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In wireless communication, channel state information (CSI) is essential for data 

detection. Fast fading coefficients estimation is important in order to acquire 

accurate CSI. Kalman filters (KF) are widely used for real time parameter 

estimation and can be used to estimate the fast fading coefficients of a mobile 

communication channel. Previous attempts at applying the KF to estimate fast 

fading coefficients of a massive multiple input multiple output (MIMO) 

channel assume that the channel autocorrelation is constant or varies weakly. 

Due to the fact that the carrier frequency of 5G massive MIMO systems reach 

tens of giga hertz, the channel autocorrelation could vary more acutely. The 

large number of antennas used in massive MIMO also increases the size of 

channel coefficients matrix. Therefore, some previous approaches based on 

nonlinear KF lead to high computational complexity. In order to improve 

system robustness of a nonlinear time varying channel and ease the 



 
 

computational demand, a combined channel coefficient and autocorrelation 

estimator based on the KF is presented in this thesis. With the substantially 

improved receiver channel diversity provided by the massive MIMO system, a 

fairly accurate channel autocorrelation estimate can be achieved with linear 

estimator. Compared to previous non-linear estimators, the proposed method is 

more practical because the computational complexity is reduced substantially. 

It is shown through simulation that our combined channel coefficients and 

autocorrelation estimator can improve the mean square error (MSE) for all 

possible variations of channel autocorrelation. 
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Multi-User Massive MIMO Channel Estimation Based on Kalman Filters 

 

1 Introduction 

1.1 Challenges of Wireless Communication Systems 

The two major challenges in modern wireless communication systems are the 

wireless channel’s variation in time and signal interference between users [1]. 

The designed wireless communication systems need to handle both problems to 

make wireless signal transmissions successful. Wireless communication 

engineers have developed several channel estimation methods to tackle the 

time variation issues and designed multiple access methods to have multiple 

users communicating simultaneously. However, challenges will appear 

continually along with the ever-increasing needs coming from the market.  

Currently, the cellular phone data rate is expected to have a 25%-50% annual 

growth through 2030 and beyond [2]. Driven by this continuously increasing 

need, the upcoming 5
th

 generation wireless communication system (5G) is 

expected to have a much better performance than the 4
th

 generation wireless 

communication system (4G) system that we are using today. Massive multiple 

input multiple output (MIMO) system is a promising technology that will boost 

up the 5G’s performance as a backbone. Extensive research has shown that the 

increasing number of antennas deployed in the base station will lead to better 

signal to noise ratio (SNR), higher data rate, more spectrum and power 

efficiency, etc. [3-6]. Nevertheless, massive MIMO’s tremendous advantages 

come with the requirement of a lot higher computational complexity for 
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channel estimation due to the large number of antennas at the base station. 

Although it has been proved that the massive MIMO has substantial 

performance gains compared to the conventional MIMO, it suffers more severe 

limitations from pilot contamination than the conventional MIMO. More 

specifically, the pilot contamination is caused by inter-cell interference (ICI) 

due to the fact that all cells are assigned the same pilot sequences. It has been 

proved that the massive MIMO’s uplink measurement noise will decrease with 

the increase of the number of base station antennas base on the fact that each 

received signal at different antenna port is independent [6]. However, if 

frequency reuse factor is 1, the received signal will interfered by the neighbor 

cells [7]. Therefore, it is important to develop methods which can track the 

time varying channel and mitigate the ICI. Fig. 1 illustrates a multi cell 

massive MIMO system, which has M antennas at each base station and has 

multiple users in each cell. The center cell’s uplink communication suffers 

from ICI from its neighboring cells.  
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Figure 1.1 Illustration of massive MIMO system with ICI issue. 

1.2   State of the Art of Massive MIMO 

Scholars and researchers have conducted a lot of research to conquer the 

challenges mentioned previously. The uplink communication and downlink 

communication for a massive MIMO system is quite different because the base 

station side is assumed to have many more antennas than the mobile user side. 

To make channel estimation practical at the base station, time division 

duplexing (TDD) has been considered for the massive MIMO systems. 

Because the uplink and the downlink channels are reciprocal under TDD 

operation, TDD systems enable the channel estimation to be done at the base 

station, therefore easing the computational demand on the mobile devices [6]. 
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However, some researchers have considered and continue to consider channel 

estimation at the mobile unit.  

Masood [8, 9] proposed a collaborative channel estimation method at the base 

station side. She considered the measurements not only from each antenna but 

also from the neighboring antennas around the specific antenna. Laboratory 

results proved that her coordinated algorithm requires fewer pilot signals than 

traditional methods. For a frequency division duplexing (FDD) system, under 

the assumption of a compact square array with high correlation between 

channels, Lim and Chae [10] developed a compressive sensing based channel 

quantization feedback method that can reduce the channel estimation 

computational complexity at the mobile user side. In [11,12], Rao proposed a 

joint channel estimation scheme for FDD systems. The measurement is 

observed at the mobile user side while the channel estimation is done at base 

station side. He also developed two compressive sensing algorithms to reduce 

the pilot signal length. In [11], Rao proposed a modified orthogonal matching 

pursuit (OMP) that explores the joint sparsity in the channel matrix and 

converges much faster than the least squares (LS) method and other related 

strategies. Rao [12] later developed the modified subspace pursuit (MSP), 

which could further reduce the pilot signal length by introducing the prior 

support information from the channel history. In [13], Chen, and Yang 

proposed a method which decontaminates the measurements affected by pilot 

contamination. They use the difference between the desired channel and the 

contamination in power delay profile (PDP) to eliminate the contamination. To 

guarantee the performance of the decontamination method, they also suggested 
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a pilot assignment to randomize the interference. In [14], You proposed an 

adjustable phase shift pilot assignment to help the system have less pilot 

contamination. This new pilot assignment has a substantial spectral efficiency 

gain over the traditional orthogonal phase shift pilot under high mobility 

scenarios.  

The above mentioned research tried to mitigate the pilot contamination 

problem by exploring the channel sparsity, channel spatial correlation and pilot 

efficiency in the wireless communication system. However, the channel 

coefficient may not always be constant in time. In reality, the wireless channel 

state information (CSI) is very important to system performance. In mobile 

scenarios, the coherence time varies inversely proportional to the Doppler 

spread. To make the communication process reliable, each frame should have 

duration shorter than coherence time. Namely, the time duration between two 

reference signals must be shorter than coherence time. A system with too small 

frame size will reduce its bit rate, which is definitely undesirable. Another 

approach is to have joint date detection and channel estimation methods, which 

can track the channel dynamically during one frame. A good channel tracker 

will ensure good system performance in a fast fading wireless communication 

environment even in the presence of pilot contamination. The channel 

estimation can be viewed as a state estimation problem [15]. Hence, we can 

consider the wireless channel as a dynamic system, where the channel 

coefficients are the states to be estimated. Kalman filter (KF) is a well-known 

real time estimation filter for linear dynamic system. The KF obtains the 

optimal minimum mean square state estimate for dynamic systems subject to 
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additive white Gaussian noise [15]. Therefore, the KF is an appropriate method 

for real-time channel coefficient estimation. The KF has already been studied 

and used by some researchers [16-20]. The channel dynamics can be 

approximated by a linear dynamic system if we assume the channel time 

correlation factor to be a constant. In [16], Sheikh proposed a KF based 

channel estimation method to track the coefficients of the time-selective fading 

channel in the multi-user single-input-multi-output systems. Karakaya [17] 

proposed an adaptive channel interpolator based on the KF to estimate the LTE 

uplink channel. The interpolator recovers the channel coefficients between two 

reference signals based on a linear channel assumption. However, the wireless 

channel does not vary linearly in a physical environment. Therefore, the 

assumption of a constant time correlation factor for the channel estimation is 

not accurate for practical systems. The authors in [18] developed a modified 

KF to estimate the channel coefficient and autocorrelation jointly. By 

considering the variation of the channel time correlation factor, authors in [19] 

developed algorithms based on KF to simultaneously estimate channel 

coefficients and time correlation factor. The authors of those two papers 

assumed the channel time correlation factor varies as a random walk system 

and developed the channel estimation algorithm for downlink and uplink 

channel estimation. Also, some researchers have used the KF for channel 

estimation in the frequency domain rather than in the time domain. As an 

example, the authors in [20] proposed a KF based channel estimator for 

orthogonal frequency division multiplexing (OFDM) systems that tracks the 

channel by tracking the signals’ subspace. The KF works in the frequency 
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domain to recover the channel coefficients by subcarriers that carry only pilot 

signals. The system considered in [20] is not part of the current standard and 

has some pilot redundancy on its ‘pilot only’ carriers. 

1.3   Proposed Method 

In reality, wireless channels’ dynamics are not linear. The time correlation 

factor for the channel is can be modeled as a Bessel function of the first kind of 

zero order [21] and this factor changes nonlinearly with respect to the sampling 

time and the Doppler frequency spread.  

