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Quantifying biomass is important for sustainable forest management. The purpose of this 

study is to obtain allometric relationships for seven species of shrubs common in northeastern 

California so that estimates of carbon and fuel loading may be better realized. Although some 

shrub biomass equations exist, such equations are limited in sample size and geographic scope. 

In this study, predictive equations were developed for shrub species using available metrics that 

relate crown area, basal area, plant height, and stem diameter to the dried weight of total, leaf, 1-

hour, 10-hour, 100-hour, and 1,000-hour biomass components. Nonlinear least squares 

regression was used to obtain parameter estimates via an allometric (power) model. Seemingly 

unrelated regression (SUR) was used to formulate biomass equations for each shrub species. The 

resulting system of equations offer a reference for land managers and researchers interested in 

biomass assessment. Multinomial log-linear regression (MLR) was used to obtain predicted 

proportions of each shrub species biomass component and was consistent in producing low 

values of RMSE%. Nonlinear mixed effects models (NMEM) were used to estimate biomass 

component by species in Chapter 3. The use of NMEM in this setting was beneficial in 

explaining within subject biomass and allometry in the seven shrub species. The equations 

resulting from this research are applicable to areas within northeastern California where similar 



climate, vegetation associations, and soils may be found in relation to the study area for which 

this research occurred. 
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Chapter 1 – General Introduction 

 

Introduction 

 Quantifying biomass is important for sustainable forest and range management. Accurate 

estimation of aboveground shrub biomass can help land managers set and develop natural 

resource goals. Predicting shrub biomass has not received wide attention because of the difficulty 

in estimation for plants that do not have an excurrent form and because shrubs have no 

commercial value. While some equations currently exist, they are drawn from samples limited in 

size and geographic scope. The equations generated from this study will be useful in predicting 

fuel loading behavior and for calculating aboveground carbon levels. This information will 

benefit natural resource managers because biomass estimates can be used to build upon existing 

knowledge of how forest structure and understory components interact. 

  The quantification of shrub biomass in northeastern California and other regions of the 

United States is an important factor in developing our understanding of how carbon is being 

sequestered in forests within these areas. It is estimated that the United States annually 

sequesters 149-330 Tg C year-1, with forests, urban trees, and wood products being responsible 

for 65-91% of this sink (Woodbury et al., 2007). In order to estimate net carbon flux, the carbon 

available in forest ecosystems can be classified into five different pools: trees (greater than 2.54 

cm. in diameter), understory vegetation (shrubs and herbs), coarse woody debris, forest floor 

(litter and fine woody debris), and soil. The estimation of forest carbon stocks is important 

because roughly 33% of land in the United States is forested and forests have the ability to 

remove carbon from the atmosphere (Woodbury et al., 2007).  
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 While the largest opportunity to obtain estimates for aboveground biomass and carbon 

storage in forest ecosystems is found in trees (bole, branches, and foliage), understory biomass 

also plays a vital role in these estimates. Research utilizing plot level Forest Inventory Analysis 

(FIA) data found that the maximum understory carbon density was predicted to occur when a 

plot contained no trees greater than 2.54 cm in diameter and ranged from 1.8 to 4.8 Tg C ha-1, 

depending upon stand type (Woodbury et al., 2007). The minimum range for understory biomass 

is predicted to be 0.5% of the tree carbon density and occurs within mature stands with high tree 

carbon density (Woodbury et al., 2007). Although understory components contribute less in 

terms of biomass and carbon storage as compared to tree biomass, their contribution may 

become more significant with increasing stand age and as forest succession moves into later 

stages. Total carbon storage and sequestration rates may be underestimated if understory biomass 

is not accounted for.  

 The estimation of fuel loading in northeastern California forests is necessary to help 

predict potential fire behavior. Allometric equations are used to determine live and dead fuel 

loads by size class in fuel assessment stands (McGinnis et al., 2010). Lassen National Forest is a 

fire adapted ecosystem in which grasses, forbs, shrubs, and conifers interact with one another 

post-fire. Shrub densities increase and dominate the landscape after stand-replacing fires occur 

and compete with young conifers for light and water (McGinnis et al., 2010). Estimates of fuel 

loading assist land managers and fire modelers in predicting fire characteristics, such as rate of 

spread and surface fire flame lengths (McGinnis et al., 2010). Species-specific allometric 

equations will aid fire behavior specialists who can improve upon existing fuel models for 

northeastern California forests. 



3 
 

  The primary goal of this study is to obtain allometric relationships of woody shrubs 

common to Lassen National Forest so that aboveground carbon sequestration levels and 

estimates of fuel loading can be calculated more accurately. Improved accuracy of shrub biomass 

estimates can further assist land managers with a better understanding of how fuel loading from 

shrub components contributes to wildfire and how understory vegetation impacts carbon 

sequestration within the lands they manage. 

 The goal discussed above can be achieved by tangible, outcome-based objectives. The 

first objective is to develop predictive equations for aboveground shrub biomass (kg) for seven 

species of shrubs using covariates such as shrub height (cm), crown diameter (cm), and basal 

diameter (cm). The second objective is to examine the performance of the nonlinear models and 

other advanced strategies for estimating shrub biomass. These objectives are vital in contributing 

to the goal of obtaining allometric relationships for woody shrubs applicable to northeastern 

California.   

 This study first examines the performance of nonlinear least squares (NLS) regression in 

the estimation of shrub biomass. Nonlinear models provide reliable results for many types of 

biomass prediction. The response variable is aboveground shrub biomass component and the 

selected predictor variable is crown area (m2). Model performance for all shrub species was 

evaluated using root mean squared prediction error (RMSPE), which is root mean square error 

(RMSE) obtained after cross validation has occurred. Relative root mean squared prediction 

error (RRMSPE), and prediction bias were also used as goodness of fit measures. 

Seemingly unrelated regression (SUR) was used to construct component equations that 

sum to the prediction of total shrub biomass regression. Each component of the system is a 
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nonlinear regression model in and of itself and from which individual biomass components can 

be estimated separately. These systems of equations offer efficient parameter estimates for the 

biomass components of the seven shrubs.  

 Multinomial log-linear regression (MLR) was also used to predict proportions of total 

shrub biomass found in the 1-hour, 10-hour, 100-hour, 1,000-hour, and leaf biomass components 

in relation to observed total biomass. The MLR approach can be defined as the probability of 

observing these biomass components and can also be expressed as the proportion of biomass in 

each component as estimated by model parameters (Boudewyn et al., 2007). 

 Nonlinear mixed effect models (NMEM) were used in Chapter 3 analysis to quantify 

aboveground biomass for the seven shrub species. The same aboveground biomass components 

used in Chapter 2 were applied here. An allometric (power) model was used as a base model 

while crown area was used as a predictor. Model coefficients varied by species, biomass 

component, and by a nested combination of these random effects.  

 This research will provide equations that predict biomass for the following seven species 

of shrubs: mountain whitethorn (Ceanothus cordulatus [Kellogg]), snowbrush (Ceanothus 

velutinus [Dougl. ex Hook.]), deerbrush (Ceanothus integerrimus [Hook. and Arn.]), bush 

chinkapin (Castanopsis sempervirens [Kellogg]), greenleaf manzanita (Arctostaphylos patula 

[Greene]), golden currant/gooseberry (Ribes spp. [Pursh]), and serviceberry (Amalanchier 

alnifolia [Nutt.]). Predictions and analysis from this study would apply to northern California 

forests that contain similar shrub species and plant associations. The results from this study 

would not be representative for areas where these particular species are not known to grow, 

specifically in the southeastern United States or for shrubs with crown area greater than 5 m2. In 
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most cases, predictions obtained from this study may be applied to these shrub species found 

within mixed-conifer forests that have a low to moderate (8-20 years) historic fire return interval 

and for shrubs that depend on fire for resprouting or seed germination.  

Literature Review  

Shrub Biomass Estimation 

 The need for aboveground biomass equations for shrubs has been frequently discussed in 

past research studies (Botequim et al., 2015, Elzein et al., 2011, Pasalodos-Tato et al., 2015, 

Wang, 2005). Developing such equations is important in preparing fire risk management plans 

(Botequim et al., 2015), quantifying carbon sequestration in forest ecosystems (Pasalodos-Tato et 

al., 2015), and for predicting fire behavior accurately (Sağlam et al., 2008). Growth and yield 

models are vital tools that assist forest managers in decision making, however, such models have 

typically focused upon coniferous tree species (Uzoh and Ritchie, 1996). The addition of shrub 

and hardwood species to growth and yield models can benefit forest managers who are 

concerned with the impact that competition from such species may have on the growth of 

commercial conifers (Uzoh and Ritchie, 1996). For example, when shrub densities are too high, 

young seedling growth is impacted (Tasser et al., 2008).  

 Aboveground estimates of shrub biomass can also be effective indicators of the different 

stages of forest succession. Woody plants and shrubs growing under tree cover exhibit different 

form than from those growing in open areas (Vora, 1988). Shrubs growing under such conditions 

were found to be high in total volume and dead biomass but low in total and live biomass and 

number of twigs (Vora, 1988). Aboveground estimates of shrub biomass would be beneficial to 

wildlife managers and researchers interested in evaluating habitat for mammals and birds that 
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may use these shrubs as cover or to nest. The addition of shrub measurement data and allometric 

equations to existing forest tree biomass data can lead to a better understanding of forest 

productivity and diversity (Elzein et al., 2011).  

 The use of shrub biomass equations is important for accurately predicting biomass from 

easily sampled plant metrics. McGinnis et al., (2010) developed over 200 shrub and tree 

regression equations for Sierra Nevada, CA forests using stem diameter, basal area, crown 

diameter, and crown volume as independent variables for shrubs. The equations that were 

developed in this study resulted in an accurate estimate of biomass, which is essential to 

predicting potential fire behavior, carbon sequestration rates, and in assessing wildlife habitat 

(McGinnis et al., 2010). Allometric equations that were developed for shrub species, such as 

greenleaf manzanita, deerbrush, and bush chinkapin, in the McGinnis et al., (2010) study also 

had total and component biomass equations developed for them in this study.  

Fuel Loading 

 Aboveground shrub biomass equations are conducive to evaluating fuel loading behavior 

and fire prediction. Accurate assessments of wildfire behavior require quantitative estimates of 

available fuel weights by size category and condition (Rothermel, 1972). Categorizing fuel 

weights by size class is an important aspect in fire modeling (Murray and Jacobson, 1982). Size 

classes are determined by separating varying twig and branch diameters. Size classes for twigs 

and branches range from 0.1 to 0.6 cm, 0.6 to 2.5 cm, 2.5 to 7.6 cm, and greater than 7.6 cm. 

(Murray and Jacobson, 1982). These classes parallel with the 1-hour, 10-hour, 100-hour, and 

1,000-hour time lags defined in the National Fire Danger Rating (NFDR) system (Roussopoulos 

and Loomis, 1979). Time lag fuel categories are important to aboveground biomass studies due 
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to the fact that such categories are used in determining fire severity and intensity. Studies have 

shown that predictor variables, such as height and vegetation cover, can explain observed 

variation in total live fuel biomass (Sağlam et al., 2008). Having knowledge of whether biomass 

from understory shrubs is either alive or dead while knowing the time-lags of these fuel elements 

is important for fire behavior modelers who are concerned with fire rate of spread and intensity 

(Sağlam et al., 2008).  

 The lack of aboveground shrub biomass equations and the inability to predict shrub 

growth and accumulation has affected the accuracy of assessing forest fuel loads in Portuguese 

forests (Botequim et al., 2015). Little attention has been given to understory vegetation in these 

forests, namely due to lack of economic value associated with these woody plants (Botequim et 

al., 2015). However, it is important to obtain as much information about shrub growth and 

accumulation in these forests as these factors play a role in fire risk and likelihood over time 

(Garcia-Gonzalo et al., 2011, Marques et al., 2012, Botequim et al., 2015). Shrub biomass 

models are needed to improve decision making in forest management, especially with regard to 

fire risk and fuel treatments (Botequim et al., 2015).  

Shrub allometry and nonlinear regression 

 Allometry is used to denote growth of a part at a different rate from that body as a whole 

(Huxley and Teissier, 1936). Allometry inherent in shrubs is somewhat unique in that many 

shrubs have a tendency to grow wider than they are tall. Shrubs like greenleaf manzanita may 

grow between 3 to 7 feet or taller and up to 10 feet wide. It is common for greenleaf manzanita 

to have multiple stems, which usually grow within the first few years of development (Hauser, 

2007). Snowbrush is capable of reaching heights of 13 feet tall and has a tendency to grow in 
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dense colonies, with some thickets growing up to 33 feet wide (Anderson, 2001). Vora (1988) 

found that an ellipsoid was appropriate to calculate volume for greenleaf manzanita, snowbrush, 

bitterbrush (Purshia tridentata [Pursh]), gray rabbitbrush (Ericameria nauseosa [Pall.ex Pursh]), 

and big sagebrush (Artemisia tridentata [Nutt.]) and that the natural shapes of canopies for these 

species were highly variable (Vora, 1988). Correlations between dry weight (biomass) and 

volume were high (r > 0.90) within these species (Vora, 1988).   

 The use of nonlinear least squares regression is common for estimating shrub biomass 

and for modeling plant allometry. The power model, 𝑌𝑌𝑖𝑖 =  𝑎𝑎𝑋𝑋𝑖𝑖𝑏𝑏 + 𝜀𝜀𝑖𝑖 , contains several elements 

which make it useful in allometric modeling (Crow and Schlaegel, 1988). The power model can 

be fit to sample data using linear regression techniques if the model is first made linear using 

logarithmic transformation. Predictions from allometric equations can also be easily extrapolated 

than from a simple linear or weighted linear equations (Crow and Schlaegel, 1988). Murray and 

Jacobson (1982) also found that the power model provided satisfactory predictors for threetip 

sagebrush (Artemisia tripartite [Rydb.]), gray horsebrush (Tetradymia argyraea [DC.]), green 

rabbitbrush (Ericameria teretifolia [Durand & Hilg]), and broom snakeweed (Gutierrezia 

sarothrae [Pursh]) aboveground biomass estimation.  

Model Evaluation  

 Fitted allometric models should be evaluated to ensure that they are performing well. 

Two statistical measures that can be used for model evaluation are RMSE and bias. RMSE is an 

appropriate measure for evaluating models when the error terms are tending to a normal 

distribution (Parresol, 1999). RMSE has been used as standard statistical metric to measure 

model performance in many different forms or research and studies (Chai and Draxler, 2014). 
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RMSE has been used to report model performance in several shrub biomass studies, including 

Elzein et al., (2011) and Maraseni et al., (2005), who found that RMSE was easy to interpret. 

Other common measures of model evaluation used in biomass research are standard error of the 

mean (Sağlam et al., 2008, Pasalodos-Tato et al., 2015, Grigal and Ohmann, 1977), mean 

squared error (MSE) (Wang, 2005, Vora, 1988, Botequim et al., 2015), mean prediction error 

(Poudel and Temesgen, 2015, Temesgen et al., 2008), coefficient of variation (CV%) (Elzein et 

al., 2011, Navar et al., 2003), and bias (Poudel and Temesgen, 2015, Pasalodos-Tato et al., 2015, 

Botequim et al., 2015, Temesgen, 2003). Statistical measures used for model evaluation in this 

research include RMSE, RMSPE, relative RMSPE, and prediction bias.  
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Chapter 2 – Allometric equations for estimating aboveground biomass for common shrubs in 

northeastern California 

Abstract 

 Models predicting shrub biomass can assist in natural resource decision making.  The 

equations presented in this study predict aboveground shrub biomass for seven species of shrubs 

common to northeastern California. Weighted nonlinear least squares regression, seemingly 

unrelated regression, and multinomial log-linear regression were used to estimate individual 

shrub biomass. The allometric (power) equation was used to predict leaf, stem, twig, and total 

biomass for all shrubs. Aboveground shrub biomass is expressed as a function of crown area. In 

general, crown area proved to be a reliable predictor of aboveground shrub biomass.  

Introduction 

 Shrubs are important drivers of forest ecosystem productivity and diversity. Forest 

understory vegetation are ecologically important because shrubs, lichens, and mosses can have a 

direct effect on belowground processes such as decomposition, nutrient flow, and the 

accumulation of soil nutrients (Nilsson and Wardle, 2005). Many of the studies concerning forest 

biomass assessment by the use of allometric equations has focused solely on the estimation of 

tree biomass (Beedlow et al., 2009). Although tree biomass is the principle sink of carbon 

sequestration in mature forests, it is also necessary to account for shrub biomass, as these woody 

plants play an active role in ecosystem productivity in forests (Beedlow et al., 2009). A 

comprehensive assessment of total biomass will provide land managers and researchers with 

more reliable assessments of fuel loading, site productivity, and treatment effects (Návar et al., 

2004).  
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 There have been many studies involving the estimation of shrub biomass for various 

aspects of forest management including fire risk management (Botequim et al., 2015, 

Roussopoulos and Loomis, 1979, Sağlam et al., 2008), carbon sequestration (Pasalodos-Tato et 

al., 2014, Zeng et al., 2008), ecological stresses or disturbances (Elzein et al., 2011), and wildlife 

habitat assessment (Grigal and Ohmann, 1977). Shrub biomass equations have been developed 

for forests and landscapes throughout the world, however, there is a need for site-specific, 

localized equations. Allometric equations derived outside the forest ecosystem in question may 

not take into consideration spatial or temporal variability that may be present within that 

ecosystem (Ritchie, et al., 2013).  

 The primary objective of this study was to obtain allometric relationships for woody 

shrubs common to Lassen National Forest, CA. Predictive equations were developed for 

aboveground biomass of seven species of shrubs using metrics that are readily obtained in the 

field. Model performance and strategies for estimating aboveground shrub biomass were also 

examined. The scope of inference for this study are the seven species of shrubs that are common 

to areas in northeastern California.  

