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Mathematical sophistication increases rapidly as students transition from lower- to

upper-division physics courses. Complex algebra is one of the mathematical tools that

is not introduced or used in lower-division physics courses but is pervasive throughout

upper-division courses. In this dissertation, I study middle-division physics students’

developing fluency with complex number algebra as they transition from lower- to

upper-division physics at Oregon State University.

Through a baseline study of students’ calculation abilities with simple complex

number algebra tasks, I find that there are three general categories of difficulties:

performing calculations, switching between forms, and appropriately selecting forms

to simplify calculations. There are varying degrees of complex number fluency among

middle-division physics students, and that some complex number difficulties persist

over time, even into upper-division physics courses.

Difficulties with circle trigonometry are common among middle-division physics



students and contribute to students’ difficulties in the three general categories. Stu-

dent entering the junior year exhibit difficulties determining rectangular and polar

coordinates, which suggests that distinguishing between triangle and circle trigonom-

etry is difficult for students. Through interviews with seven students, I confirm that

the simultaneous use of triangle and circle trigonometry approaches contributes to

difficulties determining correct algebraic representations of complex numbers.

Students who choose to isolate approaches—triangle trigonometry, circle trigonom-

etry, Pythagorean theorem, and norm squared—tend to be successful in determining

algebraic representations from a geometric representation of a complex number. Iso-

lating an approach requires the coordination of both algebraic and geometric repre-

sentations of the complex number. The isolation of approach requires that students

are able to distinguish between triangle and polar geometry, a productive strategy in

translating geometric to algebraic representations.

As students translate a geometric complex number representation to several al-

gebraic representations, I identify, describe, and demonstrate students’ coordination

of four fine grain-size epistemic games. Students’ use of the games reflects students’

development of problem solving strategies at the middle-division. The goal-oriented

games demonstrate essential components of physics problem solving such as recog-

nizing a goal to progress with the task, decisions to narrow the individual’s goal, and

acknowledgment that a task is complete.
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Students’ Understanding of Complex Numbers in Middle-Division

Physics

1 Introduction

1.1 Research Question and Overview of the Dissertation

In contrast to the abstract nature of many mathematics courses, physics courses

emphasize the use of mathematics to model the physical world. Mathematical so-

phistication increases rapidly as students transition from lower- to upper-division

physics courses. At Oregon State University, this transition occurs during the junior

year while these middle-division students are enrolled in the Paradigms in Physics

courses. Complex number algebra is one example of the increasing mathematical

sophistication; it is not used in most lower-division mathematics or physics courses,

but faculty need students to be fluent by the upper-division courses.

Middle-division physics students are familiar with the translation of geometric rep-

resentations to algebraic representations through experiences in lower-division physics

courses. For example, introductory mechanics courses often instruct students to con-

struct free-body diagrams to determine the net force acting on an object. Similarly,

the simultaneous or interchangeable use of algebraic and geometric representations is

essential to developing fluency in complex number algebra.

In the upper-division, complex algebra, both numbers and functions, appears in

most physics subdisciplines including classical mechanics, electricity and magnetism,
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and quantum mechanics. As described below, physics majors at Oregon State Uni-

versity are introduced to, and use, complex numbers and functions in several courses

throughout the junior and senior years. The lower-division curriculum at Oregon

State University is similar traditional lower-division physics curricula at other uni-

versities. The findings presented here may be generalizable to other curricula during

the transition from lower- to upper-division physics courses, especially those that are

the first to include physical applications of complex algebra.

This study aims to examine middle-division physics students’ developing fluency

in complex algebra tasks. There have been a number of studies conducted in mathe-

matics contexts that investigate students’, instructors’, and experts’ understanding of

complex algebra [1, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13]. However, despite the significant

use of complex numbers and functions in upper-division physics, few studies have

been conducted on students’ understanding of complex algebra in more advanced

physics contexts [14, 15, 16, 17]. In this dissertation, I present three new studies on

middle-division physics students’ developing fluency with complex algebra, removed

from physical contexts, while enrolled physics courses.

In this dissertation, I ask the following research questions:

1. What aspects of complex algebra are difficult for middle-division physics stu-
dents?

2. What strategies do students use while solving complex algebra tasks?

3. In what ways do students relate the geometric and algebraic representations of
complex numbers?
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Future work will focus on these same questions embedded in a physics context.

The first study is a quantitative study on students’ calculational skills throughout

the junior year. The second study describes incoming students’ calculational skills at

the beginning of the junior year and shortly after a formal introduction to complex

algebra. The third study is a qualitative study on students’ use of a geometric repre-

sentation to determine algebraic representations. I use the results from these studies

to discuss implications for the classroom and to develop resources for both students

and instructors addressing complex algebra.

1.2 Definitions of the Forms and Representations of Complex Num-

bers

I use the definitions of the algebraic and geometric representations of complex

numbers forms as summarized in Fig. 1.1. The algebraic representation of the rect-

angular form is expressed as x+ iy where x and y are real numbers. The exponential

form is expressed as reiφ where r and φ are real numbers. The polar form is an

intermediate form where the rectangular form is written in terms of the parameters

of the exponential form: r cosφ + ir sinφ. Though the polar form is not distinct,

it is an important intermediate form, used to establish the geometric and algebraic

relationships between the forms.

The three forms each have geometric representations corresponding to the alge-

braic representations, given in Fig. 1.1. Geometric representations include a complex

number on an Argand diagram with the parameters specified (i.e., the pairs of x and
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Representations
Form Algebraic Geometric

Rectangular z = x+ iy

Re(z)

Im(z)

x

yz

Polar z = r cosφ+ ir sinφ
Re(z)

Im(z)

r cosφ

r sinφz

Exponential z = reiφ

Re(z)

Im(z)

r φ

z

Figure 1.1: Algebraic and geometric representations of the complex number z in the
rectangular, polar, and exponential forms.
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y or r and φ). Geometric descriptions of parameters include x as the distance along

the real axis, y as the distance along the imaginary axis, r as the distance from the

origin, and φ as the angle counterclockwise from the positive real axis.

1.3 Study Context: Paradigms in Physics Courses

In the Paradigms in Physics program at Oregon State University, the content of

the courses was extensively reordered as a result of a radical reform instituted in 1997.

While, in traditional curricula, courses focus on subdisciplines of physics, at Oregon

State University most of the junior-level courses—called Paradigms—revolve around

concepts underlying those subdisciplines (e.g., energy, symmetry, eigenstates) [2].

Figure 1.2 shows the schedule of the junior year courses for 2015/16 academic year

during which data was taken for Chapters 4 and 5. Chapter 3 is an analysis of

data that was collected over four years (2011/12, 2012/13, 2013/14, and 2014/15).

The order of some Paradigms changed from year to year, however, complex number

curricular content remained in the same relative order during these years.

Several of the Paradigms introduce and use complex numbers and functions in

physical applications. In this section, I provide a summary of the content of the

course that where complex algebra is formally introduced, and I provide descriptions

of the instruction that addresses complex algebra.
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Week

1-3 4-6 7-10 11-14 15-17 18-20 21-24 25-27 28-30

Fall Winter Spring

S
y
m
m
et
ri
es
*

V
ec
to
r
F
ie
ld
s

O
sc
il
la
ti
o
n
s*

R
ef
er
en

ce
F
ra
m
es

Electromagnetism

1
-D

W
a
v
e
s

P
e
ri
o
d
ic

S
y
st
e
m
s

C
e
n
tr
a
l
F
o
rc
e
s

Classical Mechanics

S
p
in
s*

E
n
er
g
y
&

E
n
tr
op

y

Math Methods
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Figure 1.2: Course sequence of the junior year where the boxes stretch over the
subdisciplines which are covered within a particular course. Those courses in bold
use complex numbers and functions in physical applications. Courses with an asterisk
are those in which we collected data.
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1.3.1 Oscillations

Oscillations is typically taught as the final Paradigm during the Fall term; in some

years it has preceded Symmetries and Idealizations and Static Vector Fields to be the

first course during the junior year. Regardless of the sequencing, Oscillations is the

first instance where students encounter the physical applications of complex numbers

and functions during the junior year.

Instructors usually include a brief introduction to complex algebra at the be-

ginning of the course. In homework problems students are asked to switch forms

and produce geometric representations of complex numbers. Class notes provided by

instructors include descriptions of the algebraic and geometric representations of com-

plex numbers in the rectangular, polar, and exponential forms. In addition, the notes

include examples of how to perform calculations including both the algebraic and

geometric representations of addition and subtraction, multiplication and division,

the complex conjugate, and the square of the norm.

Complex functions are used to describe harmonic motion during this course. All

of the physical systems are classical, and therefore all solutions are real functions.

Often complex exponential functions are used to simplify the mathematics of solving

differential equations especially for damped and driven harmonic oscillators.

1.3.2 Preface & Quantum Measurements and Spin

The Preface is a one week introduction to the mathematics of quantum mechan-

ics which includes topics from linear algebra and complex algebra prior to Quantum



8

Measurements and Spin. Typically, a complex number review occurs on the second

day of the Preface and includes a kinesthetic activity that is extended to spin-1/2

systems in subsequent weeks. This “complex arm” kinesthetic activity is an embod-

ied experience that relates the algebraic and geometric representations of complex

numbers [18]. Students represent complex numbers using their left arm with the

shoulder representing the origin of the complex plane. A pure real and positive num-

ber is represented by holding the arm parallel to floor in front of the body; a pure

imaginary number whose imaginary part is positive is represented by holding the

arm above the head and perpendicular to the floor. The instructor guides the class

through discussions regarding the magnitude and phase portions of complex numbers

and operations (e.g., multiplication) with complex numbers. Discussions address the

limitations of the embodied experience such as the difficulty of representing the mag-

nitude and changes to the magnitude of the complex number. This activity is used

to review forms and representations of complex numbers and is completed in about

five minutes.

The Paradigm that follows, Quantum Measurements and Spin, introduces spin-

1/2 and spin-1 systems with an emphasis on experiments using simulations of the

Stern-Gerlach apparatus. By the completion of this course, students are expected to

solve basic problems, through time evolution, for spin-1/2 and spin-1 systems using

both matrix and Dirac notations.

Complex numbers and functions manipulations arise often in Quantum Mea-

surements and Spin (and any quantum mechanics course) due to the explicit i in

Schrödinger’s equation, ĤΨ(~x, t) = i~ ∂
∂t

Ψ(~x, t). Any observables or probabilities are
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real numbers, but i appears in operators, coefficients of eigenstates, and eigenstates.

The Quantum Measurements and Spin Paradigm uses complex numbers and functions

in operators, coefficients of eigenstates in spin-1/2 and spin-1 systems, and eigenstates

expressed as explicit columns of numbers. Complex algebra calculations are pervasive

and often include the square of the norm (e.g., when determining probabilities), the

complex conjugate (e.g., a step of determining the Hermitian conjugate), and chang-

ing forms (e.g., rewriting the rectangular form coefficient of a ket as the exponential

form in time evolution problems). If students recognize instances that must be real

numbers and those that may be complex numbers, it might assist in the evaluation

of solutions.

1.3.3 Mathematical Methods

The Mathematical Methods Capstone course covers mathematical techniques that

are used in upper-division physics. The content is sequenced, in part, to complement

the concurrent Paradigms courses to provide students with ample opportunities to

practice relevant mathematics. The unit on complex numbers, functions, and an-

alyticity occurs at different times from year to year within the Spring term. For

the 2014/15 and 2015/16 academic years, this unit occurred at the beginning of the

course.

The unit begins with a review of complex algebra including the forms and rep-

resentations of complex numbers and operations such as addition and subtraction,

multiplication and division, the complex conjugate, changing forms, and expressions
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for sine and cosine. The instructor emphasizes the selection of a form from the math-

ematical context such as using the exponential form when working with logarithms.

Following the review of complex algebra, more advanced topics are introduced includ-

ing multiple-valued functions and analyticity.

1.3.4 Instructional Changes in the 2015-2016 Academic Year

During the 2015/16 academic year, complex algebra content was included dur-

ing the first three days of the Paradigms sequence in the Fall term. As a brief

prelude to Symmetries and Idealizations, complex algebra was introduced in paral-

lel with a review of rectangular and polar coordinates. The instructor emphasized

circle trigonometry and the relationships between rectangular and polar coordinates

prior to introducing the forms of complex numbers. The instruction began with the

rectangular form of complex numbers and, over a 45 minute lecture, extended to

the exponential form using geometry. Through this lecture several complex algebra

calculations were introduced including the complex conjugate and the square of the

norm. Several homework problems provided students with additional complex alge-

bra practice. We assessed students’ development of calculational skills during these

first three weeks of the junior year through a pretest, several quizzes, and an exam

problem.

In Week 7, we developed homework problems that require extensive complex al-

gebra manipulations and also extend to complex functions and physical applications.

These problems were intended to provide a review of the calculational skills intro-



11

duced during Week 1 as well as prepare students to the physical representations of

complex functions in classical mechanics.

During the Preface, the instructor chose to cover the linear algebra topics without

including the usual introduction to complex algebra. Complex algebra was reviewed

during the first week of Quantum Measurements and Spin as students were learning

about representations of spin-1/2 states through Stern-Gerlach experiments. We

assessed students’ calculational abilities with complex numbers and functions, some

embedded in the context of spin systems, through quiz and exam problems.

1.4 Background of Students Entering the Paradigms

Students enter the Paradigms with varying backgrounds. Most students are

physics majors in their junior year, however, there are also students who are complet-

ing a physics minor and graduate students from other departments. The mathematics

and physics background of students entering the Paradigms also varies, with signif-

icant differences in their mathematics preparation. The Paradigms in the fall term

require, at minimum, for students to be enrolled concurrently in a vector calculus

course. Most students complete vector calculus prior to the Paradigms sequence, and

some students are enrolled in upper-division mathematics courses.

The variations in students’ backgrounds make it difficult to identify the com-

plex algebra experiences which are typical of a student entering the Paradigms. At

the beginning of the junior year during the fall term of 2015, we gave students a

pretest on complex algebra skills. After completing the pretest, students were asked
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to describe the amount of formal instruction involving complex algebra received in

previous courses. Students were given options to select either “No Previous Experi-

ence” (6%), “One or Two Days” (71%), or “More Extensive” (23%) instruction on

complex numbers and/or algebra in previous courses (N=34). We asked students to

list the courses where formal instruction on complex algebra was included. There

were several inconsistencies among students’ reports of formal instruction even when

enrolled in the same course. For example, some students who were enrolled in modern

physics during the spring term of 2015 listed the course as including complex algebra

instruction but other students in the course (same section and instructor) did not.

Despite varying experiences with complex algebra in past mathematics and physics

courses, few students are fluent in simple complex algebra manipulations as they enter

the junior year. We expect most students receive some instruction on complex algebra

during high school mathematics courses, however, we do not know the content or

extent of the instruction. The Common Core includes standards for complex algebra

manipulations in the rectangular form which include knowing i2 = −1, performing

addition and subtraction, and factoring and solving polynomial equations which have

complex roots [19]. Oregon adopted the Common Core State Standards in 2010 with

full implementation during the 2014/15 academic year [20].

All students entering the Paradigms have completed a full year of introductory

physics. About two thirds of students complete this sequence at Oregon State Uni-

versity, and about a third are transfer students at the beginning of their junior year.

We expect that all students have covered similar content in the introductory physics

sequence. Most introductory physics sequences do not use complex numbers or func-
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tions though an instructor may choose to use complex functions in the context of

harmonic oscillators.

About half of the students have completed the Modern Physics course and half are

concurrently enrolled in the course; all students must complete the course at Oregon

State University. This course uses complex functions in the context of wave functions

in quantum mechanics. At least one instructor includes instruction on how to treat i

and Euler’s formula, each lasting about ten minutes.

1.5 Organization of Dissertation

Chapter 2 is an extended literature review which begins by covering previous

researchers’ findings on students’, instructors’, and experts’ understanding of complex

algebra topics. I also describe the theoretical frameworks that I reference in Chapter 5

in more detail.

Chapter 3 presents a baseline study that is based on pretests, quizzes, and exams

administered throughout the junior year to identify middle-division students’ diffi-

culties with complex number fluency. The assessments, given over four years, show

three categories of difficulties: performing calculations, switching between forms, and

appropriately selecting forms to simplify calculations. This study suggests that there

are varying levels of complex number fluency among middle-division physics students,

and that some complex number difficulties persist over time, even into upper-division

physics courses. This study is published in the 2015 Physics Education Research

Conference Proceedings.
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Chapter 4 presents students’ calculational skills with complex algebra at the be-

ginning of the junior year. Based on the results of the baseline study in Chapter 3, the

first days of the Paradigms in Fall 2015 included an extended introduction to complex

algebra. I developed assessments to gauge students’ calculational skills prior to and

shortly after this instruction. Incoming students can perform some simple operations

with complex numbers such as multiplication in the rectangular form but exhibit

difficulties in other tasks such as determining rectangular and polar coordinates.

Chapter 5 consists of two analyses of a single interview with seven individual

junior year students involving the translation of a geometric representation of a com-

plex number to several algebraic representations. First, by using modified grounded

theory, I find that students who isolate approaches—triangle trigonometry, circle

trigonometry, Pythagorean theorem, and norm squared—tend to be successful in de-

termining algebraic representations. Students who simultaneously use triangle and

circle trigonometry approaches often obtain incorrect algebraic representations.

The second analysis uses an epistemic games framework to describe students’ prob-

lem solving strategies during the same interview task. I identify and describe four

fine-grain size epistemic games: Exploration, Mapping, Manipulation, and Recogni-

tion.

Chapter 6 includes a detailed discussion of the instructional implications for

physics curricula and courses. In addition, I suggest (i) resources developed for stu-

dents’ self-directed review of complex algebra, (ii) complex algebra problems intended

for homework, and (iii) problems in physics contexts that require extensive complex

algebra manipulations.
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In Chapter 7, I summarize the findings presented in this dissertation and discuss

future research directions that could build on this work.
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2 Literature Review

2.1 Complex Algebra

In this section, I provide an overview of previous empirical studies of novices’ and

experts’ understanding of complex numbers and functions.

2.1.1 Experts’ Understanding of Complex Algebra

Soto-Johnson et al. interview several mathematics experts and a physics expert on

their interpretations and use of algebraic and geometric representations of operations

in complex algebra and more advanced topics in complex analysis [4, 5]. The authors

focus on the experts’ use of metaphors, gestures, and geometric representations to

connect the algebraic and geometric representations of operations. For example,

when adding two complex numbers, the experts often invoke the metaphor of vector

addition and stress the need to use the rectangular form to perform the operation.

With multiplication, experts recognize the value of using the exponential form and

geometrically describe multiplication as a rotation and dilation in the complex plane.

The authors conclude that experts’ fluency is marked by their abilities to recognize the

usefulness of particular forms in certain contexts, to describe operations geometrically,

and to use geometric explanations simultaneously with arithmetic procedures.

Soto-Johnson, Oehrtman, and Rozner describe the use of geometry, gestures, mod-
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els, and metaphors by Ricardo, one of the participants [6]. Ricardo is a mathematics

expert with over 20 years of teaching experience that includes both undergraduate

and graduate courses in complex analysis. They highlight Ricardo’s ability to move

flexibly between representations of complex numbers and recognition of the advan-

tages of using particular representations in various contexts. Ricardo consistently uses

multiple representations to describe topics in complex analysis and often incorporates

metaphors in his explanations.

These studies on experts’ use of representations and metaphors in complex anal-

ysis suggests that expert fluency is recognizable by a person’s ability to move fluidly

between multiple representations and their appropriate selection of representations

given a particular mathematical context. Experts’ descriptions of operations in com-

plex analysis tend to be aided by metaphors such as vector addition to describe the

addition of two complex numbers.

2.1.2 Novices’ Understanding of Forms and Representations of Com-

plex Numbers

Researchers have used a variety of theoretical perspectives with qualitative re-

search methods to study novices’ understanding of the forms and representations

of complex numbers. In particular, many of these studies have focused on novices’

abilities to move flexibly between forms and representations in mathematics tasks.

It is particularly important for physics students to gain flexibility with forms and

representations of complex numbers because there are contexts in which the mathe-
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matical aspects of physics problems are more efficiently completed in one form, but

the physical interpretation may require another form.

Panaoura et al. find that secondary students tend to use either an algebraic or

geometric approach while solving problems of the form |Z−z1| ≤ ρ where Z is complex

and unknown, z1 is complex and known, and ρ is a pure real number [11]. They use

two questionnaires presenting equalities and inequalities; the first questionnaire tested

going from an algebraic to a geometric representation, and the second questionnaire

tested from a geometric to an algebraic representation. The authors code students’

approaches as either geometric or algebraic according to the primary representations

the students use to solve the problem. Student responses are analyzed statistically for

relationships between representations and success on specific tasks. This is followed

by a qualitative analysis comparing aspects of algebraic and geometric representations

within specific procedures that are often used by the students.

Students who use geometric approaches tend to be more successful than those

who use algebraic approaches. Of these students who use geometric approaches, one

difficulty is identified to be the “phenomenon of compartmentalization” which “in-

dicates a lack of flexibility in using the geometric approach effectively with different

representations of complex numbers”. They describe some students as “[consider-

ing] the geometric and algebraic representations as two different and autonomous

mathematical objects and not as two means of representing the same concept”.

Soto-Johnson and Troup find two undergraduate students enrolled in a complex

analysis course demonstrate less of a disconnect between the algebraic and geometric

representations of complex numbers [12, 13]. They conducted an interview with a pair
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of students following the completion of a GeoGebra lab focusing on the geometric

interpretations of complex numbers. The students are given a series of tasks with

prompts to give geometric explanations for the validity of algebraic statements such

as 1
x+iy

= x
x2+y2

− i y
x2+y2

. The authors code the interview for algebraic and geometric

reasoning and the use of diagrams and gestures. The authors describe the use of

gesture as a means to connect the algebraic and geometric representations. Soto-

Johnson and Troup find that the pair of students primarily first reason with algebraic

representations. As the pair of students progress through the tasks, they are able

to embody geometric representations more consistently. The authors find that this

pair of students demonstrates less compartmentalization of algebraic and geometric

representations than found by Panaoura et al. [11].

Karakok et al. focus on secondary mathematics teachers’ understanding of the

forms and representations of complex numbers following three professional develop-

ment sessions specifically addressing complex number fluency [1]. The authors em-

ploy Sfard’s dual conception theoretical framework that describes two fundamentally

different mathematical conceptions: operational and structural [21]. Operational con-

ceptions include understanding of the “ processes, algorithms and actions” associated

with a mathematical object. The structural conception is viewing the mathemati-

cal object “as if it was a real thing—a static structure, existing somewhere in space

and time”. These conceptions are developed through three stages: interiorization,

condensation, and reification. In the interiorization stage, the student learns the pro-

cesses associated with the concept. Sfard states that for complex numbers, this stage

is “when the learner acquires high proficiency in using square roots”. The condensa-
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tion stage is when individual actions associated with a process are viewed as a whole.

Sfard suggests in student’s learning of complex numbers, “condensation is what helps

the learner to realize that reversing the operation of squaring may be useful as a part

of lengthy calculations even if it would not, by itself, yield a legitimate mathemat-

ical object”. This stage persists as a student associates specific processes with the

mathematical object. The final stage, reification, occurs when the student views the

mathematical object as an abstraction that is independent of the processes connected

to it. Reification is sudden which contrasts the gradual and developing nature of the

interiorization and condensation stages. Sfard uses the example of reification of com-

plex numbers which “may be regarded as reified when the symbol 5+2i is interpreted

as a name of a legitimate object—as an element in a certain well-defined set—and

not only (or even not at all) as a prescription for certain manipulations”. At the

stage of reification, students have developed understanding of both the operational

and structural conceptions that forms a dual conception.

Karakok et al. study in-service secondary teachers’ conceptions of complex num-

ber form and representations. They focus on the teachers’ dual conceptions within the

pure imaginary, rectangular, and exponential forms of complex numbers. The alge-

braic and geometric representations of a complex number are separated on summary

charts of the interviews, and the authors indicate whether each representation within

a form is “preferred”, “not preferred”, or “not observed”. They provide a summary

of the teachers’ understanding of the algebraic and geometric representations by the

connectedness and flexibility of moving between the representations within a single

form. The authors describe the operational and structural conceptions of complex
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Table 2.1: Karakok et al. summarize their findings of participant’s conceptions of
complex numbers by form (Table 8) [1].

i Cartesian Exponential

Melissa Operational Operational Preconceptual
Troy Lack of evidence Operational Operational

Aaron Structural Structural Operational

numbers within particular forms.

Karakok et al. find that none of the teachers have a dual conception of every form

of a complex number following the professional development sessions; Table 2.1 is re-

produced to summarize the conceptions of each teacher. None of the teachers entered

the professional development sessions with knowledge of the geometric representations

of complex numbers. During the follow-up interview, the teachers demonstrate more

developed conceptions with the rectangular form—what the authors refer to as the

Cartesian form—than the exponential form. The most experienced teacher, Aaron,

is moving toward a dual conception of each form and perhaps multiple dual concep-

tions. The authors describe the process of “developing a dual conception of complex

numbers is further complicated by the fact that one needs to develop dual conceptions

of all forms”. This necessitates the development of multiple dual conceptions to see

a complex number, in all of the forms, as a single mathematical object.

Nemirovsky et al. study prospective secondary teachers’ understanding of addi-

tion and multiplication of complex numbers using the classroom floor as a tangible

representation of the complex plane [9]. They conduct pre- and post- interviews

with students about the use of the complex plane for performing basic complex num-

ber operations. Their focus, however, is the students’ development of understanding
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complex number operations through the embodied experience in the classroom. The

instruction in the classroom starkly contrasts with typical experiences in other cur-

ricula which tend to focus on algebraic manipulations with complex numbers. The

authors describe students’ embodied experiences with particular operations using the

floor as the complex plane. They find that students develop geometric interpreta-

tions of complex number operations such as multiplication by i and the complex

conjugate. The authors suggest that an embodied approach to instruction may be

useful in several mathematics contexts to develop students’ geometric interpretations

of operations and the corresponding algebraic manipulations.

2.1.3 Students’ Calculational Skills with Complex Numbers and Func-

tions

Ahmad and Shahrill conducted an action research study of undergraduate en-

gineering students’ complex algebra skills using the rectangular form [3]. Pretests

were administered to determine students’ weaknesses, informing in-class instruction

on complex algebra. Students enter the course with many foundational difficulties

such as ignoring j (common engineering notation for i), setting j2 = 0, and not con-

sidering the power to which j is raised. After two weeks of in-class instruction, the

posttest results show students continue to encounter foundational difficulties such as

errors involving squaring negative numbers, signs of negative numbers, and replacing

j and j2.

Instruction focused on improving students’ understanding of complex algebra may
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be hindered due to students’ perceptions of complex numbers. Conner et al. inves-

tigate the development of prospective secondary teachers’ understanding of complex

algebra in hand with their individual perceptions of the definitions of complex num-

bers (e.g., students’ Likert scale grading of statements including “Complex numbers

are not really numbers”) [7]. Pre- and post-interviews, in-class video, various as-

sessments, and exam questions were administered throughout the unit on complex

numbers. Following the completion of instruction the students begin to move toward

the perception that complex numbers are “real” entities that are not just a pair of

objects but a single object. Through the unit, students demonstrate increasing flu-

ency with complex algebra, which the authors assess through tasks such as addition

and multiplication and the meaning of complex roots of polynomials.

The correlation between students’ perception of complex numbers and their cal-

culational fluency is also suggested by Nordlander and Nordlander [10]. The authors

describe undergraduate engineering students’ concept images of complex numbers in a

week long course introducing complex algebra. Following the concept image definition

developed by Tall and Vinner [22], Nordlander and Nordlander use an open-ended

qualitative survey and an identification test of complex numbers to gauge students’

perceptions of complex numbers. Their analyses categorize components of students’

concept images into the four categories: a mathematical artifice, two-dimensional

numbers, a symbolic extension of mathematics, and an ungraspable mystery. The

authors conclude the labels of “complex” and “imaginary” may contribute to harm-

ful conceptions in learning complex number manipulations. They suggest that in-

struction centered around geometric methods may improve students’ understanding
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and perception by lessening the abstraction of complex algebra—creating tangible

instruction around complex numbers, such as the lessons developed by Nemirovsky et

al. [9], may improve students’ complex algebra fluency.

2.2 Upper-division Mathematics and Physics Students’ Understand-

ing of Complex Algebra

For middle- and upper-division physics students, it is important to develop the

ability to appropriately select forms of complex numbers and functions based on

the physical and mathematical contexts. Appropriate selection of forms increases

efficiency and productivity in problem solving in both mathematics and physics.

Danenhower conducted an in-depth study of undergraduate students enrolled in

a complex analysis course including an introduction to complex number forms and

representations and analysis techniques beyond those discussed here [8, 42]. He tests

students’ persistence in the use of the rectangular form during a series of division

problems constructed to have increasing preference for the exponential form. This

task was administered to two classes of students; one class was given the task earlier

in the term, and the other was given the task following more experience and content

within the course. Some students from both classes continue to use rectangular form

beyond the point where it was productive and efficient, however, the class of students

with more experience tend to shift to exponential form sooner than those with less

experience.

The persistence in using the rectangular form even when the exponential form is
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more productive (or perhaps the only way to reach a correct solution) might demon-

strate that middle-division physics and mathematics students have a more solidified

understanding of the rectangular form. With many parallels between the rectangular

form and Cartesian vectors, as described by Soto-Johnson et al. through experts’ use

of metaphors [4, 5], perhaps students well-versed in vector manipulations continue to

use the rectangular form because of the familiarity.

The selection of a function given the physical and mathematical context contin-

ues to be a difficult task for middle- and upper- division physics students. Tasks

involving boundary conditions in solutions to particular differential equations occur

often in quantum mechanics and electricity and magnetism. Sadaghiani investigated

students’ understanding of solutions to differential equations in the context of quan-

tum mechanics. By administering a multiple choice question regarding solutions to a

differential equation with specified boundary conditions, she finds that many upper-

division students do not distinguish between functions of the form ekx and eikx [17].

Loverude and Li similarly find that physics students have difficulty describing func-

tions of the form f(t) = Aeiωt when asked to plot the real part [16]. Nearly 40%

of students give responses similar to exponential growth rather than recognizing the

oscillatory nature of the function. Both Sadaghiani and Loverude and Li find that

physics students, even those with experience with complex numbers and functions,

continue to struggle with distinguishing between functions with similar algebraic ap-

pearances.

Studies by other physics education researchers have identified that particular com-

plex algebra tasks embedded within physics contexts are difficult for students. Gupta,
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Redish, and Hammer describe graduate students’ treatment of a complex function in

a plasma physics context while solving for the roots of the function [15]. Students

were unsuccessful when they chose to express the function in a form visually similar

to the rectangular form of a complex number, z = x+iy, despite the complex variable

embedded in the function.

Close et al. suggest that geometric emphasis of the complex plane may assist

students in problem solving in physical contexts. They find that students successfully

identify equivalent spin-1/2 states, where coefficients to the eigenstates differ only by

an overall phase, using graphical approaches [14]. Close also proposes that instruction

using the complex plane for classical systems, in particular harmonic oscillators, may

develop fluency with and intuition for coordinating physical, algebraic, and geometric

representations [23].

2.2.1 Complex Algebra Literature Review Conclusions

The mathematics education literature has defined students’ understanding of com-

plex numbers through moving flexibility between forms and representations. The

studies find that novices often are not able to move flexibility between the forms and

representations, however, the compartmentalization of representations lessens with

increasing exposure to and experience with complex numbers. Furthermore, per-

ception of complex numbers might contribute to difficulties students encounter with

complex algebra. There is possibly an interplay between connotations of labels such

as “complex” or “imaginary” and the ability of novices to engage with and understand



27

complex algebra. Instruction involving embodied experience and emphasis on geo-

metric representations may allow students to view complex numbers as “real” objects

which can be described with algebraic and geometric representations.

Within physics education research, there are few studies that focus explicitly on

students’ use and understanding of complex numbers and functions despite their

pervasiveness throughout many subdisciplines of physics. For subdisciplines such as

quantum mechanics, understanding complex number manipulations is essential for

success in upper-division physics courses. While there has been extensive research

conducted done on middle- and upper- division students’ understanding of quantum

mechanics, one of the most prevalent applications of complex numbers, the physics

education research literature focuses extensive effort on students’ conceptual under-

standing and use of various representations rather than the underlying mathematics.

The foundations of some difficulties students encounter within the upper-division may

be rooted in mathematical deficiencies.

Physics emphasizes the use of mathematics to model the physical world which

contrasts with the abstract nature of many mathematics courses. Understanding

the role physical applications and tangible examples play in students’ developing un-

derstanding of complex numbers and functions may illuminate whether physics stu-

dents encounter difficulties similar to those faced by inexperienced mathematics and

engineering students. Studies which propose the correlation between perception of

complex numbers and difficulties with complex algebra suggest a geometric, perhaps

embodied, approach is essential in instruction. Because physics students extensively

use complex numbers and functions to model the physical world, the perceptions of



28

complex numbers may differ from students who only encounter them in a mathematics

course.

2.3 Theoretical Frameworks

In Chapter 5, I use modified grounded theory and epistemic games to describe

students’ decisions and strategies in solving a complex algebra task. In this section,

I provide a more detailed overview of these theoretical frameworks and background.

2.3.1 Grounded Theory

Grounded theory methods are the data collection and analysis procedures that

researchers use to develop grounded theories from their data. The grounded theories

are rooted in the data and emerge through iterations of data collection and analysis.

The theories are abstractions of the data and describe the phenomena observed in the

data, however, different researchers describe the steps of grounded theory methods

in various ways (e.g. Glaser and Strauss [24], Corbin and Strass [25], Charmaz [26,

27]); several researchers’ perspectives and use of grounded theory are presented in

The SAGE Handbook of Grounded Theory [28]. Here, I do not distinguish between

particular researchers’ descriptions of grounded theory methods because the analysis

in Chapter 5 follows a modified version of grounded theory methods, and I discuss the

specific procedures I used. Here, I provide an overview of the procedures described

by Charmaz [26, 27].
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Data collection and analysis occur together; the data that is collected requires

analysis, and the analysis informs further data collection. This simultaneous involve-

ment in both analysis and data collection allows the researcher to control the direction

of the research. The researcher’s preconceived notions and ideas are not forced upon

the data. The data and analysis process drives and reshapes further data collection

and analysis. In this sense, the beginning stages of grounded theory methods are a

study of the data to generate and refine the research questions.

Coding begins by a line-by-line analysis. A fine grain-size of codes are developed

to be specific to the data the researcher is considering. This allows the researcher to

consider the important aspects of the data and determine which aspects of the data

to focus on. The researcher actively considers similarities and differences among the

data and how those may be linked together.

Focused coding is when a subset of recurrent codes from line-by-line analysis are

applied to larger sets of data. The focused coding allows a researcher to try out

certain categories and learn how the codes fit together within the data. Categories

emerge when the researcher classifies groups of codes with an imposed theoretical

definition of what the groups of codes describe. The coding procedures of grounded

theory methods contrasts with quantitative coding methods where the codes are es-

tablished prior to data collection. The codes are a reflection of the data rather than

preconceived notions of the researchers.

Memo-making is the process of describing the categories and the connections be-

tween categories. This process allows the researcher to explore the ideas which emerge

from the data and can be used to inform further data collection. Constant compar-
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ative analysis methods, originally described by Glaser and Strauss [24], allow the

researcher to compare experiences among participants to develop and clarify the sig-

nificance of and connections between categories.

The process of memo-making leads into theoretical sampling. Theoretical sam-

pling is done to refine explanations and categorizations in order to develop the emerg-

ing theories found through memo-making. For example, theoretical sampling can be

performed with participants in the research if the analysis process has led the re-

searcher to modify their interview protocol. The researcher can choose to ask the

new questions of the participants who were interviewed prior to the modifications of

the protocol in order to explore how the data fits with the emerging theories. The-

oretical sampling ceases when the categories are saturated. Saturation occurs when

new data does not prompt further insights into or bring out new properties of the

established categories.

2.3.2 Resources Perspective Overview

The definition of resources is refined and adapted by several researchers, how-

ever, here I discuss only a subset of previous studies that use a resources framework.

This serves the purpose of describing the various interpretations of and extensions to

resources frameworks in physics education research.

Hammer first introduces the concept of student resources as a means to describe

the productive elements of students’ reasoning in physics [29]. He seeks to provide

another way of describing students’ thinking other than the misconceptions and diffi-
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culties language, which tend to point out the problems and unproductive knowledge

that students bring into problem solving. Hammer vaguely describes resources as the

pieces of knowledge, ideas, or views that an individual brings into problem solving.

For an expert, a familiar problem within physics elicits specific resources that are used

to solve similar problems. However, an unfamiliar problem may require an expert to

explore the resources that may be useful and productive toward reaching a solution.

Hammer elaborates on two types of resources that students use in physics prob-

lem solving: conceptual and epistemological. Conceptual resources are ideas and

knowledge that students bring into solving a particular problem. For example, stu-

dents may not have developed conceptions of the definition of “mass” coming into

an introductory physics course but bring in knowledge about the physical world that

contributes to their understanding of “mass”. Hammer describes epistemological re-

sources to be how knowledge is viewed by the student. For example, knowledge may

be viewed as “connected and constructable (and reconstructable)” or as “factual and

communicable” depending on the context of a question or problem.

Hammer et al. describe resources to be the fine grained knowledge and reasoning

abilities “that may be activated or not in any particular context” [30]. They use a

general notion of a resource, as described by Hammer [29], and focus on the activa-

tion of resources within a particular context to provide an alternative perspective to

“transfer” (where a student moves a unit of knowledge from one context to another).

The authors describe epistemological resources—such as “knowledge as transmitted

stuff”, “knowledge as fabricated stuff”, and “knowledge as transmitted stuff”—that

may be activated by an individual in different contexts.



32

Tuminaro and Redish describe the resource model where student thinking is de-

scribed by “knowledge elements [that] combine dynamically in associative structures

activated by control structures in response to inputs from each other and from the

environment” [31]. The authors describe the resources model in parallel with neural

connections and cognitive networks; they offer the resources model as a framework to

mirror the known structure of the brain. In their model, they use the term “knowl-

edge element” to be “any knowledge stored in long-term memory that activates as a

single unit or chunk”. These knowledge elements are linked to one another from “pat-

terns of association” that the authors refer to as “knowledge structures”. Finally, the

“control structures” determine when particular knowledge structures are activated.

The authors refer to all of these components of the model as resources.

Sayre and Wittmann summarize four properties of resources and groups of re-

sources: individual reusable thoughts, two states, connection and activation, and

internal structure [32]. Individuals hold resources that “are small reusable pieces of

thought that make up concepts and arguments”; these resources must be “individu-

ally nameable”. The authors are able to identify and name the specific resources that

students use, however, students do not need to recognize that they are using partic-

ular resources. The resources can be either active or inactive. Sayre and Wittmann

state that the “physical context and cognitive state of the user determine which re-

sources are available to be activated”; students activate resources as needed within

problem solving. Individual resources may be connected to other resources, and sets

of resources may activate together. Groups of resources that are commonly activated

together are called “stable networks”. Resources may have internal structures made
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up of other resources. For example, the authors discuss how princess is an idea that

consists of further “ideas for what princesses are, their roles in fairytales, appropriate

princess dress, etc.”, however, there are also resources that lack an internal structure.

Sayre and Wittmann elaborate on previous researchers’ definitions of resources

by proposing the distinction between solid and plastic resources. Solid resources are

those with an unchanging internal structure. A student is able to bring a solid resource

into many different contexts without exploring the internal structure of the resource.

The authors propose that these are reified objects, as defined by Sfard [21]. However,

plastic resources are less stable in their internal structure, and “the more plastic a

resource is, the less likely the user is able to apply it to new situations and the more

explanation is needed to justify and explain its use”. Sayre and Wittmann describe

this as a continuum of plasticity that may be used to describe the development of

resources.

2.3.2.1 Procedural Resources

In Chapter 5, I discuss procedural resources—a specific type of resource—as pro-

posed by Wittmann and Black [33]. Here, I provide an extended explanation of the

procedural resources they describe in the context of a separation of variables problem

in an intermediate classical mechanics course.

Wittmann and Black define procedural resources to be “mathematical actions” [33].

They describe procedural resources through students’ in class work on the separation

of variables procedure during an air resistance problem. The procedural resources in
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this context are identified to be grouping, subtraction, multiplication, division, and

moving. These resources are reusable and often used by multiple students and by

individual students multiple times. Students use these individual mathematical ac-

tions to solve the separation of variables portion of the problem. For example, the

authors describe how one student, Sarah, describes dividing one side of the equation

by the other and then multiplying by dx to obtain velocity terms on one side and

position terms on the other. She first recognizes that certain terms must be grouped

on a single side of the equation, the grouping procedural resource. To carry out the

grouping, division and multiplication are individual steps in the procedure. Sarah

uses multiple procedural resources to perform separation.