5G systems focus on faster data rate and are based on a wider channel 

bandwidth assumption. Moreover, frequency bands far beyond 4.2GHz, which 

is currently using by 4G systems, are being considered. Recently, the FCC 

licensed more frequency spectrum for flexible use in 28GHZ, 37GHz, 39GHz, 

40GHz and 69GHz [22]. A higher carrier frequency will lead to larger Doppler 

spread which will make 5G systems more likely to encounter a fast fading 

channel, and the channel time correlation factor will be more sensitive to the 

motion between transmitting and receiving antennas. Especially, when the 

mobile station is moving with high acceleration, the channel will be varying 

with a changing time correlation factor. On the one hand, the 5G with massive 

MIMO technology will substantially increase the channel diversity. On the 

other hand, it will increase channel estimation computational complexity. In 

this thesis, we propose a channel estimation method based on the Kalman filter, 

which can jointly estimate the channel time correlation factor and the channel 

coefficients for uplink transmission of 5G wireless communication systems. 
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The proposed method uses the channel diversity created by the massive 

receiving antenna array to mitigate the computational complexity caused by the 

increased number of antennas. 
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2 Background and Assumptions 

2.1   Brief History of Wireless Communication 

One of the most significant changes of human’s life is the freedom of 

information exchange. After the first telephony system built in the early part of 

twenty century, people were able to eventually communicate with each other in 

spite of distance. After that, the telephone became an integral part of our daily 

life. However, our connection with the information’s world was still limited by 

the wires. 

The wireless communication system was first introduced in 1915 and grew 

slowly at the beginning. The pioneer wireless engineers designed wireless 

systems that had a central transmitter to serve a whole metropolitan area. Due 

to the inefficient use of frequency spectrum and the limitation of devices, the 

New York public wireless communication system could only support fewer 

than five hundred users in 1946 [23]. Though the wireless communication 

service was generally poor at that time, the potential of the market was very 

huge.  

The cellular concept, which had been developed by researchers at AT&T Bell 

Laboratories, was a brilliant idea to expand the capacity. Because the power of 

a wireless signal decays exponentially with the distance, the cellular system 

spatially separate users in a big area into different sections. This design allows 

multiple users access to different base stations simultaneously using same 

operating frequency. Also, the total transmission power could be reduced 
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significantly. The first analog cellular system was deployed in 1983 in Chicago 

which became saturated by 1984. Beyond almost everyone’s expectation, the 

explosive growth of wireless communications had begun [24]. Fig. 2.1 

illustrates the basic spatial structure of a cellular system. 

 

Figure 2.1 Cellular system structure. 

Driven by the need of higher capacity, faster speed, better quality, better power 

efficiency, etc., the second generation cellular systems changed from analog to 

digital. Second generation cellular systems only offered voice service at the 

very beginning. Then, with the development and popularity of the internet, 

those systems evolved to progressively offer data service in order to meet the 

emerging demand of internet services [23]. Since then, the structures of the 

cellular systems were basically developed similar to the current structure. 
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Currently, in cellular systems, the voice service has become a small portion 

compared to the enormous internet data stream cost by manifold smart phones’ 

applications. The need of higher data throughput rate is growing with the rapid 

evolution of smart phone technologies. Therefore, it is reasonable that in the 

ensuing generations of cellular systems, namely 3G and 4G, the changes in 

standards are mainly aimed at accelerating the data rate and to achieve better 

spectrum efficiency.  

2.2   Wireless Fading Channel 

2.2.1 Channel Fading  

The wireless channel coefficients are directly determined by the geographical 

characteristic of the cellular system. In baseband form, a wireless point to point 

channel can be described by [25] 

g(t) = h(t) ∙  β(t),      (2.1) 

where the channel g(t) is comprised of the small scale fading coefficient h(t) 

and the large scale fading coefficient β(t). Fig. 2.2 shows the fading effect in 

terms of signal power versus the transmission distance.  

The large scale fading, which is also called shadow fading, is due to the terrain 

contours between the transmitter and receiver [23]. The shadow fading can be 

treated as a quasi-static value due to its slow variation. Usually, we can use 

power control to partially compensate for the shadow fading. In this thesis, we 

treat it as a known constant. The most popular statistical model for shadow 
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fading is the slope-intercept models [26] that will be discussed in next chapter. 

The small scale fading, which is also called multipath fading, is a relatively fast 

changing value in the wireless system. The statistical model and the dynamics 

of multipath fading will be discussed in later sections. Fig. 2.2 illustrates the 

small scale and the large scale fading.  

 

Figure 2.2 Illustration of large scale fading and small scale fading [26]. 

Fig. 2.2 illustrates the phenomenon that signal power attenuates with distance. 

The dotted line in Fig. 2.2 (a) represents the large scale fading and Fig. 2.2 (b) 

shows the corresponding multipath fading [26]. 

 



13 
 

2.2.2 Multipath Phenomena 

Electromagnetic waves are reflected, refracted, scattered, transmitted, 

diffracted and absorbed by objects that appear on their propagation path. Fig. 

2.3 illustrates the effects that could happen during the radio signals’ 

propagation.  

 

Figure 2.3 Physical effects of electromagnetic wave propagation. 

For a transmitter side equipped with non-directional antenna, the transmitted 

signal will travel many different paths to reach the receiver side. Fig. 2.4 

illustrates the multipath phenomena of a system’s uplink communication in an 

urban area.  
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Figure 2.4 Urban area multipath phenomenon. 

Multipath phenomenon could contribute to the receiver side either 

constructively or destructively. Arriving signals randomly add up or cancel out 

depend on their random phase shifts. This effect is called multipath fading or 

small scale fading. The multipath fading can be classified into discrete 

multipath fading and diffuse multipath fading [26]. The discrete multipath 

fading channel is made up of a small and identifiable number of paths that are 

created by small hills or buildings. The number of multipath channel 

components is finite. The diffuse multipath fading channel is made up of a 

large number of unresolvable multipath components. This kind of multipath 

fading environment mostly appears in urban areas where the space between 

mobile user and base station is filled up with objects such as buildings and 

plants [26].  
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Often, in an urban area, there might be no line of sight (LOS) path between the 

transmitting antennas and the receiving antennas. In other words, the 

environment causes rich scattering of signals. The associated channel is called 

a Rayleigh fading channel. Otherwise, if a LOS path exists between each side, 

the channel is called a Ricean fading channel. 

2.2.3 Multipath Channels Baseband Equivalent Description 

Signals traveled through different paths will contribute to the receiver as 

superposition. Therefore, the receiver side will receive overlaid replicas of the 

original transmitted signal. Due to the different length and different 

electromagnetic property of each path, the received replicas will have different 

attenuation factors and time delays. Eq. 2.2 represents a signal observed at the 

receiver side. 

r(t) =  ∑ an(t)sm(t − τn(t))n ,     (2.2) 

where r(t) is the received signal, sm(t) is the transmitted modulated signal, 

an(t) is the attenuation factor of the signal that traveled through the n
th

 path 

and τn(t) is the time delay of signal traveled through the n
th

 path.  

Signals are comprised of real and imaginary components. We can further 

express received signal r(t) as 

r(t) =  ∑ an(t)smI(t − τn(t))n + ∑ an(t)smQ(t − τn(t))n ,   (2.3) 
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where 

smI(t − τn(t)) =  sI(t − τn(t)) cos[(ωc + ωn)(t − τn(t))],    

smQ(t − τn(t)) =  sQ(t − τn(t)) sin[(ωc + ωn)(t − τn(t))],    

smI(t) and smQ(t) are the in-phase components and quadrature components 

of the modulated signal respectively, and sI(t) and sQ(t) are the in-phase 

component and quadrature component of the transmitted base band signal, 

respectively.  

Also, when user mobility occurs, the signal is affected by the Doppler shift, 

fD =
v

c
fc ,        (2.4) 

where v is the mobile user speed, fc is the carrier frequency and c is the 

speed of light. The Doppler shift is physically due to the relative motion 

between transmitter and the receiver. 

We can further express the received baseband signal as 

rb(t) =   rbI(t) + j rbQ(t),      (2.5) 

where 

 rbI(t) =  ∑ an(t)n sI(t − τn(t))cos (2πfcτn(t) − 2πfD(t − τn(t)),  
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and 

 rbQ(t) =  ∑ an(t)n sQ(t − τn(t))sin (2πfcτn(t) − 2πfD(t − τn(t)).   

Let 

φn(t) =  2πfcτn(t) − 2πfD(t − τn(t)),      (2.6) 

then the baseband channel can be expressed as 

c(t) =  ∑ δ(t − τn(t))an(t)e
−φn(t)

n  ,      (2.7) 

where the in-phase and the quadrature components are 

cI(t) =  ∑ δ(t − τn(t))an(t)cos (φn(t))n ,      

cQ(t) =  ∑ δ(t − τn(t))an(t)sin (φn(t))n .      

