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Assembly planning is a crucial task for every manufacturing product. In general, 

assembly operations consume more than 30% of the total manufacturing time and cost (Hsu 

et al. 1993; Sturges & Kilani 1992; de Mello & Sanderson 1990; Ghandi & Masehian 

2015). Therefore, any effort in optimizing assembly will have a significant impact on the 

economic success of manufacturing. Finding an optimal assembly plan by hand is tedious 

and perhaps impractical for the large models. This research introduces an automatic 

computational tool in automated assembly planning (AAP) to automatically transform a 

CAD assembly into a set of assembly instructions. The goal is to make this transformation 

with as little user commitment as possible. Thus, automation is applied on every detail of 

the work. The work has five main divisions: geometric reasoning, complex geometry 

detection, graph representation, AI Planning and post–planning. To have the most general 

assembly planning tool, tessellation is considered as the representation of the input model. 

A revolutionary reasoning scheme is implemented to efficiently derive geometric and 

mating constraints from the tessellated models along with detection of complex geometries 

including fasteners, gears and springs. The mating information between assembly parts are 

stored in a liaison graph which is the starting point of an artificial intelligence planning 

procedure. Various graph–based algorithms are implemented to generate feasible assembly 

candidates. The AI planning evaluates every assembly candidate with complex statistical 



 

 

models and produces multiple instructions in terms of a detailed assembly tree or called 

Treequence. In the post–planning section, an optimization algorithm is applied on the 

generated treequence to find the optimal orientation of the subassemblies in the entire 

assembly process. A scheduling approach is also implemented to allocate the workers 

throughout the assembly tasks. The efforts of this PhD work can be visualized and edited 

by either a web-interface or IC.IDO virtual reality platform. The implemented tool can 

accommodate changes after a user has seen the result.  
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CHAPTER 1 

 INTRODUCTION 

Manufacturing is dominated by two main activities: making individual parts, and 

assembling these parts into a product. It is often the case that many individual parts are 

created by other manufacturers (OEMs), which introduces many additional logistical 

challenges such as procurement, shipping, receiving, and planning the orchestration of the 

suppliers. While manufacturing processes may vary amongst manufacturers, a common 

problem is planning how to assemble a given product. Since assembly operations are labor 

intensive, it is important to plan their execution carefully. According to literature (Hsu et 

al. 1993; Sturges & Kilani 1992; de Mello & Sanderson 1990; Ghandi & Masehian 2015), 

approximately one third of the total labor for manufacturing a product is dedicated to 

assembly operations. Therefore any effort to automate and optimize the process is highly 

relevant. Automated Assembly Planning (AAP) tools could provide significant benefit to 

reducing time and cost for multiple industries, ranging the assembly of small (electric 

toothbrushes made by Procter & Gamble) to large products (airplanes made by Boeing).  

Existing AAP research (Wang et al. 2004; Sinanoğlu & Rıza Börklü 2005; Dini et al. 

1999; Xu et al. 2012; Caselli & Zanichelli 1995) varies in the degree of automation and in 

the amount of a priori knowledge required. In this dissertation, we are focused on making 

the leap from CAD to assembly planning as seamless as possible. In order to do this, 
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automation is applied on every detail of the assembly planning tool; from geometric 

constraints between pairs of components (as opposed to being defined explicitly by the 

user), detection of complex geometries including fasteners, gears and springs, to the 

generation of a detailed instruction manual which starts a virtual reality platform.  

Like every complete assembly planning work, the input of this research is also a CAD 

assembly model. Considering that for every assembly sequence with rigid bodies there is 

an equivalent disassembly sequence, we aim to start with a fully assembled model and try 

to find the optimal disassembly plan. This action which is called assembly-by-disassembly 

(vs assembly-by-assembly where the starting state is disconnected parts and tries to find 

the best way to assemble them) allows us to explore the relationship between parts easier. 

Moreover, assembly-by-disassembly generates the optimal plan faster without generating 

any infeasible solution, which happens frequently in assembly-by-assembly due to the lack 

of complete knowledge of the relationships between assembly parts.  

To have the most general assembly planning tool, tessellation is used as the 

representation of the input solids. To have a better understanding of the parts’ geometries 

and their behavior in assembly models, first every tessellated assembly part is classified 

into its containing primitives using a novel fuzzy surface segmentation approach (called 

primitive classification) (Rafibakhsh & Campbell 2015). The results of the primitive 

classification are then used for two main purposes:  

1. To detect the complex geometries like fasteners, gears and springs in the assembly 

model, using geometry-based and learning classifiers 

2. To detect the physical connections between the adjacent parts, as well as a set of 

removal directions that can be used to disassemble the connected parts.  

Every derived detail of the assembly parts and their relationships are then stored in a 

graph. In this work we create a liaison graph for every assembly model to facilitate the 

assembly planning processes.  In this graph, nodes and arcs represent the assembly parts 

and the constraints between the parts respectively (Figure 1.1(b) shows a graph generated 

from assembly in Figure 1.1(a)). It is worth mentioning here that, in order to have smaller 
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liaison graphs and also more realistic solutions, the fasteners are excluded from the graph 

and only their information is stored within the arcs of the graph. 

 

  

 

 

(a) (b)  (c) 

Figure 1.1. A graphical view of main representations of the work. (a) A tessellated CAD assembly serves 

as the input. (b) The CAD data is converted to a graph. (c) The result is an assembly tree (Treequence). 

These transition are broader than a simple data translation; complex geometric reasoning tools are 

implemented to convert a model (a) to a graph (b). And also, from (b) to (c), a planning model is defined 

and applied. 

 

Due to the importance of the accuracy of the generated graph, this process is completed 

by interacting with the user to ensure that the information obtained from our automatic tool 

is correct and flawless. This initial user interaction is implemented in two different stages: 

one after the automatic fastener detection process and another one after the creation of the 

liaison graph. Since, as mentioned earlier, the fasteners are not considered as the main 

assembly parts (the nodes of the liaison graph represent the assembly parts excluding the 

fasteners), it is important to ensure that the main assembly parts are not classified as 

fasteners and vice versa. Also, the auto–detected physical connections and their removal 

directions need to be accurate in order to have a reliable assembly plan.  

The reviewed and corrected liaison graph is then used to generate feasible 

subassemblies that can be chosen to be disassemble on every assembly operation. A 

powerful evaluation function examines every generated options and an Artificial 

Intelligence-based planning search explores the search space to find an assembly sequence 

with minimum install and secure times (Figure 1.1(c)). An approach based on the Dijkstra’s 

algorithm is implemented after the generation of the optimal assembly plan to find the 
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optimal orientation of the subassemblies in the entire assembly based on human factors, 

assembly accessibility and fixturing costs. The generated assembly instruction starts the 

IC.IDO VR platform to virtually picture the whole assembly process for the user. The user 

will be able to review and modify the results based on the mechanical or material 

constraints and his general knowledge and restart the assembly plan generation process. 

The AAP module will keep interacting with the user until a desired final design is obtained. 

More details along with the overall flow of the work is explained in Overview section and 

shown in Figure 1.2. 

 MOTIVATION 

As discussed earlier, automated assembly is crucial in modern manufacturing as it can 

drastically reduce time and cost, and improve the efficiency and quality of the end products. 

Works in this research area can be mostly classified into two main topics “Assembly 

Sequencing” and “Assembly Planning”. The difference between these two categories is 

that the first one only focuses on generating the sequence or the orders that parts need to 

be assembled on each other (Viganò & Osorio Gómez 2012; Eftekharian, Poladi, et al. 

2013; Homem de Mello & Sanderson 1991; Hong & Cho 1995). Verses the assembly 

planning, which includes more topics like simulation of assembly process (Xu et al. 2012). 

Complete reviews of previous works in assembly sequencing and assembly planning are 

done by Jimenze (Jiménez 2011) and Wang et.al. (Wang et al. 2009) respectively. These 

fields of research peaked in the mid-90s and have diminished in recent years. This is 

unfortunate since one can clearly see that such tools have had little impact on real 

manufacturing. Part of the problem is that academic “toy” problems had been used (Caselli 

& Zanichelli 1995), (Hong & Cho 1999; Guan et al. 2002; D.S. Hong & H.S. Cho 1997; 

Philip Chen 1992), and the extent to which each research group modified input data is not 

well documented (Sturges & Kilani 1992; Sinanoğlu & Börklü 2013; Caselli & Zanichelli 

1995). Since flow surge of research interest in AAP, the internet has become more 

organized in its curation of CAD data and one can easily find countless CAD assemblies 

available for study. It would be advantageous to embark on AAP research and development 
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now using such publicly available CAD assemblies with the goal to produce assembly 

plans with little supplemental information. The Automated Assembly Planning 

methodology introduced in this PhD work, leads to a tool that quickly provides feedback 

on ways to build a CAD assembly. There are commercial products focused on helping 

industries with the similar goal, such as Visualization Mockup, TecnoMatix, 3DVIA and 

Delmia (Xu et al. 2012), which the last one is a complete package of generating the 

sequence and simulating the assembly process. However, there are some key differences 

in these tools’ capabilities and what is proposed in this work. First, these tools require 

significant training and time commitment. Indeed, the engineers using such CAM tools are 

providing detailed assembly information not captured by the proposed tool. Also, such 

CAM tools widen their view to include the product in concert with assembly equipment, 

requiring further engineering input. Alternatively, this dissertation focuses only on the 

product and the best way to assemble it. Furthermore, since our project is to derive optimal 

plans, the results will be useful inputs to commercial CAM tools that will then take a plan 

and add details on the positioning and coordination of auxiliary machinery. The resulting 

tool can be used to help industries in a variety of scenarios such as the following. 

 

 

Scenario #1:  

Due to a replaced supplier of a subassembly the manufacturer of a construction 

machine needs to reorganize the assembling at one manufacturing cell. The new 

supplier is cheaper but delivers the subassembly in multiple parts instead of one pre-

assembled part. The manufacturer uses the resulting tool to determine whether it is 

possible to assemble the additional parts in the same time or whether an additional 

worker needs to be assigned to assemble in parallel (respecting available space and 

possibilities to parallelize the assembling). 

 

 

The ability to plan the assembly procedure quickly and automatically gives rise to 

other possible scenarios of use. For design engineers, the ability to retrieve feedback on the 
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assemble-ability of parts could impact the decision-making related to the geometry of 

custom parts: 

 

 

Scenario #2:  

A design engineer working in CATIA or Siemens NX is curious if a custom 

bracket should be made from one or two parts. The resulting tool is twice queried with 

these possibilities. While the two-piece bracket introduces some complexity, a new plan 

is derived that improves accessibility in the overall plan. The quick feedback helps 

increase the productivity and innovation in the overall systems design. 

 

 

Downstream from the design engineers, the actual orchestration of the assembly is a 

complicated process handled by manufacturing engineers. The automated planning can be 

used by such engineers in a scenario that make adjustments to an existing plan:  

 

Scenario #3:  

Given that a new product variant needs to be assembled at the same production line 

as former variants, the manufacturing engineers must create an adjusted assembly plan 

to avoid delay in cells that are affected by different or additional parts. The resulting 

tool is used to define and validate an adjusted plan that ensures comparable assembling 

time for each variant within the same cell. 

 
 

While 3D printed parts are inspiring a revolution in piece-part manufacturing, there is 

no current counterpart in assembly. The assembly revolution began more than 30 years 

ago, when robotics was seen as an auspicious and innovative way to offset the tedious 

manual labor associated with assembly. Yet the limited dexterity and the economics of 

robotics are ongoing challenges which prevents manufacturers from escaping the drudgery 

of manual assembly. The proposed research may help alleviate this manual tedium, not just 
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through the search for time-optimal assembly plans, but as an interface between industries 

or even between industries and consumers. Perhaps the assembly of a product is made to 

be highly distributed in the future so that the tedium is spread amongst many individuals. 

This ambitious idea is concretized with the final scenario.  

 

Scenario #4:  

A small special vehicle manufacturer needs to ramp up the production of an 

existing vehicle within a newly acquired factory that has 5 times more space. In 

addition there is a plan to employ 3 times more workers to do the assembly. The 

manufacturer relies on the cloud based offer of a service provider and uses the resulting 

tool to determine optimal assembly plans and validate them under given constraints 

within the factory (floor size, cranes, parallelization, etc.) in his visualization client. By 

integrating the optimized plans with commercial manufacturing planning software, a 

new customized plan can be defined for the specifics of the factory. 

 

 

Through these scenarios, we have illustrated the expected impact of this project on 

both federal and commercial supply chains, as well as U.S manufacturing competitiveness. 

Another advantage of this work is that, unlike almost every past and current AAP work 

that use geometric modeling kernels (like Parasolid and ACIS) to extract geometric 

constraints between assembly parts (Kaufman et al. n.d.), the approach introduced in this 

work is independent from these complex environments. As mentioned earlier, tessellation, 

which is the most commonly seen geometry representation (can be widely found on the 

internet because of its simplicity), is used as the primary representation of the input models 

of this work. Primitive Classification approach applied on the tessellated input models 

along with Primitive Proximity introduced in this work are replaced with complicated and 

enormously expensive kernels. The proved accuracy of these methodologies has created a 
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powerful and reliable geometric reasoning tool with various capabilities specially the 

ability to detect any kind of geometric constraints between different pairs of parts.  

 OVERVIEW 

The efforts of this PhD can be visualized and edited by either a web-interface – 

developed as the UX implementation of the project, completed by another researcher of 

the group – or the virtual reality platform, called IC.IDO. In this dissertation, we mainly 

focus on the latter – which has a more robust interface – to describe the assembly planning 

process. These user interfaces are used for the following two main purposes: 

1. To efficiently interact with the user to review the accuracy of the auto–detected 

fasteners, the generated liaison graph and the generated assembly plan in order to 

have a reliable and fully satisfying manual instruction. 

2. To automatically visualize the optimal assembly plan for a real-time feedback to 

both designers and engineers.  

With the provided assembly planning details, the user interface software will have 

every necessary information to visualize the assembly plan. This information includes the 

order of the assembly operations and the necessary rotation information for every 

operation.  

Figure 1.2 shows how the AAP module developed in this PhD work interacts with the 

IC.IDO virtual reality solution. The CAD data is first imported to the IC.IDO software (1). 

Regardless of the geometry representation of the imported assembly model, the tessellation 

data is passed to the assembly planning module (2). This module is shown as three 

connected divisions: geometric reasoning, liaison graph generator and assembly plan 

generator. The geometry information of the imported tessellated data is extracted from the 

CAD model in the geometric reasoning section. Then the complex geometries including 

fasteners, gears spring and O-rings are automatically detected. Due to the importance of 

the accuracy of the detected fasteners, the user will be given a list of detected fasteners 

with high uncertainty to review (3). The reviewed data is then sent back again to the AAP 
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module (4) to generate the liaison graph. After user changes are applied on the graph (5 

and 6) the assembly plan uses updated graph information to create the optimal assembly 

plan. The plan will be then presented to the user (7) in a fully immersive virtual reality 

environment for final analysis. The module is able to interact with the user to receive 

feedbacks (8) in order to modify the generated assembly plan until full satisfaction is met. 

Every data translation between IC.IDO and AAP module is handled by the Virtual 

Assembly Process container (VAP Container). Since the container is visible from both 

IC.IDO and AAP module, it will help every side to work independently and also efficiently 

interact with each other. 