Expertise is marked by the ability to group several procedural resources into a

single procedural resource where separation of variables is a single mathematical ac-

tion. They authors describe one student, Phil, who treats the separation of variables

procedure as a trivial step of problem solving. Phil arrives at his solution without

verbalizing any algebraic steps; he arrived at a solution without using the individual

procedural resources that other students use. The authors propose that Phil is able to

perform separation of variables as a single action of separation. The authors suggest

this may be an example of reifying, as used by Sfard [21], locally coherent procedural

resources.

2.3.3 Framing

The resources perspective is used by researchers in physics education to describe
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how students frame tasks within physics. Here, I provide a brief overview of framing,

particularly epistemological framing, that is grounded in the resources perspective.

Hammer et al. state that “to frame an event, utterance, or situation in a par-

ticular way is to interpret it in terms of structures of expectations based on similar

events” [30]. For example, a physics student may frame the solving of a problem

as “an opportunity for sense making” or as “an occasion for rote use of formulas”.

The frame is the set of expectations that are brought to a particular situation, and

these expectations affect how an individual perceives and reacts to the situation. The

authors define framing to be “the activation of a locally coherent set of resources”; a

locally coherent set of epistemological resources establishes an epistemological frame.

The epistemological frame of a student answers the question “How should I approach

knowledge?”. For example, the authors discuss an example from Tuminaro [34] where

a group of students negotiate a frame in solving an introductory physics problem. One

student suggests the way to proceed with the problem is to apply equations and reach

a quantitative solution, however, another student in the group views the problem as

an occasion to avoid explicit calculation and instead use sense making. The group

shifts epistemological frames from viewing the problem as a calculation to using a

narrative to describe the physics.

Bing and Redish discuss students’ epistemological framing of mathematics in phys-

ical contexts [35]. They define epistemological framing to be “the students’ perception

or judgment (unconscious or conscious) as to what class of tools and skills is appro-

priate to bring to bear in a particular context or situation”. Bing and Redish describe

framing as an individual’s subconscious answer to “what kind of activity is going on
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here?” [35]. An individual’s framing of a situation cues the consideration of certain

components that are perceived to be necessary and ignore those considered irrelevant.

Framing is the process where the mind interprets the context of a situation, and the

situation may be framed differently by individuals. The authors suggest framing is

a continuous activity where “people continually recheck their framing of a situation

and may alter it accordingly” throughout the situation.

Bing and Redish describe four framings, identified by upper-division students’

debates regarding the relevant aspects of their mathematics tools, that students ne-

gotiate while using mathemathics within physics problems. These framings include

calculation, physical mapping, invoking authority, and mathematical consistency. A

calculation framing invokes the epistemological resource that is “algorithmically fol-

lowing a set of established computational steps that should lead to a solution”. The

epistemological resource associated with the physical mapping framing is “a mathe-

matical symbolic representation faithfully characterizes some feature of the physical

or geometric system it is intended to represent” and for the invoking authority framing

is “information that comes from an authoritative source can be trusted”. Finally, the

authors define the epistemological resource of the mathematical consistency framing

to be “mathematics and mathematical manipulations have a regularity and reliabil-

ity and are consistent across different situations”. The authors provide a case study

of students’ implicit negotiations between these frames to address the mathemat-

ics within a physics problem to demonstrate how debates among students provides

insights to the students’ epistemological framings.
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2.3.4 Epistemic Games

In one of the analyses presented in Chapter 5, I adopt the lens of epistemic games

to analyze the decisions and strategies the middle-division physics students use to

solve this complex algebra task.

Collins and Ferguson introduce the concept of epistemic forms and epistemic

games to study the construction of knowledge [36]. Epistemic forms are defined to be

the “target structures that guide inquiry”, and epistemic games are “the set of rules

and strategies that guide inquiry”. They use the analogy of a tic-tac-toe game where

the epistemic form consists of the squares that provide the structure which players

fill out. The epistemic game is the game itself where there are particular rules and

strategies to be followed by the players. Each epistemic game consists of constraints,

entry conditions, and moves. Constraints are the guiding rules of a particular game.

More constraints placed on a game narrows the focus of the game and often makes

the game more difficult. The entry conditions stipulate when it is relevant to play

the game. The aim of an epistemic game is to complete the target epistemic form in

a way which satisfies the original inquiry. Collins and Ferguson describe the action

of changing to a new epistemic game to be “transfer”.

Collins and Ferguson outline three types of epistemic games: structural analyses,

functional analyses, and process analyses. Structural analysis games “answer the

question ‘What is the nature of x?’ by breaking x down into subsets or constituents

and describing the relationships among the constituents” and are most relevant to

the constraints of our prompt in Chapter 5.
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2.3.4.1 Epistemic games in physics and mathematics

Tuminaro and Redish adapt the epistemic games framework, described by Collins

and Ferguson, to problem solving by introductory physics students [31]. They define

an epistemic game to be a “locally coherent goal-oriented [activity]” and “a coherent

activity that uses particular kinds of knowledge and processes associated with that

knowledge to create knowledge or solve a problem”. Their application of epistemic

games to algebra-based introductory physics students’ problem solving emphasizes

the construction of knowledge without students’ explicit recognition of goals. By

reviewing 11 hours of video where groups are actively solving homework problems,

the authors identify large grain-size epistemic games which guide the construction of

physics knowledge. These games consist of recognizable patterns in problem solving

across different problems—not directly tied to the content of a problem. Tuminaro

and Redish claim that epistemic games are defined by structural and ontological

components. The ontological components of epistemic games consist of the knowledge

base and the epistemic form which are specific to the problem at hand. The structural

components—moves and entry and ending conditions—are the signals which begin

and end games as well as the activities which occur throughout the duration of the

game. The six games, Mapping Meaning to Mathematics, Mapping Mathematics to

Meaning, Physical Mechanism Game, Pictorial Analysis, Recursive Plug-and-Chug,

and Transliteration to Mathematics, are briefly described by the general structural

and ontological components prior to specific examples where students use these games

in problem solving. The authors identify these “as distinct games because they have
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different ending conditions; students playing different games decide they are ‘done’

when different conditions are met” [31].

Tuminaro and Redish describe epistemic games used by introductory physics stu-

dents with a large grain size. Even larger grain sizes have been suggested by Chen,

Irving, and Sayre’s Answer-Making game which “governs the order of which other

games student might play in the process of answer making” [37]. Mathematics tasks

are essential components of physics problem solving. However, the focus on the

mathematical aspects of problem solving using the lens of epistemic games requires

a smaller grain size of epistemic games—games which are perhaps of the same grain

size of some moves proposed by Tuminaro and Redish.

Kustusch et al. describe three distinct epistemic games which are used by ex-

perts in solving a mathematics task in the context of thermodynamics [38]. The

games—Substitution, Partial Derivatives, and Differentials—are defined by the tar-

get epistemic forms, key moves, and constraints. These games are specific to the

thermodynamics physical context but are also applicable to more general mathe-

matical problem solving using partial derivatives and differentials. For example, the

Substitution game defines the goal as: “use a set of functional relationships between

certain quantities to discover the relationship between a different set of quantities”.

The specialized and specific nature of the games Kustusch et al. define are necessary

to describe how experts understand and solve the mathematics of thermodynamics

as a series of games which are guided by particular epistemic forms and key moves.

Black and Wittmann propose adjustable grain size analyses by combining both

procedural resources and epistemic games. They define an epistemic game to be “a
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particular pathway through activated procedural resources” [39]. Games are direc-

tional relationships between the resources and can be linear or can include loops which

“are commonly activated as a whole”. Wittmann and Black describe procedural re-

sources, using Hammer’s definition of resources [29], to be mathematical actions [33].

They identify procedural resources that students use during a group activity on sepa-

ration of variables in an air resistance problem: grouping, moving, multiplication, and

division. They suggest that expertise with separation of variables may be marked by

arriving at the answer without going through the individual steps some students use.

At this point, the procedure becomes a single resource perhaps by “reifying existing

networks of resources”.

Bernard and Jones use Black and Wittmann’s ideas about epistemic games and

procedural resources to outline two grain sizes of epistemic games in mathematics

problems on volumes of revolutions: global and local games [40]. The large grain-

sized global game, which the authors state is similar to Tuminaro and Redish’s Pic-

torial Analysis game, is composed of procedural moves such as “visualizing volume”

and “evaluating integral”. Local games are the strategies students use during the

procedural moves of the global game. For example, in the “visualizing volume” move

of the global game, there are two distinct local games: (i) visualizing the area to be

revolved and (ii) visualizing the area and then proceeding to visualize the revolution.

Most of the local games have more complicated structures and are all expressed as

a series of directional decisions specific to the problem—visually summarized by the

authors on flow charts. Both the local and global games are described by the linear

procedural decisions students make while working through the mathematics problem.
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Abstract

Complex numbers and functions are used in multiple subfields in undergraduate

physics. We use pretests, quizzes, and exams administered throughout the junior

year to identify middle-division students’ difficulties with complex number fluency.

These difficulties are classified into three categories: performing calculations, switch-

ing between forms, and appropriately selecting forms to simplify calculations. Our

exploration suggests that students in middle-division physics courses have varying lev-

els of fluency with complex number manipulations. Some of these difficulties persist

over time.

3.1 Introduction

At Oregon State University, as at many institutions, physics majors are introduced

to, and use, complex numbers and functions in several courses. Faculty suspect, from

exam and homework performance in quantum mechanics courses, that student diffi-

culties with elementary complex number and function manipulations cause persistent

problems throughout the undergraduate curriculum. As a first step to remedy this

situation, we conducted a baseline study to identify the experiences we are giving

students with complex numbers and find out how effective those experiences are.

In this paper, we describe some of the difficulties that undergraduate physics stu-

dents encounter throughout the junior year with complex number fluency including

calculations and changing between, and appropriately using, different forms.

Previous empirical studies explore secondary students’ [11], undergraduate stu-
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Table 3.1: Schedule of the relevant assessments and junior year courses in 2015 (for
full schedule see Ref. [2]). Courses, during which students are exposed to complex
numbers or functions are in bold, and those with formal review are marked with an
asterisk (*).

Week Assessment Course (Junior Year)

F
al

l 1-3 Symmetries & Idealizations
4-6 Static Vector Fields
7-10 Oscillations*

W
in

te
r 11 P1, Q1 Preface*

12-14 Quantum Measurements & Spin
15-17 One-Dimensional Waves
18-20 Periodic Systems

S
p
ri

n
g

21 P2, Q2

Math Methods*

Reference Frames
22-23

24
Energy & Entropy25 Midterm

26-27
28-29

Central Forces
30 Final

dents’ [3, 10, 8, 13], prospective and in-service secondary teachers’ [1, 9, 7], and

experts’ [4] algebraic and geometric understanding of complex numbers in mathe-

matics and engineering contexts. Some of these studies cover calculational aspects

of complex number fluency we discuss including complex algebra [3] and changing

between [1], and appropriately selecting [8], forms of complex numbers. While one

study included a physics expert [4], we were unable to identify studies which focus

on undergraduate physics students’ understanding of complex numbers.

In the Paradigms in Physics program at OSU, the content of the courses was

extensively reordered as a result of a reform instituted in 1997. While, in traditional

curricula, courses focus on subfields of physics, at OSU most of the junior-level courses
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– called Paradigms – revolve around concepts underlying those subfields (e.g. energy,

symmetry, eigenstates) [2]. Table 3.1 shows a schedule for the junior year at OSU

with courses that use complex numbers and functions shown in bold.

In Week 7, students are first briefly introduced to complex numbers in class and

are given relevant homework problems. Students are expected to gain familiarity with

complex number and function manipulations, including operations such as multipli-

cation, division, addition, subtraction, complex conjugate, and norm, in rectangular,

polar, and exponential forms. Homework problems include switching forms and plot-

ting on Argand diagrams. For each homework problem more than 70% of students

(N=105) provided correct solutions. Furthermore, students use complex functions

during Weeks 8-10 to solve differential equations for harmonic motion. In Math

Methods, simultaneous with Paradigms in Weeks 21-30, there is a review of complex

number forms, representations, and operations prior to more advanced complex anal-

ysis topics including complex-valued power series and analyticity. Supported by the

results from homework in Week 7, instructors have assumed students are fluent with

complex number manipulations prior to Weeks 11-30, which are the subject of this

study.

3.2 Methodology

We describe the curricular experiences that students have with complex algebra in

Weeks 11-30 and describe six in-class assessments containing open-ended prompts to

track students’ increasing ability to do simple complex-number calculations. Timing
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of these assessments is shown in Table 3.1, During these weeks, two unannounced and

ungraded pretests (P1, P2), two announced quizzes (Q1, Q2), and explicit questions

on two exams (Midterm, Final) were administered to gauge students’ abilities to

perform calculations involving complex numbers.

Students enrolled in the Paradigms are primarily physics majors but occasionally

include physics minors, related majors, and graduate students. In a typical year, 30-37

students are enrolled in each Paradigm, and most majors complete the sequence in the

intended order. For Weeks 11-20, we use data from all students who completed each

task. From Weeks 21-30, we excluded data from graduate students from other fields

because of differences in their background. Data has been collected sporadically over

the past four academic years; not all tasks have been administered each year which

accounts for differences in the number of student responses for each assessment. Since

we did not notice significant performance differences from year to year, all available

responses are included in this baseline study.

Each assessment was analyzed to find the percentage of students answering cor-

rectly. Incorrect answers were then sorted by type of error, as a first step in a grounded

theory approach [41]. Tables 3.2 and 3.3 show results from P1, Q1, and P2 in which

students were asked to find the square and the norm squared of a complex number.

Tables 3.4 and 3.5 show results from P2, Q2, Midterm, and Final (administered only

in Spring 2015) in which students are asked explicitly to change from one form of a

complex number to another or to calculate the natural logarithm where it is necessary

for students to correctly select the form.

The forms for the complex number, z, which we explore are the rectangular form



46

Table 3.2: Comparison of difficulties with squaring a complex number in rectangular
(P1: N=86, Q1: N=115) and exponential (P1: N=54, Q1: N=83, P2: N=23) forms.
Other includes responses unique to one or two individuals.

Rectangular Form Exponential Form
z2

P1 [%] Q1 [%] P1 [%] Q1 [%] P2 [%]
Correct 58.1 80.0 57.4 73.5 69.6

No Response 9.3 0.9 31.5 7.2 4.3
Distributive 10.5 10.4 – – –

i2 = 1 10.5 4.4 – – –
|z|2 7.0 0.9 0 0 0
re2iθ – – 7.4 7.2 4.3

Other 4.7 3.5 3.7 12.0 21.7

given by x + iy, the polar form given by r cos θ + ir sin θ, and the exponential form

given by reiθ where x, y, r, and θ are real numbers.

3.3 Calculation difficulties

During Week 11, a 10 minute in-class review of complex numbers includes relating

forms, geometric relationships, and common operations. A short kinesthetic activity

where students represent complex numbers and operations using their arms is incor-

porated [18]. P1 and Q1, given on the days immediately before and after the review,

respectively, were used to determine students’ ability to perform calculations of the

square and norm squared, given symbolically, in rectangular and exponential forms.

For example, Q1 administered in 2015 included questions: “For z1 = −3 + 7i, find z2
1

and |z1|2” and “For z2 = 3e2i, find z2
2 and |z2|2”.

The responses, including specific errors, which students gave when determining

the square of a complex number are summarized in Table 3.2. A common difficulty
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was failure to correctly use the distributive property on a complex number in rect-

angular form. This includes both minor arithmetic errors with multiplication and

neglecting the sign of i2 (listed separately in Table 3.2 as i2 = 1). We have included

these as distinct categories because we are unsure whether students do not recall

the sign of i2 or whether this is a simple arithmetic error. Other authors found dis-

tributivity errors in similar problems with undergraduate engineering students, but

further foundational errors such as stating i2 = 0 or ignoring i were not observed with

the Paradigms students [3]. Additionally, in rectangular form, some students (7.0%,

N=86) found the norm squared rather than the square on P1. This could be due

to instructional language which may, at times, fail to distinguish between the square

and norm squared by referring to both operations as the “square”.

For the exponential form nearly a third of students (31.5%, N=54) did not provide

a response on P1. This could be indicative of calculational difficulties with exponen-

tials. Additionally, responses with only the square of the phase portion (given in

Table 3.2 as re2iθ) could be either arithmetic errors or could be foundational.

P1 and Q1 were also used to determine students’ ability to calculate the norm

squared; difficulties are summarized in Table 3.3. Many students do not provide

any response for the norm squared in rectangular (34.9%, N=86) and exponential

(61.1%, N=54) forms. Likely this is indicative of not knowing what operation the

symbols represent. Of those who respond, simple arithmetic errors do occur, but the

most prevalent incorrect responses are operations which are not the norm squared.

Calculations of (|z|2)
2

and |z| require knowledge of the mathematical process of de-

termining the norm squared, however, students responding in these ways possibly
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Table 3.3: Comparisons of difficulties for norm squared in rectangular (P1: N=86,
Q1: N=115, P2: N=23) and exponential (P1: N=54, Q1: N=83, P2: N=23) forms.
Other includes responses unique to one or two individuals.

Rectangular Form Exponential Form
|z|2 P1[%] Q1[%] P2[%] P1[%] Q1[%] P2[%]

Correct 37.2 79.1 78.3 20.4 66.3 87.0
No Response 34.9 2.6 4.3 61.1 15.7 0
Arithmetic 1.2 8.7 4.3 0 1.2 0(
|z|2
)2

3.5 1.7 13.0 1.9 3.6 13.0
|z| 2.3 2.6 0 3.7 3.6 0
z2 1.2 0 0 7.4 1.2 0

(z2)∗ 5.8 0.9 0 0 1.2 0
x2 − y2 3.5 0.9 0 – – –
x2 3.5 0 0 – – –

Other 7.0 3.5 0 5.6 7.2 0

do not correctly distinguish the norm and norm squared. Students responding with

solutions which are of the form, (z2)∗, likely recognize there is a difference between

the square and norm squared but fail to recall the proper operation (though they

perhaps know there is a step involving the complex conjugate). Though few students

responded with either x2 − y2 or x2 for rectangular form in P1, these responses may

show that students recognize that the norm squared is a real quantity but obtained

this incorrectly by either taking the real part of the square or squaring the real part.

Student improvement from P1 to Q1 demonstrates that many, but not nearly all,

students quickly learn to determine and distinguish between the square and norm

squared for both rectangular and exponential forms when these calculations are ad-

dressed in-class. However, the announced and graded nature of Q1 may also be a

factor. It is likely that many students at the beginning of the junior year are not

familiar with these calculations involving complex numbers, particularly the norm
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squared and using exponential form. Given the review in Week 7 and the use of

complex functions in the context of harmonic motion from Weeks 7-10, we would

expect nearly all students to be able to perform these simple calculations prior to

Week 11. While the short review during Week 11 addressed calculation difficulties

with the square and norm squared in both forms, these are skills that students should

be retaining from Week 7.

P2 was intended to determine the retention of students’ abilities to perform these

calculations 10 academic weeks following the in-class review and therefore includes

tasks equivalent to P1. During these 10 weeks there is no formal instruction on com-

plex numbers, however, students extensively use complex numbers and functions in

the context of spin-1/2 and spin-1 systems, one-dimensional waves, and coupled har-

monic oscillators in both classical and quantum mechanics. This instruction includes

kinesthetic activities, which build on the Week 11 complex number review, to repre-

sent overall and relative phases for time-independent and time-dependent quantum

systems [18].

After approximately 15 homework problems from Weeks 11-20 which require cal-

culation of the norm squared in physics contexts, P2 shows both retention and im-

provement in student performance. Many of the difficulties with the square in rectan-

gular form on P2 are different from those in Table 3.2 because many students (39.1%,

N=23) switched to exponential form then calculated the square. By Week 21, most

students recognize exponential form as preferred for performing certain calculations,

however, P2 did not appropriately gauge retention of squaring a complex number in

rectangular form.
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Table 3.4: Student responses by difficulties changing from exponential to rectangular
(P2: N=23, Q2: N=23) and rectangular to exponential (P2: N=23, Final: N=21)
forms.

Exp. → Rect. Rect. → Exp.
P2 [%] Q2 [%] P2 [%] Final [%]

Correct 47.8 60.9 26.1 61.9
No Response 4.3 0 13.0 9.5

Not Simplified 13.0 4.3 21.7 0
Trigonometry 17.4 21.7 13.0 9.5

θ = tan−1
(
x
y

)
– – 8.7 0

Other 17.4 13.0 17.4 19.0

3.4 Changing & selecting forms

At the beginning of Math Methods in Week 21 and immediately following P2, 15

minutes of review included forms, representations, and operations with an emphasis

on switching forms and selecting forms for particular operations (e.g. rectangular form

for addition, exponential form for multiplication). The following class emphasized

selecting forms based on the mathematical context and began to introduce complex

functions in both rectangular and exponential forms. The final class during Week

21 included a lecture on multiple-valued complex functions with examples similar to

problems given on the Midterm and Final.

At the beginning of Week 21, as assessed by P2, many students had difficulties

changing from exponential (given as 3e−iπ/4) to rectangular form. As a follow-up as-

sessment, at the beginning of the third class in the same week, Q2 included a problem

to express 3+3e−3iπ/4 in rectangular form; we consider the step where students change

3e−3iπ/4 to rectangular form. While more students (60.9%) correctly changed forms



51

Table 3.5: Midterm and Final (N=25) correct and incorrect responses by primary
form used within the logarithm.

Midterm Final
ln z Correct[%] Incorrect[%] Correct[%] Incorrect[%]
Exp. 28.0 24.0 32.0 48.0
Rect. 0 48.0 0 8.0
Other – – 4.0 8.0

on Q2 than P2 (47.8%), possibly due to the in-class instruction, there were many stu-

dent difficulties evaluating trigonometric quantities – failing to simplify from polar

form (listed separately as Not Simplified), sign issues, and incorrect geometry – on

both P2 (30.4%) and Q2 (26.0%) as shown in Table 3.4 (N=23).

Problems involving changing from rectangular to exponential form included a

prompt on P2, to express
√

3− i in exponential form, and a question on the Final, 10

weeks later, to express ln
[
(i− 1)10] in rectangular form. For the Final, we analyzed

only the responses from students who attempted to change i− 1 to exponential form.

While student improvement in navigating from rectangular to exponential forms is

considerable from P2 (26.1%, N=23) to the Final (61.9%, N=21), student difficulties

switching from rectangular to exponential form, summarized in Table 3.4, seem to

primarily originate from relying on equations (e.g. θ = tan−1
(
y
x

)
) without considering

the geometry relating the forms. On the Final, few students (9.5%, N=21) made

trigonometry related errors, however, the geometry associated with i − 1 may be

simpler for students than
√

3− i. This may be similar to other studies which showed

in-service secondary mathematics teachers also exhibited a lack of flexibility between

forms of complex numbers despite extensive instruction [1].
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In order to evaluate the form students chose within a particular mathematical

context, both the Midterm and Final included a problem with a natural logarithm;

students responses are summarized by primary form used within the natural loga-

rithm in Table 3.5. On the Midterm, half of students (52%, N=25) primarily used

the rectangular form to try to determine the real and imaginary parts of ln
(

1
z

)
–

demonstrating difficulty in selecting the appropriate form and preference for rectan-

gular form which is similar to another study involving undergraduates enrolled in a

complex analysis course [8].

During Week 21, the instructor gave an in-class example of ln z using exponen-

tial form, and homework problems emphasized selecting an appropriate form given

the mathematical context. Combined with extensive use of complex numbers and

functions in preceding Paradigms, it was unexpected that students would encounter

difficulties related to selecting a form. By the Final most students (80%, N=25) rec-

ognized the exponential form as the correct form to use. Despite not reaching the

correct solution, students have improved in their selection of an appropriate form

from the context of the mathematics; this may be due to the similar Midterm prob-

lem and further experience with complex functions in ordinary and partial differential

equations during Weeks 25-30.

3.5 Conclusions

Complex algebra may be difficult for students for many reasons: their lack of

prior experience, our failure to provide students with an extended introduction, and
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existing difficulties with unit circle trigonometry – essential to switching forms of

complex numbers. Despite the apparent improvement from Weeks 21-30, we are

still disappointed with the number of students encountering difficulties this late in

the junior year especially with the several (brief) treatments of complex numbers

throughout the curriculum. This dynamic may be common to many upper-division

curricula, so the results of this study may be generalizable beyond the specific context

of the Paradigms curriculum. Students who cannot master simple manipulations, such

as distinguishing between and calculating the square and norm squared, switching

forms, and selecting an appropriate form, will not be successful in completing upper-

division problems, especially in quantum mechanics, where complex numbers and

functions are pervasive.

Because OSU students experience these difficulties, we plan to develop a thorough

introduction for the incoming juniors this Fall which emphasizes geometry relating

the forms, similarities with two-dimensional vectors, and practice with calculations.

We intend to study whether implementing an early intervention in the junior year

enables students to demonstrate greater fluency with complex number algebra as they

progress through the middle-division and into the upper-division physics courses.

Acknowledgments

Partially supported by NSF grant DUE 1323800.



54

4 Incoming Middle-Division Students’ Calculational Skills with

Complex Number-Related Tasks

Emily M. Smith, Justyna P. Zwolak, and Corinne A. Manogue

Unpublished Manuscript



55

4.1 Introduction

At Oregon State University (OSU), as at many institutions, physics majors are

introduced to, and use, complex numbers and functions in several courses. Com-

plex algebra fluency is necessary in upper-division physics subdisciplines including

quantum mechanics, classical mechanics, and electricity and magnetism. Faculty ex-

pect students to be fluent with complex algebra by the time they reach upper-division

courses, however, most lower-division physics courses do not include complex algebra.

In this paper, we describe students’ performance on a selection of simple complex al-

gebra calculations. We use these results to highlight most students’ lack of experience

with complex number calculations and existing difficulties with related mathematics

following lower-division physics courses.

Previous empirical studies explore secondary students’ [11], undergraduate stu-

dents’ [3, 10, 8, 42, 13], prospective and in-service secondary teachers’ [1, 7, 9], and

experts’ [4] algebraic and geometric understanding of complex numbers in mathemat-

ics and engineering contexts. Relatively few studies have been conducted on students’

understanding of complex algebra in physics contexts [14, 15, 16, 17]. We conducted

a baseline study of middle-division physics students’ calculational abilities with com-

plex algebra throughout the junior year [43]. In this paper, we describe students’

skills with a subset of complex algebra calculations at the beginning of the junior

year prior to using complex algebra in physical contexts.
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4.2 Background and Methodology

In the Paradigms in Physics program at OSU, the content of the courses was ex-

tensively reordered as a result of a reform instituted in 1997. While, in traditional

curricula, courses focus on subdisciplines of physics, at OSU most of the junior-level

courses—called Paradigms—revolve around concepts underlying those subdisciplines

(e.g., energy, symmetry, eigenstates) [2]. As a result of our baseline study [43],

presented as Chapter 3 in this dissertation, we incorporated a preface to the first

Paradigm in Fall 2015 to introduce students to complex algebra. The instructor

(C.A.M.) designed the introduction in parallel with a review of rectangular and polar

coordinates. During the first two days, students reviewed vector operations and the

instructor emphasized differences between triangle and circle trigonometry. On the

third day of the junior year, the lecture on complex algebra began with the rectan-

gular form and, over 45 minutes, extended to the exponential form. The instructor

emphasized the geometric relationships between the forms and introduced many com-

mon complex algebra calculations in physics including the complex conjugate and the

square of the norm. We developed supplemental homework problems to provide stu-

dents with practice performing complex algebra manipulations.

Students enrolled in the Paradigms are primarily physics majors but occasion-

ally include physics minors, related majors, and graduate students. In Fall 2015,

35 students enrolled in the first Paradigm; here, we discuss results from a subset of

assessments that we designed to gauge students’ calculational abilities with basic com-

plex number tasks. The assessments include an unannounced pretest administered



57

prior to the complex algebra introduction and announced quizzes given in classes af-

ter the introduction. We analyzed each assessment to find the percentage of students

answering correctly. Incorrect answers were then sorted by the type of error.

The pretest was administered on the first day of the junior year, and students were

given approximately 12 minutes to complete ten problems. We conducted interviews

with upper-division and graduate physics students where they completed preliminary

versions of the pretest. These interviews confirmed that the tasks and instructions

were interpreted correctly and provided an estimate of the time that is required by

experts to complete the pretest, approximately seven minutes while working slowly.

After completing the pretest, students were asked to describe the amount of formal

instruction involving complex algebra received in previous courses. Students were

given options to select either “No Previous Experience” (6%), “One or Two Days”

(71%), or “More Extensive” (23%) instruction on complex numbers and/or algebra

in previous courses (N=34). After the introduction to complex algebra, follow-up

quizzes on complex algebra-related calculations were administered in several class

sessions. The quizzes were announced, and students had been provided with similar

problems for practice.

The forms for the complex number, z, are the rectangular form given by z = x+iy,

the polar form given by z = r cos θ + ir sin θ, and the exponential form given by

z = reiθ where x, y, r, and θ are real numbers.
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4.3 Results

In this section, we summarize of a subset of the pretest results categorized by the

following: rectangular and polar coordinates, exponents, multiplication and division,

and the square of the norm. For the square of the norm, exponents, and rectangular

and polar coordinates, we analyzed the follow-up quizzes that we designed to assess

students’ calculational abilities following the in-class introduction to complex algebra.

4.3.1 Rectangular and polar coordinates

In order to assess students’ fluency with circle trigonometry we included a pretest

problem to determine the rectangular and polar coordinates from a diagram. We

suspected, from our baseline study presented in Chapter 3, that students enter the

Paradigms with deficiencies in their understanding of circle trigonometry despite ex-

tensive use of triangle trigonometry in introductory physics courses. We wanted to

gauge students’ abilities with circle trigonometry without assessing students’ fluency

with complex numbers. The geometry of rectangular and polar coordinates is identi-

cal to the geometry of the rectangular and exponential forms of complex numbers.

The diagram included in the pretest prompt, given in Fig. 4.1, requires students

to determine the rectangular and polar coordinates of the point. We constructed the

problem to assess how students define the polar angle, determine signs of coordinates,

and use triangle and circle trigonometry.

Using the results from our baseline study, we designed this task to be easy by

avoiding geometry that requires the evaluation of trigonometric expressions. The x-
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Determine the location of the point in both rectangular and polar coordinates.

Rectangular:

Polar:

−1 1 2

−2

−1

1

√
2

θ = π
4

x

y

Figure 4.1: Problem provided to students on the pretest. See Appendix A for the
version of the pretest that was administered to students.
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Table 4.1: Percentages of student responses to the pretest prompt regarding the
rectangular and polar coordinates of Fig. 4.1 (N=35).

Rectangular x [%] y [%] Polar r [%] φ [%]
Correct 97 37 Correct 43 46

Eval of Trig – 6 Correct (if rect.) 6 –

+
√

2 (Sign) – 29 No Response 6 6
−1.5 (“Reading off”) – 17 Eval. of Trig 6 –

Other 3 14 1 9 –

+
√

2 6 –
π
4

– 34
3π
4

– 6
Other 26 9

coordinate is given on the diagram, and nearly all students identified this coordinate

correctly (97%, N=35). We expected students to identify the y-coordinate by rec-

ognizing the right isosceles triangle and then assigning the negative sign associated

with the quadrant.

Neither of the polar coordinates, r and φ, are provided to students on the dia-

gram. The θ angle, given from the negative imaginary axis, is placed to determine

whether students properly define the φ-coordinate. The φ-coordinate is defined coun-

terclockwise from the positive x-axis, and therefore, giving θ from the negative y-axis

requires students to properly define the φ-coordinate. We selected θ to be π
4

because

we expected that students are able to evaluate trigonometric expressions for multiples

of π
4

more easily and correctly than for multiples of π
6
. The r-coordinate is larger than

one to gauge whether students account for the magnitude or whether they assume

unit circle geometry.

Few students gave entirely correct responses to either the rectangular (37%) or the
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polar (29%) coordinates, and only 20% of the students provided correct answers for all

coordinates (N=35). Given the frequency at which students determine components of

vectors within lower-division courses and their familiarity with polar coordinates from

prerequisite mathematics courses, it was unexpected that this task poses difficulties

for middle-division students.

Table 4.1 summarizes the responses by coordinate and shows the categorizations

of incorrect responses. Only 37% (N=35) of the students correctly identified the y-

coordinate. The most common error (29%, N=35) was for student to neglect the

negative sign of the coordinate; this may be indicative of students’ reasoning using

triangle trigonometry but failing to compensate for the sign associated with the quad-

rant. Several students (17%, N=35) appear to simply “read off” the plot by providing

an estimate of the y-coordinate at -1.5. Perhaps when provided with a geometric rep-

resentation, some middle-division students expect that the representation contains all

information necessary to solve the problem.

The right hand side of Table 4.1 summarizes students’ responses for the polar

coordinates. For the r-coordinate, students’ responses of “1” may be from the stu-

dents’ assumption of unit circle geometry. Similarly,
√

2 may be showing students’

recognition of the isosceles triangle embedded in the coordinate axes, however, they

may not recognize the r-coordinate is the hypotenuse of the triangle.

Properly defining the angle is a common difficulty. About a third of the students

(34%, N=35) identify the angle θ to be the polar φ-coordinate. These students may

not recognize that the polar angle is defined to be counterclockwise from the positive

real axis, or they may assume that an angle labeled as θ must be the polar angle.
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Find the location of the point in both rectangular and polar coordinates.

2

θ = π
6 x

y

Figure 4.2: Quiz prompt assessing students’ abilities with rectangular and polar co-
ordinates.

This could be a result of the common textbook notation where θ is the label of the

polar angle. Other students, who respond with various incorrect angles, may know

that the angle provided on the diagram is not the angle that defines the φ-coordinate,

however, these students perform the calculation incorrectly.

The results of the pretest demonstrate that most students entering middle-division

physics courses are not fluent with circle trigonometry. Many instructors may as-

sume, due to preparation in previous mathematics and physics courses, that these

are straightforward skills for middle-division physics students. These manipulations

are used in several prerequisite courses and should be familiar (and simple) for physics

majors following these introductory courses. However, introductory physics courses

may lack formal instruction on circle trigonometry because triangle trigonometry may

be more useful to introductory students, especially when determining vector compo-

nents (e.g., free-body diagrams).
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Table 4.2: Quiz results for polar coordinates corresponding to the prompt in Fig. 4.2
(N=34).
*Three students make multiple errors within their calculations of a single coordinate.
Therefore, the percentages for the rectangular coordinates total greater than 100%.

Rectangular x [%] y [%] Polar r [%] φ [%]
Correct 59 68 Correct 100 68

No Resp. 3 3 From neg. x-axis – 23
Magnitude* 21 21 Other 0 9

Sign* 18 0
Switch x & y* 9 9
Eval. Trig.* 3 6

Two days following the pretest, we administered a follow-up announced quiz (see

Fig. 4.2) to assess students’ abilities with rectangular and polar coordinates follow-

ing the in-class instruction. Students were provided with a nearly identical practice

problem prior to the quiz. The instructor gave explicit instruction that students are

required to know how to evaluate trigonometric expressions for “special angles” (i.e.,

π
6
, π

4
, and π

3
) in all quadrants.

Table 4.2 summarizes students’ responses for each coordinate on the quiz. The

diagram, in Fig. 4.2, provides students with the r-coordinate. We constructed the

quiz to gauge students’ geometric interpretation of r as the distance from the origin.

All students properly recognize the r-coordinate. However, nearly a quarter of the

students (23%, N=34) equate θ with the polar angle.

There are a variety of errors that originate from trigonometry. For the rectan-

gular coordinates, many students (21%, N=34) ignore the magnitude, as shown in

Table 4.2. Students may assume that the geometry is a unit circle as they evaluate

the trigonometric expressions and do not consider the magnitude. Of the students
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who ignore the magnitude when determining the rectangular coordinates, all correctly

identify the r-coordinate, the magnitude. Therefore, the students recognize r to be

the distance from the origin but fail to account for this in their calculations of the

rectangular coordinates.

When determining x- and y-coordinates, a few students (9%, N=34) switch the x-

and y- coordinates. This may signal that the students are not considering the geome-

try of sines and cosines. Instead, they may be inserting values into the trigonometric

expressions that are typically associated with x and y from triangle trigonometry

(i.e., x with the cosine and y with the sine). Students who have a sign error in the

x-coordinate (9%, N=34) may also be neglecting the geometry of the coordinate point

and relying on algorithmic procedures.

The results of the pretest and the follow-up quiz demonstrate that students en-

tering middle-division physics courses exhibit difficulties associated with rectangular

and polar coordinates. Some of these difficulties may originate from lacking a clear

distinction between triangle and circle trigonometry.

4.3.2 Exponents

The pretest and a follow-up quiz, administered seven class days following the

in-class introduction to complex algebra, contained either correct or incorrect ex-

pressions involving exponent manipulations. Students identified the equivalence of

several expressions through a multiple choice question on the pretest and through

true/false questions on the quiz, see Table 4.3 for the problems on each assessment.
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Table 4.3: Pretest problem and quiz problems assessing students’ abilities with expo-
nent manipulations.

Pretest Quiz

Circle all equivalent forms of the
given number.

2. eiaeib; a & b are real

(a) e−ab

(b) eib

e−ia

(c)
(
eb

e−a

)i
(d) 1

eab

(e) ei(a+b)

(f) None of these are equiva-
lent to eiaeib.

True False

exey = ex+y � �

ln (ex)y = xy � �

ex ln y = yx � �

eaxeay =
(
ey

e−x

)a � �

ln
(
x
y

)
= ln(x)

ln(y) � �

eixeiy = e−xy � �

Table 4.4 shows the expressions students compared on both assessments. Students

must consistently identify pairs of either correct or incorrect expressions, whether this

is through multiple choice or true/false question formats. For example, eiaeib = e−ab

and eixeiy = e−xy are consistently incorrect on both the pretest and the quiz.

However, our design of the assessments, especially providing the different formats

of multiple choice and true/false, may exaggerate the results. For example, only half

of the students (51%, N=35) chose more than one answer for any of the multiple

choice questions on the pretest. These students may not recognize that there could

be more than one answer to each problem. We wrote the instructions on the pretest

based on feedback and responses during the validation interviews. Upper-division and
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graduate students stated that the directions were clear, however, these students rep-

resent a different population than students entering middle-division physics courses.

Therefore, we cannot determine whether students’ omission of multiple selections was

an indication that they identified other answers to be false. Of the students (49%,

N=35) who only selected one response for each multiple choice problem on the pretest,

the majority (82%, N=14) correctly selected eiaeib = ei(a+b) to be true.

Table 4.4 shows the percent of students responding correctly to the exponent

statements on the pretest and quiz. The pair of expressions eiaeib = e−ab and eixeiy =

e−xy are identical except for the labels of the parameters. Most students were able to

correctly identify that the expressions are false on the pretest (86%, N=35) and the

quiz (91%, N=34). This includes about three quarters of students (76%, N=34) that

identify the expressions to be false, correctly, on both assessments.

Collectively, on both assessments, students were least successful in identifying the

two exponentials as fractions raised to a power as equivalent expressions. On the

pretest, less than half the students (40%, N=35) correctly identify eiaeib and
(

eb

e−a

)i
as equivalent expressions. Raising exponentials to a power of i is rare and without

applications in typical physics undergraduate curricula. Therefore, middle-division

physics students are not expected to recognize the equivalence of these expressions.

The quiz problem, eaxeay =
(
ey

e−x

)a
, is more closely aligned with exponent manipula-

tions that may arise in physics contexts. About a third of the students (32%, N=34)

respond correctly on the quiz, despite incorrect identification on the pretest. However,

the improvement of students’ performance from the pretest to the quiz may be due

to the construction of the pretest problem rather than improvement with exponent
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Table 4.4: Pretest (N=35) and quiz (N=34) exponent expression pairs with percent-
ages of correct responses.

Pretest Correct [%] Quiz Correct [%]
eiaeib = e−ab 86 eixeiy = e−xy 91

eiaeib =
(

eb

e−a

)i
40 eaxeay =

(
ey

e−x

)a
68

eiaeib = ei(a+b) 80 exey = ex+y 100

manipulations. A quarter of the students (26%, N=34) did not identify that these

are equivalent expressions on either the pretest or the quiz.

The pair of expressions, eiaeib and ei(a+b), from the pretest and statement, exey =

ex+y, from the quiz are not identical. The pretest includes complex exponentials,

unlike the quiz. There is only one step to show the equivalence of the expressions

in the quiz, however, there are two steps and an explicit i in the pretest; this task

may be designed to be more difficult on the pretest than the quiz. However, most

students (80%, N=35) responded correctly on the pretest, and all students (100%,

N=34) answered correctly on the quiz. This appears to be a simple task for most

students entering the middle-division.

4.3.3 Multiplication and division

Students entering the Paradigms have typically had some—though limited—formal

instruction involving complex numbers. In spite of this experience, our baseline study,

presented in Chapter 3, showed Paradigms students in the past were unable to cal-

culate z2 when prompted symbolically at the beginning of Week 11 of the junior

year [43]. On the pretest, two tasks involve calculations of multiplication and divi-
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sion of complex numbers in the rectangular form to determine whether students have

used the rectangular form to perform addition, subtraction, division, and multiplica-

tion in previous courses.