2.2.4 Rayleigh Fading Channel  

Since the objects on the paths of the signal are irregular, the received multipath 

signals have been reflected and scattered a large number of times in their path. 

By the central limit theorem, the amplitude attenuation factor an(t) can be 

modeled as a Gaussian process. φn(t) is the phase delay which is defined in 

Eq. 2.5. The carrier frequency fc is assumed to be very large, therefore any 

small change in τn(t) can cause the phase to rotate over 2π. Hence, the 

phase-shift φn(t)  is uniformly distributed between [0, 2π]. Then, each 

multipath channel coefficient an(t)e
−φn(t)  can be modeled as a complex 
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Gaussian process. A complex Gaussian distribution is a joint Gaussian 

distribution with two detentions comprised of the real axis and imaginary axis. 

Because the phase delay is a uniform random variable, the two dimensions of 

the complex Gaussian process is uncorrelated and therefore independent. Fig. 

2.5 illustrated the independent complex Gaussian distribution. an  is the 

attenuation factor and τn(t) is the phase delay. 

 

Figure 2.5 Illustration of the amplitude factor and the phase angle. 

For a narrow band signal whose symbol time is much larger than the delay 

spread, the Eq. 2.7 can be rewritten as, 

CI(t) =  ∑ an(t) cos(φn(t))n  ,       

CQ(t) =  ∑ an(t) sin(φn(t))n  ,       

c(t) =  ∑ an(t)e
−φn(t)

n  .      (2.8) 

In this thesis, we consider 5G systems deployed in an urban area in which it is 
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reasonable to assume the signals are richly scattered. So, there will be no LOS 

path appearing in the multipath channel. And it further implies that there is no 

dominant an(t) in the channel. If the signals are rich scattered, the number of 

paths is also large and the channel can be considered as a diffuse multipath 

fading channel. Then the channel coefficient is approximated to be a zero mean 

complex Gaussian random variable whose two dimensions are independent. 

Then, the envelop of this coefficient is therefore a Rayleigh random variable. 

Such channel is called a Rayleigh fading channel. 

2.2.5 Dynamics of channel 

The wireless channel multipath fading coefficients almost never stop changing 

due to the motion of mobile users. In order to design a real time wireless 

channel estimator, it is necessary to model the wireless channel’s dynamics 

mathematically. First, the expectation of the in phase and quadrature channel 

components are, 

E[cI(t)] =  E[∑ an(t) cos(φn(t))n ] =   ∑ E[an(t)] E[cos(φn(t))]n = 0, (2.9) 

E[cQ(t)] =  E[∑ an(t) sin(φn(t))n ] =   ∑ E[an(t)] E[sin(φn(t))]n = 0. (2.10) 

The cross correlation between the in phase part and the quadrature part is 

E[cI(t)cQ(t)] =  E[∑ an(t) cos(φn(t))∑ am(t) sin(φm(t))mn ].  (2.11) 

Since the paths are independent to each other,  

E[cI(t)cQ(t)] =  ∑ E[an
2(t)]E[cos(φn(t)) sin(φn(t))]  = 0n . (2.12) 
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Thus the in phase and the quadrature part are uncorrelated, and they are also 

independent due to the property of Gaussian process.  

During a short time slot, the attenuation factor and the time delay are assumed 

to be constant. Therefore the phase shift angle φn(t) is also a constant. Then, 

under the wide sense stationary uncorrelated scattering (WSS) assumption, the 

time correlation for in phase channel can be derived as, 

E[cI(t)cI(t + ∆t)] =  ∑ E[an
2]E[cos(φn(t)) cos(φn(t + ∆t))]n . (2.13) 

Substituting Eq. (2.5) into Eq. (2.12), yields 

E[cI(t)cI(t + ∆t)] = ∑ E[an
2]E [

1

2
cos(2πfD∆t) −

1

2
cos(2φn − 2πfD∆t)]n .(2.14) 

Because fc is very large, therefore 2φn is large enough such that 2πfD∆t 

can be ignored. The significantly large φn will lead to a uniformly random 

distributed phase angle within [0, 2π]. Then, the Eq. 2.13 can be rewritten as 

E[cI(t)cI(t + ∆t)]  =  
1

2
∑ E[an

2]E[cos(2πfD∆t)]n .   (2.15) 

Assume the angle between the n
th

 path and the mobile user’s moving direction 

is θn, which is illustrated in Fig. 2.6. 
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Figure 2.6 Included angle between moving direction and nth path. 

Then, the Eq. (2.14) can be further expressed as 

E[cI(t)cI(t + ∆t)]  =  
1

2
∑ E[an

2]E [cos (∆t 2πfc
v

c
cosθ)]n .  (2.16) 

Clarke in [21] and Jakes in [27] introduced the uniform scattering environment 

which is common in an urban area. For such a model which is showed in Fig. 

2.7, the multipath signals come from all the direction to the mobile device and 

a mobile device with non-directional antenna will radiate its signals to all 

directions. 



22 
 

 

Figure 2.7 One ring model for rich scattering environment. 

Assuming each direction has same signal power and the total power is P, we get 

E[cI(t)cI(t + ∆t)]  =  
P

2N
∑ cos (∆t 2πfc

v

c
cosθn)n ,   (2.17) 

where 

N = 
2π

∆θ
.          

If the number of multipath components approaching infinite and the included 

angles ∆θ are identically approaching zero, the time correlation of channel 

will become, 

E[cI(t)cI(t + ∆t)]  =  
P

4π
∫ cos (∆t 2πfc

v

c
cosθ)

2π

0
dθ.  (2.18) 

The time correlation of the quadrature channel is similar to Eq. (2.18), 
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E[cQ(t)cQ(t + ∆t)]  =  
P

4π
∫ sin (∆t 2πfc

v

c
cosθ)

2π

0
dθ,  (2.19) 

Thus the complex channel time correlation is expressed as, 

a(∆t) = E[(cI(t) + j cQ(t))(cI(t + ∆t) + jcQ(t + ∆t))],     

a(∆t) =  
P

2π
∫ cos (∆t 2πfc

v

c
cosθ)

2π

0
dθ       

= 
P

2π
∫

e
j∆t 2πfc

v
c
cosθ

+e
−j∆t 2πfc

v
c
cosθ

2

2π

0
dθ          

= 
P

π
∫ ej∆t 2πfc

v

c
cosθπ

0
dθ              

 =  P J0(2πfD∆t ),         (2.20) 

where 

J0(x) =  
1

π
∫ e−jxcosθπ

0
dθ ,       

is the Bessel function of the first kind of 0
th

 order [28]. 

2.3 Massive Multiple Input Multiple Output Systems Uplink 

Communication 

2.3.1 Massive MU-MIMO Systems 

Massive MIMO systems are referred to systems which operate with a large 

number of antennas at both transmitter and receiver. The massive MIMO 

system substantially improves the channel diversity gain and the channel 
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multiplexing gain. However, there is a fundamental tradeoff between the 

channel diversity gain and the channel multiplexing gain, which is well 

discussed in [29]. The channel diversity gain will directly help the systems to 

have a better SNR, and the channel multiplexing gain enables the spatial 

division multiple access (SDMA) to accomplish better spectral efficiency. The 

massive MIMO systems also promise to be more power efficient, which is 

mainly due to the base stations use beam forming technique at the transmission 

period that lowers the operation voltage [25].  

The wireless channel results in a received signal which is a combination of all 

the transmitted signals. Eq. (2.20) expresses the relationship between the 

transmitted and received signals. 

𝐲(t) = √Pt𝐆(t)𝐱(t) + 𝐰𝐜(t),     (2.21) 

where 𝐲(t) is the received signal vector, 𝐱(t)is the transmitted signals vector, 

Pt is the transmitted signals power, 𝐆(t) is the channel coefficients matrix 

and 𝐰𝐜(t) represents the combination of noise and interference. For a multiple 

massive MIMO (MU-MIMO) system which all mobile users have only one 

antenna, every element in the signal vector 𝐱(t) is from different user. If the 

antennas are deployed with distance more than half wavelength, the channel of 

different data stream is approximately independent [23]. If we assume all 

mobile users are randomly located in each cell and the antennas at the base 

station are carefully deployed, the elements in channel coefficient matrix 𝐆(t) 

will be independent of each other. Thus, the degree of freedom of the received 

signal is proportional to the transmitter antennas and the channel diversity is 



25 
 

proportional to the number of receiver antennas. The SDMA and Massive 

MIMO systems’ channel diversity combining will be discussed in the following 

sections. 

