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high spectrum and energy efficiency. To realize its potential performance gain, 

accurate channel state information at transmitter side (CSIT) is essential. Frequency 

division duplex (FDD) is widely employed by the most cellular systems today. 

However, it requires unaffordable pilot overhead and has high computational 

complexity. On the other hand, by exploiting the channel reciprocity using uplink 

pilots, the time division duplex (TDD) can overcome the overwhelming pilot training 

as well as the pilot feedback overhead. Considering these advantages, we propose a 

subsampling algorithm that can be implemented in a TDD mode. Particularly, we first 

exploit the intrinsic sparsity of CSIT, and then employ the Walsh-Hadamard 

Transform (WHT), which will subsample the received signal at BS, to perform 

channel estimation. Additionally, we discuss the proposed channel estimation scheme 

in a multicell scenario. Simulation results demonstrate that the proposed algorithm 

can accurately estimate channels with reduced computational complexity.   
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Channel Estimation in TDD Massive MIMO Systems 

with Subsampled Data at BS 

1 Introduction 

1.1 Challenges and Motivation 

Multiple-input multiple-output (MIMO) technology has been widely studied during 

the last two decades [1]. The basic premise of the MIMO system is: the more 

antennas the transmitter/receiver is equipped with, the more the possible signal paths 

and the better the performance in terms of data rate and link reliability [2]. The initial 

work on the problem focused on point-to-point MIMO links where both transmitter 

and receiver are equipped with multiple antennas. In recent years, the topic has 

shifted to more practical multi-user MIMO (MU-MIMO) systems, where several 

single-antenna mobile users (MUs) simultaneously communicate with a base station 

(BS) which is equipped with multiple antennas [1]. In this way, the expensive multi-

antenna equipment will only be needed at the BS side, and the mobile users can be 

relatively cheaper single antenna devices, as shown in Fig. 1. 
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Fig. 1.1 Illustration of MU-MIMO system. 

At this point in time, a MU-MIMO system that uses 2 to 4 antennas at the BS is 

considered a fairly mature technology, and has been implemented in major wireless 

standards like long-term evolution (LTE) and WiFi (IEEE 802.11n/ac) [3]. In order to 

achieve higher data rates as well as to simplify the required signal processing, 

massive MIMO systems (also known as large-scale antenna systems (LSAS)) have 

been proposed in [4], [5], where each BS is equipped with hundreds of antennas. 

Since the number of antennas at the BS is assumed to be significantly larger than the 

number of users, a large number of degrees of freedom are available and can be used 

to shape the transmitted signals in a hardware-friendly way or to null interference [6]. 

Another advantage of massive MIMO is that each single-antenna user can scale down 

its transmit power in proportion to the number of antennas at the BS with perfect 

channel state information (CSI) or to the square root of the number of BS antennas 

with imperfect CSI [1]. This leads to higher energy efficiency and is very important 

for future wireless networks because the excessive energy consumption is becoming a 

BS 
Multiple of antennas 

MU1 
Single antenna 

MU2 
Single antenna 

MU3 
Single antenna 
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growing concern [1]. However, the price to pay for such a massive MIMO system is 

the increased complexity of the hardware (number antennas) and the complexity and 

energy consumption of the signal processing at both transmitter and receiver. To 

make the system practical, new algorithms are required to keep the complexity low.  

In this thesis, we focus on methods that can acquire channel state information at 

transmitter side (CSIT) while keeping low complexity. The conventional methods of 

obtaining CSIT at the base station (BS) of FDD systems require the BS first transmits 

downlink pilot symbols so that the user can estimate the downlink CSI locally using 

the least square (LS) [7] or minimum mean square error (MMSE) [8]. Then the 

estimated CSI are sent back to the BS via uplink signaling channels. However, using 

these conventional CSI estimation techniques, the number of independent pilot 

symbols required at the BS has to scale linearly with the number of transmit antennas 

at the BS [13]. In massive MIMO systems, there could be hundreds of antennas at the 

BS. As a result, the pilot training overhead (downlink) as well as the CSI feedback 

overhead (uplink) would be prohibitively large [3]. Hence, a new CSI estimation 

technique is needed. Many experimental studies [9], [10] have shown that the channel 

matrices tend to be sparse due to the limited local scatterers [11]. Hence, it is 

desirable to exploit the hidden joint sparsities in the CSI estimation. One approach is 

compressive sensing. Compressive sensing is a good application of signal processing 

and communications, where a signal has small number of non-zero components, i.e., 

the signal is sparse [12]. Compressive sensing can efficiently compress the signal by 

projecting it to a random measurement matrix and recover the original signal from the 
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compressed signal. Recently, many researchers have employed compressive sensing 

in CSI estimation by exploiting the sparsity of it.  

1.2 Prior Research 

Base on the subspace pursuit algorithm, [13] proposed a joint orthogonal matching 

pursuit (J-OMP) algorithm that can solve compressive sensing (CS) recovery 

problem with prior support information. In the algorithm, the support of the 

estimation is separated into two parts. One part is called common support, which is 

obtained by exploring estimations of near users. The assumed minimum size of 

common support is known in advance. After finding the common support of the 

minimum size, the algorithm further explores the remaining support based on the 

common support by the union of the newly found support one by one in every 

circulation. Based on the same idea, [14] proposed a modified subspace pursuit (M-

SP) algorithm. Different from the conventional subspace pursuit (SP) algorithm, 

which exploits prior support blindly, this M-SP algorithm exploits the prior support 

adaptively based on the quality of the information. The conventional methods of 

obtaining CSIT at the base station (BS) of FDD systems require the number of 

independent pilot symbols that BS transmits to MUs scale proportionally with the 

number of transmit antennas at the BS, and will cause overwhelming pilot training 

(downlink) as well as the CSI feedback overhead (uplink) in massive MIMO system 

due to hundreds of antennas at BS. In addition, the number of independent pilot 

symbols available is limited by the channel coherence time. To solve the problem, 
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[15] proposed a channel feedback algorithm, which uses a compressive sensing 

technique to design pilot symbols. In this way, the number of pilot sequences will be 

efficiently reduced, and each MU only needs to recover a compressed CSI, which 

will also reduce the calculation complexity. Similarly, [16] proposed adjustable 

phase pilots (APSPs) for massive MIMO-OFDM to reduce the pilot overhead. For 

conventional phase shift orthogonal pilots (PSOPs), phase shifts for different pilots 

are fixed, and phase shift differences between different pilots are no less than the 

maximum channel delay of all the user terminals. Different from PSOPs, the phase 

shifts for different pilots are adjustable in APSP. In this way, more pilots are 

available compared with the PSOPs, which will lead to significantly reduced pilot 

overhead. Another scheme to reduce the pilot overhead is proposed by [17]. In this 

scheme, a spectrum-efficient parametric channel estimation technique was put 

forward for MU massive MIMO systems to reduce the pilot overhead as well as 

channel estimation performance. All the above mentioned methods are based on 

frequency division duplexing (FDD) mode, where the CSI acquired by transmitter 

and receiver are different. FDD is generally considered to be more effective for 

systems with symmetric traffic and delay-sensitive applications, and it is widely 

employed by the most cellular systems today. On the other hand, time division 

duplexing (TDD) protocol is considered to be a new direction as the CSIT can be 

obtained by exploiting the channel reciprocity using uplink pilots. Specifically, in 

TDD mode, each MU sends a pilot sequence to the BS, and the overwhelming pilot 
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training will not exist as well as the pilot feedback overhead because the number of 

MUs is significantly smaller than the number of antennas at BS in each cell.  

 

1.3 Proposed Method 

The work in this thesis assumes the TDD mode. Though the overwhelming pilot 

training and the pilot feedback overhead are relieved in TDD mode, estimation of CSI 

is still a challenging work due to the huge dimension of it. The proposed method of 

this thesis focuses on reducing the computational complexity by first exploiting the 

intrinsic sparsity of CSI, and then employing the Walsh-Hadamard Transform (WHT) 

into channel estimation. Traditionally, the WHT can be computed using N samples 

and O(N log N) operations via a recursive algorithm analogous to the Fast Fourier 

Transform (FFT) [19], but when the signal has sparse Walsh spectra, the cost can be 

significantly reduced. [19] has developed a fast algorithm to compute the WHT of 

signals with sparse Walsh spectra, and in this thesis, we will show how to employ the 

idea in CSI estimation, in order to achieve low computational complexity. 

1.4 Notation and Organization 

Through out this paper, we use ℂ to denote the complex field. Any bold lowercase 

letter such as 𝒙 ∈ ℂ!  represents a vector containing the complex samples 𝒙 =

[𝑥 0   𝑥 2 … 𝑥[𝑁 − 1]]!, and a bold uppercase letter such as 𝑿 ∈ ℂ!×! represents a 

matrix with elements 𝑋!" for 𝑖 ∈ [𝑀] and 𝑗 ∈ [𝑁]. The notation Ϝ!! refers to the n-

dimensional column vector with each element taking values from {0,1}. For any 



 
 
 

 

7 

vector 𝒊 ∈ Ϝ!! , denote by 𝒊 = [𝑖 1 ,… , 𝑖[𝑛]] ∈ Ϝ!!  the index vector containing the 

binary representation of some integer I, with 𝑖 1  and 𝑖[𝑛] being the least significant 

bit (LSB) and the most significant bit (MSB), respectively.  

The paper is organized as follows. In section 2, we describe our channel model. In 

section 3, we explain the proposed algorithm by first introducing angle of arrival 

(AOA), then adding the AOA into channel model specifically, and at last propose 

the subsampling algorithm based on the channel model and [19]. The simulation 

results, which show the performance of the proposed algorithm, are provided in 

section 4.   
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2 Channel Model 

2.1 Single Cell Scenario 

Consider a flat block-fading multi-user massive MIMO system operating in TDD 

mode. There are one BS and K mobile users (MS) in one cell as illustrated in Fig. 2, 

where the BS has M antennas (M is large) and each user has one antenna.  To 

estimate the uplink CSI, ��� each mobile user broadcasts a sequence of 𝑁! training pilot 

symbols. 

 

Fig. 2.1 Multi-user MIMO Single Cell Scenario 

Denote the transmitted pilot signals from the K MUs in the i-th cell to BS as 

𝒙!" ∈ ℂ!×!, 𝑖 = 1,… , 𝐿, 𝑗 = 1,… ,𝑁!. Then the received vector at the BS of the i-th 

cell in the j-th time slot 𝒚!" ∈ ℂ!×! can be expressed as 

…
 

MU 1 

MU 2 

MU K 

BS 

Limited local scatterers at BS 
Rich local scatterers at MS 
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 𝒚!" = 𝑮!𝒙!" +𝒘!" , 𝑗 = 1,… ,𝑁! (2-1) 

where 𝑮𝒊 ∈ ℂ!×!is the channel matrix from K MUs in the i-th cell to the BS and 

𝒘!" ∈ ℂ!×! is he complex Gaussian noise with zero mean and unit variance.  