 This study provides equations that predict aboveground biomass for the following seven 

species of shrubs: mountain whitethorn (Ceanothus cordulatus [Kellogg]), snowbrush 

(Ceanothus velutinus [Dougl. ex Hook.]), deerbrush (Ceanothus integerrimus [Hook. and Arn.]), 

bush chinkapin (Castanopsis sempervirens [Kellogg]), greenleaf manzanita (Arctostaphylos 

patula [Greene]), golden currant/gooseberry (Ribes spp. [Pursh]), and serviceberry (Amalanchier 

alnifolia [Nutt.]). Ribes spp. includes combined observations of golden currant (Ribes aureum) 

and Sierra gooseberry (Ribes roezlii). Predictions derived from this study may be applied to 
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forests in northeastern California where these shrub species are present. Observations with crown 

area (ca) less than 5 m2 were used in the model fitting process. Allometric relationships 

occurring within these shrub species can fluctuate when forest stand type changes. Applying 

these equations in regions outside the scope of inference for this study may not be warranted.  

Materials and Methods 

Study area 

 The study area is located in Lassen National Forest, CA (40°50’N, 121°00’W), which is 

managed by the United States Forest Service (USFS). The map in Figure A.1 depicts the location 

of the study area. Elevation ranges from 1,700 m to 2,100 m for where shrubs were sampled. The 

annual precipitation varies from 584 mm to 1,092 mm with a mean of 1,041 mm. A majority of 

the precipitation comes in the form of snowfall between the months of November to April. The 

mean annual temperature is 45°F, with a mean temperature of 20°F in January and a mean 

temperature of 80°F in August. Soils are classified as Typic Argixerolls and Typic 

Haploxerands, which were formed over colluvium, glacial till, or glacial outwash. Blacks 

Mountain Experimental Forest, located within Lassen National Forest, is classified as an Interior 

Ponderosa Pine forest cover type (SAF 237) covering 3,715 hectares (9,200 acres) and is the 

only forest cover type located on the Experimental Forest (Eyre, 1980). Forest composition does 

vary within this cover type, as white fir (Abies concolor var. lowiana [Gord.] Lemm.) and 

incense-cedar (Libocedrus decurrens Torr.), become more prevalent at higher elevations. Lower 

elevations of Blacks Mountain Experimental Forest consist of poorly drained flats dominated by 

sagebrush and grass (Adams et al., 2008). Common plant associations within Lassen National 

Forest include the Jeffery pine (Pinus jefferyi [Grev. & Balf.]) /white fir/greenleaf 
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manzanita/snowbrush communities and the California red fir (Abies magnifica [A. Murr.]) /white 

fir/bush chinkapin communities (found in higher elevations) (USDA, 2011).  

The historic fire return interval for white fir/greenleaf manzanita/snowbrush plant 

community is between 8 and 20 years (USDA, 2011). Fire size and intensity influence the 

presence of shrubs like greenleaf manzanita and snowbrush in areas where these plant 

associations occur. High severity fires that burn the forest canopy and kill overstory trees allow 

for shrub communities to thrive in the new openings (USDA, 2011). Large, stand replacing fires 

play a vital role in the establishment of these shrubs within Lassen National Forest, as shrubs like 

greenleaf manzanita and snowbrush require heat to germinate dormant, ground-stored seeds. 

These shrubs also have the ability to resprout as an adaptation to reoccurring fires, which allows 

for rapid growth and recovery (Anderson, 2001).  

Data 

Sampling occurred over the summers of 2011–2013 and a total of 180 individual shrubs 

were sampled to fill a range of four height classes (0.1 - 0.5 m, 0.5 - 1.0 m, 1.0 - 1.5 m, and 1.5 -

2.0 m). A minimum of five shrubs per species within each height class was desired. Crews 

determined if the shrub was free to grow or not. Free to grow, for this study, was defined as 

whether or not the shrub crown was encroached by neighboring plants. Shrubs were only 

sampled if the crown dimensions could be readily observed due to the difficulty in measuring 

such dimensions without damaging the sample. If a tree or snag had fallen across a shrub, it was 

not selected for sampling. Table A.1 lists the shrub species sampled by common and scientific 

name, abbreviation, and total number of samples obtained for each shrub. 
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Shrubs were destructively sampled within the area of the Storrie Fire of 2000, but not 

exclusively. In some instances, shrub species within the desired size classes were not found, so 

samples were found on Blacks Mountain and Swain Mountain Experimental Forests (located 

within Lassen National Forest). Ecological knowledge and vegetation maps of the region were 

used to locate shrubs within this area. Field crews used a random number table to determine and 

set an arbitrary bearing and then walked that direction until a shrub that had the desired 

specifications (species; height within a specified height class) was located. Once a shrub with the 

desired specifications was located, its location was noted using handheld GPS devices, which 

allows for location precision to within 10 to 20 feet. A measure of crown width (cm) long (a 

measure of the horizontal crown width axis) and crown width short (a horizontal crown width 

perpendicular to the crown width long measurement) were obtained. Three measurements of 

height (cm) were also taken for the tallest, second, and third tallest stems. Three measurements 

of the largest, second, and third largest basal diameters (cm) were also obtained at 10 cm 

aboveground and a count for the total number of stems was taken. A total of eleven 

measurements were taken on each individual shrub. Table A.2 lists the measurements in the 

order they were obtained in the field, along with abbreviations and measurement precision.  

Plant material was bagged by size class. Size classes used were adopted from the NFDR 

fuel classification system. Size classes include leaf (foliage), 1-hour fuels (wood < 0.64 cm in 

diameter), 10-hour fuels (wood 0.64 – 2.54 cm in diameter), 100-hour fuels (wood 2.54 – 7.62 

cm in diameter), and 1,000-hour fuels (wood > 7.62 cm in diameter) (Bradshaw et al., 1983). 

Total biomass is comprised of 1-hour, 10-hour, 100-hour, 1,000-hour, and leaf biomass 

components (kg). Wood and leaves were bagged by size class and labeled denoting species, date, 
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and size class of the material. Samples were stored in a dry room until the fall, when oven drying 

of the samples occurred.  

Plant material was oven dried at 80°C until weight was stabilized (generally 2-3 days). 

Weight of the leaves and 1-hour biomass was processed first. Oven-dry biomass (g) for leaf 

biomass, 1-hour, 10-hour, 100-hour, and 1,000-hour fuels were recorded. It should be noted that 

there was no plant material that was greater than 22.4 cm in diameter and very little of the 

recorded biomass fell into the 1,000-hour fuel class.  

Data analysis 

 Data was organized into three separate categories: shrub measurements obtained in the 

field, shrub field weights (weights of biomass size classes obtained in the field (g)), and shrub 

lab weights (weights of biomass size classes after oven drying). Serviceberry had the greatest 

value for mean height (77.8 cm) with a minimum height of 10 cm and a maximum height of 200 

cm. Greenleaf manzanita possessed the largest mean basal diameter (2.1 cm) with a minimum 

basal diameter of 0.5 cm and a maximum basal diameter of 6.7 cm. Snowbrush had the greatest 

mean value of crown area (1.3 m2) with a minimum crown area equal to 0.1 m2 and a maximum 

crown area equal to 4.5 m2. Mountain whitethorn possessed the largest mean total biomass (1.8 

kg) with minimum and maximum weights equal to 0.1 kg and 21.7 kg, respectively. Deerbrush 

had the lowest mean total biomass (0.5 kg) with minimum and maximum weights equal to 0.1 kg 

and 8.5 kg, respectively. Summary statistics for shrub height, crown area, and stem diameter at 

10 cm aboveground are shown in Table A.3.  

 Nonlinear least squares regression, seemingly unrelated regression, and multinomial log-

linear regression were used to estimate parameters for seven shrub species common to 
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northeastern California. Predictive equations were developed for these shrubs by using the power 

model with biomass components as a function of crown area.  

Crown area was considered as a predictor of shrub biomass due to accurate results 

obtained in past studies involving the estimation of shrub biomass (McGinnis et al., 2010, Zeng 

et al., 2009, Maraseni et al., 2005). The calculation of crown area requires two perpendicular 

measurements of crown width (crown width long (cwl) and crown width short (cws)), both of 

which were acquired with field measurements. Crown area (m2) is calculated as: 𝑐𝑐𝑎𝑎 = 𝑐𝑐𝑐𝑐𝑐𝑐 ∗

𝑐𝑐𝑐𝑐𝑐𝑐 ∗  𝜋𝜋
40,000

 and is defined in this study as the area of a vertical projection of the crown to a 

horizontal plane (Uzoh and Ritchie, 1996).  

 Observations that appeared to be outliers were examined closely to determine if their 

removal from the analysis was warranted. It was determined that there was no measurement or 

data recording error evident in obtaining metrics for these shrubs. No observations were 

removed.  

Several nonlinear growth models were considered to fit the data, including a 

multivariable (mean height (hh) and crown area)) allometric model and a single variable power 

model that used mean height as a predictor of biomass.  The model form for the multivariable 

allometric model was: 

𝑌𝑌𝑖𝑖𝑖𝑖 = 𝑎𝑎𝑋𝑋1𝑖𝑖𝑖𝑖𝑏𝑏 𝑋𝑋2𝑖𝑖𝑖𝑖𝑐𝑐 + 𝜀𝜀𝑖𝑖𝑖𝑖 , 𝑖𝑖 = 1, … ,𝑚𝑚;   𝑗𝑗 = 1, … ,𝑛𝑛𝑖𝑖 , 

where 𝑚𝑚 is the number of components, 𝑛𝑛𝑖𝑖 is the number of observations on the ith component, 

𝑌𝑌𝑖𝑖𝑖𝑖 is the jth shrub observation on the ith component, 𝑋𝑋1𝑖𝑖𝑖𝑖  is crown area for the jth shrub 

observation on the ith component, 𝑋𝑋2𝑖𝑖𝑖𝑖 is mean height for the jth shrub observation on the ith 
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component, a, b, and c are regression coefficients, and 𝜀𝜀𝑖𝑖𝑖𝑖 is the additive error term for jth shrub 

observation on the ith component, assumed to be normal (0, 𝜎𝜎2).   

A single variable allometric equation in the form of:  

𝑌𝑌𝑖𝑖𝑖𝑖 = 𝑎𝑎𝑋𝑋𝑖𝑖𝑖𝑖𝑏𝑏 +  𝜀𝜀𝑖𝑖𝑖𝑖 , 

where 𝑌𝑌𝑖𝑖𝑖𝑖 ,𝑎𝑎, 𝑏𝑏,𝑎𝑎𝑛𝑛𝑎𝑎 𝜀𝜀𝑖𝑖𝑖𝑖 are as defined above and 𝑋𝑋𝑖𝑖𝑖𝑖  is crown area for the jth shrub observation 

on the ith component was also considered. A third model examined mean height alone as a 

predictor in lieu of crown area, with model form remaining the same as previously defined. The 

scatterplots shown in Figures A.2 and A.3 depict a nonlinear relationship between crown area 

and total biomass and mean height and total biomass, respectively, indicating that a single 

variable allometric model is appropriate for coefficient estimation. 

Individual shrubs were subset by species. Starting values for nonlinear regression 

analysis were obtained for total, 1-hour, and leaf biomass by fitting a linear log-log regression 

model in the form of: 

𝑐𝑐𝑙𝑙𝑙𝑙(𝑌𝑌𝑖𝑖𝑖𝑖) = 𝑎𝑎 + 𝑏𝑏 𝑐𝑐𝑙𝑙𝑙𝑙(𝑋𝑋𝑖𝑖𝑖𝑖) + 𝜀𝜀𝑖𝑖𝑖𝑖,  

where 𝑌𝑌𝑖𝑖𝑖𝑖, 𝑋𝑋𝑖𝑖𝑖𝑖 , a, b, and 𝜀𝜀𝑖𝑖𝑖𝑖 are as previously defined. The starting values for the multivariable 

allometric model were obtained for total, 1-hour, and leaf biomass by fitting a linear log-log 

model in the form of: 

𝑐𝑐𝑙𝑙𝑙𝑙�𝑌𝑌𝑖𝑖𝑖𝑖� = 𝑎𝑎 +  𝑏𝑏 𝑐𝑐𝑙𝑙𝑙𝑙�𝑋𝑋1𝑖𝑖𝑖𝑖� +  𝑐𝑐 𝑐𝑐𝑙𝑙𝑙𝑙�𝑋𝑋2𝑖𝑖𝑖𝑖� +  𝜀𝜀𝑖𝑖𝑖𝑖, 

where 𝑌𝑌𝑖𝑖𝑖𝑖 , 𝑋𝑋1𝑖𝑖𝑖𝑖, 𝑎𝑎, 𝑏𝑏, and 𝜀𝜀𝑖𝑖𝑖𝑖  are as previously defined, with c being a regression parameter, and 

𝑋𝑋2𝑖𝑖𝑖𝑖 representing mean height. Starting values for all 10-hour and 100-hour biomass components 
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for both the single and multivariable allometric models were obtained by fitting simple linear 

models in the form of: 

𝑌𝑌𝑖𝑖𝑖𝑖 = 𝑎𝑎 +  𝑏𝑏𝑋𝑋𝑖𝑖𝑖𝑖 + 𝜀𝜀𝑖𝑖𝑖𝑖  and 𝑌𝑌𝑖𝑖𝑖𝑖 = 𝑎𝑎 +  𝑏𝑏 𝑋𝑋1𝑖𝑖𝑖𝑖 + 𝑐𝑐 𝑋𝑋2𝑖𝑖𝑖𝑖 + 𝜀𝜀𝑖𝑖𝑖𝑖 , 

with all variables as defined previously. It should be noted that 1,000-hour biomass estimates 

were not calculated by NLS here due to the low occurrence (8 observations across all species) of 

this size class within each species. A simple linear log equation for the 1,000-hour component 

was instead created for shrubs that possessed these observations and is not reported.  

Individual shrub biomass was fit using weighted nonlinear regression, 𝑌𝑌𝑖𝑖𝑖𝑖= 𝑎𝑎𝑋𝑋𝑖𝑖𝑖𝑖𝑏𝑏 +

 𝜀𝜀𝑖𝑖𝑖𝑖 , where 𝜀𝜀𝑖𝑖𝑖𝑖 ~ N(0, 𝜎𝜎�
𝑤𝑤𝑤𝑤

) and 𝑐𝑐𝑤𝑤 = 1
𝑐𝑐𝑐𝑐𝑖𝑖

2 .  When heteroscedasticity is present within the regression 

model, the variance/covariance matrix will have the following form: 

𝜎𝜎2(𝜀𝜀) = �
𝜎𝜎12 0 ⋯ 0
⋮ 𝜎𝜎22 ⋱  ⋮
0 0 ⋯ 𝜎𝜎𝑛𝑛2

� 

where 𝜎𝜎12,𝜎𝜎22, …𝜎𝜎𝑛𝑛 
2  represent differing variances for each error term. The weighted least squares 

estimate �̂�𝛽𝑊𝑊𝑊𝑊𝑊𝑊 is obtained as (X’WX)-1X’WY, where W is the diagonal matrix of weights 

defined as 

W= �
𝑐𝑐1 0 ⋯ 0
⋮ 𝑐𝑐2 ⋱ ⋮
0 0⋯ 𝑐𝑐𝑛𝑛

� 

where 𝑐𝑐𝑖𝑖 =  1
𝜎𝜎𝑖𝑖
2 is equal to a value that is proportional to the variance of the error term (𝜀𝜀𝑖𝑖𝑖𝑖).  
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Using the inverse of 𝑐𝑐𝑎𝑎2 as a weight produces the estimate 𝜎𝜎� (residual standard error) to 

be calculated in terms of 𝑘𝑘𝑔𝑔
𝑚𝑚2. This value must be multiplied by 𝑐𝑐𝑎𝑎 in order to obtain the estimates 

of RSE in kilograms. Weighted regression in the form of 1
𝑐𝑐𝑐𝑐𝑖𝑖

2 was employed to correct 

heteroscedasticity present in the data for all shrub species. The presence of local minima was 

checked by repeatedly fitting the model with varying initial values. Starting values obtained from 

the log-log models provided the smallest sum of squares for the parameter estimates.  

Furnival’s (Furnival, 1961) Index was calculated to compare different weighting options 

between the single variable and the multivariable power models. The index compares the fit of 

different weight functions and is defined as 

𝐹𝐹𝐹𝐹 =  𝑒𝑒𝑒𝑒𝑒𝑒 �𝑃𝑃∑ (ln 𝑐𝑐𝑐𝑐)𝑖𝑖𝑛𝑛
𝑖𝑖=1

𝑛𝑛
� ∗ 𝑅𝑅𝑅𝑅𝑅𝑅, 

where P is a scalar that is half the value of the power used for the weight variable and RSE is 

residual standard error. Lower values of Furnival’s Index indicate a better fit of the model.  

 Akaike’s Information Criterion was used to measure the relative quality of the allometric 

models and is defined as: 

𝐴𝐴𝐹𝐹𝐴𝐴 = −2𝑐𝑐𝑛𝑛𝑙𝑙 + 2𝑞𝑞, 

where (L) is the likelihood function for the model and q is equal to the number of parameter(s) 

the model contains.  

In order to observe model behavior, plots of predicted values versus observed biomass 

values were created. Plots were also created showing the relationship between the fitted model 

values against the model’s standardized residuals. RMSPE (root mean squared prediction error), 
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RRMSPE (relative root mean squared prediction error), and prediction bias were used to evaluate 

model performance. The RMSPE was computed as  

RMSPE = 1
𝑛𝑛
∑ ��𝑌𝑌𝑖𝑖 −  𝑌𝑌�𝑖𝑖�

2𝑛𝑛
𝑖𝑖=1 , 

where Yi is the observed ith shrub, 𝑌𝑌𝚤𝚤�  is the predicted unweighted value of the ith shrub, and n is 

equal to sample size. RMSPE is a measure of difference between values predicted by a model 

and the observed values. RMSPE is obtained after analysis on the training dataset and validation 

on the testing dataset has been performed using cross validation.  