 

 

 

Figure 1.2. An overview of the overall data and workflow of the research and the flow of information 

between them. 
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The rest of this PhD dissertation is broken into six connected chapters, shown in Figure 

1.3. Chapter 2 focuses on computational geometry manners by extracting geometric 

information of the tessellated models. Novel approaches are introduced in Chapter 3 to 

automatically detect complex assembly geometries: fasteners, gears, springs and O-rings. 

The mating and assembly constraints between assembly parts are then generated and 

represented in the form of a liaison graph in Chapter 4. Chapter 5 introduces an innovative 

AI tree search to efficiently explore the search space in order to find the optimal/near-

optimal assembly sequence. A graph-based search is implemented on the generated 

assembly sequence to find the optimal orientation of the parts/subassemblies in the entire 

assembly process in Chapter 6. Finally Chapter 7, shows the final results and explains the 

three types of feedback tools that the user can use to interact with the AAP module for 

maximum satisfaction. 

 

 

Figure 1.3. Connection between the chapters of the dissertation 

 

While this PhD work was funded to develop a complete customer solution, the 

dissertation will focus on important academic accomplishments. 
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CHAPTER 2 

 GEOMETRIC REASONING 

Geometric reasoning is perhaps the most important part of the Automated Assembly 

Planning since it creates the base and generates the initial necessary information to pursue 

the rest of the planning process. This information is crucial in determining the relationship 

between assembly parts in every CAD assembly model. In order to have an understanding 

of the relationship between assembly parts, one first needs to have a clear knowledge of 

the geometry and surface information of every individual part. Depending on the geometry 

type of the CAD models, various levels of geometric information is stored in every file. 

Tessellation is the simplest geometry representation which includes the most basic levels 

of the surface information. Due to the lack of useful surface information of the tessellated 

models (which are the initial geometry representation of this work), in this chapter we 

introduce a mesh segmentation method to have a better understanding of different segments 

of a tessellated model. Mesh segmentation is the process of organizing a set of data points 

into connected areas defined by known surface primitives or surface equations. Our 

approach is a hierarchical method based on clustering and Mamdani’s fuzzification system. 

First, a clustering algorithm is used to isolate regions of small and irregular oriented 

triangles, which make up a large portion of the total polygonal faces. Then, using 

fuzzification rule sets, the remaining triangles are made into meaningful primitives: 
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cylinder, cone, sphere and flat. The result of this process has proven to be accurate with 

well-defined borders with no need of additional post-processing steps.  

 INTRODUCTION 

It is widely known that there are different computational representations of geometry 

(e.g. constructive solid geometry, boundary-representation, tessellation, and voxelization) 

which are fundamentally different from each other. Furthermore, because these different 

types each offer distinct advantages, no one method is in danger of becoming outdated. 

Unfortunately, the conversion between these types is not always straightforward. It is fairly 

rote (although complex) to convert NURBS or Constructive Solid Geometry (CSG) into a 

tessellated model, but it is not clear how or how well the process can be reversed. To 

accomplish this, one must first execute a mesh segmentation approach which divides a 

surface mesh model into its containing primitives, or more generally into meaningful parts. 

Given the popularity of standard formats like STL, making this conversion would afford 

more capabilities in the geometric reasoning of such tessellated parts. 

There are many mesh segmentation algorithms in literature which span a variety of 

related fields including: computer-aided manufacturing (CAM), animation, rapid 

prototyping, reconstruction and reverse engineering (Liu & Ramani 2010). Although these 

algorithms are working well for their specified applications, there are few papers 

concerning segmentation of industrial CAD mesh models. The irregular shaped models 

found in computer graphic models are mostly obtained from 3D scanners or range cameras. 

The purpose of segmenting these models is to reduce noise and make the shape meaningful 

for further analysis. However, CAD models contain familiar features and primitives which 

can be used in a wide range of applications. For instance, if one knows that the given CAD 

model is a gear, it can be useful for visualization and simulation.  

Geometric reasoning plays a significant role in Automated Assembly Planning by 

extracting contact information between each pair of parts. Accurate information can lead 

to a better understanding of parts’ behavior. For instance, the directions that each part can 

move along without contacting other parts are important since they define a set of possible 
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insertion/removal directions between two reference and moving subassemblies. Obtaining 

this kind of information requires a comprehensive geometry study of each individual part. 

This chapter allows us to investigate part by part interactions and to analyze their contact 

information. For instance, in Figure 2.1, there are two parts shown in the assembled (a) and 

disassembled (b) configurations. In Figure 2.1(c), there are three overlapping areas shown 

in red, green, and blue. If we know the primitive surfaces of these three areas as opposed 

to the myriad of triangles that define them then we can more easily reason about the 

interaction such as the possible removal directions. Considering the flat primitives (shown 

in red and blue in Figure 2.1(c)) and the cylinder primitive (shown in green), the only 

removal direction is along centerline of the cylinder (as shown in Figure 2.1(d)). This 

process is thoroughly described in Chapter 4.  

 

 

 
 

(a) (b) 

  

  

(c) (d) 

Figure 2.1. Example of how primitive classification can be applied on AAP. (a) assembly model, (b) 

assembly components, (c) overlapping primitives, (d) removal direction obtained by analyzing the 

overlapping primitives. 

 

A CAD model stored as a tessellated file like STL, or OBJ is a tessellation of triangular 

facets. It is common for flat regions to be defined by larger triangles and curving regions 

to be defined by smaller ones. Specifically, in industrial CAD models, triangles can be 
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grouped into three classes based on their area size: large, medium, and small. “Large” 

triangles are mostly seen in flat primitives, while “medium” triangles build cylinder, cone 

and sphere primitives. Finally, tiny curves between different primitives, called fillets, are 

built by the “small” triangles. These tiny triangles are mostly distributed in an indistinct 

pattern in small regions and, yet, they comprise a large portion of the total triangles in 

regular CAD models (60% on average). For the rest of the chapter, the areas that are 

covered by small triangles are called condensed regions and the sparse regions refer to the 

areas made by large and medium triangles. 

In this chapter, we first separate sparse and condensed regions using a statistical 

hierarchical clustering method. Using the set of polygonal faces in a sparse cluster, a fuzzy 

membership system is applied to classify the edges and then the faces in an STL model. 

Then, a novel region growing approach is performed through a depth-first search which 

assigns triangles to their most likely primitive patches. Fuzzy rulesets allow us to make a 

decision in situations where one or multiple polygonal faces may be considered on two or 

more primitive patches. 

In the remainder of this chapter, Section 2.2 provides a comprehensive review on 

related literature in image analysis. A hierarchical statistical clustering is introduced in 

Section 2.3 to cluster sparse and condensed regions. Section 2.4 overviews our 

classification approach. Our fuzzy approach for edge classification is shown in Section 2.5, 

followed by description of the face classification approach in Section 2.6. Our novel region 

growing algorithm is described in Section 2.7 along with a simple noise reduction in 

Section 2.8 and the results in Section 2.9. The application of primitive classification in 

assembly sequencing is described in the next two chapters. 

 LITERATURE REVIEW 

2.2.1 Image Analysis 

3D image data processing for segmentation purposes was first introduced by Bhanu et 

al. in 1985 (Bhanu et al. 1985). Bhanu et al. followed an approach that is based on 
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computing gradients and fitting curves to a set of points for edge recognitions, which is 

still used in many mesh segmentation methods. Later, Besl et al. (Besl & Jain 1988) defined 

a segmentation algorithm using the curvature at the vertices. Research in 3D edge detection 

and region segmentation has grown due to the development of computer vision and 

machine learning techniques, starting in the late 90s. Literature on mesh segmentation – 

depending on its approach, algorithm, and model – is categorized in different ways: 

surface-based vs. part-based approaches (Lazarevic et al. 2014; Benhabiles et al. 2010); 

region growing vs. patch detection (Attene et al. 2006; Cohen-Steiner et al. 2004); or CAD 

models vs. computer graphic models (Xiao et al. 2011). Surface-based (or geometric) 

algorithms depend on low-level geometric information, like “curvature”, versus the second 

approach, which follows higher level information such as “human perceptron theory” 

(Benhabiles et al. 2010). In the field of computer science, the latter approach is appropriate 

for the applications where decomposition must be meaningful like object animation 

(Benhabiles et al. 2010). The main focus of this chapter is surface-type, fuzzy-based 

classification techniques for industrial CAD models exported from a CAD software 

package. In the remainder of this section, we focus on the two categories of classification: 

regular industrial CAD models and irregular computer graphic models. This is followed by 

literature grouped into segmentation methods by concentrating on fuzzy boundaries versus 

crisp borders. 

 Industrial CAD Models vs. Computer Graphic Models  

CAD models refer to regular industrial models (Figure 2.2(a)) which are mostly made 

with known primitives and are obtained from CAD software packages. Contrast these with 

computer graphic models (Figure 2.2(b)) which tend to have evenly distributed vertices 

and unknown surfaces which are formed from 3D scanners or sketching software.  

Since these models are usually obtained from a scanning process, there is noise 

corresponding to the accuracy of the scanning device as well as defects in the actual 

scanned object. A significant amount of computer science papers has focused on noise 

reduction techniques aligned with geometric segmentation of mesh models. Many 

algorithms have been proposed to improve computer graphic modeling by increasing 
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segmentation accuracy, minimizing the effects of noise and decreasing the running time of 

the algorithm. Common methods are: segmentation with learning algorithms (Kalogerakis 

et al. 2010; Benhabiles et al. 2011), clustering (Liu 2009; Hu et al. 2012; Kim et al. 2009), 

Reeb graphs (Tierny 2008), and Watershed-based algorithms (Mangan & Whitaker 1999). 

Although these algorithms are working well, they cannot be applied to primitive 

classification. Primitive classification is a special condition of 3D mesh segmentation 

which requires the classification of geometric primitives such as a cylinder, cone, sphere 

and flat with a full understanding of all differential geometric properties.   

 

  

(a) (b) 

Figure 2.2. (a) an industrial cad model (b) a computer graphic model 

 

 

 Segmentation with Fuzzy vs. Crisp Boundaries 

The region growing technique is the process of generating segmented areas with the 

expansion of seeds (Agathos et al. 2013). Generally, in mesh segmentation, there are three 

distinct choices for the seed: vertex, edge or polygonal face (Agathos et al. 2013). Methods 

with vertex as their initial growing seed, or they are called point classification, classify the 

point cloud into meaningful regions by measuring different metrics of each vertex. These 

metrics can be obtained considering a good number of neighbor vertices (Angelo et al. 

2007; Ramalingam et al. 2006). However, edge and face classification algorithms (Liu & 

Ramani 2010) use edges and triangles which are locally independent from their neighbors. 
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An important part of the region growing method is defining an appropriate termination 

condition. The termination condition is a rule that stops region from growing (Agathos et 

al. 2013). Starting with a seed, adjacent elements (vertex, edge or polygonal face) will be 

sequentially consumed into the same class as the seed until the terminate condition is 

satisfied. This rule can be defined by different factors including curvature (the most 

commonly used criterion), normal and geodesic distance (Zhang et al. 2008). The papers 

are categorized into two main classes based on their approaches in choosing the termination 

condition: segmentation with crisp termination condition or segmentation with fuzzy 

termination condition. In segmentation with crisp termination condition, a threshold is 

defined which constrains how much a region grows from an initial seed. As mentioned 

earlier, the most commonly used terminate condition is curvature. Region growing 

continues until the curvature between two inputs is more than a number or set of numbers. 

Yokoya et al. (Yokoya & Levine 1989) proposed an approach based on different 

combinations of mean and Gaussian curvature signs. Each combination leads to a different 

primitive, which is among one of the three main classes: flat, concave and convex. For the 

edge segmentation, two distinct numbers were defined, one as the maximum difference in 

depth between a point and its adjacent neighbors, and another one as the maximum angular 

difference between adjacent unit surface normal. Defining rough numbers for the 

maximum angular difference and maximum difference in depth, are both thresholding the 

problem as well as looking at the signs of the curvatures. Another curvature-based 

algorithm combined with region growing is introduced in Zhang et al. (Zhang et al. 2008). 

Zhang et al. investigated a Mean Shift clustering method with curvature of a vertex as the 

growing variable. Mean shift clustering guarantees convergence to a point where the 

gradient of a density function is zero (Comaniciu et al. 2001). In the Mean Shifted curvature 

algorithm one adjacent vertex can be added to the cluster only if the difference between its 

curvature and the average curvature of the cluster is less than a threshold. Similar 

thresholding techniques can be also seen in (Yi et al. 2014) and (Liu & Ramani 2010). Di 

Angelo (Di Angelo & Di Stefano 2010) focuses on C1 continuity and discontinuity and 

criticizes the papers with thresholding approaches where an element is only allowed to be 

categorized in one group. They introduce two different solutions to deal with the problem: 
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first, defining a threshold based on interactive graphics in which a user provides a threshold 

by trial and error, second, statistical test with changing threshold in different situations. 

Although the second approach was found to be successful, statistical analysis of vertices is 

expensive due to the exponential increase of the possible options. No matter which 

algorithm is used and how it is implemented, the methods with crisp terminate conditions, 

because of their weakness in perfectly classifying the primitives, mostly need an additional 

repairing function or post processing step in order to improve the quality of the borders 

between different segmented regions (Liu & Ramani 2010) , (Lazarevic et al. 2014), 

(Zhang et al. 2008), (Yan et al. 2006). Literature also exists that focuses only on smoothing 

edges on mesh segmentation (Liu & Ramani 2010). The uncertainty on the classification 

of the elements at the borders between two or more primitives may be viewed as a fuzzy 

set classification – a situation where these elements can belong to any of the adjacent 

classes. In other words, with minimal changes in vertex positioning, a surface that is 

classified as planar, for instance, might be reclassified as cylindrical (Ramalingam et al. 

2006). A smart way to solve this issue is to consider the overlapping possibilities by fuzzy 

logic. There are few papers focused on the implementation of fuzzy mesh segmentation. 

Di Angelo (Angelo et al. 2007) implemented a set of fuzzy methodologies in point 

classification using a tessellated model. The approach has two main steps: finding edge 

points and classifying the point cloud. For the edge recognition section, Di Angelo et al. 

categorized each vertex into three classes: sharp points, tangent points and smooth points. 

A fuzzy membership function is proposed to classify tangent and smooth points, but the 

sharp points are still determined when the standard deviation of a sharp function is higher 

than a threshold value of 0.05. A surface-based fuzzy classification approach is 

investigated in (Ramalingam et al. 2006). For primitive classification, Ramalingam et al. 

pointed out that the curvature segmentation methods in literature have a limitation where 

each classification variable can only belong to one primitive class. The algorithm proposed 

in (Ramalingam et al. 2006) is fuzzifying a K-H curvature-based classification first 

introduced in (Besl & Jain 1988) and later improved by Yokoya et al. (Yokoya & Levine 

1989) where the three main primitives (planar, convex and concave surfaces) were 

classified using distinct combinations of K-H signs. Ramalingam et al. introduced a fuzzy 
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logic methodology that uses estimates of surface curvatures (derived from the directional 

derivatives) with a set of rules to fix the thresholding issues in K-H segmentation. Although 

Ramalingam et al. (Ramalingam et al. 2006) talk about the application of fuzzification in 

various primitive determinations in its introduction section, it reaches the same 

segmentation result as (Angelo et al. 2007), which is limited to classifying input mesh 

models into planar, convex and concave surfaces. A group of papers also exists which 

focuses on reconstruction applications through primitive classification. For instance, a 

hierarchical primitive fitting based mesh segmentation method is proposed by Attene et al. 

