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INTRODUCTION

Benders' Decomposition is an attractive approach for solving some mixed

variable	 programming	 problems.	 This bulletin	 documents	 a	 computer

implementation of the Benders' decomposition algorithm to solve mixed integer

nonlinear programs.	 The algorithm is developed for use within the MINOS

(Murtaugh and Saunders) nonlinear programming package to solve mixed integer-

linear or mixed integer-nonlinear programming problems. The implementation is

written in FORTRAN 77. making it transportable between computers. The types of

problems to which the algorithm best applies are discussed in the section on

accelerating convergence. The order of presentation in this publication is as

follows:

(1) The theory behind Benders' Decomposition is reviewed. Simultaneously.

a brief explanation of the algorithm and the economic intuition behind

the solution process is presented

(2) The algorithm implementation within MINOS is outlined

(3) Examples applying the algorithm are presented for small problems

(4) The computer implementation is documented

(5) Discussion is provided on techniques that can be used to improve solu-

tion time.

The computer code required to implement this approach within MINOS is

available on MSDOS 5.25-inch diskette for a nominal fee by writing

B.A. McCarl

Dept. of Agricultural Economics

Texas A&M University

College Station. TX 77843-2124

Users should have a MINOS 5.0 or later version license.

THE THEORY OF BENDERS' DECOMPOSITION

Benders' Decomposition permits the decomposition of a difficult-to-solve

problem into component parts that often can be more readily solved. Assume an

original mixed integer (zero-one type) nonlinear programming problem of the
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form:

Maximize

X,Y,Z

Subject to

C X + G(Y) + C
2
Z1

A
1
X	 5 b

I

A
2
X + H(Y) + A

3Z 5 b 2

J(Y)	 A 4Z 5 b 3

X	 E (0,1)

Y,	 Z Z 0
where

X	 is a vector of (0,1) integer variables.

C
1	is a vector of objective function coefficients for the X variables.

A
1	is a matrix of constraint coefficients for the X variables in con-

straints containing only X variables.

A
2	is a matrix of constraint coefficients for the X variables in con-

straints linking X, Y and Z variables.

Y is a vector of nonnegative real variables which contains nonlinear

terms in either the objective function or the constraints. The set

Y may be null, but either Y or Z must exist for the procedure to
function.

G(Y) is a nonlinear (or possibly linear) function involving the Y varia-

bles in the overall objective function.

H(Y) is a set of nonlinear (or possibly linear) functions involving the Y

variables that appear in constraints linking X, Y and Z variables.
Either H(Y) or A

3 must exist for this procedure to work.

J(Y) is a set of nonlinear (or possibly linear) functions involving the Y

variables in constraints containing only the Y and Z variables.

Z	 is a vector of non-negative real variables that appear in the problem
in a linear fashion. This vector may be null, but either Y or Z

must exist for the program to work.

C
2	is a vector of objective function coefficients for the Z variables.

A
3	is a matrix of constraint coefficients for the Z variables in the

constraints linking the X, Y and Z variables. Either H(Y) or A
3

must exist for this procedure to work.

A
4	is a matrix of constraint coefficients for the Z variables in the

constraints which contain only the Y and Z variables.

b
I	is a vector of resource endowments for constraints containing only X
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variables.

b 2
	is a vector of resource endowments for constraints linking the X, Y

and Z variables.

b 3
	is a vector of resource endowments for constraints containing only Y

and Z variables.

This problem will henceforth be referred to as the original problem. The

problem is characterized by (1) the presence of the integer variables (X). and

(2) linearly separable functions between the integer and real variables. To

simplify the problem, suppose the integer variables were fixed at some level

X. The original problem then reduces to:

Maximize G(Y) + C 2Z + C1X

Y, Z

Subject to H(Y) + A 3Z 5 b 2
 - A 2X

J(Y) + A4Z 5 b 3

Y. Z 2 0

This reduced problem (henceforth referred to as the subproblem) has a cor-

responding dual [Balinski and Baumol; Polito].

Minimize 7[b 2 - A 2X - H(Y)] + A[b 3 - J(Y)] - Y[VG(Y) - 7VH(Y) - AVJ(Y)]

Y.7,A

Subject to 7VH(Y)	 + AVJ(Y) 2 VG(Y)

7A3	+ AA4	C2

Y, 7, A	 2 0

where: 7 is the dual variable associated with the constraints containing real
and integer variables.

A is the dual variable associated with the constraints containing only

real variables.

VG(Y) is the gradient of G(Y).

VH(Y) is the gradient of H(Y).

VJ(Y) is the gradient of J(Y).

If an optimum solution exists for the primal of the subproblem. an
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optimal set of Y, 7 and A values can be identified, all solution values being

dependent on R. The dual objective function will also match that identified

for the primal problem. Thus, the dual subproblem can be substituted for the

primal subproblem in the original problem as follows:

Maximize

.Y

C1X +	 I Minimize [G(Y)+-: [b
2 -A 2X-H(Y)]+A [b 3 -J(Y)]- Y[VG(Y) - 7vH(Y) - AVJ(Y

Y 

Subject to	 7VH(Y) + A VI(Y) 2 VG(Y)

7A 3 	+ 4 	 2 C 2

7 A Y	 2 o

Subject to

AXS b
1	 1

X a (0,1)

This problem is maximized over X, Y, 7, and A.

Substituting Q for the dual subproblem yields

Maximize	 + Q

X •7,A,Q

Subject to
	

A 1 X	 5 b 1

Q 5 W(X,Y,7,A)

X6(0,1)	 Y,7,A E (feasible region)

Q is unbounded.

Where W(X,Y.7	 ) •	 [b 2 - A 2 X] + A b 3 + Minimum [G(Y) - 711(Y)	 A.1(Y) - Y[VG(Y) - 7vH(Y) - ay.1(Y)])
Y,7

This formulation is known as the master problem. Restricting Y, 7, and A to

those values that satisfy all subproblem constraints allows us to explicitly

drop the subproblem constraints from the model. Although in theory the formu-

lation will produce an optimal solution, it is in fact an intractable model.

since an infinite number of W(X,Y,7,A) solutions exist. The key to Benders'

Decomposition is to identify a relevant subset of W(X,Y,7,A) values that

will lead us to the optimum solution.

To demonstrate how these relevant constraints might be identified, we de-

fine V(X i ) as being equal to the value of objective function of subproblem i.
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So,

V(X i ) = Minimum (G(Y i ) + 7 i (b 2 - A 2 X i - H(Yd) + A i [b 3 - Hy] - Y i [VG(Y i ) - r i vH(Y i )

- A is7J(H)))

Yi,7i,Ai

where Y	 'Y i' and A i
 are the optimal dual variables for X. The equation can

be rewritten as

V(X i )=7	 iA2Xi+A i b 3+Minimize IG(Y i )-7 i H(Y i )- A i i(Ydr i [vG(Y.)-xivH(Yd-Aivj(H)))
Y i .A 7i,i

substituting this result into W(X,Y i ,7 1 ,A i ) gives us

W(X,Y i ,7 i ,A i )	 71b2 - 7 i A 2X + A i b 3 + V(X i ) - 7 1 b 2 + 7 i A 2 X i - Aib3

W(X,Y i ,7 i ,A i )	 -7iA2X + V(X i ) + 7iA2Xi

The new master problem becomes

Maximize	 C 1 X + Q

X,Q

Subject to	 A X1	
5 b 1

7 i A 2X + Q 5 V(X 1 ) + 7iA2Xi	 i=1,	 m: m < P

X	 E (0,1). Q is unbounded.

The subproblem is optimized for each X specified. with the resultant dual var-

iables used to create a corresponding constraint (7 i A2X+Q 5 V(X 1 ) + 7 1 A 2X 1 . known

as a Benders' cut) in the master problem. Through this problem new values of X

are chosen. The subproblem solution is optimal for the X set used in creating

—*
the problem, but is not optimal unless X is the optimal set of X values (X ).

The i th subproblem objective value plus the associated C 1
X term from the mas-

ter problem solution evaluated at X represents a conservative estimate of the

original problem optimal solution (a lower bound). A nondecreasing set of low-

er bounds can be generated by taking the larger of the previously found lower

bound and the current lower bound.

Each master problem solution, on the other hand, represents an optimistic

estimate (upper bound) of the original problem solution. The Benders' cuts
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provide an approximation of the subproblem objective function value for dif-

ferent sets of X's in solution. The approximation may be inaccurate, unless

the range over which the 7
i dual variables hold is less than the correspon-

ding coefficients within the A 2 matrix. Nevertheless, each cut provides some

information about the influence of each X j on the problem solution. The iter-

ative "testing" of different sets of X vectors generates 7 and A values that

help the master problem "learn" about the problem and, eventually, leads to

identification of the optimal X vector. As Benders' cuts are added to the mas-

ter problem, the objective function (which is an upper bound on the original

problem optimal solution) is monotonically decreasing. When the optimistic and

conservative bounds converge, the optimal solution original problem is repre-

sented as the subproblem solution which generated the last conservative bound,

combined with the set of X values which generated that solution.