RRMSPE was also calculated by using the formula 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 =  
𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅

𝑦𝑦�
∗ 100, 

where 𝑦𝑦� is the mean value of the response variable being modeled (biomass component) and 

RMSPE is as described above (unweighted). Relative root mean square prediction error is a 

relative error expressed as a percentage and is obtained after cross validation has been 

performed. RRMSPE evaluates the relative closeness of the predictions to the actual values.  

In statistics, bias is referred to as the difference between the true value of an unknown 

parameter of interest and the expected value of its estimator.  In the context of this study, bias is 

defined as the mean difference between the measured value and the predicted value of the 

variable of interest (Poudel and Temesgen, 2015). 

Seemingly unrelated regression (SUR) was used to develop a system of equations for the 

nonlinear models. Statistical dependencies (simultaneous correlations) among sample data are 
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accounted for by using nonlinear seemingly unrelated regression (Parresol, 2001). The structural 

equations for systems of nonlinear models were specified as 

𝑌𝑌1=𝑓𝑓1(𝑋𝑋1,𝛽𝛽1) +  𝜀𝜀1 

𝑌𝑌2=𝑓𝑓2(𝑋𝑋2,𝛽𝛽2) +  𝜀𝜀2 

⋮ 

𝑌𝑌𝑊𝑊=𝑓𝑓𝑊𝑊(𝑋𝑋𝑊𝑊 ,𝛽𝛽𝑊𝑊) +  𝜀𝜀𝑊𝑊 

Ytotal = ftotal(𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑊𝑊 ,𝛽𝛽1,𝛽𝛽2, … . ,𝛽𝛽𝑊𝑊) + 𝜀𝜀𝑤𝑤𝑡𝑡𝑤𝑤𝑐𝑐𝑡𝑡, 

where each component model contains its own independent variables and the total shrub 

regression is a function of all the independent variables used. The model for total biomass must 

be a combination of the component biomass models to be additive. (Parresol, 2001). Additivity 

of nonlinear equations is ensured by setting constraints on the regression coefficients. Since 

components are not independent of one another, there may be contemporaneous correlations. The 

strength of these correlations determines the increase in efficiency (Parresol, 2001).  

 SUR was performed to fit a nonlinear system of equations for biomass components 

within each species by defining individual components as 

1-hour biomass = 𝑎𝑎1 ∗ 𝑐𝑐𝑎𝑎𝑏𝑏1 , 

10-hour biomass = 𝑎𝑎2 ∗ 𝑐𝑐𝑎𝑎𝑏𝑏2 , 

100-hour biomass = 𝑎𝑎3 ∗ 𝑐𝑐𝑎𝑎𝑏𝑏3 , 

1,000-hour biomass = 𝑎𝑎4 ∗ 𝑐𝑐𝑎𝑎𝑏𝑏4 , 
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𝑙𝑙𝑒𝑒𝑎𝑎𝑓𝑓 𝑏𝑏𝑖𝑖𝑙𝑙𝑚𝑚𝑎𝑎𝑐𝑐𝑐𝑐 = 𝑎𝑎5 ∗ 𝑐𝑐𝑎𝑎𝑏𝑏5 ,  

𝑇𝑇𝑙𝑙𝑤𝑤𝑎𝑎𝑐𝑐 𝑏𝑏𝑖𝑖𝑙𝑙𝑚𝑚𝑎𝑎𝑐𝑐𝑐𝑐 = (𝑎𝑎1 ∗ 𝑐𝑐𝑎𝑎𝑏𝑏1 ) + (𝑎𝑎2 ∗ 𝑐𝑐𝑎𝑎𝑏𝑏2) + (𝑎𝑎3 ∗ 𝑐𝑐𝑎𝑎𝑏𝑏3) + 

(𝑎𝑎4 ∗ 𝑐𝑐𝑎𝑎𝑏𝑏4) + (𝑎𝑎5 ∗ 𝑐𝑐𝑎𝑎𝑏𝑏5), 

where 𝑎𝑎  and 𝑏𝑏 are regression coefficients obtained from previous model fits and ca is equal to 

crown area. The residuals obtained from a fitted simultaneous system of equations may exhibit 

correlation because the component biomasses come from the same shrub (Poudel and Temesgen, 

2015). A SUR model was developed that combined all wood biomass together into a new 

component named wood. Leaf biomass was modeled separately from the wood component since 

total aboveground shrub biomass is composed of both wood and leaf biomass and because both 

components come from the same shrub. The model form is as follows: 

1-hour + 10-hour + 100-hour + 1,000-hour = (𝑐𝑐𝑙𝑙𝑙𝑙𝑎𝑎) = (𝑎𝑎1 ∗ 𝑐𝑐𝑎𝑎𝑏𝑏1), 

𝑙𝑙𝑒𝑒𝑎𝑎𝑓𝑓 𝑏𝑏𝑖𝑖𝑙𝑙𝑚𝑚𝑎𝑎𝑐𝑐𝑐𝑐 = (𝑎𝑎5 ∗ 𝑐𝑐𝑎𝑎𝑏𝑏5), 

𝑇𝑇𝑙𝑙𝑤𝑤𝑎𝑎𝑐𝑐 𝑏𝑏𝑖𝑖𝑙𝑙𝑚𝑚𝑎𝑎𝑐𝑐𝑐𝑐 = (𝑎𝑎1 ∗ 𝑐𝑐𝑎𝑎𝑏𝑏1 ) + (𝑎𝑎5 ∗ 𝑐𝑐𝑎𝑎𝑏𝑏5), 

where (𝑎𝑎1 ∗ 𝑐𝑐𝑎𝑎𝑏𝑏1) is equal to all wood biomass (wood) and (𝑎𝑎5 ∗ 𝑐𝑐𝑎𝑎𝑏𝑏5) is equal to leaf biomass 

for each shrub species. Root mean squared error (RMSE) was obtained for both models after 

seemingly unrelated regression was applied. 

 Multinomial log-linear regression (MLR) was used to predict proportions of total shrub 

biomass found in 1-hour, 10-hour, 100-hour, 1,000-hour, and leaf biomass components. The 

model form used for component proportions were 
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𝑒𝑒𝐾𝐾1 =
1

1 + 𝑒𝑒(𝑐𝑐1+𝑐𝑐2𝑐𝑐𝑐𝑐) + 𝑒𝑒  (𝑏𝑏1+𝑏𝑏2𝑐𝑐𝑐𝑐) + 𝑒𝑒(𝑐𝑐1+𝑐𝑐2𝑐𝑐𝑐𝑐) +𝑒𝑒(𝑑𝑑1+𝑑𝑑2𝑐𝑐𝑐𝑐)  1-hour 

𝑒𝑒𝐾𝐾2 =
𝑒𝑒(𝑐𝑐1+𝑐𝑐2𝑐𝑐𝑐𝑐)

1 + 𝑒𝑒(𝑐𝑐1+𝑐𝑐2𝑐𝑐𝑐𝑐) + 𝑒𝑒  (𝑏𝑏1+𝑏𝑏2𝑐𝑐𝑐𝑐) + 𝑒𝑒(𝑐𝑐1+𝑐𝑐2𝑐𝑐𝑐𝑐) +𝑒𝑒(𝑑𝑑1+𝑑𝑑2𝑐𝑐𝑐𝑐)  10-hour 

𝑒𝑒𝐾𝐾3 =
𝑒𝑒(𝑏𝑏1+𝑏𝑏2𝑐𝑐𝑐𝑐)

1 + 𝑒𝑒(𝑐𝑐1+𝑐𝑐2𝑐𝑐𝑐𝑐) + 𝑒𝑒  (𝑏𝑏1+𝑏𝑏2𝑐𝑐𝑐𝑐) + 𝑒𝑒(𝑐𝑐1+𝑐𝑐2𝑐𝑐𝑐𝑐) +𝑒𝑒(𝑑𝑑1+𝑑𝑑2𝑐𝑐𝑐𝑐)  100-hour 

𝑒𝑒𝐾𝐾4 =
𝑒𝑒(𝑐𝑐1+𝑐𝑐2𝑐𝑐𝑐𝑐)

1 + 𝑒𝑒(𝑐𝑐1+𝑐𝑐2𝑐𝑐𝑐𝑐) + 𝑒𝑒  (𝑏𝑏1+𝑏𝑏2𝑐𝑐𝑐𝑐) + 𝑒𝑒(𝑐𝑐1+𝑐𝑐2𝑐𝑐𝑐𝑐) +𝑒𝑒(𝑑𝑑1+𝑑𝑑2𝑐𝑐𝑐𝑐)  1,000-hour 

𝑒𝑒𝐾𝐾𝑊𝑊 =
𝑒𝑒(𝑑𝑑1+𝑑𝑑2𝑐𝑐𝑐𝑐)

1 + 𝑒𝑒(𝑐𝑐1+𝑐𝑐2𝑐𝑐𝑐𝑐) + 𝑒𝑒  (𝑏𝑏1+𝑏𝑏2𝑐𝑐𝑐𝑐) + 𝑒𝑒(𝑐𝑐1+𝑐𝑐2𝑐𝑐𝑐𝑐) +𝑒𝑒(𝑑𝑑1+𝑑𝑑2𝑐𝑐𝑐𝑐)  𝑙𝑙𝑒𝑒𝑎𝑎𝑓𝑓, 

where 𝑒𝑒𝐾𝐾1, 𝑒𝑒𝐾𝐾2, 𝑒𝑒𝐾𝐾3, 𝑒𝑒𝐾𝐾4, and  𝑒𝑒𝐾𝐾𝑊𝑊  are proportions of total shrub biomass found in 1-hour, 10-

hour, 100-hour, 1,000-hour, and leaf biomass, respectively; ca = crown area; and ai, bi, ci, and di 

(i=1, 2) are model parameters (Poudel and Temesgen, 2015). Predicted proportions were applied 

to observed total aboveground shrub biomass in order to obtain predicted biomass estimates in 

different components by applying the function multinom in the package nnet in R version 3.2.2. 

(Poudel and Temesgen, 2015). MLR was used to compare individual proportions of biomass 

components separately and for when different combinations of fuel classes were combined, 

namely the combination of 100-hour and 1,000-hour components and the grouping of 10-hour 

and 100-hour components together while omitting the1,000-hour component from the fitting 

process. RMSE and RRMSE were obtained after multinomial log-linear models had been fit. The 

results obtained from MLR can be interpreted as the proportion of biomass present within each 

individual component.  
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Leave one out cross validation was performed in order to evaluate prediction errors 

(RMSPE, RRMPSE, and bias) for nonlinear least squares regression. RMSE and RRMSE were 

used as goodness of fit measures for the SUR and MLR methods. All statistical analysis was 

performed in R (R Core Team, 2016), with the exception of SUR, which was performed using 

SAS software (SAS Institute, 2016).  

Results 

 A total of 35 allometric equations were formulated across seven different species of 

shrubs using weighted nonlinear least squares regression. Five individual biomass components 

were used to develop these equations so that allometric relationships within each species may be 

better understood. The results provide evidence that the power model provides nearly unbiased 

estimates for most species and biomass components, but provides somewhat inconsistent 

measures of accuracy due to variability within shrub species and biomass components. SUR 

provided efficient estimates for most species and biomass components. MLR resulted in 

unbiased estimates across all species and components and provided low values of RMSE.  

 Bush chinkapin and serviceberry shrubs observed in the field had smaller crown areas, 

whereas snowbrush and mountain whitethorn had the largest observed crown areas, on average. 

The differences in crown area between each of these species may be attributed to the nature of 

which these shrubs grow and, more specifically, allometry. Table A.3 provides summary 

statistics for crown area, height, and diameter metrics as they were observed in the field.  

 Figure A.2 depicts the relationship between total shrub biomass and crown area. 

Although serviceberry had a smaller observed crown area, there is some variability between total 

biomass and crown area. Total shrub biomass increases as crown area increases for all shrubs.
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 Figure A.3 illustrates the relationship between total shrub biomass and mean height for 

all shrub species. Total shrub biomass increases as mean height increases, although the increase 

in total biomass is not well defined for some shrub species. For example, for greenleaf 

manzanita, the increase in total biomass in relation to mean height increase tends to be less 

pronounced than other shrubs. Bush chinkapin exhibits variability in total shrub biomass when 

mean height is 70 cm, with biomass increasing when mean height is less than 70 cm and 

decreasing when mean height is greater than 70 cm.  The scatterplots help to depict the 

variability that is present in total shrub biomass when mean height is considered as a covariate. 

Table A.4 (crown area only) provides parameter estimates for total biomass for all shrub 

species using an unweighted, 1
𝑐𝑐𝑐𝑐𝑖𝑖

 and 1
𝑐𝑐𝑐𝑐𝑖𝑖

2, weighting options. RMSPE tends to increase slightly 

for five of the species when the weight 1
𝑐𝑐𝑐𝑐𝑖𝑖

2 was employed. The increase in RMSPE was nominal, 

with the largest gap between 1
𝑐𝑐𝑐𝑐𝑖𝑖

 and 1
𝑐𝑐𝑐𝑐𝑖𝑖

2 being 0.10 kg (Ribes spp.). Bias was nearly negligible 

for all shrub species and there was a noticeable decrease in the standard error of the coefficients 

as heavier weighting options were employed. Furnival’s index was lowest for serviceberry, 

mountain whitethorn, deerbrush, snowbrush, and Ribes spp., indicating a better model fit. 

Akaike’s Information Criterion (AIC) was applied to determine best model fit for the three 

weighting options. The lowest values of AIC were obtained from using the 1
𝑐𝑐𝑐𝑐𝑖𝑖

2 weighting option, 

with a mean AIC of -600.04 across the seven shrub species. Although the b parameter estimates 

for serviceberry, greenleaf manzanita, mountain whitethorn, and snowbrush increase when this 

weight is applied, the standard errors of the coefficients are lowest when compared to the other 

weighting schemes. The increases in the b parameter estimate values are likely caused by high 
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amounts of variability found within the data, especially for larger shrubs like mountain 

whitethorn and snowbrush.  Model fits were deemed best when weights were equal to 1
𝑐𝑐𝑐𝑐𝑖𝑖

2. Using 

the single variable power model with crown area as a predictor resulted in convergence for the 

10-hour and 100-hour biomass components for all species. This model is appropriate to use for 

estimating total, 1-hour, 10-hour, 100-hour, and leaf biomass for the species modeled in this 

analysis. 

Table A.5 (crown area and mean height) provide parameter estimates of total biomass for 

all shrub species using different weighting schemes for nonlinear least squares regression. It 

should be noted that the power model using only mean height as a predictor was dropped from 

the analysis due to convergence problems for multiple biomass components across several 

species. The same weighting options, as defined in the previous section, were considered here. 

RMSPE values mostly decreased as weights moved from unweighted down to 1
𝑐𝑐𝑐𝑐𝑖𝑖

2, with the 

exception of bush chinkapin and deerbrush, where RMSPE increased slightly when 1
𝑐𝑐𝑐𝑐𝑖𝑖

2 was 

employed. Bias remained negligible for most species, with the largest values being accounted for 

when models were unweighted, specifically for deerbrush and Ribes spp. The single and 

multivariable models had reasonably low Furnival’s Index values, which indicates a good model 

fit, however, each model also had high Furnival’s Index values for all weighting options of 

mountain whitethorn and snowbrush. AIC was lowest for the 1
𝑐𝑐𝑐𝑐𝑖𝑖

2  weighting option, with a mean 

AIC of -651.38 across the seven shrub species. However, the multivariable model also failed to 

converge on 10-hour and 100-hour biomass components for most species using the three 

weighting options. Although total biomass model fits were slightly better for the multivariable 
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model than the single variable power model, the lack of convergence for 10-hour and 100-hour 

biomass components across all weighting options resulted in this model being dropped from the 

analysis. 

  Figures A.4 through A.16 depict the accuracy of model fits by means of predicted and 

observed plots and standardized residual plots for the biomass components of each shrub species. 

The power model performed well in terms of bias with values remaining very low for almost all 

of the biomass components. RMSPE and RRMSPE varied between species and components, 

which was somewhat expected given the sporadic sprouting and branching characteristics that 

each of these shrubs possesses.  

  Total biomass RMSPE was lowest for deerbrush (0.2779 kg), and highest for mountain 

whitethorn (4.2574 kg). The reason for the high RMSPE for mountain whitethorn is easily seen 

in Figures A.10 and A.11, where a large observation is present in both sets of plots and is likely 

influencing error estimates. RMSPE was also highest for mountain whitethorn for the 1-hour 

(0.6520 kg), 10-hour (1.3771 kg), 100-hour (1.9039 kg), and leaf (0.3694) biomass components. 

RMSPE was lowest for greenleaf manzanita (0.0885 kg), deerbrush (0.1213 kg) & (0.0759 kg), 

and Ribes spp. (0.0918 kg) for 1-hour, 10-hour & leaf, and 100-hour components, respectively.  

 Using the allometric equation to estimate total biomass resulted in least biased results for 

deerbrush (0.0227 kg) and the most biased results for Ribes spp. (0.0484 kg). Deerbrush was the 

most biased (0.0317 kg) for the 1-hour component while greenleaf manzanita was the least 

biased (-0.0001 kg). Mountain whitethorn was the most biased (0.0415 kg) for 10-hour 

component while Ribes spp. was the least biased (0.0006 kg) within this biomass component. For 

100-hour biomass, the least biased species was greenleaf manzanita (-0.0018 kg) and bush 
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chinkapin was the most biased (-0.0844 kg). Leaf biomass bias was highest in Ribes spp. (0.0200 

kg) and was nearly unbiased for greenleaf manzanita (0.0001 kg). The use of nonlinear least 

squares regression resulted in nearly unbiased results, indicating that the mean difference 

between the observed and predicted biomass component values is minimal for all species and 

components. 