The prompt for multiplication of (3 + 2i)(1− i) was included in the pretest with

instructions to: “Express the following in the form a + ib where a and b are real

numbers. If you cannot simplify in this manner, express in the simplest terms that

you can.”. Table 4.5 summarizes students’ responses with descriptions of errors for

the incorrect answers. Multiplication in the rectangular form is a complex algebra

calculation that most incoming middle-division physics students can perform. Three

quarters of the students (74%, N=35) were able to correctly express (3 + 2i)(1 − i)

in the rectangular form. Of the students who did not provide a correct answer, real

number arithmetic errors and setting i2 = 1 were common. These errors may be

indications of students’ carelessness rather than their inability to multiply numbers

in the rectangular form.

Table 4.5 summarizes students’ responses to the division problem on the pretest to

express 1+i
1−i in the form a+ ib. We designed the geometry of the complex numbers in

both the numerator (1+i) and denominator (1−i) to be simple to facilitate switching

to the exponential form prior to performing the division. However, no students elected

to use the exponential form to perform the division.

About a third of the students (37%, N=35) answered correctly by multiplying the

fraction by one, expressed as the complex conjugate of the denominator (i.e., 1+i
1−i

1+i
1+i

).

However, many students (43%, N=35) did not complete the task, which suggests that

division in the rectangular form may be unfamiliar to some students entering middle-
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Table 4.5: Summary of students’ responses to the pretest multiplication and division
problems. (N=35).

Multiplication [%] Division [%]
Correct 74 Correct 37

Arithmetic 11 Arithmetic 9
i2 = 1 14 Other 11
Other 3 No Response 43

No Response 6

division physics courses. The procedure in the rectangular form involves calculations

of the complex conjugate and the square of the norm. Students must recognize a way

in which to express the denominator as a real number. If students have not been

introduced to the geometry associated with the norm (and the square of the norm),

then recalling an algebraic procedure to “realize” (as used by Danenhower [42]) the

denominator may be difficult.

4.3.4 The square of the norm

We found in previous years, as described in Chapter 3, that students enter the

Winter term of the junior year unable to calculate and distinguish between the square

and the square of the norm (see Tables 3.2 and 3.3) [43]. During the introduction to

complex algebra in Fall 2015, the instructor explicitly introduced and distinguished

between the calculations of the square and the square of the norm. We assessed

students’ calculational abilities with these operations on the pretest and on a quiz

two days following the in-class introduction to complex algebra. The prompts from

these assessments are provided in Table 4.6.
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Table 4.6: Pretest and quiz prompts administered to assess students’ calculational
abilities with the square of the norm.

Pretest Determine |z|2 for the following num-
bers.
(a) z = 3− i
(b) z = 2e−iπ/4

Quiz For the complex number z = 3 − 3i,
find z2, |z|2, and rewrite z in exponen-
tial form, i.e. as a magnitude times a
complex exponential phase:

As we expected, most students entering the Paradigms do not recognize the cal-

culational meaning of |z|2; few incoming students are able to correctly determine

the square of the norm for either the rectangular (11%) or exponential (6%) forms

(N=35). Table 4.7 summarizes the types of responses students gave for each form in

the pretest. The prevalence of calculating the square rather than the square of the

norm may indicate that students have never been introduced to the symbols |z|2 in

the context of complex algebra. In the real numbers, the symbols are synonymous

with the square of a number, whether it is positive or negative. Additionally, these

problems were at the end of the pretest; a portion of the students who do not provide

a response may not have finished the pretest.

The in-class instruction and supplemental homework problems included calcula-

tions of the square and the square of the norm prior to the follow up quiz four days

after the in-class introduction. On the follow-up quiz, nearly all students determined

the square of the norm (91%) and, neglecting simple arithmetic errors, the square

(97%) correctly (N=34). Students quickly learn to distinguish between and calculate
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Table 4.7: Pretest responses to rectangular and exponential forms of the square of
the norm (N=35).

Rectangular [%] Exponential [%]
Correct 11 6

No Response 29 31
z2 (with errors) 37 51

(z∗)2 6 0
(z2)∗ 3 0

Norm Mix Up 9 3
Other 6 9

the square and square of the norm following a brief formal introduction and incentive

to practice. We did not administer a follow-up quiz with calculations involving the

exponential form until later in the junior year.

4.4 Conclusion

Because students entering the junior year at OSU have backgrounds similar to

students enrolled in traditional curricula, the results of this study may be generalizable

beyond the specific context of the Paradigms curriculum. Students who do know how

to perform simple complex algebra calculations will not be successful in completing

upper-division problems, especially in quantum mechanics, where complex numbers

and functions are pervasive. Most students are familiar with, at least, multiplication

in the rectangular form at the beginning of middle-division physics courses. Students

are prepared to learn and rapidly gain fluency in some simple complex algebra-related

tasks when provided with complex algebra instruction early in the junior year.

Complex algebra may be difficult for middle-division physics students, in part, due
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to their lack of prior experience with complex algebra and existing difficulties with

trigonometry. Following the extended introduction to complex algebra, in parallel

with rectangular and polar coordinates, students continue to exhibit difficulties with

trigonometry—possibly distinguishing between triangle and circle trigonometry. In

contrast, the extended introduction is sufficient for students to develop calculational

skills such as the square of the norm. We intend to study whether this intervention in

the junior year enables students to demonstrate greater fluency with complex number

algebra as they progress through the middle-division and into the upper-division

physics courses.
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Abstract

Complex numbers and functions are used in multiple subdisciplines in under-

graduate physics. This paper presents two analyses of seven middle-division physics

students’ translation of a geometric representation of a complex number to several

algebraic representations. We describe the two separate but compatible analyses us-

ing modified grounded theory methods and an epistemic games framework. These

analyses describe both the successful and unsuccessful strategies that students use in

this task. We find that successful strategies are goal-driven and use the isolation of

an approach; unsuccessful strategies often incorporate simultaneous reasoning with

triangle and circle trigonometry and/or abandon an explicit goal.

5.1 Introduction

Students in middle-division physics are required to use increasingly sophisticated

mathematical tools to solve physics problems. Complex algebra, with both numbers

and functions, is used in many physics subdisciplines—classical mechanics, electric-

ity and magnetism, and quantum mechanics—in increasingly sophisticated ways. In

physics courses, students learn to use mathematics to model the physical world, con-

trasting with the abstract nature of many mathematics courses. Complex algebra

applications in physics demand students to coordinate algebraic and geometric repre-

sentations to model physical situations. In this paper, we investigate middle-division

physics students’ translation of a geometric representation of a complex number to

several algebraic representations.



75

A number of previous studies have looked at students’, instructors’, and experts’

understanding of complex algebra in mathematics contexts [3, 7, 8, 9, 10, 1, 6, 4, 5,

11, 12, 13]. Relatively few studies have been conducted on students’ understanding

of complex algebra in physics contexts [14, 15, 16, 17]. Calculation difficulties with

complex numbers are common among novices of various mathematics-based disci-

plines [3, 7, 8, 9]. Studies suggest the labels in complex algebra such as “complex”

and “imaginary” may contribute to difficulties in learning or teaching simple calcu-

lations and definitions [10, 1, 7]. Intriguingly, many studies hint that an emphasis

on geometric or embodied experiences in the classroom may lessen the abstraction

of complex numbers by unifying the different representations [9, 10, 7, 1]. A geo-

metric emphasis on the complex plane may also assist students in physics problem

solving [14, 23]. Soto-Johnson et al. find that experts’ proficiency, including a physics

expert, with complex variables is marked by experts’ flexibility in changing between

the forms and in selecting appropriate forms and representations given a particular

mathematical context [6, 4, 5]; often this is facilitated by using metaphors [4, 5].

Close et al. suggest that a geometric emphasis on the complex plane may assist

students in problem solving in quantum mechanics. They find students successfully

identify equivalent spin-1/2 states, where coefficients to the eigenstates differ only by

an overall phase, using graphical approaches [14]. Close also proposes that instruc-

tion using the complex plane for classical systems, in particular harmonic oscillators,

may assist students’ developing fluency with and intuition for coordinating physical,

algebraic, and geometric representations [23].

Studies by other physics education researchers show that particular complex alge-
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bra tasks embedded within physics contexts are difficult for students. Gupta, Redish,

and Hammer describe graduate students’ treatment of a complex function in a plasma

physics context while solving for the roots of the function [15]. Students were un-

successful when they chose to express the function in a form visually similar to the

rectangular form of a complex number, x+ iy, despite an embedded complex variable

in the function.

Sadaghiani investigates students’ selection of solutions to differential equations in

the context of quantum mechanics and finds that many upper-division students may

not distinguish between functions of the form ekx and eikx [17]. Loverude and Li find

that physics students have difficulty graphing functions of the form f(t) = Aeiωt when

asked to plot the real part [16]. These findings suggest that physics students, even

those with experience with complex numbers and functions, struggle to distinguish

between real and complex functions with similar algebraic appearances.

This study aims to examine and describe middle-division physics students’ de-

veloping fluency in complex algebra early in the transition from lower- to upper-

division physics. We found in previous years that middle-division physics students

encounter many calculational difficulties, and some difficulties may persist into the

upper-division courses [43]. In this paper, we analyze students’ abilities with complex

algebra following an in-class introduction to complex algebra but prior to exposure

to physical applications of complex numbers and functions.
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5.2 Theoretical background

In this section, we describe the definitions of forms and representations of complex

numbers that we use throughout this paper. We introduce two central findings in

previous literature that contribute to the design of our study and the discussion of

our analyses: compartmentalization of representation and preference for a form.

5.2.1 Forms and representations of complex numbers

This study explores the relationships between geometric and algebraic represen-

tations of complex numbers. We use the definitions of forms (rectangular, polar, and

exponential) and representations (algebraic and geometric) of complex numbers forms

as summarized in Table 5.1, a modified version of those used by Karakok et al. [1].

The algebraic representation of the rectangular form is expressed as x+ iy where

x and y are real numbers. The exponential form is expressed as reiφ where r and

φ are real numbers. The polar form is an intermediate form where the rectangular

form is written in terms of the parameters of the exponential form: r cosφ+ ir sinφ.

The polar form is a special case of the rectangular form, but we distinguish it from

the rectangular form because it is a crucial intermediate form used to establish the

geometric and algebraic relationships between the forms.

The three forms have geometric representations corresponding to the algebraic

representations, given in Table 5.1. Geometric representations include a complex

number on an Argand diagram with the parameters specified (i.e., the pairs of x and

y or r and φ). Geometric descriptions of parameters include x as the distance along
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Table 5.1: Algebraic and geometric representations of the complex number z in rect-
angular, polar, and exponential forms.

Representation
Form Algebraic Geometric

Rectangular z = x+ iy

Re(z)

Im(z)

x

yz

Polar z = r cosφ+ ir sinφ
Re(z)

Im(z)

r cosφ

r sinφz

Exponential z = reiφ

Re(z)

Im(z)

r φ

z

the real axis, y as the distance along the imaginary axis, r as the distance from the

origin, and φ as the angle counterclockwise from the positive real axis. In this paper,

we consider the polar form a special case of the rectangular form, and the geometric

representation in Table 5.1 reflects this decision.

5.2.2 Compartmentalization of representation

Problem solving in physics often requires simultaneous or interchangeable use of

algebraic and geometric representations. Panaoura et al. find that secondary students
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tend to use either an algebraic or geometric approach while solving problems of the

form |Z − z1| ≤ ρ where Z is complex and unknown, z1 is complex and known, and

ρ is a pure real number [11]. They used two questionnaires presenting equalities and

inequalities to test students’ abilities to move between the geometric and algebraic

representations. Students who used geometric approaches tended to be more success-

ful than those who use algebraic approaches. Of the students who used geometric

approaches, one difficulty identified was the “phenomenon of compartmentalization”

which “indicates a lack of flexibility in using the geometric approach effectively with

different representations of complex numbers”; some students were unable to convert

geometric representations to corresponding algebraic representations suggesting diffi-

culties moving between representations of complex numbers. The group of students

who compartmentalize the geometric representations “considered the geometric and

algebraic representations as two different and autonomous mathematical objects and

not as two means of representing the same concept”. We refer to the phenomenon,

described by Panaoura et al., where students separately use either an algebraic or

geometric representation as the compartmentalization of representation.

Soto-Johnson and Troup find that as two upper-division mathematics student

progress through interview tasks, the students “[do] not have algebraic and geometric

reasoning fully compartmentalized” [12]. When prompted for geometric reasons re-

garding the validity of algebraic statements, the pair of students tend to reason first

with algebraic expressions but shift toward using both algebraic and geometric rea-

soning as the interview progressed [12, 13]. This suggests that upper-division mathe-

matics students have more mathematical sophistication using algebraic and geometric
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reasoning interchangeably than the students’ solutions analyzed by Panaoura et al.. A

lack of compartmentalization of representation is indicative of connected conceptions

of the complex number representations. Experts do not compartmentalize represen-

tations.

5.2.3 Preference for a form

In physics, students must choose forms of complex numbers and functions effec-

tively depending on the physical and mathematical context of a problem. Exhibiting

preference for an inappropriate form within a particular context can make solving

some physics problems more difficult or even impossible. Danenhower found that

upper-division mathematics students demonstrate a preference for the rectangular

form, often beyond the point of productivity and efficiency [8, 42]. A series of division

tasks were designed to increasingly encourage students to shift from the rectangular

to the exponential form. All students began the tasks using the rectangular form and

all but one student shifted to using the exponential form by the final task. However,

most students delayed shifting to the exponential form beyond tasks where using the

exponential form is easier. We refer to this behavior as exhibiting preference for the

rectangular form.

Karakok et al. studied three secondary mathematics teachers’ understanding of

the forms and representations of complex numbers after completing three professional

development sessions addressing complex number fluency [1]. The authors employ

Sfard’s dual conception theoretical framework which describes two fundamentally
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different mathematical conceptions: operational (“processes, algorithms and actions”)

and structural (viewing the mathematical object “as if it was a real thing—a static

structure, existing somewhere in space and time”) [21]. Reification occurs when the

student views the mathematical object as an abstraction that is independent of the

processes associated with it. Sfard uses the example that complex numbers “may be

regarded as reified when the symbol 5 + 2i is interpreted as a name of a legitimate

object—as an element in a certain well-defined set—and not only (or even not at

all) as a prescription for certain manipulations”. At the stage of reification, students

have developed understanding of both the operational and structural conceptions that

form a dual conception.

Karakok et al. find that none of the teachers have a dual conception of each

form of a complex number following the professional development sessions. But the

teachers demonstrate more developed conceptions with the rectangular form than the

exponential form. The most experienced teacher moves toward a dual conception of

each form. The authors elaborate that the process of “developing a dual conception

of complex numbers is further complicated by the fact that one needs to develop dual

conceptions of all forms”. This necessitates the need for developing multiple dual con-

ceptions to see a complex number, in all of the forms and representations, as a single

mathematical object. The teachers do not tend to compartmentalize representations

within the rectangular form but demonstrate more connected conceptions than in the

exponential form.

We refer to the decision of working primarily with or using only representations

of a single form as showing preference for the form.
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5.3 Background and design of study

This paper is part of a larger research project to describe the development of com-

plex algebra fluency for middle-division physics students. Here, we describe students’

complex number fluency on a single interview task administered following an in-class

introduction to complex algebra but prior to introducing physical applications. We

use two analyses to describe the approaches and strategies students use to solve a

simple complex algebra task involving the translation of a geometric representation

to several algebraic representations of complex numbers. Through these two analyses

we address three questions: (i) In what ways do middle-division physics students use

a geometric representation of a complex number to determine algebraic representa-

tions?, (ii) What facilities and difficulties are exhibited by middle-division physics

students in a simple complex number algebra task?, and (iii) What strategies do

middle-division physics students use while solving a complex number algebra task?

5.3.1 Background of students

We conducted interviews during Week 5 of the junior year. At OSU most of the

junior-level courses—called Paradigms—revolve around concepts (e.g., energy, sym-

metry, eigenstates) underlying the traditional physics subdisciplines [2]. We purposely

selected Week 5 to conduct interviews because it was two weeks following assessments

of complex algebra skills but prior to the introduction of physical applications. We

believe that the students had comparable physics and mathematics backgrounds to

students enrolled in traditional curricula at the beginning of middle-division courses.
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During the second and third days of the junior year in Fall 2015, the instructor

(C.A.M) designed and implemented an introduction to complex algebra. We devel-

oped supplemental homework problems to provide students with practice performing

complex algebra manipulations. We designed and administered announced assess-

ments on complex algebra skills throughout Weeks 1-3. We conducted the interviews

prior to Week 7 where physical applications of complex numbers and functions are

first introduced in the context of harmonic oscillators.

We selected seven students from a pool of volunteers to participate in the interview

based on a combination of performance on complex algebra assessments, mathemat-

ics and physics backgrounds, declared major, and availability during Week 5. Our

selection of students represents the diversity of backgrounds and mathematics expe-

riences of students entering the Paradigms. All of the students stated they intended

to be physics majors rather than taking the Paradigms in order to complete a mi-

nor or as a supplement to graduate studies. They had all previously completed a

yearlong sequence of introductory physics. In addition, four students (C, E, F, and

G) were concurrently enrolled in the modern physics course, and the others (A, B,

D) had completed that course during Spring 2015. At least two students (B and F)

had completed relevant mathematics courses at community colleges in Oregon then

transferred to OSU either prior to or at the beginning of the junior year. All students

interviewed were male; more than 90% of the students entering the Paradigms in Fall

2015 were male.

On an unannounced pretest administered on the first day of the junior year, we

included ten questions involving simple complex number manipulations and related
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mathematics tasks such as rectangular and polar coordinates. No student in the

class provided correct answers to every problem. Most students–including B, D, E,

F, and G–gave correct answers to only one or two of the ten tasks. Students A and

C were among the stronger performing students in the class, responding correctly to

five and four questions, respectively. Students’ overall performance on the pretest is

distributed with 52% of students answering less than three problems entirely correct,

38% with three to six correct responses, and 9% answering eight or nine problems

correctly (N=35).

At the time of the pretest, five students (B, C, E, F, and G) self-reported having

had “one or two days” of previous formal instruction on complex numbers or algebra

(selected by 70% of the class, N=35), and two students (A, D) self-reported “more

extensive” experience (selected by 24% of the class). Students reported having expe-

rience with complex algebra in high school (A, E, G), college trigonometry (B, F),

differential equations (C, E, G), and sequences and series (B, F) courses. In addi-

tion, Student D completed a complex analysis course in mathematics, and Student C

indicated self-study of complex algebra topics.

5.3.2 Problem description

The interview prompt, given in Fig. 5.1, uses a geometric representation of the

complex number z described by parameters in an equation, an angle, and a point on

the imaginary axis. We designed the prompt to elicit common difficulties students

encounter with complex algebra such as relating the geometric and algebraic repre-
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|z|2 = `2

−c

α

z

Re(z)

Im(z)

(a) Determine the rectangular and exponential forms of the complex number, z, in
terms of ` and c.

(b) Determine the rectangular and exponential forms of the complex number, z, in
terms of ` and α.

Figure 5.1: Interview prompt given to students in two parts as the third question
in the protocol developed for Fall 2015. Part (a) was given immediately prior to
and separately from Part (b). Both parts were given using the same diagram and
equation.
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sentations, choosing an appropriate form, and changing between forms. In part, we

wanted to investigate the root of common calculational difficulties that we identified

through written assessments [43].

The angle α is provided from the negative imaginary axis to establish whether stu-

dents recognize the proper definition of an angle associated with the exponential form

as being measured from the positive real axis. We suspected some middle-division

physics students confuse aspects of triangle and circle trigonometry, and we chose to

place the complex number, z, in the fourth quadrant. This decision requires students

to reason about the signs associated with both the real and imaginary parts. We

found, through written assessments, that some students do not distinguish between

calculations of the square and the square of the norm. The equation |z|2 = `2 is

included to determine whether students use a geometric interpretation of the norm

to be the distance from the origin to z. The imaginary part of the complex number,

−c, is given as a point on the imaginary axis; students must recognize that the imag-

inary part of a complex number is a real number. After pilot interviews with two

upper-division students (semi-structured and video-recorded), one graduate student

(semi-structured and video-recorded) and an expert (unstructured and not recorded),

we settled on the two part, open-ended prompt to allow for many different solution

paths. We selected combinations of parameters in Parts (a) and (b) because there

exist efficient and preferable paths in determining the algebraic representations of z.

The tasks, given in Fig. 5.1, were asked in succession, with the students working

through Part (a) prior to the interviewer (E.S.) introducing Part (b). Each question

began with the interviewer reading aloud the prompt and providing students with a
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printed copy of the prompt, diagram, and equation. A think-aloud, semi-structured

protocol was followed to encourage students to discuss their process throughout the

interview. The interviewer prompted students with follow-up questions to explain

their reasoning throughout the problem as well as questions intended to redirect

attention to the prompt. In only one instance the interviewer explicitly provided

a student with information regarding translation of the geometry to an algebraic

representation. All interviews were video recorded using two cameras to capture

both the board work and gestures of the students.

5.4 Analysis I: Categorizations of approaches related to complex al-

gebra

5.4.1 Methodology

All interviews were conducted and the videos were transcribed prior to beginning

the coding process. We used emergent coding to identify the approaches that students

use to solve the task. In the first round of the analysis, we identified fine grain-size

categorizations of individual students’ responses to the prompt using open coding

techniques. Our subsequent coding narrowed the scheme based on similarities among

the codes developed for individuals’ solutions using constant comparative analysis

methods [24]. The final versions of the coding scheme were based on categorizations

of the codes according to steps we identify as components of independent approaches

to solving for algebraic representations of the complex number. We identified incorrect
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Table 5.2: Summary of codes used in analyzing steps during the translation of geomet-
ric features to algebraic representations. The italicized codes are specific errors made
by students when executing the step. The top box contains the fundamental relation-
ships needed to translate the geometric information contained in the representations
of the prompt to algebraic representations. The lower boxes contain specific steps
in each approach. The left hand side includes the approaches which rely on triangle
geometry. The right hand side includes approaches that rely on polar coordinate and
complex algebra reasoning.

Angle
X1. Student defines the angle geometrically from the positive real axis

a. Student geometrically identifies φ and α as the same angle

X2. Student determines a correct algebraic expression for φ (φ = α+ 3π
2

+ 2πn)
a. Student sets α = φ
b. Student finds an incorrect algebraic expression for φ (except for φ = α)

Norm Squared
Y1. Student finds that ` is distance from the origin to z

a. Student questions the geometric interpretation of |z|2 = `2

Y2. Student performs a calculation involving |z|2
a. Student confuses calculations of |z| and |z|2

Imaginary Part
Z1. Student recognizes −c is the imaginary part of z from the geometry

a. Student claims the imaginary part of z is c
b. Student sets −iy = −c or iy = c

Triangle Trigonometry Approach
T1. Student identifies right triangle in order to ap-

ply SOH CAH TOA
T2. Student maps the problem’s parameters to

SOH CAH TOA
a. Student uses a negative length (e.g.,

cosα = −c
`

)

b. Student selects the sides of the triangle
incorrectly (e.g., cosα = adj

hyp
= `

c
)

T3. Student solves for the unknown part of the
trigonometric expression

T4. Student applies appropriate signs for the
quadrant associated with z

Circle Trigonometry Approach

C1. Student recognizes the real part corresponds
with the cosine and the imaginary part with
the sine

C2. Student uses algebraic expressions of the an-
gle and/or magnitude to express a form

a. Student uses an incorrect definition of
the form

C3. Student uses a known relationship between
the real and imaginary parts of a complex
number used (e.g., φ = arctan

( y
x

)
)

a. Student uses incorrect relationships be-
tween forms and parameters (e.g., φ =

arctan
(
|y|
|x|

)
)

Pythagorean Theorem Approach
P1. Student recognizes triangle can be used with

the Pythagorean theorem
P2. Student maps the problem’s parameters to

the Pythagorean theorem
P3. Student solves for the unknown side of the

triangle

Norm Squared Approach
N1. Student maps the problem’s parameters to a

calculation of the norm squared
a. Student incorrectly squares the imaginary

part
N2. Student solves for the unknown part of z

a. Student solves for the known part of z
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portions of students’ solutions in the initial coding stages but did not develop or apply

codes for these incorrect statements until the scheme was nearly finalized.

The final coding scheme, given in Table 5.2, is applied to students’ responses which

are summarized in Fig. 5.2. In Section 5.5, we describe results which emerge from

the data.

5.4.2 Ideal solutions using the approaches

Students may correctly solve the prompt in many ways. The upper box of Table 5.2

contains the steps involving the translation of the geometric information provided by

the prompt into algebraic statements. The four lower boxes of Table 5.2 contain the

general steps of four approaches that students use while solving Parts (a) and (b):

triangle trigonometry, Pythagorean theorem, circle trigonometry, and norm squared.

The left side includes the triangle trigonometry and Pythagorean theorem approaches

which rely on geometric reasoning with a right triangle. The right side includes the

circle trigonometry and norm squared approaches which rely on features parallel to

the geometry of polar coordinates. In this section, we describe the “ideal” solution

path using each approach.

An ideal triangle trigonometry approach begins with recognizing the right triangle

containing the angle α (T1). The hypotenuse of the triangle is found to be ` by

using the geometric interpretation of |z|2 = `2 (Y1). The given magnitude of the

imaginary part of the complex number, c, provides the height of the triangle (Z1).

Trigonometric relationships relating c, `, and α are used to determine the magnitudes
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Table 5.3: Example of the coding for a portion of Student A’s interview during Part
(a). The excerpt corresponds to the first two boxes in Figs. 5.2 for Student A.

Codes Transcript

T
ri

an
gl

e
T

ri
g.

Z1 A: Um, the distance down is minus c [draws dotted line from
origin to point, labels −c on imaginary axis], z [labels point
z], alpha [labels α]. So to find, so the imaginary compo-
nent, uh, is minus i c [writes −ic],

T1 the real component is going to be related to the imaginary
component by this angle alpha.

T2 Um, so the, real component, we can call it a [labels real
component on diagram as a], um, tangent of alpha is equal
to, uh, a over c [writes tanα = a

c
], yeah, yeah that’s right.

T3 Um, a equals c tan alpha [writes a = c tanα].
R(c, α) So this imaginary number in, in terms of c is c tan alpha

minus i [writes z as c tanα−ic]. Um, now in, okay so that’s
rectangular [underlines c tanα− ic].

C
ir

cl
e

T
ri

g.

Y1 And [pause to read prompt], um, oh z squared, okay so
magnitude of z, squared equals ` squared, so then this dis-
tance here [draws line from origin to z] is ` [labels line as
`].

T1 So in that case, uh, the imaginary and real components
can be represented with, uh, sines and cosines of this angle
alpha.

X1 And we write, just for consistency [draws angle from posi-
tive real axis to z]

X2 to make this whole angle, uh, three pi over two plus alpha
[writes 3π

2
+ α].

C1 (& C2) So the real component is, uh, cosine is ` cosine of three
pi over two plus alpha, I believe [writes c tanα − ic =
` cos(3π

2
+ α)], yes.
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of the real and imaginary parts of z such as |x| = ` sinα and |y| = ` cosα (T2 & T3).

Finally, the signs are selected from the quadrant; in this case, the imaginary part is

negative, and the real part is positive (T4). Using a triangle trigonometry approach,

the rectangular form of the complex number may be expressed as z = ` sinα−i` cosα

or z = c tanα− ic.

The same triangle and initial steps are used with the ideal Pythagorean theorem

approach (P1). These include finding the hypotenuse and height of the triangle

through using the information provided by the prompt (P2). The magnitude of

the real part of the complex number is found (P3) through the application of the

Pythagorean theorem (P2). With this approach, the rectangular form is expressed as

z =
√
`2 − c2 − ic.

The ideal circle trigonometry approach uses the angle, as in Fig. 1.1, defined

counterclockwise from the positive real axis, φ (X1 & X2) and `, the distance from

the origin to z is found from the geometric interpretation of the relation |z|2 = `2 (Y1).

Using these algebraic expressions, the exponential form is expressed as a magnitude

multiplied by a phase (C2). The polar form uses the association of the real part

with the cosine of the angle and the imaginary part with the sine (C1)—an analogue

to the use of polar coordinates. Algebraic representations resulting from the circle

trigonometry approach include the exponential form z = `ei(α+ 3π
2

) and the polar form

z = ` cos(α + 3π
2

) + i` sin(α + 3π
2

).

Finally, the ideal norm squared approach is where an algebraic calculation of the

square of the norm of z is used to determine the real part. The calculation of the

square of the norm is performed: |z|2 = zz∗ = (x + iy)(x− iy) = x2 + y2 (Y2). The
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imaginary part, y, is known from the prompt to be −c (Z1), and the equation in

the prompt provides |z|2 = `2. These equations are used to solve for the real part

of the complex number (N1 & N2). The algebraic representation resulting from this

approach is the same as the Pythagorean theorem approach: z =
√
`2 − c2 − ic.

The four approaches have different advantages for obtaining forms consisting of

particular combinations of the parameters. The Pythagorean theorem and norm

squared approaches are most useful for Part (a) in obtaining the rectangular form

in terms of ` and c. The circle trigonometry approach is most useful in Part (b) for

constructing both the exponential and polar forms in terms of ` and α.

The transcripts from students’ interviews are coded according to Table 5.2. Fig-

ure 5.2 summarizes the time ordered steps students take in both Parts (a) and (b).

The boxes in Fig. 5.2 represent segmented portions of problem solving discussed in

Section 5.6. Specific errors appear in red with a letter corresponding to the error, and

correctly performed steps are shown in black. The algebraic representations of z are

found in either the rectangular (R), polar (P), or exponential (E) forms. Each instance

of a resulting algebraic representation of z is given by the abbreviation of the form

and the parameters with which the form is expressed. For instance, the rectangular

form in terms of ` and c, such as z =
√
`2 − c2− ic, is represented as R(`, c). Correct

algebraic representations for the complex number are in black; incorrect algebraic

representations are in red.

As an illustration of the coding scheme, Table 5.3 provides an excerpt where Stu-

dent A separately uses the triangle and circle trigonometry approaches. He initiates

the solution by determining the rectangular form using a triangle trigonometry ap-
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proach and finds a trigonometric expression for the real part. He discusses a particular

right triangle, where α is an angle, and uses c as a length in order to determine the

real part. Student A then reconsiders the prompt and interprets the geometry of the

algebraic expression, |z|2 = `2, to be the distance from the origin to the complex

number, `. He uses a circle trigonometry approach to determine the real part of the

polar form. Following further exchanges with the interviewer not shown in Table 5.3,

Student A completes the polar form in terms of ` and α.

5.5 Students’ coordination and execution of approaches

5.5.1 Initial steps and unique paths

Students coordinate particular approaches at various stages within their responses.

None of the students use approaches in the same order, and there is no consistency

among different students’ paths throughout the problem. This results in unique

paths for each individual in mapping the geometry to algebra, which contributes to

the variety of algebraic representations of the complex number in their solutions.

As the first step, students must translate at least some information provided in

the prompt into algebraic expressions; the possible first steps are given in the upper

box of Table 5.2. As shown in Fig. 5.2, different students first engage with different

steps. Students B, C, D, F, and G use |z|2 = `2 to discuss the geometric (Y1) and/or

calculational aspects (Y2) of the norm and the square of the norm, and Students B,

C, and E discuss the geometry of the angle φ (X1). Student A begins by using the
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diagram to identify the imaginary part of the complex number (Z1).

Presumably, some students have a specific goal from the outset of the problem

which influences the decisions during the first steps. For example, Student A only

identifies the imaginary part of z, given in Table 5.3, which leads into a successful and

efficient triangle trigonometry approach. After obtaining the rectangular form, he uses

the geometry of |z|2 = `2 and the evaluation of the angle associated with a complex

number to determine the polar form. These specific combinations of translations to

algebraic representations lend themselves to the approach he decides to use. This

suggests that Student A planned ahead and intentionally selected these initial steps.

We suspect Students C and F enter with or quickly determine similar plans.

In other cases, such as Students B, D, E, and G, the first steps do not immediately

lend themselves to a chosen approach, suggesting less planning and overall strategy

in solving. For example, the extended episode in Part (a) where Student D uses steps

from several approaches suggests his initial steps do not clarify a path in determining

an algebraic representation. He begins with calculations of the square of the norm

and continues to reference the calculation without connecting it to the norm squared

approach:

D: Um, so this squared, ` squared [writes |z|2 = `2], we’re just saying that magnitude

of z is equal to ` [writes |z| = `] which makes sense. Y2

Um, but again we don’t know what x and y are, but we have an angle and we have

a length, um, or we have a position c. We don’t really have a length though. But

let’s just try it, so what could this be [draws dotted line from −c to z]? Ummm

ES: What were you thinking about doing?
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D: Yeah, what was I thinking about, I’m trying to, um, I’m trying to find an x length

and a y length that I can relate here [pointing at
√
x2 + y2]. N1

And then if we want to express this in, um, I guess my thought process is, if I

can find, if I can say that x is equal to cosine theta [writes x = cos θ] and y is

equal to, sine theta [writes y = sin θ]. Then I also need, um, I need an [changes to

x = |z| cos θ and y = |z| sin θ], we can read that. C1

Despite beginning with a calculation of the square of the norm—which might

indicate his intention to use the norm squared approach—Student D demonstrates

little knowledge of the usefulness of this particular first step. He proceeds through

the problem using various approaches but does not ever follow through with the norm

squared approach. This suggests the initial step of calculating the square of the norm

is exploratory rather than a predetermined step toward an explicit goal. Students B,

E, and G also do not immediately use the initial steps in an approach, contrasting

with Students A, C, and F use of their initial steps.

Each student engages in a unique combination of approaches, and individuals’

paths in problem solving diverge after the initial steps. None of the students follow

an “ideal” path through the problem such as beginning Part (a) with either the

Pythagorean theorem or norm squared approach to find the rectangular form. This

leads to several extraneous algebraic representations which are not direct responses

to the prompt.
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5.5.2 Isolation of approach

Each box in Fig. 5.2 represents an episode of problem solving discussed in Sec-

tion 5.6. In this section, we will use the term isolation of approach when a student

uses a single approach within a specific episode. We find that students who con-

sistently isolate approaches tend to obtain correct algebraic representations of the

complex number.

The isolation of approach, a productive problem solving strategy in this problem,

is different from the idea of compartmentalization of representation, described as a

difficulty by Panaoura et al. [11]. Compartmentalization of representation may be ob-

served in only the precursory steps of an approach, the codes contained in the upper

boxes of Table 5.2. Every approach requires students to translate the geometric rep-

resentation to algebraic statements; algebraic and geometric representations cannot

be compartmentalized within an approach.

Ideally, when an approach is isolated, the student obtains a correct algebraic rep-

resentation of the complex number. If an approach is abandoned when only partially

complete, the student will not find an algebraic representation. Every student com-

pletes most of the steps associated with two or three distinct approaches throughout

Parts (a) and (b).

Most students demonstrate isolation of approach during portions of the interview.

Student A isolates approaches consistently throughout both Parts (a) and (b) as

shown in Fig. 5.2 by codes which tend to correspond to a single approach in each

box. In each instance of using a particular approach, Student A avoids extraneous
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exploration of the problem and commits to his chosen approach. The consistent fol-

low through with each approach results in correct algebraic representations in rapid

succession. He takes a clear and efficient path towards solutions because he is able to

isolate approaches resulting in an algebraic representations. Student F also demon-

strates consistent and effective isolation of approach.

On the other hand, Student D exhibits a tendency to lack the isolation of approach.

In one portion of Part (a), he brings in three distinct approaches–norm squared,

circle trigonometry, and triangle trigonometry–while attempting to map the problem’s

parameters to the rectangular form. He is able to demonstrate understanding of

several steps within multiple approaches, however, the lack of isolation causes him to

deviate several times from an efficient path to completing his stated goal. Student

D recognizes this is an extended process and comments: “I feel like I’m going really

slow” and “I feel like I’m going all over the place”. These statements suggest he is

actively monitoring the problem solving process and is aware of his own struggle to

coordinate an efficient approach.

Next, Student D initiates a shift to the triangle trigonometry approach and at-

tempts isolation. He is more successful in isolation after his self-reflective comments;

however, he nevertheless makes several errors, resulting in an incorrect algebraic rep-

resentation.

Student E also fails to isolate an approach in several instances. He often fails to

follow through with an approach prior to bringing in another. For example, this stu-

dent begins to map the problem’s parameters to the rectangular form using a triangle

trigonometry approach but interrupts with the Pythagorean theorem approach:
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E: Um, I have an adjacent side and, alright so I could do the cosine portion which

would uh, which would be our, c, um, cosine alpha, alpha wow, alpha [writes

〈c cosα] comma, um, this is going to be our adjacent leg, um, and now, what I

want to write is that this, this portion of the leg which would be, T2b & T3

uh, we could get that from Pythagorean theorem so ` squared, uh, equals, um, P1

c squared plus, um, let’s call it a side squared [writes `2 = c2 + s2]. P2

That’s one way, but there’s an easier way to do this but kind of like blanking.

ES: It happens!

E: Okay, uh, so um, s squared equals ` squared minus c squared [writes s2 = `2− c2],

so s equals the square root of ` squared minus c squared [writes s =
√
`2 − c2].

Right, um, [inaudible] so um, so we know that this side s [indicating distance from

−c to z] is equal to this [indicating s =
√
`2 − c2]. P3

So square root of ` squared c squared sine alpha [writes 〈c cosα,−
√
`2 − c2 sinα〉].

R(`, c,α)

And I put a minus sign to correct for the, it’s gonna be the negative imaginary

direction. T4

The resulting algebraic representation, z = 〈c cosα,−
√
`2 − c2 sinα〉, blends the

two approaches inappropriately. Student E demonstrates sufficient knowledge to use

the Pythagorean theorem approach, however, his simultaneous use of the triangle

trigonometry approach results in mangling together the two approaches. Not only

does the lack of isolation lead him to inefficient solutions but also contributes to his

inability to recognize progress within the task.
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5.5.3 Simultaneous use of triangle and circle trigonometry

We find that the selection and execution of trigonometry techniques are the most

commonly occurring issues; five out of the seven student make trigonometry related

errors. Three of the seven students (Students B, C, and E) simultaneously use triangle

and circle trigonometry steps, shown in Fig. 5.2 by the codes enclosed by red boxes,

which are separately correct but when used simultaneously are incorrect. Student D

switches between and uses the approaches together in several segments of his solutions

but the steps are distinguishable.

Students B and E use—from circle trigonometry—that the cosine is associated

with the real part and the sine with the imaginary part and (C1)—from triangle

trigonometry—that signs are assigned according to the quadrant (T4). This may be

an artifact of not distinguishing between the angle, as shown in Fig. 5.3, associated

with each approach; φ is used with circle trigonometry, and α is used with triangle

trigonometry.

Student B decides to relabel the angle, α, as φ and causes confusion for both

himself and the interviewer by conflating angle definitions from both triangle and

circle trigonometry. He recalls the imaginary part is associated with sinφ and the

real part with cosφ (C1)–from circle trigonometry. Student B overlays this with signs

from triangle trigonometry by accounting for the quadrant of the real and imaginary

parts (T4). This results in a template, cosφ − i sinφ, which he uses throughout

Part (a) and pulls into Part (b). He merges distinct trigonometric approaches, and

this causes persistent issues. Students D and E also make errors associated with
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α

φ

z

Re(z)

Im(z)

Figure 5.3: The angle φ is defined to be counterclockwise from the positive real axis
and is associated with a circle trigonometry approach. The angle α is provided in the
interview prompt as the angle from the negative imaginary axis and is used in the
triangle trigonometry approach.

the definition of the angle suggesting simultaneous use of the triangle and circle

trigonometry approaches.

Students also confuse the triangle and circle trigonometry approaches when rela-

tionships between the forms of complex numbers are used simultaneously with triangle

trigonometry relationships. For example, Student C identifies the triangle containing

α on the diagram and determines that the tangent of α is related to the real (he labels

as “a”) and imaginary (labels “b”) parts:

C: Um, this would be, some a, some b [labels real part as a and imaginary part as b

on the diagram]. Then I want, um, b, yeah the tan of alpha is going to be a over

b [writes tanα = a
b
]. T1

So that means that, actually we’re given b, never mind. I won’t erase that. So this

b [indicating b on diagram] is actually equal to negative c [writes −c = b]. Z1
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So tan of alpha is gonna be a over negative c [writes tanα = a
−c ]. T2a

So a is gonna be equal to negative c tan alpha [writes a = −c tanα]. T3

So now if we want to write in terms of a plus b i [writes a+ bi], that means that a

is going to be the, a has to be positive, yeah tan of alpha, I need to choose my angle

right. Because I have to make this spit out a positive [indicating a = −c tanα]

version because a is positive.

The tangent of the angle φ is defined as the ratio of the imaginary and real parts of

a complex number from circle trigonometry (tanφ = y
x
). Student C uses the triangle

containing α to determine the tangent in terms of the lengths of the triangle’s sides.

However, he then uses the real and imaginary parts of the complex number in the

tangent relationship. In doing so, he pulls from the circle trigonometry approach by

using the negative length, −c, because it is the imaginary part of the complex number.