The Benders algorithm as implemented is:

Step 1.

Step 2.

Step 3.

An initial vector for X is input. Initial values for the optimistic

and conservative bounds are set, as is the convergence tolerance (C)
and iteration number (M = 0). The initial optimistic bound is 00 for a
maximization problem, -co being the corresponding conservative bound.

The initial subproblem is solved after adjusting the subproblem to
reflect the X vector's impact on constraint right hand sides.

The subproblem objective function plus C 1 X is compared to the previ-
ous conservative bound. If this sum represents an improvement over

the previous conservative bound, it becomes the new conservative
bound. The current X and associated subproblem solutions are saved
as the incumbent solution. The difference between conservative and

optimistic bounds is then compared to the convergence tolerance (C).
If bound difference is less than or equal to C, go to Step 7.	 If
not, the iteration number is incremented by 1 and a new Benders' cut

is formed, which is then added as another constraint in the master
problem.

Step 4.	 The master problem is solved.

Step 5. The master problem objective function value becomes the new optimis-

tic bound. The bounds are again checked for problem convergence. If

the difference is less than or equal to the tolerance, go to Step 7.
If not, the b 2 - A 2 R i right hand side in the subproblem is computed
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based on the new master problem solution.

Step 6.	 The subproblem is solved given the X solution from Step 4. One then

returns to Step 3.

Step 7. The dual variables are calculated for the optimal solution. The in-
cumbent solution from Step 3 is then printed and the procedure ter-

minated.

Example Problem

An example may aid in gaining a better understanding of the decomposition •

solution process. Assume a risk-averse farmer is interested in identifying how

many acres of cotton and sorghum he should produce on his 200-acre farm.

Complicating his decision is the government farm program in which he may want

to participate. Assume the program requires a farmer interested in participa-

ting for a single crop to participate on all acres planted to that crop and to

also participate on all acres planted to other government-supported crops on

that farm. What combined crop mix-program participation strategy will maxi-

mize his utility in an E-V [Freund] sense?

A mixed integer-nonlinear programming problem which addresses a form of

this question	 is

Maximize	 C'Y

X,Y

-	 (r/2)	 Y'SY

Subject	 to	 X 1 +	 X 2
1

-210X1 +
11

4.
Y 12

5 0

-210X 2
+	

Y2121 Y 2222
5 0

Y 11 + Y12 
+	 y

21	
+ Y 22 5 200

12Y 11 + 6Y 12 +	 15Y21	+
8Y22

5 2500

X 1. X 2	 C	 (0.1) Y 11. Y 12.	 Y 21.
Y22

0
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where

	

400	 60	 200	 36

	

60	 225	 38	 135

	

200	 38	 625	 68

	

36	 135	 68	 324

where C is a vector of net returns (in dollars); S is a covariance matrix of

net returns (in dollars); X 1 and X 2 represent participation and non-participa-

tion, respectively, in the government farm program; Y 11 and Y 12 represent

cotton and sorghum produced under the program; Y 21 and Y22 represent the same

crops produced outside the program; and r represents the farmer's degree of

risk aversion (0.00056).

The iterative solution using the above algorithm is as follows.

Step 1. Set the initial parameters

Conservative Bound	 -co

Optimistic Bound

Iteration Number (M)	 0

Tolerance Level (E) = 0

The initial integer solution is X 1 = 1, X 2 = 0
(i.e., participation in the government program)

Step 2. The initial subproblem becomes

Maximize	 C'Y - (r/2) Y'SY
Y

Subject to	 Y
11 + Y 12
	 5 210

	

Y
21 + Y22	

5	 0

Y 11 + Y 12 5 200+ y
21 

+ y
22

	

12Y 11 + 6Y 12 + 15Y21 + 8Y22	 5 2500

Y
11 '

	

	 Y 12 ' 2	 0Y 21 ' Y22

Solving this subproblem yields the solution

C
	

60
	

Y =
	

Y 11

20
	

Y
12

30
	

Y
21

40
	

Y
22
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Objective = 7520

Y 11	 = 200
	 Y21 = 0
	 71 = 0	 AI = 15.20

Y12 
= 00	 72 = 20.77	 A2 = 0Y22 '

Step 3. Adding the integer component of the master problem objective function

gives the resulting subproblem solution

0 + 7520 = 7520

Conservative Bound = max (- co. 7520) = 7520

Optimistic Bound
	 = + co

The latest subproblem solution becomes the incumbent solution and is

saved. Because the difference between conservative and optimistic

bounds is larger than C. a Benders' cut must be generated and the

master problem solved. The iteration number is incremented to 1 and

a Benders' cut formed.

QS7520-(0)(-210)(X1)-(20.77)(-210)(X2)+(0)(-210)(X1)+(20.77)(-210)(X2)

or -4362X2+Q<7520

This cut indicates the predicted objective function of the dual prob-

lem, given these shadow prices, is 7520 + 4362 times the value of X2.

Note that if the original integer values were inserted into this cut

(i.e., X 1 = 1, X 2
= 0), Q would equal the latest subproblem objective

function (7520). The cut suggests that the objective function could

be increased by 4362 if X 2 were in the solution. The value 4362 is

based on the shadow price for one unit of Y21 and (or) Y 22 
entering

the solution times the number of total units of Y 21 and Y 22 
allowed

to enter the solution if X 2
= 1 (210). This value overstates the worth

of X 2
 in solution, because the third constraint in the subproblem

prohibits the sum of Y 21 plus Y22 
from exceeding 200. Further, the

shadow price does not reflect the indirect effect of having X 2 in
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solution; i.e., X 2 in solution means X 1 must come out of solution.

Step 4. The Bender's cut is added to the master problem, which is then solved.

Maximize

Q,X

Subject to X + X
21

-4362X
2 + Q < 7520

The solution is

Q	 11881

X 1	 0
X
2 = 1

The optimistic bound becomes 1188.

Step 5	 This master problem solution suggests that non-participation in the

program will result in an original problem objective function that

will not exceed 11881. As we just indicated, however, the actual

solution value will be below this amount. Because the difference

between bounds is still greater than the tolerance level, a second

subproblem must be created and solved. The algorithm uses this new

integer solution to create a new subproblem and returns to Step 2.

Step 2.	 The new subproblem is solved

Maximize	 C'Y -	 (r/2)	 Y'E Y
Y

Subject	 to Y 11 +	 Y 12 5 0

Y21	 +	 Y22 5 210

Y 11 +	 Y 1
+	 y

21	
+	 y

22 5 200

12Y
11 +	 6Y

12 +	 15Y
21	+	 8Y 22 5 2500

Y ll •	 Y 12 '	 Y 21	 '	 Y 22

The Solution	 is:

Objective =	 4576

Y 11	 =	 0	 Y21	 = 39.55 71	 =	 45.17 Ai =	 7.17

Q

z 1

1 0



Y 12	
Y22 = 160.45	

0.0
	

A
2 

= 0.0

Step 3. The objective function value from this latest subproblem becomes the

the current challenger to the incumbent conservative bound (7520).

Because the challenger (4576) is less than the incumbent (7520). the

incumbent subproblem solution remains unchanged. Likewise, the dif-

ference between the conservative and optimistic bounds is also un-

changed, necessitating creation of another Benders' cut that is added

to the master problem. The cut is

Q 5 4575 - (45.17)(-210)(X ) - (0)(-210)(X ) + (45.17)(-210)X 1 + 0(-210)X 21	 1

or -9486X + Q	 45751

At this point all possible integer solution combinations have been

considered and Benders' cuts generated for them. The next master

problem solution should, therefore, result in convergence. The mas-

ter problem is:

Maximize

Q,X

Subject to X 1 +	 X 2
	 = 1

- 4362X 2 + Q
	

7520

-9486X1 +1 Q 4575

Step 4. The solution to the master problem is:

Objective . 7520

X 1	 1	 X2	 0	 Q = 7520

Step 5. The master problem objective function becomes the new optimistic

bound. Since the optimistic and conservative bound are the same, the

iterative process is terminated. Thus, the solution is

Objective . 7520

X 1 = 1	 Y11 = 200	 Y 21 =	 0

X2 . 0	 Y12	 0	 Y
22 

=	 0

11



This example illustrates how the algorithm constructs trial solutions

using the master problem and then tests them on the subproblem. Even if the

subproblem created by the master problem is not the best subproblem solution,

the information generated by the subproblem is useful in helping the master

problem "learn" about the overall problem. Note that a Benders' cut was gene-

rated for each possible combination of X values. This is not uncommon for

small problems but is rare in larger problems. The following FORTRAN program

was implemented in subroutine FUNOBJ.