2.2 Multi Cell Scenario 

Let 𝑿 = [𝒙!…   𝒙!!] ∈ ℂ
!×!! , 𝒀! = [𝒚!…   𝒚!!] ∈ ℂ

!×!!  and 𝑾! = [𝒘!…   𝒘!!] ∈

ℂ!×!!  be the concatenated transmitted pilots, received signal, and noise vectors 

respectively. Then the signal model can be equivalently written as 

 𝒀! = 𝑮!𝑿+𝑾! (2-2) 

where 𝑡𝑟 𝑿𝑿! = 𝑃!𝑁! and 𝑃! is the average transmit power at each MU per time 

slot. 

Let us take the interference from adjacent cells into consideration. There are six 

interfering cells around the cell of interest as illustrated in Fig. 3. 
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Fig. 2.2  Multi Cell Scenario with Six Interfering Cells (Cell 2 to Cell 7). 

The received channel matrix can be expressed as 

 𝒀 = 𝑮!𝑿!
!!! +𝐖 (2-3) 

where 𝑮! , 𝑙 = 1,… ,7 is the channel matrix from K MUs in the l-th cell to the BS. 

 

Cell 1 
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Cell 4 
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Cell 6 
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M Antennas 
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Signals from the cell of interest 

Signals from cells of interfering 
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3 Description of Algorithm 

3.1 Angle of Arrival 

Now let us consider an uplink massive single-input multiple-output (SIMO) system. 

The receiver operates with a uniform linear array (ULA) with M antennas spacing △, 

and transmitter has one omnidirectional antenna, as illustrated in Fig. 3.1.iw 

Typically, △= λ/2 or λ/3, where λ denotes the carrier wavelength.  

 

Fig. 3.1  Uplink SIMO system with an ULA at receiver and one omnidirectional 

antenna at transmitter [18]. 

The continuous-time impulse response hi(τ) between the transmit antenna and the ith 

receive antenna is given by [18]  

 ℎ! 𝜏 = 𝑎𝛿 𝜏 − !!
!
, 𝑖 = 1,… ,𝑛! (3-1) 

where di is the distance between the transmit antenna and ith receive antenna, c is the 

speed of light and a is the attenuation of the path, which is assumed to be the same for 

       

... 
... 

(𝑖 − 1)∆!𝜆!𝑐𝑜𝑠𝜙 

𝜙 𝑑 
∆!𝜆! 

Rx antenna i 
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all antenna pairs. Assuming di/c ≪ 1/W, where W is the transmission bandwidth, 

then the channel is frequency nonselective. The baseband channel gain is 

ℎ! = 𝑎  𝑒𝑥𝑝 − !!!!!!!
!

= 𝑎  exp  (− !!!!!
!!

), 

where 𝑓! is the carrier frequency. The SIMO channel can be written as  

 𝒚 = 𝒉𝑥 +𝒘 (3-2) 

Since the distance between the transmitter and the receiver is much larger than the 

size of the receive antenna array, the paths from the transmit antenna to each of the 

receive antennas are approximate parallel and  

 𝑑! ≈ 𝑑 + 𝑖 − 1 ∆!𝜆!𝑐𝑜𝑠𝜙, 𝑖 = 1,… ,𝑛!, (3-3) 

where d is the distance from the transmit antenna to the first receive antenna and ︎ 𝜙 is 

the angle of incidence of the line-of-sight onto the receive antenna array.  

 Ω≔ 𝑐𝑜𝑠𝜙 (3-4) 

is called the directional cosine with respect to the receive antenna array.  

The spatial signature ℎ = [ℎ!,… , ℎ!!]
!  is therefore given by  

 𝒉 = 𝑎𝑒𝑥𝑝(− !!!"
!!
)

1
exp  (−𝑗2𝜋Δ!Ω)
exp  (−𝑗2𝜋2Δ!Ω)

⋮
exp  (−𝑗2𝜋(𝑛! − 1)Δ!Ω)

. (3-5) 
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The signals received at consecutive antennas differ in phase by 2πΔrΩ due to the 

relative delay. Define [18] 

 𝑒! Ω ≔ !
!!

1
exp  (−𝑗2𝜋Δ!Ω)
exp  (−𝑗2𝜋2Δ!Ω)

⋮
exp  (−𝑗2𝜋(𝑛! − 1)Δ!Ω)

 (3-6) 

as the unit spatial signature in the directional cosine Ω. 

Similarly, we get the spatial signature h of MISO channel (Figure 2). 

 

Fig. 3.2  Uplink MISO system with an ULA at transmitter and one antenna at receiver 

[18]. 

The spatial signature h=[h1, …, hnt]
T is therefore given by  

 𝒉 = 𝑎𝑒𝑥𝑝(− !!!"
!!
)

1
exp  (−𝑗2𝜋Δ!Ω)
exp  (−𝑗2𝜋2Δ!Ω)

⋮
exp  (−𝑗2𝜋(𝑛! − 1)Δ!Ω)

. (3-7) 

       

... 
... 

(𝑖 − 1)∆!𝜆!𝑐𝑜𝑠𝜙 

𝜙 𝑑 
∆!𝜆! 

Rx antenna i 
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The unit spatial signature in the transmit direction of Ω is: 

 𝑒! Ω ≔ !
!!

1
exp  (−𝑗2𝜋Δ!Ω)
exp  (−𝑗2𝜋2Δ!Ω)

⋮
exp  (−𝑗2𝜋(𝑛! − 1)Δ!Ω)

. (3-8) 

Now considering MIMO channel. The channel gain between the kth transmit antenna 

and the ith receive antenna is 

 ℎ!" = 𝑎  exp  (−𝑗2𝜋𝑑!"/𝜆!), (3-9) 

where 𝑑!" is the distance between the antennas. 

The distance between transmit antenna 1 and receive antenna 1 is denoted by 

 𝑑!" = 𝑑 + 𝑖 − 1 Δ!𝜆!𝑐𝑜𝑠𝜙! − (𝑘 − 1)Δ!𝜆!𝑐𝑜𝑠𝜙!, (3-10) 

where φt, φr are the angles of incidence of the line-of-sight path on the transmit and 

receive antenna arrays respectively. Define Ωt = cosφt and Ωr = cosφr. We get 

 ℎ!" = 𝑎 exp − !!!"
!!

∗ exp 𝑗2𝜋 𝑘 − 1 Δ!Ω! ∗ exp 𝑗2𝜋 𝑘 − 1 Δ!Ω! , (3-

11) 

then we can write the channel matrix as  

 𝑯 = 𝑎 𝑛!𝑛!exp  (−
!!!"
!!
)𝒆𝒓(Ω!)𝒆𝒕(Ω!)∗. (3-12) 

𝑯 is a rank-one matrix with a unique non-zero singular value λ1 = a (nt nr )
1/2. 
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Note that although there are multiple transmit and multiple receive antennas, the 

transmitted signals are all projected onto a single-dimensional space and thus only 

one spatial degree of freedom is available. The receive spatial signatures at the 

receive antenna array from all the transmit antennas (i.e., the columns of 𝑯) are along 

the same direction, 𝒆!(Ω!).Thus, the number of available spatial degrees of freedom 

do not increase even though there are multiple transmit and multiple receive antennas.  

In summary: in a line-of-sight only environment, a MIMO channel provides a power 

gain but no degree-of-freedom gain.  

In order to increase the degree-of-freedom, consider the following experiment. 

Placing the two transmit antennas very far apart (Fig. 3.3) [18]. 

 

Fig. 3.3 The two transmit antennas are separated far apart [18]. 

The spatial signature from transmit antenna k (k=1,2) to the receive antenna array is  

 𝒉𝒌 = 𝑎! 𝑛! exp − !!!!!!
!!

𝑒! Ω!" , 𝑘 = 1,2, (3-13) 

       

... 
... 

𝜙! 
𝑑 

∆!𝜆!  

Rx antenna i 

𝜙! 

Tx antenna 2 

Tx antenna 1 
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where d1k is the distance between transmit antenna k and receive antenna 1, and 

Ω!" = 𝑐𝑜𝑠Φ!". 

Because the spatial signature 𝒆!(Ω!) is a periodic function of Ω with period 1/Δ!, 

and it doesn’t repeat within one period, the channel matrix 𝑯   =    [ℎ1  ℎ2] has distinct 

and linearly independent columns as long as the separation in the directional cosines  

 Ω! ≔ Ω!! − Ω!! ≠ 0          𝑚𝑜𝑑   !
∆!

. (3-14) 

In this case, it has two non-zero singular values, yielding two degrees of freedom.  

Note that since Ω!!, Ω!! being directional cosines, lie in [-1, 1] and cannot differ by 

more than 2, the condition reduces to the simpler condition Ω!! ≠ Ω!! whenever the 

antenna spacing Δ! ≤   1/2.  

The condition of 𝑯 is determined by how aligned the spatial signatures of two 

transmit antennas are: the less aligned the spatial signatures are, the better the 

condition of H. The channel matrix 𝑯 is full rank, but it can still be very ill-

conditioned.  

The angle ︎between the two spatial signatures satisfies  

 𝑐𝑜𝑠𝜃 ≔ |𝑒!(Ω!!)∗𝑒!(Ω!!)| (3-15) 

The value of the upper equation only depends on  Ω!! − Ω!!. Define Ω! ≔ Ω!! − Ω!!, 

then  
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 𝑓! Ω!! − Ω!! ≔ 𝑒!(Ω!!)∗𝑒!(Ω!!) (3-16) 

 𝑓! Ω! = !
!!
exp  (𝑗𝜋Δ!Ω!(𝑛! − 1))

!"#  (!!!!!)
!"#  (!!!!!/!!)

 (3-17) 

where 𝐿! = 𝑛!Δ! is the normalized length of the receive antenna array. Hence,  

 𝑐𝑜𝑠𝜃 = !"#  (!!!!!)
!!!"#  (!!!!!/!!)

 (3-18) 

The periodicity of 𝑓!(·) follows from the periodicity of the spatial signature 𝒆𝒓(·). It 

has a main lobe of width 2/𝐿! centered around integer multiples of 1/Δ!. All the 

other lobes have significantly lower peaks. This means that the signatures are close to 

being aligned and the channel matrix is ill conditioned whenever 

 Ω! −
!
∆!