Simultaneous use of the triangle and circle trigonometry approaches results in an

incorrect expression for the real part of the complex number. Student C demonstrates

understanding of the geometry and appropriate signs through his statements that the

real part, a, must be positive. The algebraic expression a = −c tanα, however, is a

negative number. The use of symbols rather than numbers may conceal the signs and

affect his ability to assess the appropriateness of the resulting algebraic expression.
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5.5.4 Execution of trigonometry

5.5.4.1 Signs

Triangle and circle trigonometry are further distinguished by the use of signs. A

triangle trigonometry approach uses a triangle which has positive lengths associated

with each side; signs are assigned to the real and imaginary parts as a final step. The

circle trigonometry approach uses the real and imaginary parts of a complex number

to determine equivalent expressions.

Within the triangle trigonometry approach, Students C and D use negative lengths

when evaluating trigonometric expressions. Student D maps the problem’s parameters

to the definitions outlined in triangle trigonometry by introducing a negative length:

D: And so if we want to find this portion [pointing at dotted line from −c to z], we’d

say H [meaning the hypotenuse] sine of alpha is equal, um, I’m gonna replace O

[meaning opposite] T1

and say it’s our x component [writes H sinα = x] where c, or where H is actually

equal to negative c. T2

Student D’s language suggests the execution of the triangle trigonometry approach

using negative lengths because he maps the problem’s parameters to trigonometric

expressions which he defines using sides of the triangle (i.e. “H” and “O”). In con-

trast, in the case discussed for Student C’s simultaneous use of the triangle and

circle trigonometry approaches, he may be using negative signs with just a triangle

trigonometry approach. However, his decision to use the tangent of the angle and

choice in language that directly references the real and imaginary parts suggests his
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simultaneous reasoning with triangle and circle trigonometry approaches.

Student F makes a distinction between the signs associated with triangle and circle

trigonometry approaches. He begins by defining the angle φ from the positive real

axis and determines the polar form in terms of ` and α using a circle trigonometry

approach. After he reconsiders the prompt and recognizes that it calls for parameters

` and c, he shifts to a triangle trigonometry approach:

F: I need to get the problem in terms of ` and c, so, I know that, okay I’m going to

use some [writes “soh” “cah” “toa”]. So I’m going to use soh cah toa [pronounced

as individual words]. T1

I guess I’m comfortable with that. Okay, so I know that’s alpha [referring to the

angle α on a diagram redrawn from the prompt], so I know that c is going to be

equal to, or at least absolute value of c is going to be equal to the opposite, is equal

to, uh yeah, inverse sine? Is that opposite over hypotenuse? T2

So I know that, or wait no, let’s see, sine of alpha is going to be equal to negative

c over ` [writes sinα = −c
`

]. T2ab

Or I guess that would just be a, um, positive c over `.

T2ab

Student F recognizes triangle trigonometry uses magnitudes which are positive.

The interviewer prompts further about the reasoning he brings to this change of sign

associated with the parameter c. He responds by explaining triangle trigonometry

“coming off the x axis” and expresses that “it’s easier for me to determine sign, you

know, signs that way if I could use quadrants”.
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5.5.4.2 Trigonometric expressions

Three students—Students D, E, and F—make errors recalling right triangle ge-

ometry and the geometric definitions of the sine or cosine. Student E decides to “go

back in the day [writes SOH CAH TOA]” and use a triangle trigonometry approach;

he finds an incorrect relationship between the parameters: cosα = `
c
. By defining

the cosine as the ratio of the hypotenuse to the adjacent side, we suspect Student E

made a simple mistake rather than encountering a fundamental difficulty with trian-

gle trigonometry. Further consideration of the geometry, acronym, and parameters

may have allowed him to find a correct algebraic expression.

In two preceding excerpts, both Students D and F make errors when selecting the

sides of the triangle while using the triangle trigonometry approach. Student D mixes

up the hypotenuse and opposite sides, and these errors carry through his solution.

Even though Student F distinguishes clearly between circle and triangle trigonometry

approaches, he makes errors in the execution of triangle trigonometry. He expresses

the sine as the ratio of the adjacent side and the hypotenuse. We suspect this is a

mistake that results in an incorrect expression for the polar form in terms of ` and c.

5.5.4.3 Brief conclusions on trigonometry

There is a tendency for students to use a triangle trigonometry approach despite

the simplicity of the circle trigonometry, norm squared, and Pythagorean theorem

approaches. This may be a result of students’ extensive experience with triangle

trigonometry in mathematics and introductory physics courses. The trigonometry
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in introductory physics typically appears in free body diagrams when determining

components of vectors. In these cases, triangle trigonometry is used to find com-

ponents and the sign is determined from the quadrant. As students transition into

upper-division physics, circle trigonometry is used in defining cylindrical and spheri-

cal coordinates which extend to many physical applications. In this simple complex

algebra task, we find that students’ simultaneous use resources from triangle and

circle trigonometry are commonly the root of incorrect algebraic representations.

5.6 Analysis II: Decisions and strategies in problem-solving

Several of the algebraic representations found by students are in the same form and

expressed with the same parameters, but often the sequence of decisions leading to the

representations are different. For example, Student B obtains the rectangular form

in terms of ` and c by using the Pythagorean theorem approach while Student A uses

substitution of a trigonometric expression into an existing algebraic representation in

the rectangular form. The structures of the strategies these students use are distinct,

but both outcomes are correct solutions to the prompt. The previous section describes

the steps associated with particular approaches, however, does not account for the

decisions and strategies students develop while solving.

We adopt the lens of epistemic games [36] to analyze the decisions and strategies

the middle-division physics students use to solve this complex algebra task. Using

the lens of epistemic games, we describe four fine grain-size epistemic games that

students use while solving the task. We refer to these distinct episodes as games due
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to structural features including entry conditions, moves, and ending conditions. These

games do not encompass every decision that students make during the interview, but

they provide descriptions of most repeated categorizations of decisions which result

in progress toward the goal outlined in the prompt.

5.6.1 Epistemic games framework

Collins and Ferguson introduce the concept of epistemic forms and epistemic

games as a way to describe the construction of knowledge [36]. Epistemic forms

are defined as “target structures that guide inquiry”, and epistemic games are “the

set of rules and strategies that guide inquiry”. The authors use the analogy of a

tic-tac-toe game where the epistemic form consists of the squares that provide the

structure that players fill out while playing a game. The epistemic game consists

of particular rules and strategies that players follow. Each epistemic game consists

of constraints, entry conditions, and moves. Constraints are the guiding rules of a

particular game. More constraints placed on a game narrows the focus of the game

and often makes the game more difficult. The entry conditions stipulate when it is

relevant to play the game. The aim of an epistemic game is to complete the target

epistemic form in a way which satisfies the original inquiry. Collins and Ferguson de-

scribe the action of changing to a new epistemic game to be “transfer”. We describe

this action as a shift to a new game to avoid confusion with the transfer of learning

language [44].
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5.6.1.1 Epistemic games in physics and mathematics

The term “epistemic games” has been used differently by several researchers. We

adopt language from Collins and Ferguson [36] and Tuminaro and Redish [31] to

describe the structural features of epistemic games. We use flexible, fine grain-size,

and content dependent descriptions of epistemic games such as those identified by

Kustusch et al. [38], Black and Wittmann [39], and Bernard and Jones [40].

Tuminaro and Redish adapt the epistemic games framework described by Collins

and Ferguson to problem solving by introductory physics students [31]. They define

an epistemic game to be a “locally coherent goal-oriented [activity]” and “a coherent

activity that uses particular kinds of knowledge and processes associated with that

knowledge to create knowledge or solve a problem”. Their application of epistemic

games to algebra-based introductory physics students’ problem solving emphasizes

the construction of knowledge without students’ explicit recognition of goals. The

authors identify large grain-size epistemic games which guide the construction of

physics knowledge. These games consist of recognizable patterns in problem solving

across different problems and are not directly tied to the content of a problem. Tumi-

naro and Redish claim that epistemic games are defined by structural and ontological

components. The ontological components of epistemic games consist of the knowledge

base and the epistemic form which are specific to the problem at hand. The structural

components—moves and entry and ending conditions—are the signals which begin

and end games as well as the activities which occur throughout the duration of the

game.
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Tuminaro and Redish describe epistemic games using a large grain-size. Even

larger grain-sizes have been suggested such as Chen, Irving, and Sayre’s Answer-

Making game which “governs the order of which other games student might play in

the process of answer making” [37]. Mathematics tasks are essential components of

physics problem solving and are executed as moves in several of the games described

by Tuminaro and Redish. The focus on the mathematical aspects of problem solving

using the lens of epistemic games requires a smaller grain size than those described

by Tuminaro and Redish.

Kustusch et al. describe three distinct epistemic games used by experts in solving

a mathematics task in the context of thermodynamics [38]. The games—Substitution,

Partial Derivatives, and Differentials—are defined by the target epistemic forms, key

moves, and constraints. These games are specific to the thermodynamics physical

context but are also applicable to more general mathematical problem solving using

partial derivatives and differentials. For example, the Substitution game defines the

goal to be: “use a set of functional relationships between certain quantities to discover

the relationship between a different set of quantities”. The specialized and specific

nature of the games Kustusch et al. define are necessary to describe how experts

understand and solve the mathematics of thermodynamics as a series of games which

are guided by particular epistemic forms and key moves.

Wittmann and Black describe procedural resources, using Hammer’s definition of

resources [29], to be mathematical actions [33]. They identify procedural resources

that students use during a group activity on separation of variables in an air resistance

problem: grouping, moving, multiplication, and division. They suggest that expertise



111

with separation of variables may be marked by arriving at the answer without going

through the individual steps some students use. At this point, the procedure becomes

a single resource perhaps by “reifying existing networks of resources”.

Black and Wittmann propose adjustable grain-size analyses by combining pro-

cedural resources and epistemic games. They define an epistemic game to be “a

particular pathway through activated procedural resources” [39]. Games are direc-

tional relationships between the resources and can be linear or can include loops which

“are commonly activated as a whole”.

Bernard and Jones use Black and Wittmann’s ideas about epistemic games and

procedural resources to outline two grain sizes of epistemic games in mathematics

problems on volumes of revolutions: global and local games [40]. The large grain-size

global game, which the authors state is similar to Tuminaro and Redish’s Pictorial

Analysis game, is composed of procedural moves such as “visualizing volume” and

“evaluating integral”. Local games are the strategies students use during the proce-

dural moves of the global game. For example, in the “visualizing volume” move of the

global game, there are two distinct local games: (i) visualizing the area to be revolved

and (ii) visualizing the area and then proceeding to visualize the revolution. Most of

the local games have more complicated structures and are expressed as a series of di-

rectional decisions specific to the problem—visually summarized by the authors using

flow charts. Both the local and global games are described by the linear procedural

decisions students make while working through the mathematics problem.

We adopt the flexible and context dependent grain size of epistemic games used

by Black and Wittmann, Bernard and Jones, and Kustusch et al. to analyze prob-
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Student A

Student B

Student C

Figure 5.4: Boxes differentiate games by color: Exploration (orange), Mapping (blue),
Manipulation (switching in dark green, substitution in light green), and Recognition
(violet). The resulting algebraic representations are coded by form and parameters
below the box; incorrect are in red. Incomplete games are indicated by dashed lined
boxes. The entry algebraic representations to games are given by arrows from the
representation to top of the new game’s box. Student-initiated shifts are given up-
arrows and interviewer-initiated shifts by down-arrows.



113

Student D

Student E

Student F

Student G
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lem solving in a mathematics context. We use the language of Collins and Ferguson

as well as the additions made by Tuminaro and Redish to describe the structural

components of epistemic games. The fine grain-size of local games allows us to deter-

mine the specific strategies students use in order to construct knowledge about the

representations associated with the complex number, z.

5.6.2 Description of epistemic games

Using open coding, we identified four distinct games that are played by multiple

students: Exploration, Mapping, Manipulation, and Recognition. These games are

of a larger grain size than the steps described in Section 5.4. We provide excerpts of

transcripts to illustrate and describe each of these games and the features including

entry conditions, ending conditions, moves, and epistemic forms. These games are

problem-specific but aspects may be generalizable to other mathematics or physics

problems which use similar complex algebra manipulations.

The boxes in Fig. 5.4 represent single games that students use: Exploration (or-

ange), Mapping (blue), Manipulation (green), and Recognition (violet). The algebraic

representation resulting from a game is indicated by the arrow leading out of the box.

Incomplete or abandoned games are represented by dashed line boxes. Shifts back to

the task outlined by the prompt are initiated by either the interviewer (down-arrow)

or the student (up-arrow). These shifts often coincide with entry into a new game

or the abandoning of a current game. Within these games, students often use steps

within approaches described in Section 5.4 to translate the geometric and algebraic
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Table 5.4: Student B engages in the Exploration game then initiates a Mapping game
during Part (a).

Stage Transcript
Interviewer-Initiated E.S.: Then I’ll let you keep going to determine the rect-

angular and exponential forms of z in terms of `
and c.

B: In terms of ` and c.
Entry: Exploration Okay, well since we know that, um, the magnitude.

So if we take the square root of both sides here
[indicating |z|2 = `2], you know the magnitude of
z is equal to ` [writes |z| = `] and so if the, I’ll come
down here [draws arrow to blank space]. So if the
square root of c squared plus a squared is equal to
` [writes ` =

√
c2 + a2], oops I don’t know what

I was thinking there [wrote ` incorrectly], then I
guess ` squared is equal to c squared plus a squared
[writes `2 = c2 + a2]. So you’d solve for c [writes
c =
√
`2 − a2].

Ending: Exploration And then, oh! I should actually, this should be c
[crosses out a in c =

√
`2 − a2], and I should’ve

been solving for a now.

aspects of the prompt into algebraic representations. The general moves which define

games often require the use of these content-related steps.

For each description of a particular game, we provide a short example from a

student’s response. We select these excerpts due to the clarity and conciseness of the

game, but these are not representative of the length of all games. Some games last

less than a minute while others persist for several minutes.
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5.6.2.1 Exploration

The Exploration game—orange boxes in Fig. 5.4—is an investigation of the aspects

of the problem without a defined goal because it is a goal-generating game. The game

consists entirely of content-driven steps with no recognized objective. The epistemic

form is the geometric representation provided in the prompt, which students use to

develop a goal to determine an algebraic representation. The moves usually consist of

relating the problem’s parameters to one another and to the geometry of the prompt

because students neglect the algebraic definitions of complex number forms during the

moves within this game. The game ends when the student recognizes a specific goal;

we identify Exploration games by this ending condition. In all Exploration games

during the interviews, the students’ goals initiate Mapping games. However, we can

conceive situations where it leads into either the Manipulation or Recognition games.

As an example, shown in Table 5.4, Student B uses the Exploration game after

the interviewer redirects his attention to the overall task. Student B does not state

an explicit goal at the entry to the game and continues to manipulate parameters

associated with the problem. In doing so, he draws upon the algebraic representation

of the square of the norm. The game concludes when Student B specifies a goal—

solving for the real part of the complex number—and enters a Mapping game.

5.6.2.2 Mapping

The Mapping game, given by the blue boxes in Fig. 5.4, begins when a student in-

dicates the goal is to map the geometric representation in the prompt to the algebraic
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Table 5.5: Student C uses the Mapping game to express the rectangular form in terms
of ` and c in Part (a).

Stage Transcript
Interviewer-Initiated C: Oh, you want it in terms of ` and c only.

E.S.: ` and c, yup.
Entry: Mapping C: Oh okay, um, oh I could just use Pythagor (sic),

oh because you’re given alpha, oh never mind.
You can just use Pythagorean theorem because
you know that it’s a triangle of, `, c [draws tri-
angle of hypotenuse ` and height c]. Uh, and this
would be a which we’re looking for [labels base of
triangle as a]. So ` squared is equal to c squared
plus a squared [writes `2 = c2 +a2]. So that means
that a is gonna be equal to ` squared, c squared
square root [writes a =

√
`2 − c2].

Move: Mapping So then we have that the, [writes (`2 − c2)1/2],
Move: Mapping and then we have b which b would be, we already

know what b is, it’s minus c
R(`, c) [finishes writing (`2 − c2)1/2 − ic].

Ending: Mapping And yeah, that’s, that’s it in terms of ` and c.
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definition of a form. In this game, the algebraic definition of the specified form is

the epistemic form that guides the student’s process. Moves within this game include

identifying relationships between parameters of the specified form and the geometry

of z. For example, a student determines a complex number in the rectangular form,

x+ iy, by finding algebraic expressions for x and y using the geometric representation

in the prompt. The student then maps these expressions onto the definition of the

form, which results in an algebraic representation of z and ends the game. Often

students acknowledge the end of the game by stating that the task is complete. We

identify Mapping games through either entry conditions where the student states an

explicit goal or by key moves that the student clearly demonstrates he has a unstated

goal to map onto an algebraic form.

Table 5.5 provides an example of an interviewer-initiated Mapping game. Student

C uses the Pythagorean theorem approach to find the rectangular form in terms of

` and c. He then uses the key moves of the Mapping game: (i) identifying the real

part as the algebraic expression from the Pythagorean theorem approach and (ii)

stating the imaginary part is known. He constructs algebraic representation in the

rectangular form using ` and c and ends the Mapping game. Student C acknowledges

this ending by stating “that’s it in terms of ` and c”.

Several instances of the Mapping game are incomplete (see dashed lined boxes

in Fig. 5.4) because students enter the game but decide to abandon the game after

reevaluating the task or recognizing the value of another game. For example, Student

B enters a Mapping game to determine the rectangular form and maps the imaginary

part, −c, onto the form. However, without determining the real part, he chooses
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to initiate a new game—the student-initiated shift is underlined—to determine the

polar form:

B: Um, it would be, a plus negative c [writes a+ (−a], oops [erases a], oh don’t erase

[writes c instead of second a].

ES: It’s alright when it’s like a small, little mistake.

B: Okay, I see [finishes writing a+(−c)i]. And then polar form, it would just be, um,

let’s see, I just wrote it down, of phi, minus the sine of, i...

Student B initiates a new Mapping game by stating a goal of determining the

polar form.

5.6.2.3 Manipulation: Substitution and switching

In the Manipulation game, the student recognizes that an algebraic representation

can be used to find a second algebraic representation using various manipulations.

There are two distinguishable procedures encompassed by the Manipulation game:

substitution and switching. Substitution and switching are procedurally different, but

both cases are motivated by the same goal: to use an existing algebraic represen-

tation to find another. We make a distinction between procedures to differentiate

between the procedural moves of the game that students perform. The substitution

and switching procedures are defined to be parts of the same game because entry and

ending conditions of each procedure are indistinguishable during these interviews.

Students may choose to use these procedures for different reasons. However, without

evidence, we cannot definitively conclude that the procedures are distinct games. The
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Table 5.6: Student C plays the Manipulation game using a substitution procedure
following redirection from the interviewer to express the complex number in terms of
` and α during Part (b) of the problem.

Stage Transcript
Interviewer-Initiated E.S.: And you have c’s in there [meaning −c tan(α) −

c tan(α)i].
C: Oh, you only wanted it in terms of `, okay.

E.S: Yeah, just ` and α.
[1:15 of irrelevant discussion omitted]

Entry: Manipulation C: Oh yeah, I can do the cosine of alpha’s gonna be,
uh, c over `,
so therefore gonna be c is ` cosine alpha [writes
cosα = c

`
& c = ` cosα].

Move: Substitution And I can just plug that into there
R(`, α) [indicating −c tan(α)− c tan(α)i]

Ending: Manipulation And that should be solved.

epistemic form in this game is an algebraic representation of z.

The substitution procedure of the Manipulation game, shown in Fig. 5.4 by green

boxes, is initiated when the student recognizes that an algebraic representation—

the beginning of the light green arrow—can be expressed using different parameters.

There are two general moves within the substitution procedure: (i) finding a rela-

tionship that relates the parameters in the prompt and (ii) using the relationship to

substitute for a parameter in the algebraic representation. The Manipulation game

ends when the entry form is expressed as another algebraic representation using the

new parameters. Often the use of the substitution procedure necessitates students’

further geometric interpretations of the information provided by the prompt. Stu-

dents using the substitution procedure may perform moves that return to geometric

reasoning but are driven by the goal of the game.
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Table 5.7: Immediately following the Part (b) prompt, Student A plays the Recog-
nition and Manipulation (switching procedure) games to determine the exponential
and the polar forms in terms of ` and α.

Stage Transcript
Entry: Recognition A: So, so the exponential, uh, again that’s fairly sim-

ple because we know the radius in the complex
plane and we know the angle,

E(`, α) so it would be ` times e to the i times three pi over
two, three pi over two, yeah, three pi over two plus
alpha [writes `ei(

3π
2

+α)].
Ending: Recognition So that would be exponential form.
Entry: Manipulation Um, now in rectangular,

Move: Switching we can find that using Euler’s identity, so that
would be ` cosine of three pi over two plus alpha
plus i ` sine of three pi over two

P (`, α) plus alpha [writes `ei(
3π
2

+α) = ` cos(3π
2

+ α) +
i` sin(3π

2
+ α)].

Ending: Manipulation And I think that’s it.

As an example, in Part (b) Student C uses the substitution procedure when the in-

terviewer indicates the student’s algebraic representation for z contains the parameter

c. In Table 5.6, following clarification of the prompt, Student C recognizes the task

can be solved by determining a relationship between parameters from the prompt. He

uses triangle trigonometry to relate c, `, and α and solves for c in terms of ` and α.

Student C then describes the key move of the substitution procedure: “just plug that

into there”. He ends the game by suggesting, but not carrying out, the expression for

c can be substituted into the original algebraic representation.

The Manipulation game using the switching procedure, dark green boxes in Fig. 5.4,

is initiated when the student recognizes that an algebraic representation—tail of the
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dark green arrow—is expressed equivalently in another form with the same parame-

ters. Moves include using the known relationships between forms of complex numbers

to switch the algebraic representation to another form. For example, the exponential

form reiφ is expressed in the polar form, r cosφ + ir sinφ, by using Euler’s formula.

The Manipulation game ends when the a new form is obtained in terms of the same

parameters as the entry form.

Table 5.7 provides an example of Student A’s use of the switching procedure to

carry out a Manipulation game. The game begins using an algebraic representation

in the exponential form, and the student recognizes Euler’s formula allows z to be

expressed in the polar form. He applies Euler’s formula to find an algebraic rep-

resentation, the polar form in terms of ` and α, and ends the game. Student A

acknowledges the game is complete with the statement: “And I think that’s it”.

Incomplete Manipulation games, dashed boxes in Fig. 5.4, occur only when Stu-

dent G abandons the use of a procedure prior to finding an algebraic representation.

There are instances where students do not determine correct relationships, such as

not recalling Euler’s formula, which results in an incorrect representation despite a

complete game. These games are often recognizable by entry to a game with a correct

representation but an incorrect representation resulting from the game.

5.6.2.4 Recognition

The Recognition game (violet boxes in Fig. 5.4) is recognizing that a task was

completed during a previous game; this is a reflective aspect of problem-solving rather
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than a game with a defined structure. Moves may include a description of the process

of finding, recalling, or physically pointing to the algebraic representation on the

white board. The Recognition game ends when the form is restated or the form is

used to initiate a Manipulation game. In Fig. 5.4, the violet arrow from a form to

the box representing the Recognition game show which form the student recognizes

has been determined previously, and the exit arrows lead to the same form.

As an example, Student A plays the Recognition game prior to the Manipulation

game, given in the transcript provided in Table 5.7. He finds the exponential form

using ` and α during Part (a) and finds the task given in Part (b) is already partially

complete. In this example, Student A recalls the process of finding the form: “we

know the radius in the complex plane and we know the angle”. The Recognition game

ends when he uses the algebraic representation to initiate the switching procedure of

the Manipulation game.

5.7 Coordination of epistemic games in problem solving

5.7.1 Repetition of Exploration & Mapping games

During Part (a), most students engage in several iterations of the Exploration

and Mapping games, shown in Fig. 5.4. Through these games, students repeatedly

return to reinterpret the geometric and algebraic representations provided in the

prompt. We expect that providing a geometric representation of z and prompting

for algebraic representations encourages students to interpret the task as mapping to



124

algebraic representations, the goal of the Mapping game.

The use of the Exploration game as a precursor to Mapping games demonstrates

what may be a familiar component of expert-like problem solving. There are periods

of exploration where an expert may not fully conceive an explicit goal or path for

completing the task. An Exploration game provides a means to identify either a

goal or strategy. The ending condition of the Exploration game is an explicit goal

associated with a known algebraic definition of a form. All shifts from the Exploration

game to the Mapping game are student-initiated; the game is an effective component

of problem solving which guides students in finding algebraic representations.

The Exploration game does not need to precede Mapping games. The game could

also be used prior to a Manipulation or Recognition game. Students could begin

to connect the parameters and relationships to specific algebraic representations by

exploring the features of the prompt. These connections contribute to redefining

the task as a goal-oriented activity of manipulating the algebraic representations to

fulfill the goals outlined by the prompt. However, there are no examples from these

interviews.

The Mapping game requires students to recall the epistemic form: the algebraic

definition of a complex number in the rectangular (x + iy) and exponential (reiφ)

forms. The goal of the Mapping game is to express z in the epistemic form, however,

there are many procedures that could lead to a given form. Some approaches result

in an algebraic representation in terms of specific combinations of parameters, as we

describe in Section 5.4. The Mapping game is executed efficiently when a student

maintains and follows through with a single approach; we have previously referred
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to this as isolation of approach. Even though a student may appropriately isolate

an approach within a Mapping game, the chosen approach is not necessarily advan-

tageous to developing an algebraic representation with the parameters specified by

the prompt. As students begin a Mapping game and isolate an approach, the overall

goal of the task often appears to be neglected. Redirection to the goal of the task,

by either the interviewer or the student, typically results in additional iterations of

the Mapping game, but without a clear path of how the approach leads to a form

with the specified parameters. When students repeat the Exploration and Mapping

games, it may be due to their lack of ability to retain the overall goal of the task.

5.7.2 Shift to the Manipulation game

The repetition of Exploration and Mapping games ceases when a student decides

to use the Manipulation game. Every student begins by using either the Exploration

or Mapping game, a necessary component of successfully solving this task. Following

the initial sequence of Exploration and/or Mapping games, students decide to change

to the Manipulation game. Student F’s decision immediately follows a single Mapping

game, and he uses the substitution procedure with the algebraic representation from

his first Mapping game, see Fig. 5.4. In contrast, Student D does not enter the

Manipulation game until the final stages of Part (b) and attempts to use the switching

procedure.

Students apparently shift to the Manipulation game when the task of mapping the

geometric representation of z to a trusted algebraic representation is perceived to be
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complete. In cases such as Students A, B, D, and F, the shifts are student-initiated

and begin with the polar form or, in the case of Student D, what is assumed to be the

polar form. The polar form is the intermediate form which expresses the rectangular

form in terms of the parameters of the exponential form; this facilitates changing

between the forms using relationships such as Euler’s formula. Students B and F

choose to use the substitution procedure to express the polar form in terms of ` and

c, the parameters specified by the prompt. An expert may recognize the advantages

of using a switching procedure with the polar form to find the exponential form

prior to the substitution procedure; Student A makes this sequence of decisions but

does require clarification of the prompt prior to implementing the final substitution

procedure.

Student F takes a direct path through the problem, and the first instance of the

Manipulation game comes from the student’s decision to reconsider the prompt:

F: Um, in terms of ` and c. So

ES: So what are you thinking about?

F: I need to find c, I need to solve for this [indicating ` cos(3π
2

+α)] to get c, basically

if I want to get z squared or if I want to get z in terms of ` and c. ‘Cause this here

is z [writes z = in from of ` cos(3π
2

+ α) + `i sin(3π
2

+ α)]. So now I just need to

get this in terms of c and this [underlines sine portion]. So, I know that, let’s see,

[draws dotted line from −c to z on diagram]. So I know that c is going to be, oh,

I could do this if I had another number there [projects z to the positive real axis],

but I don’t.

ES: What did you just do?
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F: I was thinking I could use right triangle trig to get, uh, c in terms of ` and some

other arbitrary number here [point on real axis] like b or something, but I don’t

have that to use. I need to get the problem into terms of ` and c, so, I know that,

okay I’m going to use some [writes “soh” “cah” “toa”].

Student F’s entry into the Manipulation game is extended and planned. He con-

siders and plans his shift to the Manipulation game. He appears to be contemplating

the beginning of a second Mapping game when he states that “[he] could do this if

[he] had another number there”. Instead, Student F decides to begin a substitution

procedure. Other students, such as Student A, B, and D, move fluidly to the Ma-

nipulation game within their problem solving process (see, for example, Student A in

the excerpt from Part (b) given in Table 5.7).

In the cases where interviewer interjections cause the initial shift from the Map-

ping to the Manipulation game—Students C, E, and G—the interviewer brings the

student’s attention back to the goal of the task without encouraging a particular game.

For Student C’s first entry into the Manipulation game, the interviewer asks “Okay,

and then your exponential form in terms of ` and c?”. Entry to the Manipulation

game appears almost accidental:

C: I’m considering how to write, at first glance I was seeing if I could write this in

terms of ` and c [indicating z = `e−i(π/2−α)] which is really hard because I’d have to

put, I could relate the tan of that angle [shakes head as if considering doing that].

I could do that, I guess actually, I could do the, that works. Um, so we know that

angle alpha is actually...

A similar exchange initiated by the interviewer results in shifting to the Manipu-
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lation game with the switching procedure during the interview with Student G:

ES: Okay, and then the exponential form?

G: Oh yeah! The exponential form, that’s totally a thing. So, [mutters to self ], hm.

ES: So what are you thinking about?

G: So I’m thinking about, um, ‘cause normally what I would think is that, or, I’m

gonna write out e to the i theta is equal to cosine theta plus i sine theta...

The interviewer’s reminders of the overall goal in the prompt are not intended to

encourage a particular game. Students, at various stages, discover the Manipulation

game to be a valid and effective strategy. Shifts to Manipulation games appear to

signal that the students view that the task of translating the geometry to algebraic

representations is complete and that they trust that the algebraic representation is

correct. When the Mapping game results in a reliable form, students may view the

Manipulation game as a means to achieve the task in the prompt.

5.7.3 Relying on previous work

As the students move through the problem, their reliance on previously found

relationships and representations builds. Five of the seven students directly use alge-

braic representations found in Part (a) while solving in Part (b)—see arrows between

Parts (a) and (b) in Fig. 5.4. The Recognition game is commonly used in identify-

ing that the task is complete or a particular algebraic representation is helpful along

the path to completing the task. Even Students B and D, who do not use the full

Recognition game, pull constructed knowledge from Part (a) into Part (b). For most
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Table 5.8: Time spent on each part of the problem.

Student Part (a) Part (b)
A 6:28 1:27
B 7:32 12:48
C 8:00 2:12
D 16:30 5:29
E 20:11 3:22
F 10:28 2:45
G 14:23 7:22

students, there is substantial reduction in solution time, see Table 5.8, and increase

in efficiency due to the familiarity and experience with the problem.

As students progress in the problem, they tend to focus on the overall goal of the

task more reliably. Contrasting the repeated use of Exploration and Mapping game

in Part (a), the choice in games during Part (b) leads to algebraic representations

that more directly and efficiently answer the prompt. Students A, B, C, D, and

F all reach algebraic representations of both the rectangular and exponential forms

written in terms of the specified parameters ` and α. In Part (a), Students A and F

are the only students to find algebraic representations fulfilling the task outlined in

the prompt. Students may more fully understand the overall goal of the task from the

experience with the prompt gained through Part (a). Student E decides to compare

the tasks by asking “so I was wondering what the difference was between the questions

were, could I see?” for comparison between the overall goals. Moving forward with

clarity and direction allows students to be more efficient in problem solving and to

obtain appropriate (or what are perceived to be appropriate) solutions.
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5.7.4 Blended games

As students develop experience with the problem and discover the various strate-

gies, we begin to observe that some of the problem solving episodes blend games.

For example, Student G returns to the Mapping game after beginning Part (b)

with a Recognition game. He realizes the real part of the algebraic representation

z = ` sinα − ci addresses the goal outlined in the prompt, however, he needs to find

a different expression for the imaginary part. The student decides to reconsider the

trigonometric relationships known from Part (a) in order to map the parameters to

the imaginary part of z:

G: Um, I want it just in terms of ` and α, I would say that z is equal to, um, ` sine

alpha minus [writes z = ` sinα−], I think I said c is equal to [pauses]

ES: Do you want your board back for reference?

G: Uh, yeah I can just take a look at it real quick. c is equal to ` cosine alpha [reading

off previous board], okay. So no erasing, let’s do this [writes c = ` cosα]. So if I

want to say–

ES: Do you need anything else from here [the previous white board]?

G: Oh, no thank you, alright. I want to say z in just ` and alpha, let’s say that z is

equal to ` sine alpha minus ` cosine of alpha i [writes z = ` sinα− ` cosαi].

This particular game relies on previous experience through the Recognition game

and use of a substitution-like procedure. The experience allows Student G to use

moves simultaneously within several games making the authors’ identification of entry

and ending conditions difficult. The same students’ entry and ending conditions are
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much more apparent during most of his responses in Part (a). Similar blended games

are found in portions of the interviews with Students C and F. The knowledge and

familiarity with the prompt brought into Part (b) allows students to make informed

decisions to increase efficiency in solving. The shifts in specific goals begin to blur

suggesting students may be coordinating multiple ideas, calling for a larger grain size

in an epistemic game analysis.

5.8 Discussion

Our separate analyses are combined in Fig. 5.5. Here we discuss results and

implications from both analyses.

5.8.1 Shifts in games

Students use the Exploration game as a precursor to iterations of the Mapping game.

We suggested the epistemological framing associated with entry into the Exploration

game differs from that of the Mapping game because the student is seeking out a

goal or a specific direction to proceed in solving. Typically, Exploration games in-

volve only the initial translation steps without an explicit selection of an approach,

however, there are instances of performing the beginning steps of an approach but

seemingly without motivation. For most students, the intention to explore geomet-

ric and algebraic relationships to find a productive path is probably not deliberate.

The implicit entry to the Exploration game contrasts the goal-driven Mapping game.
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Students deliberately enter the Mapping game once they have identified a goal. We

see no evidence that students explicitly consider the overall goals (parameters, forms)

outlined by the prompt when they reframe the task as a translation of geometric

features to algebraic representation.

We speculate that shifts to the Manipulation game may be initiated by shifts

in students’ epistemological framings (as described by Bing and Redish [35]) of the

task. The design of the prompt encourages students to frame the task to be the

mapping of geometric features onto known algebraic definitions of complex numbers.

In order to do this, students must understand and use the geometry associated with

the algebraic definitions and then extend to the geometry of the prompt. This is

analogous to the Mapping game due to the explicit goal of mapping the geometric

representation to an algebraic definition. The general epistemic forms of the overall

task are the algebraic definitions of the rectangular and exponential forms. The

Mapping game is an essential component of solutions because it reflects the framing

encouraged by design of the prompt.

The Manipulation game, including both the substitution and switching procedures,

does not mimic the framing encouraged by the wording of the task but does provide

a productive strategy in reaching solutions. In designing the prompt, we intended

for the switching procedure to be an important component of successful solutions

after a student obtains an algebraic representation of z. When students exit from

iterations of Mapping games into the Manipulation game suggests that the student

shifts to framing the task as manipulations on reliable algebraic representations. The

translation of geometry to algebra is perceived as complete, and the student chooses
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to address the overall goals specified by the prompt in order to obtain the appropriate

combination of parameters and/or form.

5.8.2 Compartmentalization of representation

Research by others (see Section 5.2.2) has suggested that compartmentalization

of representations [11] may be common to novices’ problem solving in complex al-

gebra; but expert fluency is marked by moving between and selecting forms and

representations fluidly and effectively within the context. In contrast, we propose

that isolation of approach is another aspect of expert fluency because it requires

connections between algebraic and geometric representations; approaches cannot be

isolated if representations are compartmentalized. Compartmentalization of represen-

tation within particular forms limits the usefulness of an approach and may hinder

students’ completion of steps within an approach. These middle-division physics stu-

dents do not engage in obvious compartmentalization of the algebraic and geometric

representations, perhaps because of the design of the prompt. The decision to isolate

an approach while coordinating both algebraic and geometric representations may be

an indication of increasing sophistication in complex algebra.

We designed the prompt to include a geometric representation to determine how

students translate the geometry to algebraic representations. The students used geo-

metric and algebraic reasoning alternatively—perhaps even simultaneously. Our cod-

ing scheme separates algebraic and geometric reasoning for only the angle associated

with z (X1 & X2) and the square of the norm expression, |z|2 = `2 (Y1 & Y2). Each
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approach is strongly connected to simultaneous reasoning with the pertinent algebraic

and geometric representations. These codes emerged from several rounds of constant

comparative analysis methods rather than imposing codes for algebraic and geometric

representations. We did attempt to impose codes that distinguish between students’

algebraic and geometric reasoning but were unsuccessful in identifying clear examples

beyond those found from our previous methods. The students’ use of both algebraic

and geometric reasoning may be due to the simplicity of the prompt; in more difficult

complex algebra problems, these students may compartmentalize representations.

Students’ isolation of approach is productive in reaching an algebraic represen-

tation of z. We assumed fluency in multiple representations by the design of the

prompt and found that every student is able to move fluidly between the geometric

and algebraic representations (though not always completely correctly). Students’

lack of the isolation of approach does not coincide with the compartmentalization of

representation. Instead, when a student initiates a new game, guided by a new goal,

a lack of isolation is an indication that the student does not know how to efficiently

respond to his goal. The ability to move fluidly between geometric and algebraic

representations may reflect the skills which are emphasized in introductory physics

courses such as the use of free body diagrams to construct algebraic representations

of the net force acting on an object.

Despite students’ abilities to move fluidly between the representations, most en-

counter some difficulties with the translation of the geometric representation to an

algebraic representation. Student A is the only student to perform every step and

complete every game correctly; he is the only student to correctly complete both Parts
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(a) and (b). Distinguishing between and executing triangle and circle trigonometry

are the most prominent difficulties for students which we discussed extensively in

Section 5.5.

However, many students engage in games that include extraneous steps, which

includes games where a student isolates an approach. For example, Student A refers to

the the right triangle containing α in his second Mapping game prior to using a circle

trigonometry approach. We maintain that Student A isolates the circle trigonometry

approach because he uses the angle α as a way to recognize he needs the angle as

defined counterclockwise from the positive real axis in order to map parameters to

the polar form. This requires connected conceptions of the algebraic and geometric

representations of a complex number because the geometric representation evokes a

clear path to determining an algebraic representation.

5.8.3 Preference for form

The goals of the games, and the overall goals outlined in the prompt, are to deter-

mine either the rectangular or exponential form. In most cases, repetitive Mapping

games and several Manipulation games are initiated by the student’s objective of de-

termining the rectangular form [8, 1]. This behavior may be indicative of a preference

for the rectangular form. Students, such as B, D, F, and G, choose to work toward

the exponential form only at the conclusion of Parts (a) and (b) suggesting their

preference for the rectangular form. Every student does engage in games with a goal

of finding an algebraic representation of the exponential form, at least briefly.
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Because we do not observe students’ compartmentalization of representation, the

students may have developed a dual conception, as described by Sfard [21], of com-

plex number representations within a single form or multiple forms. Karakok et al.

recognize the necessity for multiple duals—a dual conception within each form and

connections between the forms—in developing complex number fluency. The students

we interviewed demonstrate that they do understand the rectangular and exponen-

tial algebraic representations are used for the same complex number, however, most

students do not appear to have multiple and connected dual conceptions. This is

evident through incorrect or incomplete switching procedures.

The switching procedure of the Manipulation game directly relates the rectangular

and exponential forms of complex numbers using, primarily, algebraic reasoning. Ex-

cept for Student E, each student uses the procedure. This suggests that the students

are beginning to connect the forms algebraically. There remain difficulties in the ex-

ecution of these algebraic procedures for Students D, F, and G. These students may

be in the process of building an operational understanding, as defined by Sfard [21],

of the algebraic connections between the forms; no geometric reasoning is required.

Students A, B, and C execute the procedure correctly, demonstrating operational con-

ceptions of the algebraic relationships between the rectangular and exponential forms

(however, their understanding is not necessarily bi-directional). Students who have

mastered the switching procedure consistently demonstrate isolation of approach and

recognize multiple games. This may be indicative of moving toward (or having) a dual

conception of both forms and the corresponding geometric and algebraic relationships

among the forms—what Karakok et al. refer to as multiple duals [1].
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Students A and F demonstrate successful isolation of approach, choose to use

multiple games effectively, and typically self-initiate shifts in games. We identify

these to be expert-like decisions in problem solving yet neither students selects the

most efficient initial paths in answering the prompt. In Part (a), we expect an expert

may select to begin with a Mapping game while isolating either the Pythagorean

theorem or norm squared approach to determine the rectangular form in terms of `

and α. In Part (b), an expert may begin with a Mapping game to find the polar

or exponential form in terms of ` and α using a circle trigonometry approach. No

students began the problem by planning approaches for the specified combinations

of parameters. Students A and F, who exhibit expert-like behavior in other aspects

of the problem, do engage with Part (b) as we expected. However, in Part (a) there

are no instances of students’ consideration of the entire prompt. This may be due to

an overwhelming amount of information to process and balance. The repetition of

Mapping games may reflect a student’s need to reorient to the specifications of the

prompt several times.