[6]. In this work, a clustering algorithm is first run to divide the surface of the model into 

a user determined number of clusters. Each primitive (flat, cylinder and sphere) with the 

lowest error is then fitted to each cluster. The limitation of this approach, is that the quality 

of the segmentation is completely dependent on the user’s correctly identifying the number 

of primitives before performing segmentation. Li et al. (Li et al. 2011) also used a modified 

fitted primitives method initially proposed by Schnabel et al. (Schnabel et al. 2009). An 

optimization algorithm based on three main types of relations between primitives (parallel 

and orthogonal relations and equal angle relations) is developed on an initial primitive 

detected model obtained from RANSAC (Schnabel et al. 2009). The optimization model 

not only leads the initial engineering model to lose its fillet features but it also suffers from 

a high computational time especially for complicated models with unknown relations 

between primitive features. Based on this rich set of previous efforts, we have put forth a 

new method that accurately detects flats, cylinders, spheres and cones in tessellated models. 

This method is explained over the next five sections. While it is complex, the various steps 

build on each other to create a method that is relatively quick. 

 CONDENSED AND SPARSE CLUSTERING 

As mentioned earlier in the introduction section, condensed regions comprise a large 

portion of the total triangles in regular CAD models. In order to improve the classification 

results and decrease the running time of the algorithm, a clustering algorithm is 

implemented to separate small triangles from larger ones in a model.  In AAP, the 
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application of mesh segmentation discussed in this research, the condensed regions do not 

play any significant role. Therefore, the primitives can be only extracted from the sparse 

region with “large” and “medium” triangles. The condensed and sparse regions are the 

exclusive features of regular CAD mesh models comparing irregular computer graphic 

meshes with no clear border between these two categories.  

The idea of separating condensed regions from sparse regions, was first proposed by 

(Sunil & Pande 2008) as a preprocessing step for healing an STL model. Later, (Xiao et al. 

2011) investigated a new approach by applying an algorithm based on agglomerative 

hierarchical clustering method (Lattin et al. 2003). Their algorithm clusters the polygonal 

faces of the model into two classes with high and low values of the following metric: 

 𝑚 = 𝑠𝑖 ∗ 𝑡𝑖 (2.1) 

where 𝑠𝑖 is the area of the face i and 𝑡𝑖 is the ratio of the longest edge of a face to its shortest 

edge. Although this method is easy to implement, it has three issues. The algorithm is quite 

slow since it has many sorting functions which are expensive in terms of time. The second 

problem is having few numbers of classes for the classification. Having only two classes 

(sparse and condensed) will increase the chance of misclassification (shown in Figure 2.3). 

The last issue relates to the metric equation (Equation 2.1) where the 𝑡𝑖 term enforces that 

polygonal faces with small areas but long length are to be classified as sparse. Although it 

decreases the misclassification of the sparse region, it increases the errors in the condensed 

region (result shown in Figure 2.3). In reality, a huge percentage of the condensed regions 

are the fillets between two flat planes whose triangles are thin and long. These fillets are 

part of the condensed regions which are being misclassified by the current metric equation. 

In order to solve these issues, we followed a new statistical analysis-based approach. In 

order to have an even distribution of data points, we first remove the noise (found to be 

generally one percent of faces with lowest and one percent of faces with the largest area) 

from the set of inputs. The LR metric is then defined as follow to appropriately compare 

the size of the triangles: 
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  𝐿𝑅 =
𝑠𝑖

𝑡𝑖⁄  (2.2) 

where 𝑠𝑖 is the area and 𝑡𝑖 is the length ratio of the face i. By using a division, compared 

the multiplication proposed in (Bhanu et al. 1985), solves the third issue of the approach 

explained above. Then, n clusters with equal ranges are generated between the minimum 

and the maximum of the calculated LR values (It is found that the most accurate results are 

obtained when n = 30). Every triangle is then assigned to the cluster with closest value to 

its calculated LR. The first cluster (c = 1), is reported as the condensed region faces and 

the remaining clusters (c = 2,…, n) are the sparse faces.  

 

 
 

Figure 2.3. Possible misclassifications in sparse and condensed 

clustering proposed in (Xiao et al. 2011). Sparse triangles 

misclassified in condensed 

 

As mentioned earlier, in a general CAD model, an average of about 60 percent of the 

triangular faces of a tessellated model is found to be in the condensed region (Xiao et al. 

2011). The 40 percent remaining sparse triangles are the ones whose members are 

classifiable as main primitives. Sparse and condensed clustering not only improves the 

quality of mesh segmentation, but it also radically decreases the run time of the subsequent 

primitive classification algorithm. The algorithm is tested and proved to work in linear time 

and is proportional to the number of triangles.  
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 APPROACH OVERVIEW 

As described in the introduction section of this chapter, the main limitation of existing 

segmentation algorithms in the literature is that there has always been a threshold which 

specifies the condition of bordering between segmented regions. Because of the irregular 

distribution of the triangles on the edges in a mesh model, thresholding always leads to 

unknown borders that need an additional post-processing step which is unavoidable in a 

significant number of papers. The importance of border cleaning can be found in the papers 

which only focus on this issue (Liu & Ramani 2010). The fuzzy logic-based approach 

proposed in this chapter allows every triangle face on the model to be classified within 

every possible category. The approach has three steps: edge classification, face 

classification and patch determination with each subsequent step being informed by the 

previous step. Initially, the information to classify edges is based on dimensionless 

geometric parameters calculated at each edge (as is described in the next section). These 

metrics classify each edge as: flat, cylinder, sphere, flat-to-curve, and sharp-edge. Using 

the fuzzy membership function and these edge categories, each face is classified into four 

main primitive classes: Flat, Cylinder, Sphere and Cone. A novel region growing algorithm 

is then proposed to determine different primitive patches. Figure 2.4 shows a brief 

flowchart of the algorithm, while Figure 2.5 shows examples of the six different tessellated 

primitives: flat, cylinder, cone, sphere, flat to curve and sharp edge. 

 

 

Figure 2.4. Overall work flow of primitive classification 

 

Fuzzy-based edge 

classification 

Region Growing Decision Making 

Rule-based face 

classification 
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(a) (b) (c) 

   

(d) (e) (f) 

Figure 2.5. Tessellated primitives with edge information: (a) flat area, (b) cylinder, (c) cone, (d) 

sphere, (e) sharp edge, (f) flat to curve 

 

 EDGE CLASSIFICATION 

Edge Classification is the process of classifying each edge within the scattered regions 

into a number of possible categories. A good edge classification leads to a better 

understanding of the edge pattern in the mesh model. In this work, edge classification is a 

critical input for the subsequent face classifier. 

Three distinct dimensionless geometric parameters are introduced for edge 

classification. The angle between normals, or ABN, is the main variable which measures 

the curvature, , of each edge. The projected distance between centers (PDC) is the distance 

between the centers of the two triangles projected onto their shared edge divided by the 

edge’s length. Finally, the similarity metric (SM) is a metric to evaluate the similarity 

between adjacent triangles. Since the triangles share a common edge, this metric includes 

the lengths of the remaining four edges that comprise the two triangles, 
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𝑆𝑀 =  |

𝑙𝑙1 − 𝑙𝑙2
𝑙𝑙1 + 𝑙𝑙2

| + |
𝑙𝑠1 − 𝑙𝑠2
𝑙𝑠1 + 𝑙𝑠2

| 
(2.3) 

In the equation, the first absolute value term includes a ratio of the difference of the 

longer of the two remaining sides of each triangle (hence, the “l” subscript) and the second 

is for the shorter sides. The uncertainty in defining lower and upper bounds of each input 

variable (ABN, PDC and SM) for each specific class results in a fuzzy mapping. To allow 

each edge to be classified as every probable class, a membership function is designed based 

on existing data and an expert’s idea for each input variable. The membership functions 

for normalized variables are shown in Figure 2.6. One, or possibly two, levels are assigned 

to each calculated geometric parameter with their corresponding fuzzy probability. The 

figure shows a separate fuzzification for the three geometric parameters: ABN, PDC, and 

SM. Notice how the cutoffs on the input axis differ.  

 

  

 (a) (b) 

 

(c) 

Figure 2.6. Membership function of edge classification indices (a) ABN, (b) PDC, (c) SM 

 

Based on the fuzzy classes assigned to these parameters, each edge is classified as: F 

(Flat), C (Cylinder), S (Sphere), FC (Flat to Curve) and SE (Sharp Edge). As the most 

critical step in the fuzzy membership system, a set of fuzzy rules is defined based on 
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existing data and expert reasoning. Figure 2.7 shows a partial set of rules with each of the 

three geometric parameters occupying the Cartesian axes.  

 

 

Figure 2.7. Partial set of edge classification ruleset 

 

This leads to 27 distinct fuzzy regions, which are indicated by abbreviations for the 

resulting classes (e.g. F = flat). Each rule specifies a possible edge class with a probability 

calculated as below: 

 𝑃𝑖𝑗 = min{𝜓𝐴𝐵𝑁 ,  𝜓𝑃𝐷𝐶 , 𝜓𝑆𝑀} (2.4) 

 

where 𝑃𝑖𝑗 is the probability of the edge i class j and 𝜓𝐴𝐵𝑁,  𝜓𝑃𝐷𝐶 and 𝜓𝑆𝑀 are the fuzzy 

probabilities of indices ABN, PDC and SM respectively. 

The rules evolved from countless experiments in which we tweaked cutoff to improve 

output results. When , or ABN is very close to zero, the classification is set to flat. For 

high values of ABN, the classification is set to sharp-edge. For cylindrical edges, ABN is 

small, the triangles are very similar (SM is low), but the distance between triangle centers 

(PDC) is often high. This is similar for flat-to-curve except that the triangles are rarely 
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similar (SM is high). Finally, spheres are distinguished by small to medium ABN, very 

similar triangles (SM is low) and the projected distance of centers is very low (PDC is low). 

 FACE CLASSIFICATION  

Face Classification is the process of classifying each polygonal face into possible 

primitive categories with the information provided by its adjoining edges. In this work, the 

polygons are assumed to be triangles (as is defined in the STL tessellated format) and thus 

have only three connected edges. With the classification information obtained from edge 

classifier, a set of 35 unique rules are defined by an investigation of more than 500 data 

cases. Each rule leads to a different primitive class: flat (F), cylinder or cone (C), and sphere 

(S). Table 2.1 shows a partial face classification ruleset. 

 

Table 2.1. Partial face classification ruleset 

Edge 1 Edge 2 Edge 3 Face 

F S SE C 

F C C C 

C C FC C 

C FC FC C 

S S S S 

S S C C 

FC FC FC F 

FC FC SE C 

SE SE SE F 

 

The probability of each class is calculated by the following formula: 
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 𝜇𝑘𝑙 = 1 − [∏(1 − 𝑃𝑖𝑗)

3

𝑖=1

]            for   𝑃𝑖𝑗 ≠ 1 (2.5) 

where 𝜇𝑘𝑙 is the probability of primitive class k of face l and 𝑃𝑖𝑗 is the probability of edge 

i with category j. 

The following is an example to better explain edge and face classification. Figure 2.8 

shows part of a tessellated STL model with a flat region on the left connected to part of a 

cylinder on the right. A triangle on the border between these two primitives is chosen to be 

analyzed for edge and face classifications. Note that, instead of specifying an actual number 

to ABN, PDC and SM variables, Table 2.2 shows their fuzzy values (Low, Medium, and 

High) and their probabilities as the problem input. For the example triangle, edge and face 

classifications are done in  

Table 2.3 and Table 2.4 respectively. The ruleset shown in Figure 2.7 is used to obtain 

the fuzzy classes of each edge in  

Table 2.3. Then, the face classification table (Table 2.4) can be determined based on 

possible edge combinations obtained from  

Table 2.3. Table 2.4 uses face classification ruleset (Table 2.1) and Equation 2.5 to find 

the fuzzy classes of the triangle and their probabilities. 

 

Figure 2.8. A tessellated model with a flat region on the left connected to a cylinder on the right  

 

With all information obtained from these tables, it is concluded that the triangle 

marked in Figure 2.8, can be considered as flat with the probability of 0.525 or cylinder 

1 2 

3 
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with the probability of 0.9. Note that these numbers do not necessarily add up to 1 because 

of using the minimum function in Equation 2.4 and maximum function in  

Table 2.3. 

Table 2.2. Example – fuzzifying variables 

Edge ABN1 ABN2 PDC1 PDC2 SM1 SM2 

E1 
M --- M H H --- 

1 --- 1 0.9 1 --- 

E2 
L M H --- L M 

0.05 0.95 1 --- 0.8 0.2 

E3 
M --- M H L --- 

1 --- 0.5 0.5 1 --- 

 

Table 2.3. Example - edge classification steps 

Edge 
Combination 

Class Probability 
Unique 

Probability ABN PDC SM 

E1 
M M H FC 1 

1 
M H H FC 0.9 

E2 

L H L F 0.05 
0.05 

L H M F 0.05 

M H L C 0.8 
0.8 

M H M C 0.2 

E3 
M M L C 0.5 

0.5 
M H L C 0.5 

 

Table 2.4. Example - face classification steps 

Combination 
Face Class Probability 

E1 E2 E3 

FC F C F 0.525 

FC C C C 0.9 
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 PATCH DETERMINATION   

With edge and face classifications, the possible primitive categories of each triangle is 

determined. Since every single face has the possibility of being classified as different 

primitives, the true classification of each triangle must be determined based on its 

neighbors’ predicted class probabilities as well. The section describes a patch 

determination approach where a contiguous region or patch is grown through a two-step 

procedure: region growing and decision making.  

2.7.1 Region Growing:  

A depth-first search, which pushes and “pops” patches to a last-in-first-out stack, is 

used to grow primitive regions (note the use of the stack, S, in the flowchart of Figure 2.9). 

This provides the mechanism for investigating every possible primitive patch. The 

algorithm begins with an arbitrary chosen triangle (fi) and its fuzzy classes (fim) obtained 

from face classification (marked with number “1” in Figure 2.9). Every fim (all the classes 

for fi that have a nonzero probability) is then added to the stack, S. A list of regions and 

their associated primitive class (Lm) is grown from each fim. The face’s edges are followed 

to each adjacent triangle with the possibility of having the same class as the parent face. 

For instance, consider the second possible face classification combination (FC, C, C) in the 

previous example (the second row of Table 2.4). Expanding the patch by passing through 

the edge E3, with FC class, leads to a region with either zero probability of having C in its 

possible face classes or to an adjacent triangle belonging to a different patch. Therefore, 

for the mentioned triangle and its primitive class, C, walking through edges E1 and E2 may 

lead to a neighbor that may have the same face class as the current face and both belong to 

the same patch. Each walk through these edges (marked with number “2” in Figure 2.9) 

adds a set of fim (every class of the face fi) to the stack. Each fim is then iteratively popped 

from the stack. If it has not been analyzed yet, it will be added to its corresponding Lm 

sub-list (If its parent face is already in a list, it will be added to its parent’s list, otherwise 

a new list needs to be created for fim in Lm). The algorithm continues until there are no more 
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triangles left in S. Finally, each Lm is a distinct patch with a different primitive for the 

corresponding patch.  