≪ !
!!

 (3-19) 

since Ω! ranges from −2 to 2, this condition reduces to  

 Ω! ≪ !
!!

 (3-20) 

whenever the antenna separation Δ! ≤ 1/2.  

The parameter 1/𝐿!  can be thought of as a measure of resolvability in the angular 

domain: if Ω! ≪ 1/𝐿!, then the signals from the two transmit antennas cannot be 

resolved by the receive antenna array and there is effectively only one degree of 

freedom. On the other hand, the received signals within the angle range 1/𝐿! 

contribute to the same beam. The upper argument implies that packing more and 
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more antenna elements in a given amount of space does not increase the angular 

resolvability of the receive antenna array; it is intrinsically limited by the length of the 

array.  

It has the similar result when spacing the receive antennas very far apart.  

It is not realistic to set the transmit antennas very far apart, or to set the receive 

antennas very far apart. However, we can get enough degree-of-freedom and well-

conditioned channel matrix 𝑯 by considering reflected paths. Figure 3.4 shows a 

model where in addition to a line-of-sight path there is another path reflected off a 

wall.  

 

Fig. 3.4  There are two paths between transmit antenna 1 and receive antenna 1. Path 

1 is the line-of-sight path, and path 2 is a path reflected off a wall [18]. 

Paths whose transmit directional cosines differ by less than 1/𝐿!  and receive 

directional cosines by less than 1/𝐿! are not resolvable by the arrays. This suggests 

that we should “sample” the angular domain at fixed angular spacings of 1/𝐿! at the 

transmitter and at fixed angular spacings of 1/𝐿! at the receiver, and represent the 

≈ 

≈ 
≈ 

A 
Path 2 

B 
Path 1 

Tx antenna 1 

Tx antenna array 

Rx antenna 1 

Rx antenna  
array 
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channel in terms of these new input and output coordinates. The (𝑘, 𝑙)!! channel gain 

in these angular coordinates is then roughly the aggregation of all paths whose 

transmit directional cosine is within an angular window of width 1/𝐿! around 1/𝐿! 

and whose receive directional cosine is within an angular window of width 1/𝐿! 

around 𝑘/𝐿! (Figure 3.5) [18].  

 

Fig. 3.5 Illustration of resolvable bins [18]. 

Suppose there is an arbitrary number of physical paths between the transmitter and 

the receiver; the 𝑖!! path has an attenuation of 𝑎! , makes an angle of 𝜙!"  (Ω!" ≔

𝑐𝑜𝑠𝜙!")with the transmit antenna array and an angle of 𝜙!"  (Ω!" ≔ 𝑐𝑜𝑠𝜙!") with the 

receive antenna array. The channel matrix 𝑯 is given by  

 𝐻 = 𝑎!!𝑒!(Ω!")𝑒!(Ω!")∗! , (3-21) 

③ 

③ 

② ① 
④ 

④ ① 
② 

③ ① 

② 

② 

③ 

④ 

④ 

⑤ 

⑤ 
⑥ 

⑥ ① 

Path B 
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+1 

-1 

-1 +1 Ω! 

Ω! 
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1/𝐿! 
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where  

 𝑎!! = 𝑎! 𝑛!𝑛!exp  (−
!!!!(!)

!!
). (3-22) 

Recall  

 𝑓! Ω! = 𝑒! Ω!! ∗𝑒! Ω!! = !
!!
exp  (𝑗𝜋Δ!Ω!(𝑛! − 1))

!"#  (!!!!!)
!"#  (!!!!!/!!)

. (3-23) 

We have  

 𝑓!
!
!!

= 0,𝑎𝑛𝑑  𝑓!
!!
!!

= 𝑓!
!!!!
!!

, 𝑘 = 1,… ,𝑛! − 1. (3-24) 

The nr fixed vectors 

 𝒮! ≔ 𝑒! 0 , 𝑒!
!
!!

,… , 𝑒!
!!!!
!!

 (3-25) 

form an orthonormal basis for the received signal space 𝒞!!. This basis provides the 

representation of the received signals in the angular domain.  

Similarly, We can define the angular domain representation of the transmitted signal.  

 𝒮! ≔ 𝑒! 0 , 𝑒!
!
!!

,… , 𝑒!
!!!!
!!

 (3-26) 

form an orthonormal basis for the transmitted signal space 𝒞!!.  

We now represent the MIMO fading channel in the angular domain. Assume 𝒙 and 

𝒙!  are the 𝑛! dimensional vector of transmitted signals from the antenna array and its 
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angular domain representation respectively, y and ya are the 𝑛! dimensional vector of 

received signals from the antenna array and its angular domain representation 

respectively. 𝑼!  and 𝑼!  are respectively the 𝑛!×𝑛!  and 𝑛!×𝑛!  unitary matrices the 

columns of which are the vectors in 𝒮! and 𝒮! respectively (IDFT matrices). 

The (𝑘, 𝑙)!! entry of 𝑼! is  

 !
!!
exp !!!!"#

!!
        𝑘, 𝑙 = 0,… ,𝑛! − 1 (3-27) 

The (𝑘, 𝑙)!! entry of 𝑼! is 

 !
!!
exp !!!!"#

!!
        𝑘, 𝑙 = 0,… ,𝑛! − 1 (3-28) 

 The transformations 

 𝒙! ≔ 𝑼!∗𝒙, (3-29) 

 𝒚! ≔ 𝑼!∗𝒚, (3-30) 

We have an equivalent representation of the channel in the angular domain:  

 𝒚! = 𝑼!∗𝑯𝑼!𝒙! + 𝑼!∗𝒘 = 𝑯𝒂𝒙𝒂 +𝒘𝒂 (3-31) 

Where  

 𝑯! ≔ 𝑼!∗𝑯𝑼! (3-32) 

is the channel matrix expressed in angular coordinates.  
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3.2 Sparsity of Angular Domain Channel Matrix 

After applying the angular domain transformation, the physical paths are partitioned 

into angularly resolvable bins and aggregated to form resolvable paths whose gains 

are ℎ!"! [𝑚]. On the other hand, if an angular bin (𝑘, 𝑙) contains no paths, the entries 

ℎ!"! [𝑚] can be approximated as 0.  

In our assumption, there are limited local scatterers at the BS side, so the angular 

spread at the transmitter is limited, as shown in Fig. 3.6. It turns out that many 

angular bin (𝑘, 𝑙)  contains no paths. As a result, many entries of 𝑯!  may be 

approximated to zero, so the angular domain channel matrix 𝑯! is sparse.  

 

Fig. 3.6  Angle of arrival (AOA) at BS is sparse in contrast to Angle of Departure at 

MUs. 

…
 

MU 1 

MU 2 

MU 
K 

BS 

Angle of arrival (AOA) at BS 
 

Angle of departure (AOD) at MUs 
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3.2.1 System Model 

Consider a hexagonal cell pattern and L=7. Each cell contains one base station (BS) 

and eight mobile users (MU).  

For simplicity, we use the one ring model for the simulation. Assume that there is a 

circle of scatterers around each MU, and the circle’s radius is set to be 1/200 of cells 

radius. The dash red circle is the scatterer circle. Then the angle of arrival (AOA) of 

this user is between the two dash red lines (Fig. 3.7). 

 

Fig. 3.7  Hexagonal cell pattern and 𝐿 = 7. Each cell contains one base station (BS) 

and eight mobile users (MU). Use one ring model for simplicity. The angle of arrival 

AOA 
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range for a certain MU is between the two red dash lines. 

Consider a flat block-fading frequency non-selective multi-user massive MIMO 

system operating in TDD mode.  Assume that there are 𝑀 BS antennas and 𝐾 users in 

each cell, and each user operates with one antenna. There are 𝑃 i.i.d paths originating 

from each user 𝑘 to the BS (Fig. 10), each has a steering vector 𝒂 𝜙! ∈ ℂ!×!, 

 𝒂 𝜙! = [1  𝑒!!!!
!
! !"# !! …   𝑒!!!!

(!!!)!
! !"# !! ]!   , (3-33) 

where 𝜙! is a random angle of arrival (AoA) corresponding to path 𝑝 ∈ {1,2,… ,𝑃}, 

𝐷 is the antenna spacing at the BS, and is the signal wavelength. The number of paths 

𝑃 is independent on the number of BS antennas 𝑀 or numbers of MUs 𝐾, and 

dependent on the physical propagation environment only. The 𝑀×1 channel vector 

from MU 𝑘 to the BS is given by  

 𝒈! =
!
!

𝑍!"𝒂(𝜙!)!
!!!    , 𝑘 = 1,… ,𝐾 (3-34) 

where 𝑍!" is the random propagation gain from user 𝑘 to the BS associated with path 

𝑝, including the fast fading, path loss and shadowing as illustrated in Fig. 3.8. Then 

the 𝑀×𝐾 channel matrix from 𝐾 MUs in cell 𝑙 to the BS is denoted by 𝑮! ∈ ℂ!×! . 
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Fig. 3.8 There are 𝑃 i.i.d paths originating from each user 𝑘 to the BS. 

Specifically, the constitution of 𝑮! is illustrated as follows. 

𝑯! ∈ ℂ!×! is the fast fading coefficients, and 

𝑩! ∈ ℂ!×! is the large scale fading coefficients (include path loss and shadowing), 

where 

 𝑩! = 𝑳!𝑫!. (3-35) 

𝑳!
!/! ∈ ℂ!×! is the path loss, and it is a diagonal matrix. 

𝑫! ∈ ℂ!×! is the shadowing coefficients, and it is also a diagonal matrix.  

𝑫!
!/! = 𝑑𝑖𝑎𝑔(𝑑!!

!/!,𝑑!!
!/!,… ,𝑑!"

!/!), in which 𝑑!" is lognormal distributed with pdf 

𝑓! 𝑑 =
!

!!!"
𝑒!

(!" ! !!)!

!!! , 𝑑 > 0
0, 𝑑 < 0

,  𝜇  and  𝜎  are  in  dB. 
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Because 𝐿! and 𝐷! are diagonal matrices, 𝐵! is also a diagonal matrix, i.e.  

𝐵! = 𝑑𝑖𝑎𝑔(𝛽!!,𝛽!!,… ,𝛽!") with diagonal elements 𝛽!" = 𝐿!"𝑑!" , 𝑖 = 1,2,… ,𝐾. 