SUBROUTINE FUNOBJ(MODE,N,X,F,G,NSTATE.NPROB.Z,NWCORE)
IMPLICIT REAL*8(A-H2O-Z)

DIMENSION X(N),G(N),Z(NWCORE)
DIMENSION Q(4,4)

Q(1,1) =400

Q(1,2)=60

Q(1.3)'200
Q(1,4)=36

Q(2.1)=60
RAP=0.00028

Q(2,2)=228
Q(2,3)=38

Q(2,4)=138

Q(3.1)=200

Q(3,2)=38

Q(3.3)=625
Q(3,4)=68

Q(4,1)=36

Q(4,2)=135

Q(4,3)=168

Q(4,4)=324
RAP=0.00028
F=0

DO 1 1=1,4

DO 1 J=1,4
1	 F=F -RAP* Q(I,J)*X(1)*X(J)

DO 10 1=1,4

G(I)=0

DO 10 J=1,4

GM= G(I) -RAP* 2*X(J)*Q(I,J)
10	 CONTINUE

RETURN

END
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IMPLEMENTING BENDERS' DECOMPOSITION IN MINOS

The Benders' Decomposition procedure is implemented within MINOS 5.0, a

mathematical programming algorithm designed to solve problems containing a

nonlinear objective function and/or nonlinear constraints [Murtaugh and Saun-

2
ders]. Although MINOS is not designed to solve problems containing integer

variables, subroutine MATMOD permits the matrix and right-hand-side coeffi-

cients to be altered. This subroutine is used herein to implement the Benders'

algorithm. MINOS is used to solve the subproblems and MATMOD revises the sub-

problems, creates Benders' cuts, calls a mixed integer algorithm to solve the

master problems, and checks for bound convergence.

The Benders' procedure iteratively operates on two problems. The two prob-

lems, the initial subproblem and a master problem, are created from the origi-

nal problem by a preprocessor program (INITIAL). MINOS then solves the initial

subproblem and calls MATMOD, which forms and solves the master problem and, if

necessary, alters the right-hand side. The implicit enumeration algorithm

(MIPZ1) developed by McCarl, Barton, and Schrage is used to obtain a master

problem solution.
3 A more detailed explanation of the setup and solution pro-

cedures is given in Appendix A.

Exit Conditions from the Algorithm

Several points should be kept in mind when employing Benders' decomposi-

tion to solve problems in MINOS 5.0. First, the procedure will not work if the

X vector selected by the master problem results in an infeasible subproblem

solution in MINOS. In fact, any exit condition from MINOS other than that for

an optimal solution will result in termination of the Benders' procedure. This

is because the master problem uses the dual variables from optimal subproblem

solutions to narrow in on the optimal original problem solution. If any
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subproblem solution is not optimal, the dual problem is non-optimal and, as

such, provides improper cuts.

A number of things can cause MINOS to find nonoptimal solutions. When

formulating problems, researchers should take care that (a) the gradients and

functional specification for the objective function and nonlinear constraints

are correct, (b) the iteration limit in MINOS is sufficiently high to allow

for solution of any subproblem, (c) the problem is formulated such that all

potential subproblems are properly scaled, and (d) the parameters within MINOS

are adjusted so as to speed convergence to an optimal solution while ensuring

that sufficient accuracy exists in each subproblem solution found (see the

MINOS user's guide for a description of these parameters). Scaling can be a

particularly troublesome problem in MINOS. Although the algorithm does allow

scaling prior to initiation of the solution procedure, only linear constraints

are scaled under this option. Thus, all nonlinear constraints must be scaled

prior to inclusion within the FUNCON subroutine and MPS file.

A second point involves the behavior of the conservative and optimistic

bounds generated in each iteration of the master and subproblem solutions. As

explained previously, only the best subproblem solution among those identified

to that point is retained as the conservative bound and incumbent solution. As

such, the conservative bound is monotonically non-decreasing as the iterations

proceed. The master problem contains the initial integer problem plus a con-

straint (or Benders' cut) for each subproblem solution obtained. Thus, be-

cause addition of each Benders' cut further constrains the set of potential

solutions, the master problem solutions form a monotonically decreasing set of

upper bounds. These bound characteristics result in an iterative procedure

which eventually causes the two bounds to converge.

The overall problem formulation guarantees global optimality in most prac-

tical cases. Optimality is achieved when all integer variables have been enu-
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merated either implicitly or explicitly. The Benders' decomposition technique

will not usually achieve global optimality if (a) one or more sets of feasible

X arrays results in an infeasible subproblem solution, (b) all possible solu-

tion combinations have not been explicitly or implicitly enumerated for the

integer variables, or (c) the X vectors do not result in a solvable subproblem

in terms of objective function and constraint shape. Further, a positive

convergence tolerance (E>0) may result in identifying an "optimal" overall

problem solution that is not truly optimal. The objective value of the true

optimum, however, will be no more than E units away from the optimum found

using Benders' procedure. However, the true optimal set of X and Y values

exhibit no known relationship to and may be quite different from those identi-

fied in the psuedo-optimal solution.

Procedure for Restarting Problems

As was mentioned previously, MINOS may exit the solution process for any

subproblem without having identified an optimal solution. Because nonoptimal

solutions can result in incorrect Benders' cuts being generated, the MATMOD

subroutine has been designed to terminate the overall solution procedure when

a nonoptimal solution is found. 	 In practice, a nonoptimal exit condition can

occur when: (a) time or iteration limits are specified or (b) the problem is

large or numerically difficult to solve.

Despite premature termination of the solution process, the Benders' cuts

generated to that point remain valid and can be used in a restart of the pro-

cess. Restarting works properly only if the subproblem that resulted in the

nonoptimal solution becomes the first problem solved by MINOS. MATMOD facili-

tates restarting any problem by storing the integer solution information prior

to the beginning of each subproblem solution process. However, if additional

rows or columns are needed, or a change in subproblem coefficients is necessa-
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ry, it will probably be necessary to begin the entire solution process from

scratch.

A nonoptimal exit condition from the MIPZ1 algorithm is less likely to

occur. In most cases, a nonoptimal MIPZ1 solution occurs when a time or itera-

tion limit is exceeded, the master problem is poorly scaled, or because the

parameters specified by the user for MIPZ1 resulted in a nonoptimal solution.

When premature termination occurs, MIPZ1 automatically terminates the solution

process. Again, providing no changes are made in the structure of the original

problem, the solution process can be restarted, provided the beginning sub-

problem is identical to the last subproblem solved. 	 In addition, it is neces-

sary that the last Benders' cut be deleted from the master problem. The

RESTART program has been designed to generate the correct subproblem and mas-

ter problem needed to restart the iteration process.

CALCULATING DUAL VARIABLES

The Benders' solution technique will directly yield the optimal objective

function and optimal X, Y and Z vectors for the original problem. It will not.

however, generate the optimal set of dual variables without additional calcu-

lations. Polito. Morin, and McCarl have suggested a method to recover the dual

variables for the original problem using the dual variables from the master

and subproblem solutions. Although the proof of their method is difficult,

the intuition behind the proof can be obtained by examining the duals of the

original and master problems.

When the convergence tolerance is set to zero (i.e., E = 0) the objective

function values for the primal and dual of the original problem are equal to

the primal and dual objective function values for the master problem (assuming

problem convergence has been reached). The dual of the original problem is
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Minimize	 Ob l + Pb 3 + 6b 2 + G(Y) - 6H(Y) - 'f'J(Y) - Y[VG(Y) - 6VH(Y) - PC/j(Y)]
0 .5.P.Y

s.t.	 A'0 + A'6	 C'Alm 	 1

	

VH(Y)6 + VJ(Y)P	 2 VG(Y)

AS +	 A'P	 C'3	 4	 2

where: 0 is a vector of dual variables for constraints containing only inte-
ger variables.

6	 is a vector of dual variables for constraints containing both inte-
ger and real variables.

is a vector of dual variables for constraints containing only real
variables.

The dual for the master problem is

Minimize (b i n + D n i (G(Y i ) + i i (b 2 -H(Y i ) + #i(b3-1(Yi)) - Y i [vG(Y i ) - s i vH(Y i ) - tiv.1(Yi)])
n,n	 iml

Subject to	 A l ' h + E Ucr i A 2 '	 2 C.

P

E n.	 2 1.

iml

n.n 2 0

Polito, Morin, and McCarl state that four conditions hold when both dual

problems are optimized:

(1) E	 77.=1
i=1

(2) n = 0

(3) E n.7 i	 s
i = 1

(4) E M.A. = 
•

i=1
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The first condition, which requires the sum of the dual variables for all

Benders' cuts be equal to one, is obvious, given all coefficients for the Q

activity in the primal master problem are one. Thus, all >T i values are one or

less and, in essence, act as weights in calculating the original problem dual

variables. Condition (2) states that the dual variables for the constraints

involving only integer variables are the same as the corresponding duals for

the same constraints in the original problem. Conditions (3) and (4) specify

the relationship between the original problem dual variables and those in the

subproblem. Condition (3) is sufficient for the first constraint in the ori-

ginal problem and master problem to be the same. Given condition (3) holds.

condition (4) must also hold since the objective function values for both

duals are the same.

