0581 

364.6617 0.0625 0.0689 0.0596 0.0651 

365.9148 0.0624 0.0665 0.0621 0.0583 

367.1679 0.0631 0.0644 0.0639 0.0713 

368.4211 0.0642 0.0626 0.0609 0.0702 

369.6742 0.0585 0.0719 0.0605 0.0628 

370.9273 0.0601 0.0647 0.065 0.0609 

372.1805 0.0635 0.0637 0.0712 0.0626 

373.4336 0.0675 0.0545 0.0626 0.0591 

374.6867 0.0685 0.0658 0.0605 0.0669 

375.9398 0.0605 0.0614 0.0628 0.0606 

377.193 0.0693 0.0655 0.0636 0.0613 

378.4461 0.0709 0.0705 0.0627 0.0649 

379.6992 0.0673 0.0621 0.0667 0.0626 

380.9524 0.0644 0.0669 0.0663 0.0653 

382.2055 0.064 0.064 0.065 0.0657 

383.4586 0.068 0.0702 0.0609 0.0656 

384.7118 0.0582 0.0583 0.0658 0.0594 

385.9649 0.065 0.0634 0.0595 0.0637 

387.218 0.0615 0.0573 0.0594 0.0693 

388.4712 0.0671 0.0664 0.0585 0.0635 

389.7243 0.0595 0.0709 0.0632 0.06 

390.9774 0.0657 0.0588 0.0657 0.0599 

392.2306 0.0634 0.0634 0.0651 0.0612 

393.4837 0.0634 0.0623 0.0625 0.0633 

394.7368 0.0636 0.0559 0.0611 0.0665 

395.99 0.066 0.0609 0.0695 0.0655 

397.2431 0.0614 0.0658 0.0578 0.0669 

398.4962 0.0635 0.0614 0.0607 0.0619 

399.7494 0.0689 0.0621 0.0649 0.065 

401.0025 0.0619 0.0644 0.061 0.0671 

402.2556 0.0629 0.0663 0.0644 0.065 

403.5088 0.0634 0.0624 0.0635 0.0588 

404.7619 0.0611 0.0648 0.0654 0.0633 

406.015 0.0615 0.0584 0.0595 0.0627 

407.2682 0.0603 0.0617 0.0651 0.066 

408.5213 0.0604 0.0654 0.0611 0.0606 

409.7744 0.0542 0.0681 0.059 0.0558 
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411.0276 0.0648 0.0655 0.0641 0.0676 

412.2807 0.0649 0.0599 0.0667 0.066 

413.5338 0.0645 0.0631 0.0612 0.0644 

414.787 0.0664 0.0626 0.0646 0.0641 

416.0401 0.0608 0.0601 0.0706 0.0641 

417.2932 0.0635 0.0649 0.0595 0.0669 

418.5464 0.0582 0.0628 0.0591 0.0577 

419.7995 0.0675 0.0638 0.0659 0.0613 

421.0526 0.0604 0.0573 0.0658 0.067 

422.3058 0.0605 0.0661 0.0646 0.0615 

423.5589 0.0636 0.0645 0.0591 0.062 

424.812 0.0645 0.0704 0.0696 0.0645 

426.0652 0.0634 0.0685 0.0585 0.057 

427.3183 0.0609 0.06 0.0629 0.0621 

428.5714 0.0625 0.0663 0.0608 0.0653 

429.8246 0.0583 0.0609 0.0658 0.0667 

431.0777 0.0568 0.0589 0.0678 0.0594 

432.3308 0.0709 0.0587 0.0613 0.061 

433.584 0.0601 0.0676 0.0587 0.0676 

434.8371 0.0659 0.0622 0.0627 0.0658 

436.0902 0.0614 0.0639 0.0614 0.0675 

437.3434 0.0657 0.067 0.0614 0.0639 

438.5965 0.0694 0.0623 0.0595 0.0607 

439.8496 0.0637 0.0641 0.0616 0.0577 

441.1028 0.0669 0.0596 0.0626 0.0644 

442.3559 0.0685 0.0665 0.0624 0.0612 

443.609 0.0645 0.0597 0.0654 0.0592 

444.8622 0.0645 0.0661 0.0666 0.0627 

446.1153 0.0609 0.0718 0.0664 0.0574 

447.3684 0.0611 0.0637 0.0692 0.0631 

448.6216 0.0682 0.0618 0.0647 0.0595 

449.8747 0.0669 0.066 0.0651 0.0594 

451.1278 0.0638 0.0653 0.0645 0.0627 

452.381 0.0684 0.0679 0.0638 0.0626 

453.6341 0.0694 0.0642 0.0632 0.0623 

454.8872 0.0603 0.0628 0.0603 0.0631 

456.1404 0.0611 0.0643 0.0607 0.0588 

457.3935 0.0648 0.0669 0.065 0.0672 

458.6466 0.0618 0.0635 0.0599 0.0612 

459.8997 0.0649 0.0607 0.0624 0.062 

461.1529 0.057 0.0665 0.0641 0.0638 

462.406 0.0675 0.0618 0.0653 0.0532 

463.6591 0.0596 0.064 0.0639 0.066 

464.9123 0.0653 0.0578 0.0619 0.0627 

466.1654 0.0632 0.06 0.0586 0.0634 

467.4185 0.0569 0.0698 0.0605 0.0662 

468.6717 0.0594 0.0616 0.0644 0.0597 
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469.9248 0.0612 0.0716 0.0601 0.0644 

471.1779 0.0651 0.0674 0.0627 0.0616 

472.4311 0.0615 0.0679 0.0635 0.066 

473.6842 0.0628 0.072 0.0662 0.0675 

474.9373 0.0645 0.0623 0.0595 0.0604 

476.1905 0.06 0.0592 0.065 0.065 

477.4436 0.0618 0.0647 0.0616 0.0617 

478.6967 0.0688 0.0626 0.0616 0.0659 

479.9499 0.0673 0.0612 0.063 0.0585 

481.203 0.0644 0.0671 0.0608 0.0594 

482.4561 0.0639 0.0639 0.0601 0.0627 

483.7093 0.0632 0.071 0.062 0.0665 

484.9624 0.0711 0.0662 0.0626 0.0579 

486.2155 0.0669 0.0679 0.0623 0.0667 

487.4687 0.0618 0.0695 0.0618 0.0647 

488.7218 0.0615 0.068 0.0619 0.0671 

489.9749 0.0619 0.0616 0.0568 0.0606 

491.2281 0.0628 0.0633 0.0618 0.0572 

492.4812 0.0665 0.0648 0.0654 0.0634 

493.7343 0.0724 0.0597 0.0686 0.0632 

494.9875 0.057 0.0577 0.0589 0.0634 

496.2406 0.0591 0.0618 0.0599 0.0602 

497.4937 0.0656 0.0692 0.0562 0.0612 

498.7469 0.0667 0.0679 0.0697 0.0691 

500 0.0613 0.0658 0.0644 0.0677 
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12. APPENDIX C – DRAWINGS OF FACILITY 
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