Then 𝑮! can be written as 

 𝑮! = 𝑨𝑏𝑙𝑘𝑑𝑖𝑎𝑔 𝑴! = 𝑨𝑏𝑙𝑘𝑑𝑖𝑎𝑔 𝑯!𝑩!
!/!  (3-36) 

Writing the equation in matrix form, we get 

 

 

 

𝑨 = 𝒂(𝜙!!) 𝒂(𝜙!") ⋯ 𝒂(𝜙!!) ⋯ 𝒂(𝜙!!) 𝒂(𝜙!!) 𝒂(𝜙!") =

1 ⋯ 1 ⋯ 1 ⋯ 1
𝑒!!!!

!
!!"#  (!!!) ⋯ 𝑒!!!!

!
!!"#  (!!!) ⋯ 𝑒!!!!

!
!!"#  (!!!) ⋯ 𝑒!!!!

!
!!"#  (!!")

⋮ ⋱ ⋮ ⋱ ⋮ ⋱ ⋮
𝑒!!!!

(!!!)!
! !"#  (!!!) ⋯ 𝑒!!!!

(!!!)!
! !"#  (!!!) ⋯ 𝑒!!!!

(!!!)!
! !"#  (!!!) ⋯ 𝑒!!!!

(!!!)!
! !"#  (!!")

!×!"

 

 

      (3-37) 

 

	   𝑴! = 𝑯!𝑩! =

𝑚!! 𝑚!" ⋯ 𝑚!!
𝑚!" 𝑚!! ⋯ 𝑚!!
⋮ ⋮ ⋱ ⋮

𝑚!! 𝑚!! ⋯ 𝑚!" !×!

	   (3-38) 

User 1 
P paths 
 

User K 
P paths 

User 2〜K-1 
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Then 

 𝑏𝑙𝑘𝑑𝑖𝑎𝑔! 𝑴! =

𝑚!! 0 … 0
𝑚!" 0 … 0
⋮ ⋮ ⋱ ⋮

𝑚!! 0 ⋯ 0
0 𝑚!" ⋯ 0
0 𝑚!! ⋯ 0
⋮ ⋮ ⋮ ⋮
0 𝑚!! ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝑚!!
0 0 ⋯ 𝑚!!
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝑚!" !"×!

 (3-39) 

 𝑮! = 𝑨𝑏𝑙𝑘𝑑𝑖𝑎𝑔 𝑫! =

𝑔!! 𝑔!" ⋯ 𝑔!!
𝑔!" 𝑔!! ⋯ 𝑔!!
⋮ ⋮ ⋱ ⋮

𝑔!! 𝑔!! ⋯ 𝑔!" !×!

 (3-40) 

Finally, the received signal, which includes all the interferences from adjacent cells, 

is denoted by 

 𝒀 = 𝑃! 𝑮!𝒙!!
!!! +𝑾, (3-41) 

where 𝑮! is the propagation gain from k users the BS in the 𝑙-th cell (𝑙 = 1,2,… ,7).  

3.2.2 Analysis of singular values1 

According to the proposed model, the received signal vector at time slot n is 
                                                             
1	  blkdiag is a matrix operation that construct diagonal matrix from input arguments. For example, 
𝑜𝑢𝑡 = 𝑏𝑙𝑘𝑑𝑖𝑎𝑔(𝑨,𝑩,𝑪,𝑫), where A, B, C, D are matrices, outputs a block diagonal matrix of the 

form	  

𝑨 𝟎 𝟎 𝟎
𝟎 𝑩 𝟎 𝟎
𝟎 𝟎 𝑪 𝟎
𝟎 𝟎 𝟎 𝑫

.	  
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 𝒚𝒌 𝑛 = 𝑃! 𝑮!" 𝑛
!
!!
𝒙! 𝑛!

!!! +𝒘𝒌 𝑛 ,𝑛 = 0,1,… ,𝑁! − 1, (3-42) 

where 𝒙! 𝑛  and 𝒘𝒌 𝑛  are the pilot transmitted at time slot n and standard Gaussian 

noise generated at time slot n respectively. As discussed before, 𝑡𝑟 𝒙! 𝑛 𝒙! 𝑛 ! =

𝑃! and 𝑃! is the average transmit power at each MU per time slot. 

For pilot-aided channel estimation purposes, assume all 7 cells use the same pilot 

sequences, i.e. 𝒙! 𝑛 = 𝒙! 𝑛 ,𝑛 = 0,1,… ,𝑁! − 1. Then 

 𝒚𝒌 𝑛 = 𝑃! 𝑮!" 𝑛
!
!!
𝒙! 𝑛!

!!! +𝒘𝒌 𝑛 ,𝑛 = 0,1,… ,𝑁! − 1. (3-43) 

Substituting 𝑮! into equation (3-43), yields 

 𝒚𝒌 𝑛 = 𝑃! 𝑨𝑏𝑙𝑘𝑑𝑖𝑎𝑔 𝑯!" 𝑩!"
!/! !

!!
𝒙! 𝑛!

!!! +𝒘𝒌 𝑛 ,𝑛 = 0,1,… ,𝑁! − 1. 

  (3-44) 

Let 𝒙!" 𝑛 = 𝑩!"
!/! !

!!
𝒙! 𝑛 = !

!!
[𝛽!"!

!
! 𝑥!! 𝑛   𝛽!"!

!
! 𝑥!! 𝑛 …   𝛽!"#

!
! 𝑥!" 𝑛 ]!. Then 

 𝒚𝒌 𝑛 = 𝑃! 𝑨𝑏𝑙𝑘𝑑𝑖𝑎𝑔(𝑯!")(𝑛)𝒙!" 𝑛!
!!! +𝒘𝒌 𝑛 ,𝑛 = 0,1,… ,𝑁! − 1. 

  (3-45) 

Let 𝑥!" 𝑛 = ±1,𝑛 = 0,1,… ,𝑁! − 1. Then 

 𝒙!" 𝑛 𝟐
𝟐 = 𝛽!"! 𝑥!! 𝑛

! + 𝛽!"! 𝑥!! 𝑛
! +⋯+ 𝛽!"# 𝑥!" 𝑛 ! = 𝛽!"! + 𝛽!"! +
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⋯+ 𝛽!"# ,𝑛 = 0,1,… ,𝑁 − 1.  (3-46) 

𝒓! 𝑛 =
𝒚!(𝑛)
𝒙!"(𝑛) !

=
𝒚!(𝑛)

(𝛽!"! + 𝛽!"! +⋯+ 𝛽!"#)!/!

=
𝑃!

𝒙!"(𝑛) !

𝑨𝑏𝑙𝑘𝑑𝑖𝑎𝑔 𝑯!"(𝑛) 𝒙!" 𝑛
!

!!!

+
𝒘!(𝑛)
𝒙!"(𝑛) !

= 𝑃!𝑨𝑏𝑙𝑘𝑑𝑖𝑎𝑔(𝑯!! 𝑛 )
𝒙!" 𝑛
𝒙!" 𝑛 !

+ 𝑃! 𝑨𝑏𝑙𝑘𝑑𝑖𝑎𝑔(𝑯!" 𝑛 )
𝒙!" 𝑛
𝒙!" 𝑛 !

!

!!!  !!!

+
𝒘!(𝑛)
𝒙!"(𝑛) !

,𝑛

= 0,1,… ,𝑁! − 1 

      (3-47) 

Let 𝒙!" 𝑛 = 𝒙!" !
𝒙!" ! !

,𝒙!" 𝑛 = 𝒙!" !
𝒙!" ! !

,𝒘! 𝑛 = 𝒘!(!)
𝒙!"(!) !

,𝑛 = 0,1,… ,𝑁! − 1. 

Then, 

𝒓! 𝑛 = 𝑃!𝑨𝑏𝑙𝑘𝑑𝑖𝑎𝑔(𝑯!! 𝑛 )𝒙!" 𝑛 + 𝑃! 𝑨𝑏𝑙𝑘𝑑𝑖𝑎𝑔(𝑯!" 𝑛 )𝒙!" 𝑛
!

!!!  !!!

+𝒘! 𝑛 ,𝑛 = 0,1,… ,𝑁! − 1 

      (3-48) 

Clearly, 

 𝒙!" 𝑛 !
= 1 (3-49) 
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 𝒙!" 𝑛 !
=

𝒙!" ! !
𝒙!" ! !

= (!!"!!!!"!!⋯!!!"#)!/!

(!!!!!!!!!!⋯!!!!")!/!
≤ 1, 𝑙 = 1,2,… ,𝐾 (3-50) 

Let 𝛽!"# =
!!"#

(!!!!!!!!!!⋯!!!!")
, 𝑖 = 1,2,… ,𝐾, then 

 
𝒙!" !
𝒙!" ! !

= [𝛽!"!
!
! 𝑥!! 𝑛   𝛽!"!

!
! 𝑥!! 𝑛 …   𝛽!"#

!
! 𝑥!" 𝑛 ]! = 𝒙!" 𝑛 = 𝑩!"

!/! !
!!
𝒙! 𝑛

  (3-51) 

and  

𝒓! 𝑛 =

𝑃!𝑨𝑏𝑙𝑘𝑑𝑖𝑎𝑔(𝑯!! 𝑛 )𝑩!!
!/! !

!!
𝒙! 𝑛 +

𝑃! 𝑨𝑏𝑙𝑘𝑑𝑖𝑎𝑔(𝑯!l 𝑛 )𝑩!"
!/! !

!!
𝒙! 𝑛!

!!!  !!! +𝒘! 𝑛 ,𝑛 = 0,1,… ,𝑁! − 1. 

      (3-52) 

Because of EM propagation, 𝛽!"# ≤ 𝛽!!" , 𝑖 = 1,2,… ,𝐾. 

Equivalently, 

𝒓! 𝑛 = 𝑃! 𝑨𝑏𝑙𝑘𝑑𝑖𝑎𝑔(𝑯!" 𝑛 )𝑩!"
!/! !

!!
𝒙! 𝑛!

!!! +𝒘! 𝑛 ,𝑛 = 0,1,… ,𝑁! − 1. 

      (3-53) 

Let 𝑏𝑙𝑘𝑑𝑖𝑎𝑔  (𝑯!" 𝑛 ) = [𝒉!"! 𝑛   𝒉!"! 𝑛 …   𝒉!"# 𝑛 ], then 
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𝑏𝑙𝑘𝑑𝑖𝑎𝑔(𝑯!" 𝑛 )𝑩!"
!
! = 𝛽!"!

!
! 𝒉!"! 𝑛     𝛽!"!