Returning to the numerical example involving government program partici-

pation and crop mix decisions may aid in understanding how the dual variables

are calculated. The dual variables for the last master problem are n - 0.0,

7T / = 1.0, 71r 2 = 0.0. The dual variables for the original example problem are

calculated as follows:

0 = 0.0

7 1	 1.0(0) + 0.0(45.17) = 0.0

72 = 1.0(20.77) + 0.0(0) = 20.77

A i = 1.0(15.20) + 0.0(7.17) = 15.20

A 2 = 1.0(0) + 0.0(0)	 0.0

Calculation of the original problem dual variables requires the dual vari-

ables from each subproblem be saved until convergence has been reached. This

is implemented in the MATMOD subroutine.

The above proof holds for convergence between conservative and optimistic

bounds with zero tolerance (E= 0). Polito, Morin, and McCarl also demonstrate

that if E>0. conditions (3) and (4) will result in dual variables that are
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within an 6-tolerance of the actual original problem dual variables. Also.

the proof assumes each master problem's integer solution is the best (or the

equal of) any other solution. If the solution tolerance in MIPZ1 is not zero,

for example, further inaccuracy may occur when calculating the dual. Thus,

care should be taken to set these tolerances at an appropriate level if dual

results are an important output from the model. Their default values are a

starting point for most problems.

Accelerating Convergence

Although applying the Benders' technique in MINOS makes it possible to

obtain solutions for many difficult problems, the solution process can be time

consuming and expensive. In particular:

1) MINOS becomes much slower when solving problems containing many nonlinear

variables or constraints. The need to repetitively solve many subprob-

lems mandates each subproblem be as easily solvable as possible.

2) Integer programming algorithms are usually much slower than linear or
nonlinear programming algorithms. The slowness arises because the algo-

rithms usually must consider many different integer solution combinations

before identifying the optimal set of integer variables. Again, the need

to repetitively solve the integer master problem mandates a master prob-

lem formulation that solves relatively quickly.

3) As mentioned before, a mixed integer algorithm (MIPZ1) was included in

the MATMOD subroutine to solve the master problem. This algorithm be-

comes progressively slower as additional Benders' cuts are added.

Several measures can be taken to speed convergence time, assuming one has

already reduced problem size and the number of nonlinear and integer variables

to a minimum acceptable level. These include:

1) Altering several of the parameters in MINOS.	 In particular,	 increasing

line search tolerance to 0.9 or decreasing function precision to 3.0E-08

can greatly speed convergence time for problems containing many (> 100)
nonlinear variables. Altering the damping or penalty parameters can re-

duce convergence time for some problems containing nonlinear constraints.

Care should be taken when altering these parameters to ensure that solu-

tion accuracy is acceptable (see pages 63-64 of the MINOS 5.0 Users Guide

for further information). Experimentation by the user with these para-

meters should aid in identifying what level works best for the particular

problem under consideration.
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2) The researcher should supply all gradients needed to evaluate the non-
linear functions in the FUNOBJ and FUNCON subroutines, not let MINOS
develop them separately

3) An initial basis file should be supplied to reduce time needed to find
the first subproblem solution.

4) Selection of the starting values of integer variables can sometimes speed

convergence and reduce solution problems. Using the hypothesized optimal

set of integer variables to formulate the initial subproblem can some-

times result in dramatic differences between the first and second sub-

problem solutions. This shift may not only result in an increase in the

time required to obtain the second solution, but may also result in a

nonoptimal exit condition, particularly when the objective function or

some constraints are highly nonlinear. An approach to minimize this prob-
lem is to choose an initial set of integer variables that results in an

average sub-problem solution. Alternatively, several cuts can be pre-gen-

erated and added to the master problem prior to initialization of the
solution procedure.

5) The speed with which the overall problem solution is identified depends

greatly on the number of integer variable combinations that are possible.

Thus, all relevant information about the problem should be included in

the integer-only constraint set to reduce the number of feasible combina-

tions. For example, if two integer variables are mutually exclusive, a

constraint should be added to prevent both being in the solution simulta-

neously. Constraints should also be included in the integer problem to
prevent feasible but unrealistic solutions from being considered.

6) Geoffrion and Graves suggest solution time for the overall problem can be

reduced by altering the solution criteria to solve the master problem,
which is generally the more difficult problem to solve. Rather than iden-
tifying the optimal master problem solution, they suggest solving the

master problem until the solution value is greater than the conservative
bound plus some preset factor. Thus, master problem solutions are ob-

tained more quickly. The disadvantage is that it may take more iterations

to achieve convergence. This approach was not included in the MATMOD pro-
cedure, but could be added.

7) Adding several Benders' cuts to the master problem prior to initiation of

the iterative process may provide more information than the master prob-

lem could "learn" from generating its own cuts. Adding cuts also elimina-

tes the need for the algorithm to generate these cuts. A procedure for

creating and adding pregenerated cuts has not been specifically developed

as part of this modeling package. Restarting a related solution proce-
dure using the previously generated cuts is a related approach and could
be done by using the RESTART program.

8) Accuracy tolerance choices can also reduce the time required to optimize

the original problem. Two tolerances can be set by the user that are

relevant to the IP part of the problem. The first is the convergence

tolerance (E) between the bounds. Increasing this value will generally

reduce the number of Benders' cuts required, thus reducing solution time.
The second tolerance controls the accuracy with which MIPZ1 finds an
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optimal master problem solution. If the tolerance is increased, each mas-

ter problem will require less time to solve. Changing the MIPZ1 toler-

ance, however, may increase the number of Benders' cuts required to

obtain bound convergence.

9) In some cases Benders' cuts from previous problems can be used to solve

later, related problems. Re-using cuts can lengthen solution time as well.
since MIPZ1 becomes progressively slower as the master problem size in-

creases. Use of old cuts is generally recommended if they are reusable.

Geoffrion and Graves demonstrate that the cuts are only reusable when:

a) The feasibility of the underlying dual variables (g and 1) does not

change. A sufficient condition to satisfy this requirement is that

G(Y), H(Y), A 3 , A4 , C 2 , and J(Y) remain unchanged.

b) The structural coefficients in the cuts remain unchanged. This can

be satisfied by keeping A 2 , b 2 , and b 3 the same.

Note also that condition (b) can be relaxed if the cuts are recalculated
using the new coefficients. Condition (a) can be relaxed if a procedure

is developed to maintain feasibility.
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APPENDIX A:

Set Up and Solution Procedure of Benders' Algorithm on MINOS 5.0 

The algorithm developed here has been tested on PRIME 750 and 9955 mini-

computers, as well as on an AMDAHL system (equivalent to an IBM mainframe).

The computer code, like that of MINOS 5.0, is designed to be compatible with

any computer system that has a FORTRAN 77 compiler. Solution of a mixed inte-

ger-nonlinear programming (MINLP) problem is typically accomplished in four

steps: (1) the original problem is divided into integer and nonlinear (or

linear) problems using a program called INITIAL [adapted from McCarl and San-

tini], (2) a SPECS file is created containing all parameters needed by MINOS

to solve the problem, (3) the subroutines supplied by the user to solve the

problem are compiled with MINOS and the MATMOD routine, and (4) the resulting

load module solves the problem. The overall structure of the solution process

is shown in Figure 1. The code and an example run are available for a nominal

fee on a distribution diskette as discussed in the introduction.

Program INITIAL

Figure 2 diagrams the initialization phase of the solution process. The

purpose of this phase is to create the initial subproblem and master problem

formulations used in the iterative process. When executed, INITIAL reads the

file (IN1) containing the parameters for the problem and for MINOS. Some of

the MINOS parameters are used when creating the master problem and subproblem.

In addition, a number of keywords similar to those used by MINOS have been

defined to provide important information needed by MIPZ1 and in the conversion

process. These keywords are defined in Appendix B. After reading this file

(IN1), INITIAL creates the SPECS file used by MINOS in the solution process.

The SPECS file sets various parameters for the MINOS solution process and

provides important dimensions for the subproblem. Again, the MINOS User's
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Guide is a good source for understanding what options are available. The

researcher should note, however, the importance of CYCLE LIMIT and ITERATIONS

LIMIT on the solution process. CYCLE LIMIT controls the number of times the

MATMOD subroutine is called within MINOS. CYCLE LIMIT sets the limit on the

maximum number of cuts allowed in the Benders' solution procedure. If conver-

gence is not reached within this limit, the solution process is terminated. We

recommend this limit be set at 40 or less, depending on the cost involved in

using the Benders' procedure. ITERATIONS LIMIT, on the other hand, controls

4/
the maximum number of iterations permitted to solve each subproblem.- 	 The

iteration limit(s) should be set sufficiently high to permit the overall prob-

lem and all potential subproblems time to solve.