2.3.2 Spatial Division Multiple Access 

Unlike a wired communication channel, the wireless communication channel 

uses the ‘air’ as its medium, and therefore all the users are basically connected 

together. For practical mobile systems, the separation of different users’ data 

stream is important. Numerous methods have been proposed to find an optimal 

way to have as many users as possible connected and provide desired data rate 

for every user. Unlike frequency division multiple access (FDMA) or time 

division multiple access (TDMA), SDMA is considered to be a more efficient 

scheme for the 5G wireless communication systems. The relationship between 

the received signals and the transmitted signals in the uplink communication is 

described by Eq. (2.21). In the uplink communication, the receiver side can 

recover the overlaid signals using receiver algorithms such as zero forcing (ZF), 

successive interference cancellation (SIC) and maxim likelihood (ML). For the 

systems that have similar number of antennas at transmitter and receiver side, 

the ZF algorithm will not perform well, due to the pseudo inverse in the 

algorithm will also amplify the noise while recovering the received signal. 

Thus, ML algorithm and some ML approximation algorithms can be used to 

improve the performance of data detection. Though the ML algorithm provides 

the optimal detection performance, the computational complexity is very high. 

It grows exponentially with the number of mobile users and the modulation 
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level. SIC is an iterative algorithm that detects each data stream successively in 

order to avoid amplify the received noise. It is a compromise between 

performance and the computational complexity. For a MU-MIMO system 

where the number of antennas at the base station is assumed to be much more 

than the number of mobile user, the performance of ZF will be improved 

significantly due to the substantially increased channel diversity gain.  

2.3.3 Wireless Channel Diversity 

Deep channel fading is due to the randomness of the physics of the mobile 

channel which causes a large power penalty and harms the system performance. 

Diversity combining is an effective method to mitigate deep channel fading, 

which uses the fact that the probability of multiple independent fading paths 

experiencing deep channel fading simultaneously is very low [23]. Massive 

MIMO systems have a large number of antennas at base station, which makes 

the received signals have large receiver diversity, enabling effective diversity 

combining.  

Selection diversity combining (SDC), equal gain combining (EGC) and 

maximum ratio combining (MRC) are well known detection strategies for 

multiple receiver diversity combining. With accurately estimated channel 

coefficients, SDC chooses the received signal from the channel with best SNR 

and rotates the signal by the angle of the channel. EGC directly rotates the 

entire received signal with their corresponding channel angles and then sums 

them up with equal weight. MRC is similar to EGC except it weights each 

channel by their channel amplitude. Eq. (2.22) shows the MRC algorithm, 
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𝐃(t) =  √Pt𝐆∗(t)𝐲(t),      (2.22) 

where 𝐆∗(t) is the conjugate transpose of the channel coefficients matrix. The 

Eq. (2.22) can be further expanded as, 

𝐃(t) =  √Pt𝐆∗(t)𝐆(t)𝐱(t) + 𝐆∗(t)𝐧(t).   (2.23) 

Dividing both sides by the number of received antennas M, yields 

1

M
𝐃(t) =  

1

M
√Pt𝐆∗(t)𝐆(t)𝐱(t) +

1

M
𝐆∗(t)𝐧(t),    (2.24) 

The 
1

M
𝐆∗(t)𝐆(t) in Eq. (2.23) can be viewed as the autocorrelation of the 

channel coefficients matrix. Due to the independency of each channel, the 

correlation matrix approaches to an identity matrix when the M approaches 

infinity. Similarly, as long as the noise is uncorrelated to the channel 

coefficients, the 
1

M
𝐆∗(t)𝐧(t)  in Eq. (2.24), which can be viewed as 

correlation between the channel coefficients and the noise, approaches to zero 

with the increase of M. In [6], Marzetta points out that with the same number 

of users, more antennas at the base stations will always benefit the system to 

have a better SNR. When the number of antennas goes to infinity, the 

uncorrelated noise will be vanished. 

The ZF algorithm, which was mentioned in previous section and is showed in 

Eq. (2.25), further polishes the MRC algorithm. Instead of dividing the 

summation of rotated signals by the number of antennas M, ZF scales the 

signal by applying pseudo inverse of the channel coefficients matrix to the 
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signal.  

𝐃(t) =  𝐆†(t)𝐲(t),          

𝐃(t) = 𝐆† √Pt𝐆(t)𝐱(t) + 𝐆†(t)𝐧(t),     (2.25) 

where 

𝐆†(t) =  (𝐆∗(t)𝐆(t))−1𝐆∗(t)         

denotes the pseudo inverse of channel coefficients matrix 𝐆(t). 

The condition number of the part (𝐆∗(t)𝐆(t))  will decrease inverse 

proportionally with the number of receiver antennas. For a base station using 

ZF recovery algorithm, the lower the channel matrix condition number is, the 

lower the power of the noise will be. When the condition number is as low as 

one, the noise part 𝐆†(t)𝐧(t), like MRC, can be viewed as correlation matrix 

of the channel coefficients and the noise. The noise part will approach zero 

with the increase of M as long as it is unrelated to channel coefficients. Note 

that the condition number in the matrix 𝐆(t) represents the channel diversity 

gain.  

2.3.4 Inter-cell interference 

Non-cooperative systems, which are considered in this thesis, work without 

communication with neighboring cells. It further implies that the pilot signals 

are assigned and will not change adaptively in order to avoid pilot 

contamination. Therefore, for systems that operate with frequency reuse factor 
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of one, every base station suffers from the interference from other cells during 

the training period. An inter cell interference (ICI) contaminated received 

signal can be expressed as, 

𝐲0(t) = √P0𝐆0(t)𝐱(t) + ∑ √Pl𝐆l(t)𝐱(t) + 𝐧(t)L
l=1 ,   (2.26) 

where 𝐆0(t) is the channel coefficients matrix of the cell of interest and 

𝐆l(t), l = 1, 2, … , L is the channel coefficients matrix from the interfering 

users in the l
th 

cell, 𝐱(t) is the pilot signal vector and 𝐧(t) is the system 

uncorrelated noise. P0  and Pl  are the transmission power of desired and 

interfering users, respectively. The channel coefficients matrix estimated from 

the pilot signal can be described by  

𝐆e(t) = √P0𝐆0(t) + ∑ √Pl𝐆l(t)
L
l=1 + 𝐰(t),   (2.27) 

where 𝐰(t) is uncorrelated estimation noise matrix and ∑ √Pl𝐆l(t)
L
l=1  is the 

ICI channel estimation error matrix. Note that ∑ √Pl𝐆l(t)
L
l=1  is a Gaussian 

random matrix because √Pl𝐆l(t)  are all independent Gaussian random 

matrices. 

With inaccurate channel estimation, the received data signal after MRC 

algorithm will became, 

1

M
𝐃(t) =

1

M
(√P0𝐆0(t) + ∑ √Pl𝐆l(t)

L
l=1 )∗(√P0𝐆(t)𝐱0(t)    

+∑ √Pl𝐆l(t)𝐱l(t)
L
l=1 +

1

M
𝐆∗(t)𝐰(t),   (2.28) 
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if the M is large enough,  

1

M
𝐃(t) ≅  P0𝐱0(t) + ∑ Pl𝐆l(t)

L
l=1 𝐱l(t).   (2.29) 

If we further assume the transmission power for all mobile users is same,   

Eq. (2.29) can be rewritten as 

1

M
𝐃(t) ≅  x0(t) + ∑ 𝐆l(t)

L
l=1 𝐱l(t).    (2.30) 

It is clear though with large number of receiver antennas, the error of the 

detected signal is mainly caused by the ICI. Note that if the data in 𝐱l(t) is 

uniformly distributed, ∑ 𝐆l(t)
L
l=1 𝐱l(t) can also be viewed as a Gaussian noise.  

2.4   Kalman Filters 

2.4.1 Derivation of Kalman Filter 

For any systems that can be formulated into the form, 

{
𝐱(t) = 𝐀 𝐱(t − 1) + 𝐯(t)

𝐲(t) = 𝐇 𝐱(t) + 𝐰(t)
,    (2.31) 

where 𝐱(t) is the state, 𝐲(t) is the measurement, A and H are the state 

transition and measurement matrices, respectively; 𝐯(t) and 𝐰(t) are process 

noise and measurement noise, respectively. The process noise covariance and 

measurement noise covariance are given by 

𝐐 =  E[𝐯(t)𝐯(t)T],      (2.32) 
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𝐑 =  E[𝐰(t)𝐰(t)T],      (2.33) 

respectively. 