!
! 𝒉!"! 𝑛   …     𝛽!"#

!
! 𝒉!"# 𝑛

= [𝒉!"! 𝑛   𝒉!"! 𝑛 …   𝒉!"# 𝑛 ] ≡ 𝑯!"(𝑛) 

      (3-54) 

and  

 𝒓! 𝑛 = 𝑃!( 𝑨𝑯!"(𝑛))
!
!!
𝒙! 𝑛!

!!! +𝒘! 𝑛 ,𝑛 = 0,1,… ,𝑁! − 1.(3-55) 

The goal is to quantify the level of intra-cell interference. One possible way to do it is 

to compare the singular values of 𝑯!!(𝑛) and 𝑯!" 𝑛!
!!!  !!! ,𝑛 = 0,1,2,… ,𝑁! − 1. 

Let 𝑹! = [𝒓! 0   𝒓! 1   …     𝒓! 𝑁 − 1 ], then 

𝑹!

= 𝑃! 𝑨𝑯!" 0
1
𝑃!
𝒙! 0

!

!!!

+𝒘! 0      𝑃! 𝑨𝐇!" 1
1
𝑃!
𝒙! 1

!

!!!

+𝒘! 1   …      𝑃!   +𝒘! 𝑁 − 1

= 𝑃! 𝑨𝑯!" 0
1
𝑃!
𝒙! 0

!

!!!

     𝑨𝑯!" 1
1
𝑃!
𝒙! 1

!

!!!

  …    𝑨𝑯!" 𝑁
!

!!!

− 1
1
𝑃!
𝒙! 𝑁 − 1 + [𝒘! 0     𝒘! 1   …     𝒘! 𝑁 − 1 ] 

      (3-56) 



 
 
 

 

32 

Let 𝑾! = [𝒘! 0     𝒘! 1   …     𝒘! 𝑁 − 1 ], then 

𝑹! = 𝑃! 𝑨𝑯!" 0
1
𝑃!
𝒙! 0

!

!!!

     𝑨𝑯!" 1
1
𝑃!
𝒙! 1

!

!!!

  …    𝑨𝑯!" 𝑁
!

!!!

− 1
1
𝑃!
𝒙! 𝑁 − 1 +   𝑾! 

      (3-‐57)  

Assuming slow block fading, then 𝑯!" 𝑛 = 𝑯!" ,𝑛 = 0,1,…𝑁! − 1, and 

 𝑹! = 𝑃! 𝑨𝑯!"
!
!!
[𝒙! 0     𝒙! 1   …     𝒙! 𝑁 − 1 ]!

!!! +   𝑾! (3-58) 

Let 𝑿! = 𝒙! 0     𝒙! 1   …     𝒙! 𝑁 − 1 ∈ ℂ!×! =

𝑥!,!! 𝑥!,!" … 𝑥!,!!
𝑥!,!" 𝑥!,!! … 𝑥!,!!
⋮ ⋮ ⋱ ⋮

𝑥!,!! 𝑥!,!! … 𝑥!,!"

=

𝒙!!!

𝒙!!!

⋮
𝒙!"!

, 

Where 𝒙!" is the pilot sequence assigned to mobile user i, i=1,…,K, then 

 𝑹! = 𝑃! 𝑨𝑯!"
!
!!
𝑿!!

!!! +   𝑾! = 𝑨𝑯!"𝑿!!
!!! +   𝑾!. (3-59) 

Since 𝑯!! does not change during the training period, i.e. for 𝑛 = 0,1,…𝑁! − 1, we 

can quantify the other cell interference when the same set of orthogonal pilot 

sequences are used by all cells as follows: 

1. Separate the kth cell channel matrix 𝑯!! from the other cells channel matrices 

𝑯!"
!
!!!  !!! = 𝑯!,!"#. 
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2. Calculate the singular values of both 𝑯!! and 𝑯!,!"# and compare them to find out 

about the relative contribution of the interferers in the kth cell.  

Table 3.1 to Table 3.3 showed 3 sets of singular values results. The pass loss for cell 

of interest is set to be 1 for all time, and the pass loss for 6 cells of interference are set 

to be the same. For Table 3.1, the path loss for 6 cells of interference is 0.05, i.e. 

𝛽!"
!
! = 0.05, 𝑙 = 2,… ,6; 𝑘 = 1,… ,8 . For Table 3.2, the path loss for 6 cells of 

interference is 0.1, i.e. 𝛽!"
!
! = 0.1, 𝑙 = 2,… ,6; 𝑘 = 1,… ,8. For Table 3.3, the path loss 

for 6 cells of interference is 0.2, i.e. 𝛽!"
!
! = 0.2, 𝑙 = 2,… ,6; 𝑘 = 1,… ,8.  

Table 3.1 Comparison of Singular Value of Cell of Interest and Cell of Interference with Pathloss 0.05 

Singular values of 𝑯!! Singular values of 𝑯!,!"# 

9.58 3.98 

7.21 3.01 

5.50 2.37 

5.36 2.05 

4.61 1.42 

4.29 1.08 

3.71 0.88 

0.82 0.59 
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Table 3.2 Comparison of Singular Value of Cell of Interest and Cell of Interference with Path loss 0.1 

Singular values of 𝑯!! Singular values of 𝑯!,!"# 

8.45 2.92 

7.23 1.37 

6.27 1.072 

5.01 0.98 

4.67 0.78 

4.31 0.60 

2.33 0.49 

1.50 0.30 

 

Table 3.3 Comparison of Singular Value of Cell of Interest and Cell of Interference with Path loss 0.2 

Singular values of 𝑯!! Singular values of 𝑯!,!"# 

6.96 4.31 

6.67 2.60 

5.90 1.93 

5.43 1.62 

4.99 1.20 

4.11 1.06 

2.76 1.04 

1.70 0.84 
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From the simulation results, we can see that the largest singular value of the 

summation of cells of interference is very small compare to the cell of interest. In 

other words, the contribution of interfering cells to the total channel matrix is 

bounded, so the errors are mostly come from the thermal noise instead of cells of 

interference. However, we will still take the interference into consideration in order to 

make the scenario more realistic. 

3.3 Subsampling Algorithm 

3.3.1 Walsh-Hadamard Transform 

According to (3-60), signal 𝑥 ∈ ℝ!  containing 𝑁 = 2!  samples 𝑥[𝑚]  indexed by 

𝑚 ∈ Ϝ!!. The Walsh-Hadamard Transform (WHT) coefficient of 𝑥: 

 𝑋 𝑘 = !
!

(−1)!!,!!𝑥 𝑚 ,!∈Ϝ!!   𝑘 ∈ Ϝ!!. (3-60) 

Each sample 𝑥[𝑚] has a WHT expansion: 

 𝑥 𝑚 = !
!

(−1)!!,!!𝑋 𝑘 ,!∈Ϝ!!   𝑚 ∈ Ϝ!!. (3-61) 

The noise-corrupted samples: 

 𝑢 𝑚 = !
!

(−1)!!,!!𝑋 𝑘!∈Ϝ!! + 𝑤 𝑚 ,𝑚 ∈ Ϝ!!. (3-62) 

Let us first consider the noiseless situation. 

 𝑢 𝑚 = !
!

(−1)!!,!!𝑋 𝑘!∈Ϝ!! ,𝑚 ∈ Ϝ!!  . (3-63) 
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3.3.2 Subsampling and Aliasing 

In 3.3.1, the WHT has 𝑁 = 2! samples. In order to compute all WHT coefficients 

𝑋 𝑘   with 𝑘 ∈ Ϝ!! , 𝑁 observations are needed. However, if the WHT coefficients 

𝑋 𝑘  is sparse with sparsity 𝐾 ≪ 𝑁, it is desirable to compute 𝑋 𝑘  using very few 

observations 𝑀 ≪ 𝑁. To cope with the situation, SPRIGHT framework (“SPRIGHT: 

A Fast and Robust Framework for Sparse Walsh-Hadamard Transform”) embraces 

(rather than avoid) the aliasing pattern to reconstruct the sparse WHT spectrum. In 

this way, the WHT coefficients can be recovered using much fewer observations. 

The SPRIGHT model is based on observation sets, where each set contains 𝐵 =

2!(for some 𝑏 > 0) samples obtained as: 

•   Subsampling: The noisy signal 𝑢 𝑚  contains 2! elements. Consider some integer 

𝑏 < 𝑛, 𝑢 𝑚  is subsampled by isolating a subset of 𝐵 = 2! samples 

indexed by 𝒎 = 𝑴𝒍+ 𝒅 for 𝒍 ∈ Ϝ!! , where 𝑴 is a binary matrix 

called subsampling patter and 𝒅 ∈ Ϝ!! is a random binary vector. 

Then the subsampled signal is 𝑢[𝑴𝒍+ 𝒅]. 

•  B-point WHT: A much smaller B-point WHT is performed by combining 

𝑢[𝑴𝒍+ 𝒅]  for 𝒍 ∈ Ϝ!! . The subsampled signal has an aliased 

WHT spectrum 

 𝑈 𝒋 = !
!

𝑢[𝑴𝒍+ 𝒅](−1)!𝒋,𝒍!!∈Ϝ!!
, 𝒋 ∈ Ϝ!!  . (3-64) 
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3.3.3 Applying B-point WHT into Sparse Channel Estimation 

Assume there are 64 antennas at base station side (𝑀 = 64). Each cell includes 8 

mobile users (𝐾 = 8). Each mobile user operates with one antenna. Each mobile user 

sends a pilot sequence to the BS, and the length of pilot sequences is 8 (𝑁! = 8). 

Then 

 𝒀!"×! = 𝑮!"×!𝑷!×! = 𝑃!𝑮!"×!
!
!!
𝑷!×!. (3-65) 

Before proceeding any further, let us analyze the sparsity of the channel matrix. As 

mentioned in section 3.2, the angular channel matrix is sparse due to limited local 

scatterers at the BS side, so the channel matrix should be first transferred into angular 

domain. According to section 3.1, 𝑼! and 𝑼! are, respectively, the 𝑛!×𝑛! and 𝑛!×𝑛! 

unitary matrices (IDFT matrices), which represent nt resolvable angular bins at MUs 

side and nr resolvable angular bins at BS side. However, because the scatterers are 

only limited at the BS side, we will only need to use Ur to reveal the sparsity of the 

channel matrix. 

The (𝑘, 𝑙)!! entry of 𝑼! is 

 !
!!
exp !!!!"#

!!
        𝑘, 𝑙 = 0,… ,𝑛! − 1. (3-66) 

Then the equivalent representation of the channel in the angular domain is 

 𝒀! ≔ 𝑼!∗𝒀 = 𝑼!∗𝑮𝑷. (3-67) 



 
 
 

 

38 

Define 𝑮! as 

 𝑮! = 𝑼!∗𝑮, (3-68) 

which is the channel matrix expressed in angular coordinates at BS side. 