Next, the initial information about the master problem is written to the

IPMAT file for future input to MIPZ1. INITIAL then reads the rows contained

in the original mixed integer nonlinear programming (MINLP) problem. writing

those rows containing only integer variables to IPMAT and all other rows to

the MPS file. Subsequently, the columns in the subproblem are read and,

again, the integer columns are written to IPMAT and all other columns are

written to MPS.	 In addition, two activities (ZMINUS and ZPLUS) are added to

IPMAT, representing variable Q in the master problem. Because Q can be posi-

tive or negative, both ZMINUS and ZPLUS are used to reflect a variable unre-

stricted in sign.

Next INITIAL reads the integer values for the first subproblem. The

right hand sides are then read. If the RHS value corresponds a row contains

only integer variables, it is written to IPMAT. All other RHS values are

saved in an array. Once all RHS values have been read, subroutine NEWRHS is

called to modify the right-hand sides of the subproblem to reflect the initial

integer variables starting point. For the constraint rows containing integer
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activities only, the RHS values are modified to reflect the initial solution.

All other RHS values are left unchanged. The RHS values are then written to

the MPS file. As a final step, any bounds contained in the subproblem are

read and written to MPS. With generation of the MPS and IPMAT files, the

final task of the INITIAL program is to create the SAVE file. The SAVE file

contains the parameters of the MINLP problem and the initial integer solution.

It also includes the row names and coefficient values for each integer

activity, providing the row also contains real variables. This information is

needed by MATMOD to create appropriate Benders' cuts for each subproblem

solution.

Creation of the User Subroutines

MINOS requires that the user provide several subroutines. These subrou-

tines, which are also referred to as the "head" in the MINOS manual, contain

the main program wherein the working array for MINOS is dimensioned and the

solving algorithm is called. Four other subroutines may be added for particu-

lar types of problems. Subroutine MATMOD allows for changes in matrix coeffi-

cients and is needed to solve MINLP problems. The code for MATMOD implements

Benders' (and also includes codes for IMPDUALS, MERGEOUT, and FIND2 subrou-

tines). Subroutine FUNOBJ is modified if the objective function contains

nonlinear variables. Subroutine FUNCON is modified if nonlinear constraints

exist in the MINLP problem. Subroutine MATCOL allows additional activities to

be added to the MINOS problem. A detailed description of the requirements for

these four subroutines is given in the MINOS 5.0 User's Guide. Once the MINOS

user subroutines have been created, they are compiled with the rest of the

5/
MINOS algorithm (a.k.a. the "body") to form the load module for the problem.-
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Solution Procedure

An overview of the solution procedure is given in Figure 3. Because the

user subroutines are combined with MINOS to form the load module, execution of

this module is all that is necessary to solve the overall problem (assuming no

errors or early termination of the solution process). When executed, the

MINOS algorithm reads the SPECS and MPS files and begins work on solving the

initial subproblem. When an exit condition is reached, MATMOD is called. 	 If

the MINOS exit condition is nonoptimal, the analysis is terminated. 	 If the

solution is optimal, the dual variables from the subproblem are saved in the

DUALS file.

Subsequently, the SAVE file is read, containing (among other things) the

incumbent conservative and optimistic bounds. The MINOS plus C 1 X solution is

compared to the current optimistic bound.	 If this sum is larger than the in-

cumbent bound, the conservative bound is revised and the solution output

merged with the previous MIPZ1 solution to create the new incumbent solution.

The conservative and optimistic bounds are then compared to see if convergence

has been reached.	 If it has, the output procedure is initiated. 	 If not, the

current solution information is used to generate a Benders' cut, which is

then added to the master problem by modifying the IPMAT file.

Subroutine MIPZ1. which contains the mixed-integer programming algorithm.

is then called to solve this new master problem and reports the objective

function value and activity levels for each variable back to the MATMOD sub-

routine. The master problem objective function becomes the new optimistic

bound and the two bounds are again compared to test for convergence. If con-

vergence is not reached. the master problem solution is used to update the

right-hand-side (RHS) values to reflect the new integer solution values,

thereby resulting in a new subproblem. The current bounds and latest master

problem solution are written to the SAVE file. Control is then passed back to

26



MINOS, where the new subproblem is solved and the cycle repeated. If conver

gence is attained the output procedure is invoked.

Output Procedure

With convergence reached, the output procedure is initiated to create the

optimal solution file. The flow chart for the output procedure is given in

Figure 4. Subroutine IMPDUALS calculates the improved dual values to be add-

ed to the final output file. This procedure consists of multiplying each sub-

problem dual variable by its corresponding Benders' cut dual variable from the

final master problem solution. The results are summed across all Benders' cuts

6/
to create the appropriate dual variable for each row in the original problem.-

The final original problem solution, complete with appropriate dual variables,

is rewritten to the MERGEFIL file. The solution procedure is then terminated.

RESTART

The third component of the Benders' program is RESTART which is used to

re-initiate the Benders' procedure if time limits or other factors caused ter-

mination before completion of the solution algorithm. The RESTART procedure.

if necessary, removes the last Benders' cut, recalculates the LP right-hand

sides to the last LP solution, and updates the problem status files.
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APPENDIX B: Specification of Input Data

Two files are needed for execution of the Benders' procedure. The first,

designated as IN1, contains general parameters and problem initialization

information used in creating the IPMAT file (the master problem) and the MPS

file (the subproblem). This file is an expanded version of the MINOS SPECS

file. The second (IN2) contains the basic problem in MPS format. Coding in-

structions for both files are given next.

A.	 IN1 File

The IN1 file is an expansion upon the MINOS SPECS file. The SPECS file

sets various run-time parameters that describe the nature of the MINOS problem

being solved and the manner in which the solution is obtained. Several SPECS

file parameters used by MINOS are also needed by INITIAL to create the IPMAT

and MPS files. The format used in the IN1 file is identical to that specified

in the MINOS 5.0 manual and is all free format input. Any keywords recognized

by MINOS can be used in the IN1 file. Nonlinear subproblems are handled as

described in the MINOS manual (Murtaugh and Saunders). 	 Furthermore, the

Objective and MPSFile keywords must be used. In addition, the following

keywords have been added for use in the Benders' Decomposition procedure.

These keywords are not recognized by MINOS and are not written to the SPECS

file subsequently written to MINOS.

INTEGER CONSTRAINTS	 N	 (default N=0)

This value represents the exact number of constraints containing only

integer variables plus the objective function. 	 It represents the one plus

number of rows in the A 1 matrix.

INTEGER VARIABLES	 N	 (default N=0)

Represents the exact number of integer variables in the problem. This is

the number of columns in the A 1 or A2
 matrices, whichever is greater. These
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should be the first N columns entered in the IN2 file.

BENDERS' TOLERANCE	 E	 (default 6=0)

This is the 6 value, or the convergence tolerance for the Benders' proce-

dure. A value above zero will generally reduce the number of cuts required to

obtain convergence, but may also result in a nonoptimal final solution. We

suggest a number no larger than 1 percent of the expected magnitude of the

objective function.

MIPZ1 SCALING	 s	 (default s=1)

This option scales the Benders' cut by dividing all entries in the cut

other than the one for the Q variables by s and muliplying the Q objective

function by s. The MIPZ1 algorithm is sensitive to scaling problems. This

option is recommended if large objective function values are obtained in each

subproblem solution of MINOS. A value should be chosen which, when divided

into the average objective function value for the subproblem. results in a

value at or near 1.0. An infeasible solution in MIPZ1 is sometimes the result

of a poorly scaled IPMAT file.

MIPZ1 SOLUTIONS	 g (default g=1000)

Specifies the maximum number of branch and bound solutions that can be

checked in MIPZ1.	 If the default is reached, the best solution identified at

that point will be used to generate the next subproblem in MINOS.

IMPROVEMENT FACTOR	 (default i=0)

Controls the extent to which MIPZ1 will attempt to identify an optimal

solution.	 If the default is used, the best solution will be identified for

all master problems solved. A suggested value is 0.02. If used, the algorithm

will terminate the branch and bound procedure for each problem if alternative

branches cannot result in a solution that is more than 2 percent above the

best solution thus far identified for the particular master problem being
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solved. A nonzero value will reduce the time required to solve each master

problem, but may also result in more solutions of the master problem before

convergence is reached.

After entering these and other keywords, the keyword END must be entered

to delineate the end of the general SPECS file.

The INITIAL program requires that the user identify the initial set of

integer variables to be in solution. The IN1 file is also used to provide

this information. After the END card, the user may specify the initial set of

integer variables and their values in a (A8,E12.0) format. That is. the name of

the integer variable is entered (left-adjusted) in the first 8 columns and its

initial value (1.0 or 0.0) is entered in columns 9-20. Variables having a

value of 0.0 do not have to be entered. The column names have to be justified

in a fashion consistent with the way the MPS file is entered i.e., if the

column name x is started in column 5 (left justified) in the MPS file, then it

must start in column 1 (left justified) here.