 

Figure 2.9. Patch determination flowchart 
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2.7.2 Decision Making 

Ultimately, each triangle is required to be considered as only one primitive patch. So, 

a decision needs to be made between patches obtained from region growing algorithm.  

 

 

Figure 2.10. Example – decision making in patch determination 

 

Notice how in the Figure 2.10, triangles a and b can be a flat patch together, or, they 

can belong to a cylinder patch along with {c, d, e, f, g, h, i, j, k, l}. For each triangle which 

appears in more than one primitive patch, the probability of each patch is calculated and 

then the one with maximum DM criterion is chosen as the most appropriate patch for the 

triangle: 

  𝐷𝑀 =  𝑎𝜆  ∗  𝜌𝑘𝜆 (2.6) 

where 𝑎𝜆 is the total area of patch 𝜆 and 𝜌𝑘𝜆 is the probability calculated as below: 

 𝜌𝑘𝜆 = 1 − [∏(1 − 𝜇𝑘𝑙)

𝑛

𝑘=1

]     (2.7) 

where 𝜌𝑘𝜆 is the probability of primitive class 𝑘 of patch 𝜆 and n is the number of triangles 

in patch 𝜆. 

 NOISE REDUCTION  

To fix possible noise caused by scattered and condensed clustering, a noise reduction 

step is added to flat primitive classification. In this step, the normal of each flat primitive 
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patch (𝑛𝐹𝑗
⃗⃗ ⃗⃗  ⃗) is compared with normal vectors of the triangles in the condensed region (𝑛𝑖⃗⃗  ⃗). 

The triangle in the condensed region is then added to the flat patch if: 

 𝑛𝐹𝑗
⃗⃗ ⃗⃗  ⃗. 𝑛𝑖⃗⃗  ⃗ <  1 × 10−60 (2.8) 

 RESULTS 

The method is implemented in Visual Studio 2013 and receives a single STL file as 

input. Memory requirements are minimal and any Windows based computer is sufficient 

(the machine used for this project was running Windows 7 with 4 gigabytes RAM). It is 

also extendable to Linux based machines. 

2.9.1 Condensed and scattered clustering 

Figure 2.11 shows the result obtained from our statistical, hierarchical approach for 

condensed and scattered clustering.  

 
 

(a) (b) 

  

(c) (d) 

Figure 2.11. Results obtained from sparse and condensed clustering 
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The condensed region is shown with blue and the rest (scattered region) with yellow. 

Number of clustered triangles and the running time are shown in Table 2.5 for the STL 

models shown in Figure 2.11. 

 

Table 2.5. Sparse and condensed clustering details for the models in Figure 2.11 

Model from 

Figure 2.11 

Total # of 

triangles 

# of triangles in 

condensed cluster 

Running 

time (sec) 

Figure 2.11 

(a) 
5370 3840 < 1 

Figure 2.11 

(b) 
10578 7490 < 1 

Figure 2.11 

(c) 
5100 4378 < 1 

Figure 2.11 

(d) 
6364 5236 < 1 

 

There are some minor unavoidable misclassifications which are mostly fixed during 

noise reduction step in flat primitive classification (Figure 2.13).  

2.9.2 Fuzzy based primitive classification 

Fuzzy based edge and face classifications, along with our novel patch determination 

algorithm has led to accurate results as shown in Figure 2.12. Common industrial CAD 

models are used to match the types of components commonly seen in assembly models. In 

these images, the blue regions represent the condensed classification, green regions 

represent flat, and red regions represent cylinders and cones. The running time along with 

the number of triangles in each model is then shown in the Table 2.6. The linear trend of 

the classification time based on the number of triangles on the models is shown in Figure 

2.14. 

The results prove the competence of the algorithm which is able to segment regular 

CAD models into its containing primitives with negligible errors and minimal time. 
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(a) (b) (c) 

 
 

 

(d) (e) (f) 

 
 

 

(g) (h) (i) 

 
 

 

(j) (k) (l) 
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(m) (n) (o) 

 

 
 

(p) (q) (r) 

Figure 2.12. Primitive classification results 
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Table 2.6. Primitive classification details for the models in the Figure 2.12 

Model from Figure 2.12 Total # of triangles Running time (sec) 

Figure 2.12(a) 10578 1.725 

Figure 2.12(b) 5100 0.558 

Figure 2.12 (c) 15562 1.908 

Figure 2.12 (d) 5370 1.401 

Figure 2.12 (e) 568 0.123 

Figure 2.12 (f) 6746 1.183 

Figure 2.12 (g) 768 0.274 

Figure 2.12 (h) 1692 0.512 

Figure 2.12 (i) 2292 0.289 

Figure 2.12 (j) 9384 1.568 

Figure 2.12 (k) 5426 0.764 

Figure 2.12 (l) 7256 2.248 

Figure 2.12 (m) 10538 0.929 

Figure 2.12 (n) 55744 9.298 

Figure 2.12 (o) 65208 9.958 

Figure 2.12 (p) 3228 0.728 

Figure 2.12 (q) 10490 0.849 

Figure 2.12 (r) 9374 0.677 

 



37 

 

 

Figure 2.13. Some misclassifications obtained from sparse and condensed 

clustering can be fixed during primitive classification process  

 

 

Figure 2.14. Running time of primitive classification based on number of triangles in the models 

 CONCLUSION 

The classification of tessellated geometries back into their original primitives surfaces 

(e.g. flat, cylindrical, sphere) is useful in a variety of application areas. Our motivation 

comes from the desire to determine part-to-part constraints between two connected parts. 

Such connected parts are often mated at primitive surfaces such as cylindrical surfaces (e.g. 

peg in a hole). This is a critical goal in computationally determining assembly sequences. 

The hierarchical fuzzy-based primitive classification method proposed in this chapter 

discovers the primitives for each individual part. The information of overlapped primitives 
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between two connected parts are used in Chapter 4 to find the insertion or removal 

directions in each subassembly.  

To simplify the classification process as well as increasing the accuracy, a statistical 

clustering method is first applied on a tessellated model to make a distinction between 

condensed regions (regions with tiny triangle mostly seen in fillets in a CAD models) and 

sparse regions (regions indicative of primitives).  Because of the ambiguous borders of 

segmented regions within current classification methods, an approach based on fuzzy 

classification method has been developed which allows each triangle to be classified as 

multiple possible primitives. The possible primitives of each triangle and its probability 

were then used in a modified depth-first search region growing algorithm to make 

segmented regions with clean boundaries. The results are obtained quickly and no errors 

were found in the primitive prediction.  
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CHAPTER 3 

 COMPLEX GEOMETRY DETECTION 

In this chapter we present multiple methods to detect fasteners (bolts, screws and nuts), 

helical springs, tori (which commonly depict O-rings) and gears from tessellated 

mechanical assembly models. There is a need to detect these geometries in tessellated 

formats because of features that are lost during the conversions from other geometry 

representations to tessellation. Approaches implemented in this chapter to detect the 

mentioned geometries are categorized into two main groups of: Geometry-based 

approaches and machine learning classifiers. The following table shows the methods used 

for every geometry. 

 

Table 3.1. Approaches implemented in this chapter to detect certain geometries 

Geometry 

 

Approach 

Fasteners Helical Springs and Tori Gears 

Geometry 

Based 

Projected Thread 

Detector 

Helix Detector 

Surface geometry Detector 
Teeth edge Detector 

Projected Thread Detector 

Learning 

Classifier 

Voted Perceptron 

Naïve Bayes 

Linear Discriminant Analysis 

Gaussian Process 

Voted Perceptron 

Naïve Bayes 

Linear Discriminant Analysis 

Gaussian Process 

--- 
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For each geometry, all the implemented methods are compared and contrasted to arrive 

at an understanding of how to best perform this detection in practice on large assemblies. 

Furthermore, the degree of certainty of the automatic detection is also developed and 

examined so that a user may be queried when the automatic detection leads to a low 

certainty in the classification. This certainty measure is developed with three probabilistic 

classifier approaches and one fuzzy logic based method. Finally, once the geometries are 

detected, we show how the thread angle, the number of threads, the length and major and 

root diameters can be determined for fasteners. 

 INTRODUCTION 

In Chapter 2, we introduced a novel fuzzy-based approach to make tessellated 3D 

models meaningful by classifying them into surface primitives: flat, cylinder, cone and 

sphere. This allows for the possible creation of an important conversion from tessellated 

representation back into Constructive Solid Geometry (CSG). However, there are surfaces 

within complex tessellated geometries, like the fastener threads, gear teeth, springs and O-

rings, (shown in Figure 3.1) that our previous method was unable to detect as a primitive. 

These geometries are represented by a large number of primitives or extruded curves being 

merged together (see Figure 3.2). 

 

 

 

 

 

(a) (b) (c) (d) 

Figure 3.1. Complex industrial and mechanical geometries. (a) bolt, (b) gear, (c) O-ring, (d) spring 
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(a) (b) 

Figure 3.2. (a) a tessellated bolt, (b) magnified image of the threaded part of a tessellated bolt 

 

In this chapter, we present a series of methods to efficiently detect fasteners, gears, 

spring and O-rings within a large mechanical assembly. 

3.1.1 Fasteners 

Bolts and nuts are the most popular types of fasteners due to their strong non-

permanent mechanical mating. In mechanical assembly, the term, fasteners, usually refers 

to the objects that join two or more mechanical parts together. The extensive usage of these 

mechanical parts has lead engineers to develop various types of fasteners for different 

purposes. Currently, there are more than 40 types of fasteners that can be used in different 

applications. In 2005, about 200 billion fasteners from various types were used in the US 

(Weber 2012). For example, 2.4 million fasteners are used in Boeing 787 (Anon 2003) and 

more than 50 percent of the parts used in Boeing 737 are fasteners (Anon 2015) (in a 

general assembly model, up to 80 percent of the objects are fasteners). Considering that 

securing fasteners is generally the most time-consuming action in any assembly process, 

these numbers reveal that dealing with fasteners can take significantly more than half of 

the total assembly time.  

If one were to know what parts within a large assembly can be deemed as fasteners, 

then several application areas could leverage this capability. First, in assembly planning 

which is the topic of this PhD work, the relationship between parts plays an important role 

in determining the best plan. Past efforts at automated assembly planning, which are 

discussed below in Section 3.2, have suffered when fasteners are ignored or treated as 
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normal parts. Second, dynamic simulation tools require knowledge of the kinematic 

constraints between parts. It is a tedious process for the user to define these within large 

assemblies. Automatic detection would be a welcome addition in such environments. 

Third, fasteners – when fully represented within CAD – would consume significant 

amounts of a “computational budget”, but they are often not important to engineers 

visualizing the entire system. Having a way to hide such details automatically would free 

up this budget for better visualizing important parts. Finally, a comprehensive analysis of 

the number, size and location of fasteners used in the model may be performed to reduce 

assembly time. While it is straightforward to do this analysis on physical prototypes, for 

large models this can be tremendously expensive. Therefore, the solution to detect all the 

fasteners with a design environment would be beneficial to engineers seeking to reduce 

costs. 

3.1.2 Gears Spring and O-Rings 

As well as detection of fasteners, detecting gears, springs and O-rings can benefit 

different 3D modeling applications. In assembly planning, O-rings can be categorized as 

washers and detecting gears and springs can help to accurately differentiate different 

assembly plans from one another. Also, due to the enormous density of triangles on the 

surface of these geometries, the existence of such parts in an assembly model can slow 

down the primitive classification approach explained in Chapter 2. If one can detect these 

objects along with their position and removal direction, they can be excluded from the parts 

that are to be considered for primitive classification. Another application of this detection 

can be in assembly visualization. Detecting gears can be valuable in this field where the 

alignment of the teeth mates increases the assembly difficulty in visualization and motion 

analysis. Also knowing that an object is spring, having the amount of external force, can 

accurately measure the displacement of the spring in motion analysis field. 

Innovative methods introduced in this chapter, are able, for the first time, to detect 

fasteners, gears, springs and torus from triangulated solids. Some of these automated 

methods use the results of the primitive classification (introduced in Chapter 2) applied on 
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every part (for example the methods implemented to detect fasteners and gears), and some 

can be implemented independently (like spring and torus detection methods which do not 

use primitive information of the objects). Independent approaches give this opportunity to 

detect a geometry before running the primitive classification. This could be very efficient 

in terms of computational time since the large number of surface triangles in these models 

can slow down the primitive classification process. An overall flow of the complex 

geometry detection process is shown in Figure 3.3. 

 

 

Figure 3.3. An overall workflow of complex geometry detection process 

 

For the rest of the chapter, Section 3.2, provides a literature review on the object 

detection from CAD models. Our novel approaches to detect the major types of fasteners 

are introduced in Section 3.3, followed by gear detection and spring/O-ring detection in 

Sections 3.4 and 3.5 respectively.   

3.1.3 Bounding Geometries 

There are two major bounding geometries used in this work: the Oriented Bounding 

Box (OBB), which was first introduced by Gottschalk et. al. (Gottschalk 2000), and the 

Oriented Bounding Cylinder (OBC). The process of creating OBC is identical to OBB. 

Therefore, to simplify the process, the generated OBB is used to create the oriented 

bounding cylinder. For this purpose, the following simple algorithm is implemented: 

1. For every pair of parallel sides: 

a. Create the centerline of the bounding cylinder by connecting the centers of 

the sides.  

b. The radius of the bounding cylinder is equal to the maximum distance of 

the tessellated solid’s vertices to the centerline created in the previous step. 

2. The cylinder with the minimum volume among the three cylinders created in step 

1 is the OBC.  

Load a tessellated 

assembly model 
Detect springs and 

torus 
Primitive 

Classification 
Detect fasteners 

and gears 
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Figure 3.5 shows a tessellated solid (a) and three possible bounding cylinders in b, c 

and d. Among these three cylinders, b is the OBC since it has the minimum volume. 

 

 
 

 

 

(a) (b) (c) (d) 

Figure 3.4. A solid (a) and its possible bounding cylinders (b, c, d) 

 LITERATURE REVIEW 

Detection of objects in 2D or 3D environments is a topic mostly observed in computer 

vision, where algorithms are developed to recognize a specific object in a given input image 

by extracting its unique features (Andreopoulos & Tsotsos 2013). Two dimensional object 

recognition studies are very practical since they can automate a variety of inspection 

processes such as detecting railroad fasteners in order to study their condition (Mazzeo et 

al. 2004; Feng et al. 2014). On the other hand, object recognition in 3D environments have 

been challenged due to the difficulty of finding proper features of the objects. This 

challenge has been widely studied in the literature under the topic of shape similarity. 

Shape similarity, which has received a great amount of attention in computer graphics, 

searches an existing repository of images in order to find the most similar one to an input 

image. The existing work, depending on the type of the images of the repository can be 

divided into two groups of shape similarity for computer graphic models (Ohbuchi & Takei 

2003; Tung & Schmitt 2004; Gal & Cohen-Or 2006; Vranic & Saupe 2002; Ohbuchi et al. 

2002) and mechanical CAD models (Cuillière et al. 2011; Chu et al. 2009; Cuillière et al. 