Define �̂�(t) as the estimate of 𝐱(t), therefore the estimate error can be written 

as, 

𝐞(t) =  𝐱(t) − �̂�(t).      (2.34) 

Then, the error covariance matrix can be written as 

𝐏(t) = E[𝐞(t)𝐞(t)T],      (2.35) 

With a known process state transition matrix A, a prior estimate of 𝐱(t) can be 

generated by 

�̂�(t)− =  𝐀 �̂�(t − 1).      (2.36) 

Then, a refined estimate with knowledge of measurement can be formulated as 

�̂�(t) =  �̂�(t)− + 𝐊(t)(𝐲(t) − 𝐇 �̂�(t)−).    (2.37) 

Substituting Eq. (2.30) into Eq. (2.37), yields 

�̂�(t) =  �̂�(t)− + 𝐊(t)(𝐇 𝐱(t) + 𝐰(t) − 𝐇 �̂�(t)−),  (2.38) 

where 𝐊(t) is the Kalman gain at time t. Then the error becomes 

𝐞(t) =  �̂�(t) − 𝐱(t) = (𝐈 − 𝐊(t)𝐇)�̂�(t)− + (𝐊(t)𝐇 − 𝐈) 𝐱(t) + 𝐊(t)𝐰(t).(2.39) 



32 
 

Substituting the error vector into the error covariance matrix 𝐏(t), we get 

𝐏(t) =  (𝐈 − 𝐊(t)𝐇)𝐄 [(�̂�(t)− − 𝐱(t))(�̂�(t)− − 𝐱(t))
T
] (𝐈 − 𝐊(t)𝐇)T  

+𝐊(t)E[𝐰(t)𝐰(t)T]𝐊(t)T,     (2.40) 

Let 

𝐏(t)− = E [(�̂�(t)− − 𝐱(t))(�̂�(t)− − 𝐱(t))
T
],   (2.41) 

denote the prior error covariance matrix. Substituting Eq. (2.31) into Eq. (2.38), 

yields 

𝐏(t) =  (𝐈 − 𝐊(t)𝐇)𝐏(t)−(𝐈 − 𝐊(t)𝐇)T + 𝐊(t) 𝐑 𝐊(t)T, (2.42) 

𝐏(t) =  𝐏(t)− − 𝐊(t)𝐇𝐏(t)− − (𝐊(t)𝐇𝐏(t)−)T    

+𝐊(t) (𝐑 + 𝐇𝐏(t)−𝐇T) 𝐊(t)T.    (2.43) 

Note that each element in the trace of 𝐏(t) is the mean square error (MSE) of 

each element in the state estimate �̂�(t). Taking the derivative of trace of 𝐏(t) 

in order to minimize the MSE of the estimated state  

dTr(𝐏(t))

d𝐊(t)
= −2𝐇𝐏(t)− + 2𝐊(t) (𝐑 + 𝐇𝐏(t)−𝐇T),  (2.44) 

and setting it to zero, 

−2𝐇𝐏(t)− + 2𝐊(t) (𝐑 + 𝐇P(t)−𝐇T) = 0,    (2.45) 
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yields the Kalman gain 

𝐊(t) = 𝐇𝐏(t)−(𝐑 + 𝐇𝐏(t)−𝐇T)−1.    (2.46) 

Substituting Eq. (2.46) into Eq. (2.43) gives the error covariance matrix  

𝐏(t) =  (𝐈 − 𝐊(t)𝐇)𝐏(t)−,     (2.47) 

and the prior error covariance matrix updates from previous time slot as 

𝐏(t + 1)− = E[ (𝐀�̂�(t) − 𝐱(t + 1))(𝐀�̂�(t) − 𝐱(t + 1))
T
]   

𝐏(t + 1)− = E[ (𝐀�̂�(t) − 𝐀𝐱(t) − 𝐯(t))(𝐀�̂�(t) − 𝐀𝐱(t) − 𝐯(t))T]  

𝐏(t + 1)− = 𝐀 E[ (�̂�(t) − 𝐱(t))(�̂�(t) − 𝐱(t))
T
]𝐀T + E[𝐯(t)𝐯(t)T]  

𝐏(t + 1)− = 𝐀 𝐏(t)𝐀T + 𝐐.     (2.48) 

The recursive Kalman filter algorithm can be summarized [15] 

1) Time Update:  

�̂�(t)− =  𝐀 �̂�(t − 1)        (2.49) 

𝐏(t)− = 𝐀 𝐏(t − 1)𝐀T + 𝐐      (2.50) 

2) Measurement Update 

𝐊(t) = 𝐇𝐏(t)−(𝐑 + 𝐇𝐏(t)−𝐇T)−1    (2.51) 
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�̂�(t) =  �̂�(t)− + 𝐊(t)(𝐲(t) − 𝐇 �̂�(t)−)    (2.52) 

𝐏(t) =  (𝐈 − 𝐊(t)𝐇)𝐏(t)−      (2.53) 

2.4.2 Advantages and Limitations of Kalman Filter 

The derivation in the previous section shows that the discrete-time Kalman 

filter is a recursive state MSE minimizer for linear systems. Given the fact that 

a summation of two independent Gaussian random variables is also a Gaussian 

random variable, if a linear system contains only independent Gaussian process 

noise and measurement noise, and the state is a scalar, the state estimate x̂(t) 

of KF will be the maximum likelihood estimate. The KF therefore is 

considered as an optimal filter for linear systems with independent Gaussian 

noise. Additionally, the KF does not require invertible measurement matrix H, 

which is very convenient for a recursive state estimator. This property allows 

the measurement vector to be smaller than the state vector. However, the KF 

requires exact linear transition function and known covariance matrix for both 

process noise and measurement noise. Therefore, KF has to be modified before 

to perform the estimation of the state of non-linear systems or systems with 

dynamic transition matrix. 
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3 System Modeling 

3.1   Measurement Model  

We consider the uplink of a Massive MIMO system, which has M base station 

antennas and K single antenna mobile users. We also assume a time varying 

and frequency nonselective channel and a narrow band information signal so 

that we can represent the system model as a single tap at each instant of time. 

In the worst case scenario, all users communicate with the base station 

simultaneously. Under these assumptions, the received signal at the base station 

of the cell of interest (Cell 0) can be described by 

𝐲0(t) = √Pt𝐆𝟎(t)𝐱0(t) + 𝐧(t) + 𝐈(t),    (3.1) 

where Pt is the transmitted power, 𝐲0(t) is a M × 1 vector of the received 

signals at base station, 𝐱0(t) is a K × 1 vector of simultaneously transmitted 

signals by K independent mobile users from the cell of interest, 𝐧(t) is a 

M × 1 vector representing the i.i.d. additive zero-mean white Gaussian noise 

with variance σn
2  and 𝐆𝟎(t) is the M × K channel coefficients matrix. An 

element lies on i-th row and j-th column of 𝐆𝟎(t) is denoted by gi,j(t), 

corresponding to channel coefficient between i-th receiving antenna and j-th 

transmitting antenna at time t. 𝐈(t) , which is introduced in Eq. (2.24) 

∑ √Pl𝐆l(t)𝐱l(t)
L
l=1 , is referred to as the ICI which is caused by other users 

transmitting from neighboring cells. The ICI can be viewed as an uncorrelated 

noise at receiver during the data transmission process. However, it becomes 
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correlated noise during training process.  

The propagation coefficient gi,j(t) is usually modeled as a product of a small 

scale and a large scale fading coefficients, i.e. 

 gi,j(t) = hi,j(t) ∙  βjl
1/2

,      (3.2) 

where hi,j(t)  is the small scale fading coefficient and is assumed to be 

zero-mean complex Gaussian with each component having unit variance. 

Under the Rayleigh fading channel assumption, the envelop of a small scale 

fading coefficient is a Rayleigh distributed random variable. The second factor 

βjl
1/2

 is the large scale fading coefficient between j
th

 user and l
th

 base station 

and this coefficient is assumed to be identical between all the base station 

antennas to one mobile device. Generally it can be expressed as 

βjl
1/2

= 
zjl

r
jl
γ,        (3.3) 

where rj is the distance between the j-th user and the l
th

 base station, γ is the 

decay exponent of the cell of interest. The numerator zjl is the shadowing 

factor and it is a log-normal random variable which only depends on the 

location of the j-th user [6]. After conversion to decibel, 10 log10 Zjl is a 

zero-mean Gaussian random variable with standard deviation of σshad . 

Because the shadowing factor z and distance r change slowly over time, the 

large scale fading factor is therefore modeled as a constant. Hence, for each 

communication period, the large scale fading coefficient is usually assumed to 
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be constant. Given the fact that large scale fading factors are amplitude scaling 

factors, it could be estimated using the amplitude attenuation of the pilot signal. 