B.	 IN2 File

File IN2 contains the entire mixed integer-nonlinear programming problem.

Format for this file is similar to the standard MINOS MPS file, although

important differences exist.	 In particular, the row labels must be placed in

particular order and integer activities must be the first listed in the

COLUMNS section. Note also that the code is not equipped to handle a RANGES

section. The required format is given on the next page.
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MPS FILE FORMAT
card Type 

Column	 1	 2-3	 5-12	 15-22	 25-36

Title	 NAME	 Descriptive Name

Row Labels	 ROWS

Objective	 N	 Objective

Function Name**

Integer Rows	 Type*	 Row name**
Nonlinear Rows	 Type*	 Row Name**
Linear Rows	 Type*	 Row Name**

Matrix Elements	 COLUMNS

Integer Variables	 Column Name**

Variables Contain-

ing Nonlinear Rows	 Column Name**

Nonlinear Variables	 Column Name**

Linear Variables	 Column Name**

Right-Hand-Sides	 RHS	 RHS Name**

Real Column Bounds BOUNDS

General	 Type***

Initial

ENDATA

Row Name**	 Value

Row Name**	 Value

Row Name**	 Value

Row Name**	 Value

Row Name**	 Value

Bound Name**	 Column Name** Value

Type**
	

INITIAL	 Column Name** Value

* The possible row types are:

E Equal
G Greater than or equal to
L Less than or equal to
N Objective or unconstrained

Each row and column label can have up to 8 characters and must be left
justified in the appropriate field.

The bound types are:

LO Lower bound

UP Upper bound
FX	 Fixed bound
FR Unbounded
MI	 Lower bound = - co
PL	 Upper bound = + co
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APPENDIX C: File Names and Their Function

The Bender code utilizes a number of files. These are as follows:

A. Input and Output

Name

IN1	 Contains the expanded SPECS file used by the INITIAL program to cre-

ate the IPMAT and MPS files. User input.

IN2	 A MPS format file giving integer and linear portions of the original

problem. Written in MPS format following the instructions given

in Appendix B. User input.

SAVE An intermediate file containing general parameters about the origi-

nal problem, some coefficients, and activity names. Used in MATMOD

to create the Benders' cuts and to save latest MIPZ1 solution.

IPMAT	 Contains the current master problem solved by MIPZ1 after the last

Benders' cut .is added.

MSOLN	 Contains the last MIPZ1 solution.	 If the resulting subproblem solu-

tion is better than previous solutions, the file is read by MERGOUT

subroutine and a "best" solution file is created.

MPS	 The initial subproblem file first solved by MINOS. The file is cre-

ated by INITIAL from the basic problem contained in IN2.

SPECS	 The subproblem specifications for input to MINOS. The file is crea-

ted by INITIAL from the IN1 file.

DUALS The dual variables for each subproblem. When convergence has been

reached, the variables in this file are used to calculate the dual

variables in the final solution.

SOLN	 The solution obtained by MINOS for the latest subproblem.

MERGEFIL The best incumbent solution. This file is written if the latest

subproblem solution is better than any previously obtained. The

file is created using the SOLN and MSOLN files. After convergence

has been reached, the files' dual variables are rewritten using in-

formation contained in DUALS. This file contains the final solution

to the original problem contained in IN1.
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B. Computer Code

The computer code utilizes a number of subroutines and models. The major

ones of these are:

INITIAL

	

	 Used to divide the basic problem into master problem and subproblem
components. Also creates the SPECS file used by MINOS.

READ	 Is compiled with the MINOS "body" to form the load module used to

solve the basic problem. In addition to the main program, it con-
tains the following subroutines:

FUNOBJ

	

	 Specifies the nonlinear constraints of the subproblem (see Mur-
taugh and Saunders, pp. 9-10).

FUNCON

	

	 Specifies the nonlinear constraints of the subproblem (see Mur-
taugh and Saunders, pp. 11-12).

MATMOD	 Routine called by MINOS after each problem has been solved to

allow user to change some problem parameters. In this case,

MATMOD is used to perform most of the algorithmic steps de-

tailed earlier for solving a Benders' Decomposition problem.

Specific activities performed within MATMOD include testing for

convergences and generating Benders' cuts for the master prob-
lem.

IMPDUALS Used to calculate the dual variables reported in the final
solution to the original problem.

MERGEOUT Merges the latest best subproblem solution with the integer
solution from which it was created. The resulting merged solu-
tion is then written to MERGEFIL.

MIPZ1 A series of subroutines designed to solve mixed integer-linear

programming problems. A complete documentation of this algo-

rithm is given by McCarl, Barton, and Schrage. Any algorithm

which solves mixed integer-linear programming problems can be

substituted here with only minor modifications, although some

adjustments will be needed in INITIAL to create the appropriate
IPMAT file.

FIND2	 Identifies the row number that corresponds to a given row

label. Used in MATMOD when creating the Benders' cut.

RESTART	 Used if the Benders' procedure prematurely terminates. Program

will identify where termination occurred and will reformulate
the correct IPMAT and MPS files needed to restart the proce-

dure. Routine is to be used if premature termination was not
the result of a fundamental misspecification in the basic prob-
lem.
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APPENDIX D: Sample Problem and Resulting Output

Two example problems are given in this appendix to aid in understanding

how data is to be formulated and the type of output obtained. The first is a

mixed integer LP and the second a mixed-integer nonlinear program.

Example 1:

Assume a dairy cooperative is trying to decide where to build a processing

plant. The output from the plant will be sold in three cities. The co-op has

two sites to choose from and wishes to choose a site that minimizes the cost

of building the plant and transporting dairy products to the three cities. The

resulting problem (with appropriate data) can be written as follows:

Minimize	 500X1 + 560X 2 + 2 11 + 2.1Z 12 + 42 13 +1.1222 + 2.12233Z21

subject to	 X 1 +	 X 2
	= 	 1

-1600X 1	+ 
Z11 +	 2 12 + 213	

5	 0

-1600X 2
	+ Z21 +	

Z 22	
Z
23 

5	 0

11	
+ Z21	

400

12	
Z 22	

600

	

+ 13	
Z 23	

500

where X 1 is a zero-one variable depicting whether site 1 is used. X 2
 depicts

site 2, and Z.. is an activity which transports products from site i to city1J

j. The resulting IN1 and IN2 files are on the next page:.
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BEGIN
MINIMIZE
OBJECTIVE =	 ROW10001
SOLUTION FILE	 16
MPS FILE	 9
CYCLE LIMIT	 20
INTEGER VARIABLES 2
INTEGER CONSTRAINTS 2
BENDERS TOLERANCE	 .001
IMPROVEMENT FACTOR 0.02
END
X1	 1.

Example IN1 File

Example IN2 File

NAME	 LINDO GENERATED MPS FILE
ROWS
N ROW10001
E ROW10002
L ROW10003
L ROW10004
G ROW10005
G ROW10006
G ROW10007

COLUMNS
X1	 ROW10001	 500.00000
X1	 ROW10002	 1.00000
X1	 ROW10003	 -1600.00000
X2	 ROW10001	 560.00000
X2	 ROW10002	 1.00000
X2	 ROW10004	 1600.00000
Z11	 ROW10001	 1.00000
Z11	 ROW10003	 1.00000
Z11	 ROW10005	 1.00000
212	 " ROW10001	 2.10000
212	 ROW10003	 1.00000
Z12	 ROW10006	 1.00000
213	 ROW10001	 4.00000
213	 ROW10003	 1.00000
Z13	 ROW10007	 1.00000
Z21	 ROW10001	 3.00000
Z21	 ROW10004	 1.00000
Z21	 ROW10005	 1.00000
222	 ROW10001	 1.10000
Z22	 ROW10004	 1.00000
Z22	 ROW10006	 1.00000
Z23	 ROW10001	 2.10000
Z23	 ROW10004	 1.00000
Z23	 ROW10007	 1.00000

RHS
RHS	 ROW10002	 1.000000
RHS	 ROW10005	 400.000000
RHS	 ROW10006	 600.000000
RHS	 ROW10007	 500.000000
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ENDATA

EXAMPLE OUTPUT

Final Output Files

Solution Output File

1INITIALIZE MIXED IP - LP PROBLEM

RIGHT HAND SIDE = " NO RHS"
OBJECTIVE ROW = "ROW10001"

COLUMN BOUNDS = " NO BNDS"

LP SOLVE TYPE = MIN

INCLUDES AN ALLOWANCE FOR
	

0 NONLINEAR CONSTRAINTS

2 INTEGER ROWS

2 INTEGER COLUMNS

500 REAL ROWS

1000 REAL COLUMNS

500 AIJ"S IN A2 SUBMATRIX

0.00 SOLUTION TOLERANCE
1.0000 BENDERS CUT SCALING VALUE

FOUND

2 INTEGER COLUMNS

6 REAL COLUMNS

2 ROWS IN INTEGER PROBLEM

7 ROWS IN REAL PROBLEM

PRINT FILE

2

M I N 0 S	 VERSION 5.0	 MAY 1985
II Z

SPECS FILE

BEGIN

MINIMIZE

OBJECTIVE =	 ROW10001

SOLUTION FILE	 16

MPS FILE	 9
CYCLE LIMIT	 20

END

1

PARAMETERS

MPS INPUT DATA.
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ROW LIMIT 	 	 100	 LIST LIMIT 	 	 0	 LOWE
COLUMN LIMIT 	 	 300	 ERROR MESSAGE LIMIT.... 	 10	 UPPE
ELEMENTS LIMIT (COEFFS)	 1500	 PHANTOM ELEMENTS 	 	 0	 AIJ

FILES.