2009). Considering the goal of this chapter we only focus on the second group. A variety 

of applications of 3D shape similarity for mechanical CAD models are explored in the 

literature. Three main applications are: manufacturing (Karnik et al. 2013; You et al. 2010; 
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Karnik et al. 2005), assembly reuse (Deshmukh 2006; Deshmukh et al. 2005; Deshmukh 

et al. 2008), and design reuse (Chu & Hsu 2006; Iyer et al. 2004; Hong et al. 2006; Ip et al. 

2002). Karnik et. al (Karnik et al. 2005) uses shape similarity to reduce the manufacturing 

cost of the rotational parts by machining recycled parts. A system is presented by 

Deshmukh et. al. (Deshmukh et al. 2008) to perform content-based searches on assembly 

repositories in order to facilitate the assembly design process. Cheng et. al. (Cheng et al. 

2011) measures the similarity between mechanical parts by decomposing them into 

geometrical primitives and generating a primitive tree structure for a more efficient 

comparison. Despite all the advantages of the methods used in shape similarity, the 

computer graphics literature lacks an important topic which is detecting specific types of 

objects within a given input model. That is what is attempted in this chapter. Major types 

of fasteners (bolts, screws, nuts and their washers), gears, spring and O-rings are detected 

from a polygonal mesh input using the algorithms introduced in this chapter. 

3.2.1 Fasteners 

As briefly described in the introduction section of this chapter, one area where this 3D 

detection and similarity can be beneficial is in assembly planning. Three different 

approaches in dealing with fasteners have been seen in previous Automated Assembly 

Planning (AAP) efforts: 1) ignoring fasteners and assuming that the given assembly model 

does not contain any fastener; 2) treating with fasteners as regular assembly parts; and 3) 

considering fasteners as secondary parts of the model, generating assembly plans for main 

assembly parts using the stored information of the fasteners. There are advantages and 

disadvantages for each of the mentioned assumptions. By ignoring fasteners from assembly 

models (Dini et al. 1999; Romney et al. 1995; Caselli & Zanichelli 1995), a plan can be 

generated much faster than when the fasteners are included in the assembly; however, the 

obtained results are invalid since they lack fastener information in their evaluation of 

different plans. On the other hand, considering fasteners as equivalent to all other parts 

(D.S. Hong & H.S. Cho 1997; Guan et al. 2002; Miller & Hoffman 1989) not only leads to 

a slower assembly planning tool, comparing with the works of the first group, but it still 

suffers from unreliable results. By tagging fasteners as regular assembly parts in a model, 
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securing actions are being replaced with a series of simple insertion actions which result in 

incorrect evaluation estimates. The third approach treats fasteners as special parts that are 

evaluated separated from the major assembly planning installations (Jones et al. 1998; 

Homem de Mello & Sanderson 1991; Xu et al. 2012). Once the fasteners are identified, 

this approach is nearly as fast as the first approach and the most accurate since specialized 

securing times are used to produce trustworthy assembly plans. 

The importance of exploring the behavior of fasteners in assembly models and the 

significance of the securing operation in assembly planning, have received a good amount 

of attention in the literature. Researchers have examined various approaches to investigate 

the feasibility of fastening operations. For instance, three challenges that affect the 

execution of an assembly task, tool accessibility, tool operability and hand clearance are 

addressed by Calderon et. al. (Diaz-Calderon et al. 1995). A rule-based approach is 

introduced in (Milani & Hamedi 2008) to choose the proper tool for every assembly 

operation. Chung et. al. (Chung & Peng 2009) proposed a tool selection-embedded 

assembly planning approach to consider feasibility of a fastening operation based on the 

accessibility cone and the available tools in a tool database.   

Several existing assembly planning research efforts have used either B-rep (Xu et al. 

2012) or the CSG (Miller & Hoffman 1989) as the representation of their input models. 

Even with these rich representations of the solid, if the feature property of the fasteners 

does not exist in the model, the user is asked to select the fasteners among the assembly 

parts. This user selection of fasteners may seem to be an efficient approach for most of the 

existing AAP works where the test models are small toy problems (D.S. Hong & H.S. Cho 

1997; Guan et al. 2002). However, for real assembly models containing hundreds of parts, 

user selection is not only difficult and time-consuming, but also incorporates unavoidable 

human errors. 

3.2.2 Gears  

Gears create a large portion of moving parts in an assembly model. Therefore, as we 

explained briefly in the introduction section, detecting them can be beneficial to assembly 
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visualization and motion interaction analysis. Motion illustration is not a new topic. There 

have been a variety of research efforts for illustrating motions between 3D objects (Lum et 

al. 2002; Nastar & Ayache 1994; Nienhaus & Dollner 2005; Seligmann et al. 1991; 

Kawagishi et al. 2003). However, each of these works assume that the kinematic 

constraints have been already defined to illustrate the motion. There are a few commercial 

CAD software packages like Solidworks Motion and NX Motion Simulation that focus on 

visualizing mechanical assembly motions. These packages however, need a large amount 

of time to be spent by the user to identify the contact details between connected parts, such 

as gear and cylindrical mates. The most comprehensive mechanical assembly visualization 

has been done by Mitra et. al. (Mitra et al. 2010) where every physical contact between 

assembly parts and their motion details are automatically extracted from polygonal meshes. 

Mitra et. al. (Mitra et al. 2010) generate the motion information between parts by exploring 

the symmetricity of the parts and fitting cylindrical and conical primitives to the sharp edge 

loops detected on every part. Although the approach looks promising for the goal defined 

by the authors there is no gear detection in the work which can be valuable for more precise 

motion analysis.   

 FASTENER DETECTION 

Comparing the overall size of the fasteners with other parts included in an assembly 

model reveals that fasteners are generally smaller. Also, fasteners have a more complex 

geometry among mechanical CAD models caused by their unique helix shape threads. This 

complexity, however, is an advantage for the detection process. Although, the arrangement 

of the surface triangles that are connected to each other on a fastener is unknown, their 

overall helix shape as well as the size and density of the triangles can be useful to accurately 

detect them. Figure 3.5 shows the methods developed and compared in this chapter to 

detect fasteners. These are arranged in a flowchart that would best perform the fastener 

detection process. The first step is to reduce the focus to the smaller parts in an assembly. 

For this purpose, a simple clustering algorithm is implemented to separate small and large 

assembly parts (see Section 3.1 for details). Next, different methods are implemented to 
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detect the fasteners from the reduced set. On the left of the figure, geometry based 

approaches have been developed and tested. Projected Thread Detector (PTD) is the name 

we have given to a novel approach which uses the 2D projections along the bounding 

cylinder of the shape to search for threads. The second geometric method is our Helix 

Detector (HD) method, which aims to detect helix geometry of the threads. These 

algorithms are described in more detail in Section 3.2. These differ from the four learning 

classifier approaches on the right side of the figure, Voted Perceptron (VP), Gaussian 

Naïve Bayes (GNB), Linear Discernment Analysis (LDA) and Gaussian Process (GP) 

classifiers. These four approaches leverage existing artificial intelligence algorithms and 

use unique features of the fasteners to learn from a training set and apply it to detect 

fasteners in test data (see Section 3.3.3). In order to investigate the detection certainty from 

the explained detection methods, the uncertainty quantification is defined for our PTD and 

three of the four learning classifiers in Section 3.3.5. The small solids detected by the 

algorithm explained in Section 3.3.1 are then grouped together to facilitate the washer 

detection process (see Section 3.3.6). To have a complete fastener detection tool, a 

geometry based approaches are introduced in Section 3.3.7 in order to detect the geometry 

of the fastener head.  

3.3.1  Clustering Small and Large Parts   

In order to compare the size of the tessellated parts, included in an assembly model, 

an appropriate size metric needs to be defined. This metric must include two features: first, 

a part can be classified as large, only if its volume is large or the volume is small but it has 

large dimensions. Second, a part can only be classified as small only if the volume is small 

and it has relatively small dimensions. Including dimensions in the metric is important 

since it avoids parts with small volumes but large dimensions (like thin metal sheets) to be 

classified as small. 

Based on the above explanation the following size metric is defined: 
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 𝑆𝑀 = 𝑉 (
𝐿𝑙

𝐿𝑠
) (3.1) 

 

where V is the volume of the solid, 𝐿𝑙 is the largest edge of the Oriented Bounding Box 

and 𝐿𝑠 is the smallest edge of the Oriented Bounding Box. The Oriented Bounding Box 

(OBB) algorithm used in this work is based on the approach introduced by Gottschalk et. 

al. (Gottschalk 2000).  

 

  

Figure 3.5. The overall flow of the topics discussed in this 

chapter to detect fasteners 

 

In order to isolate the small objects within the assembly model, the SM is calculated 

for every part. Then, n clusters with equal ranges are generated between the minimum and 

the maximum of the calculated SM values (It is found that the most accurate results are 

Load a tessellated 

Assembly Model 

Cluster small and large 

objects 
PTD 

HD GP 

LDA 

GN

B 

VP 

Assign certainty 

to the prediction 

Group connected parts 

of the small cluster 

Detect fasteners from 

the parts in the small 

cluster 

Geometry Based 

Approaches 

Learning Classifier 

Approaches 



50 

 

obtained when n = 30). Every assembly part is then assigned to the cluster with closest 

value to its calculated SM. The first cluster (c = 1), which has a value equal to the SM of 

the smallest part in the assembly, contains the small objects that will be subsequently 

checked as fasteners. The remaining clusters (c = 2,…, n) are considered larger objects. 

Figure 3.6 shows the result of the small and large object clustering algorithm on an 

assembly with 211 parts.  

  

(a) (b) 

Figure 3.6. (a) an assembly with 211 parts, (b) result of the small and large object clustering algorithm  

 

This clustering limits the scope of our fastener exploration to only small objects 

detected from the above algorithm. Since the chance of the large objects to be a fastener is 

very low, there is no need to search for the fasteners in these objects. Of the 140 small parts 

shown in Figure 3.6 (b), 105 are true fasteners. There are zero fasteners in the 71 parts from 

the other clusters. 

3.3.2 Geometry Based Detection Methods 

 Projected Thread Detector  

The Projected Thread Detector (PTD) approach is based on detecting the threads of a 

fastener in a two dimensional space. It starts with creating the oriented bounding cylinder 

(OBC; the generation process of OBC is fully explained in Section 3.1.3) around the solid 

and generating a good number of points (K) along the axis direction – along an arbitrary 

line on the surface or along its centerline. Note that for almost every fastener (including 
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bolts, screws and nuts) the centerline of the OBC is the same as the centerline of the area 

(shown in Figure 3.7) for a given solid. 

 

   

(a) (b) (c) 

Figure 3.7. Bolt / Screw axis – (a) bolt, (b) OBC, (c) Central axis of the OBC and axis of the bolt 

 

A ray–casting method is then used to measure the distance between the generated 

points and the surface of the solid. By plotting the projected distance of the points to the 

surface of the fastener, a graph appears which visualizes the 2D representation of the 

threads (Figure 3.8). 

 

 

 

(a) (b) 

Figure 3.8. (a) A bolt (b) 2D Projected Thread created from ray–casting of the points generated on the 

surface of the bolt’s OBC 

 

Figure 3.8 shows a bolt and its 2D projected thread. By considering every three 

sequential points, we can find the set of local maxima and minima by detecting when the 

slope sign changes (for example, points a, b and c in Figure 3.8 (b)). From these sets of 

minima and maxima, the average height and width can be easily determined, which can 

then be used to match with the standard sizes of thread pitch, and the major and root 
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diameters. The horizontal distance between the start and the end of the plot and the angle 

of a local minimum represent the length of the threaded area and the thread angle. 

Assuming that the minimum number of threads existing on a bolt is rarely less than five 

and three for the nut, we can confidently say that the given object is a threaded bolt or nut.  

In order to have an accurate detection, a good number of points (K) are necessary to 

be generated for projection. More points will produce more accurate results but will 

obviously impact computational speed. With K set to 1000 for bolts/screws and 500 for 

nuts, accurate detections for both large and small objects is achieved. Considering the 

average of around 12,000 triangles on a fastener (obtained from training data points in our 

perceptron learner), the smallest K’s still create large number of ray–casting checks. A 

smart way to overcome this time expense is to organize the number of triangles for a more 

efficient detection process. For this purpose, a specialized partitioning process is done to 

divide the triangles of the solid into Q different partitions. Therefore, every ray only needs 

to check the intersection with triangles in only one of the partitions. (note that it is possible 

for a triangle to exist in more than one partition).  

    

(a) (b) (c) (d) 

Figure 3.9. Partitioning and ray–casting to detect threads 

 

As Figure 3.9 illustrates, first, the oriented bounding cylinder is generated for the shape 

(a) following the description of the method shown in Section 3.1.3. Then, the OBC is 

divided into Q smaller cylinders or partitions (b). K points are generated on the surface of 

the OBC (c). Ray–casting is implemented for every generated surface point (d). The 

partitioning helps to speed up the ray–casting process. For example, the intersection of the 

ray generated from the first point on the left (point g on Figure 3.9 (d)) needs to be checked 

only with triangles of the first partition, P1. 
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 Helix Detector 

The second geometry based approach that we developed is based on the detection of 

the helix shape of the threads. It is worth mentioning here that not every fastener created 

by designers has threads in a helix shape. Some CAD software packages have built-in 

fastener toolboxes (like SolidWorks) merely create rings of cones (Figure 3.10), where the 

threads are not connected in one consistent coil. These kinds of threads are not considered 

in the rest of the chapter. 

  

(a) (b) 

Figure 3.10. (a) Threads created by SolidWorks toolbox plugin, (b) PC on the same bolt 

 

There are varieties of thread types with unique thread angles. These unique angles (A 

= {60o (DIN 13), 55o (DIN 49301), 30o (DIN 405), 45o (DIN 2781), 80o (DIN 40430)}) can 

be used to detect the threads in an object. Figure 3.11 shows the flowchart of how the 

algorithm of fastener detection using their threads’ helix shape works.  

In this approach, an edge (e) with an angle of α is chosen from the set of edges (E) of 

a tessellated solid ((1) in the figure) and is added to a list, M. This edge is a candidate 

member of the helix only if at least one of its adjacent edges also has internal angle equal 

to α. For this purpose, all of the adjacent edges of e with the internal angle of α are added 

to the stack S ((2) on the flowchart). An edge is then popped from the stack, added to the 

list M and again its adjacent edges with the internal angle of α are added to the S. This loop 

continues until the stack is empty. A condition is defined to ensure that the edges in M are 

not part of a partial cone or a closed loop. If the number of edges that are connected to each 

other with the angle of α is more than a constant, T, then object contains a helical thread. 
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In order to detect a thread in an object, the algorithm runs for every angle in the set of A 

until either a thread with the angle of α is detected or it finishes with no thread detection. 

 

 

Figure 3.11. Helix detector algorithm 

 

3.3.3 Classification Based Approaches 

The two methods above are compared to four generic learning classification 

algorithms: Voted Perceptron, Gaussian Naïve Bayes, Linear Discriminant Analysis and 

Gaussian Process. Similar to every supervised learner, choosing the appropriate list of 

features that can separate the data points in the best way is the most important step. For 

this purpose, we chose the number of connected cones (NCC) in the solid and the conical 

and cylindrical area ratio (CCAR). These two features are described next. 
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1. NCC 

Since the results of the implementation of our primitive classification tool (Rafibakhsh 

& Campbell 2015) are limited to flat, cylindrical, conical, spherical surfaces, any kind of 

surface, regardless of its complexity, will be eventually classified into these four primitives. 