Then 

 𝒀! = 𝑮!𝑷. (3-69) 

Our aim is to estimate the channel matrix 𝑮. To do this, we first estimate 𝑮!, and then 

transform it back to 𝑮 via 

 𝑮 = 𝑼!𝑮!. (3-70) 

Assume the pilot sequences are orthogonal, 𝑷 = !
!!
𝑷 only contains 1 and -1, 

 𝑷 =   

1 1 1 1 1 1 1 1
1 −1 1 −1 1 −1 1 −1
1 1 −1 −1 1 1 −1 −1
1 −1 −1 1 1 −1 −1 1
1 1 1 1 −1 −1 −1 −1
1 −1 1 −1 −1 1 −1 1
1 1 −1 −1 −1 −1 1 1
1 −1 −1 1 −1 1 1 −1

 (3-71) 

and 

 𝑮! = 𝑃!𝑮!. (3-72) 
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For nth row of 𝑮!, there are eight unknown coefficients 𝑮! 𝑛, 000  to 𝑮! 𝑛, 111 , 

corresponding to eight equations: 

 𝒀! 𝑛,𝒌 = (−1)!𝒌,𝒎!𝑮! 𝑛,𝒎𝒎∈Ϝ!! ,𝒌 ∈ Ϝ!!. (3-73) 

For example, the 1th row of 𝑮!, there are eight unknown coefficients 𝑮! 1, 000  to 

𝑮! 1, 111 , corresponding to the following eight equations: 

𝒀𝒂 1,𝟎𝟎𝟎 = 𝑮! 1,𝟎𝟎𝟎 + 𝑮! 1,𝟎𝟎𝟏 + 𝑮! 1,𝟎𝟏𝟎 + 𝑮! 1,𝟎𝟏𝟏 + 𝑮! 1,𝟏𝟎𝟎 + 𝑮! 1,𝟏𝟎𝟏 + 𝑮! 1,𝟏𝟏𝟎 + 𝑮! 1,𝟏𝟏𝟏
𝒀𝒂 1,𝟎𝟎𝟏 = 𝑮! 1,𝟎𝟎𝟎 − 𝑮! 1,𝟎𝟎𝟏 + 𝑮! 1,𝟎𝟏𝟎 − 𝑮! 1,𝟎𝟏𝟏 + 𝑮! 1,𝟏𝟎𝟎 − 𝑮! 1,𝟏𝟎𝟏 + 𝑮! 1,𝟏𝟏𝟎 − 𝑮! 1,𝟏𝟏𝟏
𝒀𝒂 1,𝟎𝟏𝟎 = 𝑮! 1,𝟎𝟎𝟎 + 𝑮! 1,𝟎𝟎𝟏 − 𝑮! 1,𝟎𝟏𝟎 − 𝑮! 1,𝟎𝟏𝟏 + 𝑮! 1,𝟏𝟎𝟎 + 𝑮! 1,𝟏𝟎𝟏 − 𝑮! 1,𝟏𝟏𝟎 − 𝑮! 1,𝟏𝟏𝟏
𝒀𝒂 1,𝟎𝟏𝟏 = 𝑮! 1,𝟎𝟎𝟎 − 𝑮! 1,𝟎𝟎𝟏 − 𝑮! 1,𝟎𝟏𝟎 + 𝑮! 1,𝟎𝟏𝟏 + 𝑮! 1,𝟏𝟎𝟎 − 𝑮! 1,𝟏𝟎𝟏 − 𝑮! 1,𝟏𝟏𝟎 + 𝑮! 1,𝟏𝟏𝟏
𝒀𝒂 1,𝟏𝟎𝟎 = 𝑮! 1,𝟎𝟎𝟎 + 𝑮! 1,𝟎𝟎𝟏 + 𝑮! 1,𝟎𝟏𝟎 + 𝑮! 1,𝟎𝟏𝟏 − 𝑮! 1,𝟏𝟎𝟎 − 𝑮! 1,𝟏𝟎𝟏 − 𝑮! 1,𝟏𝟏𝟎 − 𝑮! 1,𝟏𝟏𝟏
𝒀𝒂 1,𝟏𝟎𝟏 = 𝑮! 1,𝟎𝟎𝟎 − 𝑮! 1,𝟎𝟎𝟏 + 𝑮! 1,𝟎𝟏𝟎 − 𝑮! 1,𝟎𝟏𝟏 − 𝑮! 1,𝟏𝟎𝟎 + 𝑮! 1,𝟏𝟎𝟏 − 𝑮! 1,𝟏𝟏𝟎 + 𝑮! 1,𝟏𝟏𝟏
𝒀𝒂 1,𝟏𝟏𝟎 = 𝑮! 1,𝟎𝟎𝟎 + 𝑮! 1,𝟎𝟎𝟏 − 𝑮! 1,𝟎𝟏𝟎 − 𝑮! 1,𝟎𝟏𝟏 − 𝑮! 1,𝟏𝟎𝟎 − 𝑮! 1,𝟏𝟎𝟏 + 𝑮! 1,𝟏𝟏𝟎 + 𝑮! 1,𝟏𝟏𝟏
𝒀𝒂 1,𝟏𝟏𝟏 = 𝑮! 1,𝟎𝟎𝟎 − 𝑮! 1,𝟎𝟎𝟏 − 𝑮! 1,𝟎𝟏𝟎 + 𝑮! 1,𝟎𝟏𝟏 − 𝑮! 1,𝟏𝟎𝟎 + 𝑮! 1,𝟏𝟎𝟏 + 𝑮! 1,𝟏𝟏𝟎 − 𝑮! 1,𝟏𝟏𝟏

 

Equation (3-73) is similar to equation (3-63). Because the 𝑚!! row of 𝑮! is sparse, 

we can subsample 𝒀! using the idea described in paper [19]. 

If we use two different subsampling pattern 𝑴! and 𝑴!, i.e. 

 𝑴! = [𝟎!×!! , 𝑰!×!! ]!, 𝑴! = [𝑰!×!! ,𝟎!×!! ]!. (3-74) 

Then after subsampling, 

 𝒀!"#! 𝑛, 𝒋 = 𝒀! 𝑛,𝑴!𝒍+ 𝒅 −1 !𝒋,𝒍!
𝒍∈Ϝ!! , 𝒋 ∈ Ϝ!!  , (3-75) 

 𝒀!"#! 𝑛, 𝒋 = 𝒀! 𝑛,𝑴!𝒍+ 𝒅 −1 !𝒋,𝒍!
𝒍∈Ϝ!! , 𝒋 ∈ Ϝ!!. (3-76) 

First, let the offset vector 𝒅 = 0, then there are eight new equations. 
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𝒀!"#! 𝑛,𝟎𝟎 = 𝒀! 𝑛,𝟎𝟎𝟎 + 𝒀! 𝑛,𝟎𝟎𝟏 + 𝒀! 𝑛,𝟎𝟏𝟎 + 𝒀! 𝑛,𝟎𝟏𝟏
𝒀!"#! 𝑛,𝟎𝟏 = 𝒀! 𝑛,𝟎𝟎𝟎 − 𝒀! 𝑛,𝟎𝟎𝟏 + 𝒀! 𝑛,𝟎𝟏𝟎 − 𝒀! 𝑛,𝟎𝟏𝟏
𝒀!"#! 𝑛,𝟏𝟎 = 𝒀! 𝑛,𝟎𝟎𝟎 + 𝒀! 𝑛,𝟎𝟎𝟏 − 𝒀! 𝑛,𝟎𝟏𝟎 − 𝒀! 𝑛,𝟎𝟏𝟏
𝒀!"#! 𝑛,𝟏𝟏 = 𝒀! 𝑛,𝟎𝟎𝟎 − 𝒀! 𝑛,𝟎𝟎𝟏 − 𝒀! 𝑛,𝟎𝟏𝟎 + 𝒀! 𝑛,𝟎𝟏𝟏

  

  (3-77) 

 

 

𝒀!"#! 𝑛,𝟎𝟎 = 𝒀! 1,𝟎𝟎𝟎 + 𝒀! 1,𝟎𝟏𝟎 + 𝒀! 1,𝟏𝟎𝟎 + 𝒀! 1,𝟏𝟏𝟎
𝒀!"#! 𝑛,𝟎𝟏 = 𝒀! 1,𝟎𝟎𝟎 − 𝒀! 1,𝟎𝟏𝟎 + 𝒀! 1,𝟏𝟎𝟎 − 𝒀! 1,𝟏𝟏𝟎
𝒀!"#! 𝑛,𝟏𝟎 = 𝒀! 1,𝟎𝟎𝟎 + 𝒀! 1,𝟎𝟏𝟎 − 𝒀! 1,𝟏𝟎𝟎 − 𝒀! 1,𝟏𝟏𝟎
𝒀!"#! 𝑛,𝟏𝟏 = 𝒀! 1,𝟎𝟎𝟎 − 𝒀! 1,𝟎𝟏𝟎 − 𝒀! 1,𝟏𝟎𝟎 + 𝒀! 1,𝟏𝟏𝟎

  

  (3-78) 

Substitute 𝒀! 𝑛,𝟎𝟎𝟎  to 𝒀![𝑛,𝟏𝟏𝟏] into the eight equations. Then for the eight 

unknown coefficients 𝑮! 𝑚,𝟎𝟎𝟎  to 𝑮! 𝑚,𝟏𝟏𝟏 , each equation contains two 

unknown coefficients, namely, 

 

𝒀!"#! 𝑛,𝟎𝟎 = 4 ∗ 𝑮! 𝑛,𝟎𝟎𝟎 + 4 ∗ 𝑮! 𝑛,𝟏𝟎𝟎
𝒀!"#! 𝑛,𝟎𝟏 = 4 ∗ 𝑮! 𝑛,𝟎𝟎𝟏 + 4 ∗ 𝑮! 𝑛,𝟏𝟎𝟏
𝒀!"#! 𝑛,𝟏𝟎 = 4 ∗ 𝑮! 𝑛,𝟎𝟏𝟎 + 4 ∗ 𝑮! 𝑛,𝟏𝟏𝟎
𝒀!"#! 𝑛,𝟏𝟏 = 4 ∗ 𝑮! 𝑛,𝟎𝟏𝟏 + 4 ∗ 𝑮! 𝑛,𝟏𝟏𝟏

 (3-79) 

 