MPS FILE (INPUT FILE) 	 9	 OLD BASIS FILE (MAP)... 	 0	 (CAR
SOLUTION FILE 	 	 16	 NEW BASIS FILE (MAP)... 	 0	 (PRI
INSERT FILE 	 	 0	 BACKUP BASIS FILE 	 	 0	 (SCR
PUNCH FILE 	 	 0	 LOAD FILE 	 	 0	 DUMP

FREQUENCIES.

LOG FREQUENCY 	 	 1	 CHECK ROW ERROR 	 	 30	 SAVE
SUMMARY FREQUENCY 	 	 100	 FACTORIZE BASIS 	 	 50	 CYCL

LP PARAMETERS.

ITERATIONS LIMIT 	 	 300	 FEASIBILITY TOLERANCE.. 1.00E-06	 PART
CRASH OPTION 	 	 1	 OPTIMALITY TOLERANCE... 1.00E-06	 MULT
WEIGHT ON OBJECTIVE 	  0.00E-01	 PIVOT TOLERANCE 	  5.87E-10	 SCAL

NONLINEAR PROBLEMS.

NONLINEAR CONSTRAINTS..	 0	 HESSIAN DIMENSION 	 	 0	 FUNC
NONLINEAR JACOBIAN VARS	 0	 SUPERBASICS LIMIT 	 	 1	 DIFF
NONLINEAR OBJECTIV VARS	 0	 TRUNCATED CG METHOD 	 	 1	 CENT
PROBLEM NUMBER 	 	 0	 LINESEARCH TOLERANCE... 	 0.10000	 DERI
UNBOUNDED OBJECTV VALUE 1.00E+20 	 SUBSPACE TOLERANCE 	 	 0.50000	 VERI
UNBOUNDED STEP SIZE.... 1.00E+10 	 EMER

AUGMENTED LAGRANGIAN.
JACOBIAN 	 	 DENSE	 MAJOR ITERATIONS LIMIT.	 20	 RADI
LAGRANGIAN 	 	 YES	 MINOR ITERATIONS LIMIT.	 40	 ROW
PENALTY PARAMETER 	  0.00E-01	 COMPLETION 	 	 FULL	 PRIN
DAMPING PARAMETER 	  2.00E+00

MISCELLANEOUS.

LU FACTOR TOLERANCE.... 	 10.00	 WORKSPACE (USER) 	 	 0	 DEBU
LU UPDATE TOLERANCE.... 	 10.00	 WORKSPACE (TOTAL) 	 	 5000	 LINE

REASONABLE WORKSPACE LIMITS ARE	 0 ...	 6420 ...	 5000 WORDS
ACTUAL	 WORKSPACE LIMITS ARE	 0 ...	 5000 ...	 5000 WORDS

1

MPS FILE

1	 NAME

2	 ROWS

9	 COLUMNS

28	 RHS
34	 ENDATA

LPMAT

NAMES SELECTED

OBJECTIVE	 ROW10001 (MIN)	 1
RHS	 NO RHS	 4
RANGES	 0
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BOUNDS	 0

MATRIX STATISTICS

	

TOTAL	 NORMAL	 FREE	 FIXED	 BOUNDED
ROWS	 6	 1	 1	 0	 4
COLUMNS	 6	 6	 0	 0	 0

NO. OF MATRIX ELEMENTS	 18	 DENSITY	 50.000
NO. OF REJECTED COEFFS	 0	 AIJTOL 1.00000E-10
BIGGEST AND SMALLEST COEFFS 	 1.00000E+00	 1.00000E+00 (EXCLUDING OBJ AND RHS)

LENGTH OF ROW-NAME HASH TABLE 	 211
COLLISIONS DURING TABLE LOOKUP 	 0

NONZEROS ALLOWED FOR IN LU FACTORS 	 3234
1

INITIAL BASIS

CRASH OPTION 1
FREE ROWS	 1	 FREE COLS	 0	 PASS2 (E ROWS)	 0	 PASS3	 4	 REM

ITERATIONS

FACTORIZE	 1	 DEMAND	 0	 ITERATION	 0	 INFEAS	 1	 OBJECTIV
NONLINEAR	 0	 LINEAR	 4	 SLACKS	 2	 ELEMS	 14	 DENSITY
COMPRESSNS	 0	 MERIT	 0.00	 LENL	 0	 LENU	 14	 INCREASE
LMAX	 0.0E-01	 BMAX	 4.0E+00	 UMAX	 0.0E-01	 UMIN	 1.0E+00	 GROWTH

ITN	 0 -- FEASIBLE SOLUTION. OBJECTIVE = 	 3.760000000E+03

ITN PH PP NOPT DJ.RG +SBS -SBS -BS STEP 	 PIVOT	 L	 U NCP NINF SINF,

1 2 1	 4 -3.9E+00	 6	 6	 4 0.0E-01	 1.0E+00	 0	 14	 0	 0 3.760

2 2	 1	 1-1.0E+00	 8	 8	 10 1.0E+02 -1.0E+00	 0	 14	 0	 0 3.660

BIGGEST DJ	 9.000E-01 (VARIABLE	 5)	 NORM RG = 0.000E-01	 NORM PI = 4.082E+
1

EXIT -- OPTIMAL SOLUTION FOUND

NO. OF ITERATIONS	 2	 OBJECTIVE VALUE	 3.6600000000000

NORM OF X	 2.719E+03	 NORM OF PI	 4.082

SOLUTION SAVED ON FILE 17

MATMOD CALLED WITH NCYCLE = 2
OEND LP SOLUTION
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M 01111 ** ****** *** ** * ***** * **** * *** * ** * ***** ***** * * ****** **** ******** * ** * ** * *** * *** ** ****

	THE TRIAL UPPER BOUND WHICH AROSE FROM THE IP SOLUTION 	 IS	 0.41600000E+04
THIS BOUND IS LOWER THAN THE CURRENT INCUMBANT,
THE CURRENT UPPER BOUND IS THEREFORE	 0.41600000E+04
AND THE CURRENT LOWER BOUND IS -0.10000000E+21.
THIS SOLUTION WILL BE SAVED AS THE INCUMBANT.
******** **************** ********* ** * *** * *************** ******************************

START THE SOLUTION OF THE INTEGER PROBLEM AT ITERATION 1
1BEGIN

THIS PROBLEM WAS MINIMIZED

DATA INPUT IS FINISHED
ROWS =	3, COLS =	4, NONZERO ELEMENTS =	9, INTEGER VARS.=	 2

ITERATION LIMIT =	1000 TOLERANCE = 0.100E-06
INITIAL IP LB -0.100E+21
FEASIBLE LP SOLUTION FOUND
LP OPTIMUM FOUND WITH OBJ = -0.11800062E+04

ENUMERATION COMPLETE.
AUGMENTATIONS, MAJOR =	1, MINOR =	0, PIVOTS =	4

OPTIMUM INTEGER SOLUTION FOUND

OPTIMUM INTEGER SOLUTION FOUND
OEND IP SOLUTION

A NEW LOWER BOUND HAS BEEN FOUND AND IT EQUALS 	 1180.0062
THE CURRENT UPPER BOUND EQUALS 	 4160.0000

AFTER ITERATION NUMBER	 1, THE CONSERVATIVE BOUND IS 0.41600000E+04
AND THE OPTIMISTIC BOUND IS 	 0.11800062E+04
*************************** ***** **************************** *************************

START LP SOLUTION AT ITERATION	 1
1

ITERATIONS FOR CYCLE NO.	 2

FACTORIZE	 1	 DEMAND	 0	 ITERATION	 0	 INFEAS	 0	 OBJECTIV
NONLINEAR	 0	 LINEAR	 4	 SLACKS	 2	 ELEMS	 14	 DENSITY
COMPRESSNS	 0	 MERIT	 0.00	 LENL	 0	 LENU	 14	 INCREASE
LMAX	 0.0E-01	 BMAX	 4.0E+00	 UMAX	 0.0E-01	 UMIN	 1.0E+00	 GROWTH
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ITN	 0 -- INFEASIBLE. NUM =
	