Therefore, for unknown surfaces, like fastener threads, different groups of adjacent 

triangles will be classified into the closest primitive based on the features defined for every 

primitive in primitive classification.  

Most of the triangles in the threads are classified into small connected sections of 

different cones. For instance, the bolt shown in Figure 3.12 is classified into 355 primitives 

where 306 of them (86%) are small cones (shown in pink) mostly created with less than 

ten triangles. This is a unique feature for the fasteners and can be helpful to distinguish 

them among other regular geometries. The NCC feature is a count of the cones found in 

the model. 

 

  

(a) (b) 

Figure 3.12. Primitive Classification of threads. (a) a screw, (b) its classified primitives. Flat, cylinder 

and cone are represented by green, red and pink respectively 

 

2. CCAR 

A closer look at the classified primitives of a fastener shows that the majority of the 

total surface area is classified into cones and cylinders (An example is shown in Figure 

3.12). The other two primitives, flat and sphere, are mostly seen on the heads of the 

fasteners which create a small portion of the surface area of these kinds of tessellated solids. 

CCAR which is calculated using Equation 3.2 differentiates the parts that are mostly made 

by cones and cylinders from other parts. 
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Figure 3.13.  Training data with CCAR and LOG NCC input features. The blue circles 

indicate fasteners and the red stars are non-fasteners.  

 

 𝐶𝐶𝐴𝑅 =  
∑ 𝑆𝑃𝐶𝑂𝑖

𝑛
𝑖=0 + ∑ 𝑆𝑃𝐶𝑦𝑗

𝑚
𝑗=0

𝑆𝑇
 (3.2) 

 

where n and m are the number of classified cones and cylinders of the solid 

respectively,  𝑆𝑃𝐶𝑂𝑖
 is the surface area of the ith cone and 𝑆𝑃𝐶𝑦𝑗

 is the surface area of the jth 

cylinder of the solid. 

The four classifiers in this section require a set of training data. Our training data 

consists of 70 fasteners (including 10 nuts) from various kinds and sizes and 72 other 

regular parts classified as small parts (using the size metric explained in Section 3.3.1) in 

five different tessellated assembly models. A plot made from NCC and CCAR features 

using the training data is shown in Figure 3.13. These 142 training points can generate a 

reliable list of weights and votes for the learner. 

Each of the four implemented machine learning techniques used in this study are 

briefly described below and the results of their implementation are shown next. 
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 Voted Perceptron Learner 

Voted Perceptron is a supervised learning algorithm based on the linear classifier 

perceptron algorithm introduced by Frank Rosenblatt (Rosenblatt 1958). Voted Perceptron 

is usually compared to the Support Vector Machine (or SVM) which is one of the most 

recent and efficient supervised learning classifier; although SVM has turned out to be more 

accurate, voted perceptron is easier to implement and efficient in terms of computational 

time (Sassano 2008).  

 Gaussian Naïve Bayes Classifier 

The Naïve Bayes (NB) classifier is a probabilistic classifier based on the Bayes’ 

theorem. Naïve Bayes is well-known because of the independence assumptions that it 

considers between the input features. Since the fastener detection is dealing with 

continuous data, every feature and class are assumed to be distributed based on a Gaussian 

distribution. Based on the available training data, the normal parameters of each feature is 

defined for every class in Table 3.2: 

 

Table 3.2. Normal parameters of every feature for both fastener and non-fastener class 

Class Feature Normal Parameters 

Fastener 
NCC ~ Ɲ (321.31, 182.16) 

CCAR ~ Ɲ (0.5751, 0.1585) 

Non-fastener 
NCC ~ Ɲ (17.417, 18.896) 

CCAR ~ Ɲ (0.6029, 0.2354) 

 

 Linear Discriminant Analysis Classifier 

Linear Discriminant Analysis (LDA) is a supervised learning technique that reduces 

the dimensions of the data and projects data into a new space for better separation. LDA 

has been successfully applied on many applications such as face recognition (Park et al. 

2010) and  text document classification (Torkkola 2004). It is assumed that the data in the 
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two classes are normally distributed. Since the training data shows the two classes may be 

separable linearly (Figure 3.13), LDA seems to be a suitable method to use.  

 Gaussian Process Classifier 

Gaussian process (GP) method is a function of distribution that can predict means and 

variances with the given training data. Through a sigmoid function, the prediction of GP 

can be translated to the probability of the class. There are some advantages to the GP 

method. First, GP is a supervised learning method and does not require a predefined model 

(Gibbs & MacKay 1997). Second, assumptions of the correlations between the input 

features are not required. Therefore, even without prior understanding an accurate 

classification can still be achieved. In this work, Matlab’s GPML toolbox is used. 

3.3.4 Results Comparing Geometry and Learning Methods 

While each of the two geometry based approaches and four machine learning 

techniques explained above, has advantages and disadvantages, we quantify the accuracy 

and the speed of each approach for this fastener detection problem. Fifteen random 

fasteners and fifteen random regular parts were downloaded from the McMaster-Carr 

website (Anon n.d.), a reliable manufacturing parts distributor. They were then tessellated 

into the STL format using SolidWorks conversion tool.  

PTD and HD can detect all of the fasteners from other parts with zero error. The results 

of the implementation on the test data are shown in Table 3.3. Each part is shown on a row 

with the second column indicating the true classification: F for fastener and NF for not-a-

fastener. The remaining columns show how the method classified each and the time in 

milliseconds required to perform the analysis.  

With NCC and CCAR as input features, the classification results are compared with 

30 testing data. The results of the classification for the testing data is shown in Table 3.4 

for every implemented classifier along with the classification time. As marked in the table, 

VP, GNB and LDA misclassified two cases, however, GP has better performance with only 
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one misclassification. The misclassifications are shown in bold in Table 3.4 and also in 

Table 3.5 along with their misclassification reason. 

All of the classifiers had similar timings with LDA having a slightly better average. 

The PTD method is 100 times slower than the others, but it is important to remember that 

it also finds characteristics about the bolts. 

Table 3.3. Results of the PTD and HD methods for fasteners. F and NF represent fasteners and regular parts 

respectively 

Part 

ID 
Class 

PTD HD  
Part 

ID 
Class 

PTD HD 

Class 
Time 

(ms) 
Class 

Time 

(ms) 

 
Class 

Time 

(ms) 
Class 

Time 

(ms) 

1 F F 775.10 F 4.68 16 NF NF 98.60 NF 2.68 

2 F F 670.78 F 2.19 17 NF NF 130.18 NF 0.10 

3 F F 593.13 F 1.97 18 NF NF 87.65 NF 0.01 

4 F F 657.20 F 2.77 19 NF NF 69.53 NF 0.05 

5 F F 662.66 F 2.15 20 NF NF 60.83 NF 0.06 

6 F F 816.59 F 1.90 21 NF NF 451.14 NF 0.31 

7 F F 876.62 F 1.81 22 NF NF 172.26 NF 0.18 

8 F F 747.67 F 1.73 23 NF NF 117.28 NF 0.09 

9 F F 497.62 F 1.42 24 NF NF 118.33 NF 0.14 

10 F F 765.27 F 1.75 25 NF NF 141.71 NF 0.44 

11 F F 481.00 F 1.61 26 NF NF 294.26 NF 0.28 

12 F F 517.62 F 2.10 27 NF NF 155.79 NF 0.12 

13 F F 571.13 F 1.98 28 NF NF 56.27 NF 0.09 

14 F F 673.38 F 1.75 29 NF NF 83.00 NF 0.02 

15 F F 440.03 F 2.15 30 NF NF 139.50 NF 0.11 

 

3.3.5 Fastener Detection Uncertainty  

While the results of the previous methods are fairly accurate, there is an added benefit 

when the method can gauge its degree of uncertainty in its classification. Parts with low 

certainty – or a probability of being a fastener near 50% – can be presented to user for 

clarification. This would have the benefit of only involving the user for a small fraction of 

parts. In an assembly of thousands of parts (vehicle assemblies can have more than 105 

components), such an interaction can be important to ensuring accuracy while keeping user 

interaction to a minimum. 
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Table 3.4. Results of the classification for the testing data of the fastener detection using VP, GNB, LDA 

and GP classifiers 

Part 

ID 
Class 

VP GNB LDA GP 

Class 
Time 

(ms) 
Class 

Time 

(ms) 
Class 

Time 

(ms) 
Class 

Time 

(ms) 

1 F F 2.71 F 9.88 F 1.59 F 10.1 

2 F F 0.82 F 1.20 F 0.66 F 1.33 

3 F F 0.72 F 0.89 F 0.09 F 0.73 

4 F F 0.61 F 0.69 F 0.08 F 0.61 

5 F F 0.60 F 0.67 F 0.09 F 0.50 

6 F F 0.79 F 0.58 F 0.07 F 0.59 

7 F F 0.70 F 0.54 F 0.08 F 0.52 

8 F F 0.70 F 0.54 F 0.08 F 0.50 

9 F F 0.68 F 0.50 F 0.08 F 0.51 

10 F F 0.67 F 0.50 F 0.08 F 0.40 

11 F F 0.67 F 0.46 F 0.12 F 0.40 

12 F F 0.66 F 0.45 F 0.12 F 0.40 

13 F F 0.91 F 0.40 NF 0.12 F 0.58 

14 F F 0.81 F 0.49 F 0.12 F 0.40 

15 F F 0.71 F 0.43 F 0.10 F 0.41 

16 NF NF 2.82 NF 0.49 NF 0.09 NF 0.45 

17 NF NF 1.18 NF 0.48 NF 0.09 NF 0.40 

18 NF NF 0.79 NF 0.41 NF 0.10 NF 0.43 

19 NF NF 0.67 NF 0.41 NF 0.07 NF 0.40 

20 NF NF 0.68 NF 0.41 NF 0.51 NF 0.41 

21 NF NF 0.79 NF 0.46 NF 0.07 NF 0.42 

22 NF NF 0.65 NF 0.46 NF 0.05 NF 0.49 

23 NF NF 0.69 NF 0.44 NF 0.05 NF 0.47 

24 NF NF 0.84 NF 0.33 NF 0.05 NF 0.37 

25 NF NF 0.93 NF 0.39 NF 0.05 NF 0.38 

26 NF F 1.13 F 0.33 NF 0.05 NF 0.35 

27 NF NF 1.22 NF 0.30 NF 0.05 NF 0.30 

28 NF F 0.91 F 0.30 F 0.05 F 0.31 

29 NF NF 0.82 NF 0.39 NF 0.05 NF 0.31 

30 NF NF 0.80 NF 0.37 NF 0.05 NF 0.33 
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Table 3.5. Misclassifications of implemented learning classifiers 

Part 

ID 
Tessellated Model 

Misclassified 

by: 
Reason: 

13 

 

LDA 

The class boundary for LDA is a 

straight line, which results in failure 

when the data is not linearly separable. 

26 

 

VP 

GNB 

 

This part has a high number of cones 

on the fillet between spherical area and 

the positive cylinder. 

28 

 

VP 

GNB 

LDA 

GP 

Like the previous part, this one also 

has a high number of detected cones. 

Among the four implemented machine-learning algorithms in this chapter, the Voted 

Perceptron method lacks a good method for assigning probability to the predictions. The 

other three methods, GNB, LDA and GP define a probability that a given part is a fastener 

as shown in Table 3.6 for the test data used in Section 3.3.4. Note, the bold values match 

with the misclassification from earlier. 
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Table 3.6. Detection certainty captured by three probabilistic classifiers, GNB, LDA and GP 

Part 

ID 
Class 

P(Fastener) 

 

Part 

ID 
Class 

P(Fastener) 

GNB LDA GP GNB LDA GP 

1 F 1 0.912 1 16 NF 0.019 0.054 0.012 

2 F 1 0.970 1 17 NF 0.016 0.043 0.007 

3 F 1 0.611 1 18 NF 0.056 0.057 0.001 

4 F 1 0.889 1 19 NF 0.019 0.095 0.001 

5 F 1 0.926 1 20 NF 0.059 0.091 0.017 

6 F 1 0.915 1 21 NF 0.081 0.151 0.013 

7 F 1 0.991 0.999 22 NF 0.028 0.058 0.007 

8 F 1 0.892 1 23 NF 0.028 0.089 0.001 

9 F 1 0.967 1 24 NF 0.047 0.075 0.006 

10 F 1 0.967 1 25 NF 0.121 0.143 0.021 

11 F 1 0.934 1 26 NF 0.605 0.205 0.237 

12 F 1 0.880 1 27 NF 0.036 0.082 0.048 

13 F 1 0.430 0.996 28 NF 1 0.763 1.000 

14 F 1 0.745 1 29 NF 0.016 0.059 0.024 

15 F 1 0.860 1 30 NF 0.48 0.104 0.002 

 

The uncertainty for Projected Thread Detector is fully related to the accuracy of the 

bounding geometries OBC and OBB. Considering that the generation process of the 

bounding geometries is not flawless, a generated OBC or OBB might be tilted as is shown 

in the situation depicted in Figure 3.14. This tilting affects the accuracy of the detection of 

the threads. With an accurate bounding geometry, the number of casted points on every 

thread are equal (assuming that the thread depth in the entire fastener is unchanged). With 

a tilted bounding geometries, these numbers can be slightly different from each other. 

 

  

(a) (b) 

Figure 3.14. (a) OBB, (b) tilted OBB 
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In order to lower the effect of this error, three points of a, b and c (these points are 

shown in Figure 3.8(b)) can form a thread if the difference between the number of the 

casted points between [a - b] and [b - c] is less than δ. This difference is defined as the 

variable SC and is normalized as follows:   

 𝑆𝐶 =  
|𝑃𝑎,𝑏 − 𝑃𝑏,𝑐|

max{𝑃𝑏,𝑎, 𝑃𝑏,𝑐}
 (3.3) 

where 𝑃𝑎,𝑏 is the number of the casted points between a and b, and 𝑃𝑏,𝑐 is the number of 

the casted points between b and c.  

 

Figure 3.15. Fuzzification of the SC variable for PTD 

 

With an accurate generated bounding geometry, the value of δ is equal to zero. 

Defining the threshold δ for the variable SC can temporarily resolve the inaccuracy of the 

bounding geometry algorithm. However, this thresholding creates true and false 

expressions which may lead to wrong results with small changes on the calculated value of 

the variable. A smart way to overcome this limitation is to fuzzify every threshold value. 

A simple fuzzification of every variable not only generates more realistic results, but also 

defines the certainty of every detected thread.  

To fuzzify the SC, a graph similar to Figure 3.15 is defined. δl and δu are the lower and 

upper bounds which are defined by experts (δl = 0.1 and δu = 0.4). If the calculated value 

of the SC is less than δl the SC can form a thread with certainty equal to one. However, if 

the SC is greater than δu, it can never form a thread. For the SCs between lower and upper 
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bounds (for example δe), there is a probability for the SC to form a thread (Pt) and a 

probability for not forming a thread (Pf), where Pt + Pf = 1. 