𝒀!"#! 𝑛,𝟎𝟎 = 4 ∗ 𝑮! 𝑛,𝟎𝟎𝟎 + 4 ∗ 𝑮! 𝑛,𝟎𝟎𝟏
𝒀!"#! 𝑛,𝟎𝟏 = 4 ∗ 𝑮! 𝑛,𝟎𝟏𝟎 + 4 ∗ 𝑮! 𝑛,𝟎𝟏𝟏
𝒀!"#! 𝑛,𝟏𝟎 = 4 ∗ 𝑮! 𝑛,𝟏𝟎𝟎 + 4 ∗ 𝑮! 𝑛,𝟏𝟎𝟏
𝒀!"#! 𝑛,𝟏𝟏 = 4 ∗ 𝑮! 𝑛,𝟏𝟏𝟎 + 4 ∗ 𝑮! 𝑛,𝟏𝟏𝟏

 (3-80) 

The 1!! row of 𝑮! has the nonzero coefficients 𝑮! 1,𝟎𝟎𝟏 ,𝑮! 1,𝟎𝟏𝟎 ,𝑮! 1,𝟏𝟎𝟏 , 

and 𝑮! 1,𝟏𝟏𝟏  while the remaining coefficients are zero. Then the four equations for 

the eight unknown coefficients 𝑮! 𝑚, 000  to 𝑮! 𝑚, 111  are: 



 
 
 

 

41 

 

𝒀!"#! 1,𝟎𝟎 = 0
𝒀!"#! 1,𝟎𝟏 = 4 ∗ 𝑮! 1,𝟎𝟎𝟏 + 4 ∗ 𝑮! 1,𝟏𝟎𝟏

𝒀!"#! 1,𝟏𝟎 = 4 ∗ 𝑮! 1,𝟎𝟏𝟎
𝒀!"#! 1,𝟏𝟏 = 4 ∗ 𝑮! 1,𝟏𝟏𝟏

 (3-81) 

 

𝒀!"#! 1,𝟎𝟎 = 4 ∗ 𝑮! 1,𝟎𝟎𝟏
𝒀!"#! 1,𝟎𝟏 = 4 ∗ 𝑮! 1,𝟎𝟏𝟎
𝒀!"#! 1,𝟏𝟎 = 4 ∗ 𝑮! 1,𝟏𝟎𝟏
𝒀!"#! 1,𝟏𝟏 = 4 ∗ 𝑮! 1,𝟏𝟏𝟏

 (3-82) 

Though there are still eight equations for eight unknown coefficients, because the 

𝑚!! row of 𝑮! is sparse, there will appear single-ton with high probability. Then the 

divided-conquer method can be used to reduce the calculate complexity for channel 

matrix estimation.  

First, we assume that there exists an “oracle” that informs the estimator which nodes 

are single-ton and the indexes of the single-tons. When knowing the “oracle”, the 

estimator can compute all unknown coefficients by performing the following steps: 

Step 1: select all single-ton bins. 

Step 2: peel off these single-tons as well as the corresponding observations connected 

to these single-tons. 

Step 3: subtract the contributions of the variables, which corresponding to the single-

tons that have been removed in Step 2, from the multi-tons that contain these 

variables. 
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3.3.4 Getting Rid of Oracle: Bin Detection 

The oracle information is very important in peeling process. In reality, the oracle 

information is not given in advance. To obtain the oracle information, we start by 

adding offsets to subsampling matrix.  

In group 1, the set of offsets for 𝑴! are: 

𝒅!,! = [0,0,0]! ,𝒅!,! = [1,0,0]! ,𝒅!,! = [0,1,0]! ,𝒅!,! = [0,0,1]!. 

In this way, using the subsampling pattern 𝑴! and the offsets above, each check node 

is now assigned a 4-dimentional vector  

𝒀!"#! 𝑛, 𝒋 = [𝒀!"#!,𝟎 𝑛, 𝒋 ,𝒀!"#!,𝟏 𝑛, 𝒋 ,𝒀!"#!,𝟐 𝑛, 𝒋 ,𝒀!"#!,𝟑 𝑛, 𝒋 ]!, 

where 𝒀!"#!,𝒑 𝑛, 𝒋  is associated with the p-th offset 𝒅!,! for 𝑝 = 0,1,2,3. Call each 

vector 𝒀!"#! 𝑛, 𝒋  in one group the bin observation vector 𝒋.  

For example, the bin observation vectors for group 1 are obtained as 
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𝒀!"#! 𝑛,𝟎𝟎 =

𝒀! 𝑛,𝟎𝟎𝟎 + 𝒀! 𝑛,𝟎𝟎𝟏 + 𝒀! 𝑛,𝟎𝟏𝟎 + 𝒀! 𝑛,𝟎𝟏𝟏
𝒀! 𝑛,𝟏𝟎𝟎 + 𝒀! 𝑛,𝟏𝟎𝟏 + 𝒀! 𝑛,𝟏𝟏𝟎 + 𝒀! 𝑛,𝟏𝟏𝟏
𝒀! 𝑛,𝟎𝟏𝟎 + 𝒀! 𝑛,𝟎𝟏𝟏 + 𝒀! 𝑛,𝟎𝟎𝟎 + 𝒀! 𝑛,𝟎𝟎𝟏
𝒀! 𝑛,𝟎𝟎𝟏 + 𝒀! 𝑛,𝟎𝟎𝟎 + 𝒀! 𝑛,𝟎𝟏𝟏 + 𝒀! 𝑛,𝟎𝟏𝟎

𝒀!"#! 𝑛,𝟎𝟏 =

𝒀! 𝑛,𝟎𝟎𝟎 − 𝒀! 𝑛,𝟎𝟎𝟏 + 𝒀! 𝑛,𝟎𝟏𝟎 − 𝒀! 𝑛,𝟎𝟏𝟏
𝒀! 𝑛,𝟏𝟎𝟎 − 𝒀! 𝑛,𝟏𝟎𝟏 + 𝒀! 𝑛,𝟏𝟏𝟎 − 𝒀! 𝑛,𝟏𝟏𝟏
𝒀! 𝑛,𝟎𝟏𝟎 − 𝒀! 𝑛,𝟎𝟏𝟏 + 𝒀! 𝑛,𝟎𝟎𝟎 − 𝒀! 𝑛,𝟎𝟎𝟏
𝒀! 𝑛,𝟎𝟎𝟏 − 𝒀! 𝑛,𝟎𝟎𝟎 + 𝒀! 𝑛,𝟎𝟏𝟏 − 𝒀! 𝑛,𝟎𝟏𝟎

𝒀!"#! 𝑛,𝟏𝟎 =

𝒀! 𝑛,𝟎𝟎𝟎 + 𝒀! 𝑛,𝟎𝟎𝟏 − 𝒀! 𝑛,𝟎𝟏𝟎 − 𝒀! 𝑛,𝟎𝟏𝟏
𝒀! 𝑛,𝟏𝟎𝟎 + 𝒀! 𝑛,𝟏𝟎𝟏 − 𝒀! 𝑛,𝟏𝟏𝟎 − 𝒀! 𝑛,𝟏𝟏𝟏
𝒀! 𝑛,𝟎𝟏𝟎 + 𝒀! 𝑛,𝟎𝟏𝟏 − 𝒀! 𝑛,𝟎𝟎𝟎 − 𝒀! 𝑛,𝟎𝟎𝟏
𝒀! 𝑛,𝟎𝟎𝟏 + 𝒀! 𝑛,𝟎𝟎𝟎 − 𝒀! 𝑛,𝟎𝟏𝟏 − 𝒀! 𝑛,𝟎𝟏𝟎

𝒀!"#! 𝑛,𝟏𝟏 =

𝒀! 𝑛,𝟎𝟎𝟎 − 𝒀! 𝑛,𝟎𝟎𝟏 − 𝒀! 𝑛,𝟎𝟏𝟎 + 𝒀! 𝑛,𝟎𝟏𝟏
𝒀! 𝑛,𝟏𝟎𝟎 − 𝒀! 𝑛,𝟏𝟎𝟏 − 𝒀! 𝑛,𝟏𝟏𝟎 + 𝒀! 𝑛,𝟏𝟏𝟏
𝒀! 𝑛,𝟎𝟏𝟎 − 𝒀! 𝑛,𝟎𝟏𝟏 − 𝒀! 𝑛,𝟎𝟎𝟎 + 𝒀! 𝑛,𝟎𝟎𝟏
𝒀! 𝑛,𝟎𝟎𝟏 − 𝒀! 𝑛,𝟎𝟎𝟎 − 𝒀! 𝑛,𝟎𝟏𝟏 + 𝒀! 𝑛,𝟎𝟏𝟎

.  

  (3-83) 

Then, 𝒀!"#! 1,𝟎𝟎 = 𝟎 and 

 𝒀!"#! 1,𝟎𝟏 = 4 ∗ 𝑮! 1,𝟎𝟎𝟏

1
(−1)!

(−1)!

(−1)!
+ 4 ∗ 𝑮! 1,𝟏𝟎𝟏

1
(−1)!

(−1)!

(−1)!
 (3-84) 

 𝒀!"#! 1,𝟏𝟎 = 4 ∗ 𝑮! 1,𝟎𝟏𝟎

1
(−1)!

(−1)!

(−1)!
 (3-85) 

 𝒀!"#! 1,𝟏𝟏 = 4 ∗ 𝑮! 1,𝟏𝟏𝟏

1
(−1)!

(−1)!

(−1)!
. (3-86) 
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Now, with these bin observations, one can effectively determine if a check node is a 

zero-ton, a single-ton or a multi-ton. We illustrate the concept with some examples:  

•   zero-ton bin: consider the zero-ton check node 𝒀!"#! 1,𝟎𝟎 . A zero-ton check 

node can be identified easily since the measurements are all zero 

𝒀!"#! 1,𝟎𝟎 = 𝟎.   

•  multi-ton bin: consider the multi-ton check node 𝒀!"#!(1,𝟏𝟎). A multi-ton can be 

easily identified since the magnitudes are not identical. 

𝒀!"#!,𝟎 1,𝟎𝟏 ≠ 𝒀!"#!,𝟏 1,𝟎𝟏 ≠ 𝒀!"#!,𝟐 1,𝟎𝟏 ≠ 𝒀!"#!,𝟑 1,𝟎𝟏  or namely, the 

following ratio condition is not met:    

 
𝒀!"#!,𝒑 !,𝟎𝟏
𝒀!"#!,𝟎 !,𝟎𝟏

≠ ±1,𝑝 = 1,2,3. (3-87) 

Therefore, if the ratio test does not produce ±1 or the magnitudes are not identical, we 

can conclude that this check node is a multi-ton.   