Thus, we consider the large scale fading matrix between the base station and 

the users in the cell of interest as a known constant diagonal matrix, namely, 

βll
1/2

= 

[
 
 
 
 
 β1l

1/2
0 ⋯ ⋯ 0

0 β2l
1/2

0 ⋯ 0

0 0 ⋱ ⋮
⋮ ⋮ ⋱ 0

0 0 ⋯ 0 βKl
1/2

]
 
 
 
 
 

.     (3.4) 

Hence, we can compensate for the large scale fading factor and rewrite the 

received signal as 

𝐲(t) = 𝐇(t)𝐱(t) + 𝐰(t) + 𝐈(t),     (3.5) 

where 𝐇(t) is a M × K matrix where the element which lies on i-th row and 

j-th column is denoted by hi,j(t), corresponding to the channel small scale 

fading coefficient between i-th receiving antenna and j-th transmitting antenna 

at time t. I(t) represents the baseband ICI, which at the same time is scaled by 

the large scale fading coefficients that decay with the separation distance 

between transmitter and receiver, i.e.  

 𝐈(t) = ∑ √Pl
βl

β0
𝐇l(t)𝐱(t)

L
l=1 ,     (3.6) 

where 
βl(t)

β0(t)
 is the average large scale fading factor ratio of the neighboring 

cells’ users to the users in the cell of interest, which directly influences the 

power of ICI. If the transmission power is normalized to 1, the variance of each 
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ICI component is  
βl(t)

β0(t)
 . If we assume the number of neighboring cells is 6 and 

the average distance of an interfering user from each neighboring cell is same, 

then, the ICI is a complex Gaussian random matrix with zero mean and 

variance of 
6βl(t)

β0(t)
. A very common model for large scale fading coefficients is 

called slope intercept model [25] 

Path Loss (dB) = 10log10(β) =  −α − b ∙ log10 (r),  (3.7) 

where r is the distance between the transmitter and receiver, α and b are the 

parameters determined by the model [25]. In an urban microcell non-LOS area, 

path loss can be described as [30] 

Path Loss (dB) =  −55.9 + (24.5 + 
𝑓𝑐

616.67
) log10(𝑓𝑐) + 38log10 (𝑟), (3.8) 

where 𝑓𝑐 is the carrier frequency. Thus, the variance of each ICI component 

can be expressed as 

10log10 (
βl(t)

β0(t)
) = 38 log(r𝑙) − 38log (r0) ,     (3.9) 

where r0 is the distance between the user in the cell of interest and the base 

station in the cell of interest and r𝑙 is the distance between the user in the 

neighboring cell and the base station in the cell of interest.  

The relationship between received, transmitted signal and fast fading channel 

coefficients matrix is well expressed in Eq. (3.5). Therefore, Eq. (3.5) can be 

viewed as a linear measurement equation of the system. 



39 
 

3.2   Channel Dynamic Model 

Due to the motion between the mobile transmitter and the base station receiver 

antennas, the channel fast fading coefficients are changing rapidly with time. 

The theoretical derivation of the channel autocorrelation factor was presented 

in the previous chapter. In order to maintain simplicity, we further approximate 

Eq. (2.20) as 

E[hi,j(t) ∗ hi,j
∗ (t + τ)] ≈ J0(2πfDτ),    (3.10) 

Given that the channel coefficients are not constant, we need to track the 

channel in real-time in order to improve data detection. In this work, we adopt 

the widely used first order stationary Gauss-Markov process [31][32][33] to 

represent the channel dynamics, namely,  

𝐇(t + 1) = a(t + 1) ∗ 𝐇(t) + √1 − a2(t) 𝐁(t + 1).  (3.11) 

where a(t) is the channel autocorrelation factor vector at time t and the matrix 

 𝐁(t + 1) has unit variance zero-mean complex Gaussian random entries. 

Therefore, Eq. (3.11) can be viewed as the state transition equation of the 

system. When a(t) is constant, the system is linear system. Otherwise, the 

system will be no longer linear if a(t) is time varying. 
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4 Problem and Proposed Solution 

4.1   Channel Estimation Based on Kalman Filter 

Given that we have assumed the channel is changing rapidly during one frame, 

we cannot recover our transmitted data accurately based on the constant 

channel coefficient matrices, which are obtained from the reference pilot signal 

at the beginning of each frame. Thus, a real-time channel coefficients tracker 

which keeps the estimated channel coefficients updated during each frame is 

important. The KF is an excellent candidate to track channel fast fading 

coefficients [16]. As described in Chapter 2, the KF is a linear filter which can 

reduce the effects of the random system process noise and the measurement 

noise, recursively. Here, we will build a real-time channel fast fading 

coefficient estimator based on KF. To do this, we shall use Eqs. (3.5) and (3.11) 

to construct a state model of the massive MIMO uplink communication system 

in the form of a state transition equation and a measurement equation that 

matches the Kalman filter form 

{ 𝐇(t + 1) = 𝐀 ∗ 𝐇(t) + (𝐈 − 𝐀𝐀T) 
1

2𝐁(t + 1)

𝐲(t + 1) = 𝐇(t + 1)𝐱(t + 1) + 𝐧(t + 1) + 𝐈(t + 1)
,   (4.1) 

where 𝐀 is a diagonal matrix whose each diagonal element is the channel 

autocorrelation associated with each mobile user, (𝐈 − 𝐀𝐀T)𝐁(t + 1) is the 

system process noise matrix,  𝐁(t + 1) is a complex Gaussian random matrix 

with zero-mean and unit variance entries, 𝐧(t + 1) + 𝐈(t + 1)  is the 

measurement noise that contains measurement noise 𝐧(t + 1) and the ICI 
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𝐈(t + 1) . Note that both 𝐗(t)  and 𝐇(t)  are unknown in this system 

representation. In order to run the Kalman filter successfully, the previous 

channel coefficient 𝐇(t − 1) is used to recover the data 𝐱(t)  and then 

substitute 𝐱(t) into measurement equation to recover the channel coefficients 

matrix as a measurement matrix. The ZF algorithm is chosen to be the receiver 

algorithm due to its low computational complexity.  

𝐱(t) = 𝐇e
−†(t)𝐲(t).      (4.2) 

where 𝐇e
−† denotes the pseudo inverse of the estimated channel coefficients 

matrix after Kalman filter time update step. Any nonlinear receiver algorithm 

such as maximum likelihood (ML) is too computationally complex for a real 

time recursive algorithm, even though it generally has better performance. 

Besides, massive MIMO systems provide very high channel diversity that 

grows proportional the number of receiver antennas that makes the ZF become 

comparable to nonlinear receiver algorithms in performance.  

After 𝐱(t) has been estimated, we can treat it as a measurement matrix that 

measuring channel coefficients matrix 𝐇(t).  Therefore, we can rewrite    

Eq. (4.1) as  

{
𝐡(t + 1) = 𝐀 ∗ 𝐡(t) + (𝐈 − 𝐀𝐀T) 

1

2 𝐁(t + 1)

𝐲(t + 1) = 𝐗(t)𝐡(t) + 𝐧(t + 1) + 𝐈(t + 1)
,   (4.3) 

where 

𝐡(t) = Vec(𝐇(t)),      (4.4) 
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 𝐗(t) = 𝐱T(t)⨂𝐈M.       (4.5) 

 Vec(∙)  denotes the vectorization transformation and ⨂  denotes the 

Kronecker product. The vector 𝐡(t)  is therefore the vectorized channel 

coefficient matrix, which is the system state vector to be estimated.  

Now, Eq. (4.5) matches the standard Kalman filter form and we can use the 

Kalman filter to track the channel fast fading coefficients matrix recursively. 

The channel coefficients estimator based on Kalman filter can be summarized 

as follows: 

3) Time Update:  

�̂�(t)− =  𝐀 �̂�(t − 1),       (4.6) 

𝐏(t)− =  𝐀 𝐏(t − 1) 𝐀T + 𝐐,     (4.7) 

4) Data Detection:  

𝐱(t) = 𝐇e
−†(t)𝐲(t),          (4.8) 

𝐗(t) = 𝐱T(t)⨂𝐈M,          (4.9) 

5) Measurement Update 

𝐊(t) = 𝐗(t)𝐏(t)−(𝐑 + 𝐗(t)𝐏(t)−𝐗(t)T)
−1

    (4.10) 

�̂�(t) =  �̂�(t)− + 𝐊(t)(𝐲(t) − 𝐗(t) �̂�(t)−)     (4.11) 
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𝐏(t) =  (𝐈 − 𝐊(t)𝐗(t)) 𝐏(t)−        (4.12) 

Note that, because this is a real time filter, any error in one step will possibly 

lead to a series of errors in the following steps with high probability. 

 

Figure 4.1 Performance comparison between Kalman filter and LS method. 

Fig. 4.1 shows the channel estimation MSE produced by the Kalman filter 

channel estimator and the LS method under different levels of inter-cell 

interference power. From the figure we can observe that Kalman filter can 

better deal with the influence of ICI. 