For every series of connected slope changes in the 2D projection of a fastener, the 

probability of the series to be a fastener can be calculated using the following equation: 

 𝜇𝑡 = 1 − [∏(1 − 𝑃𝑖)

𝑛

𝑖=1

]            for   𝑃𝑖 ≠ 1 (3.4) 

Where 𝜇𝑡 is the probability of the series t, n is the number of slope changes in the 

series t (min n = 5), and Pi is the fuzzy probability of the slope change i. And finally the 

probability of a tessellated part to be a fastener is the maximum of the probabilities of its 

existing series. This fuzzification approach is tested on the test data used in Section 3.3.4 

and the results are shown in Table 3.7. 

Table 3.7. Detection certainty captured by our fuzzy-logic based approach implemented for PTD  

ID Class P(fastener) 

 

ID Class P(fastener) 

 

ID Class P(fastener) 

1 F 0.968 11 F 1 21 NF 0.0 

2 F 1 12 F 0.943 22 NF 0.0 

3 F 1 13 F 1 23 NF 0.0 

4 F 1 14 F 1 24 NF 0.0 

5 F 1 15 F 1 25 NF 0.0 

6 F 1 16 NF 0.0 26 NF 0.0 

7 F 1 17 NF 0.0 27 NF 0.0 

8 F 1 18 NF 0.0 28 NF 0.0 

9 F 0.997 19 NF 0.0 29 NF 0.0 

10 F 1 20 NF 0.0 30 NF 0.0 

3.3.6 Grouping Clustered Small Solids 

Considering that every bolt/screw in an assembly model is mostly seen with other 

components including nut(s) and washer(s), a complete fastener detection process is the 

one that detects a fastener as a whole with all of its components. For this purpose, we put 

every small objects (obtained by the algorithm described in Section 3.1) that are physically 

connected to each other into a separate group. As it is illustrated in Figure 3.6, this step 

needs to be performed after the fasteners are detected. If a fastener detection algorithm is 
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able to detect a bolt, then the other components of the group that the detected bolt belongs 

to, are possibly nuts and washers. Since the above mentioned algorithms are also able to 

detect nuts, we can use the grouping method to detect washers that are connected to either 

nuts or bolts. For simplicity, the connectivity between parts is defined when two parts have 

overlapping convex hulls. While merely checking for overlapping convex hulls does not 

guarantee the connection between two parts truly exists, experiments show that it suffices 

for the detection of fastener groups. After creating groups of the connected parts, every 

group is a member of set Q, where 

Q = {{B}, {B, N}, {B, N, W}, {B, W}, {N}, {N, W}} 

where B, N and W indicate Bolt, Nut(s) and Washer(s) respectively and every member of 

the set represents a possible group. For instance, the group {B} indicates a group with one 

bolt, and {B, N} shows a group with one bolt and one (or multiple) nut(s). Figure 3.16 

shows an example of how this grouping algorithm works. The magnified picture in this 

figure shows a bolt with one nut and three washers (from {B, N, W} type). 

 

 

Figure 3.16. An example of grouping clustered small objects. The magnified picture shows a bolt with 

one nut and three washers 

 

Parts within the groups that fail to meet the bolt or nut detection above are good 

candidates for washers. This is done by a similarity metric using the oriented-bounding 

cylinder (OBC) of the shape. If the height of the bounding cylinder is less than 1/5 of its 

radius, and it contains a negative cylinder on its center, we can confidently classify this 
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part as a washer. Figure 3.17 shows a group of connected objects with three members and 

the OBC of the members. 

  
 

(a) (b) (b) 

Figure 3.17. (a) a group of small connected objects with three members,  (b) the three 

members, (c) OBC of the members 

 

Detection of washers is tested on twenty groups: Nine from {B, N, W}, five from {B, 

W} and six from {N, W}. Washers are successfully detected in all of the twenty groups. 

Figure 3.18 shows six examples out of the twenty cases tested for washers along with the 

results of the washer detection approach.  

 

  

(a) (b) 

Figure 3.18. (a) six groups of connected small parts, (b) washers detected from every group 

3.3.7 Fastener Type Detection 

It is important to detect the type of the fasteners used in assembly models. This type 

of information can be valuable for planning the tools and machines ahead of the designing 

the assembly line layout. Since the majority of the fasteners used in different assemblies 

are from the categories explained in Table 3.8, we will not consider the types of fasteners 

that have been hardly used in any assembly model. Table 3.8 shows an example for each 
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of the common fasteners and explains the unique features of every category which are used 

for detection. 

 

Table 3.8. Bolts/Screws and their geometrical features 

Category Example Feature(s) 

Hex Bolts 

 

Contains six flat surfaces that: 

 have equal surface areas 

 theirs normal vectors create an angle of 120 degrees with its 

adjacent faces 

 every solid vertices are located on or behind every of these 

six surfaces 

 Contains a positive cylinder 

Allen Bolt 

 

Contains six flat surfaces that: 

 have equal surface areas 

 theirs normal vectors create an angle of 60 degrees with its 

adjacent faces  

 The curvature of the edge shared between every face and its 

adjacent faces is negative 

 Contains a positive cylinder 

Phillips Bolt 

 

Contains eight flat surfaces that: 

 have equal surface areas 

 the normal of every flat face creates an angle of 0 with 

another normal vector (among the 7 remaining faces), an 

angle of 180 with two normal vectors, angle of 90 degrees 

with two normals and -90 degrees with the last two normal 

vectors  

 Contains a positive cylinder 

Flat Bolt 

 

Contains two flat surfaces that: 

 have equal surface areas 

 their normal vectors create an angle of 180 degrees 

 the union of the set of vertices in front of each face is equal 

to the tessellated solid’s total vertices set 

 Contains a positive cylinder 

Flat and 

Phillips 

Combo 
 

Contains two different sets of four flat surfaces that: 

 have equal surface areas 

 every normal of the flat faces creates an angle of 0 with 

another normal vector (among the 3 remaining faces), an 

angle of 180 with the other two other normal vectors 

 Contains a positive cylinder 
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Torx 

 

Contains 12 flat surfaces that: 

 Each normal vector has an angle of 60 degree with one of the 

two immediate neighbors and an angle of 120 degree with 

the other one. 

 Contains a positive cylinder 

 

By applying the primitive classification (introduced in Chapter 2), every tessellated 

solid can be classified into their primitives accurately. This classification not only creates 

the primitives but also specifies more details such as the surface area of every primitive, 

the central axis of a cylinder, the normal vector of a flat region, the apex of a cone and etc. 

This information allows us to find the primitive-based features listed in the Table 3.8.   

The same approach applied on the bolts can be implemented for common hexagonal 

nuts as well. Fortunately, since the nut shape is not as variable as the head-type, there are 

fewer features to check. Mainly, one is looking for six flat surfaces that have near equal 

surface areas that would represent the hexagonal shape. Their normal vectors create an 

angle of 120 degrees with its adjacent faces. Furthermore, these faces are boundaries so 

one can also check whether all of the other vertices of the shape are located behind each of 

the six hex-faces. 

3.3.8 Final Comparison 

The advantageous and disadvantageous of all of the implemented approaches are 

shown in Table 3.9. 

As noted in the in Table 3.9, PTD is the slowest method among others. However, PTD 

is the only approach that is able to provide detailed information of the fasteners. Ten 

random fasteners are chosen from the training and test data, used in our learner algorithms. 

PTD is implemented on our new data set and Table 3.10 shows the result of this 

implementation. The number of threads and the thread angle are precisely detected for 

every fastener and the average percent error for total length, threaded length, major 

diameter and root diameter are 0.098, 2.74, 1.88 and 0.97 respectively. The type of the 

fasteners is also detected accurately. 
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               Table 3.9. Comparison between implemented approaches for automatic detection of fasteners 

Method Advantageous Disadvantageous 

Learning 

Algorithms 

VP  Fast 
 Absence of classification 

certainty 

GNB  Fast 
 Assumes features are 

independent 

LDA  Fastest run time  Class boundary is linear 

GP 
 Highest accuracy (0.97) compared to the other 

three implemented ML techniques 

 Needs a suitable kernel 

function 

PTD 

 Highest accuracy among implemented 

approaches 

 Generating detailed information for the 

fasteners including length, number of threads 

and etc. 

 Slowest run time 

HD 

 Highest accuracy among implemented 

approaches 

 Fast 

 Does not work for 

fastener with uncommon 

thread angle 

 

Table 3.10. Details obtained from PTD approach implemented on ten different fasteners. D: values 

obtained from PTD, R: Real values 

Fas. 

ID 

# of 

Threads 
Total Length 

Threaded 

Length 

Major 

Diameter 

Root  

Diameter 

Thread Angle 

(degree) Head Geometry 

D R D R D R D R D R D R D R 

1 12 12 5.51 5.49 4.11 3.97 1.51 1.52 1.09 1.12 60 60 Allen Allen 

2 21 20 170.09 169.99 72.29 72.18 30.53 30.76 26.35 26.63 60 60 Allen Allen 

3 13 13 9.91 9.93 7.09 7.91 2.83 2.98 2.09 2.12 60 60 Phillips Phillips 

4 53 53 43.65 43.66 41.26 41.25 3.49 3.52 2.22 2.23 60 60 Phillips Phillips 

5 16 16 15.29 15.30 12.36 12.72 3.52 3.50 2.38 2.38 60 60 Slotted Slotted 

6 11 11 19.05 19.07 15.22 15.23 6.33 6.32 4.58 4.56 60 60 Slotted Slotted 

7 19 19 312.75 312.73 35.40 37.68 12.95 12.76 10.43 10.36 60 60 Hex Hex 

8 17 17 137.05 137.00 38.18 38.29 14.28 15.44 12.31 12.44 60 60 Hex Hex 

9 20 20 18.26 18.24 15.63 15.89 3.48 3.52 2.57 2.62 60 60 Hex Hex 

10 37 37 257.31 257.33 39.06 38.13 4.83 4.80 3.44 3.44 60 60 Comb. Comb. 

 

Among the implemented algorithms, GP and PTD are proven to be the best methods 

to detect fasteners in tessellated assembly models. Figure 3.19 shows a flowchart of the 

proposed best methods for two different scenarios. The best choice appears to be the 
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Gaussian Process since it has the highest accuracy among other learning classifier 

techniques, a near-negligible running time, and a probabilistic prediction. This is suitable 

for the situations where only the detection of fasteners is important (shown as Scenario 1 

in Figure 3.19 in a light green box). On the other hand, PTD, although it is the slowest 

approach, its highest accuracy, its probabilistic results, as well as its ability to generate 

unique properties of the detected fasteners such as total length, threaded length, radius, and 

number of threads, make it valuable for situations where not only the detection of fasteners 

is important but also the detailed information about them is needed (This case is called 

Scenario 2 and is shown with yellow in Figure 3.19).  

 

Figure 3.19. Flowchart of the proposed best methods for two scenarios. Scenario 1: 

only the detection of the fastener is important. Scenario 2: When detection of the 

fasteners and the detailed properties of the detected fasteners are important  

 

Both scenarios are tested on a simple assembly with 28 parts (shown in Figure 3.20). 

The method is implemented in Visual Studio 2015. Memory and processor requirements 

are minimal (the machine used for this example was running Windows 7 with 16 gigabytes 
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objects 
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RAM, and an Intel 3.40 GHz octa core processor). This assembly has sixteen bolts and two 

nuts. The GP algorithm and PTD method both successfully detect all of the fasteners with 

100 percent certainty. Since the output wizard and the detection results are similar for both 

methods, only one of them is shown in Figure 3.20 (b) and (c)). The whole detection 

process is done in only 0.127 seconds for scenario 1 and 1.025 seconds for scenario 2.  

 

 

 

 

(a) (b) (c) 

Figure 3.20. Example scenario implementation on an assembly model, (a) an assembly with 28 parts including 

sixteen bolts and two nuts, (b) a wizard to show the certainty of detections, (c) detected fasteners 

 SPRING AND O-RING DETECTION 

As mentioned earlier in the introduction section, detection of springs can be 

challenging due to the high density of their surface triangles. Therefore, any detection 

approach that needs full exploration of the tessellated surface of these kinds of models is 

not appropriate.  



72 

 

In this section we have implemented various methods to detect the springs. One 

geometry based approach called Surface Geometry Detector which aims to detect springs 

based on a unique geometrical feature captured on the surface of the tessellated springs, 

and four machine learning techniques, Voted Perceptron (VP), Gaussian Naïve Bayes 

(GNB), Linear Discernment Analysis (LDA) and Gaussian Process (GP) classifiers. Each 

of these approaches has advantages and disadvantages. The results are shown and 

compared in the results section. 

3.4.1 Surface Geometry Detector 

A closer look at the tessellated springs (Figure 3.21(a)) reveals a significantly unique 

feature for this type of geometry. As shown in the Figure 3.21(c), a tessellated spring is 

created with adjacent cylinder primitives. Since the detection of these cylinders with the 

primitive classification approach can be time consuming, a simpler approach based on the 

detection of the circles on the ends of each cylinder is investigated. On the surface of these 

geometries, there are a large number of circles (shown in Figure 3.21(d)) with equal radii 

and equal distances from their neighbor circles. This unique feature however, has seen on 

another group of geometries, tori (which commonly depict O-rings). A magnified view of 

the surface of an O-ring is shown in Figure 3.21(b). The proposed surface geometry 

detector method first detects springs and O-rings from other CAD models. Then, an 

additional step is implemented to differentiate springs from O-rings. The flowchart shown 

in Figure 3.22 thoroughly explains how this process works. 

It is noticeable from the above figures that the perimeter of the circles are formed by 

a series of connected small edges. These edges are generally the shortest edges of every 

surface vertex. Therefore, n vertices are randomly chosen from the surface of the 

tessellated model (Ten percent of the total number of surface vertices is found to be an 

appropriate number for n to confidently detect the desired geometries). The input 

tessellated model is an O-rings or a spring if the series of the shortest connected edges 

starting from the random vertices form circles with equal radii. To distinguish between O-

rings and springs, the centers of the generated circles are considered. If the center points of 
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the circles found from the previous steps create a three dimensional circle, then the object 

is an O-ring. Figure 3.23 shows how the center of the circles look like for both springs and 

O-rings:  

    

(a) (b) (c) (d) 

Figure 3.21. (a) and (b) part of a tessellated spring, (c) surface triangles form small connected cylinders 

all over the surface of the springs and O-rings Part of a tessellated Spring, (d) circles made from top and 

bottom of cylinder primitives shown in “c”  

 

 

Figure 3.22. Flowchart of the algorithm used to detect springs and O-rings based on their surface geometry 
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(a) (b) 

Figure 3.23. Shapes that the center of the surface circles create for (a) spring (b) O-ring  

 

3.4.2 Classification Based Approaches 

Similar to the fastener detection, machine learning techniques are also applied on 

spring detection to ensure accurate results. The four classifiers used for fastener detection, 

VP, GNB, LDA and GP classifications, are also used for spring detection. Note that the 

learning classifiers are only applied on the springs not O-rings. O-ring geometry can be 

easily detected using the surface geometry detector approach and there is no need to test a 

new technique. The implementation of these four methods were mentioned in the previous 

section. Since applying primitive classification is not desirable for spring (explained 

thoroughly in Section 3.4.1), NCC and CCAR are no longer suitable as input parameters. 

Instead, two new variables, number of faces and mean length ratio, R, calculated by 

Equation 17, are used as features for spring classification. 