5.8.4 Definitions and grain sizes of epistemic games

Using the lens of the epistemic games framework, we have described three—

possibly four—epistemic games used by students in a complex algebra context. The

games are not strictly procedural but are goal-oriented episodes of problem solving.

Each game has several mathematical procedures that fulfill the goal of the game, and

each of these procedures are local to the task. The repetition of games exhibited by
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all of the students signals that these games are not inherently procedural. Our choice

to focus on the students’ goals is motivated by Tuminaro and Redish’s definition of

epistemic games as goal-oriented activities used to construct knowledge [31]. Stu-

dents’ strategies are not strictly procedural but appear to be motivated by specific

goals. Defining the Mapping and Manipulation games by the entry conditions, a spec-

ification of a goal that has a corresponding epistemic form, allows us to identify when

games are complete, incomplete, or abandoned—all of which are important decisions

within problem solving. We define the Exploration game by the ending condition–the

recognition of an explicit goal. These are essential components of expert-like problem

solving because an expert must be able to recognize when the task is finished, when

it is appropriate to abandon work toward a specific goal, or when to reevaluate the

problem.

There is a need to differentiate between the varieties of games that we have iden-

tified in students’ responses. The Mapping and Manipulation games are clearly goal-

oriented because the entry condition is a student’s deliberate decision to specify the

form of a complex number—the epistemic form. When students do not verbally ex-

press a goal at the beginning of the game, we do rely on key moves and the ending

condition to characterize the game. The Exploration game is defined by the ending

condition that a goal is recognized. The exploratory nature of the Exploration game

encourages the formation of a specific goal. However, a student does not consciously

know that he is playing the Exploration game.

The Recognition game, as we alluded to in Section 5.6, is probably not an epistemic

game. The game rarely contributes to the construction of new knowledge. However,
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it is an crucial reflective aspect of problem solving. Being able to recognize when a

task has already been completed is an essential component of problem solving in both

mathematics and physics contexts.

5.8.4.1 Epistemic games in mathematics

The types of epistemic games we have identified in a mathematics context are

different from those identified in the context of volumes of revolution by Bernard and

Jones [40] and integration by Black and Wittmann [39]. We share similarity in the

selected grain size but differ in our interpretation of the nature of an epistemic game.

We have considered whether the approaches, introduced in Section 5.4, are epistemic

games because, when isolated, the approaches are local and coherent procedures which

generate algebraic representations—completion of the epistemic form. We do not

observe consistent isolation of approach which means that our selected grain size of

epistemic games is larger than particular approaches—perhaps a grain size between

the local and global games described by Bernard and Jones [40].

The nature of epistemic games that we have identified may differ from those

found by Bernard and Jones because the structure of our task requires coordination

of fewer mathematical resources while prompting for multiple answers. The numerous

strategies and paths that can be used while completing the task may promote the

repetition of games. Unlike Bernard and Jones, our ability to identify shifts in games

is not tied to the content of the task. Instead, shifts originate with either the student

or the interviewer redirecting attention to what is required by the prompt. Bernard
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and Jones begin with volumes of revolution problems that have clearly defined and

singular goals from the outset of the problem. However, we have purposely obscured

our prompt by asking for both the rectangular and exponential forms; two tasks

combined into a single prompt. A redesign of our interview protocol where we prompt

for a single form at a time may result in a linear string of local epistemic games more

similar to those described by Bernard and Jones.

The games we have identified are of a larger grain-size than the procedural re-

sources described by Wittmann and Black [33]. An expert engaging with these

complex algebra tasks may isolate approaches by coordinating the individual re-

sources associated with an approach as a single mathematical action, or procedural

resource what maybe the “[reification] of existing networks of resources” suggested

by Wittmann and Black. The seven middle-division physics students that we inter-

viewed are not experts in complex algebra and demonstrate varying degrees of fluency

with these basic manipulations. Student A, who effectively and consistently isolates

approaches and executes games compactly, may be moving toward reification of the

approaches as large grain-size procedural resources. During the interview, we are

able to distinguish between Student A’s general strategies and shifts in games which

may indicate either that the approaches are not reified or that the student chooses

to include detailed explanation for clarity and communication with the interviewer.

Student D, who struggles to isolate approaches and repeatedly uses Mapping games,

may use smaller grain size procedural resources within his extended games.
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5.8.4.2 Mathematics in physics problem solving

We chose to conduct the interview prior to the introduction of complex algebra

within a physics context. Therefore, the students do not have sufficient physics back-

grounds to execute complex algebra procedures in a physical context. Wittmann and

Black describe procedural resources in the context of solving a mathematical pro-

cedure embedded in a physics problem [33]. As complex algebra fluency is gained

and executed within a physics problem, the approaches and/or epistemic games may

develop to be procedural resources. For example, in a driven harmonic oscillator

problem, a student may choose to represent the oscillation using a complex func-

tion in order to simplify the mathematics and extract the real part to be the physi-

cal solution–a Manipulation game using the switching procedure. The Manipulation

game may be a procedural resource as a student recognizes this as a single mathemat-

ical action associated with these types of physics problems. We find most iterations

of Manipulation games within our task are not single mathematical actions but are

composed of several separate decisions.

Our chosen grain size for epistemic games is much finer grained than the games

described by Tuminaro and Redish in physics problem solving [31]. Clearly, this is

partially an artifact of a narrow prompt containing only mathematics. The local

nature of the epistemic games does allow us to analyze the specific decisions stu-

dents make while solving. We believe the games we have identified are subgames of

larger grain size epistemic games which may occur in middle-division physics problem

solving.
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We use a fine grain-size epistemic game analysis in a specific mathematics con-

text where there are four distinct approaches. Our analysis brings forward questions,

many of which have been discussed in previous studies [40, 33, 39], regarding the

use of procedural resources and the epistemic games in mathematics problem solving:

(i) What do epistemic games within mathematics contexts look like?, (ii) What is

the grain size of an epistemic game?, (iii) What is the distinction between procedu-

ral resources and epistemic games in mathematics?, and (iv) Does the reification of

epistemic games result in procedural resources? Can games be reified?.

5.9 Summary and implications

We use two analyses to describe the students’ translation of the geometric repre-

sentation of a complex number to several algebraic representations. By using modified

grounded theory, we find students who isolate approaches—triangle trigonometry, cir-

cle trigonometry, Pythagorean theorem, and norm squared—tend to be successful in

determining algebraic representations. In at least four students’ responses, incor-

rect algebraic representations are caused by the simultaneous use of the triangle and

circle trigonometry approaches; other trigonometry errors are present in five of the

seven students’ responses. We use the epistemic games framework to describe stu-

dents’ problem solving strategies during this task. We identify and describe four fine

grain-size epistemic games: Exploration, Mapping, Manipulation, and Recognition.

All students engage with at least three of the four games. We observe repetition of

the Exploration and Mapping games prior to a shift to primarily Manipulation and
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Recognition games in the later sections of the interview. This shift may be due to a

change the students’ framing of the task after determining what they perceive to be

a reliable algebraic representation.

5.9.1 Implications for classroom instruction

Students transitioning from lower- to upper-division physics courses lack extensive

experience with complex algebra. Because complex algebra is pervasive throughout

upper-division physics, students require fluency in calculational aspects using both

algebraic and geometric interpretations. Instruction focused on the geometric rela-

tionships which relate algebraic and geometric representations may assist students’

development of complex algebra skills. Five weeks following our extended introduc-

tion to complex algebra, all of the students interviewed retain some of the presented

information. Our choice to use symbolic representations of complex numbers in this

interview demonstrates that some students encounter difficulties geometrically defin-

ing the forms of a complex number despite the extended introduction.

Providing instruction immediately prior to applications in physical contexts might

provide an opportunity for students to more strongly connect geometric and alge-

braic (and perhaps, physical) representations. As sophistication increases through

the introduction of complex functions to describe physical systems, developed con-

nections between algebraic and geometric representations of all forms may facilitate

extensions to complex functions. Instruction focused on the relationships between

algebraic and geometric representations is important in drawing out features which
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are commonly exploited in physics problem solving. For example, in classical me-

chanics, complex functions are commonly used to solve damped and driven harmonic

oscillation problems because the mathematics is simplified by taking derivatives of a

complex function. The solutions are not physical until a real function is extracted.

In lower- and middle- division physics courses, incorporating instructional empha-

sis on distinguishing between triangle and circle trigonometry may assist students’

development of complex algebra as they transition to upper-division courses. Rect-

angular and polar coordinates are common in introductory courses and provide a

context in which the distinctions between triangle and circle trigonometry can be

discussed extensively. The development of complex algebra skills, including changing

between forms and the selection of a form for a particular mathematical or physical

context, relies on the use of circle trigonometry. Beginning with relationships be-

tween coordinate systems may lessen the abstraction of complex number forms when

students encounter complex algebra in middle-division physics courses.

5.9.2 Future work

In this paper, we present physics students’ understanding of a complex algebra

task prior to the introduction of relevant physical applications. The next steps are

to investigate the role of physical applications and tangible examples in students’

developing understanding of complex numbers and functions. Because physics stu-

dents extensively use complex numbers and functions to model the physical world, the

perceptions and interpretations of complex numbers and functions may differ from
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students who only encounter them in mathematics contexts.

Classical and quantum mechanics treat complex functions differently. For clas-

sical mechanics, complex functions are used to simplify the mathematics describing

a physical system, such as solving the differential equations of damped and driven

harmonic motion. In these cases, the physical solution is always a real function; the

real part of the function is extracted from the complex function to be the physical

solution. In quantum mechanics, observables and probabilities must be real, how-

ever, the states are described using complex numbers and functions. The treatment

of complex functions is distinct in classical and quantum mechanics. Students’ de-

velopment of complex algebra fluency and conceptions of forms and representations

in each subdiscipline may tied to the physical context. Studying students’ concep-

tions of complex algebra in both physics contexts may illuminate if instructional and

subdiscipline differences in treatments of complex algebra discourage or contribute to

compartmentalization of representation, isolation of approach, and/or preference for

form.
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6 Implications for Instruction and Classroom Resources

6.1 Implications for Instruction

In Chapter 4 we find that most students lack the complex algebra skills required

in upper-division physics when they enter the junior year at Oregon State University.

In Chapter 3, we find that brief treatments of complex algebra are not sufficient to

develop the necessary calculational skills and understanding of the forms and repre-

sentations of complex numbers required for upper-division physics. Providing explicit

complex algebra instruction in addition to emphasis on calculations and representa-

tions within physics contexts may aid students’ development of these skills. In partic-

ular, instruction that emphasizes the relationships between algebraic and geometric

representations of all forms may be a crucial component of complex algebra fluency.

I suspect that most students’ experiences with complex algebra prior to the

Paradigms neglect the geometric representations of complex numbers. Instruction

that centers on algebraic manipulations relies on memorized formulas and algorith-

mic procedures to relate the forms; whereas the geometry of the complex plane me-

diates the relationships among the forms. Providing practice and instruction that

incorporates geometric representations and the corresponding algebraic expressions

emphasizes the relationships between forms. In addition, the geometry may facilitate

students’ abilities to extend their skills to complex functions in physical contexts.
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In Chapter 5, we analyze students’ translation of a geometric representation of a

complex number to several algebraic representations and find this is not a straightfor-

ward task for the students. The extended introduction five weeks before the interviews

was not sufficient for students’ development of expert-like fluency with complex alge-

bra. With no immediate need for complex algebra in physical contexts, the students

may focus on other mathematical or physical concepts. I expect that explicit com-

plex algebra instruction immediately prior to applications in physical contexts might

provide a more concrete context for students to connect the geometric and algebraic

(and perhaps extend to physical) representations.

As physical contexts are introduced, instruction should include verbal descriptions

by the instructor and encouragement of discussion among the students of how and

why particular decisions are made in solving. Our results in Chapter 3 show that

students nearing the end of the junior year exhibit difficulties appropriately selecting

the exponential form to evaluate a logarithm; the appropriate selection of a form

is especially important in physics contexts. For example, if the coefficient of an

eigenstate is in the rectangular form, an expert may decide to change the coefficient

to the exponential form prior to time evolving the quantum state so that the phase

in the coefficient can be combined with the phase in the time evolution. Instruction

that includes brief explanations of decisions regarding complex algebra in the context

of physics may encourage students’ development of expert-like decisions.

As mathematical sophistication increases in the middle- and upper-division courses,

through extensions to complex functions in physical systems, students’ connections

between algebraic and geometric representations of all forms may facilitate these ex-
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tensions. Instruction focused on the relationships between algebraic and geometric

representations may draw out features that are commonly exploited in physics prob-

lem solving. Classical systems are described by real numbers and functions (as are

probabilities and observables in quantum mechanics), and students must be able to

distinguish between and appropriately use complex and real numbers and functions

in upper-division physics. For example, in classical mechanics, complex functions

are commonly used to solve damped and driven harmonic oscillation problems even

though the physical solution is real because the mathematics is simplified by taking

derivatives of exponentials. Geometric representations of complex numbers and func-

tions may emphasize to students that complex functions (e.g., eiωt) have both real

and imaginary parts.

Instruction that contrasts the treatment of complex numbers and functions in clas-

sical and quantum mechanics may be helpful for middle-division physics students. In

classical mechanics, the physical solution is always a real function; the real part of

the function is extracted from the complex function to be the physical solution. Us-

ing complex functions simplifies the mathematics describing the physical systems.

However, in quantum mechanics, observables and probabilities must be real, but the

states described by Schrödinger’s equation use complex numbers and functions; com-

plex algebra is pervasive throughout quantum mechanics. The treatment of complex

numbers and functions in classical and quantum mechanics is distinct. Students’

development of complex algebra fluency and conceptions of forms and representa-

tions within subdisciplines may tied to the physical context. Instruction that ad-

dresses the different applications of complex functions within each subdiscipline may
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be strengthened by incorporating geometric representations. Students may unify al-

gebraic representations with the physical applications by considering the geometric

relationships.

Our first study in Chapter 3 presents a quantitative analysis of students’ un-

derstanding of, primarily, complex numbers, and our second study in Chapter 5

presents a qualitative analysis of students’ understanding of symbolic representa-

tions of complex numbers. The progression from complex numbers (e.g., 2 + 3i) to

complex numbers using symbols (e.g., x+ iy) to complex functions (e.g., x(t) + iy(t))

requires students’ increasing mathematical sophistication and abstraction. Provid-

ing experiences that emphasize the use of symbolic representations in lower-division

physics courses may assist in students’ transition to complex functions in the upper-

division. For example, consistently expressing a vector with symbolic components

(e.g., ~F = Fxx̂+ Fyŷ = F cosφx̂+ F sinφŷ) and providing problems with only sym-

bolic solutions (i.e., no given values to quantities) may assist in the transition to

upper-division use of complex numbers and functions.

In lower- and middle-division physics courses, incorporating instructional empha-

sis on distinguishing between triangle and circle trigonometry may also assist students’

development of complex algebra skills as they transition to upper-division courses. In

Chapters 5 and 5, I find that some students confuse triangle and circle trigonometry,

especially for angles greater than π
2
. Physical contexts where both rectangular and

polar coordinates may be used are common in introductory courses. These contexts

provide opportunities for instruction and problem solving that requires students to

distinguish between triangle and circle trigonometry. The development of complex
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algebra skills, including changing between forms and the selection of a form for a par-

ticular mathematical or physical context, relies on understanding of circle trigonome-

try. Beginning with relationships between coordinate systems may provide a tangible

example that students (in parallel with instruction) can extend to complex numbers

in middle-division physics courses.

As complex algebra is introduced in middle-division courses, drawing upon the

analogy to rectangular and polar coordinates may be useful for both instructors and

students. Although algebraic representations of coordinates and complex numbers

are different, the geometric representations are identical except for the names of the

axes. The difference between triangle and circle trigonometry can be emphasized

throughout this analogy and extended to both complex algebra and coordinates.

6.1.1 Overview of Complex Algebra Resources

Appendices E, F, and G are intended to serve as resources for students and instruc-

tors of middle-division physics students, especially those with little or no experience

with complex algebra. Upper-division physics textbooks often neglect detailed expla-

nations of complex algebra manipulations, and many students may have little or no

experience with complex algebra in prerequisite mathematics courses.

Appendix E is intended to be a resource for physics students for self-study in

learning or reviewing complex algebra. Explanations emphasize using both algebraic

and geometric representations. These explanations are followed immediately followed

by “Check-In Exercises”. These are short, simple exercises that provide immediate
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practice with the complex algebra manipulations. All solutions to these exercises

are provided at the conclusion of each section. In these sections, explanations use

symbolic representations of complex numbers, and the Check-In Exercises provide

practice with specified complex numbers.

I provide explanations of the forms and representations of complex numbers in

parallel with rectangular and polar coordinates. This section is not intended to be an

instructional resource but is a supplement for students’ introduction to or review of

complex numbers. Relating coordinate systems to complex numbers may lessen the

abstraction of complex numbers that several researchers have identified as a possible

source of difficulties learning complex algebra [1, 7, 10].

Symbols, rather than numbers, are used throughout to explain both the geometric

and algebraic representations. I use symbols because physics students must extend

complex algebra skills to complex functions within middle-division courses. Empha-

sizing the general forms of complex numbers rather than providing specific examples

may ease the transition to complex functions.

Practice with complex algebra is important for students to be able to consider

the relationships between complex number forms and representations. The Check-

In Exercises provide students, primarily, with practice on complex numbers (not

symbols). I design the Check-In Exercises to provide students with practice relating

both algebraic and geometric representations of specific complex numbers. I carefully

select values within these exercises to ensure that all quadrants of the complex plane

are represented and require students’ use of circle trigonometry reasoning. Solutions

to these problems are provided at the end of the section because I do not include
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example problems within the text.

Most of the figures are designed with complex numbers placed in a quadrant where

the angle φ is greater than π
2
. In doing so, I intend to emphasize the geometric defini-

tion of φ and the use of circle trigonometry. Explanations are intended to distinguish

between triangle and circle trigonometry because, as we found in Chapter 5, some

middle-division physics students conflate trigonometry techniques in the complex al-

gebra task. I do choose to use triangle trigonometry (embedded in the complex plane)

to introduce the relationships between forms of complex numbers but rapidly extend

to circle trigonometry.

In Section E.2, I assume students are knowledgeable regarding the algebraic and

geometric representations of complex numbers and are able to move fluidly between

the forms. I provide explanations of operations that are common in physical applica-

tions of complex numbers and functions.

Through these explanations, I choose to emphasize the selection of a form given

the mathematical context; in Chapter 3, we find students nearing the completion of

the junior year still exhibit difficulties in these tasks. The selection of a form from

cues of the mathematical or physical context is common in upper-division physics

tasks. Early emphasis on these decisions within simple complex algebra operations

may encourage students to consider the form to select for a problem.

As in Section E.1, I continue to use symbolic notations in the explanations of

operations, and the Check-In Exercises provide students practice with (or examples

of) numeric complex numbers. Embedded within the Check-In Exercises are tasks

that require changing between the forms of complex numbers. In these cases, students
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must recognize the advantages of expressing the complex number in a particular form

and then change the form.

I continue to incorporate geometric explanations of operations where applicable.

In Chapter 5, we discuss students’ algebraic and geometric interpretations of the

square of the norm. Understanding and use of the geometric and algebraic interpre-

tations of complex algebra operations are valuable in physics contexts. For example,

Close et al. suggest that the geometric representations of complex algebra may assist

in students’ understanding of spin-1/2 systems and possibly classical harmonic oscil-

lators [14, 23]. In some cases, I leave geometric interpretations of algebraic operations

as exercises to provide students with practice constructing geometric explanations for

algebraic expressions.

In the subsection discussing addition and subtraction, I choose to use the metaphor

of vector addition, in part, because Soto-Johnson et al. find that experts commonly

use this metaphor to describe addition of two complex numbers [4, 5]. This provides a

familiar context for students to relate the geometry of complex numbers expressed in

the rectangular form to vector operations that are common in lower-division physics

courses.

Appendix F includes additional problems without solutions that are intended for

homework. Section F.1 contains problems in a mathematics context and provides

students with additional practice with complex algebra. These problems are intended

to begin the extension of the presented topics to complex functions and physical

contexts. Section F.2 includes problems which are presented in physical contexts and

require extensive complex algebra manipulations. I provide explanations regarding
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the construction of each problem based on the research presented in this dissertation

and conducted by other researchers.

Appendix G provides several “clicker” questions that may be implemented during

instructional sessions on complex algebra in middle-division physics and mathematics

courses. In addition, is a description of an activity that addresses circle trigonometry.

These activities are based on the results from this dissertation. In particular, the

“clicker” questions require students to translate between algebraic and geometric

representations of coordinates, complex numbers, and complex functions.
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7 Conclusion

7.1 Summary of Dissertation

Students entering middle-division physics courses tend to have little previous ex-

perience with complex algebra. In Chapters 3 and 4, I present studies of students’

calculational abilities with complex algebra throughout the junior year. There are

three general categories of difficulties: performing calculations, switching between

forms, and appropriately selecting forms to simplify calculations. Many students

enter the junior year with some familiarity with complex algebra including multi-

plication in the rectangular form and some manipulations of complex exponentials.

However, most students enter the junior year with difficulties determining rectangular

and polar coordinates, which appear to originate from conflating aspects of triangle

and circle trigonometry. Other complex algebra-related skills, such as taking the

square of the norm, may be entirely unfamiliar to most students. Instruction that ex-

plicitly addresses these calculations results in improvement of students’ performance

on assessments over a short time frame. This suggests that some calculational skills

are unknown to middle-division physics students but students are able to rapidly

acquire those skills following instruction. However, other calculational skills remain

persistently difficult for students throughout the junior year. For example, the ap-

propriate selection of a form from the mathematical context continues to be difficult
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for students in the later parts of the junior year. From these studies, we find that stu-

dents have little exposure to complex algebra prior to middle-division physics courses

and that instruction can assist students’ development of complex algebra skills.

We find that the isolation of approach, as described in Chapter 5, is a productive

component of translating between geometric and algebraic representations of complex

numbers. Students who isolate approaches—triangle trigonometry, circle trigonome-

try, Pythagorean theorem, and norm squared—tend to be successful in determining

corresponding algebraic representations. The isolation of approach may be a crucial

component of fluidly moving between representations of complex numbers. The phe-

nomenon of the compartmentalization of representation may be a result of a students’

inability to isolate an approach to mediate the translation between representations.

Appropriately isolating an approach requires that a student recognizes when to use

either triangle or polar geometry. When students use triangle and circle trigonometry

approaches simultaneously, they determine incorrect algebraic representations. The

simultaneous use of these approaches by four students confirms our suspicions from

the quantitative analyses of students’ calculational work that distinguishing between

and carrying out triangle and circle trigonometry are difficult tasks for some middle-

division physics students. In the quantitative analyses of students’ calculational skills,

presented in Chapters 3 and 4, we found that students’ difficulties with complex num-

ber algebra may originate, in part, from existing difficulties with circle trigonometry.

To be successful in complex algebra tasks, such as switching between forms, students

must be able to distinguish between triangle and circle trigonometry. Often, students

encounter difficulties with these tasks when the angle exceeds π
2
, which requires the
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use of circle trigonometry. When removed from a complex number context, incoming

middle-division students exhibit difficulties with rectangular and polar coordinates.

This suggests that students are not fluent with circle trigonometry when they enter

the junior year. The lack of fluency with circle trigonometry contributes to students’

difficulties with simple complex algebra calculations.

In Chapter 5, we describe students’ problem solving strategies of the interview task

through the epistemic games framework. Students use sophisticated strategies to solve

the simple complex algebra task. Students’ strategies demonstrate the developing

problem solving strategies of middle-division physics students. This analysis shows

that goal-generating activities, such as the Exploration game, are used by student

to productively progress in their own problem solving. Shifts from the Mapping

game to the Manipulation game suggest that the student decides to narrow the goal

to specifically address the prompt. The students are able to actively reflect on their

progress to acknowledge that they have already completed a task in previous attempts.

Based on the findings presented in Chapters 3, 4, and 5 as well as other researchers’

studies on students’ complex algebra fluency (summarized in Chapter 2), I describe

the possible implications for instruction and suggest some resources for the lower-,

middle-, and upper-division physics levels in Chapter 6.

7.2 Future Work

I have presented two studies of physics students’ understanding of complex alge-

bra divorced from physical applications. The next steps are to investigate the role of



160

physical applications and tangible examples in students’ developing understanding of

complex numbers and functions. Because physics students extensively use complex

numbers and functions to model the physical world, the perceptions and interpreta-

tions of complex numbers and functions may differ from students who only encounter

them in mathematics contexts.

Classical and quantum mechanics treat complex functions differently. For clas-

sical mechanics, complex functions are used to simplify the mathematics describing

a physical system, such as solving the differential equations of damped and driven

harmonic motion. In these cases, the physical solution is always a real function; the

real part of the function is extracted from the complex function to be the physical

solution. In quantum mechanics, observables and probabilities must be real, how-

ever, the states are described using complex numbers and functions. The treatment

of complex functions is different in classical and quantum mechanics. Students’ de-

velopment of complex algebra fluency and conceptions of forms and representations

in each subdiscipline may tied to the physical context. Studying students’ concep-

tions of complex algebra in both physics contexts may illuminate if instructional and

subdiscipline differences in treatments of complex algebra discourage or contribute to

the compartmentalization of representation, isolation of approach, and/or preference

for form.

Complex numbers and functions manipulations are pervasive in quantum me-

chanics due to the explicit i in Schrödinger’s equation, ĤΨ(~x, t) = i~ ∂
∂t

Ψ(~x, t). Any

observables or probabilities are real numbers, but operators, coefficients of eigen-

states, and, in wave function notation, eigenstates may be complex. In Chapter 3, I
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show that students exhibit calculational difficulties in complex algebra tasks, however,

these calculations are without a physical context. Students’ treatment of the same

calculations within physical contexts may be different, perhaps due to activation of

different resources. The calculations in Chapter 3 occur often in quantum mechan-

ics (e.g. the square of the norm in calculations of probabilities and normalization).

This work can be extended by investigating students’ calculational success in various

physical contexts. Students’ physical interpretation of these calculations may be an

aspect of these calculations which are relevant in physics problem solving but not a

component that is part of complex algebra when removed from a physical context.

Perhaps one of the most important decisions involving complex algebra in physics

problem solving is the selection of a form of a complex number or function given a

particular mathematical or physical context. The decisions that novices and experts

make in the selection of forms given a context are probably different. As students

gain experience in using complex numbers and functions in physics, they may begin

to make expert-like decisions in their selection of form and moving between forms,

when appropriate. Identifying physics contexts where these skills are particularly

important for success in problem solving may inform how the ability to select a form

develops and what insights regarding complex algebra and physics are required to

exhibit expert-like behavior.

The selection of forms is also extends to the selection of an ansatz from the

boundary conditions provided in a problem including problems from electricity and

magnetism, classical mechanics, and quantum mechanics. Physicists develop the

ability to distinguish between and appropriately select functions of the form ekx and
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eikx from information about the physical system. Sadaghiani and Loverude and Li find

that many physics students do not distinguish between functions of these forms with

similar symbolic appearances [16, 17]. When students are confronted with boundary

conditions, they must develop the ability to appropriately select a function which

accounts for the known properties of the physical system. The inability for some

students to select and distinguish between functions of these forms may be rooted in

lack of fluency with complex numbers, especially in the exponential form.

7.3 Other Institutions

The results and implications of these studies may be generalizable beyond the

specific content of the Paradigms curriculum. The background of students who are

entering the Paradigms is similar to students enrolled in other curricula, and appli-

cations of complex algebra are pervasive throughout physics subdisciplines. Many

upper-division physics curricula may include several brief treatments of complex al-

gebra scattered throughout the courses, as originally structured in the Paradigms.

However, students entering middle-division physics courses may have little or no ex-

perience with complex algebra. Even students who receive formal instruction prior to

middle-division physics courses often do not know how to perform simple calculations

and how to relate the forms and representations—essential aspects of complex algebra

in physics. Students who cannot master simple manipulations will not be successful

in upper-division physics courses. Providing students with necessary resources to de-

velop fluency in complex algebra may be a crucial component of students’ success in
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the upper-division.
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A Fall 2015 Pretest

1. Determine the location of the point in both rectangular and polar coordinates.

Rectangular:

Polar:

−1 1 2

−2

−1

1

√
2

θ = π
4

x

y
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2. Circle all equivalent forms of the given number.

(a) 1 + i

i.
√

2eπ/4

ii.
√

2eiπ/4

iii. 1 + eiπ/2

iv.
√

2eiπ/2

v. None of these are equivalent to 1 + i.

(b) eiaeib; a & b are real

i. e−ab

ii. eib

e−ia

iii.
(

eb

e−a

)i
iv. 1

eab

v. ei(a+b)

vi. None of these are equivalent to eiaeib.

(c) sin θ; θ is real

i. eiθ + e−iθ

ii. eiθ − e−iθ

iii. 1
2

(
eiθ + e−iθ

)
iv. 1

2i

(
eiθ − e−iθ

)
v. None of these are equivalent to sin θ.
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3. Express the following in the form a+ ib where a and b are real numbers. If you
cannot simplify in this manner, express in the simplest terms that you can.

(a) (3 + 2i)(1− i)

(b) 1+i
1−i

(c) (eiπ)2

4. Determine |z|2 for the following numbers.

(a) z = 3− i

(b) z = 2e−iπ/4
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Name:
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B Fall 2015 Quizzes

B.1 Rectangular and Polar Coordinates

Name:

Find the location of the point in both rectangular and polar coordinates.

2

θ = π
6 x

y
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B.2 Exponents

Name:

True False

exey = ex+y � �

ln (ex)y = xy � �

ex ln y = yx � �

eaxeay =
(
ey

e−x

)a � �

ln
(
x
y

)
= ln(x)

ln(y)
� �

eixeiy = e−xy � �
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B.3 The Square of the Norm

Name:

For the complex number z = 3− 3i, find z2, |z|2, and rewrite z in exponential form,

i.e. as a magnitude times a complex exponential phase:

(a) z2 =

(b) |z|2 =

(c) Exponential Form:
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C Interview Protocol

The following is the interview protocol used for the interviews conducted in Week

5 of the Fall term in 2015. In Chapter 5, I present the analysis of the third prompt

within the protocol.

Introduction: Open-ended questions, think aloud protocol, blank face

1. What comes to mind when you think about complex numbers?

2. What forms or representations of complex numbers can you think of?

(a) Can you think of any other forms or representations?

(b) From the forms and representations you’ve given, can you describe how

they are related to each other?

3. Given: |z|2 = `2
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−c

α

z

Re(z)

Im(z)

(a) Determine the rectangular and exponential forms of the complex number,

z, in terms of ` and c.

(b) Determine the rectangular and exponential forms of the complex number,

z, in terms of ` and α.

(c) (Optional, if time–less than 20 minutes in) Determine the rectangular and

exponential forms of the complex number, z, in terms of c and α.

4. What happens to the number, z, when multiplied by reiθ, where r and θ are

real numbers?

z

Re(z)

Im(z)
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(a) For the case θ = 0, how does reiθ affect z?

i. What if r > 1?

ii. What if r < 1?

(b) For the case r = 1, how does reiθ affect z?

i. What if θ > 0?

ii. What if θ < 0?

(c) (Optional, if time–less than 40 minutes in) What if θ = ωt?

i. What do ω and t mean or represent?
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D Coded Interview Transcripts

D.1 Student A

PART (a) BEGIN:

06:57 E: Okay. I’ll get you a new board. This time I have something for you. Um,

make sure to give you the right one. So I’m giving you an equation and a

plot, right here, and I’m going to ask you to determine the rectangular and

exponential forms of the complex number z in terms of ` and c.

Figure D.1: Board from Student A containing work from Part (a).
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07:23 SA: Okay. [Pause] So we’ve got it in the polar, kind of polar-imaginary plane

[draws Argand diagram][inaudible] I guess the imaginary plane would be more

accurate. Um, the distance down is minus c [draws dotted line from origin to

point, labels −c on imaginary axis, labels point z], z, alpha [labels angle α on

Argand diagram].

Entry: Mapping

Z1. So to find, so the imaginary component, uh, is minus i c [writes −ic],

T1. the real component is going to be related to the imaginary component by this

angle alpha.

T2. Um, so the, real component, we can call it a [labels real component on diagram

as a], um, tangent of alpha is equal to, uh, a over c [writes tanα = a
c
], so that

means that a equals [points to tanα = a
c
], yeah, yeah that’s right.

T3. Um, a equals c tan alpha [writes a = c tanα].

R(c, α) So this imaginary number in, in terms of c is c tan alpha minus i c [writes

complex number as c tanα− ic].

Um, now in, okay so that’s rectangular [underlines c tanα− ic].

Ending: Mapping

Student-initiated
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And [pause to read prompt], um,

Entry: Mapping

oh z squared, okay so

Y1. magnitude of z, squared equals ` squared, so then this distance here [draws line

from origin to z over dotted line] is ` [labels line as distance `].

T1. So in that case, uh, the imaginary and real components can be represented with,

uh, sines and cosines of this angle alpha [pointing to α on plot].

X1. & X2. And we write, just for consistency [draws angle from positive real axis to z] to

make this whole angle, uh, 3 pi over 2 plus alpha [writes 3π
2

+ α].

C1. & C2. So the real component is, uh, cosine is ` cosine of three pi over 2 plus alpha, I

believe

P (`, α) [writes c tanα− ic = ` cos(3π
2

+ α)],

yes.

Ending: Mapping

09:58 E: What was that check you just did?

09:59 SA: Sorry?

09:59 E: You just did a check in your head when you said, okay yes. I just wanted to

know what that was.
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10:06 SA: I can never, you know I always want to double check my angles because,

you know, I wanna make sure that the cosine of this angle [indicating angle

from real axis] would be positive as opposed to the, because for me it’s easy to,

um, you know, get things mixed up a little there.

C1. & C2. Um, so the real component is ` cosine three pi over two plus alpha. And the

imaginary component is, i ` sine three pi over two plus alpha [completes writing

c tanα − ic = ` cos(3π
2

+ α) + i` sin(3π
2

+ α)], which will be, an ` sine three pi

over two plus alpha will be minus c.

Student-initiated

Entry: Switching

Well now as far as exponential forms go, um, it’s easy to represent in, it’s easy

to represent this in terms of ` because

Move the exponential form would just be ` times e to the i three pi over two plus

alpha

E(`, α) [writes `ei(
3π
2

+α].

Ending: Switching

Student-initiated

Entry: Substitution
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And in terms of c, I guess in terms of c, we can just, um, we can get a repre-

sentation of ` in terms of c.

P1. & P2. Uh, because ` will be equal to the square root of c tan, tan alpha squared, so c

squared tan squared alpha, uh, plus c squared [writes ` =
√
c tan2 α + c2].

Move So, we can then put that into here [draws arrow from ` =
√
c tan2 α + c2 to

`ei(
3π
2

+α)] to get square root of c squared tan squared alpha plus c squared

[writes below `ei(
3π
2

+α with plugging that in: =
√
c tan2 α + c2], um, times e to

the i three pi over two plus alpha

E(c, α) [finishes writing =
√
c tan2 α + c2ei(

3π
2

+α)]. And [pause].

I think that’s right, um.

Ending: Substitution

12:08 E: So I’m asking for each of the rectangular and exponential forms in terms of

only ` and c. You’ve given me alphas in all of these.

Interviewer-initiated

12:17 SA: Oh, okay okay okay. I misunderstood the, uh.

12:20 E: Yeah, I think I saw that you did, so.

12:23 SA: Uh, okay, I don’t have a lot of room here. But I will...

12:27 E: We can get another board if you want it, I can hold this one out for you to

reference.
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Entry: Substitution

12:31 SA: Um, would it be enough just to say what alpha is in terms of?

12:38 E: Yeah, yeah, go for it.

12:39 SA: Alright, um, so, I’ll put it up here in a box. Alpha equals, um let’s see,

[pauses]

12:50 E: What are you thinking about?

12:51 SA: Oh, uh just trying to remember, you know, trigonometry formulas.

T1. & T2. So um, it would be inverse, cosine [writes α = cos−1( c
`
]] of c over `, I think. I’m

going to double check it in my head real quick there.

13:15 E: So what are you doing to double check this?

13:17 SA: Oh, um,

T2. cosine of alpha would be, cosine of alpha would be, uh, c over `. So inverse

cosine, so alpha would be inverse cosine of c over `.

R(`, c) & Uh, so I think that’s, that is right.

E(`, c) Um, yeah, so, I think that will be it. Um, yeah.

Ending: Substitution

13:49 E: Okay.
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13:51 SA: I would say that’s it.

PART (b) BEGIN:

13:54 E: [Inaudible] Um, so I’ll take this one from you, but I’ll give you, another one

that has the same equation and the same diagram. I’m going to ask you to

determine the rectangular and exponential forms of the complex number z in

terms of ` and α.

Figure D.2: Board from Student A containing work from Part (b).

14:17 SA: Okay. [Pauses]

Entry: Identification
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So, so the exponential, uh, again that’s fairly simple because

Y1. & X2. we know the radius in the complex plane and we know the angle, so

C2. it would be ` time e to the i times three pi over two, three pi over two, yeah,

three pi over two plus alpha

E(`, α) [writes `ei(
3π
2

+α)].

So that would be exponential form.

Ending: Identification

Student-initiated

Entry: Switching

Uh, now in rectangular, we can find that using Euler’s identity,

P (`, α) so that would be ` cosine of three pi over two plus alpha plus i ` sine of three

pi over two plus alpha [writes `ei(
3π
2

+α) = ` cos(3π
2

+ α) + i` sin(3π
2

+ α)].

And I think that’s it, but, [pauses].

Ending: Switching

15:32 E: What are you checking right now?

15:33 SA: Um, nothing in particular actually. I just kind of waiting for something to

pop into my head if it’s wrong. I think it’s right, but sometimes...
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15:44 E: Okay.

15:48 SA: Yeah, yeah, I’m gonna say this is right if I understood the question right.

D.2 Student B

PART (a) BEGIN:

06:36 E: And I have something for you this time. Um, so please don’t write on this,

but here I have a diagram, an equation, and I’d like you to determine the

rectangular and exponential forms of the complex number z in terms of ` and

c.

Figure D.3: Board from Student B containing work from Part (a).
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Entry: Exploration

06:56 SB: In terms of ` and c. [Pause] Is ` the length, can I ask you questions, I guess?

Is ` the length across the?

07:07 E: I’m not going to answer that, but you can tell me why you’re considering

that, um, it might be the length.

07:16 SB: So, okay. I guess if you have axes here. This is real, this is the imaginary

[draws coordinate axes labeled “Re” and “Im”, dotted line to z].

X2a. I’m gonna change the [labels angle α as φ, labels point −c].

Rectangular form, I’m just gonna say that ` is [projects z to real axis and labels

length along real axis as `] this.

07:40 E: So there is an equation up here that gives you, um, something related to z

and `.

07:48 SB: Okay. [Pauses for a while]

07:57 E: So what are you thinking about as you’re drawing this?

07:58 SB: [In process of erasing label ` on diagram]

Y1. Well right now I’m trying to determine what ` is and when I’m looking at,

uh, this [writes |z|], I’m thinking of, the [labels length from origin to z as |z|]

distance to the point.
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08:13 E: Why do you think of that?

08:14 SB:

Y1. Because this [indicating |z|] usually means the magnitude of the, um, when I

look at this, I think of a length, right.

Y2. And so, I’m thinking of, um, I guess I’m thinking of this [writes |z| =
√
c2+],

I’m having a hard time explaining this. But I’m thinking of, we’ll just call this

a [labels length along real axis as a, finishes |z| =
√
c2 + a2]. That’s what I

think when I think of, you know, the magnitude of z.

Y1a. And then, when you’re, I’m not really sure what this means [writes |z|2 = `2],

what this would represent geometrically. I guess, yeah I’m not sure what that

would represent geometrically.

Y2. But, but it makes me think that if, uh, sorry [writes ` = |z| =
√
c2 + a2]. It

makes me think that if this is true [points at ` = |z|] then this is true [points

at |z|2 = `2], right?

09:11 E: Okay.

09:11 SB: So, um, so back to your question about finding the exponential form.

Ending: Exploration

Student-initiated

Entry: Mapping
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Um, it would be, a plus negative c [writes a + (−a], oops [erases a], oh don’t

erase [writes c instead of second a].

09:31 E: It’s alright when it’s like a small, little mistake.

09:33 SB: Okay, I see

Z1. [finishes writing a+ (−c)i].

Entry: Mapping

T4. & C1. And then polar form, it would just be, um, let’s see, I just wrote it down, of

phi, minus the sine of, i

P (α) [writes cosφ− i sinφ].

Ending: Mapping

Interviewer interrupts

09:55 E: So could you just describe what you went through when you were writing

those two down?