4.2   Problem of Traditional Method 

The traditional channel estimation method based on Kalman filter assumes that 

the channel fast fading coefficients vary linearly. A linearly changing channel 
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environment is considered based on the assumptions that motion between the 

transmitting antennas and the receiving antennas are constant. However, in 

practice, vehicles are not moving at constant speed, especially in the urban 

areas. During the vehicles’ acceleration or deceleration, the channel fast fading 

coefficients do not change linearly. Namely, the channel autocorrelation factor 

a(t) is not a constant. 

The KF tracking scheme presented in the previous section is based on the linear 

dynamic channel assumption. In a nonlinear environment, traditional KF 

method may not perform well. Therefore, we modify the KF using a time 

varying a(t). The performance curves are shown in Fig. 4.2. 

Figure 4.2 Comparison of KF with constant and actual a. 

The gap between the performance of Kalman filter with actual channel 

autocorrelation and with constant autocorrelation can be easily observed in Fig. 

4.2. It reveals the importance of accurate channel autocorrelation factor in 
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Kalman filter channel estimation. For the purpose of enhancing the robustness 

of channel coefficients estimator, the channel autocorrelation need to be 

accurately estimated. We design two combined channel coefficients and 

channel autocorrelation estimator based on Kalman filter and LS in ensuing 

section.  

4.3   Suggested Solution and Simulation 

The performance gap shown in Fig. 4.2 is due to the fact that channel 

autocorrelation factor a(t) is not constant between pilot signals. In order to 

improve the accuracy of channel coefficients estimation, we designed two 

estimators that track both channel autocorrelation and channel coefficients 

between reference signals simultaneously. First, we modified the traditional 

Kalman filter with autocorrelation estimator based on LS. Then, we design an 

augmented Kalman filter channel estimator, which contains a channel 

coefficients matrix estimator and an autocorrelation factor estimator. 

4.3.1 Combined Autocorrelation and Channel Estimator based on 

Kalman Filter and LS Method 

Assuming a(t) is not a constant between two reference pilot signals, we adopt 

the widely used random walk model for a(t) to formulate the algorithm [19]. 

a(t + 1) =  a(t) + εa      (4.13) 

where εa is a zero mean Gaussian random noise, which denotes the process 

noise of a(t). We also adopt a first order auto regressive model to represent the 
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channel fast fading coefficient dynamics.  

𝐇(t + 1) = 𝐀(t + 1) ∙ 𝐇(t) + (𝐈 − 𝐀(t)𝐀(t)T) 
1

2 𝐁(t + 1).  (4.14) 

Post multiplying by 𝐇(t)† to both sides of Eq. (4.7), yields 

𝐇(t + 1)𝐇(t)† = 𝐀(t + 1) + (𝐈 − 𝐀(t)𝐀(t)T) 
1

2 𝐁(t + 1)𝐇(t)†.  (4.15) 

Due to the fact that 𝐁(t + 1) and 𝐇(t) are uncorrelated Gaussian random 

matrices, the noise term 𝐁(t + 1)𝐇(t)† decreases with the increase of the 

number of antennas at the receiver side. Let us first test this LS autocorrelation 

estimator using true channel coefficients to evaluate the feasibility of this 

method. 

 

Figure 4.3 Channel autocorrelation estimation with actual channel coefficients. 

Fig. 4.3 shows the performance of autocorrelation estimator versus the number 
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of antennas at the receiver side. Curves with different line types represent the 

different number of antennas at transmitter. The performance of the estimator 

improves with the increase of the number of antennas. However, the decreasing 

rate of the estimator’s MSE gets slower with the increase of the receiver 

antennas. Therefore, continuing increase of the receiver antennas will not give 

desirable performance gain. 

In practice, accurate channel coefficients are not available, because the estimate 

error can never be totally eliminated. Let us fix the K to 4 and test the LS 

method with estimated channel coefficients that contain noise of different 

levels. The results are shown in Fig. 4.4. 

 

Figure 4.4 Channel autocorrelation estimation with estimated channel 

coefficients. 

Fig. 4.4 clearly shows how the error of estimated channel coefficient influences 
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performance of the autocorrelation estimation. It shows that the LS estimator 

will get worse quickly when the MSE of the channel coefficient estimation is 

greater than 0.2. It implies that the combined Kalman and LS channel 

coefficient estimator is sensitive to the SNR.  

The combined estimator is now summarized 

1) Time Update:  

�̂�(t)− = 𝐀e(t − 1) �̂�(t − 1)     (4.16) 

𝐏(t)− = 𝐀e(t) 𝐏(t − 1) 𝐀e(t)
T + 𝐐   (4.17) 

2) Data Detection:  

𝐱(t) = 𝐇e
−†(t)𝐲(t)          (4.18) 

𝐗(t) = 𝐱T(t)⨂𝐈M           (4.19) 

3) Measurement Update 

𝐊(t) = 𝐗(t)𝐏(t)−(𝐑 + 𝐗(t)𝐏(t)−𝐗(t)T)
−1

  (4.20) 

�̂�(t) =  �̂�(t)− + 𝐊(t)(𝐲(t) − 𝐗(t) �̂�(t)−)   (4.21) 

𝐏(t) =  (𝐈 − 𝐊(t)𝐗(t)) 𝐏(t)−        (4.22) 

𝐀e(t) = 𝐇e(t)𝐇e(t − 1)†      (4.23) 
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Note that the channel autocorrelation estimator and channel coefficients 

estimator is influenced by each other. Therefore, the accuracy of the channel 

autocorrelation estimation is very important. An error that is too large will 

cause the channel coefficients estimator perform worse and possibly result in a 

divergent of the autocorrelation estimator. 

4.3.2 Combined Kalman Filters for Channel Autocorrelation and 

Channel Coefficients Estimation 

In order to enhance the robustness of the autocorrelation estimator, the 

divergence of the autocorrelation estimation due to the channel coefficients 

estimation error need to be constrained. Eqs. (4.13) and (4.14) can be used as 

state transition and measurement equations, respectively, to perform Kalman 

filter estimation. The autocorrelation random walk system can be expressed as 

{
𝐀(t + 1) =  𝐀(t) + 𝛆a

𝐇e(t + 1) = 𝐀(t + 1) ∗ 𝐇e(t) + 𝐕a 𝐁(t + 1)
,   (4.24) 

where 𝐕a  is a K × K  diagonal matrix, which each diagonal element is 

√1 − ak
2(t). ak corresponds to the channel autocorrelation of the k

th
 mobile 

user. 𝐇e(t) is the estimated channel coefficients matrix. And the combined 

channel correlation and channel coefficient estimator is now summarized 

1) Time Update:  

�̂�(t)− = 𝐀e(t) �̂�(t − 1)      (4.25) 

𝐏(t)− = 𝐀e(t) 𝐏(t − 1) 𝐀e(t)
T + 𝐐   (4.26) 
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2) Data Detection:  

𝐱(t) = 𝐇e
−†(t)𝐲(t)          (4.27) 

𝐗(t) = 𝐱T(t)⨂𝐈M          (4.28) 

3) Measurement Update 

𝐊(t) = 𝐗(t)𝐏(t)−(𝐑 + 𝐗(t)𝐏(t)−𝐗(t)T)
−1

  (4.29) 

�̂�(t) =  �̂�(t)− + 𝐊(t)(𝐲(t) − 𝐗(t) �̂�(t)−)  (4.30) 

𝐏(t) =  (𝐈 − 𝐊(t)𝐗(t)) 𝐏(t)−     (4.31) 

4) Autocorrelation Estimator 

𝐚𝑒(t)
− = 𝐚𝑒(t − 1)       (4.32) 

𝐏a(t)
− = 𝐏a(t − 1) + 𝐐a      (4.33) 

𝐊a(t) = 𝐇e(t − 1)𝐏a(t)
−(𝐑a + 𝐇e(t − 1)𝐏a(t)

−𝐇e(t − 1)T)−1  (4.34) 

𝐚𝑒(t) = 𝐚𝑒(t)
−  +  𝐊a(t)(𝐇e(t) − 𝐇e(t − 1)𝐚𝑒(t)

−)   (4.35) 

𝐏a(t) =  (𝐈 − 𝐊a(t)𝐇e(t − 1))𝐏a(t)
−    (4.36) 

where 𝐚𝑒 is the channel autocorrelation vector which contains autocorrelation 

for all mobile users. The computational complexity of the proposed method is 

similar to traditional Kalman filter.  
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4.4   Simulation  

In urban areas, the vehicle speed is usually between 40 to 60 kilometers per 

hour. We consider the practical cellular systems that operate at a carrier 

frequency of 60 GHz with bandwidth of 2 Mb per second. The antennas 

number at base station is 64 and the number of mobile user is 4. We test our 

algorithms with two possible channel autocorrelation scenarios, which are vary 

randomly and monotonically decreasing. A Kalman filter with perfect 

knowledge of channel autocorrelation is considered as the optimal filter in 

those cases, and has been used as the benchmark in the simulation.  