 Overall, the power model exhibited the most stability within the 1-hour and leaf biomass 

components for all species, with the exception of mountain whitethorn, using weighted nonlinear 

least squares regression. Inflated values of RRMSPE results indicate that the model has a large 

amount of variation between the predicted and observed biomass values. The precision of the 

power model for mountain whitethorn can therefore be defined as poor across all biomass 

components. The power model was also the most unstable for the 100-hour biomass components 

across all species with a mean RRMSPE value of 3.2533 kg. Total biomass RRMSPE estimates 

were mostly stable for greenleaf manzanita (0.6104 kg), bush chinkapin (0.4450 kg), and 

deerbrush (0.5752 kg). Total biomass for mountain whitethorn (2.4362 kg), serviceberry (1.0865 

kg), snowbrush (1.0223 kg), and Ribes spp. (0.9645 kg) all exhibit similar degrees of instability 

in terms of RRMSPE values. All parameter estimates and goodness of fit statistics for each shrub 

species and biomass component are found in Table A.6. 

 All RRMSPE values increased sharply from the 10-hour component to the 100-hour 

component. Given the diameters within the 100-hour component (2.54-7.62 cm), the observed 

data offer an explanation for the inaccuracy. There is a 63.25 kg difference separating the 10-

hour and 100-hour biomass components. A total of 160 shrubs had biomass that fell within the 

10-hour component diameter range whereas only 72 shrubs had biomass that fell within the 100-
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hour component diameter range. This means that only 40% of the shrubs sampled had branches 

larger than 2.54 cm in diameter compared to 89% of shrubs that had branches that had diameters 

between 0.64 cm and 2.54 cm. The resulting RRMSPE values from each species’ model fit 

explain that the model is unstable for the 100-hour biomass component.  

Seemingly unrelated regression (SUR) was used to construct aboveground biomass 

equations for all shrub species. A combined wood SUR model was constructed that grouped all 

woody biomass into one component called wood. Table A.7 depicts parameter estimates and 

standard errors for both the combined wood and individual component SUR models. Overall, 

combining wood into one category caused total biomass RMSE to decrease when compared to 

the components fit in the individual component model. This was most apparent with serviceberry 

and mountain whitethorn observations, where total biomass RMSE decreased by 0.19 kg and 

2.08 kg for each species, respectively. These species had large values of total biomass and had 

observations that fell within the 100-hour and 1,000-hour biomass components. Combining the 

wood observations helped decrease error somewhat, however, inference concerning individual 

fuel classes is also lost in this absorbing process. Table A.8 shows model fitting results in terms 

of RMSE for both the combined wood and individual component SUR models.  

Results from MLR unbiasedly predicted component proportions for all shrub species. 

Table A. 9 provides RMSE and RRMSE for all biomass components, with the 1-hour biomass 

component being used as the reference equation. RMSE and RRMSE were highest within the 

100-hour biomass component. For species that had observations that fell within the 1,000-hour 

component, RMSE and RRMSE were equally or more inflated. Mean RRMSE across all species 

and the 100-hour biomass component is 140.43%.  
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RMSE and RRMSE values improved when the 100-hour and 1,000-hour components 

were combined, as seen in table A.10. When these two components are combined, the RRMSE 

for species that had 1,000-hour observations decreased within the 100-hour + 1,000-hour 

component. This was most evident with serviceberry and snowbrush. Mean RRMSE across all 

species within the 100-hour + 1,000-hour component is 119.64%. 

The 10-hour and 100-hour biomass components were grouped and the 1,000-hour 

component was dropped from the fitting process, as depicted in Table A.11. Shrub species that 

did not contain 1,000-hour observations were unbiased, however, results were biased for 

serviceberry, mountain whitethorn, snowbrush, and Ribes spp. While RRMSE values for this 

grouping method are much more reasonable when compared to the results shown in Table A.9, 

the bias% apparent in species that had 1,000-hour observations that were dropped from the 

analysis are concerning. Mean RRMSE for the 100-hour + 1,000-hour component while omitting 

the 1,000-hour observations is 35.22%. However, the omission of the 1,000-hour component 

from the analysis caused species that actually had observed values of the 1,000-hour component 

to become biased (mean bias% equal to -4.43% across species with 1,000-hour observations).  

The MLR method produced RMSE values that were lower than both the combined wood 

and individual component SUR methods. Using serviceberry and mountain whitethorn as 

examples, values of RMSE were considerably lower for these three species across the 1-hour, 

10-hour, 100-hour+1,000-hour, and leaf biomass components for MLR (Table A.10). When 

comparing RMSE for the individual component SUR and MLR methods, RMSE for the 1-hour 

component was 23.1% lower, RMSE for the 10-hour component was 23.9% lower, and RMSE 

for the leaf component was 46.5% lower for serviceberry using MLR. There was a noticeable 



33 
 

difference with the combined 100-hour + 1,000-hour component for mountain whitethorn using 

MLR and the individual component SUR method. The RMSE for the mountain whitethorn 100-

hour component using SUR was 2.3594 kg and 0.4857 kg for the 1,000-hour component. The 

combined 100-hour + 1,000-hour component RMSE using MLR was 0.885. Although RRMSE 

for this component using MLR was 170.98%, the overall reduction in RMSE demonstrates that 

the MLR method is accounting for the variation present within larger biomass components more 

efficiently than the SUR model is. MLR mostly resulted in low RMSE values and provided 

estimates that were unbiased, except when a component (1,000-hour) was omitted. This is 

because MLR ensures that the predicted component proportions all add to 1 (Poudel and 

Temesgen, 2015). Given these results, using the 100-hour + 1,000-hour component to obtain 

proportions of component biomass would be the preferred approach to estimate total shrub 

biomass for MLR, given similar biomass components and shrub species.  

Discussion  

 Large shrubs measured in the field have a major influence on the accuracy (higher 

RMSPE) of the power model for mountain whitethorn, snowbrush, and serviceberry. Due to the 

nature in which shrubs sprout, branch, and spread, it is not unusual to encounter difficulties in 

predicting shrub biomass (McGinnis et al., 2010). Since the size and shapes of shrubs can vary 

greatly, regressions of fuel component versus size, age, and other characteristics may not be 

strong (Martin et al., 1981). Deerbrush and Ribes spp. can grow tall and wide, and these types of 

allometric relationships can prove to be challenging when attempting to predict total 

aboveground shrub biomass. McGinnis et al., (2010) found that when crown diameter reached a 

maximum of 318 cm for Ribes spp. total biomass, mean squared error was larger (0.731 cm) 
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when compared to shrubs that possessed smaller crown diameters within their study. However, 

this variability is not exclusive to shrub biomass only. To a certain extent, many conifer species 

also possess complex allometric relationships when they are young and obtain somewhat 

uniform stems and radially symmetric branches by the time they reach middle age. Some of these 

conifers may return to a complex form resulting from fire, pathogens, or other environmental 

factors later in life (McGinnis et al., 2010). Wang (2006) also found that equations for stem 

biomass of Manchurian walnut (Juglans mandshurica) were poor because the growth form of the 

walnut frequently had no single, distinct stem. The choice of the appropriate allometric equation 

in which to estimate biomass involves a tradeoff involving precision, simplicity, and practical 

application (Wang, 2006).  

The most instability (high RRMSPE) is associated with the larger diameter fuel 

components (e.g. the 100-hour biomass component). The inflated RRMSPE for the 100-hour 

biomass components and the low values of RRMSPE for the 1-hour and leaf biomass 

components obtained in this study are consistent with past shrub biomass studies in which 

foliage, live, and dead biomass were compiled into the same size classes (Murray and Jacobson, 

1982, Sağlam et al., 2008, Grigal and Ohmann, 1977). The estimation of threetip sagebrush 

biomass using height and stem diameter similarly resulted in high adjusted R2 values for leaves 

(0.89), leaves and live twigs < 0.6 cm (0.86), and live twigs < 0.6 cm (0.95) using varying forms 

of the power equation and log-log linear regression while separating live wood from dead wood 

by size class (Murray and Jacobson, 1982). Similarly, live twigs and branches that were greater 

than 2.54 cm (100-hour biomass component) in diameter experienced a sharp decline in adjusted 

R2 (0.09). The Murray and Jacobson (1982) study provides evidence that suggests that as 

biomass component size increases for live branches, the proportion of variation within 
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component class is poorly accounted for by predictor variables, such as stem diameter and 

height. The results obtained by Murray and Jacobson (1982) for model accuracy regarding live 

twigs and branches greater than 2.54 cm in diameter are similar to the findings of this study, with 

the choice of the predictor variable differing for this research. 

The lack of excurrent form these shrub species exhibit adds particular difficulty in 

estimating shrub biomass. Large variability in branching patterns and sprouting in species, such 

as mountain whitethorn and snowbrush, creates new challenges for forest modelers interested in 

estimating biomass for such shrubs (McGinnis et al., 2010). Biomass estimation in various forest 

stands can be difficult due to structural heterogeneity and the dynamic nature of understory 

vegetation (Botequim et al., 2015). This variability was present within this dataset and evident by 

large RMSPE and RRMSPE values resulting from model fits for some of the species and their 

respected components. Due to this variability, total biomass component estimation for mountain 

whitethorn and snowbrush resulted in large values of predicted error, however, these estimates 

will be nearly unbiased. Previous research has examined alternative methods to estimating 

woody plant biomass, including Parresol (2001), who found that nonlinear seemingly unrelated 

regression resulted in lower variance because it takes into account contemporaneous correlations.  

Using the combined wood SUR model is an efficient approach to estimate biomass due to 

the fact that observed or actual total biomass information may not be available. Seemingly 

unrelated regression allows for the inclusion of dependencies among the error terms of the 

component biomass equation and is a commonly used method of component biomass estimation 

(Parresol, 1999). This method may also be applied to multinomial log-linear regression (MLR), 

which is used to obtain predicted proportions of biomass in each component (Poudel and 
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Temesgen, 2015). In order to obtain predicted proportions of biomass components, the modeler 

would first use the combined wood SUR coefficients to obtain predicted values of leaf and wood, 

since the predicted value of  Total bıomass�  = wood� +  leaf� .  One can use either the predicted or 

the observed (if available) value of total biomass in order to obtain the proportion of total shrub 

biomass by fuel class component (Poudel and Temesgen, 2015).  

The results obtained by using the SUR and MLR approaches applied within this study 

have also been realized in other studies, including the estimation of aboveground biomass for 

Douglas-fir and lodgepole pine (Pinus contorta var. latifolia Engelm.) for different regions in 

Oregon (Poudel and Temesgen, 2015). That study found that the system of equations fitted using 

the SUR method were superior to analytical methods based on existing equations, in terms of 

bias and RMSE (Poudel and Temesgen, 2015). The predicted proportion method involving 

multinomial log-linear regression also produced smaller values of RMSE when compared to the 

SUR methods that were applied (Poudel and Temesgen, 2015). Other studies have looked to 

different regression methods in order to reduce bias and RMSPE. For example, Eskelson et al., 

(2011) used beta regression to estimate percent shrub cover, which produced smaller mean 

squared prediction error and absolute bias when compared to ordinary least squares regression 

models used in their study. Furthermore, Poudel and Temesgen (2016) found that even though 

measures of accuracy differed between species in western hemlock (Tsuga heterophylla (Raf.) 

Sarg.) and red alder (Alnus rubra Bong.) biomass estimation, lower values of RMSE were 

produced for multinomial log-linear regression when compared to the SUR, beta, and Dirichlet 

regression methods. The same methods (SUR, MLR) applied within this study yielded similar 

outcomes when total aboveground shrub biomass was considered. While there are numerous 
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approaches for estimating component biomass, the landowner’s objectives and available data 

will ultimately determine which regression method best suits his or her needs.  

Fire behavior specialists can employ the allometric equations offered within the context 

of this study to improve predictions of potential fire behavior. Fuel models, as defined in 

Anderson (1982), are classified into four groups: grasses, shrubs, timber, and slash. Specifically, 

the chaparral (#4) and brush (#5) components would be appropriate base models to use for 

modeling fire behavior for shrubs that are common to northeastern California. The chaparral 

model (#4) involves estimating fuel loads for shrubs, like chaparral, that are greater than 6 feet 

tall. Fast spreading fires associated with shrub cover for this model involve both the foliage and 

live and dead woody materials in the nearly continuous secondary overstory (Anderson, 1982). 

The brush model (#5) is suited for shrubs that are under 2 feet tall and that have a tendency to 

almost cover an area. Examples of shrubs that could fall into this category include 

Arctostaphylos spp., vine maple (Acer circinatum), or any younger, green shrubs with minimal 

amounts of dead wood (Anderson, 1982). Given that the mean maximum height for all species 

modeled within this dataset is 81.9 cm (2.6 feet) and because the area is rejuvenating from recent 

fire, the brush model would be more appropriate to use as a base model for fire behavior 

prediction. Biomass per shrub may be converted to biomass per acre by applying an appropriate 

expansion factor. Estimates of component biomass obtained from the model fits in this study 

must be converted to tons per acre in order to quantify fuel loads (1 t/ac=2,241.7 kg/ha). 

Component biomass estimates resulting from this study may be applied to the base fuel model so 

that modifications can be made according to specific time lag class (component) values. This 

would provide fire behavior modelers with a more accurate appraisal of fuel loading in the area 

of interest along with insight as to where fuel reduction treatments are most needed.  
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A potential limitation involved with this study was the presence of excess zeros mostly 

found within the 100-hour and 1,000-hour biomass components. Values of zero were prevalent 

within these components because as component size increases, there were fewer shrubs observed 

in the field that possessed such diameters. This led to difficulty in model fitting for some species 

(bush chinkapin and deerbrush). An option to address this limitation may be to use a model that 

can specifically address the issue of excessive zero values in data sets. This option was not 

applied within this study due to time constraints.  

A recommendation that may help to improve future results for similar studies involves 

how biomass was grouped into components. While results were accurate for the 1-hour and leaf 

components, results were not nearly as accurate for the 10-hour and 100-hour classes. Studies 

that separated live and dead branches were also able to obtain high (0.90+) R2 values for total 

shrub biomass estimation (Murray and Jacobson, 1982). Separating live and dead twigs and 

branches from one another may provide more accurate estimates within the components used in 

this study, but this would be a time consuming and costly endeavor. Combining the 100-hour and 

1,000-hour biomass components was also beneficial in obtaining low values of RMSE and 

unbiased estimates by implementing MLR. 

Conclusion 

 A total of 35 allometric equations were derived using nonlinear weighted least squares 

regression for seven species of shrubs. An allometric (power) model was used to fit aboveground 

biomass components (total, 1-hour, 10-hour, 100-hour, and leaf (kg)) as a function of crown 

area. The model performed well within all components for deerbrush, Ribes spp. (currant and 

gooseberry), and bush chinkapin. The power model performed best within the 1-hour and leaf 
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biomass components and was unstable for all species within the 100-hour component. Large 

shrub observations obtained in the field affected model accuracy, especially for mountain 

whitethorn, snowbrush, and serviceberry. Model fits were nearly unbiased for most species and 

biomass components.  

 Seemingly unrelated regression was applied to create combined wood and individual 

component models for total biomass estimation. The individual component SUR model 

performed worse when compared to the combined wood SUR model. The grouping of all wood 

biomass classes resulted in lower values of RMSE for all species when compared to the 

individual component model. The individual component model would be useful to researchers 

and landowners who specifically need individual component biomass parameter estimates. Local 

ecological knowledge should be used when deciding which method to apply with regard to 

component inference.  

 Multinomial log-linear regression was also employed to estimate the component biomass 

for each shrub. The MLR method produced RMSE values that were lower than both the 

combined wood and individual component SUR methods. Combining the 100-hour and 1,000-

hour biomass components using MLR resulted in low values of RMSE across all species and 

biomass components. MLR provided estimates that were unbiased, except when a component 

(1,000-hour) was omitted from the model fit. This is a flexible approach to obtaining 

proportional component biomass because fuel classes containing small numbers of observations 

may be combined with another fuel class that has similar characteristics. The drawback is that 

that specific, individual component inference can no longer be made.  
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The equations resulting from this research are applicable to areas within northeastern 

California where similar climate, soils, and vegetation associations may be found in relation to 

the study area for which this research occurred. Each of the methods examined within this study 

have their benefits, but the decision of which one to utilize will ultimately depend upon the 

researcher’s or landowner’s objectives. Applying such methods in other parts of northeastern 

California with similar shrub species would help to validate model accuracy. The allometric 

equations will be useful to forest modelers interested in the assessment of total and proportional 

component biomass for carbon accounting and for fire modelers concerned with forest fuel 

accumulation and wildfire prevention.  
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Chapter 3 – Using a nonlinear mixed effects model to quantify aboveground biomass for 

common shrubs in northeastern California.  

Abstract 

 Quantifying shrub biomass can assist in natural resource decision making. Nonlinear 

mixed effect models (NMEM) were developed to predict aboveground shrub biomass for seven 

species of shrubs common to northeastern California. Biomass components included total, leaf, 

1-hour, 10-hour, 100-hour, and 1,000-hour classes while using crown area as a predictor. An 

allometric (power) model was used as a base model. Coefficients varied by species, component, 

and by a nested combination of these random effects. 

  The results showed that a NMEM that used a nested random effect performed better than 

NMEM using random effects species and biomass component separately. NMEM are able to 

account for within group variation very well while differentiating between species. This variation 

was best explained by the nested approach, which was able to account for larger values of 

observed biomass than the fixed effects (population) parameters. While there were differences 

between the fixed and random effects, the random effect coefficients would be preferred to the 

fixed effect coefficients for future studies involving total biomass prediction for similar shrub 

species and regions.  

Introduction  

Shrubs are important drivers of forest ecosystem productivity and diversity. Forest 

understory vegetation are ecologically important because shrubs, lichens, and mosses can have a 

direct effect on belowground processes such as decomposition, nutrient flow, and the 

accumulation of soil nutrients (Nilsson and Wardle, 2005). A majority of the studies concerning 
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forest biomass assessment by the use of allometric equations has focused solely on the estimation 

of tree biomass (Beedlow et al., 2009). Although tree biomass is the principle sink of carbon 

sequestration in forests, it is also necessary to account for shrub biomass, as these woody plants 

play an active role in ecosystem productivity (Beedlow et al., 2009). A more comprehensive 

assessment of total biomass will provide land managers and researchers with reliable 

assessments of site productivity, fuel loading, and treatment effects (Návar et al., 2004).  