1	 SUM =	 1.100000000E+03

ITN PH PP NOPT DJ,RG +SBS -SBS -BS STEP
	

PIVOT
	

L	 U NCP NINF SINF,
1	 1	 1	 4-1.0E+00	 4	 4	 1 4.0E+02 1.0E+00

	
0	 14	 0	 1
	

1.100

2	 1	 1	 4-1.0E+00	 5	 5	 2 6.0E+02 1.0E+00
	

0	 14	 0	 1 7.000

3 1	 1	 4-1.0E+00	 9	 9	 8 1.0E+02 1.0E+00
	

0	 14	 0	 1
	

1.000

ITN
	

3 -- FEASIBLE SOLUTION. OBJECTIVE -	 2.910000000E+03

4 2 1	 3 -3.9E+00
	

1	 1	 3 0.0E-01	 1.0E+00
	

2	 12	 0	 0 2.910

BIGGEST DJ = -1.100E+00 (VARIABLE 	 11)	 NORM RG = 0.000E-01	 NORM PI = 3.756E+

1

EXIT -- OPTIMAL SOLUTION FOUND

NO. OF ITERATIONS	 4	 OBJECTIVE VALUE	 2.9100000000001

NORM OF X	 2.413E+03	 NORM OF PI	 3.756

SOLUTION SAVED ON FILE 17

MATMOD CALLED WITH NCYCLE = 3

OEND LP SOLUTION

	

THE TRIAL UPPER BOUND WHICH AROSE FROM THE IP SOLUTION	 IS	 0.34700000E+04

THIS BOUND IS LOWER THAN THE CURRENT INCUMBANT,

THE CURRENT UPPER BOUND IS THEREFORE	 0.34700000E+04

AND THE CURRENT LOWER BOUND IS 	 0.11800100E+04.

THIS SOLUTION WILL BE SAVED AS THE INCUMBANT.

**** MINOS SOLUTION FILE ****

1

PROBLEM NAME	 LPMAT
	

OBJECTIVE VALUE	 2.9100000000E+03

STATUS	 OPTIMAL SOLN
	

ITERATION	 4	 SUPERBASICS	 0

OBJECTIVE
	

ROW10001 (MIN)
RHS
	

NO RHS

RANGES

BOUNDS

SECTION 1 - ROWS

NUMBER ...ROW.. STATE ...ACTIVITY... SLACK ACTIVITY ..LOWER LIMIT. 	 ..UPPER LIM

1

7 ROW10001	 BS

8 ROW10003	 UL

9 ROW10004	 BS
10 ROW10005	 LL

11 ROW10006	 LL

12 ROW10007	 LL

SECTION 2 - COLUMNS

2.910000E+03

0.000000E-01

1.500000E+03

4.000000E+02

6.000000E+02

5.000000E+02

-2.910000E+03

0.000000E-01

1.000000E+02

0.000000E-01

0.000000E-01

0.000000E-01

-1.000000E+20

-1.000000E+20

-1.000000E+20

4.000000E+02

6.000000E+02

5.000000E+02

1.000000E

0.000000E

1.600000E

1.000000E

1.000000E

1.000000E
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NUMBER	 .COLUMN. STATE

1	 Z11	 D	 BS
2	 Z12	 LL
3	 Z13	 LL
4	 Z21	 BS
5	 Z22	 BS
6	 223	 BS

**** MIPZ1 SOLUTION FILE

...ACTIVITY...

0.000000E-01
0.000000E-01
0.000000E-01
4.000000E+02
6.000000E+02
5.000000E+02

****

.OBJ GRADIENT.

1.000000E+00
2.100000E+00
4.000000E+00
3.000000E+00
1.100000E+00
2.100000E+00

..LOWER LIMIT.

0.000000E-01
0.000000E-01
0.000000E-01
0.000000E-01
0.000000E-01
0.000000E-01

..UPPER LIM

1.000000E
1.000000E
1.000000E
1.000000E
1.000000E
1.000000E

1

BEST INTEGER SOLUTION - FOUND ON SOLUTION NUMBER	 1

OBJECTIVE FUNCTION VALUE IS 0.11800062E+04

SECTION 1 - ROWS

NUMBER ...ROW.. STATE ...ACTIVITY... SLACK ACTIVITY ..LOWER LIMIT. 	 ..UPPER LIM

ROW10001
ROW10002
ITER1001

1

SECTION 2 - COLUMNS

0.118001E+04

0.000000E+00
0.000000E+00

0.100000E
-0.366000E

NUMBER .COLUMN. STATE ...ACTIVITY... 	 .OBJ GRADIENT. ..LOWER LIMIT. ..UPPER LIM

X1
X2
ZMINUS
ZPLUS

*************** ***** *****

0.000000E+00	 0.500000E+03	 0.000000E+00	 0.100000E
0.100000E+01	 0.560000E+03	 0.000000E+00	 0.100000E
0.000000E+00	 -0.100000E+01	 0.000000E+00	 0.100000E
0.620000E+03	 0.100001E+01	 0.000000E+00	 0.100000E

***** ************************ *******************************

START THE SOLUTION OF THE INTEGER PROBLEM AT ITERATION 2
1BEGIN

THIS PROBLEM WAS MINIMIZED

DATA INPUT IS FINISHED
ROWS=	 4. COLS=	 4. NONZERO ELEMENTS= 12. INTEGER VARS.= 	 2

ITERATION LIMIT= 	 1000 TOLERANCE= 0.100E-06
INITIAL IP LB -0.100E+21
FEASIBLE LP SOLUTION FOUND
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LP OPTIMUM FOUND WITH OBJ = -0.22736392E+04

ENUMERATION COMPLETE.
AUGMENTATIONS, MAJOR=
	 2, MINOR=
	 0, PIVOTS =	9

OPTIMUM INTEGER SOLUTION FOUND

OPTIMUM INTEGER SOLUTION FOUND
OEND IP SOLUTION

A NEW LOWER BOUND HAS BEEN FOUND AND IT EQUALS
	

3470.0291

THE CURRENT UPPER BOUND EQUALS	 3470.0000

THE BOUNDS HAVE CONVERGED, THE LAST SOLUTION
WHICH GENERATED AN UPPER BOUND IS THE BEST

THE SOLUTION VALUE IS	 3470.0000

1

PROBLEM NAME	 LPMAT
	 OBJECTIVE VALUE	 2.9100000000E+03

STATUS	 OPTIMAL SOLN
	

ITERATION	 4	 SUPERBASICS	 0

OBJECTIVE
	

ROW10001 (MIN)
RHS
	

NO RHS
RANGES
BOUNDS

SECTION 1	 - ROWS

NUMBER ...ROW..	 STATE ...ACTIVITY... SLACK ACTIVITY ..LOWER LIMIT. .UPPER LIM

7 ROW10001	 BS 2910.00000 -2910.00000 NONE NO

8 ROW10003	 UL 0.00000 0.00000 NONE 0.00

9 ROW10004	 BS 1500.00000 100.00000 NONE 1600.00

10 ROW10005	 LL 400.00000 0.00000 400.00000 NO

11 ROW10006	 LL 600.00000 0.00000 600.00000 NO

12 ROW10007	 LL 500.00000 0.00000 500.00000 NO

1

SECTION 2 - COLUMNS

NUMBER .COLUMN. STATE ...ACTIVITY... .OBJ GRADIENT. ..LOWER LIMIT. ..UPPER LIM

1 Z11	 D	 BS 0.00000 1.00000 0.00000 NO

2 Z12	 LL 0.00000 2.10000 0.00000 NO

3 Z13	 LL 0.00000 4.00000 0.00000 NO

4 Z21	 BS 400.00000 3.00000 0.00000 NO

5 Z22	 BS 600.00000 1.10000 0.00000 NO

6 Z23	 BS 500.00000 2.10000 0.00000 NO

ENDRUN
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NOTES

This dual problem is accurate assuming (1) the optimal objective function
value equals that of the primal, and (2) the Kuhn-Tucker complementary
slackness conditions hold.

Use of Benders' Decomposition in MINOS requires a thorough understanding

of the procedures used to formulate MINOS problems. In particular, an

understanding of FUNOBJ and FUNCON subroutines, as well as SPECS file
keywords, is assumed by the authors.

MIPZ1 can be replaced by,a stripped-down version of any other algorithm.

such as LINDO, that solves mixed integer programming problems.

The MAJOR and MINOR ITERATIONS are also important when the subproblem
contains nonlinear constraints.

The MINOS manual also mentions (pp. 79-81) several other subroutines that

are sometimes included in the "head" file, including MIFILE, MINOS2,

MIHASH. MlINIT. and M1READ. Potential users should verify whether their

version of MINOS includes these subroutines or requires they be supplied.

Dual variables for rows appearing only in the master problem are not cal-
culated following this procedure.	 Instead, they are obtained directly
from the final master problem solution.
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