•  single-ton bin: consider the single-ton check node 𝒀!"#! 1,𝟏𝟎 . The underlying 

node is a single-ton if 𝒀!"#!,𝟎 1,𝟏𝟎 = 𝒀!"#!,𝟏 1,𝟏𝟎 =

𝒀!"#!,𝟐 1,𝟏𝟎 = 𝒀!"#!,𝟑 1,𝟏𝟎 , or namely the ratio test 

produces all ±1. Then, the index 𝒌 = [𝑘 1 , 𝑘 2 , 𝑘[3]]𝑻  of a single-

ton can be obtained by a simple ratio test   
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(−1)![!] = !!"#!,𝟏 !,𝟏𝟎
!!"#!,𝟎 !,𝟏𝟎

= (−1)!

(−1)![!] = !!"#!,𝟐 !,𝟏𝟎
!!"#!,𝟎 !,𝟏𝟎

= (−1)!

(−1)![!] = !!"#!,𝟐 !,𝟏𝟎
!!"#!,𝟎 !,𝟏𝟎

= (−1)!

  

𝑘 1 = 0
𝑘 2 = 1
𝑘 3 = 0

𝑮𝒂 1,𝒌 = !
!
𝒀!"#!,𝟎 1,𝟏𝟎

 (3-88) 

Both the ratio test and the magnitude constraints are easy to verify for all check nodes 

such that the index- value pair is obtained for peeling.  

In our example, we have two subsampling pattern 𝑴! and 𝑴! correspond to two 

subsampling groups. The upper process shows how to obtain the index-value pair for 

group 1 with 𝑴! and offsets 𝒅!,! (𝑝 = 0,1,2,3). The same procedure will be used to 

obtain index-value pair for group 2. 

3.3.5 Robust Bin Detection 

In the noisy scenario, it is critical to have a robust bin detection scheme. The 

observation vector of some bin j from group c is denoted by 

 𝒀!"#$ 𝒋 = [… ,𝑌!"#$,! 𝒋 ,… ], where the associated set of offset is D. 

For a certain j,  

𝑺 = … , 𝒔𝒌,… ,where  for  each  𝒌 ∈ Ϝ𝟐𝟑, we denoted 𝒔! by 

 𝒔! = (−1)𝑫𝒌. (3-89) 

The offset signature codebook  𝑺 is associated with the offset matrix D. Then in the 

presence of noise, the bin observation vector can be written as 
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 𝒀!"#$ 𝒋 = 𝑺𝜶+𝑾 (3-90) 

for some sparse vector 𝜶 = [… ,𝛼 𝒌 ,… ]!, such that 𝛼 𝒌 = 𝑮 𝒌   𝑖𝑓  𝑴!
!𝒌 = 𝒋 and 

𝛼 𝒌 = 0 if otherwise. 

Clearly the sparsity of 𝜶 implies the type of the bin. For example, the underlying bin 

is a single-ton if it is 1-sparse. W follows a multivariate Gaussian distribution with 

zero mean and variance 𝜗! ≔ 𝑁𝜎!/𝐵. 

3.3.6 Near-Linear Time Bin Detection Scheme 

According to [19], the near-linear time bin detection scheme follows the principle of 

using random codes to resolve the different bin hypotheses and obtain the index-value 

pair. 

Let 𝑃 = 𝑂 𝑙𝑜𝑔𝐾 . The near-linear time bin detection scheme requires P random 

offsets {𝑑!}!∈[!] chosen independently and uniformly at random over Ϝ𝟐𝟑 in every 

group. 

For some 𝛾 ∈ (0,1), the detection routine is performed as follows: 

Zero-ton verification: for zero-tons, we can expect the energy 𝒀!"# ! to be small 

relative to the energy of a single-ton. Therefore, the zero-tons can be eliminated: 

 𝒀!"#  is  zero− ton, if  
!
!
𝒀!"# ! ≤ (1+ 𝛾)𝜗!. (3-91) 
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Single-ton search: after eliminating zero-tons, the ultimate goal is to identify single-

tons in a certain group c in terms of underlying index k and the 

value 𝑮 𝒌 . Assuming that the underlying bin j is a single-ton bin, 

we will employ a Maximum Likelihood Estimate (MLE) test to 

estimates (𝒌,𝐗 𝒌 )  for peeling. For each possible coefficient 

locations k in 𝐌!
!𝒌 = 𝐣, the single-ton coefficient is obtained as 

 𝛂 𝒌 = !
!
𝒔𝒌!𝒀!"#$ 𝐣 ,∀𝒌  𝑠𝑢𝑐ℎ  𝑡ℎ𝑎𝑡  𝐌!

!𝒌 = 𝐣. (3-92) 

Using MLE of the coefficient, the location is chosen by finding the location k, which 

minimizes the residual energy: 

 𝒌 = argmin 𝒀!"#$ 𝐣 − 𝛂 𝒌 𝒔𝒌
!
. (3-93) 

With the estimated index 𝒌, the value of coefficient is obtained as 

 𝐆 𝒌 = 𝑌!"#$,! 𝐣 ,𝑤𝑖𝑡ℎ  𝑜𝑓𝑓𝑠𝑒𝑡  𝒅! = 𝟎. (3-94) 

Single-ton verification: this step confirms if the bin is a single-ton via a residual test 

 !
!
𝒀!"#$ 𝐣 − 𝐆 𝒌 𝒔𝒌

!
≤ (1+ 𝛾)𝜗!. (3-95) 

3.3.7 Computational Complexity 

As shown in 3.3.3 to 3.3.6, the subsampling algorithm can be used to each row of 

angular domain channel matrix 𝑮!. The angular domain channel matrix 𝑮! ∈ ℂ!×!, 
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where 𝑀 is the number of antennas at BS and 𝐾 is the number of MUs in each cell, 

has 𝑀 rows. Each row of 𝑮! can use the subsampling algorithm to estimate the non-

zero coefficients. First, let’s see what is the computational complexity for each row of 

𝑮!. Each row has 𝐾 elements and has sparsity of 𝜂𝐾. Then there are 𝜂𝐾 bins in each 

of the C subsampling groups, and each bin has 𝑂(𝑙𝑜𝑔𝐾) measurements. Therefore, 

the subsampling framework leads to a sample cost of 𝑂(𝜂𝐾𝑙𝑜𝑔𝐾). In terms of 

complexity, the minimization works in 3.3.6 requires an exhaustive search over all 

indices 𝑴!
!𝒌 = 𝒋 for some 𝒋 ∈ Ϝ!!. This leads to an exhaustive search over 𝑂(𝐾/𝜂𝐾) 

elements on average in each peeling iteration, where each element impose a search 

complexity of 𝑂(𝑙𝑜𝑔𝐾) by the generalized likelihood ratio test. As a result, across all 

𝑂(𝜂𝐾)  peeling iterations, the total complexity is 𝑂 !
!"

×𝑂 𝑙𝑜𝑔𝐾 ×𝑂 𝜂𝐾 =

𝑂 𝐾𝑙𝑜𝑔𝐾 . As there are M rows in 𝑮!, the total complexity to estimate 𝑮! becomes 

𝑂 𝑀 ×𝑂 𝐾𝑙𝑜𝑔𝐾 = 𝑂 𝑀𝐾𝑙𝑜𝑔𝐾 .  
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4 Algorithm Performance 

In this chapter, we evaluate the performance of the proposed method of channel 

estimation by comparing with LS (Least Square) method.  

We consider a massive MIMO system that has a hexagonal cell pattern, so there are 6 

interfering cells around the cell of interest. Each cell consists of one BS, which 

operates with 64 antennas. Our simulation results are based on two scenarios.  In the 

first scenario, there are 8 single-antenna MUs in each cell. In the second scenario, 

there are 16 single-antenna MUs in each cell. The single-antenna MUs are uniformly 

distributed in each cell simultaneously and transmit orthogonal pilot sequences to the 

base station. In the first scenario, the pilot sequences are of length 8 and in the second 

scenario, the pilot sequences are of length 16.  

In Fig. 4.1 and Fig. 4.2, we compare the MSE2 (Mean Square Error) of the estimated 

channel versus SNR. SNR is increased from 1dB to 20dB. From Fig. 4.1 figure, we 

observe that the channel estimation performance improves as SNR increases. The 

channel estimation performance will also be improved by increasing the number of 

subsampling groups. From Fig. 4.1, we can also see that the proposed subsampling 

algorithm has a smaller MSE than Least Square (LS) algorithm. Similarly, from Fig. 

4.2, we can observe the same results. More subsampling groups do not reduce the 

MSE much due to the sparsity of the channel matrix. While the sparsity of channel 

                                                             
2	  The MSE (Mean Square Error) of an estimator 𝜃 with respect to a unknown parameter 𝜃 is defined as 
𝑀𝑆𝐸 𝜃 = Ε 𝜃 − 𝜃

!
= !

!
(𝜃! − 𝜃)!!

!!! .	  
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matrix is small, it will be easy to obtain single-tons by using small number of 

subsampling groups. Then a bigger number subsampling groups is not necessary, and 

a bigger number subsampling groups will hardly increase the performance. In other 

words, a channel matrix with small sparsity will only need a small number of 

subsampling groups, and the amount of calculation will be further reduced. 

Furthermore, the advantage of the proposed subsampling algorithm is revealed when 

we look at the computational complexity. In our scenario, the computational 

complexity for LS algorithm is 𝑂 𝐾!𝑀 . In Fig. 4.3, we observe that the 

computational complexity of the proposed subsampling algorithm is less than the 

computational complexity of LS. 

 

Fig. 4.1 MES	  versus	  SNR	  with	  Channel	  Dimension	  64×8	  
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Fig. 4.2	  MES	  versus	  SNR	  with	  Channel	  Dimension	  64×16	  
 
 
 

 

Fig. 4.3	  Computational	  Complexity	  versus	  Number	  of	  Antennas	  at	  BS	  
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5 Conclusions and Open Problems 

In this thesis, we modeled the massive MIMO system in the angular domain, namely, 

we expressed the uplink channel matrix in the angular domain. Since the channel 

matrix has intrinsic sparsity in angular domain, the subsampling idea, which is 

proposed in [19], can be applied into uplink channel estimation. To compare with LS 

algorithm, which is generally used in uplink channel estimation, we showed that the 

proposed subsampling algorithm can reduce the calculation complexity and yields a 

smaller MSE. 

Applying the NSO-SPRIGHT algorithm, which is mentioned in [19], can further 

reduce the calculation complexity of the proposed subsampling algorithm.  
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