 There have been several studies involving the estimation of shrub biomass for various 

aspects of forest management including fire risk management (Botequim et al., 2015, 

Roussopoulos and Loomis, 1979, Sağlam et al., 2008), carbon sequestration (Pasalodos-Tato et 

al., 2014, Zeng et al., 2008), ecological stresses or disturbances (Elzein et al., 2011), and wildlife 

habitat assessment (Grigal and Ohmann, 1977). Shrub biomass has also been estimated using 

airborne LiDAR in small forest stands (Estomell et al., 2011) and by using satellite remote 

sensing data to quantify tree and shrub biomass in natural forest stands (Roy and Ravan, 1996).  

The primary objective of this study was to develop predictive equations using NMEM for 

shrubs common to Lassen National Forest, CA. Equations were developed for aboveground 

biomass of seven species of shrubs using metrics that are easily obtained in the field. Model 

performance and different strategies using NMEM were also examined. The random effect 

coefficients obtained from this research may be applied to shrubs found in other national forests 

or for when the shrub species is unknown. 

Mixed effects models have been used extensively in forestry and in agricultural research. 

Gregoire and Schabenberger (1996) applied NMEM to predict cumulative bole volume of 

standing trees. NMEM have been used to incorporate topographic factors with aboveground 
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biomass of Simao pine (Pinus kesiya var. langbianensis) while utilizing single and nested 

random effects (Ou, et al., 2016). Variable exponent taper models were developed for three 

central Oregon tree species using NMEM (Garber and Maguire, 2003). The use of NMEM has 

also been found to improve the accuracy and precision of height prediction strategies in Douglas-

fir (Pseudotsuga menziesii [Mirb.] Franco.) forests (Temesgen et al., 2008). Small numbers of 

groups (12 counties in Iowa) were successfully used as random effects in a linear mixed effects 

model for the prediction of county crop areas using survey and satellite data (Battese et al., 

2003). NMEM are valuable tools used for growth and yield modeling in forestry disciplines and 

the use of such models proved to be efficient and reliable within the context of this study.  

 This study provides equations that predict aboveground biomass for the following seven 

species of shrubs: mountain whitethorn (Ceanothus cordulatus [Kellogg]), snowbrush 

(Ceanothus velutinus [Dougl. ex Hook.]), deerbrush (Ceanothus integerrimus [Hook. and Arn.]), 

bush chinkapin (Castanopsis sempervirens [Kellogg]), greenleaf manzanita (Arctostaphylos 

patula [Greene]), golden currant/gooseberry (Ribes spp.[Pursh]), and serviceberry (Amalanchier 

alnifolia [Nutt.]). Ribes spp. include combined observations of golden currant (Ribes aureum) 

and Sierra gooseberry (Ribes roezlli). Predictions derived from this study may be applied to 

forests in northeastern California where these shrub species are present. Observations with crown 

area less than 5 m2 were used in the model fitting process.  

Materials and Methods 

Study area 

 The study area is located in Lassen National Forest, CA (40°50’N, 121°00’W), which is 

managed by the United States Forest Service (USFS). The map in Figure B.1 depicts the location 
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of the study area. Elevation ranges from 1,700 m to 2,100 m for where shrubs were sampled. The 

annual precipitation varies from 584 mm to 1,092 mm with a mean of 1,041 mm. A majority of 

the precipitation comes in the form of snowfall between the months of November to April. The 

mean annual temperature is 45°F, with a mean temperature of 20°F in January and a mean 

temperature of 80°F in August. Soils are classified as Typic Argixerolls and Typic 

Haploxerands, which were formed over colluvium, glacial till, or glacial outwash. Blacks 

Mountain Experimental Forest, located within Lassen National Forest, is classified as Interior 

Ponderosa Pine forest cover type (SAF 237) covering 3,715 hectares (9,200 acres) and is the 

only forest cover type located on the Experimental Forest (Eyre, 1980). Forest composition does 

vary within this cover type as white fir (Abies concolor var. lowiana [Gord.] Lemm.) and 

incense-cedar (Libocedrus decurrens Torr.) become more prevalent at increasing elevations. 

Lower elevations of Blacks Mountain Experimental Forest consist of poorly drained flats 

dominated by sagebrush and grass (Adams et al., 2008). Common plant associations within 

Lassen National Forest include the Jeffery pine (Pinus jefferyi [Grev. & Balf.]) /white 

fir/greenleaf manzanita/snowbrush communities and the California red fir (Abies magnifica [A. 

Murr.]) /white fir/bush chinkapin communities (found in higher elevations) (USDA, 2011).  

The historic fire return interval for white fir/greenleaf manzanita/snowbrush plant 

association is between 8 and 20 years (USDA, 2011). Fire size and intensity influence the 

presence of shrubs like greenleaf manzanita and snowbrush in areas where these plant 

associations occur. Greenleaf manzanita and snowbrush seeds may lay dormant in the soil for 

hundreds of years before fire initiates germination. High severity fires that burn the forest canopy 

and kill overstory trees allow for shrub communities to thrive in the new openings (USDA, 

2011). Fire severity and intensity are important factors in disturbance, especially concerning the 
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establishment of shrubs like greenleaf manzanita, whose seedlings thrive in large numbers during 

the spring of the postfire year.  

Data 

Sampling occurred over the summers of 2011–2013 and a total of 180 individual shrubs 

were sampled to fill a range of four height classes (0.1 - 0.5 m, 0.5 - 1.0 m, 1.0 - 1.5 m, and 1.5 -

2.0 m). A minimum of five shrubs per species within each height class was desired. Crews 

determined if the shrub was free to grow or not. Free to grow, for this study, was defined as 

whether or not the shrub crown was encroached by neighboring plants. Shrubs were only 

sampled if the crown dimensions could be readily observed due to the difficulty in measuring 

such dimensions without damaging the sample. If a tree or snag had fallen across a shrub, it was 

not selected for sampling. Table A.1 lists the shrub species sampled by common and scientific 

name, abbreviation, and total number of samples obtained for each shrub. 

Shrubs were destructively sampled within the area of where the Storrie Fire of 2000 

occurred, but not exclusively. In some instances, shrub species within the desired size classes 

were unable to be located, so samples from Blacks Mountain and Swain Mountain Experimental 

Forests (located within Lassen National Forest) were used. Ecological knowledge and vegetation 

maps of the region were used to locate shrubs within this area. Field crews used a random 

number table to determine and set an arbitrary bearing and then walked that direction until a 

shrub that had the desired specifications (species; height within a specified height class) was 

located. Once a shrub with the desired specifications was located, its location was noted using 

handheld GPS devices, which allows for location precision to within 10 to 20 feet. A measure of 

crown width (cm) long (a measure of the horizontal crown width axis) and crown width short (a 
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horizontal crown width perpendicular to the crown width long measurement) were obtained. 

Three measurements of height (cm) were then taken for the tallest, second, and third tallest 

stems. Three measurements of the largest, second, and third largest basal diameters (cm) were 

also obtained at 10 cm aboveground and a count for the total number of stems was calculated. A 

total of eleven measurements were taken on each individual shrub. Table B.2 lists the 

measurements in the order they were obtained in the field along with abbreviations and 

measurement precision.  

Plant material was bagged by size class. Size classes used were adopted from the NFDR 

fuel classification system. Size classes include leaf (foliage), 1-hour fuels (wood < 0.64 cm in 

diameter), 10-hour fuels (wood 0.64 – 2.54 cm in diameter), 100-hour fuels (wood 2.54 – 7.62 

cm in diameter), and 1,000-hour fuels (wood > 7.62 cm in diameter) (Bradshaw et al., 1983). 

Total biomass is comprised of 1-hour, 10-hour, 100-hour, 1,000-hour, and leaf biomass 

components (kg). Wood and leaves were bagged by size class and labeled denoting species, date, 

and size class of the material. Samples were stored in a dry room until the fall, when oven drying 

of the samples occurred.  

Plant material was oven dried at 80°C until weight was stabilized (generally 2-3 days). 

Weight of the leaves and 1-hour biomass was processed first. Oven-dry biomass (g) for leaf 

biomass, 1-hour, 10-hour, 100-hour, and 1,000-hour fuels were recorded. It should be noted that 

there was no plant material that was greater than 22.4 cm in diameter and very little of the 

recorded biomass fell into the 1,000-hour fuel class.  
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Data analysis 

 Data was organized into three separate categories: shrub measurements obtained in the 

field, shrub field weights (weights of biomass size classes obtained in the field (g)), and shrub 

lab weights (weights of biomass size classes after oven drying). Serviceberry had the greatest 

value for mean height (77.8 cm) with a minimum height of 10 cm and a maximum height of 200 

cm. Greenleaf manzanita possessed the largest mean basal diameter (2.1 cm) with a minimum 

basal diameter of 0.5 cm and a maximum basal diameter of 6.7 cm. Snowbrush had the greatest 

mean value of crown area (1.3 m2) with a minimum crown area equal to 0.1 m2 and a maximum 

crown area equal to 4.5 m2. Mountain whitethorn possessed the largest mean total biomass (1.8 

kg) with minimum and maximum weights equal to 0.1 kg and 21.7 kg, respectively. Deerbrush 

had the lowest mean total biomass (0.5 kg) with minimum and maximum weights equal to 0.1 kg 

and 8.5 kg, respectively. Summary statistics for shrub height, crown area, and stem diameter at 

10 cm aboveground are shown in Table B.3.  

Crown area was considered as a predictor of shrub biomass due to accurate results 

obtained in past studies involving the estimation of shrub biomass (McGinnis et al., 2010, Zeng 

et al., 2009, Maraseni et al., 2005). The calculation of crown area requires two perpendicular 

measurements of crown width (crown width long (cwl) and crown width short (cws)), both of 

which were acquired with field measurements. Crown area (m2) is calculated as: 𝑐𝑐𝑎𝑎 = 𝑐𝑐𝑐𝑐𝑐𝑐 ∗

𝑐𝑐𝑐𝑐𝑐𝑐 ∗  𝜋𝜋
40,000

 and is defined in this study as the area of a vertical projection of the crown to a 

horizontal plane (Uzoh and Ritchie, 1996).  

Observations that appeared to be outliers were examined closely to determine if their 

removal from the analysis was warranted. It was determined that there was no measurement or 
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data recording error involved in obtaining metrics for these shrubs. No observations were 

removed.  

Data was manipulated so that the total, 1-hour, 10-hour, 100-hour, 1,000-hour, and leaf 

biomass components were grouped and assigned under a single column named component. This 

allowed for the entire dataset to be analyzed while examining individual observations within 

species and by biomass component. The reshaped dataset consisted of 4 columns (species, crown 

area, component, and value) and 1,056 degrees of freedom.  

A linear mixed effects model was fit in order to obtain starting values for the NMEM.  

Linear mixed effects models consider the response variable conditionally on the random effects 

and are modeled as the sum of a fixed effects term X and a random effects term Z (Pinheiro and 

Bates, 2000). The general form of such a model is 

𝑌𝑌𝑖𝑖𝑖𝑖 =  𝑋𝑋𝑖𝑖𝑖𝑖𝛽𝛽 + 𝑍𝑍𝑖𝑖𝑖𝑖𝛾𝛾𝑖𝑖𝑖𝑖 + 𝜀𝜀𝑖𝑖𝑖𝑖 ,   𝑖𝑖 = 1, … ,𝑚𝑚, 𝑗𝑗 = 1…,𝑛𝑛𝑖𝑖 , 

where m is the number of components, 𝑛𝑛𝑖𝑖 is the number of observations on the ith component, 

𝑌𝑌𝑖𝑖𝑖𝑖is the jth shrub observation on the ith component, 𝛽𝛽 is the fixed effects parameter vector equal 

to 𝛽𝛽 = [𝛽𝛽0 𝛽𝛽1],  𝛾𝛾𝑖𝑖𝑖𝑖 is the vector of parameters for random effects, 𝑋𝑋𝑖𝑖𝑖𝑖  is the n x 2 design matrix 

of the fixed effects variable crown area (including intercept), 𝑍𝑍𝑖𝑖𝑖𝑖 is the n x 1 design matrix of 

random effect variable, and 𝜀𝜀𝑖𝑖𝑖𝑖 is the component specific vector of errors. It is assumed that 

𝛾𝛾𝑖𝑖𝑖𝑖~𝑅𝑅𝑀𝑀(0,𝜎𝜎2𝐵𝐵), 𝜀𝜀𝑖𝑖~𝑅𝑅𝑀𝑀�0,𝜎𝜎2𝑊𝑊𝑖𝑖𝑖𝑖�, and 𝑐𝑐𝑙𝑙𝑐𝑐�𝛾𝛾𝑖𝑖𝑖𝑖 , 𝜀𝜀𝑖𝑖𝑖𝑖� = 0, where MN represents a multivariate 

normal function, B is a correlation matrix of random effects, and 𝑊𝑊𝑖𝑖𝑖𝑖 is a correlation matrix of 

within species errors (Gregoire et al., 1995). The nested random effect is in the form of bijk, 
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where bijk is a vector of random effects for the jth component within the ith species for the kth 

shrub observation.   

Once starting values were obtained from the linear mixed effect model fit, a NMEM was 

used. The general form of a NMEM for single grouping is defined as (after Pinheiro and Bates, 

2000) 

𝑌𝑌𝑖𝑖𝑖𝑖 = 𝑓𝑓�𝛷𝛷𝑖𝑖𝑖𝑖 , 𝑒𝑒𝑖𝑖𝑖𝑖� + 𝜀𝜀𝑖𝑖𝑖𝑖 , 𝑖𝑖 = 1, …𝑚𝑚, 𝑗𝑗 = 1,…,𝑛𝑛𝑖𝑖 , 

where m is the number of groups, 𝑛𝑛𝑖𝑖 is the number of shrub observations on the ith species or 

component, Yij is the jth shrub observation on the ith species or component, f is a general, real-

valued, differentiable function of a group-specific parameter vector Φij and a covariate vector xij, 

and 𝜀𝜀𝑖𝑖𝑖𝑖is a normally distributed, within group error term. The parameter vector varies from group 

to group and is defined as 

𝛷𝛷𝑖𝑖𝑖𝑖 =  𝐴𝐴𝑖𝑖𝑖𝑖𝛽𝛽 +  𝐵𝐵𝑖𝑖𝑖𝑖𝑏𝑏𝑖𝑖 , 𝑏𝑏𝑖𝑖~𝑀𝑀(0,𝜓𝜓), 

where 𝛽𝛽 is a r x p vector of fixed effects, and 𝑏𝑏𝑖𝑖 is a r x q vector of random effects associated 

with the ith species or component variance covariance matrix 𝜓𝜓.  𝐴𝐴𝑖𝑖𝑖𝑖 and 𝐵𝐵𝑖𝑖𝑖𝑖 are design matrices 

of size r x 1 for the fixed and random effects. It is assumed that observations corresponding to 

different groups are independent and that the within group errors 𝜀𝜀𝑖𝑖𝑖𝑖 are independently 

distributed as 𝜀𝜀𝑖𝑖𝑖𝑖~ 𝑀𝑀(0,𝜎𝜎2) and independent of 𝑏𝑏𝑖𝑖 (Pinheiro and Bates, 2000). 

The general form of a NMEM for two levels of grouping is defined as (after Pinheiro and 

Bates, 2000) 

𝑌𝑌𝑖𝑖𝑖𝑖𝑘𝑘 = 𝑓𝑓�𝛷𝛷𝑖𝑖𝑖𝑖𝑘𝑘, 𝑒𝑒𝑖𝑖𝑖𝑖𝑘𝑘� + 𝜀𝜀𝑖𝑖𝑖𝑖𝑘𝑘, 𝑖𝑖 = 1, … ,𝑚𝑚, 𝑗𝑗 = 1,…,𝑚𝑚𝑖𝑖 , 𝑘𝑘 = 1,…𝑛𝑛𝑖𝑖, 
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where m is the number of species, mi is the number of biomass components within species, and 

nij is the number of shrub observations on the jth component of species, and 𝜀𝜀𝑖𝑖𝑖𝑖𝑘𝑘 is a normally 

distributed within group error term. f is a real valued function of a group specific parameter 

𝛷𝛷𝑖𝑖𝑖𝑖𝑘𝑘 and a covariate vector, 𝑒𝑒𝑖𝑖𝑖𝑖𝑘𝑘. The second stage of the model defines 𝛷𝛷𝑖𝑖𝑖𝑖 as 

𝛷𝛷𝑖𝑖𝑖𝑖 =  𝐴𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝛽𝛽 +  𝐵𝐵𝑖𝑖,𝑖𝑖𝑘𝑘𝑏𝑏𝑖𝑖 + 𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑏𝑏𝑖𝑖𝑖𝑖 , 

𝑏𝑏𝑖𝑖~𝑀𝑀(0,  𝜓𝜓1),  𝑏𝑏𝑖𝑖𝑖𝑖~𝑀𝑀(0,  𝜓𝜓2), 

where β is a p-dimensional vector of fixed effects with design matrix Aijk, and bi is a random 

effect for species with independently distributed vectors and variance-covariance matrix  𝜓𝜓1. The 

component within species random effects bij are independently distributed vectors with variance-

covariance  𝜓𝜓2, also assumed to be independent of species level random effects. The random 

effects design matrices Bi,jk and Bijk depend on both the species and component within species 

groups. The within group errors 𝜀𝜀𝑖𝑖𝑖𝑖𝑘𝑘 are independently distributed as N(0, 𝜎𝜎2) and are 

independent of the random effects.  