10:00 SB: What I, um?

10:01 E: So what, what were you thinking about?

10:04 SB: Uh, well. I was thinking, about what I saw earlier in class and I was just...

[Pause] Hm... I don’t know how to describe what I was thinking [laughs].

10:29 E: It’s alright. It’s hard to do, I know.
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10:31 SB: Yeah, okay I’m glad you understand.

10:33 E: I’m the worst at being interviewed, I just freeze and can’t do it, so it’s much

easier being the interview-er.

10:43 SB: I bet!

Interviewer-initiated

10:43 E: So as you’re writing, let’s say this one down [pointing at cosφ− i sinφ], you

have different things on your graph. What were you thinking about as you were

relating those two, I guess. It looked like you were relating them.

Entry: Mapping

10:56 SB: Well I guess, I guess ultimately I was just thinking of a regular coordinate

system.

Z1. Except, yeah I was just thinking of a regular coordinate system where this

would represent x and this would represent y [writes x above a and y above −c

in a+(−c)i]. And this is analogous to the y axis [pointing along imaginary axis]

and this is analogous to the x axis [pointing along real axis]. And this basically

just a rise over run.

Interviewer-initiated

11:21 E: Okay, and then you went to cosine of phi minus i sine of phi... What were

you thinking about that, then?
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Entry: Mapping

11:28 SB: Well it’s just like I said, it’s just another representation.

Z1. You can think of this as y [points to −c, draws dotted line from −c to z], and

this as x [labels dotted line as x]

C1. and trigonometry, we learn that this is [writes y = sin θ next to dotted line from

z to real axis], or I guess I should say sine of phi [changes θ to φ in y = sinφ].

And this is cosine of phi, right? [writes cosφ below x].

Interviewer-initiated

11:45 E: Then I’ll let you keep going to determine the rectangular and exponential

forms of z in terms of ` and c.

Entry: Exploration

11:52 SB: In terms of ` and c. Okay, well, since we know that, um, the magnitude.

Y2. So if we take the square root of both sides [indicating |z|2 = `2] here, you know

the magnitude of z is equal to ` [writes |z| = `] and so if the, I’ll come down

here [draws arrow to blank space on board].

N1. So if the square root of c squared plus a squared is equal to ` [writes ` =
√
c2 + a2], oops I don’t know what I was thinking there [originally wrote `

incorrectly], then I guess ` squared is equal to c squared plus a squared [writes

`2 = c2 + a2].
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N1a. So you’d solve for c [writes c2 = `2 − a2], minus a squared. Then c is equal to

square root ` squared [writes c =
√
`2 − a2].

And then, oh!

Ending: Exploration

Student-initiated

Entry: Mapping

I should actually, this should be c [crosses out a in c =
√
`2 − a2], and I should’ve

been solving for a now.

12:48 E: Why do you want to solve for a?

12:50 SB: Oh well because you want it in terms of ` and c.

12:54 E: Okay.

12:54 SB: Right, I should’ve read the question a little more carefully.

N2. Um so, now, so the rectangular form would be, um, the square root of ` squared

minus c squared, um, minus c i

R(`, c) [writes “rectangular:
√
`2 − c2 − ci”],

I’m pretty sure.

Ending: Mapping
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Student-initiated

Entry: Substitution

C3a. And then, to find the angle, you just do the arc tangent of, uh, c over this

[writes φ = arctan−
(

c√
`2−c2

)
], oops minus c squared [originally wrote + in

denominator].

Move And then so, if you wanted, I’ll not to, now if you wanted, I’d just plug it in for

polar, cosine of tangent inverse of c over ` squared minus c squared minus sine,

i sine of c over,

P (`, c) [writes “polar: cos
(

tan−1
(

c√
`2−c2

))
− i sin

(
tan−1

(
c√

`2−c2

))
”

like that.

Ending: Substitution

14:28 E: Okay.

14:28 SB: It’s a little messy, but.

14:28 E: It’s alright. So, I’ll move you on to the next part then, um, and let me know

if you do want this board back because a lot of this stuff is gonna...

14:40 SB: [I’m not exactly sure what was said here, it was some joke about not needing

the board back] I made a mistake there when I was thinking of, remembering

my algebra, so not much thinking.

PART (b) BEGIN:
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14:44 E: Okay. So I’m giving you the same equation and the same, um, diagram.

And I’m asking you to determine the rectangular and exponential forms of the

complex number z in terms of ` and α. And I know you were relabeled your

alpha as phi, so.

Figure D.4: Board from Student B containing work from Part (b).

15:05 SB: Okay.

15:05 E: In case that causes any confusion.

15:05 SB: Okay, um, so, I would guess when I first look at this, I’d wanna do it, I’d

want to find the rectangular and convert it to polar and I can find it from there,

the, uh, exponential form, I think.
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X1a. So, I’ll draw a graph again [redraws diagram, labels α as φ], and once again I’m

changing it to phi because it’s easier to draw for me.

15:36 E: Alright, you’re always allowed to change variables.

15:41 SB: Good.

15:46 E: Or parameters.

15:48 SB: z now you want it in, terms of ` and α.

Entry: Mapping

So, [pauses], [writes a+ ib = z]

16:04 E: So what are you thinking about right now?

16:06 SB: Well I’m trying to determine, uh, how to change phi into, um, into terms

of ` and a, right. And um, um, so if we know that [writes φ =], and so I guess

what I like to do is just, um, write out all the representations, you know, the

different variables.

16:39 E: Okay.

16:40 SB: Um [finishes writing φ = arctan(],

C3. this would be, negative c [writes φ = arctan(−c ], but we want it,

Y2. one second [writes |z|2 = `2], or, ` is equal to, I just had this [writes ` =].

17:04 E: Do you need the board back?
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17:05 SB: Uh no, it’s fine, it’s probably better if i think about it again.

N1. Um, a squared plus c squared [writes ` =
√
a2 + c2], and then,

Student-initiated

well we want it in terms of ` so we don’t actually have to change that

Y1. [labels ` on diagram]. Oh yeah, we do.

17:30 E: So what did you just, reason through?

17:34 SB: Well, um, I forgot, just give me a second I’ll remember.

Student-initiated

Um, so if we want it in terms of ` and alpha, I’m trying to determine how I can

do that, I guess. Um [pauses], I just drew a blank. [Pauses, makes sounds which

likely mean he’s thinking through things, looking between work and problem

statement]

18:35 E: So what are you thinking about?

18:36 SB: Um, um, well I guess I should just finish writing my expression.

18:43 E: Okay.

18:44 SB: And so this is over a [labels a on diagram], yeah right over a

C3. [completes writing φ = arctan(−c
a

)].
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And then, and then I can write out expressions for a and c [pauses]. Hm [pauses].

19:16 E: So what are you considering right now?

19:18 SB: Well, I’m trying to, uh, right now my head’s kind of, um, I’m trying to

solve two problems at once and I’m, and right now I just need to focus on one.

And that I think is my biggest problem sometimes.

19:36 E: Okay. So pick one to focus on and just work through then do the other one.

Both-initiate

19:43 SB: Right so, well we solved for a and we got [writes a =
√
`2 − c2], but then

we still have a,

Entry: Substitution

so now I’d like to do this, I’d like to solve for a, but I only know a in terms of

` and c.

But then if we do, I guess, we can solve for c and this is ` squared minus a

squared [writes c =
√
`2 − a2].

Move And put, substitute a squared in there, so it’s c is equal to ` squared minus a

squared, and this is supposed to be in a square root [writes c =
√
`2 − (`2 − c2)],

but since it’s squared...

Well that doesn’t help me, oh wait, yeah that doesn’t help me.

Ending: Substitution
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20:40 E: Why doesn’t that help you?

20:43 SB: Because I’m gonna be left with, if I just substitute for a I’m just gonna be

left with a c squared, but you don’t want it in terms of, uh, c, right?

20:58 E: Right.

21:02 SB: I guess right now I’m trying to figure out how to get rid of the c and the a,

to uh, to uh get it in terms you want. Hm [pauses]. Um, no.

21:29 E: What did you just think about there?

21:32 SB: Well I thought about substituting in the, one of these equations [set of

equations involving a, `, and c], and I guess that would work, but then you only

get, you’d only, it works, but it’s not helpful because you’re just, if you did plug

in a to here, you would just get ` is equal to `. While it’s true, it’s not helpful.

21:57 E: At least it’s still true.

Student-initiated

21:57 SB: At least it’s true, at least I’m on, not making stuff up. Hm [pauses].

Entry: Mapping

Well maybe, maybe I’ll think about that one and move onto the polar one

instead of the rectangular [writes “polar”].
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Y1. So we know that polar is just R which R is equal to ` [writes R = `]. And,

cause every time I think of the distance out [gesturing over plot], I think of R,

I guess because it’s a radius, I suppose.

C2. So that’s why I think of that. And so if, so it would be ` times the cosine of

phi minus phi, right

P (`, α) [writes `(cosφ− i sinφ)].

And that would be the polar.

Ending: Mapping

Interviewer-initiated

22:55 E: So can you just describe why you wrote down cosine phi minus i sine phi?

22:58 SB: Uh, well that’s just the definition of, um, polar coordinates, or not the,

yeah polar coordinates in the expon (sic) or complex, you know what I mean?

No, you don’t. Uh...

23:15 E: I’m going to ask you what you mean!

23:16 SB: Um, well this is just a, the uh, the polar form of the complex, uh [gestures

over Argand diagram], I don’t know what. I’m lost for words right now. Of a,

I guess the polar coordinate of that point, right.

Student-initiated

Entry: Switching
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And so once I have this [indicating `(cosφ−i sinφ)], I can easily put, um, [starts

writing ei] but wait.

23:54 E: What’d you just think about?

23:55 SB: Um, well I’m doubting myself right now.

23:59 E: Why?

23:59 SB: Um, I don’t know. Well, because I kind of forgot now the exponential form,

it’s supposed to be like, like it’s, for the exponential form it’s like the radius

times the e to the exponent, right?

C2a. Or was it, the exponent, or was it the radius up here [indicating exponent of

)e`i], or the distance from the origin, I should say. It doesn’t always have to be

a...

E(`, α) Anyway, it’s something like, this [indicating )e`iφ] in the exponential form, I

think.

Yeah, [erases )] I think that’s the exponential form [pointing at e`iφ] where ` is

the distance, yeah, that’s the distance.

Ending: Switching

Student-initiated

And then now for the rectangular, I’m having a hard time thinking about this.

25:12 E: So what’s difficult about the rectangular for you?
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25:15 SB: Uh, well, right now it’s just, um, I kind of got caught up in this [indicating

set of equations relating c, a, and `].

25:21 E: Okay.

25:22 SB: And I think [pauses]... Uh... Hm...

25:39 E: So what are you thinking about now?

25:42 SB: I’m, nothing, I guess, I’m just trying to think about what to do. [Pauses]

There’s no grand scheme of things going on in my head right now. Um, hm

[pauses]. Well, I’m trying to think, how I can get two things, because we,

because for right, for the rectangular we have two different numbers, I guess,

a and c [writes a + ic]. And I’m trying to get them in terms of, one letter,

which is difficult for me. [Pauses] Because that one letter relies on those two

terms, right, or that one, or the one letter relies on the other two numbers. Hm

[pauses].

27:16 E: At one point you wrote down that your phi there is equal to an arc tangent,

why did you write that particular equation down?

27:20 SB: Right, um... Because [pauses], because I thought it would be helpful at the

beginning.

27:39 E: Okay, and then you ruled out its helpfulness.

27:41 SB: Exactly.

27:41 E: Okay, why’d you rule out its helpfulness?
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27:43 SB: Well we want things in terms of this [circles φ in φ = arctan(−c/a)], so why

would you wanna put it in terms of something else, right?

27:51 E: Okay.

27:53 SB: That was my logic behind that, I guess. Hm I’m drawing a blank here.

28:04 E: Okay I can move you on to the next question then.

28:05 SB: I’d appreciate it.

28:06 E: That’s fine. Yeah, and I’ll take that one from you there.

D.3 Student C

PART (a) BEGIN:

06:41 E: Um, and then, for the next question I have a diagram for you that has both

an equation and a plot, um, just please don’t write on this. But the question

for you is to determine the rectangular and exponential forms of the complex

number z in terms of ` and c.

07:05 SC: Okay. So it’s saying the modulus squared of z is ` squared, so [writes

|z|2 = `2].

Entry: Mapping
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Figure D.5: Board from Student C containing work from Part (a).

Y2. If you take the square root of both sides, you’ll get the actual norm of z which

is ` [writes |z| = `]

Y1. which is a meaningful quantity because it tells you how far from the origin it is.

X1. And then, just from the geometry of this angle being alpha [replicates the plot

and labels angle α], this is from the y axis so it doesn’t really tell me anything.

So I have to take ninety minus that which would give me this angle theta [labels

angle θ from real axis down to line of complex number].

X2. So [writes 90 − α = θ]. And then normally complex numbers are arranged

counterclockwise, so I’d have to do a negative angle to be able to actually

represent it in, in the right form.
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C2. So it would be e to the i, minus i theta because I’m going clockwise now

which would be the negative, i ninety minus, or not ninety, pi over two [writes

e−iθ = e−i(π/2].

08:04 E: Why are you choosing to change that to pi over two?

08:05 SC: Oh because degrees don’t work when you plug them into Euler’s formula or,

it’s just better, it’s the only thing, the only thing that works is to use degrees,

if you use radians, or I mean to use radians. If you use degrees, like weird

things happen ’cause I guess the cosine function’s only defined, yeah the cosine

function is only defined really for radians. Yeah, ’cause the infinite series that

defines it will diverge if you use like ninety or one hundred or whatever for

degrees.

08:28 E: Okay.

08:31 SC: Um, yes, so this would be, minus alpha [finishes writing e−iθ = e−i(π/2−α)].

And then, I can multiply it by some scalar c [adds in c so it reads ce−iθ =

ce−i(π/2−α)] to actually, because this would be, this would be a distance of one,

distance one from the origin.

E(`, α) It’s just a unit distance, so I can multiply by actually ` [writes `e−i(π/2−α)].

Ending: Mapping

And I can verify that the modulus of that is actually ` by just doing the, um,

the square root of, this was z [writes z = `e−i(π/2−α)], square root of k dot k

[writes
√
k · k]. Not k dot k, I want to have [pauses].
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09:13 E: So what is k?

09:14 SC: Oh not k, sorry.

09:15 E: So why k dot k?

09:16 SC: I mean z dot k, z dot z [writes
√
z · z].

Y2. So it’d be the modu (sic), it would be the square root of the distance from the

origin which would be z dot z which is just, oh no sorry, z times z, the complex

of z [writes
√
zz∗], that’s right.

Y2. So I’m gonna multiple this [indicating `e−i(π/2−α)] by it’s own complex, and

that’s just going to work out so that this just becomes e to the zero which is

just one [writes e0 = 1]. And so you get an ` squared which is ` [writes
√
`2 = `].

So the modulus of z is correct [adds in |z| =
√
zz∗ =

√
`2 = `] which what we’re

looking for.

Student-initiated

Um, we wanted, you wanted rectangular and exponential forms, okay.

Interviewer-initiated

09:51 E: In terms of ` and c.

09:52 SC: Okay. Um, yeah so that would be one, that’s one form.

Entry: Mapping
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So the other form would probably just be using trigonometry to actually get the

angle from it. So, or actually I have the diagram up there [started redrawing

diagram].

T1. Um, this would be, some a, some b [labels real part as a and imaginary part as

b on diagram]. Then I want, um, b, yeah the tan of alpha is going to be a over

b [writes tanα = a
b
].

So that means that, actually we’re given b, never mind. I won’t erase that.

Z1 So this b [indicating b labeled on diagram] is actually equal to negative c [writes

−c = b].

T2a. So tan of alpha is gonna be a over negative c [writes tanα = a
−c ].

T3. So a is gonna be equal to negative c tan alpha [writes a = −c tanα].

So now if we want it write it in terms of a plus b i [writes a+bi], that means that

a is going to be the, a has to be positive, yeah tan of alpha, I need to choose

my angle right. Because I have to make this spit out a positive [indicating

a = −c tanα] version because a is positive. Um, I’ll just write it down for now.

R(c, α) Negative c tan alpha, uh, ’cause that’s a and then minus c tan alpha and that’s

i, and b [writes −c tanα− ic tanα].

Ending: Mapping

And then, figure out if [pauses].
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11:38 E: So you just found your rectangular form in terms of c and alpha? Is that

what you were just doing?

Student-initiated

11:44 SC: Yeah in terms of c and alpha. Oh, you want it in terms of ` and c only.

Interviewer-initiated

11:46 E: ` and c, yup.

11:47 SC: Oh okay, um, oh I could just use Pythagor (sic), oh because you’re given

alpha, oh nevermind.

Entry: Mapping

P1. You can just use Pythagorean theorem because you know that it’s a triangle

of, `, c [draws triangle of hypotenuse ` and height c]. Uh, and this would be a

which we’re looking for [labels base of triangle as a].

P2. So ` squared is equal to c squared plus a squared [writes `2 = c2 + a2].

P3. So that means that a is gonna be equal to ` squared, c squared square root

[writes a =
√
`2 − c2]. So then we have that the, [writes (`2 − c2)1/2],

Z1. and then we have b which b would be, we already know what b is,

R(`, c) it’s minus c [finishes writing (`2 − c2)1/2 − ic]. And yeah, that’s, that’s it in

terms of ` and c.
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Ending: Mapping

Interviewer-initiated

12:33 E: Okay, and then your exponential form in terms of ` and c?

12:37 SC: Oh in terms of ` and c?

12:40 E: Yeah.

12:40 SC: Um, exponential form in terms of ` and c. [Pauses] I will have to think

about that one for a second.

12:56 E: So what are you considering?

Planning entry to Manipulation

12:58 SC: I’m considering how to write, at first glance I was seeing if I could write this

in terms of ` and c [indicating z = `e−i(π/2−α)] which is really hard because I’d

have to put, I could relate the tan of that angle [shakes head as if considering

doing that].

Entry: Substitution

I could do that, I guess actually, I could do the, that works.

T1./C3. Um, so we know that angle alpha is actually, well tan of alpha is gonna be, um,

a over b [writes tanα = a
b
]. [Inaudible]

T3./C3. Tan of alpha is gonna be a over b, so that means that the alpha is actually going

to be the inverse tangent of a over b [writes α = tan−1
(
a
b

)
].
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Entry: Switching

And then if I expand this out [indicating `e−i(π/2−α)],

Move I get that z is gonna be, um, `, and this is just using the theta formula, so this

is just going to be e to the negative i theta and I’ll plug in pi minus alpha later,

so it would be e to the negative i theta which cosine theta is an odd, no it’s

even, so it doesn’t, I don’t remember the exact terminology, but I know cosine

of theta, it doesn’t change sign when you go from negative theta to theta.

14:06 E: Okay.

14:06 SC: Um, so it would be cosine of pi minus alpha, um, and sine is odd, so yeah

it does change signs,

P (`, α) so minus i sine of pi minus alpha [writes z = `(cos(π − α)− i sin(π − α))].

Ending: Switching

Move And we just found alpha so, it’s equal to ` cosine of pi minus the inverse tangent

of a over b which is

X2b. [writes = `(cos(π − tan−1(], this would be a and this would be b [labels rectan-

gular form of complex number with a as (`2− c2)1/2 and b as (−c)]. So, um, do

you actually want me to write the full expanded version out?

14:44 E: It’s alright, you’ve already identified them, so no you don’t need to write it

all out.
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14:48 SC: Okay, so a over b and then, minus i sine pi minus, yeah

P (`, c) [finishes writing = `(cos(π − tan−1(a
b
) − i sin(π − tan−1(a

b
))]. And this thing,

this ` is multiplying everything. So there should be two parentheses on the end

there.

Ending: Substitution

15:05 E: We need a slightly wider board, whiteboard.

15:08 SC: Yeah.

15:08 E: Okay, great. Um, and I’ll move you onto the next part. And I’ll probably

take away this whiteboard but you might want to reference it.

15:16 SC: Oh okay.

PART (b) BEGIN:

15:16 E: So it’s the same diagram, except it’s determine the rectangular and expo-

nential forms of the complex number z in terms of ` and α.

Entry: Recognition

15:28 SC: Oh I just did that [points to `e−i(π/2−α)].

15:30 E: Okay.

15:30 SC: Uh, that’s part one to your question

E(`, α) [draws arrow to `e−i(π/2−α)].
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Ending: Recognition

15:34 E: Okay.

Student-initiated

Entry: Recognition

15:35 SC: Um, and the rectangular form would be, did I do that over here too?

Yeah, so this would be multiplied by ` the entire thing

R(`, c, α) [changes −c tan(α)− c tan(α)i to be multiplied by `: `(−c tan(α)− c tan(α)i)].

Ending: Recognition

Interviewer-initiated

15:49 E: And you have c’s in there...

15:51 SC: Oh you only wanted it in terms of `, okay.

15:52 E: Yeah, just ` and alpha.

15:53 SC: Hm, just ` and alpha. [Pauses] How do I write c in terms of ` and alpha?

Uh, I think I’ll just go like this, make a little box to work in [draws box on

whiteboard].

16:11 E: I can take away this whiteboard, if you want to.

16:13 SC: Yeah you can take it away, if you want, it would be nice.
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16:16 E: I can hold it here too.

16:18 SC: Oh I don’t need to look at it. Actually wait, I do need that. I’ll write it at

the top.

Figure D.6: Board from Student C containing work from Part (b).

16:22 E: Okay.

16:24 SC: [Writes `(−c tan(α)− c tan(α)i)]. I think this ` factor is actually unneces-

sary. Yeah, it definitely is.

16:39 E: Why did you just?
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16:41 SC: Because I’m multiplying by a scalar c already, so it should give me the

distance from a and b, so yeah, I don’t need that. Um.

R(c, α)

16:52 E: Do you need any more of this whiteboard or are you good?

16:52 SC: No.

16:54 E: You good?

16:54 SC: Yeah. [Draws triangle of length ` and height c].

17:08 E: So what did you just do?

17:08 SC:

Entry: Substitution

T1. I was just writing a triangle to see if I can jog my memory of what to do. Um,

[pauses].

T2. Oh yeah, I can do the cosine of alpha’s gonna be, uh, c over ` so therefore gonna

be c is ` cosine alpha [writes cosα = c
`

and c = ` cosα].

Move And I can just plug that into there [indicating −c tan(α)− c tan(α)i].

R(`, α)

And that should be solved.
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Ending: Substitution

17:40 E: Okay.

17:41 SC: Yeah.

D.4 Student D

PART (a) BEGIN:

00:10:00.14 E: Okay, awesome. Then again, you need the board back, let me know. Um, so

this one I have both an equation and a diagram for you. And the prompt is,

determine the rectangular and the exponential forms of the complex number z

in terms of ` and c.

10:26 SD: Okay [reads prompt]. [Redraws diagram on whiteboard].

11:10 E: There’s also that equation up at the top. I don’t want you to miss that.

11:13 SD: [Writes |z|2 = `2] Okay, determine the rectangular and exponential forms

of the complex number, z, in terms of ` and c.

Entry: Mapping

Okay, well I think I will start with, um, putting down the rectangular version

first [writes z = x+ iy] and then, try to see if, what relationship I know in order
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Figure D.7: Board from Student D containing work from Part (a).

to put, um, to talk about the x and y components of this. Okay, well we want

this in terms of ` and c and the magnitude [indicating |z|2], of,

Ending Incomplete Mapping game

Student-initiated

Exploration

what is this actually?

Y2a. So if we take the magnitude of a complex number, we take, [pauses] okay,

ultimately, we, take z and we multiply it by its complex conjugate which will

actually give us the, sum of the squares of the, real parts [writes zz̄ =
√
x2 + y2].
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12:37 E: So could you describe what you just went through?

12:39 SD: Sure, um, when you want to find the magnitude of a complex number, um,

let’s say, that this is a different point z one [labels point z1 in first quadrant of

plot], um, and

Y1. we wanted to find the magnitude of this [draws line from origin to z1], the

magnitude is the distance from the origin to our point z, um, you need to

take the original complex number and multiply it by its complex conjugate,

um, because a length is a real number and in order to describe its length, we

ultimately will end up taking, the distance of the real part of x and the real

part of y [indicates distances of x and y on plot for z1]

Y2. but when you multiply it be its complex conjugate, it ultimately will get rid of

[writes zz̄ = (x+ iy)(x− iy)], um, the imaginary portion when we, um, [writes

= x2 − xiy + xiy − i2y2]. So this portion [boxes −xiy + xiy] will cancel and

our square i term will be a negative one which will ultimately turn this into x

squared plus y squared [writes = x2 + y2].

14:08 E: Okay.

14:09 SD: Okay, this might take me a little bit.

Ending: Exploration

14:13 E: Yep.

Student-initiated
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Entry: Mapping

14:14 SD: Determine the rectangular and exponential forms of the complex number

z in terms of ` and c.

Z1b. So c [pointing at −c on plot] is, a point on the imaginary line, so, I guess,

negative c would be equal to negative i y [writes −c = −iy]? Some i y? And

if, okay so, let’s, so I won’t erase.

14:52 E: You have more colors too!

14:53 SD: Um, yeah, maybe I’ll switch over to black.

Y2. Um, so this squared, ` squared [writes |z|2 = `2], we’re just saying that mag-

nitude of z is equal to ` [writes |z| = `] which makes sense. Um, but again we

don’t know what x and y are, but we have an angle and we have a length, um,

or we have a position c.

We don’t really have a length though. But let’s just try it, so what could this

be [draws dotted line from −c to z]? Um...

15:41 E: What were you thinking about doing?

15:42 SD: Yeah, what was I thinking about, I’m trying to, um,

N1. I’m trying to find an x length and a y length that I can relate here [pointing

at
√
x2 + y2]. And then if we want to express this in, um, I guess my thought

process is, if I can find,
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C1. if I can say that x is equal to cosine theta [writes x = cos θ] and y is equal

to, sine theta [writes y = sin θ]. Then I also need, um, I need an [changes to

x = |z| cos θ and y = |z| sin θ], we can read that.

16:26 E: So you’re just adding in the..?

16:28 SD: The magnitude.

16:28 E: the magnitude of z?

16:28 SD: The magnitude, length z, um which, I guess, we’re, I guess we can just

assume that the magnitude of z. But in order to have the magnitude of z we

need, I need to know, I feel like I need to know, um, these two components

[indicating x and y in
√
x2 + y2] so I can at least claim that we know what,

um, that magnitude is [pointing at |z| in y = |z| sin θ]

X2a. because we have an angle α.

C2. So maybe I should change these to alpha [indicating θ in x = |z| cos θ and

y = |z| sin θ], can I do that?

17:00 E: Sure.

17:00 SD: Okay [changes to x = |z| cosα and y = |z| sinα]. Okay, um. Right, so let’s

see.

T1. So what I’m thinking about is I’m thinking that we’re going to have to do this

[writes cos θ = A
H

]. And, this is our angle [indicating α on plot] and–So I guess
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that would give us this one [writes sin = O
H

]. So that will be our x, this will be

our x [pointing at sin] and this will be our y [pointing at cos θ].

17:37 E: So which one is your x and which one is your y? Can you just firmly say

that?

17:39 SD: Mmhm. Cosine of theta will be our y and sine of theta will be our x.

17:44 E: Okay.

17:44 SD: So, um, yeah I guess, so let’s see, we want to find, oh we have H.

T1. I’m, okay, I’m going to say that, um, I’m looking for O which is opposite for

sine of theta which is going to be our x component [gesturing over plot]. And,

I, that doesn’t make sense, yeah it does.

18:24 E: So what are you considering?

18:24 SD: Oh I was looking at this for a minute

T1. [pointing at sin θ = O
H

] and it looked, it looked odd, I thought maybe I had sine

of theta incorrect.

18:31 E: Oh, okay.

18:32 SD: So, I want to say, I’m having a hard time with this length here [indicating

length along imaginary axis] because, um, it’s on the imaginary and we, we are

saying that this point here is negative c, and I, I know that the length, at least

the real portion of this is whatever value that is.
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Z1. So I’m just going to say that, I’m going to say that negative c is the, is the

real length along the imaginary axis. And so if we want to find this portion

[pointing at dotted line from −c to z],

T2. we’d say H sine of alpha is equal, um, I’m gonna replace O and say it’s our x

component [writes H sinα = x] where c, or

T2ab. where H is actually equal to negative c. So it, well I’ll at least try it [writes

−c]. I’m gonna say it’s just c because a length can’t be negative [changes −c

to c, finishes writing c sinα = x].

T1. And then, um, our y portion, we’re saying that cosine of alpha is equal to

adjacent over hypotenuse [writes cosα = A
H

]. And we know that our hypot...

I’ll keep going, we know that our hypotenuse is, uh, the magnitude of z. Oh

this is hypotenuse [pointing at H in sin θ = O
H

]. Let me finish this one [writes

H cosα = y]. Right, so that’s not going to be c anymore, that will just be

[erases c in c sinα = x and replaces it with H so H sinα = x], hypotenuse H.

But we also, well that wasn’t too bad. Okay so, sorry.

20:17 E: It’s fine [Board was tilted, SD corrected it], it goes a little bit wider.

20:17 SD: Um...

20:26 E: Try not to erase that stuff [SD was starting to erase important equations on

board]

20:27 SD: Okay, I won’t, I was...
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20:28 E: That’s alright.

20:30 SD: Thinking about this is our y [underlines H cosα = y] and this is our x

[underlines H sinα = x].

So what I guess we can, um, so I guess we just found out what they were here,

so this is now going to be, um, magnitude z sine of alpha [writes x = |z| cosα→

|z| sinα] and this would be [writes y = |z| sinα→ |z| cosα] magnitude z cosine

of alpha.

Y2. But we want them in terms of ` and we want them in terms of, but we said that

z squared, the magnitude of z squared is equal to ` squared, so we can say that

these are equivalent [pointing at |z| = `].

T2. So, um, I guess we can further say that, this is going to be ` sine alpha [draws

arrow from |z| sinα to ` sinα]. And this is going to be ` cosine of alpha [draws

arrow from |z| cosα to ` cosα].

Ending: MappingIncomplete Mapping game

Um... [Reads prompt]. How many questions do we have?

21:47 [We both laugh]

21:47 SD: I feel like I’m going really slow.

21:48 E: No, it’s fine.

21:50 SD: Okay, um, right maybe we should, I feel like I’m going all over the place.
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Student-initiated

Okay, um, how ’bout the rectangular portion? Um, so we have, well...

Entry: Mapping

Okay, um, rectangular portion in terms of, in terms of, ` and in terms of c.

So I think what I would like to do for the rectangular portion is say that z is equal

to ` sine of alpha plus [writes z = ` sinα+], or minus c [writes z = ` sinα− c].

22:41 E: So what did you just do there?

22:41 SD: Well I’m, I’m having a little bit of trouble understanding how to, talk about

this in terms of ` and c [pointing at −c on plot]. Um, we know that this is `

[pointing at |z|2 = `2], we know this is equivalent to `.

Z1b. And we know that, or I’m assuming that there’s some point on the imaginary

that we’re saying that negative c is equivalent to [pointing at−c = −iy] negative

i, some distance, y?

And if we want to write the rectangular in terms of ` and c, I guess I’m not,

I’m not, completely, I’m not totally sure what that relationship is.

Y1. Except that our magnitude is now described in terms of `, but, um, since we’re

given the magnitude [pointing at z on plot], well we’re given three pieces of

information. We’re given an angle, we’re given a point, and we’re saying that

the magnitude of our, or some length ` is the same as our magnitude z.
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And we’re given a point on the imaginary line. And so if we want to write this

in terms of rectangular [pointing at z = x+ iy], in the rectangular form, um,

Y1. I have to, use the magnitude, or use ` as the magnitude of our distance from the

origin to the point z [pointing at dotted line connecting origin and z on plot],

which is our magnitude, um, when we want to find the x component given the

information we have.

We have an angle and then we have, um, one other length [pointing along

imaginary axis to −c], uh, in terms of the distance away from the origin in the

negative imaginary direction.

T2. & T3. And so I can find what x is and x, with the information that I have, x is equal

to `, uh, sine of our angle. So this ` sine theta would be x [below ` sinα in

z = ` sinα− c writes x],

and the reason I’m using this c here, is because I’m trying to write this in terms

of ` and c.

Z1b. So, I guess that was my way of kind of saying that, if we know that this point

[pointing at −c on plot] is equivalent to negative i y,

then we can use it for the i y in our rectangular [pointing at z = x + iy]. And

if we know that ` sine of alpha is equivalent to x then we can use it in our

rectangular.

R(`, α, c) And so, this would be my, rectangular version [indicating z = ` sinα− c] of...



226

Ending: Mapping

25:19 E: Okay.

Student-initiated

25:20 SD: Okay. And the exponential form, um–

Entry: Mapping

The exponential form, um, I guess the generic is i e, r e to the i theta [writes

reiθ].

And, uh, I guess a couple of things,

T2. I’ve already established that these are the x and y components [indicating x =

` sinα and y = ` cosα]. And we know that this angle [underlines α], the angle

alpha,

Y1. we know the magnitude, uh, which our r is equivalent to `.

C2. And so, if we write the exponential form of this, we’d write it, um, ` e to the

negative i theta [writes `e−iθ], where negative i is, we’re going in the negative

imaginary direction [pointing at −c on imaginary axis].

But, I don’t really know how this would all work.

E(`, ?) Yeah, I think that would be my exponential [boxes `e−iθ] set up and my rect-

angular [boxes z = ` sinα− c].
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Interviewer-interjection

26:23 E: And what’s your theta there in your exponential?

26:29 SD: Oh

26:29 E: Could you just explain that?

26:30 SD: Yeah, um, well

X2a. I guess technically it should be alpha, but that would be, my, I’ll just write off

to the side [draws arrow from α to θ].

E(`, α) Um, that alpha is the same alpha that we used, uh, here [pointing at ` cosα]

to, um, find the x and y components of our, um, complex point z.

Ending: Mapping

26:56 E: Okay.

26:56 SD: Is that alright?

PART (b) BEGIN:

26:57 E: Yeah, I’ll move you onto the next. So this is going to be the same, picture,

same equation. I’m going to ask you to determine the rectangular and expo-

nential forms of the complex number z in terms of ` and alpha. So if you do

need your board back, let me know.



228

Figure D.8: Board from Student D containing work from Part (b).

27:35 SD: Oh, okay. [Redraws diagram, and writes |z|2 = `2] Okay, determine in terms

of ` and in terms of, α... In terms of ` and in terms of alpha. Okay, um...

28:25 E: So what are you thinking about to begin with?

28:25 SD: I’m thinking that I, I think I, I guess when I read this question,

Entry: Mapping

the first thing that pops in my mind for one, do it in terms of a length and

angle, then we’re talking about, um, polar coordinates [writes (r, α)], I hope I

have this in the right order.

So we can describe any position with, um, some angle alpha and some, um,
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length r. Um, this I guess, I’m sorry I keep erasing

X2a. [changes α to θ to read (r, θ)].

X1. I would say, I wanna say theta because you would normally talk about polar in

terms of our distance away from, uh, the x axis, I guess [draws counterclockwise

arrow coming off from positive real axis], in that direction.

Um, but at least in terms of what we’re talking about, we can still describe this

point [indicating z] with any, with any length r and, and some angle theta.

Entry: Mapping

Um, but I’m trying to figure out what it means to describe the rectangular and,

or just the rectangular in terms of [writes z = x+ iy], in terms of a length and

angle.

C1. Um, and to me as soon as we say that, if we want to describe it in terms of this,

then we, then we need to describe our rectangular version, uh, x needs to be

equal to the magnitude multiplied by its component [writes x = r cos θ]. And

this is, this is, I guess this is just general form.

30:15 E: Okay.

30:15 SD: Um,

C1. [writes y = r sin θ], to me this is how you describe, uh, it in terms of length `

and an angle.
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Ending: Mapping Incomplete iteration of the Mapping game

Student-initiated Comparing to Part (a)

Um, but, can I talk about the last question?

30:32 E: Mmhm, yeah.

30:33 SD: It’s, it feels, the last question, um, we’re describing in terms of this length

[indicating line from origin to z]– And alpha, as for last time we’re, or this time

we’re talking this, uh, this ` and alpha. Whereas the last one we’re talking

about in terms of length ` and this point c [points at −c on diagram]. Um,

and in the last one, I said that z is equal to ` sine of alpha minus c [writes

z = ` sinα− c] where,

Entry: Mapping

T2. T3. & T4. in this one I think I would much rather, based on the question, if I’m only

describing it in terms of length and an angle, then I would only describe it, um,

` sine theta, um, minus i ` cosine of alpha

R(`, α) [writes z = ` sinα− i` cosα].

Ending: Mapping

Student-Initiated

Entry: Switching
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But then this doesn’t really feel much like rectangular form anymore, it feels

very much like exponential:

E(`, α) ` e to the negative i alpha [writes `e−iα]. So I’m not really sure.

Ending: Switching

31:55 E: So you’re considering this your rectangular form? And that your exponential

form?

31:59 SD: I am considering this my rectangular [boxes z = ` sinα− i` cosα] and this

my exponential [boxes `e−iα] form although it feels kind of weird and maybe

that’s because the last one, um, it asked us to describe them in terms of `, um,

and some point c, so I tried to fit ` and some point c into it. And the one, I was

struggling with trying to fit the point c into question. Whereas this one feels

more straightforward, if I’m describing any position in terms of a length r and

in terms of an angle alpha, um, you know in terms of polar coordinates, that

seems to be much easier to do. But this is [pointing at `e−iα], sort of the polar

coordinate, um, like, that’s like the next step is this exponential form. When

you look at this [pointing at z = ` sinα− i` cosα], um, it, I guess I’m not sure

what the difference between this and saying, [to the left writes `eiα = z], that

doesn’t seem like there’s much of a difference.

33:03 E: Okay.

33:04 SD: So, yeah.
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D.5 Student E

PART (a) BEGIN:

11:38 E: Okay, that’s fine. I’ll take this board away from you again. You just get a

lot of boards. This time I have something for you; I just want to make sure this

one’s the right one. So I both a diagram and an equation, and from this, I’d like

you determine the rectangular and exponential forms of the complex number z

in terms of ` and c.

Figure D.9: Board from Student E containing work from Part (a).

12:06 SE: ` and c. Okay. [Redraws diagram]
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12:39 E: So what are you thinking about?

Entry: Mapping

12:40 SE:

X1. Uh, I am thinking if I want to do this as all the way around the circle or as a,

so this would be zero or two pi [indicating real axis]. Um, if I want to go all the

way around or do a negative value. So uh, traditionally we define like the real

axis as zero.

X2. And so, the angle given is kind of an awkward place because it’s gonna be three

pi over two plus alpha. Um, so that’s going to be kind of putting that in a weird

spot.

C2. Um, yeah, so um, this could be, that’s just e to the, um, three pi over plus

alpha, uh, i [writes e( 3π
2

+α)i].

Actually, there’s, do you have an eraser?

13:46 E: Keep it, um, you can use a different color if you want to rewrite something.

13:51 SE: Okay, I’m just going to rewrite it underneath. Uh, that’s e to the two

[writes ei(
3π
2

+α)].

C2. Um, so what I’m, what I’m seeing right here is [places C in front: Cei(
3π
2

+α)].

This is, that, you go out some length, some length C, and then you’re going to,

uh, rotate that length, wait.
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Oh, something’s wrong here.

Exit: Mapping

14:24 E: So what’d you just figure out?

14:26 SE: What I just, so we’re trying to get a length.

14:30 E: So try to use your board so I can see!

Student-initiated

Entry: Mapping

14:33 SE: We’re trying to go, uh, so this z component [gesturing along line from origin

to z] is going to be, uh, to z, let’s call this, uh the magnitude of r [labels line as

|r|].

T2b. & T3. So the magnitude of r is equal to, uh, c and then, uh, this is going to be cosine,

cosine of um, cosine of alpha [writes |r| = c cosα].

So that’s going to be the length of z. So I can’t say what I said right here

[crosses out Cei(
3π
2

+α)], this is wrong. Uh, so um.

C2. Uh, what I have to say instead is, um, cosine, so this is some length of the

vector [pointing at c cosα]. And this is going to be our, this is still going to be

this portion, the three pi over two plus alpha i, is still going to be our, angle

around e. So this [pointing at |r|] is just some number.
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E(c, α) I could actually say that the magnitude of r times e, uh, to three pi over two

plus [inaudible] alpha i, [writes |r|ei( 3π
2

+α)] is equal to, this distance.

Ending: Mapping

Student-initiated

Entry: Mapping

Now it wants it in rectangular form.

T4./C1. So in rectangular, um, in rectangular form this is just going to be, um, so,

rectangular form would be, it’s going to be in the, uh, fourth quadrant. So if

you have one two three and IV [labels quadrants I, II, III, and IV ], uh, if it’s

in the fourth quadrant, the x axis is positive, so your cosine term is going to be

positive and your sine term is going to be negative.

Uh so, it’s going to be, um, this is some distance c, we could call this, I’m going

to call this distance right here, I’m just going to define it as w [labels distance

from −c to z as w]. Um, yeah.