4.4.1 Random Varying Case 

We first consider the case when the channel autocorrelation varies randomly 

during the tracking period. We adopt the random walk model for the random 

variation of the channel autocorrelation which have been used in [19 ]. Fig. 4.5 

shows the performance comparison of different methods. Figs. 4.6 and 4.7 

show the channel tracking process of the best channel. Figs. 4.8 and 4.9 show 

the channel tracking process of the worst channel. The ‘best’ and ‘worst’ are 

referred to small or large average MSE of the channel estimation. The worst 

case happens when the measure noise is accidentally to be very large. 
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Figure 4.5 Performance of channel coefficients estimation with random varying 

a. 

In Fig. 4.5, the ‘KF with actual a’ is the KF using the actual time varying 

channel autocorrelation, which is considered to be the optimal KF [18], the ‘KF 

with constant a’, or traditional KF, is the KF using the initial autocorrelation 

through the test the ‘KF with LS estimated a’ is the method described in 

section 4.3.1 and ‘KF with KF estimated a’ is the method described in  

section 4.3.2. Fig. 4.5 shows the performance of the second proposed method 

is very close to the optimal KF. 
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Figure 4.6 Actual and estimated channel variations versus time index 𝑛 for 

best-case user at SNR of 10dB with random varying a. 

 

Figure 4.7 Actual and estimated channel variations versus time index 𝑛 for 

best-case user at SNR of 10dB with random varying a. 



54 
 

 

Figure 4.8 Actual and estimated channel variations versus time index 𝑛 for 

worst-case user at SNR of 10dB with random varying a. 

 

Figure 4.9 Actual and estimated channel variations versus time index 𝑛 for 

worst-case user at SNR of 10dB with random varying a. 
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Figs. 4.7 and 4.9 show the second proposed combined Kalman filters channel 

autocorrelation and channel coefficients estimator react faster to the variation 

of channel coefficient than traditional KF and converge to the optimal KF after 

sufficient number of iterations.  

Fig. 4.10 illustrates the random varying channel autocorrelation and its real 

time estimate from the combined Kalman filters channel autocorrelation and 

channel coefficients estimator. The performance of channel autocorrelation 

estimation of LS and KF methods is showed in Figs. 4.10 and 4.11, 

respectively. 

 

Figure 4.10 Autocorrelation estimation for random a. 
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Figure 4.11 Performance of the channel autocorrelation estimator based on KF. 

 

Figure 4.12 Performance of the channel autocorrelation estimator based on LS. 
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4.4.2 Monotonically Decreasing Case 

Second, we consider that the objects in the environment could change 

momentarily due to the high mobility assumption. The acceleration of the 

vehicle and suddenly appeared path components could temporally reduce the 

channel autocorrelation. We set up a random decrease model for the channel 

autocorrelation variation. 

a(t + 1) =  a(t) + ϵa,     (4.37) 

where ϵa is a half-normal distributed random variable. Fig. 4.13 shows the 

performance comparison of different methods. Figs. 4.14 and 4.15 show the 

channel tracking process of the best channel. Figs. 4.16 and 4.17 show the 

channel tracking process of the worst channel.  

 

Figure 4.13 Performance of channel coefficients estimation with monotonically 

decreasing a. 
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Figure 4.14 Actual and estimated channel variations versus time index 𝑛 for 

best-case user at SNR of 10dB with monotonically decreasing a. 

 

Figure 4.15 Actual and estimated channel variations versus time index 𝑛 for 

best-case user at SNR of 10dB with monotonically decreasing a. 
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Figure 4.16 Actual and estimated channel variations versus time index 𝑛 for 

worst-case user at SNR of 10dB with monotonically decreasing a. 

 

Figure 4.17 Actual and estimated channel variations versus time index 𝑛 for 

worst-case user at SNR of 10dB with monotonically decreasing a. 
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Fig. 4.18 illustrates the monotonically decreasing channel autocorrelation and 

its real time estimate from the combined Kalman filters channel autocorrelation 

and channel coefficients estimator. The performance of channel autocorrelation 

estimation of LS and KF methods is showed in Figs. 4.19 and 4.20, 

respectively. 

 

Figure 4.18 Autocorrelation estimation of monotonically decreasing a. 
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Figure 4.19 Performance of the channel autocorrelation estimator based on KF.

 

Figure 4.20 Performance of the channel autocorrelation estimator based on LS. 
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4.4.3 Observations 

The Fig. 4.5 and 4.13 shows the Kalman filter based combined channel 

coefficient and autocorrelation estimator can improve the performance of the 

channel estimation in both scenarios. The combined estimator, which uses 

Kalman filter as channel coefficient estimator and LS as channel 

autocorrelation estimator, can only provide better result when the channel 

autocorrelation decreases monotonically. The reason of the different 

performance of LS and KF channel autocorrelation estimator is due to the 

accuracy of the LS based channel autocorrelation estimator is not comparable 

to the Kalman filter based channel autocorrelation, which is showed in    

Figs. 4.11, 4.12, 4.19 and 4.20. However, the computational complexity of the 

LS method is as low as the traditional Kalman filter, while the computational 

complexity of the combined KF method is about 
MK+K

MK
 times of the traditional 

method. The performance of Kalman filter based combined channel coefficient 

and autocorrelation estimator is very close to the performance of the optimal 

filter, the comparison is showed in Figs. 4.5 and 4.13.  
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5 Applicability Discussion 

The most recent existing frame structure for cellular TDD systems is illustrated 

in Fig. 5.1 [34]. The system time unit is Ts =
1

30720000
  second which is due to 

the transceiver sampling time. 

 

Figure 5.1 Frame Structure of TDD Systems [34] 

Each frame is consisted of two half-frames, each half-frame consists of five 

subframes and each subframe consists of 2 slots. The length of each slot, 

subframe, half-frame and frame is 0.5ms, 1ms, 5ms and 10ms respectively. 

Table 5.1 lists 7 configurations of frame structures. D denotes a downlink 

subframe and U denotes an uplink subframe. S is the special subframe which is 

the downlink to uplink switch subframe [34].  
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Table 1 Uplink-downlink configurations [34] 

 

Based on Table 5.1, the time interval between two reference signals is varying 

from 1ms to 10ms due to the fact that reference signals are only assigned at 

uplink subframes.  

In certain situations, the channel coherence time will be much shorter than the 

intervals between two reference signals. For such cases, the proposed 

combined Kalman filter channel autocorrelation and coefficients estimator will 

enhance the systems’ robustness. The data symbol is picked every 0.01ms to 

perform the channel autocorrelation and coefficients estimation. This process 

can be done at either base station side or mobile user side that benefit from its 

low computational complexity. Fig. 5.2 illustrates the data selection structure 

for channel autocorrelation and coefficients estimation. The blue data symbols 

denote the data symbols which are picked for estimation. 

 

Figure 5.2 Select data for channel autocorrelation and coefficients estimation. 
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6 Conclusion 

A new and effective channel estimation method for massive multi-user MIMO 

uplink systems based on the Kalman filter is proposed in this thesis. We 

consider an urban mobile communication scenario with high mobility such that 

it causes a relatively rapid channel autocorrelation variation. The channel is 

assumed to be a Rayleigh fading channel which is frequency nonselective and 

time varying. The substantially increased carrier frequency in 5G cellular 

systems results in a much larger Doppler spread and causes faster channel 

variations. The base stations also suffer from ICI induced from neighboring 

cells that use the same reference pilot sequences (pilot contamination).  

A first order Gaussian Markov model is adopted to represent the channel 

dynamics. By using the data detected with predicted channel coefficient matrix 

as the measurement matrix, we cast the channel estimator into Kalman filter 

form. By exploring the substantially increased receiver diversity due to the 

massive receiver antennas, we found a way to estimate the channel 

autocorrelation efficiently, which further allows us to formulate a channel 

autocorrelation estimator. The Kalman filter minimizes the effect of the 

Gaussian noise, which occurs in the channel dynamics and the receiver devices. 

The ICI is assumed to be a Gaussian process and thus its effect can be 

minimized by a Kalman filter. The autocorrelation estimator helps the channel 

coefficient estimator performs with good robustness to the variation of channel 

autocorrelation. Then the combined channel coefficient and autocorrelation 

estimator can perform almost optimally in a time-varying channel 
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autocorrelation environment. 

In 5G TDD cellular systems operating in the TDD mode, the channel 

estimation is performed at the base station. Thus, the reference pilot signals are 

assigned to the uplink streams. Such systems cannot perform well if the 

channel coefficient changes between two reference pilot sequences. The 

proposed method can prolong the time between two reference pilot sequences 

without compromising system performance and helps both uplink and 

downlink configurations work properly in high mobility scenario.  
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