Heteroscedasticity was detected within the model and was weighted by applying a 

weighted variance proportional to the absolute value of the predictor (crown area) raised to a 

constant power. The variance model represented for this weighting option is defined as  

𝑉𝑉𝑎𝑎𝑉𝑉�𝜀𝜀𝑖𝑖𝑖𝑖�~ 𝜎𝜎2�𝑐𝑐𝑖𝑖𝑖𝑖�
2𝛿𝛿

,  

which corresponds to the variance function  

𝑙𝑙�𝑐𝑐𝑖𝑖𝑖𝑖 , 𝛿𝛿� =  �𝑐𝑐𝑖𝑖𝑖𝑖�
𝛿𝛿
, 
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and is a power of the absolute value of the variance covariate for the jth shrub observation on the 

ith component. The parameter 𝛿𝛿 is unrestricted and can be applied where variance increases or 

decreases with the absolute value of the variance covariate (Pinheiro and Bates, 2000). For this 

study, 𝛿𝛿 was equal to 1.5684. The main arguments to the variance power constructor are value 

and form. The argument form corresponds to a variance covariate provided by the fitted model 

values. In this study, form was equal to crown area and the argument value was equal to 0 

(corresponding to equal variance weights of 1) (Pinheiro and Bates, 2000).  

 Three approaches were considered in the fitting process for the allometric model. The 

first approach used only species as a random effect, a second approach applied only biomass 

component as a random effect, and the third approach used a nested random effect. The model 

form used in the first two approaches was 

𝑌𝑌𝑖𝑖𝑖𝑖 = (𝛽𝛽0 + 𝑏𝑏𝑖𝑖𝑖𝑖) ∗ 𝐴𝐴𝐴𝐴𝑏𝑏 +  𝜀𝜀𝑖𝑖𝑖𝑖, 

where 𝑌𝑌𝑖𝑖𝑖𝑖 is equal to the jth shrub observation on the ith biomass component or species, 𝛽𝛽0 is a p-

vector of fixed population parameters, 𝑏𝑏𝑖𝑖𝑖𝑖 is a vector of jth shrub observations on the ith species 

or component level random effects, and 𝜀𝜀𝑖𝑖𝑖𝑖 is a normally distributed error term associated with 

the jth shrub observation on the ith component or species. The nested approach model form can 

be defined as  

𝑌𝑌𝑖𝑖𝑖𝑖𝑘𝑘 = �𝛽𝛽0 + 𝑏𝑏𝑖𝑖𝑖𝑖𝑘𝑘� ∗ 𝐴𝐴𝐴𝐴𝑏𝑏 +  𝜀𝜀𝑖𝑖𝑖𝑖𝑘𝑘, 

where Yijk is the kth shrub observation on the jth component within the ith species, 𝛽𝛽0 is a p-

vector of fixed population parameters, and 𝑏𝑏𝑖𝑖𝑖𝑖𝑘𝑘 is the random effect associated with the kth shrub 
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observation on the jth component within the ith species, and 𝜀𝜀𝑖𝑖𝑖𝑖𝑘𝑘 is a normally distributed error 

term associated with the kth shrub observation on the jth component within the ith species.  

Results obtained from model fitting were evaluated using root mean square prediction 

error (RMSPE), prediction bias, Akaike information criterion (AIC), Bayesian information 

criterion (BIC), and the natural logarithm of likelihood estimation value (logLik): 

RMSPE = 1
𝑛𝑛
∑ ��𝑌𝑌𝑖𝑖 −  𝑌𝑌�𝑖𝑖�

2𝑛𝑛
𝑖𝑖=1 , 

where Yi is the observed biomass for the ith shrub, 𝑌𝑌𝚤𝚤�  is the predicted, unweighted biomass of the 

ith shrub, and n is equal to sample size. RMSPE is a measure of difference between values 

predicted by a model and the values actually observed from the environment that it is being 

modeled from after cross validation has been performed.  

In statistics, bias is referred to as the difference between an estimator’s expected value 

and the true value of the unknown parameter of interest. In the context of this study, bias is 

defined as the mean difference between the measured value and the predicted value of the 

variable of interest (Poudel and Temsegen, 2015). 

AIC, BIC, and log likelihood were used to assess the relative quality of models for the 

given data and are defined as  

𝐴𝐴𝐹𝐹𝐴𝐴 = −2𝑐𝑐𝑛𝑛𝑙𝑙 + 2𝑞𝑞, 

𝐵𝐵𝐹𝐹𝐴𝐴 =  −2𝑐𝑐𝑛𝑛𝑙𝑙 + 𝑞𝑞 ∗ ln(𝑛𝑛) 

𝑐𝑐𝑙𝑙𝑙𝑙𝑙𝑙𝑖𝑖𝑘𝑘 = ln 𝑙𝑙, 
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where (L) is the likelihood function for the model, q is equal to the number of parameter(s) the 

model contains, and n is equal to number of observations.  

 A log likelihood ratio test (LRT) was performed in R to determine the goodness of fit 

first between the species only model and the nested model and then for the component only 

model and the nested model. LRTs compare the two models provided the simpler model is a 

special case of the more complex (nested) model and are in the form of: 

𝑙𝑙𝑅𝑅𝑇𝑇 =  −2(𝑐𝑐𝑙𝑙𝑙𝑙𝑒𝑒(𝑙𝑙𝑠𝑠) − 𝑐𝑐𝑙𝑙𝑙𝑙𝑒𝑒(𝑙𝑙𝑔𝑔)), 

where 𝑙𝑙𝑠𝑠 is the simple model, 𝑙𝑙𝑔𝑔 is the general model, and 𝑙𝑙𝑅𝑅𝑇𝑇 is the log likelihood ratio test 

statistic distributed as a chi-squared random effect and whose degrees of freedom are equal to the 

difference in the number of parameters between the two models.  

Leave one out cross validation was performed in order to evaluate prediction errors 

(RMSPE and bias). All statistical analysis was performed in R (R Core Team, 2016). 

Results 

 Several random effects were applied to the weighted allometric model to assess different 

trends in goodness of fit measures. Table B.4 depicts statistical summaries obtained from fitting 

a nonlinear mixed effect model by maximum likelihood.  Using only species as a random effect 

in the allometric base model resulted in b0 standard deviation being equal to 0.0964. The within 

group residual standard deviation associated with species was 0.4576. Fixed effect coefficients 

were relatively low in standard error, with standard error equal to 0.04 for both b0 and b1. Fixed 

effects coefficients were also statistically significant at the 5% level, with t-values equal to 
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6.5708 and 37.8172 for b0 and b1, respectively. Standardized within group residuals ranged from 

-1.18 to 12.02.  

 Biomass component was used as a random effect for the NMEM. The fixed effect 

estimates for b0 and b1 were similar (0.2658 and 1.3928, respectively) to that of the species only 

random effect model (0.2607 and 1.4057). Standard error was slightly higher for b0 and lower for 

b1 when using biomass component alone as a random effect. Standard deviation for the 

component only b0 was considerably higher (0.2557) when compared to the species only random 

effect model (0.0964). The within group residual standard deviation associated with biomass 

component was equal to 0.3889. Fixed parameter estimates were statistically significant at the 

5% level, with t-values for b0 and b1 being equal to 2.5270 and 60.5047, respectively. 

Standardized within group residuals ranged from -2.17 to 12.49.  

 A nested random effect in the form of biomass component within species was also 

applied to the model. The nested combination of the two previous random effects provided 

species specific information when compared to the component only model. For example, the 

standard deviation associated with the random effect species is equal to 0.00003 for b0 in this 

model. When biomass component is nested within species, the standard deviation associated with 

b0 is slightly higher (0.2748). The within group (biomass component within species) residual 

standard deviation is equal to 0.3707 kg and is the lowest out of the three models. Fixed 

parameter estimates were statistically significant at the 5% level, with t-values for b0 and b1 

equivalent to 5.5699 and 71.4713, respectively. Standardized within group residuals ranged from 

-3.03 to 12.91. 
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 Goodness of fit statistics, including AIC, BIC, and log likelihood, were obtained for 

weighted and unweighted models. Heteroscedasticity present within the model was addressed by 

applying a weighted variance proportional to the absolute value of the predictor (crown area) 

raised to a constant power. The weighted model using a species only random effect had an AIC 

value of -342.97, a BIC value of -318.16, and a log likelihood value of 176.48. When weights 

were not applied, the species only model had an AIC value of 2,933.84, a BIC value of 2,953.69, 

and a log likelihood value equal to -1,462.92. The biomass component only model resulted in an 

AIC equal to -706.99, a BIC equal to -682.18, and a log likelihood equal to 358.48 when weights 

were applied. The unweighted biomass component resulted in an AIC equal to 2,557.25, a BIC 

equal to 2,577.10, and a log likelihood equal to -1,274.63. The weighted model using the nested 

random effect was the most appropriate to use, with AIC equal to -784.84, BIC equal to -755.07, 

and a log likelihood equal to 398.42. This model, unweighted, resulted in an AIC value of 

2,612.99, a BIC value of 2,637.80, and a log likelihood value of -1,301.49. A log likelihood ratio 

test conducted between the three models also indicated that the weighted nested random effect 

model was the best fitting. Table B.5 provides a summary of this information.  

 Random effects varied by species and from component within species. This variation is 

shown in Figure B.2, where random effect coefficients are plotted in terms of species and 

biomass component against the random intercept. Overall, the random coefficients that were 

largest were found in the total biomass component. Random coefficients for the 1-hour 

component tended to stay very close to zero. Random coefficient values for the leaf biomass 

component varied greatly between species.  
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 Table B.6 provides confidence intervals and variance-covariance matrix values for the 

fixed effects parameters obtained from the nested model. The estimated mean for the fixed effect 

b0 is 0.244 and the estimated mean for the fixed effect b1 is 1.3594. 95% confidence intervals for 

fixed effects b0 and b1 resulted in (0.1584, 0.3304) and (1.3220, 1.3967), respectively. Fixed 

effect parameter variance was equal to 0.019 for b0 and 0.0004 for b1 with a covariance (b0, b1) 

equal to 0.0001. 

Table B.7 provides coefficients for the random intercepts obtained from model fitting 

with the nested random effect applied. The slope parameter, b1, remains constant (1.3594) 

throughout all species and biomass components. A general trend is that the intercept (b0) 

coefficient is largest for each species within the total biomass component and that coefficients 

decrease in value as component size increases. As biomass components increase in size 

(diameter), the amount of biomass accrued within that component tends to decrease. This makes 

biological sense in the fact that many shrubs, especially those that are rejuvenating post fire, may 

not have had the opportunity to accrue biomass that falls within a larger fuel class category. 

Examining Table B.7 further, there is evidence that the greatest amount of variability within b0 is 

occurring within the snowbrush, greenleaf manzanita, and bush chinkapin species and their 

respective biomass components.  

 Standard deviation and variance for the random effect species, component, and nested 

models, along with the within group residual standard deviation, are shown in Table B.8. Within 

group residual standard deviation was lowest (0.3707) for the nested random effect model. The 

within group residual standard deviation was highest (0.4576) for the species only model. The 

component only model had a within group residual standard deviation equal to 0.3888. When 
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comparing random effects separately from the nested model, standard deviation for the intercept 

for species alone was lower in the nested model. The random effect component had a lower b0 

standard deviation when it was used alone when compared to the nested model. Within group 

residual standard deviation for b0 was higher for the component only model.  

Figure B.3 depicts predicted versus observed by species and biomass component for the 

nonlinear mixed effect model fits for the nested random effects model against a 1:1 regression 

line. These plots show that total, 1-hour, and leaf biomass components all result in reasonable 

fits. As was with nonlinear least squares regression modeling, mountain whitethorn was the most 

difficult species to fit due to large values of biomass obtained in the field. The plots show that 

the NMEM is accounting for variability between species and most biomass components 

adequately. The model struggles with fitting the 1,000-hour component observations due to 

excessive values of zero present within this group.   

Figure B.4 shows plots resulting from fitted versus residual values by species and 

biomass component. The observations in the total biomass component tend to be laying on either 

side of the residual line, although there tends to be a slight increase in variance as fitted values 

increase. Most of this increase is contained between (-2, 2) standard deviations from the residual 

line, which is reasonable. While the 1-hour residual plot may look alarming at first due to 

increasing variance, this particular component has resulted in reliable fits, both for this analysis 

and in Chapter 2. Other weighting options could be implemented, however, given the allometric 

relationships existing within these shrubs, a certain amount of heteroscedasticity may always be 

present, especially when modeling between biomass components and shrub species.  



60 
 

RMSPE and bias obtained from leave one out cross validation are shown in Table B.9. 

RMSPE for the weighted nested model was equal to 0.8499 kg and prediction bias was equal to 

0.0615 kg, while RMSPE and prediction bias for the weighted component only model were 

0.8131 kg and 0.0214 kg, respectively. The slight increase in RMSPE and bias for the nested 

model may be due to an increase in model complexity. RMSPE and prediction bias for the 

species only model were 0.9794 kg and -0.0093 kg, respectively. Unweighted models were 

higher in RMSPE but lower in prediction bias. Although RMSPE and prediction bias are slightly 

lower for the component only model, within group residual standard deviation and standard error 

for the fixed intercept coefficient were lower for the nested model. AIC and BIC were also lower 

for the nested random effect model and a log likelihood ratio test determined the nested model 

was the best fitting, so this model was selected for further examination in this study.   

Discussion 

Nonlinear mixed effects models are important tools used in growth and yield modeling. 

NMEM are able to account for varying degrees of hierarchy within data and can provide species 

specific, individual predictions (Ou et al., 2016). NMEM also allow the modeler to account for 

several sources of heterogeneity and correlation that is present within data (Hall and Clutter, 

2004). These benefits make NMEM an attractive option for those interested in biomass 

estimation.  

 NMEM contain two standard approaches in which variation in the unit effect is modeled:  

fixed and random effects. A drawback of fixed effects models is that they require the estimation 

of a parameter for each unit, which is the coefficient on the unit dummy variable (Clark and 

Linzer, 2012). Random effects specification models the intercept as arising from a distribution 
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with a finite and estimable variance, which was beneficial in determining variation between 

shrub species and component biomass. Random effect models do not involve the estimation of a 

set of dummy variables, but instead use the mean and standard deviation of the distribution of the 

unit effects (Clark and Linzer, 2012). The units in the dataset also do not have to have been 

drawn from a larger, normally distributed population to assume a random effects specification 

(Greene, 2008). A NMEM, in this setting, required much fewer parameters to estimate, which 

leaves room for improvement in the estimation and also resulted in an efficient use of time.  

There may be some confusion concerning treating species and biomass components as 

random effects. While it is true that treating species as a random effect when there are large 

numbers of species is beneficial in a mixed model analysis, using species as a random effect in 

this setting would be useful for applications outside of Lassen National Forest, as well as for 

regional application. Utilizing a nested approach was useful here in that it helped to capture 

variation of component biomass among species. There was no logical reason to use biomass 

component as a random effect. The justification for nesting component within species is based 

solely upon statistical performance and improved model fit without taking biology or other 

factors into consideration.  

The between-individual and within-individual variability estimated by NMEM in this 

study resulted in four key findings. First, a NMEM that used species and biomass component as 

a nested random effect performed better than NMEM using species separately. Second, random 

and fixed effects for b0 varied between species and biomass component. Third, random effects 

within the nested model were able to account for larger values of observed biomass than the 

fixed effects alone were able to. Fourth, the species only random effect underestimates 
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predictions of total biomass while the component only random effect provides a more accurate 

prediction of total biomass.  

 The NMEM that applied a nested random effect approach had lower values of RMSPE 

and bias than when the random effect species was used alone. Within group residual standard 

deviation was also lowest for the nested model when compared to the two other models. A log 

likelihood ratio test was performed to verify that the nested model was the best fitting model of 

the three.  

There was some degree of variation present between random effect parameters. For 

example, the greatest difference between random effects could be found in the total and leaf 

biomass components. Figure B.2 depicts the random effect values for the component within 

species model. All shrub species had the highest degree of variation within the total biomass 

component. This is reasonable considering that total biomass is comprised of the sum of the rest 

of the shrub’s biomass components. There is little variation between species in the remaining 

components and this explains the low standard deviation value obtained for the species level 

from the model summary. The plot shows that both deerbrush and Ribes spp. have the lowest 

random effect values for b0. This was also observed in the second chapter as both of these 

species resulted in reliable model fits for all components and total biomass. It should also be 

noted that these shrubs species are ecologically similar in terms of being lower in height when 

compared to taller and wider shrubs, like serviceberry or greenleaf manzanita, who have much 

larger random effect values.  

There may be instances where it may be unclear as to which coefficients should be used 

because the random and fixed effect coefficients are similar. The modeler should examine each 
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of the random effects for b0 and compare them to the fixed effects coefficients and confidence 

intervals obtained from the model fit. Random effects should only be used if there is not a 

significant difference between the fixed and random effect coefficients. A significant difference 

indicates that bias is present within the random effect fit estimate and that the fixed effects 

coefficients should be used instead (Clark and Linzer, 2015). A tradeoff between fixed and 

random effects is that the fixed effects will provide unbiased estimates of β, but these estimates 

may possess large sample to sample variability. The random effects, on the other hand, will 

introduce bias in β estimates, but will also constrain the variance of these estimates (Clark and 

Linzer, 2015). The random effect model approach can lead to estimates that are closer, on 

average, to the true value of the sample.  

 Morphological changes that ensue among species, along with intra-specific differences 

caused by climatic and other environmental factors, require that separate equations be used to 

estimate biomass in varying regions (Gregoire and Schabenberger, 1996). Shrub biomass 

accumulation and growth may vary from site to site and from region to region. Ou et al. (2016) 

found that adding topographic variables (elevation, degree of slope, and aspect) as a fixed effect 

to a NMEM using height and DBH as predictors improved values of AIC and BIC. Ou et al. 