T2b./C1. So uh, in Cartesian, it’s going to be, um, c, um, cosine alpha comma, and then

this term is going to be negative because it’s in the fourth quadrant,

R(c, α, ?) so then negative w sine of alpha [writes (c cos(α),−w sin(α))].

And then, so this is Cartesian, I believe.

Ending: Mapping
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18:05 E: So could you explain how you got there?

18:05 SE: How I got there?

18:06 E: Yeah.

18:07 SE: So um uh,

T1. so if we make a triangle, uh I don’t like that one. So now I’m picturing this

triangle [the one of the Argand diagram] as if I turn it, and this is my alpha

[draws another triangle without axes and labels an angle as α].

T2. And this distance is c [labels base of triangle as c], and then we actually aren’t

given this distance [the height], but I’m calling it w [labels height as w]. Um,

and you could actually, so what do we have? We have, so we’re not, oh are we

given, magnitude of z?

Interviewer-initiated

18:52 E: So you’re given an equation at the top of the diagram.

Entry: Exploration

18:53 SE: Oh we are! Yeah we are! I neglected this equation up top. So the magnitude

of z squared equals ` squared. So, I’m actually going, I’m going to leave the w,

but I actually don’t need the w. So um, the magnitude of z squared, uh, equals

` squared [writes |z|2 = `2].
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Y1. So from this, so what that’s talking about is, uh, this length [indicating distance

from origin to z on diagram], the magnitude of that.

Y2a. So the square root of z squared [writes (
√
z)2 = `2], so the positive real num-

ber. So that’s, you can’t have a length that’s negative, so that’s why it’s the

magnitude, the length of that squared equals, uh, this distance squared. I ac-

tually should never have called that r, um, equals ` squared [finishes writing

(
√
z)2 = `2].

T2. Um, okay, um, so this side right here, I don’t know if I can say this, uh, now

I’m tripping over it, so this side right here should be `? [Labels hypotenuse of

triangle as `] I believe, um, that makes sense.

20:39 E: So what were you thinking about there?

20:41 SE: Uh, I was thinking that if, I feel like i’m making some, uh, I’m saying that

since this is, since, z squared equals. Hm, I was actually.

This is weird because in the picture, oh um, hm. Determine. Oh I remember

these. You start with polar. Alright, um.

Exit: Exploration

Student-initiated Extended redirection by the student–comments on why he needs

to rethink the problem

21:40 E: So what are you thinking about?
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21:40 SE: Uh, I’m making the mistake of thinking that this [indicating the distance

from the origin to z] distance which is also this distance [indicating hypotenuse

of the triangle] is just `. And I’m trying to resolve, that. I don’t think it’s `,

but I wrote it as ` right now. Uhh. I don’t know. Determine the rectangular, `

and c. I’m backtracking right now. Ummm

22:24 E: Sorry, I may have distracted you.

22:25 SE: No, no that’s fine. Um, okay. Do you mind if I use a new board?

22:32 E: Yeah, sure.

Entry: Mapping

22:36 SE: Thanks, I want to re-think about this. [Redraws diagram and equation]

Okay. [Inaudible] Determine in rectangular.

Y1a. So we’re getting, we’re given this is ` and this is z [labels distance on imaginary

axis as `] and that equals alpha. Alright, so in Cartesian, this is gonna be

equal to, um, `, or is it c? I feel like something’s not defined that needs to be

defined. We have, we have an adjacent side and we have, well we don’t have

either the leg of the triangle or the hypotenuse explicitly like defined. Unless

this is [indicating |z|2 = `2], I’m having trouble with this portion. I want to call

this distance [from origin to z] `, however, I don’t know if I can.

24:45 E: I’m willing to answer that question if you want.

24:47 SE: Yes.
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Interviewer-provided Interviewer provides Y1. because student has already done

so previously

24:47 E: You can call that distance from the origin to the complex number, z, `.

24:54 SE: Oh okay.

Z1a. & Y1. So this is, this is c [relabels point on imaginary axis as c and distance from

origin to z as `].

Entry: Mapping

Alright cool, I can do this problem now.

T1. So, um, now I have, I’m going to go back in the day [writes SOH CAH TOH].

T2b. & T3. Um, I have an adjacent side and, alright so I could do the cosine portion which

would uh, which would be our, c, um, cosine alpha, alpha wow, alpha [writes

〈c cosα] comma, um, this is going to be our adjacent leg, um, and now, what I

want to write is that this, this portion of the leg which would be, uh,

P1. we could get that from Pythagorean theorem so ` squared, uh, equals, um,

P2. c squared plus, um, let’s call it a side squared [writes `2 = c2 + s2].

That’s one way, but there’s an easier way to do this but kind of like blanking.

01:13 E: It happens!

01:14 SE: Okay, uh, so um,
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P3. s squared equals ` squared minus c squared [writes s2 = `2 − c2], so s equals

the square root of ` squared minus c squared [writes s =
√
`2 − c2]. Right,

[inaudible], um, [inaudible], so um, so we know that this side s [indicating

distance from −c to z] is equal to this [indicating s =
√
`2 − c2].

R(`, c, α) So square root of ` squared c squared sine alpha [finishes writing 〈c cosα,−
√
`2 − c2 sinα〉].

T4. And I put a minus sign to correct for the, it’s gonna be the negative imaginary

direction.

Um, so then, so this would be Cartesian, and then and um, or rectangular.

Ending: Mapping

Student-initiated

Entry: Mapping

And then the polar form,

C2. I believe is just e to the, would be ` e to the, uh, to the, uh negative i and then

I’m going to call this,

X1. so this time I’m going to think about it going, um, clockwise instead of the

traditional counterclockwise [gesturing in circles on Argand diagram].

X2. So I could say, uh, negative pi over two, um, so negative pi over two plus, uh,

negative pi over two plus, uh, a alpha term
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E(`, α) [writes `e−i(
π
2
−α)]. So, negative pi over two plus alpha, and I pulled out a

negative already, so I have a negative i.

So this would be the polar representation.

Ending: Mapping

Interviewer-initiated

03:25 E: Okay, and it says in terms of ` and c.

03:28 SE: ` and c? Oh uh, in terms of ` and c. Okay, so e to the [writes eiθ = cos θ−sin],

in terms of ` and c. Oh for both of them?

03:54 E: Yes.

03:57 SE: Okay. So in terms of ` and c. Uh so, what can I do?

04:16 E: What are you thinking about now?

04:16 SE: Um, how to um, how to get this, how to get alpha in terms of ` and c.

Umm. So `. It’s funny because I just, I did this three weeks ago and it like

really easy!

05:08 E: It’s harder in front of cameras too.

05:11 SE: It is.

05:11 E: And having someone watch you.

Entry: Substitution
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05:14 SE: Yeah, um. Umm. In ` and c.

T2b. We have, alright so c cosine of alpha equals, um, ` [writes c cos(α) = `], correct?

That looks good. So cosine of alpha equals ` over c [writes cos(α) = `
c
]. That’s

also true.

T3. So alpha equals cosine inverse of ` over c [writes α = cos−1
(
`
c

)
], right? I am

fine with that.

Move So if I really wanted to, I could just say that this guy [indicating `e−i(
π
2
−α)],

E`, c ` e to the negative i pi over two minus cosine inverse of ` over two [writes

`e−i(
π
2
−cos−1( `c))].

Ending: Substitution

X2b. And let me, double check that. I’m going down pi over two, and if I subtract,

so I want to add this [changes signs to read `e−i(
π
2

+cos−1( `c)) and `e−i(
π
2

+α)].

E(`, α) & E(`, c)

06:45 E: So why you changing that?

06:48 SE: So, when you go negative, if I went [uses marker to rotate −π/2], if I sub-

tracted it, I would be going more negative [brings marker into third quadrant],

and I’d wind up in the third quadrant, but if I change it to a positive, I would

be going back to where I need to be [move marker from negative imaginary axis

to be aligned with `]. If that makes sense. Yeah. I think I’m good with that.
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PART (b) BEGIN:

Figure D.10: Board from Student E containing work from Part (b).

07:17 E: Okay. Again, you will likely want this board back, so let me know. So, um,

I’ll take that one from you and I’ll you a new one. It’s the same diagram, same

equation, and I’m asking you to determine the rectangular and exponential

forms of the complex number z in terms of ` and alpha.

07:43 SE: Determine the, the complex number z in terms of. I didn’t read the last

question. Uh. Okay [redraws diagram]. Um, determine the rectangular and

exponential forms. [Inaudible]

08:37 E: So what are you thinking about?
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08:38 SE: Uh, I’m thinking about the last question I did now, ‘cause I think I did

that instead of what I was supposed to do for that question. Because this is,

determine the rectangular and exponential forms of the complex number.

08:57 E: Would you like your other board?

08:57 SE: I believe so.

08:59 E: Okay, just change colors for me.

09:02 SE: Change colors?

09:02 E: Yeah. That way I can keep track of what was from each question.

09:06 SE: Oh okay, um, purple. So, this should be the complex, this should be [boxes

in `e−i(
π
2

+cos−1( `c))], um, my, this is my exponential form. Uh and, this is my, in

terms of, oh now it wants it in terms of, oh gosh.

Entry: Recognition

Okay, so I already did that, umm.

09:52 E: So what are you thinking about?

09:54 SE: So I was wondering what the difference was between the questions were,

could I see?

09:59 E: Okay the previous one was in terms of ` and c.

10:01 SE: Oh okay.
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10:03 E: This one is in terms of ` and alpha.

10:05 SE: Okay, so um. So it would not be this [indicating `e−i(
π
2

+cos−1( `c))].

E(`, α) Um, so, my answer would be just this [boxes `e−i(
π
2

+α)] because that’s the correct

length and the correct amount of rotation.

So that, this is correct for the exponential.

Ending: Recognition

Student-initiated

Entry: Recognition

Um, and then, so for my previous question, this was wrong because it was not

in terms of ` and c [indicating 〈c cosα,−
√
`2 − c2 sinα〉]. But this is correct in

terms of, uh, ` c and alpha. So this, this should be my answer for, um, so not

this one [indicating `e−i(
π
2

+cos−1( `c))], this was our previous question. Um, that

was our previous question.

R(`, c, α) This should be our answer for this question [indicating the pair of

〈c cosα,−
√
`2 − c2 sinα〉 and `e−i(

π
2

+α)].

Ending: Recognition

D.6 Student F
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Figure D.11: Board from Student F containing work from Part (a).

PART (a) BEGIN:

11:13 E: Okay. So again, if you need these back, let me know. Umm, so this time I

have something for you. So I’m giving you both an equation and a plot, and I’m

asking you to determine the rectangular and exponential forms of the complex

number z in terms of ` and c.

11:43 SF: Okay. z squared is equal to ` squared [writes |z|2 = `2, redraws diagram].

−c this is alpha [labeling diagram]. Alrighty, this is I this would be R [labeling

axes of Argand diagram].

Entry: Exploration

In terms of ` and c. Okay so that must mean,
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Y1. the norm of z is ` squared, then this must be equal to ` [labels line from origin

to z as `], the length of this line here. [Inaudible]

T2. Alrighty, so, I think this is where I want to use the, um, I want to use ` cosine

alpha [writes ` cosα],

wait,

Ending: Exploration

Student-initiated

Entry: Mapping

no I don’t want to use alpha,

X1. I want to use [gestures from positive real axis counterclockwise to z].

13:22 E: So what are you thinking about there?

13:23 SF: Yeah, I wanna, okay so this alpha is an angle off the, um, this alpha is an

angle off the negative y axis,

X1. so I don’t want to find alpha, I want to find this angle here [draws in angle

counterclockwise from positive real axis], theta [labels angle θ].

X2. And so I know that theta is going to be equal to two pi, or no it’s going to be pi

plus pi over two plus alpha, so that’s going to be three pi over two plus alpha

[writes θ = 3π
2

+ α].
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C1. & C2. Cosine of three, three pi over two plus alpha plus ` i sine of three pi over two

plus alpha

P (`, α) [writes ` cos(3π
2

+ α) + `i sin(3π
2

+ α)].

[Laughter as his writing becomes tiny to fit the board space]

Ending: Mapping

14:27 E: Barely got it in there!

14:28 SF: Yeah. I need to get that, I need a bigger white board, I guess I started too

far over. Um, in terms of ` and c. So

Student-initiated

Planning Beginning of extended entry into the substitution procedure of the Manipulation

game

14:51 E: So what are you thinking about?

14:52 SF: I need to find c, I need to solve for this [indicating ` cos(3π
2

+ α)] to get c,

basically if I want to get z squared or if I want to get z in terms of ` and c.

‘Cause this here is z [writes z = in front of ` cos(3π
2

+ α) + `i sin(3π
2

+ α)]. So

now I just need to get this in terms of c and this [underlines sine portion too].

So, I know that, let’s see, [draws dotted line from −c to z on diagram]. So I

know that c is going to be, oh, I could do this if I had another number there

[projects z to the positive real axis], but I don’t.
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15:51 E: What did you just do?

15:52 SF: I was thinking I could use right triangle trig to get, uh, c in terms of ` and

some other arbitrary number here [point on real axis] like b or something, but

I don’t have that to use.

Entry: Substitution

T1 I need to get the problem into terms of ` and c, so, I know that, okay I’m

going to use some [writes “soh” “cah” “toa”]. So I’m going to use soh cah toa

[Laughter]. I guess I’m comfortable with that.

T2 Okay, so I know that’s alpha, so I know that c is going to be equal to, or at

least absolute value of c is going to be equal to the opposite, is equal to, uh

yeah, inverse sine? Is that opposite over hypotenuse?

T2ab So I know that, or wait no, let’s see, sine of alpha is going to be equal to negative

c over ` [writes sinα = −c
`

].

T2ab Or I guess that would just be a, um, positive c over ` [now reads sinα = c
`
].

17:38 E: So what are you thinking about when you’re, you were just talking about

the signs there.

17:43 SF: Um, I kind of turned this, um,

T1 I kind of turned the whole board ninety degrees in my head, and I thought of

this [the imaginary axis] as the x axis because I believe in soh cah toa thing
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the signs are off the x axis for a right triangle. I could be wrong about that,

but um, basically I just thought of this as a right triangle coming off the x axis

[gesturing showing α as the angle from the “x” axis], you know a line coming

off the x axis. Just so, it, you know, just so it make more sense in my head.

18:21 E: Okay.

18:22 SF:

T4 It’s easier for me to determine sign, you know signs that way if I could use

quadrants.

T3 So, so I know that alpha now is equal to negative one of c over ` [writes α =

sin−1
(
c
`

)
].

Move So if I rewrite that as z is equal to ` times the cosine of over two plus inverse

of c over ` plus ` i sine of three pi over two plus sine inverse of c over `

P (`, c) [writes z = ` cos
(

3π
2

+ sin−1
(
c
`

))
+ `i sin

(
3π
2

+ sin−1
(
c
`

))
].

And that’s messy,

Substitution: Ending

I don’t know if there’s any way I can reduce that. Maybe? Opposite over

hypotenuse.

20:14 E: So what are you thinking about?
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20:15 SF: I’m just kind of going over my work again to see if, uh, if I made any thing,

any logical mistakes. Um, mostly I’m worried here [pointing at soh cah toa]

because I haven’t used this at all [circles soh cah toa] in a long time. So I’m

wondering if I did that part correctly. I’m sure the logic I’m using for the rest

of the problem, I’m just not sure if I did this part and this part [indicating

instances of using soh] correctly. But

Interviewer-initiated

20:48 E: So it asks for both rectangular and exponential forms of the complex number

z?

20:53 SF: Oh, okay. Alright, so I think that’s the rectangular.

Entry: Switching

And then, that would just be e to the, in the exponential form,

Move it would just be e to the i, um, three pi over two plus, sine inverse of c over `

E(`, c) [writes ei
3π
2

+sin−1( c`)].

Because that’s what we determined was alpha, wait no, not sine, it’s multiplied

[gets rid of + in exponent].

Ending: Switching

21:36 E: What’d you just change there?
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21:37 SF: Or, [puts in parentheses to read ei(
3π
2

+sin−1( c`))] I confused myself, I was,

yeah, I forgot about the three pi over two, I should have written in parentheses

here to know that this e to the i pi is um, or e to the i theta is this whole thing.

And I confused myself because I got rid of the plus ‘cause for a second I thought

I had written i plus theta.

22:01 E: Oh, okay.

22:02 SF: So, yeah, I didn’t change anything. I was right the first time. [Laughter]

So yeah.

Figure D.12: Board from Student F containing work from Part (b).

PART (b) BEGIN:
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22:11 E: Okay so, I’ll move you on to the next part, and again if you want this back,

just ask for it. So I’m going to give you, the same diagram, same equation. And

this time I’m going to ask you to determine the rectangular and exponential

forms of the complex number z in terms of ` and alpha.

22:42 SF: ` and alpha, alright.

Entry: Identification

I think we did that already! Okay, so z squared is equal to ` squared [writes

|z2| = `2], the diagram, this is alpha, this is z, so this is minus c [redraws

diagram]. This is imaginary, this is real [labels axes].

Y1 That must mean this is equal to ` [labels distance from origin to z as `]. So we

know that the rectangular form from the last problem we did was z is equal to,

I’ll write it out again, i,

X1 we’ll call this theta [labels angle from positive real axis as θ],

C1 it would be i cosine theta, ` cosine theta plus ` i sine theta [writes z = ` cos θ+

`i sin θ]. Yes. And we know that theta is gonna be pi and this is going to be pi

over two and that’s going to be alpha,

X2 so it’s three pi over two plus alpha, cosine of [writes z = ` cos()]. So yeah, theta

is equal to three pi over two plus alpha [writes θ = 3π
2

+ α],

C2 plus i, times ` i sine of three pi over two plus alpha

P (`, α) [finishes writing z = ` cos(3π
2

+ α) + `i sin(3π
2

+ α)].
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Ending: Identification

Student-initiated

Entry: Switching

Okay, and then, that’s just going to be equal to

Move e to the i times three pi over two plus alpha

E(α) [writes ei(
3π
2

+α)].

Ending: Switching

Let’s see, in terms of ` and α.

25:27 E: What are you thinking about?

25:28 SF: Yeah, I’m doing the whole check again in my head to make sure I did

everything correctly. So the same thing I did here, just. [Inaudible] plus alpha.

Yeah, okay.

D.7 Student G

PART (a) BEGIN:

09:49 E: So this time, I have something for you, um, so I’m giving you both an

equation and a diagram there. And I’m gonna ask you to determine both the
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Figure D.13: Board from Student G containing work from Part (a).

rectangular and exponential forms of the complex number z in terms of ` and

c.

10:08 SG: In terms of ` and c. Okay, well, I have [draws axes], I’ll end up drawing it

even though I guess it’s right here, but having a drawing is always helpful. This

is [labels axes “Re” and “Im”], just copying everything down [writes |z|2 = `2,

draws in complex number and labels on diagram].

Entry: Exploration

Y2. Okay, so square of the norm meaning that if z is equal to a plus or minus b i,

then, uh, what do you call the, square of the norm would be a squared plus b

squared [writes z = a ± bi and |z| = a2 + b2]. So, I’m sorry the square of the
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norm [corrects to |z|2 = a2 + b2], so let’s see, ` squared is equal to, sorry nope

don’t erase!

N1. Okay, uh ` squared is equal to norm of z squared [writes `2 = |z|2] which means

that, ` is equal to square root of a squared plus b squared [writes ` =
√
a2 + b2].

Okay that helps me.

Ending: Exploration

Student-initiated

Entry: Mapping

Rectangular and exponential forms. Okay, so I’d say that the exponential form,

um, so this is z here [labels z on diagram]. Exponential form of the complex

number z in terms of ` and c, okay.

T1. I have c is the, I’m trying to remember my stuff, cosine of the angle. So that

means that, uh, z equals a plus b i,

T2. so c cosine theta equals, the length of c cosine theta is equal to the square root

of a plus b i squared. Which is exactly what I have.

12:35 E: Could you explain what you were just thinking through there? I couldn’t

quite follow what you were doing.

12:38 SG: Oh! Oh sorry. Right, I guess, what I, where should I restart is the
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12:48 E: Uh, just you’ve been talking cosine, I heard, and I’m not quite sure quite

where it was coming up.

12:56 SG: Yeah, um, uh, in general, um, first thing I’ve gotta do is remember all of

the norms and square norms and things like that which I sort of went through

here. Um, and then graphically, I know that if I want to, um, get c in terms of,

if I want to sort of get in the equation,

T1. I know that this, this complex thing forms the right triangle.

So I’m trying to, um, express, whether I’m trying to express um, well I’m both

trying to express c in terms of, uh, the complex number and express the complex

number in terms of c. Um, since I’m, the ultimate goal is to get z in terms of

c where z is the complex number. And yeah, it’s a good idea to get c in terms

of, um, in terms of z which is the complex number.

Z1. Which is then, I just remembered, is also the imaginary component of the

complex number. So that’s probably, um, a good thing. Oh negative! Yeah so,

I know that, is equal to negative c i [draws arrow from bi in z = a± bi to −ci].

So it’s at z equal to a minus c i [writes z = a− ci] where a is this number right

here [points around real axis on diagram].

T1. And I would say a is actually, cosine of alpha? So, it is sine of alpha although

I’m, I would be hesitant to, what am I saying?

I gotta keep track. Um, I totally just forgot what I was doing. So I gotta back

track through my own thoughts. Um, c is, oh! I see, I see, I see.
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T2. So if, depending on the scale of the triangle, then we have, what I have here,

um, I, I would just, I would be tempted to say that z is equal to a which is,

um, sine of alpha minus c i [writes z = sinα− ci]. Um, but I really don’t know

what this is scaled by [pointing at z on diagram] which I guess, you know, you

could just put a scalar right there as d is the next letter I haven’t used [writes

z = d sinα− ci].

Um, so in terms of geometrically, that’s how I would probably, that’s that’s

what I would say z is.

N1a. And then, if you take the square of the norm of z, that is ` squared [writes

|z|2 = `2] which is then d squared sine squared alpha, uh, plus ‘cause you know,

I don’t know, it’s, I’m not supposed to erase things, but minus, minus c [writes

|z|2 = `2 = d2 sin2 α− c].

16:48 E: So why did you change that from plus to minus?

16:50 SG: Uh, I remembered the i, I forgot about the i component at first. And so I

thought negative c squared is just c but then I remembered that it’s c i, so it’s

gonna be minus c squared.

N1a. Um, and then, let’s say ` is the square root of d squared, sine alpha squared

minus c squared [writes ` =
√
d2 sin2 α− c2]. z in terms of `, so, now I’m trying

to think.

Student-initiated
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Although I, I put, I put z, I put the norm of z, or I guess I did put z in terms

of, um, c, but I’m not, I’m now wondering if when it says in terms of ` and c,

does it mean in terms of ` and c at once or in terms of `, dot dot dot, in terms

of c?

Interviewer-initiated

18:06 E: Both, like at once I guess would be my response to you.

Entry: Mapping

18:09 SG: At once, okay. Okeydokey.

Y2. So I say here [pointing at ` =
√
a2 + b2] that ` is equal to, cosine, uh,

Y1. the square root of a squared plus b squared which is also the length [gestures

from origin to z on diagram] here, um, of this.

T2. I guess I would be tempted to, sort of put ` in for what I have here for d.

T3. So let’s say z is equal to ` sine alpha,

R(`, c, α) um, minus c i [writes z = ` sinα− ci].

T1. Is that right? Alright, I gotta go through, go through my trig again. So opp, a,

h [labels opposite side as “o” and adjacent side as “a”, and hypotenuse as “h”

on triangle containing α].

19:10 E: Can you just say what you’re doing when you’re labeling those?
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19:11 SG: Yeah, just um, um I’m, I always gotta remind myself of the basic trig stuff.

T1. So just saying that the sine of alpha is equal to, uh, the opposite over the

hypotenuse [writes sinα = o
h
]. So if I want going from the opposite, I multiply

through by the hypotenuse and I get h sine alpha is this opposite side here

[writes h sinα = o, points to “o” on diagram].

T2. And then I remember that ` is the length of the side, so ` is h, and then ` equals

sine alpha, the opposite which is what I’m trying to get [writes ` sinα = o].

R(`, c, α) Um, here, which makes me think that this [pointing at z = ` sinα − ci] is

probably, um, less wrong.

Alright, and yeah, I think, I guess that’s what I would say done. Although I

think I did a little extra, but.

Ending: Mapping

Interviewer-initiated

20:09 E: Okay, and then the exponential form?

Entry: Switching

20:11 SG: Oh yeah! The exponential form, that’s totally a thing. So, [mutters to

self]. Hm.

20:30 E: So what are you thinking about?
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20:31 SG: I’m thinking about, um, ‘cause normally what I would think is that, or,

I’m gonna write out e to the i theta is equal to cosine theta plus i sine theta

[writes eiθ = cos θ + i sin θ].

C1. So, I, I have that, I would say that negative c is equal to sine of theta [writes

−c = sin θ] and that cosine theta is equal to, ` sine alpha [writes cos θ = ` sinα].

And then it makes me realize that it probably has a bunch of, uh, what do you

call it? arc sine, arc cosines as of theta which is, is not my favorite thing in the

world. Um, and I guess since sine and cosine go to one if either c or ` sine alpha

are bigger than one then that very much doesn’t work.

22:08 E: So what are you considering now?

22:10 SG:

? Switching? I’m considering multiplying through by i and then you get i z is

equal to i ` sine alpha plus c [writes iz = i` sinα+ c]. And then that’s just, if I

want to write this as the exponential form then that’s i e to the i theta equals,

uh, c plus i ` sine theta [writes ieiθ = c + i` sin θ]. And I know that i e to the

i theta is just the derivative of, uh, yeah it’s just the derivative part. This is

actually not, oh, don’t erase things, okay, I’ll put that back.

23:07 E: It’s alright.

23:10 SG: It’s a sine of alpha, that’s what I meant [writes an arrow from sin θ to sinα].

23:13 E: Okay.
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23:13 SG: And so, then I recognize that this [pointing at ieiθ in ieiθ = c + i` sinα]

is definitely the derivative of e to the i theta, but I’m not sure exactly how

much that helps me. The only z I have is a, as a number here [pointing at

ieiθ = c+ i` sinα].

T1. But if I really wanted to, I could, um, represent it as a, um, trigonometric

identity by going way back and saying that cosine is, cosine of alpha is adjacent

over hypotenuse [writes cosα = a
h
],

T2. and I say that ` cosine of alpha is equal to c [writes ` cosα = c]. Um, I don’t

know what that gets me, but it’s a think I thought of, so I’m gonna leave it

there at least, in case it does help.

24:22 E: Okay, I’m going to move you to the next question. It’s very similar so it

might prompt you to rethink this at some point, if not, that’s okay.

24:31 SG: Okeydokey.

PART (b) BEGIN:

24:31 E: Um, so I’ll take this one away and I’ll give you another very similar one. So

your equation and your diagram are the same. And now I’m just asking you to

determine the rectangular and exponential forms of the complex number z in

terms of ` and alpha.
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Figure D.14: Board from Student G containing work from Part (b).

24:53 SG: In terms of ` and alpha, it is very similar. It’s ` and alpha instead of `

and c, lovely! Okay so, um, so I can draw a smaller, smaller thing [redraws

diagram]. It’s a little bit more familiar [rewrites equation].

So, alright, rectangular form, we know know that, hm.

25:34 E: So what are you thinking about?

25:38 SG: I’m just remembering what happened in the last problem, uh, my mind is

sorta drawing a blank on, mostly everything. Uh

25:53 E: It’s alright, it happens especially in these situations! I can never answer a

single question.
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25:56 SG: Yeah, I will think to myself. I’m trying to remember what z and ` are, not

just what the numbers were but just, what they are in that.

Entry: Recognition

R(`, c, α) So z is going to be, um, let’s see, ` sine alpha minus c i [writes z = ` sinα− ci].

Ending: Recognition

Z1. Okay, so this [pointing at −c on diagram] is dimension is c,

Y1. and then ` sine alpha because it [pointing at |z|2 = `2] determines that is the

total length.

Student-initiated

Entry: Mapping

Um, I want it just in terms of ` and alpha, I would say that z is equal to, um,

` sine alpha minus [writes z = ` sinα−], I think I said c is equal to [pauses]

26:51 E: Do you want your board back for reference?

26:53 SG: Uh, yeah I can just take a look at it real quick.

T3. c is equal to ` cosine alpha [reading off previous board], okay. So no erasing,

let’s do this [writes c = ` cosα]. So if I want to say–

27:09 E: Do you need anything else from here?

27:10 SG: Oh, no thank you, alright. I want to say z in just ` and alpha,
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T4. R(`, α) let’s say that z is equal to ` sine alpha minus ` cosine of alpha i [writes z =

` sinα− ` cosαi].

Um, which is z in, in um, yeah, which is z in uh, what do you call it? There’s

a word for this. [Pauses] The, in terms of ` and alpha.

Ending: Mapping

Student-initiated

Entry: Switching

So which also makes me think if I want to put this in rectangular form, this

looks very much like, uh, like a, exponential form.

?? So if I want to say that, um, e to the i theta is equal to cosine theta plus i sine

theta [writes eiθ = cos θ+ i sin θ], now I’m just wondering whether I want to say

that alpha is theta, um, although we do have cosine and sine switched which

again makes me think of the whole, finding the derivative thing. Especially

since there’s a minus sign right here [indicating the negative sign of −` cosαi].

And I know there’s a minus sign in one of the derivatives, it takes me, I’d have

to think about it for a little bit to remember which one it is. But I can take

this [draws arrow from z = ` sinα − ` cosαi] and say that’s ` sine alpha minus

cosine of alpha, minus i cosine alpha [writes ` [sinα− i cosα]], put it in a little

bit more of a familiar form, now I’m trying to think of what besides taking the

derivative, I can do that will make sine and cosine switch so that I can have an

i at the proper side. Um, hm. [Long pause]
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29:40 E: So what are you considering?

29:42 SG: What am I considering? I just gotta remember.

?? I thought about the whole multiplying through by i thing a little bit, but sorta

abandoned that. I thought about dividing through by i but then that doesn’t,

that doesn’t help me at, not at all. Um, so for the most part, I was just

considering doing, sort of similar to what I did before which is i e to the i

cosine theta is equal to [writes ieiθ =], oh crap now I gotta remember this. The

derivative of sine is cosine, the derivative of cosine’s negative sine, and okay, the

derivative of sine is cosine, okay so, i cosine [writes ieiθ = − sin θ + i cos θ].

30:22 E: And you just took a first a first derivative with respect to theta?

30:26 SG: I just took a, with respect to theta.

?? And so looking at this [indicating ieiθ = − sin θ + i cos θ] and looking at this

[pointing at ` [sinα− i cosα]], this [indicating ieiθ = − sin θ + i cos θ] looks like

negative that [indicating ` [sinα− i cosα]]. Um which makes me think that if

I were to, integrate that [indicating ` [sinα− i cosα]], it would look something

like this [indicating ieiθ = − sin θ + i cos θ]. Um, well it’s very disappointing

because, uh that won’t give me z, it will give me the integral of z, z squared

of two, I guess. Um, but then I guess I could do some algebra and then say z

squared of two is and do things to the exponential form to say that that is, that

is what it is. Um, although that’s dz and not d alpha which is a pain. [Long

pause]
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31:36 E: What are you thinking about?

31:40 SG: I’m thinking about, I’m pretty sure I just have the word sine, cosine, and

e just kind of float in my head in circles. Um, it’s close. It’s, I’m sure, I’m sure

there’s something that I’m just missing, forgetting.

Incomplete Switching

32:15 E: Okay, so I won’t have you worry too much about that now.
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E Resources for Students on Complex Algebra

E.1 Forms and Representations of Complex Numbers

E.1.1 Rectangular Form

In Fig. E.1, the rectangular form of a complex number is given in on the left hand

side algebraically as z = x + iy and geometrically on an Argand diagram. In the

rectangular form, the complex number is expressed using two real numbers: x and y.

These numbers are called the real and the imaginary parts of the complex number

z. Geometrically, the real part is the distance along the real axis, and the imaginary

part is the distance along the imaginary axis.

These relationships are analogous to rectangular coordinates, shown on the right

hand side of Fig. E.1. In rectangular coordinates, a point in the x-y plane is defined

by an x coordinate that is a distance along the x-axis and a y-coordinate that is a

distance along the y-axis.

Note that the algebraic representation for the rectangular form of a complex num-

ber, x+ iy, is different from the algebraic representation of a coordinate pair, (x, y).

The real and imaginary parts of the complex number are easily extracted for the rect-

angular form of a complex number. The real part is x (often expressed Re(z) = x),

and the imaginary part is y (often expressed Im(z) = y). Algebraically, we can express
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Re(z)

Im(z)

x

y

z = x+ iy

x

y

x

y

(x, y)

Figure E.1: The rectangular form of a complex number (left hand side) is defined
using the same geometry as rectangular coordinates (right hand side).

any complex number z to be z = Re(z) + iIm(z) = x+ iy.

E.1.1.1 A. Check-In Exercises

1. Plot the following complex numbers on an Argand diagram: 1 + i, 5− i,

−2− 3i. What are the real and imaginary parts of each number?

2. Describe (in words, diagrams, and equations) how the complex number

z = x+ iy changes when:

(a) z is multiplied by 3

(b) z is multiplied by -1

(c) z is multiplied by i
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E.1.2 Exponential Form

A complex number can also be expressed in the exponential form: z = reiφ. In

the exponential form, the distance from the origin to the complex number is called r

and the angle measured counterclockwise from the positive real axis is called φ. In

Fig. E.2, the complex number is shown on the left hand side using the parameters r

and φ. The distance from the origin, r, and the angle, φ are real numbers.

Re(z)

Im(z)

r
φ

z = reiφ

x

y

r
φ

(r,φ)

Figure E.2: The exponential form of a complex number (left hand side) is defined
using the same geometry as polar coordinates (right hand side). The distance from
the origin to the number is r, and the angle from the positive real axis in the coun-
terclockwise direction is φ.

The geometry is analogous to polar coordinates. On the right hand side of Fig. E.2,

a coordinate point is expressed in polar coordinates. The r-coordinate is defined to be

the distance from the origin to the point. This definition carries over to the complex

plane because r represents the distance from the origin to the complex number.

The angle φ is defined counterclockwise from the positive x-axis as with the unit

circle. In Fig. E.3, a unit circle is shown on the complex plane. All angles are defined
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Re(z)

Im(z)

π
2

3π
2

π 0
2π

π
4

3π
4

5π
4

7π
4

Figure E.3: The angle associated with the exponential form, φ, is expressed in the
same way as angles in polar form. This unit circle on the complex plane labels the
standard angles associated with multiples of π

4
in blue and red. The violet angles are

multiples of π
6
.

counterclockwise from the positive real axis in the same manner as polar coordinates.

Special angles—multiples of π
6

and π
4
—are common in physics problems and students

should memorize the values of the sine and cosine of those angles.

For the complex number z = 2ei5π/4, in Fig. E.4, the angle is defined to be

φ = 5π
4

from the positive real axis. Notice that adding 2πn to the angle (for n an

integer) does not change the geometric point in the plane. The angle is expressed

equivalently as φ = 5π
4

+ 2πn where n is any integer because 2πn rotates the angle

a full circle—an equivalent expression of the complex number. Therefore, z can be

expressed: z = 2ei5π/4 = 2ei5π/4+2πn. We return to rotations in the complex plane

when discussing the multiplication of complex numbers in Section E.2.
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Re(z)

Im(z)

φ = 5π
4

r = 2

2ei5π/4

Figure E.4: The complex number 2ei5π/4 defines the angle, φ = 5π
4

, counterclockwise
from the positive real axis and r = 2 as the distance from the origin.

E.1.2.1 B. Check-in Exercises

1. Plot the following complex numbers on an Argand diagram and clearly

label all magnitudes and angles:

(a) 2ei5π/6

(b) 3e−iπ/2

(c) 1
2
ei20π/4

E.1.3 Changing Forms

We have discussed that a complex number can be represented in the rectangular

and exponential forms. In these examples, we have used the same symbol, z, for the



273

complex number to illustrate the geometry of the form. This number can be expressed

in both the rectangular and exponential forms. Figure E.5 shows the geometric rep-

resentation of the complex number z with the parameters from both the rectangular

and exponential forms. In this section, we explore how these forms are related.

Re(z)

Im(z)

r φ

x

y
z

Figure E.5: The parameters associated with the complex number z include the pa-
rameters from the rectangular form, x and y, as well as those from the exponential
form, r and φ.

Because both the rectangular and exponential forms are representing the same

complex number, we know that z = x+iy = reiφ. However, knowing that x+iy = reiφ

is not particularly helpful if we wish to know how x and y are related to r and φ.

(Try to express x in terms of only r and φ from just this equation.) Luckily, using the

geometric representation of z allows us to see the relationships among these forms.
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Re(z)

Im(z)

x

y

φ

r

x+ iy = reiφ

x

y

x

y

φ

r

(x, y) (r, φ)

Figure E.6: When φ is less than π
2
, a right triangle containing φ is embedded in the

first quadrant (left side). Rules of triangle trigonometry apply to this triangle which
allows the real and imaginary parts to be related to r and φ. This is analogous to
the relationships between rectangular and polar coordinates (right side).

E.1.3.1 The Geometry of Changing Forms

When the complex number is in the first quadrant, such as in Fig. E.6, the angle φ

is less than π
2
. This allows us to recognize that there is a right triangle which includes

the complex-number angle φ embedded in the axes. In this case, we see there is a

triangle with a base x, a height y, and a hypotenuse r. The angle φ is contained

within the triangle and is the angle adjacent to the base, x.

Using triangle trigonometry, the sine of the angle, sinφ, is found from the ratio

of the opposite side and the hypotenuse: y
r
. Then, solving for the imaginary part, y,

of the complex number gives y = r sinφ. This is an expression for y, the imaginary

part of z, in terms of only r and φ. Similarly, the cosine of φ is used to find the real

part to be x = r cosφ. Notice that this is the same geometry that relates rectangular

and polar coordinates.
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This geometry is extended using circle trigonometry (i.e., sine and cosine rules on

the unit circle) for angles greater than π
2
. Figure E.7 shows an angle φ that exceeds

π
2
. There are no right triangles that include φ, our angle of interest. Certainly, there

are right triangles that can be drawn in the third quadrant where the magnitudes of

x and y describe the base and the height of the triangle. However, these triangles do

not include φ. Notice that we cannot draw a triangle that includes φ, and therefore,

we cannot rely only on triangle trigonometry (i.e., SOH, CAH, TOA rules) if we wish

to express the complex number with φ as a parameter. Triangle trigonometry can be

used with an angle which is not φ, or circle trigonometry can be applied using the

angle φ. We choose to begin with circle trigonometry that uses φ for all values of φ

including those where φ exceeds π
2
.

Circle trigonometry is advantageous when the angle exceeds π
2
, and the angle φ

from the positive real axis is known or easily determined. In the case of Fig. E.7,

the angle from the positive real axis in the counterclockwise direction is known. We

can extend the expressions from triangle trigonometry in the first quadrant to angles

that exceed π
2
. The sine of the angle φ is sinφ = y

r
, and the cosine is cosφ = x

r
; this

is identical to definitions relating rectangular and polar coordinates. The imaginary

part of the complex number is y = r sinφ, and the real part of the complex number

is x = r cosφ. This ensures both the signs and magnitudes are correct.

From circle trigonometry, the rectangular form of a complex number can be written

in terms of the parameters associated with the exponential form, a special case of the
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Re(z)

Im(z)

x

y

φ

r

x+ iy = reiφ

x

y

x

y

φ

r

(x, y) (r, φ)

Figure E.7: When the angle φ extends beyond π
2
, relationships are determined using

circle trigonometry. This is analogous to polar coordinates (right side).

rectangular form. We refer to this expression as the polar form:

z = r cosφ+ ir sinφ

We chose to use circle trigonometry for φ greater than π
2
, however, we could use

the triangle embedded within a quadrant to determine the real and imaginary parts

of the complex number. We can use a right triangle containing an angle less than π
2
—

which is not φ—to perform standard triangle trigonometry (ensuring all lengths are

positive!). After determining the magnitudes of the real and imaginary parts of the

complex number, signs from the quadrant are assigned. This process is analogous to

many introductory physics problems such as determining components of forces from

free-body diagrams.
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E.1.3.2 Euler’s Formula

Changing from the exponential to the polar form uses Euler’s formula:

eiφ = cosφ+ i sinφ

This formula expresses the exponential form of a complex number, eiφ, as the

rectangular form, cosφ + i sinφ. Beginning with the exponential form, z = reiφ, we

can apply Euler’s formula to the phase (eiφ) portion of the complex number:

z = reiφ

= r
(
eiφ
)

= r (cosφ+ i sinφ)

= r cosφ+ ir sinφ

= x+ iy

The final step is recognizing that z is grouped by its real (r cosφ) and imaginary

(r sinφ) parts. Therefore, x, the real part, is expressed as x = r cosφ and y, the

imaginary part, as y = r sinφ.

E.1.3.3 Additional Relationships Between Forms

We began with triangle trigonometry in the first quadrant and extended these
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relationships for when φ is greater than π
2

using circle trigonometry. We can use this

strategy to find other relationships between the forms of complex numbers.