(2016) also found that aboveground biomass of individual Simao pine (Pinus kesiya var. 

langbianensis) trees decreased with increasing elevation. Seeing that plant associations, such as 

the Jeffery pine/white fir/greenleaf manzanita/snowbrush and the California red fir/white fir/bush 

chinkapin communities are found at varying elevations within Lassen National Forest, obtaining 

measures of aspect, altitude, and degree of slope could help to better understand variability in 

biomass that may occur with changing topography.   
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Figure B.5 shows the relationship between fixed effects (crown area) versus observed 

biomass values by species (top). The fixed effects line tends to move through the middle of the 

observations, but isn’t accounting for a majority of the larger observations. This trend occurs 

when crown area is roughly equal to 1.5 m2. The fixed effects do an adequate job in accounting 

for observed biomass that is close to 1 kg.  

 The bottom plot in Figure B.5 depicts fitted values obtained from the model with random 

effects against observed biomass by species. The random effects do a much better job in 

accounting for larger observations, especially when fitted values are greater than 2. The random 

effects are accounting for observed values of biomass better than the fixed effects are able to. 

The benefits of using a nested random effect are apparent here, as the fixed effects alone have a 

tendency to underpredict shrub biomass.  

 Figure B.6 depicts predictions in terms of using random effects species and component 

separately. The fixed effect line is unable to be seen in these plots due to the fact that the line for 

species is directly on top of it. Crown area is shown on the x-axis, biomass value is displayed on 

the y-axis, and biomass components are shown on the right hand side. The random effect species 

is shown in green and component is in blue. It should be noted that greenleaf manzanita, bush 

chinkapin, and deerbrush did not have any 1,000-hour observations. The random effect 

component was able to predict for total biomass across all shrubs better than species alone. There 

are several instances where the species and component random effects are equal to one another 

(snowbrush 1-hour, leaf) and other cases (most total biomass plots) where component appears to 

be fitting the data perfectly. The use of random effects would be most appropriate in this setting 
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because they are best suited for populations of groups or clusters, for models that have fewer 

parameters, and for when the goal is prediction (lower RMSE). 

Conclusion 

 The use of a NMEM to quantify biomass across biomass components was beneficial in 

explaining both the between species and the component within species differences in shrub 

biomass common to northeastern California. The advantage of using a NMEM over a fixed 

effect model in this setting was evident in the reduced number of parameters that needed to be 

estimated using a NMEM, which saves time and allows room for improvements in the 

estimation. NMEM are valuable tools that are frequently employed in the field of forestry for 

growth and yield determination. The ability to account for multiple sources of heteroscedasticity 

found in data by means of random effects make NMEM an attractive option for biomass 

estimation.  

 Three NMEM approaches were applied to model biomass value as a function of crown 

area. The first approach used species only as a random effect, the second applied a component 

only random effect, and the third approach utilized a nested effect with component within 

species. The justification for using component as a random effect is based solely upon the 

statistical performance and improved model fit obtained when it was nested within species. 

Results from a log likelihood ratio test indicated that the model containing biomass component 

within species random effect was the best fitting model of the three. Model RMSPE and bias 

obtained for this model from cross validation were 0.8499 kg and 0.0615 kg, respectively. 

 The random effects used in this study did a reasonable job in accounting for larger 

observations of shrub biomass that were not able to be fit by the fixed effect parameters alone. 
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Overall, the nested random effect provided the model with that much more information, so that 

species specific, within component inference could be made. Random effects were largest for 

greenleaf manzanita and smallest for deerbrush, while within component random effects were 

largest for total biomass and smallest for 1-hour. This model would be appropriate for modeling 

new shrubs that have ecological characteristics and allometric features similar to shrubs 

presented within this study. The random effect coefficients obtained within the context of this 

study may be used for future predictions and research.  
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Chapter 4 - General Conclusion 

 

Conclusion 

 

This study examined allometric relationships in seven different species of shrubs 

common in northeastern California. Nonlinear regression methods and models were used 

because they are useful in the estimation of biomass and can provide information regarding 

biological processes, such as allometry. The power model has been used in numerous studies 

involving tree and shrub biomass and the use of this model was beneficial in obtaining and 

developing allometric equations for shrub biomass. There were several methods used throughout 

the course of this study including weighted nonlinear least squares regression, seemingly 

unrelated regression (SUR), and multinomial log-linear regression (MLR). The use of nonlinear 

mixed effect models (NMEM) also proved to be an efficient and effective way to model 

aboveground shrub biomass by species and by biomass component. There are many approaches 

to consider when estimating shrub biomass and the landowner’s objectives will ultimately decide 

on which approach to choose when analyzing biomass data. 

The scope of inference for this study would be for the seven species of shrubs that are 

common to northeastern California. Inference and analysis may be applied to mixed conifer 

forests with a historic fire return interval of 8-20 years or to areas within northeastern California 

that have similar forest vegetation and shrub species as were examined within this study.  

The first half of this study estimated shrub biomass using weighted nonlinear least 

squares regression, SUR, and MLR.  A total of 35 equations were developed for seven shrub 

species using weighted nonlinear regression. Overall, the allometric model was the most accurate 
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for the 1-hour and leaf biomass components and performed best for all components for 

deerbrush, Ribes spp. (currant and gooseberry), and bush chinkapin. The largest amount of 

variation present within any biomass component was found in the 100-hour category. Model fits 

were nearly unbiased for all species and biomass components. SUR was used to create combined 

wood and individual component equations and performed slightly better than the least squares 

approach, however, the high variability present within the 100-hour component did not allow for 

convergence in some SUR models. RMSE was also lower for the combined wood component 

than for when individual woody biomass was estimated separately. MLR proved to be a useful 

method in that it provided proportional component estimates that were unbiased and also allowed 

for lower RMSE when wood biomass components were combined. Combining the 100-hour and 

1,000-hour biomass components resulted in lower values of RMSE than for when each of these 

components were modeled separately using the MLR method.  

The second half of this study utilized NMEM for biomass estimation. Many forest 

management decisions are based on projections of growth and yield and the use of NMEM 

allows for accurate future predictions involving repeated measurements over time. The nested 

approach in this study performed better than single random effects species and component and 

resulted in reasonable values of RMSPE and bias. NMEM were able to account for within group 

variation well and the nested random effects were able to account for larger values of observed 

biomass than fixed effects parameters were able to. Fixed effect parameters tended to 

underestimate most observed shrub biomass, with most of the underestimation occurring where 

fitted values were equal to around 2.  NMEM were extremely efficient within this study, as only 

a single model had to be created. The applicability of NMEM with respect to hierarchical data 

makes such models attractive and practical options in forest growth and yield modeling.  
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This study confirms that while there is a great deal of variability present in shrub 

biomass, there are several methods to consider that are effective in accounting for such 

fluctuations. Although shrub metrics may be time consuming and somewhat arduous to obtain in 

the field, these woody plants must be accounted for when estimating total forest biomass. 

Complete estimates of total forest biomass are necessary in order to account for carbon 

sequestration and fuel loading in northeastern California forests. The findings resulting from this 

research will also help in addressing uncertainty pertaining to the efficiency of methods used to 

quantify component and total aboveground shrub biomass.  
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APPENDICES 

Appendix A: Figures and tables depicting results obtained from the use of nonlinear least 
squares regression, SUR, and MLR for quantifying aboveground shrub biomass. 

 

Figure A.1: Map depicting the study area located in Lassen National Forest, CA. Map courtesy 
of Dr. Martin Ritchie, Pacific Southwest Research Station, U.S. Department of Agriculture.  
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Figure A.2: Scatterplot depicting the correlation between crown area (ca) and total biomass for 
the seven species of shrubs. 
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Figure A.3: Scatterplot depicting the correlation between mean height (hh) and total biomass for 
the seven species of shrubs 
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Figures A.4 through A.17 depict predicted versus observed and fitted versus residual plots for all 
shrub species. All predicted plots are regressed against a 1:1 regression line. 

 

Figure A.4: Predicted versus observed values for serviceberry (Amalanchier alnifolia) biomass 
components. 
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Figure A.5: Fitted versus residual values for serviceberry (Amalanchier alnifolia) biomass 
components.  
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Figure A.6: Predicted versus observed values for greenleaf manzanita (Arctostaphylos patula) 
biomass components. 
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Figure A.7: Fitted vs. residual values for greenleaf manzanita (Arctostaphylos patula) biomass 
components. 
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Figure A.8: Predicted versus observed values for bush chinkapin (Castanopsis sempervirens) 
biomass components.  
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Figure A.9: Fitted versus residual values for bush chinkapin (Castanopsis sempervirens) biomass 
components.  
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Figure A.10: Predicted versus observed values for mountain whitethorn (Ceanothus cordulatus) 
biomass components. 
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Figure A.11: Fitted versus residual values for mountain whitethorn (Ceanothus cordulatus) 
biomass components. 
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Figure A.12: Predicted versus observed values for deerbrush (Ceanothus integerrimus) biomass 
components 
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Figure A.13: Fitted versus residual values for deerbrush (Ceanothus integerrimus) biomass 
components. 
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Figure A.14: Observed versus predicted values for snowbrush (Ceanothus velutinus) biomass 
components. 
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Figure A.15: Fitted versus residual values for snowbrush (Ceanothus velutinus) biomass 
components. 

 



91 
 

 

Figure A.16: Predicted versus observed values for Ribes spp. (Ribes spp.) biomass components. 
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Figure A.17: Fitted versus residual values for Ribes spp. (Ribes spp.) biomass components. 
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Tables 

Table A.1: Common and scientific names, abbreviations, and total number of shrub samples. 

Species (common) Species (scientific) Abbreviation N 

Serviceberry Amalanchier alnifolia AMAL 28 
Greenleaf 
manzanita Arctostaphylos patula ARPA 32 

Bush chinkapin Castanopsis sempervirens CASE 20 
Mountain 
whitethorn Ceanothus cordulatus CECO 27 

Deerbrush Ceanothus integerrimus CEIN 21 

Snowbrush Ceanothus velutinus CEVE 26 
Ribes spp. (currant 
and gooseberry) Ribes spp. RISP 26 

 

Table A.2: Description and order of the measurements obtained in the field for individual shrubs. 

Order taken in 
field 

Abbreviation       Description  Desired 
Precision 

1 CWL Horizontal crown width long axis (cm) 1 cm 
2 CWS Horizontal crown width perpendicular to 

CWL (cm) 
1 cm 

3 HM Maximum vertical height (cm) 1 cm 
4 H1 A representative vertical height (cm) 1 cm 
5 H2 A representative vertical height (cm) 1 cm 
6 H3 A representative vertical height (cm) 1 cm 
7 ML Maximum stem length (cm) 1 cm 
8 SC Stem count at 10 cm NA 
9 D1 Basal diameter at 10 cm (largest) 0.01 cm 
10 D2 Basal diameter at 10 cm (second largest) 0.01 cm 
11 D3 Basal diameter at 10 cm (third largest) 0.01 cm 
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Table A.3: Summary statistics used for data analysis. 

 

 

 

 

Species Variable Minimum Maximum Mean Std Dev Variable Minimum Maximum Mean Std Dev
Serviceberry Kt 0.008 5.08 1.09 1.57 Height (cm) 10.00 200.00 77.79 61.83
(kg) K1 0.004 1.44 0.34 0.45

n=28 K2 0.000 2.47 0.56 0.84 Crown area (m2) 0.05 2.51 0.81 0.76
K3 0.000 0.59 0.71 0.15
KL 0.002 0.39 0.09 0.11 Diameter (cm) 0.39 3.47 1.62 0.99

Manzanita Kt 0.080 3.92 1.09 1.24 Height (cm) 19.00 190.00 77.13 39.32

(kg) K1 0.004 0.62 0.20 0.20
n=32 K2 0.000 1.99 0.42 0.51 Crown area (m2) 0.02 2.78 0.91 0.84

K3 0.000 1.79 0.21 0.43
KL 0.004 0.97 0.26 0.28 Diameter (cm) 0.54 6.71 2.11 1.45

Chinkapin Kt 0.023 4.27 0.87 1.15 Height (cm) 19.00 105.00 63.00 24.31
(kg) K1 0.007 1.21 0.22 0.31
n= 20 K2 0.000 1.96 0.32 0.48 Crown area (m2) 0.05 2.83 0.87 0.81

K3 0.000 0.56 0.09 0.18

KL 0.012 0.82 0.24 0.27 Diameter (cm) 0.45 3.91 1.82 1.02
Whitethorn Kt 0.003 21.66 1.75 4.41 Height (cm) 6.00 193.00 52.08 41.38
(kg) K1 0.001 2.76 0.49 0.76
n=27 K2 0.000 6.34 0.56 1.35 Crown area (m2) 0.04 4.09 1.28 1.20

K3 0.000 8.86 0.41 1.76
KL 0.002 1.88 0.18 0.38 Diameter (cm) 0.26 8.88 1.86 1.74

Deerbrush Kt 0.012 3.65 0.48 0.84 Height (cm) 31.00 122.00 64.71 28.03
(kg) K1 0.008 2.01 0.23 0.44

n=21 K2 0.000 0.93 0.15 0.24 Crown area (m2) 0.13 4.07 1.13 0.98
K3 0.000 0.10 0.01 0.03
KL 0.002 0.70 0.09 0.16 Diameter (cm) 0.49 2.60 1.20 0.61

Snowbrush Kt 0.013 8.72 1.37 1.90 Height (cm) 13.00 194.00 64.46 38.76

(kg) K1 0.006 2.00 0.15 0.47
n=26 K2 0.000 3.72 0.78 0.80 Crown area (m2) 0.05 4.49 1.34 1.22

K3 0.000 0.78 0.15 0.24
KL 0.006 1.84 0.33 0.41 Diameter (cm) 0.52 4.19 1.87 0.94

Ribes spp. Kt 0.003 8.46 0.85 1.87 Height (cm) 12.00 159.00 51.81 34.88
(kg) K1 0.002 2.08 0.25 0.46
n=26 K2 0.000 3.16 0.34 0.79 Crown area (m2) 0.03 3.99 0.92 1.04

K3 0.000 0.41 0.04 0.09
KL 0.001 2.23 0.17 0.05 Diameter (cm) 0.09 3.46 1.17 0.84

Response Predictor
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Table A.4: Differences in weighting options for total biomass by species using crown area as a 
predictor. Standard errors of the coefficients are shown in parentheses.  
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Table A.5: Differences in weighting options for total biomass by species using crown area and 
mean height as predictors. Standard errors of the coefficients are shown in parentheses.  
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Table A.6: Weighted nonlinear least squares parameter estimates for total, 1-hr, 10-hr, 100-hr, 
and leaf biomass components (kg) by species for power model with crown area as a predictor. 
Standard errors of the coefficients are shown in parentheses. Weights =1/ca2.  
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Table A.7: Parameter estimates and their standard errors for combined wood and individual 
component seemingly unrelated regression (SUR) models for all shrub species. The combined 
wood model (top) consists of all wood components combined (wood=1-hour+10-hour+100-
hour+1,000-hour) and leaf biomass is modeled separately. The individual component model 
(bottom) included parameter estimates for each biomass component separately.  

  

Greenleaf manzanita

Parameter Estimate
Standard

Error Parameter Estimate
Standard

Error Parameter Estimate
Standard

Error Parameter Estimate
Standard

Error
Combined Wood SUR model

a1 1.1908 0.2656 a1 0.8763 0.151 a1 0.4373 0.0732 a1 1.3273 1.0029
b1 1.2164 0.3092 b1 1.1324 0.2201 b1 1.9894 0.1916 b1 1.0183 0.6796
a2 0.1131 0.0182 a2 0.2921 0.0382 a2 0.2676 0.0385 a2 0.1675 0.1144
b2 0.9344 0.2263 b2 0.9529 0.1707 b2 1.0975 0.1871 b2 0.8386 0.6374

Ribes

Parameter Estimate
Standard

Error Parameter Estimate
Standard

Error Parameter Estimate
Standard

Error
Combined Wood SUR model

a1 0.1749 0.0361 a1 0.6838 0.2521 a1 0.377 0.0705
b1 2.011 0.1638 b1 1.2081 0.3162 b1 1.9709 0.1466
a2 0.0298 0.0053 a2 0.2101 0.0574 a2 0.0001 1.5E-05
b2 2.2465 0.1394 b2 1.2066 0.234 b2 8.8828 1.1044

Greenleaf manzanita

Parameter Estimate
Standard

Error Parameter Estimate
Standard

Error Parameter Estimate
Standard

Error Parameter Estimate
Standard

Error
Individual Component SUR model

a1 0.4649 0.0336 a1 0.2078 0.0202 a1 0.1317 0.0277 a1 0.4227 0.0542
b1 1.2538 0.1308 b1 1.0557 0.122 b1 2.1265 0.237 b1 1.3839 0.1365
a2 0.7437 0.0717 a2 0.3113 0.0514 a2 0.1857 0.0406 a2 0.3289 0.0573
b2 1.437 0.1644 b2 1.6682 0.1929 b2 2.2223 0.2432 b2 2.0187 0.1639
a3 0.0495 0.0236 a3 0.214 0.1012 a3 0.0956 0.0405 a3 0.2143 0.0637
b3 2.1106 0.5693 b3 1.1461 0.6002 b3 1.4934 0.5177 b3 2.4114 0.2316
a4 0.0303 0.0154 a4  N/A N/A a4  N/A N/A a4 0.0445 0.0129
b4 2.4905 0.5521 b4 N/A NA b4 N/A NA b4 2.521 0.232
a5 0.1285 0.0102 a5 0.2794 0.0388 a5 0.2571 0.0387 a5 0.1201 0.0226
b5 1.0753 0.1378 b5 1.0166 0.1798 b5 1.1526 0.194 b5 1.7735 0.1733

Ribes

Parameter Estimate
Standard

Error Parameter Estimate
Standard

Error Parameter Estimate
Standard

Error
Individual Component SUR model

a1 0.5758 0.0118 a1 0.2517 0.0284 a1 0.1774 0.0199
b1 2.5491 0.1528 b1 1.0534 0.1369 b1 1.6725 0.0937
a2 0.0625 0.0159 a2 0.3041 0.0291 a2 0.1253 0.0242
b2 1.9903 0.1991 b2 1.2848 0.1074 b2 2.3357 0.1452
a3 0.0149 0.0062 a3 0.1064 0.0309 a3 0.0067 0.0035
b3 0.785 0.441 b3 1.0362 0.2623 b3 2.3289 0.2462
a4 N/A N/A a4 0.0201 0.0082 a4 0.0237 0.0044
b4 N/A N/A b4 0.9999 0.3025 b4 2.4044 0.1576
a5 0.0247 0.0047 a5 0.2152 0.033 a5 0.0001 2.20E-09
b5 2.4016 0.1432 b5 1.1546 0.1453 b5 9.9887 1.1533

Deerbrush Snowbrush

Serviceberry Bush chinkapin Mountain whitethorn

Deerbrush Snowbrush

Serviceberry Bush chinkapin Mountain whitethorn
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Table A.8: Root mean squared error (RMSE) for the combined wood (top) and individual 
component (bottom) seemingly unrelated regression (SUR) for all shrub species. Wood =1-hour 
+ 10-hour + 100-hour + 1,000-hour biomass components for combined wood SUR models.  