For example, the tangent of φ, using the triangle in Fig. E.6, is related to the ratio

of the opposite and adjacent sides via tanφ = y
x
. For angles between zero and π

2
the

angle φ is given by the arctangent: φ = arctan y
x
. This expression can be extended to

angles greater than π
2

using the real and imaginary parts of the complex number if

you pay attention to the signs associated with the real and imaginary parts. Unlike

with triangle trigonometry, the signs are not necessarily positive. For example, the

real part of a complex number, x = r cosφ, is negative when φ is greater than π
2

but

less than 3π
2

.

The same triangle in the first quadrant can be used with the Pythagorean theorem

to find the relationships amongst the lengths of the sides. The hypotenuse is r and

the width and height are x and y. These are mapped with the Pythagorean theorem

to give r2 = x2 + y2. We will return to this expression when discussing the square of

the norm of a complex number.

E.1.3.4 C. Check-in Exercises

1. Express each of the following complex numbers in the rectangular, polar,

and exponential forms: 1 − i, −
√

3 + i, 3 + eiπ, 2e−iπ/4, and −2e−i5π/6.

Plot each number on an Argand diagram.

2. Determine the rectangular form of e−iφ.
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E.1.4 Solutions to Check-In Exercises

E.1.4.1 A. Check-In Exercises Solutions

1. Plot the following complex numbers on an Argand diagram: 1 + i, 5− i,

−2− 3i. What are the real and imaginary parts of each number?

For 1 + i, the real part is 1 and the imaginary part is 1.

For 5− i, the real part is 5, and the imaginary part is -1.

For −2− 3i, the real part is -2, and the imaginary part is -3.

2. Describe (in both words and equations) how the complex number z =

x+ iy changes when:

(a) z is multiplied by 3

The complex number z is multiplied by 3: 3z = 3(x+ iy) = 3x+ i3y.

Therefore, both the real and imaginary parts are three times larger

which places the number three times as far from the origin.

(b) z is multiplied by -1

The complex number z is multiplied by -1: −1z = −(x + iy) =

−x− iy. The number remains the same distance from the origin but

is rotated around the origin by π.

(c) z is multiplied by i
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The complex number z is multiplied by i: iz = i(x+ iy) = ix+ i2y =

ix− y. The number is rotated counterclockwise by π
2

in the complex

plane.

E.1.4.2 B. Check-In Exercises Solutions

1. Plot the following complex numbers on an Argand diagram and clearly

label all magnitudes and angles:

(a) 2ei5π/6

The plot should be of a number that is a distance 2 from the origin

at an angle of 5π
6

from the positive real axis. This number is in the

second quadrant.

(b) 3e−iπ/2

The number is a distance 3 from the origin and is on the negative

imaginary axis—a clockwise rotation of π
2
. The number is a pure

imaginary number.

(c) 1
2
ei20π/4

The number is a distance 1
2

from the origin on the negative real axis.

The phase portion of the number, ei20π/4, is equivalently expressed

as eiπ (recall 2π is a full rotation in the complex plane).
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E.1.4.3 C. Check-In Exercises Solutions

1. Express each of the following complex numbers in the rectangular, polar,

and exponential forms. Plot each number on an Argand diagram.

(a) 1− i

Rectangular Form: 1− i

Exponential Form: Consider the geometry of 1− i which is a num-

ber in the fourth quadrant with equal magnitudes for the real and

imaginary parts. Apply the Pythagorean theorem to determine the

magnitude (r2 = x2 + y2 = (1)2 + (−1)2) and geometrically eval-

uate the angle, φ, as a rotation from the positive real axis in the

counterclockwise direction. The exponential form is
√

2ei7π/4.

Polar Form: Apply Euler’s formula to the exponential form
√

2 cos 7π
4

+ i
√

2 sin 7π
4

(b) −
√

3 + i

Rectangular Form: −
√

3 + i

Exponential Form: After plotting the number on an Argand di-

agram, if we factor 2 from the complex number, we find that

−
√

3+i = 2(−
√

3
2

+ i
2
) which corresponds to the geometry associated

with the unit circle when working with rectangular coordinates. If

we think about the coordinate pair, x = −
√

3
2

and y = 1
2
, on the unit
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circle, we know that it corresponds to an angle of φ = 5π
6

. Therefore,

we can express this number in the exponential form as 2ei5π/6

Polar Form: Apply Euler’s formula to the exponential form 2ei5π/6 =

2 cos 5π
6

+ i2 sin 5π
6

(c) 3 + eiπ

Begin by simplifying eiπ by using Euler’s formula: eiπ = cos π +

i sin π = −1. Now we can determine that 3 + eiπ = 3− 1 = 2. This

number is a real number and is expressed in the rectangular, polar,

and exponential forms as 2.

(d) 2e−iπ/4

Exponential Form: 2e−iπ/4

Polar Form: Apply Euler’s formula 2e−iπ/4 = 2 cos(−π
4
)+ i2 sin(−π

4
)

Rectangular Form: Simplify to find 2e−iπ/4 =
√

2− i
√

2

(e) −2e−i5π/6

First recognize that the coefficient is negative and therefore cannot

be a magnitude. We can express −1 in the exponential form as

−1 = eiπ and rewrite the number as −2e−i5π/6 = 2eiπ2e−i5π/6 =

2ei(π+5π/6) = 2ei11π/6 .

Exponential Form: 2ei11π/6

Polar Form: 2ei11π/6 = 2 cos 11π
6

+ i2 sin 11π
6
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Rectangular Form: 2 cos 11π
6

+ i2 sin 11π
6

=
√

3− i

2. Determine the rectangular form of e−iφ.

Apply Euler’s formula to e−iφ:

e−iφ = ei(−φ)

= cos(−φ) + i sin(−φ)

= cosφ− i sinφ

The rectangular form of e−iφ is x+ iy = cosφ− i sinφ

E.2 Operations with Complex Numbers

E.2.1 Addition and Subtraction

Addition and subtraction can only be performed using the rectangular form of

complex numbers. The real and imaginary parts of two numbers are added or sub-

tracted separately. For example, if z1 = x + iy and z2 = a + ib where x, y, a, and b

are real numbers:
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z1 + z2 = (x+ iy) + (a+ ib)

= x+ a+ iy + ib

= (x+ a) + i(y + b)

Geometrically, this is analogous to vector addition (and subtraction). If we have

vectors ~v1 = xx̂+ yŷ and ~v2 = ax̂+ bŷ, the x and y components are added separately

to give: ~v1 + ~v2 = xx̂+ yŷ + ax̂+ bŷ = (x+ a)x̂+ (y + b)ŷ. In Fig. E.8, the complex

number addition of z1 and z2 is shown on the left hand side, and the vector addition

of ~v1 and ~v2 is shown on the right hand side.

Re(z)

Im(z)

x a

y

b

z1

z2

z1 + z2

x

y

x a

y

b

~v1

~v2

~v1 + ~v2

Figure E.8: Addition of two complex numbers is analogous to a geometric representa-
tion of vector addition. The rectangular form is used for the addition and subtraction
of complex numbers.
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E.2.1.1 A. Check-In Exercises

1. Perform the following operations for z1 = −1 − i, z2 = 3eiπ/2, and z3 =

2 + i. Verify the calculation geometrically using an Argand diagram.

(a) z1 − z3

(b) z1 + z2

(c) z3 + z2 − z1

E.2.2 Multiplication and Division

Multiplication and division can be performed using either the rectangular or the

exponential form. Often, the exponential form is easiest for these operations. Make

sure that you are familiar with exponent and logarithm rules.

If we have two complex numbers in exponential form, z1 = r1e
iφ1 and z2 = r2e

iφ2 ,

we multiply the two numbers by using exponent rules:

z = z1z2 = r1e
iφ1r2e

iφ2

= r1r2e
iφ1eiφ2

= r1r2e
iφ1+iφ2

= r1r2e
i(φ1+φ2)
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This example results in a complex number expressed in the exponential form where

r = r1r2 and φ = φ1 +φ2. If the real and imaginary parts of the complex number are

determined, Euler’s formula must be applied:

z = r1r2e
i(φ1+φ2) = r1r2 cos(φ1 + φ2) + ir1r2 sin(φ1 + φ2) = Re(z) + iIm(z)

What does multiplication mean geometrically? Beginning with the complex num-

ber z = reiφ, plotted on the left hand side of Fig. E.9, we multiply by the complex

number eiα. The multiplication rotates z counterclockwise by the angle α. The alge-

bra confirms this is a rotation because the resulting complex number is rei(φ+α) in the

exponential form. The magnitude of z is unaffected, but the angle rotates to become

φ + α in the counterclockwise direction from the positive real axis—a rotation of z

by α.

If z is multiplied by a pure real number, the magnitude of the resulting complex

number changes. For example, if we multiply z by 2, the angle associated with z is

unaffected, however, the distance from the origin doubles.

Putting these two results together, we find that multiplying z by the complex

number 2eiα results in the rotation of z by the angle α and a doubling of the distance

of z from the origin.

Division in the exponential form is similar to multiplication. An example calcu-

lation of division follows:
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Re(z)

Im(z)

z = reiφ

zeiα = rei(φ+α)

Re(z)

Im(z)

α

z = reiφ

zeiα = rei(φ+α)

Figure E.9: Multiplication by a phase is a rotation in the complex plane. Here,
z = reiφ is multiplied by eiα which results in the counterclockwise rotation of z by
the angle α.

z1

z2

=
r1e

iφ1

r2eiφ2

=
r1

r2

eiφ1

eiφ2

=
r1

r2

eiφ1−iφ2

=
r1

r2

ei(φ1−φ2)

Dividing z1 by z2 affects both the magnitude and phase of z1. The magnitude, or

distance from the origin, becomes closer to or farther from the origin depending on

the relative magnitudes of r1 and r2. If r2 is greater than one, then division of z1 by

z2 brings the number closer to the origin. If r2 is less than one, then division of z1 by
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z2 brings the number farther from the origin. When z1 is divided by z2, the angles

subtract. The resulting complex number rotates z1 clockwise by φ2. Subtraction of

angles in the phase portion are clockwise rotations in the complex plane.

Multiplication and division can also be performed in the rectangular form. With

long expressions, the algebra often becomes messy, so it is a good habit to ask yourself

which form will be easier to use prior to performing multiplication and division. For

multiplication in the rectangular form, for example when z1 = x+ iy and z2 = a+ ib,

the process is simple and follows the usual FOILing process:

z1z2 = (x+ iy)(a+ ib)

= xa+ ixb+ iya+ i2yb

= xa+ ixb+ iya− yb

= (xa− yb) + i(xb+ ya)

We delay discussion of division using the rectangular form because both the com-

plex conjugate and the square of the norm are required for division in the rectangular

form.

E.2.2.1 B. Check-In Exercises

1. Use words, equations, and diagrams to explain what happens when the

complex number z = reiφ is multiplied by the following numbers:
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(a) 5

(b) eiπ/4

(c) 1
2
e−iπ/6

(d) −1− i

(e) −1

E.2.3 The Complex Conjugate and the Norm

The complex conjugate of a complex number z is represented as either z̄ or z∗; we

will use the notation z∗. This operation changes the sign of any i in an expression. For

example, the complex conjugate of a complex number in rectangular form, z = x+ iy,

is z∗ = x − iy. In the exponential form, the complex conjugate changes z = reiφ to

z∗ = re−iφ. Any i within an expression, even those which are not in either the

rectangular or exponential forms, change signs. Pay attention to any i which may be

embedded within an expression. For example if x is real, the complex conjugate of

f(x) = 1+i
2
e−i(ωt+π) becomes f ∗(x) = 1−i

2
ei(ωt+π). The geometric interpretation of z∗

is left as a Check-In Exercise.

The complex conjugate is used to determine the norm, |z|, of a complex number.

The norm (also called the modulus) describes the distance of the complex number

from the origin. Immediately, we recognize from the geometry that this quantity is

the same as r, the distance from the origin to the complex number, in the exponential
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form. Therefore, if a complex number is expressed in the exponential form, the norm

of the number is simple to extract.

But how can we determine the distance from the origin if the number is expressed

in the rectangular form? One option is to switch to the exponential form. Another

option is to calculate the norm algebraically. The square of the norm, |z|2, is used to

perform this calculation.

The square of the norm is defined to be the product of the complex number and

its complex conjugate: |z|2 = zz∗.

|z|2 = zz∗

= (x+ iy)(x− iy)

= x2 − ixy + iyx+ y2

= x2 + y2

This calculation always yields a real number, which ensures that |z| is positive and

real. This agrees with the geometric description because the square of the distance

from the origin is always a length.

If the same complex number z = x + iy is expressed in the exponential form as

z = reiφ, we can determine the square of the norm using the same process:
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|z|2 = zz∗

= (reiφ)(re−iφ)

= r2ei(φ−φ)

= r2e0

= r2

Both of these calculations involve the same complex number z, so the two ex-

pressions for the square of the norm can be equated: |z|2 = x2 + y2 = r2. The

relationship r2 = x2 + y2 is the same expression from earlier when reasoning through

triangle trigonometry expressions in the first quadrant of the complex plane. Ear-

lier, the Pythagorean theorem resulted in the expression r2 = x2 + y2, but the same

expression is determined by calculations of the square of the norm.

To determine the norm of the complex number, we simply take the square root of

the square of the norm:

|z| =
√
|z|2 =

√
x2 + y2 = r

We find that the norm is equal to r, the distance from the origin to the complex

number.
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E.2.3.1 C. Check-In Exercises

1. Calculate and plot z,z∗, |z|, and |z|2 for the following complex numbers:

(a) 1 + i

(b) 3eiπ/4

(c) 3− 3i

(d) 2i+ 4e−iπ/6

2. Explain what the complex conjugate does geometrically to a complex

number. Provide several examples.

3. Explain geometrically why the square of the norm (|z|2) is a real number.

E.2.4 Division in the Rectangular Form

Division by a complex number in the rectangular form involves the complex con-

jugate. The process is to multiply by “one” by expressed in terms of the complex

conjugate of the denominator divided by itself. This process ensures there will be a

real number in the denominator. For example, if z1 = x+ iy and z2 = a+ ib, division

of z1 by z2 is performed:
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z =
z1

z2

=
z1

z2

z2
∗

z2
∗ =

z1z2
∗

|z2|2

=
(x+ iy)

(a+ ib)

(a− ib)
(a− ib)

=
(x+ iy)(a− ib)
(a+ ib)(a− ib)

=
(xa− yb) + i(xb+ ya)

a2 + b2

=
xa− yb
a2 + b2

+ i
xb+ ya

a2 + b2

= Re(z) + iIm(z)

E.2.4.1 D. Check-In Exercises

1. If z1 = 5 + 8i and z2 = −3 + 2i, what is z1
z2

?

E.2.5 Factoring Phases: A Special Case of Addition and Subtraction

We give the label “factoring phases” to a special case of the addition and subtrac-

tion of complex numbers in the exponential form. Generally, addition and subtraction

of complex numbers must be performed in the rectangular form by grouping the real

and imaginary parts. However, if the magnitudes of the two complex numbers are

the same, the complex numbers can be added or subtracted in the exponential form.

For example, if z1 = Aeiα and z2 = Ae−iβ, we can add the two numbers together in

using the following procedure:
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z1 + z2 = Aeiα + Aeiβ

= A(eiα + eiβ)

= A(ei(α−β)/2 + e−i(α−β)/2)ei(α+β)/2

= A2 cos

(
α− β

2

)
ei(α+β)/2

= 2A cos

(
α− β

2

)
ei(α+β)/2

= reiφ

where r = 2A cos
(
α−β

2

)
and φ = α+β

2
.

Using this procedure requires knowledge of the expected final expression. Going

into this procedure, we expect to end with a number expressed in the exponential

form. We seek out ways to rearrange the addition of two numbers as a trigonometric

expression multiplied by a single exponential–a number in the exponential form. Be-

cause we know certain combinations of exponentials are equivalent to either a cosine or

sine (Euler’s formula leads to expressions for sine and cosine such as cosφ = eiφ+e−iφ

2
),

we seek to extract an overall phase that leaves a combination of exponentials which

is a trigonometric expression. Our final result from the addition is a complex number

in the exponential form.
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E.2.5.1 E. Check-In Exercises

1. Express the following a single exponential multiplied by a single trigono-

metric expression:

(a) 4ei3θ/2 + 4e−iθ/2

(b) 3
2
ei5α − 3

2
ei3α

E.2.6 Solutions to Check-In Exercises

E.2.6.1 A. Check-In Exercises Solutions

1. Perform the following operations for z1 = −1 − i, z2 = 3eiπ/2, and z3 =

2 + i.

(a) z1 − z3

z1 − z3 = (−1− i)− (2 + i) = −3− 2i

(b) z1 + z2

z1 + z2 = (−1− i) + 3eiπ/2 = (−1− i) + 3i = −1 + 2i

(c) z3 + z2 − z1

z3 + z2− z1 = (2 + i) + (3eiπ/2)− (−1− i) = 2 + i+ 3i+ 1 + i = 3 + 5i
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E.2.6.2 B. Check-In Exercises Solutions

1. Use words, equations, and diagrams to explain what happens when the

complex number z = reiφ is multiplied by the following numbers:

(a) 5

Only the magnitude of z is affected. The number becomes five times

farther from the origin but the angle from the positive real axis

remains the same: 5z = 5reiφ

(b) eiπ/4

The magnitude of z is not affected but is rotated by π/4 in the

counterclockwise direction: zeiπ/4 = reiφeiπ/4 = rei(φ+π/4)

(c) 1
2
e−iπ/6

Both the magnitude and phase are affected. The magnitude becomes

one half of the distance from the origin, and there is rotation by

an angle of π/6 in the clockwise direction: z 1
2
e−iπ/6 = r

2
ei(φ−π/6).

Alternatively, we can add 2π to the phase and rotate z by 11π/6 in

the counterclockwise direction.

(d) −1− i

If we begin by expressing this in the exponential form, we can

describe the multiplication geometrically. Using the geometry of

the number, we can find that −1 − i =
√

2ei5π/4. Multiplying
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z by
√

2ei5π/4 affects both the magnitude and angle: z
√

2ei5π/4 =

r
√

2ei(φ+5π/4).

(e) −1

If we simply multiply z by negative one, we find: −z = −reiφ. This

does not give us geometric information regarding how the magnitude

is affected because we now would extract a negative length. Instead,

we can rewrite −1 in the exponential form: −1 = eiπ. Multiplication

by z can now be understood as a rotation by π in the complex plane:

−z = reiφeiπ = rei(φ+π).

E.2.6.3 C. Check-In Exercises Solutions

1. Calculate z∗, |z|, and |z|2 for the following complex numbers:

(a) 1 + i

z∗ = 1 − i, |z|2 = zz∗ = (1 + i)(1 − i) = 1 − i2 = 1 + 1 = 2,

|z| =
√
|z|2 =

√
2

(b) 3eiπ/4

z∗ = 3e−iπ/4, |z|2 = zz∗ = (3eiπ/4)(3e−iπ/4) = 9, |z| =
√
|z|2 = 3

(c) 3− 3i

z∗ = 3 + 3i, |z|2 = zz∗ = (3−3i)(3 + 3i) = 9 + 9 = 18, |z| =
√
|z|2 =

√
18 = 3

√
2
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(d) 2i+ 4e−iπ/6

z∗ = −2i + 4eiπ/6, |z|2 = zz∗ = (2i + 4e−iπ/6)(−2i + 4eiπ/6) = 4 +

8ieiπ/6−8ie−iπ/6+16 = 20+4(2i)(eiπ/6−e−iπ/6) = 20+4(sin π
6
) = 22,

|z| =
√
|z|2 =

√
22

2. Explain what the complex conjugate does geometrically to a complex

number. Provide several examples.

The complex conjugate reflects a complex number across the real axis.

Plot the calculations of z∗ from the previous exercise to confirm.

3. Explain geometrically why the square of the norm (|z|2) is a real number.

If we consider the exponential form of a complex number, z = reiφ, the

square of the norm multiplies the number by its complex conjugate. Mul-

tiplication by a phase is described as a rotation in the complex plane.

The complex conjugate of z gives z∗ = re−iφ, a reflection across the real

axis. Multiplication by the phase portion of z∗ rotates z in the clockwise

direction by φ. This results in zz∗ along the real axis. The magnitude,

or distance from the origin along the real axis is given by r2 which is the

square of the norm of the complex number z.

E.2.6.4 D. Check-In Exercises

1. If z1 = 5 + 8i and z2 = −3 + 2i, what is z1
z2

?
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z1

z2

=
5 + 8i

−3 + 2i

=
(5 + 8i)

(−3 + 2i)

(−3− 2i)

(−3− 2i)

=
(5 + 8i)(−3− 2i)

9 + 4

=
−15− 10i− 24i− 16

13

=
−31− 34i

13

E.2.6.5 E. Check-In Exercises

1. Express the following a single exponential multiplied by a single trigono-

metric expression:

(a) 4ei3θ/2 + 4e−iθ/2

= 4(ei3θ/2 + e−iθ/2)

= 4eiθ/2(eiθ + e−iθ)

= 4eiθ/22 cos θ

= 8eiθ/2 cos θ
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(b) 3
2
ei5α − 3

2
ei3α

=
3

2
(ei5α − ei3α)

=
3

2
ei4α(eiα − e−iα)

=
3

2
ei4α2i sinα

= 3i sinαei4α

= 3 sinαeiπ/2ei4α

= 3ei(4α+π/2) sinα
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F Homework Problems

F.1 Complex Algebra Problems

The following problems are intended to be homework problem for complex al-

gebra tasks for middle-division physics students. The intention is to build toward

complex functions while practicing complex algebra manipulations which are new to

many students transitioning from the lower- to upper- division courses. For each

problem, I discuss the construction of the problem based on the research I presented

in Chapters 3, 4, and 5.

1. Find the rectangular coordinates of the point where the angle 5π
3

meets the unit

circle. If this were a point in the complex plane, what would be the rectangular

and exponential forms of the complex number?

Explanation: Beginning with the unit circle encourages students to reason with

circle trigonometry. This problem uses a geometric representation to mediate

the construction of both the rectangular and exponential forms. In Chapter 5, we

find that often students’ errors are often result from the simultaneous use of or

confusing triangle and circle trigonometry. To solve this problem, students must

begin by properly defining the angle counterclockwise from the positive x-axis.

After the angle is explicitly defined, the geometry is extended to rectangular and

exponential forms of a complex number. This emphasizes the angle definition of
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a complex number, which we found two students in the interview prompt from

Chapter 5 improperly define.

2. The vectors in the figure below— ~F1, ~F2, and ~F3—have magnitudes correspond-

ing to their labels (e.g. | ~F1| = F1). One angle is from an axis to the vector for

each vector.

(a) Use triangle trigonometry to determine the x- and y- components of each

vector.

(b) Use circle trigonometry to determine the x- and y- components of each

vector.

(c) If α = π
4
, β = π

3
, and γ = π

6
and | ~F1| = 1, | ~F2| = 3

2
, and | ~F3| = 3

2
, what are

the x- and y components of each vector? Verify your answers to parts (a)

and (b) are equivalent.

(d) If these vectors were complex numbers, what would be the rectangular and

exponential forms of the complex numbers?
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x

y

~F1

~F2

~F2

αβ

γ

Explanation: Students must explicitly differentiate between triangle and circle

trigonometry approaches to describing components of vectors. These techniques

are extended to complex numbers where the student must recognize the circle

trigonometry approach is used to determine the polar (a special case of the rect-

angular form) and exponential forms, and the triangle trigonometry approach

is used for a rectangular form. This problem requires students to isolate ap-

proaches as discussed in Chapter 5 in the context of vectors and then extend the

reasoning to complex numbers.

3. On the following diagrams, mark both θ and sin θ for θ1 = 5π
6

and θ2 = 7π
6

.

Write one to three sentences about how these two representations are related to

each other. (For example, see: www.mathsisfun.com/algebra/trig-interactive-

unit-circle.html)
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x

y

θ

sin θ

Explanation: This problem does not involve complex algebra but emphasizes the

geometry of the unit circle which is one aspect of complex algebra fluency where

students encounter difficulties. Students are prompted to relate two common

representations of the sine for angles where triangle trigonometry is not rele-

vant. Students must appropriately define the angles counterclockwise from the

positive x-axis and describe geometric meaning of the sine function. These are

fundamental skills that students use in complex algebra and extend in physical

applications of complex functions.

4. Use the equation |z|2 = `2 and the figure below to:

−c

α

z

Re(z)

Im(z)
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(a) Determine the rectangular and exponential forms of the complex number,

z, in terms of only ` and c.

(b) Determine the rectangular and exponential forms of the complex number,

z, in terms of only ` and α.

Explanation: This problem is the interview problem presented in Chapter 5.

Despite the simple nature of the prompt, just a translation of the geometric

representation of a complex number z to several algebraic representations, this

is not a straightforward task for middle-division students. Students must be

able to isolate approaches and identify relationships among forms of complex

numbers.

5. For the complex number z = 5eiθ, plot z for θ = π
2
, θ = 5π

6
, and θ = 8π

3
.

Determine the imaginary part of z at each value of θ.

(a) Plot the imaginary part of 5eiθ for any value of θ.

(b) Plot the real part of 5eiθ for any value of θ.

Explanation: In this problem, students are instructed to begin by drawing a ge-

ometric representation. The first calculational part requires changing from the

exponential to rectangular form for several values of θ in order to extract the

imaginary part. As we describe in Chapter 3, some middle-division physics stu-

dents are not familiar with changing between forms of complex numbers. In this
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problem, I select one simple angle, θ = π
2
, that corresponds to a pure imagi-

nary number, however, the other angles require knowledge of and practice with

the evaluation of sine and cosine from circle trigonometry. As with previous

problems, incorporating angles greater than π
2

is intended to prompt students to

solve using circle trigonometry.

The plots of the real and imaginary parts of 5eiθ are intended to begin the ex-

tension to complex functions. Extending from a complex number to a complex

function shows the 2π periodicity and oscillatory nature of both the real and

imaginary parts.

6. For f(t) = 2eiωt, perform the following:

(a) Plot f(t = 0), f(t = π
2
), and f(t = 15π

2
) on an Argand diagram for ω = 1.

(b) Plot f(t = 0), f(t = π
2
), and f(t = 15π

2
) on an Argand diagram for ω = 2.

(c) What happens as ω increases? What happens as t increases? Use the

previous parts to provide particular examples. How might this extend for

any values of ω and t?

(d) What dimensions might ω and t have? Are there restrictions on the di-

mensions of the quantity ωt?

Explanation: This problem requires students to coordinate algebraic and ge-

ometric representations for specified values of a complex function given in the

exponential form. In Chapter 5, we find that some students do not know how the
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angle associated with a complex number is defined. In this problem, the student

must plot the function at various values of t that correspond to particular angles,

coordinating algebraic and geometric representations. The latter portions of the

problem are intended to provide students with extensions to complex functions

that are common in physics (e.g., time evolution in quantum mechanics).

7. What happens to the number, z, when multiplied by reiθ, where r and θ are

real numbers?

z

Re(z)

Im(z)

(a) For the case θ = 0, how does reiθ affect z?

(b) For the case r = 1, how does reiθ affect z?

(c) If θ(t) = ωt where t is a time, what does ω represent?

(d) How can reiωt be modified to describe a simple harmonic oscillator?

Explanation: This problem begins with a geometric representation of a complex

number and prompts students to describe the geometric meaning of multiplica-
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tion by a second complex number, including for two special cases. This problem

emphasizes the geometric interpretation of multiplication of complex numbers

in order to extend to functions.

8. Express f(x) = e(c+id)x, where c and d are real numbers, in the form f(x) =

g(x)+ ih(x) where g(x) and h(x) are real. Plot g(x) and h(x) for various values

of c and d.

Explanation: This problem requires students to differentiate between functions

of the form ekx and eikx, Sadaghiani and Loverude and Li find these tasks sim-

ilar to these are difficult for middle-division students [17, 16]. Students must

distinguish between the real and imaginary parts of the function which requires

changing the form of the function, an essential component of using complex

functions to solve damped and driven harmonic oscillation problems.

9. (a) Starting from the rectangular form (x+ iy) of a complex number, z, show

that Re(z) = z+z∗

2
.

(b) Starting from the exponential form (reiφ) of a complex number, z, show

that Re(z) = z+z∗

2
.

(c) Explain why the function x(t) = Ceiωt +C∗e−iωt is an oscillatory function

and real (ω and t are real).
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(d) Consider the function z(t) = Deiω0t where D is complex. Calculate the

real part of z(t) first by writing D in exponential form, and second by

writing D in rectangular form. By comparing your two answers, find a

relationship between the parameters in the functions x(t) = A cos(ω0t+φ)

and x(t) = Bp cos(ω0t) +Bq sin(ω0t) which describe oscillatory motion.

Explanation: This problem extends complex numbers expressed symbolically in

the rectangular and exponential forms to common expressions of complex func-

tions that appear classical mechanics (using the notation introduced in the Oscil-

lations Paradigm). The first two parts are the same calculation but performed

using the two forms. From assessments presented in Chapter 3, we suspect

middle-division students prefer to perform calculations using the rectangular

form. Therefore, including the calculation using both forms separately empha-

sizes the use of both forms. Part (c) extends the result from Parts (a) and (b) to

a real function, that appears often in physical applications, expressed as the addi-

tion of complex exponentials. Part (d) provides students with practice changing

from exponential to rectangular form with a function. As we show in Chapter 3,

many middle-division students are not familiar with changing forms of complex

numbers. The second portion of Part (d), again, requires students to change

forms and manipulate complex exponentials (or use a series of trigonometric

relationships) to show the functions are equivalent.
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F.2 Complex Algebra Problems in Physics Contexts

The following problems use extensive complex algebra manipulations within physics

contexts. These are intended as either review, homework, or exam problems depend-

ing on the content and level of the course. Many complex algebra tasks are intention-

ally embedded within these problems. Selection of particular forms are advantageous

at different points within the problem, however, there are several solution paths (some

more difficult than others) that are possible and correct. Within these tasks, students

must perform many of the calculations presented in Chapter 3 to be difficult.

1. One equation used to describe motion of a mass on a spring is x(t) = A cos(ω0t+

φ) which is a solution to the differential equation md2x
dt2

= −kx.

(a) Describe what each parameter (in both x(t) and the differential equa-

tion) describes physically in this situation. Discuss any relationships which

might exist between parameters.

(b) For A = 7 and for each of the following values of φ, determine the co-

efficients Bq and Bp in an equivalent expression, x(t) = Bq cos(ω0t) +

Bp sin(ω0t). Use Mathematica to verify that the expressions are equivalent

graphically.

i. φ = π
2

ii. φ = π
6

iii. φ = −π
3
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(c) Show that another solution to this differential equation is x(t) = Deiω0t

where D is complex.

i. Is this a physical solution? If so, describe what each parameter is de-

scribing physically. If not, in what ways can this solution be modified

to describe the physical situation?

Explanation: This problem is intended to build from an example of a simple

harmonic oscillator that students encounter in introductory physics to a complex

function with the real part of the function as an equivalent expression. Students

must actively distinguish between physical and mathematically valid solutions of

differential equations in classical mechanics.

2. A spin-1/2 system starts out in the state

|ψ(0)〉 =
1√
2
|+〉+

1 + i

2
|−〉

The Hamiltonian of the system is given by

Ĥ=̇

 E+ 0

0 E−


What is the probability that the system is in state |+〉y at time t?

Explanation: This problem includes several complex algebra calculations but
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is specifically constructed to be easier when the student selects to work with the

exponential forms for the coefficients to the initial state and for the time evolved

state. The selection of the exponential form makes the mathematics easier,

however, as described in Chapter 3, students may exhibit preference for the

rectangular form which complicates many of the complex algebra manipulations

in this problem. If implemented as a homework problem, prompting students to

solve using the exponential and rectangular forms separately may demonstrate

to students the simplification of the problem with the selection of the exponential

form.

3. For the following normalized quantum states, |ψ〉 and |φ〉, which of the listed

states are equivalent? Provide justification for why the states are or are not

equivalent.

(a) |ψ〉 = 1√
2
|+〉 − i√

2
|−〉

i. |ψ1〉 = − 1√
2
|+〉+ i√

2
|−〉

ii. |ψ2〉 = − i√
2
|+〉+ i√

2
|−〉

iii. |ψ3〉 =
√

3+i
2
√

2
|+〉 − 1+i

√
3

2
√

2
|−〉

iv. |ψ4〉 = 1−i
2
|+〉+ −1−i

2
|−〉

(b) |φ〉 = A|a〉+
(
−B − iB

√
3
)
|b〉, A and B are positive and real

i. |φ1〉 = 2A|a〉+ 2B
(
−1− i

√
3
)
|b〉

ii. |φ2〉 = Aei2π/3|a〉+ 2B|b〉
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iii. |φ3〉 = Aeiπ|a〉+
(
B + iB

√
3
)
|b〉

iv. |φ4〉 = A|a〉+ 2Bei2π/3|b〉

Explanation: Similar to the exam problems posed to students by Close et al. [14],

this problem requires students to compare relative phases between eigenstates

(as well as consider normalization). In doing so, students must change between

forms using extensive circle trigonometry, which we identify as difficulties in

Chapters 3 and 5. Selecting to work with in the exponential form allows for

easier algebraic comparison, however, these problems may also be solved geo-

metrically using the complex plane. The use of both algebraic and geometric

representations are useful in changing between forms and justifying the relative

phase of eigenstates.
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G Classroom Activities

G.1 Classroom Activities

In this section, I provide suggestions for “clicker” questions and for an activity

addressing circle trigonometry that may be incorporated into middle-division physics

courses to address several aspects of complex algebra fluency.

G.1.1 “Clicker” Questions

G.1.1.1 Rectangular and Polar Coordinates

1. What are the polar coordinates of the point?
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−2 −1 1

−1

1

2

2 θ = π
6

x

y

(a) r = 2 and θ = π
6

(b) r = 2 and φ = 2π
3

(c) r =
√

2 and θ = π
6

(d) r =
√

2 and φ = 2π
3

2. What are the rectangular coordinates of the point?

−2 −1 1

−1

1

2

2 θ = π
6

x

y
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(a) x = −
√

3 and y = 1

(b) x = −
√

3
2

and y = 1
2

(c) x = −1 and y =
√

3

(d) x = −1
2

and y =
√

3
2

3. What are the polar coordinates of the point?

−c

a

α

x

y

(a) r =
√
a2 + c2 and φ = α

(b) r =
√
a2 + c2 and φ = α + 3π

2

(c) r =
√
a2 − c2 and φ = α

(d) r =
√
a2 + c2 and φ = α− 3π

2

4. What are the rectangular coordinates of the point?
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`α

x

y

(a) x = ` cosα and y = ` sinα

(b) x = ` sinα and y = −` cosα

(c) x = −` sinα and y = ` cosα

(d) x = ` cosα and y = −` sinα

5. What are the rectangular coordinates of the point?

`α

x

y

(a) x = ` cos
(
α + 3π

2

)
and y = ` sin

(
α + 3π

2

)
(b) x = ` cos

(
α + 3π

2

)
and y = −` sin

(
α + 3π

2

)
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(c) x = ` cosα and y = ` sinα

(d) x = ` cosα and y = −` sinα

G.1.1.2 Rectangular and Exponential Forms

1. What is the exponential form of z?

−2 −1 1

−1

1

2

2 θ = π
6

z

Re(z)

Im(z)

(a) z = 2eiπ/6

(b) z = 2e2iπ/3

(c) z =
√

2eiπ/6

(d) z =
√

2e2iπ/3

2. What is the rectangular form of z?
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−2 −1 1

−1

1

2

2 θ = π
6

z

Re(z)

Im(z)

(a) z = −
√

3 + i

(b) z = −
√

3
2

+ i1
2

(c) z = −1 + i
√

3

(d) z = −1
2

+ i
√

3
2

3. What is the exponential form of z?

−c

a

α

z

Re(z)

Im(z)

(a) z =
√
a2 + c2eiα
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(b) z =
√
a2 + c2ei(α+3π/2)

(c) z =
√
a2 − c2eiα

(d) z =
√
a2 + c2ei(α+3π/2)

4. What is the rectangular form of z?

`α

z

Re(z)

Im(z)

(a) z = ` cosα + i` sinα

(b) z = ` sinα− i` cosα

(c) z = −` sinα + i` cosα

(d) z = ` cosα− i` sinα

5. What is the rectangular form of z?
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`α

z

Re(z)

Im(z)

(a) z = ` cos
(
α + 3π

2

)
+ i` sin

(
α + 3π

2

)
(b) z = ` cos

(
α + 3π

2

)
− i` sin

(
α + 3π

2

)
(c) z = ` cosα + i` sinα

(d) z = ` cosα− i` sinα

G.1.1.3 Switching Forms of Complex Numbers

1. What is 1− i expressed in the exponential form (i.e., reiφ)?

(a)
√

2eiπ/2

(b)
√

2e−iπ/2

(c)
√

2eiπ/4

(d)
√

2e−iπ/4

2. What is 3e−iπ/2 expressed in the rectangular form (i.e., x+ iy)?
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(a) 3 + 3i

(b) 3− 3i

(c) 3i

(d) −3i

3. For the complex number z = a− ib, what is an expression φ in the exponential

form, z = reiφ?

(a) φ = arctan
(−b
a

)
(b) φ = arctan

(
b
a

)
(c) φ = tan

(−b
a

)
(d) φ = tan

(
b
a

)
4. For the function f(t) = Ce(a+ib)t where a, b, and C are real, what is the imagi-

nary part of the function?

(a) Im [f(t)] = e(a+ib)t

(b) Im [f(t)] = eibt

(c) Im [f(t)] = Ceat sin(bt)

(d) Im [f(t)] = C sin((a+ b)t)

G.1.1.4 Representations of Functions

1. Which of the following are possible algebraic representations of the plot?
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x

f(x)

(a) f(x) = sin x

(b) f(x) = 1
2

(eix − e−ix)

(c) f(x) = 1
2

(eix + e−ix)

(d) f(x) = 1
2

(ex + e−x)

(e) f(x) = 1
2

(ex − e−x)

2. Which of the following plots may be a representation of f(t) = Re [Ae−iωt]?

(a)

t

f(t)

(b)
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t

f(t)

(c)

t

f(t)

(d)

t

f(t)

(e)
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t

f(t)

G.1.2 Differentiating Between Triangle and Circle Trigonometry

Distinguishing between and properly executing triangle and circle trigonometry

is persistently difficult for many middle-division physics students. This activity is

intended to address the differences between triangle and circle trigonometry through

multiple representations.

An instructor may choose to use either the interactive unit circle from Math

is Fun (http://www.mathsisfun.com/algebra/trig-interactive-unit-circle.html) or the

Trig Tour PhET by the University of Colorado at Boulder (http://phet.colorado.edu/

en/simulation/trig-tour). This activity is designed using the simulation provided by

Math is Fun, however, the PhET provides a similar simulation that instructors may

prefer.

This activity begins with prompts that are designed to orient students to investi-

gate the relationships between the representations:

• What are the axes labels for the unit circle? for the graph?
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• What do the colors represent? How are the representations related to each

other?

These prompts encourage students to consider why particular components are in-

cluded in each representation. The Math is Fun simulation does not provide labels

on the axes, and it is important that students recognize the features of each graphical

representation. Drawing students’ attention to the colors on the representations en-

courages students to explicitly state and discuss how the representations are related

before moving on to considering particular angles.

The next series of questions addresses the definition of the polar angle. Students

are encouraged to isolate triangle and circle trigonometry approaches for an angle

that is not in the first quadrant, where the polar angle exceeds π
2
:

• For the angle 4π
3

, what are the values for sine and cosine? What do these values

correspond to in each representation?

• On the unit circle representation for the angle 4π
3

, there is a right triangle on

the simulation (blue, red, and gray sides). How can you use this right triangle

to determine the x and y coordinates? Do these values agree with the previous

question?

• Identify the right triangle that the simulation provides for several angles. When

does the right triangle include the polar angle? When does the right triangle

include an angle that is not the polar angle? How can you determine the x and

y coordinates in each of these cases?
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Students must differentiate between circle trigonometry and triangle trigonometry.

The first question uses an angle that exceeds π
2

in calculations of the sine and cosine.

Students must then connect these values to the representations to emphasize the

geometric meaning of sine and cosine for angles that exceed π
2
. The second prompt

draws students back to performing triangle trigonometry using the right triangle

drawn by the simulation on the unit circle representation. Students must compare

to using circle trigonometry, which may encourage discussions about the differences

between triangle and circle trigonometry. The final prompt encourages students to

explore and describe the triangle and circle trigonometry approaches.

Next, students may be asked to extend beyond the simulation for angles and

magnitudes that the simulation does not include. This may be conducted as a whole

class discussion to conclude small group investigations of the simulation. This may

possible be extended to functions by asking students to consider angles that are

functions of time.

• The simulation shows angles from 0 to 2π. How would the simulation change

for angles greater than 2π? For angles less than 0? In what ways might you

determine the x and y coordinates?

• When the circle has a radius greater than one, how does the simulation change?

How do you determine the x and y coordinates?