Combined wood SUR model 
Species Wood Leaf Total 
Serviceberry 0.9491 0.0721 1.0338 
Greenleaf manzanita 0.5529 0.1490 0.6384 
Bush chinkapin 0.2334 0.1137 0.2752 
Mountain whitethorn 3.6327 0.3317 4.0369 
Deerbrush 0.1870 0.0320 0.2205 
Snowbrush 1.0021 0.2278 1.2073 
Ribes 0.3188 0.1160 0.3313 

 

  

Individual component SUR model  
Species 1-hour 10-hour 100-hour 1000-hour Leaf  Total 
Serviceberry 0.3193 0.5867 0.154 0.1363 0.0781 1.2263 
Greenleaf manzanita 0.0853 0.2072 0.3777 N/A 0.1493 0.7398 
Bush chinkapin 0.0937 0.1433 0.1155 N/A 0.1141 0.2971 
Mountain whitethorn 0.7008 1.5863 2.3594 0.4857 0.4419 6.1131 
Deerbrush 0.0949 0.0955 0.0252 N/A 0.0332 0.2507 
Snowbrush 0.3085 0.5243 0.1832 0.0856 0.2286 1.2815 
Ribes 0.1134 0.1816 0.0819 0.0646 0.1272 0.3406 
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Table A.9: Number of observations, parameter estimates, RMSE, RRMSE, bias, and bias% for 
individual biomass component by species resulting from multinomial logistic regression (MLR). 
n = number of observations in that biomass component.  

MLR for all components 
Serviceberry n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 28 base base 0.0764 22.1635 0 0 
10-hour 24 -0.145213 0.3908182 0.144 25.7104 0 0 
100-hour 8 -0.904737 -0.458129 0.0916 129.1765 0 0 
1000-hour 1 -9.231517 3.4182808 0.113 400 0 0 
Leaf 28 -1.192253 -0.114416 0.0372 42.3725 0 0 
Greenleaf manzanita n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 31 base base 0.0664 32.96 0 0 
10-hour 30 0.2155835 0.2983344 0.1599 38.37 0 0 
100-hour 16 -0.100001 0.096085 0.2733 127.92 0 0 
1000-hour N/A N/A N/A N/A N/A N/A N/A 
Leaf 31 0.2426745 0.0118802 0.1425 54.4302 0 0 
Bush chinkapin n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 19 base base 0.065 28.7039 0 0 
10-hour 18 0.2568883 0.0744793 0.0913 28.1479 0 0 
100-hour 6 -1.599281 0.3528744 0.1212 137.9748 0 0 
1000-hour N/A N/A N/A N/A N/A N/A N/A 
Leaf 19 0.6769393 -0.338049 0.0924 39.0619 0 0 
Mountain whitethorn n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 25 base base 0.7286 149.3314 0 0 
10-hour 21 -0.688176 0.3166992 0.1087 19.2982 0 0 
100-hour 10 -0.084036 -0.036963 0.7809 191.0936 0 0 
1000-hour 3 -2.767101 0.4748706 0.1232 113.0732 0 0 
Leaf 25 -0.563042 -0.177999 0.1131 63.2621 0 0 
Deerbrush n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 21 base base 0.0302 12.867 0 0 
10-hour 20 -0.121187 -0.132844 0.0349 23.6817 0 0 
100-hour 6 -1.533495 -0.544951 0.0196 136.2012 0 0 
1000-hour N/A N/A N/A N/A N/A N/A N/A 
Leaf 21 -0.883453 -0.04222 0.0189 21.7933 0 0 
Snowbrush n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 26 base base 0.0824 23.0902 0 0 
10-hour 25 -0.006462 0.1433738 0.0915 17.7468 0 0 
100-hour 16 -0.964369 0.0278598 0.1346 92.1894 0 0 
1000-hour 2 -3.410472 0.2860701 0.0643 251.7771 0 0 
Leaf 26 -0.174979 0.0357217 0.156 47.5526 0 0 
Ribes  n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 26 base base 0.0709 27.9867 0 0 
10-hour 22 -0.438361 0.264712 0.1354 39.4872 0 0 
100-hour 10 -1.345224 -0.258488 0.0605 168.4876 0 0 
1000-hour 2 -8.585297 1.9687327 0.0297 63.0007 0 0 
Leaf 26 -1.156445 0.2774307 0.1213 69.8114 0 0 
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Table A.10: Number of observations, parameter estimates, RMSE, RRMSE, bias, and bias% 
resulting from combining 100-hour and 1,000-hour components and using multinomial logistic 
regression (MLR). n = number of observations in each component; for the 100-hr +1,000-hr n = 
the total number of combined observations in that component.  

MLR for 100-hour and 1,000-hour combined  
Serviceberry n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 28 base base 0.0737 21.38 0 0 
10-hour 24 -0.1242 0.377853 0.1402 25.03 0 0 
100-hour +1000-hour 9 -1.69188 0.279127 0.1361 137.25 0 0 
Leaf 28 -1.19819 -0.11041 0.0363 41.35 0 0 
Greenleaf manzanita n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 31 base base 0.0664 32.9576 0 0 
10-hour 30 0.215505 0.29832 0.1599 38.37 0 0 
100-hour +1000-hour 16 -0.09996 0.096007 0.2733 127.92 0 0 
Leaf 31 0.242766 0.011785 0.1425 54.4302 0 0 
Bush chinkapin n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 19 base base 0.065 28.7038 0 0 
10-hour 18 0.256964 0.074412 0.0913 28.1479 0 0 
100-hour +1000-hour 6 -1.59965 0.353094 0.1212 137.9748 0 0 
Leaf 19 0.676184 -0.33777 0.0924 39.0619 0 0 
Mountain whitethorn n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 25 base base 0.7236 148.3066 0 0 
10-hour 21 -0.68109 0.313993 0.1052 18.6769 0 0 
100-hour +1000-hour 13 -0.09781 0.061478 0.885 170.9801 0 0 
Leaf 25 -0.56676 -0.1765 0.1119 62.5909 0 0 
Deerbrush n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 21 base base 0.0302 12.867 0 0 
10-hour 20 -0.12129 -0.13282 0.0349 23.6817 0 0 
100-hour +1000-hour 6 -1.53308 -0.54513 0.0196 136.2012 0 0 
Leaf 21 0.883495 -0.04221 0.0189 21.7933 0 0 
Snowbrush n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 26 base base 0.0823 23.0622 0 0 
10-hour 25 -0.00624 0.143285 0.0915 17.7468 0 0 
100-hour +1000-hour 18 -0.90311 0.066578 0.1353 78.8727 0 0 
Leaf 26 -0.17491 0.035692 0.156 47.5526 0 0 
Ribes  n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 26 base base 0.0607 23.9604 0 0 
10-hour 22 -0.42671 0.260543 0.1539 44.8824 0 0 
100-hour +1000-hour 12 -2.08707 0.339769 0.0491 48.2842 0 0 
Leaf 26 -1.1442 0.273064 0.1119 64.4015 0 0 
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Table A.11: Number of observations, parameter estimates, RMSE, RRMSE, bias, and bias% 
resulting from combining the 10-hour and 100-hour components and dropping 1,000-hour 
component using multinomial logistic regression (MLR). n = number of observations in each 
component; for the 10-hour +100-hour n = the total number of combined observations in that 
component 

MLR for 10-hour and 100-hour combined; 1,000-hour dropped 
Serviceberry n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 28 base base 0.0768 22.2796 -0.082 -2.3788 
10-hour + 100-hour 32 0.151828 0.283354 0.1554 24.6277 -0.0181 -2.8685 
Leaf 28 -1.19555 -0.11235 0.0365 41.5751 -0.0019 -2.1642 
Greenleaf manzanita n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 31 base base 0.0664 32.9576 0 0 
10-hour + 100-hour 46 0.754793 0.227961 0.1915 30.3777 0 0 
Leaf 31 0.242846 0.011754 0.1425 54.4302 0 0 
Bush chinkapin n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 19 base base 0.0663 28.5663 0 0 
10-hour + 100-hour 24 0.387592 0.131342 0.0941 22.8287 0 0 
Leaf 19 0.67582 -0.33741 0.0925 39.1042 0 0 
Mountain whitethorn n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 25 base base 0.7812 160.1122 -0.032 -6.5586 
10-hour + 100-hour 31 0.290453 0.15441 0.5776 59.4292 -0.0658 -6.7702 
Leaf 25 -0.58067 -0.17089 0.1333 74.5609 -0.0112 -6.5586 
Deerbrush n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 21 base base 0.0295 12.5687 0 0 
10-hour + 100-hour 26 0.053588 -0.16594 0.0449 27.7568 0 0 
Leaf 21 -0.88458 -0.04185 0.0187 21.5627 0 0 
Snowbrush n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 26 base base 0.0833 23.3424 -0.0066 -1.8495 
10-hour + 100-hour 41 0.311166 0.117962 0.1479 22.3553 -0.0127 -1.9196 
Leaf 26 -0.17496 0.035714 0.159 48.4671 -0.0062 -1.8899 
Ribes  n a b RMSE (kg) RRMSE (%) Bias Bias% 
1-hour 26 base base 0.069 27.2367 -0.0124 -4.8947 
10-hour + 100-hour 32 -0.16687 0.20659 0.2243 59.2127 -0.0233 -6.1509 
Leaf 26 -1.15172 0.275733 0.1052 60.5454 -0.0114 -6.561 
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Appendix B: Figures and tables depicting results obtained from the use of a  
nonlinear mixed effects model for quantifying aboveground shrub biomass. 
 

 

Figure B.1: Map depicting the study area located in Lassen National Forest, CA. Map courtesy of 
Dr. Martin Ritchie, Pacific Southwest Research Station, U.S. Department of Agriculture.  
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Figure B.2: Plot of component within species random effect coefficient values for b0. 
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Figure B.3: Fitted versus observed plots by species and biomass component against a 1:1 
regression line.  
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 Figure B.4: Fitted versus residual plots for species by biomass component. 
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Figure B.5: Fixed effects versus observed biomass values (top) and random effects versus 
observed biomass (bottom) by species.  
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Figure B.6: Prediction plot for fixed, species, and variable by individual fuel class (42 plots 
total). Biomass component is shown on the right side of plot, observed biomass value is on the 
left, species is on the top, and crown area (m2) on the bottom.  
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Tables 

Table B.1: Common and scientific names, abbreviations, and total number of shrub samples. 

Species 
(common) Species (scientific) Abbreviation N 
Serviceberry Amalanchier alnifolia AMAL 28 
Greenleaf 
manzanita Arctostaphylos patula ARPA 32 
Bush chinkapin Castanopsis sempervirens CASE 20 
Mountain 
whitethorn Ceanothus cordulatus CECO 27 
Deerbrush Ceanothus integerrimus CEIN 21 
Snowbrush Ceanothus velutinus CEVE 26 
Ribes spp. (currant 
and gooseberry) Ribes spp. RISP 26 

 

 

Table B.2: Description and order of the measurements obtained in the field for individual shrubs. 

Order taken in 
field 

Abbreviation       Description  Desired 
Precision 

1 CWL Horizontal crown width long axis (cm) 1 cm 
2 CWS Horizontal crown width perpendicular to 

CWL (cm) 
1 cm 

3 HM Maximum vertical height (cm) 1 cm 
4 H1 A representative vertical height (cm) 1 cm 
5 H2 A representative vertical height (cm) 1 cm 
6 H3 A representative vertical height (cm) 1 cm 
7 ML Maximum stem length (cm) 1 cm 
8 SC Stem count at 10 cm NA 
9 D1 Basal diameter at 10 cm (largest) 0.01 cm 
10 D2 Basal diameter at 10 cm (second largest) 0.01 cm 
11 D3 Basal diameter at 10 cm (third largest) 0.01 cm 
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Table B.3: Summary statistics used for data analysis. 
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Table B.4: Statistical summaries resulting from the fitting of nonlinear mixed effect models 
using species (top), component (middle), and a nested random effect in the form of 
species/component (bottom) as random effects.  

Species B0 B1 
Estimate 0.2607 1.4057 
Standard Error 0.0397 0.0372 
P-value <0.0001 <0.0001 
Random effects     
Standard Dev 0.0964   
Residual 0.4576   
Component B0 B1 
Estimate 0.2658 1.3928 
Standard Error 0.1052 0.0230 
P-value 0.0117 <0.0001 
Random effects     
Standard Dev 0.2557   
Residual 0.3889   
Species/Component B0 B1 
Estimate 0.2444 1.3594 
Standard Error 0.0439 0.0190 
P-value <0.0001 <0.0001 
Random effects     
Standard Dev/Spp. 0.0000301   
Standard Dev/Spp&Comp. 0.2749   
Residual 0.3707   
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Table B.5: Random effects and log likelihood, AIC, and BIC results from analysis of variance 
(ANOVA). 

NLME random effects and weighting options for allometric model  
Goodness of fit measures  

Random effects Weights  LL AIC BIC 
Species only (A) yes 176.49 -342.97 -318.16 
  no -1462.92 2933.84 2953.69 
Component only (B) yes 358.49 -706.99 -682.18 
  no -1274.63 2557.25 2577.10 
Species/component (C) yes 398.42 -784.84 -755.07 
  no -1301.49 2612.99 2637.80 
 

 

Table B.6: Confidence intervals (top) and variance/covariance values (bottom) for fixed effects 
for the nested random effect model.  

 

 

 

 

 

 

 

 

 

 

95 % confidence interval for fixed effects
lower estimate upper

B0 0.1584 0.2444 0.3304
B1 1.322 1.3594 1.3967

b0 b1
b0 0.0019 0.0001
b1 0.0001 0.0004
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Table B.7: Random intercept coefficients for each species of shrub by fuel class obtained from 
NLME analysis using random effect component within species. B1 is held constant at 1.3594 for 
all species and components.  

Species/Component B0 Species/Component B0 
Serviceberry/Total  0.7813 Greenleaf manzanita/Total  1.2177 
Serviceberry/1-hour 0.3504 Greenleaf manzanita/1-Hour 0.358 
Serviceberry/10-hour 0.2911 Greenleaf manzanita/10-Hour 0.3453 
Serviceberry/100-hour 0.0498 Greenleaf manzanita/100-Hour 0.1139 
Serviceberry/1,000-hour 0.0139 Greenleaf manzanita/1,000 Hour N/A 
Serviceberry/Leaf 0.1152 Greenleaf manzanita/Leaf 0.4273 
Species/Component B0 Species/Component B0 
Bush chinkapin/Total  0.9515 Mountain whitethorn/Total  0.554 
Bush chinkapin /1-hour 0.3065 Mountain whitethorn/1-hour 0.2493 
Bush chinkapin/10-hour 0.2438 Mountain whitethorn/10-hour 0.1307 
Bush chinkapin/100-hour 0.0327 Mountain whitethorn/100-hour 0.0881 
Bush chinkapin/1,000-hour N/A Mountain whitethorn/1,000-hour 0.0264 
Bush chinkapin/Leaf 0.4135 Mountain whitethorn/Leaf 0.1114 
Species/Component B0 Species/Component B0 
Deerbrush/Total  0.2524 Snowbrush/Total  0.7328 
Deerbrush/1-hour 0.1432 Snowbrush/1-hour 0.2572 
Deerbrush/10-hour 0.0744 Snowbrush/10-hour 0.2011 
Deerbrush/100-hour 0.0202 Snowbrush/100-hour 0.0462 
Deerbrush/1,000-hour N/A Snowbrush/1,000-hour 0.1703 
Deerbrush/Leaf 0.0638 Snowbrush/Leaf 0.2612 
Species/Component B0   
Ribes Spp./Total  0.4722   
Ribes Spp./1-hour 0.2389   
Ribes Spp./10-hour 0.1008   
Ribes Spp./100-hour 0.0233   
Ribes Spp./1,000-hour 0.0121   

Ribes Spp./Leaf 0.1359   
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Table B.8 Variance and standard deviation for random effects used in analysis 

Species only random effect model  Variance Stand.Dev 
Species 0.0093 0.0964 
Residual 0.2094 0.4576 
Component only random effect model  Variance Stand.Dev 
Component 0.0654 0.2557 
Residual 0.1512 0.3888 
Nested random effect model  Variance Stand.Dev 
Species 9E-09 0.000003 
Component 0.0075 0.2745 
Residual 0.1374 0.3707 

 

Table B.9: Results obtained from leave one out cross validation for species, biomass component, 
and nested random effects.  

Cross Validation 

Random effects Weights  RMSPE Bias 

Species only (A) yes 0.9782 0.0291 
  no 0.9794 -0.0093 
Component only (B) yes 0.8131 0.0214 
  no 0.8167 -0.0119 
Species/component (C) yes 0.8499 0.0615 
  no 0.8736 0.0077 
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