 R =
1

𝑁
 ∑

𝐿𝑠𝑘

𝐿𝑙𝑘

𝑁

𝑘=0

 (3.5) 

where N is the total number of faces, 𝐿𝑠𝑘 is the length of the shortest edge of the face k and 

𝐿𝑙𝑘 is the length of the longest edge of the face k. In follow, each of these input variables 

are explained:  

1. Number of Faces  

One significant difference between spring and regular assembly parts is the number of 

surface triangles. Usually, the number of faces in a spring starts from 104, and it is 

proportional to the length of the spring. Hence, this feature can be helpful for distinguishing 

springs from other parts. 
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2. Mean ratio of the shortest edge length to the longest edge length 

It can be easily seen in Figure 3.21(a and c) that all of the faces in a spring are very 

similar to each other. This is because springs have very uniform surface features. We use 

mean length ratio, R, to capture this similarity. While comparing to other regular parts, it 

is expected that the mean length ratio be lower for the springs.  

In this study, 95 CAD models are used as training data which contains 46 springs and 

49 regular parts. Due to the range of the training data, the training input variables are plotted 

on a log-log plot shown in Figure 3.24.  

 

 

Figure 3.24. Training data with log number of faces and log edge length ratios. The blue 

circles indicate springs and the red stars are non-springs.  

 

The training data indicates that two clusters can be linearly separated. Similar to the 

fasteners detection, the VP, GNB, LDA and GP classifiers are used for spring detection 

and the results will be discussed in the results section. 
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3.4.3 Results 

 Surface Geometry Detector 

The proposed algorithm is implemented on a testing data with 56 springs of various 

types and 58 other CAD models with only eight misclassifications. The 93 percent 

accuracy of this approach, makes it reliable for detecting almost any kind of springs.  

The results of the eighteen of the 114 testing data is shown in Table 3.11. 

 

Table 3.11. Eighteen sample results for spring surface geometry detector approach. In this table, S and NS 

indicate spring and regular part respectively 

Part 

ID 
Class 

SGD 

 

Part 

ID 
Class 

SGD 

 

Part 

ID 
Class 

SGD 

Class Time Class Time Class Time 

1 S S 0.0258 7 S S 0.0170 13 NS NS 0.00149 

2 S S 0.0180 8 S S 0.0171 14 NS NS 0.0181 

3 S S 0.0185 9 S S 0.0178 15 NS NS 0.0148 

4 S S 0.0193 10 NS NS 0.0185 16 NS NS 0.0153 

5 S S 0.0184 11 NS NS 0.0201 17 NS NS 0.0153 

6 S S 0.0175 12 NS NS 0.0151 18 NS NS 0.0157 

 

This approach is also implemented for O-ring geometry detection on a testing data 

with ten O-rings and ten other geometries (including three springs). The algorithm was able 

to successfully detect O-rings from other geometries. 

 Learning Classifiers  

A set of ten random springs and nine random regular parts is chosen as the test data 

for VP, GNB, LDA and GP. The classification results are compared with nineteen test 

parts. The results of the classification for the testing data is shown in Table 3.12 for every 

implemented classifier along with the probability (if existed) and the classification time. 

For spring detection, all of the learners successfully detected the springs from other CAD 

models without any misclassification.  
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Table 3.12. Results of the classification for the testing data of the spring detection using VP, GNB, LDA 

and GP classifiers 

Part 

ID 
Class 

VP GNB LDA GP 

Class 
Time 

(s) 
Class 

P 

(Spring) 

Time 

(s) 
Class 

P 

(Spring) 

Time 

(s) 
Class 

P 

(Spring) 

Time 

(s) 

1 S S 0.0001 S 0.8161 0.0100 S 0.9781 0.0020 S 0.9984 0.0456 

2 S S 0.0001 S 0.9435 0.0012 S 0.9996 0.0008 S 0.9994 0.0282 

3 S S 0.0001 S 0.9208 0.0007 S 0.9992 0.0001 S 0.9988 0.0274 

4 S S 0.0002 S 0.9814 0.0006 S 0.9999 0.0001 S 0.9998 0.0276 

5 S S 0.0001 S 0.9879 0.0006 S 1.0000 0.0001 S 0.9998 0.0271 

6 S S 0.0001 S 0.9579 0.0005 S 0.9987 0.0001 S 0.9998 0.0290 

7 S S 0.0001 S 0.9049 0.0005 S 0.9925 0.0001 S 0.9997 0.0308 

8 S S 0.0001 S 0.9896 0.0005 S 1.0000 0.0001 S 0.9997 0.0326 

9 S S 0.0001 S 0.9983 0.0005 S 1.0000 0.0001 S 0.9939 0.0327 

10 S S 0.0001 S 0.9989 0.0004 S 1.0000 0.0001 S 0.9928 0.0310 

11 NS NS 0.0001 NS 0.0000 0.0004 NS 0.0000 0.0001 NS 0.0017 0.0306 

12 NS NS 0.0005 NS 0.0028 0.0004 NS 0.0004 0.0001 NS 0.0055 0.0294 

13 NS NS 0.0001 NS 0.0057 0.0004 NS 0.0002 0.0001 NS 0.0007 0.0344 

14 NS NS 0.0001 NS 0.0002 0.0005 NS 0.0000 0.0001 NS 0.0008 0.0344 

15 NS NS 0.0001 NS 0.0227 0.0004 NS 0.0019 0.0003 NS 0.0003 0.0305 

16 NS NS 0.0001 NS 0.0030 0.0004 NS 0.0000 0.0001 NS 0.0003 0.0266 

17 NS NS 0.0001 NS 0.0101 0.0004 NS 0.0003 0.0001 NS 0.0002 0.0266 

18 NS NS 0.0001 NS 0.3365 0.0004 NS 0.2226 0.0001 NS 0.0092 0.0270 

19 NS NS 0.0001 NS 0.0098 0.0004 NS 0.0012 0.0001 NS 0.0012 0.0266 

 

 GEAR DETECTION 

There are a large variety of gears used in mechanical devices. Based on the desired 

final design of a product, gears with different geometries have been created. Although there 

are some standards for the number and also the geometry of the gear teeth, they can be 

always changed for different applications. This inconsistency makes their detection 

difficult. Unlike the fastener threads which were all classified as small connected cones by 

primitive classification, the primitives of the gear teeth can always change. Moreover, 

searching for gears in an assembly model by its size, similar to what we did for the 

fasteners, does not ease the process due to the discrepancy in the size of the gears. In order 

to detect the gears two approaches are implemented: one based on the trend of the edges at 
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the teeth, which is called Teeth Edge Detector and another one based on trend of the 2D 

projection of the teeth, similar to fastener’s PTD approach.  

3.5.1 Teeth Edge Detector 

Teeth Edge Detector (TED) detects gears based on the changes of the slope of the 

edges on the teeth corners. By finding a border edge of a tooth, one can analyze the path 

that those edges create starting from the starting edge toward the other teeth. One easy way 

to find this initial edge is to use primitive classification. 97 percent of the gears tested in 

this work shows that the side surface of the gear teeth is a flat surface (shown in green in 

Figure 3.25a). Since the primitive classification also provides the border edges of every 

classified primitive, finding the side surface of the teeth can be useful in gear detection. 

Figure 3.26 shows the flowchart of the algorithm implemented for this approach. 

 

   

(a) (b) (c) 

Figure 3.25. (a) Primitive Classification applied on a gear. Flat, cylindrical and conical surfaces are shown in 

green, red and pink respectively, (b) two edge loops on the side surface. Black is showing the outer loop and 

yellow represents the inner loop. (c) slope changes: negative slope from a to b, and positive slope from b to c  
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Figure 3.26. Flowchart of the TED algorithm used to detect gears 

 

The border edges of the side surfaces of the gear teeth can create a maximum of two 

loops (depending on the type of the gear): one for the outer borders and one for the inner 

borders (shown in in Figure 3.25b). On outer gears, the outer loop form the edges of the 

teeth, versus inner gears where the inner loop forms the gear teeth. To detect if a loop forms 

gear teeth, a random edge is chosen from every loop. Tracking the changes of the slope of 

the edges starting from the chosen edge toward the rest of the connected edges in the loop 

can detect if the loop is on the border of a series of connected gear teeth or not. The slope 

of the edges on the gear teeth changes repeatedly in equal distances (shown in in Figure 

3.25c).   
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3.5.2 Projected Teeth Detector 

This approach is very similar to the fastener’s PTD explained in Section 3.3.2.1 with 

slightly changes on the position of the surface points. Unlike the PTD for fasteners that the 

ray–casting points were generated on a line on the surface of the OBC parallel to its 

centerline, in PTD for gears, K points need to be generated on the middle of the surface of 

the OBC on a perimeter circle (as shown in Figure 3.27(a)).  Since not always gear teeth 

exist on the middle of the gear (like Figure 3.27(b)), this process needs to be repeated 

multiple times with points generated on circles with different locations on the perimeter of 

the OBC (shown in Figure 3.27(c)). 

 

 
  

(a) (b) (c) 

Figure 3.27. PTD applied on gears 

3.5.3 Results 

 Teeth Edge Detector 

In order to test the TED approach, 35 gears and 35 regular parts are randomly chosen. 

The 35 gear test models are from twelve main gear types shown in Figure 3.28.  

TED is found to be extremely accurate with only one error. The model that is 

misclassified is shown in Figure 3.29. The reason for this misclassification in the chamfer 

on the side surface of the teeth. For TED method, a gear can be detected only if the side 

surfaces of the teeth are flat. 
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(a) (b) (c) (d) (e) (f) 

    

  

(g) (h) (i) (j) (k) (l) 

Figure 3.28. Different types of gears used to test TED 

 

 

 Figure 3.29. The only misclassification of TED 

 

 Projected Teeth Detector for Gears 

Unfortunately the accuracy of this approach is highly dependent to the accuracy of the 

bounding cylinder. The bounding cylinder algorithm used in this work does not always 

perfectly fit the gear geometries. Due to the robustness of the PTD for fasteners, this error 

can be fuzzified for the fasteners. However, with a very small mistake in bounding 

cylinders created for gears, the results can be disappointing. Among the 70 testing 
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tessellated models used for this approach, all of the 35 non-gear models were correctly 

classified as non-gears. However, only nineteen out of the 35 gears were classified 

correctly. 

 CONCLUSION 

Tessellated models are very popular due to their simplicity and have been used in many 

different applications. However, the information that a tessellated model contains is 

limited. Hence, to be able to use tessellated models on complex applications such as 

automated assembly planning (AAP) more information needs to be obtained from these 

models. In this chapter, we presented different approaches to identify major types of 

fasteners, gears, springs and O-rings from tessellated assembly models.  

For fastener detection, first, two surface geometry based methods, Projected Thread 

Detector (PTD) and Helix Detector (HD) are developed for detecting the threads on a 

fastener. These two methods show 100 percent accuracy on the 30 testing data. Four 

machine learning techniques, Voted Perceptron, Gaussian Naïve Bayes classifier, Linear 

Discrimination Analysis and Gaussian Process Classification are used. These four learners 

are very fast and have a very high accuracy between 93 to 96 percent. Also, the detection 

certainty is quantified using GNB, LDA and GP classifiers. The uncertainty in PTD is 

addressed with a novel fuzzy based approach along with the detection of the fastener type.  

For spring detection, also two types of approaches are implemented: geometry-based 

and learning classifiers. For geometry-based, an approach called Surface Geometry 

Detector is implemented which shows the high accuracy of 93 percent. For classification-

based approaches, the same four learning classifiers used in fastener detection section are 

used. All of the classifiers are able to accurately classify springs from other assembly parts 

with zero error.  

Finally, two geometry-based approaches are introduced to detect gears in tessellated 

assembly models: Teeth Edge Detector and Projected Teeth Detector. Teeth Edge Detector 

is found to be a reliable method with only 1.5 percent error. However, due to the inaccuracy 
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of the bounding cylinder algorithm used in this work, Projected Teeth Detector can only 

detect the gears in 77 percent of the times. 

The approaches implemented in this chapter are able, for the first time, to detect 

tessellated fasteners, springs and gears among other mechanical parts. The results are 

promising and can be used for other applications as well.   
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CHAPTER 4 

 GRAPH REPRESENTATION 

In this chapter the results of hierarchical primitive classification approach, described 

in Chapter 2, and 3D object detection explained in Chapter 3 are used to efficiently 

represent the assembly model as a liaison graph. The classified primitives are used to define 

the removal directions between mating parts in an assembly model. A fuzzification method 

is used to express the uncertainty of the detected connections between every pair of parts. 

The acquired uncertainties are used in a user interaction process to approve, deny or modify 

the connections with higher uncertainties. Also an octree-based approach is implemented 

to recognize the relationship between unconnected parts. The obtained information is 

stored in a graph where nodes and arcs represent the major assembly parts and the parts’ 

relations respectively. This graph is then used in Chapter 5 to find the optimal assembly 

sequence.   

 INTRODUCTION 

Graphs have been always used as a tool to simplify the representation of complex 

problems. Every node can characterize an entity and every arc can represent the 

relationship between entities. The application of graphs can be seen in a variety of different 
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areas; from mathematics, physics and chemistry, to computer science and Engineering. In 

this work, we use a liaison graph to represent an assembly model.  Nodes and arcs represent 

the assembly parts and their relationships respectively. In order to accurately replace a 

complex model (in this case an assembly model) with a graph, the graph must contain all 

the necessary geometric and mating information. For this purpose, the results of the 

primitive classification, introduced in Chapter 2, as well as the 3D object detection, 

explained in Chapter 3, are used to create a reliable and precise liaison graph.  

Although primitive classification can be used as an independent, reliable mesh 

segmentation algorithm, a useful application of it can be seen in assembly sequencing. By 

knowing how parts are connected to each other, a set of feasible removal directions can be 

determined in order to accurately disassemble parts from each other. Every assembly 

operation consists of two parts or subassemblies. These two parts or subassemblies are 

brought together where one part is likely fixed (or moving slowly in the assembly line) 

which is called reference, and the other is brought to it and is called moving. Generally, the 

larger and heavier subassembly is considered as reference subassembly. Having a 

comprehensive understanding of the geometry constraints between these two 

subassemblies helps us to accurately analyze their movement during the assembly process. 

In this chapter, we first separate the detected fasteners (bolts, screws, nuts and 

washers) from other assembly parts. As explained earlier in Chapter 3, fasteners can make 

up to 80 percent of the assembly parts. Considering them as secondary assembly parts can 

lead to a smaller liaison graph, therefore, a faster assembly planning process. We use the 

classified primitives of every assembly part (excluding fasteners) to generate the removal 

directions between every connected pair of parts. To have a complete graph, the 

relationship between pairs of parts that are not physically connected is also investigated. 

For the rest of the chapter, the blocking between assembly parts are investigated with 

novel approaches explained in Section 4.2. Section 4.2 includes various subsections 

including adjacent blocking determination, user interaction and nonadjacent blocking 

determination. Finally the liaison graph generation process is described in Section 4.3. 
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 BLOCKING DETERMINATION 

Blocking Determination (BD) is the process of exploring the connections between 

every pair of parts. Based on the distance between the parts of every pair, this can be 

divided into two groups of Adjacent Blocking Determination (ABD) and Non-adjacent 

Blocking Determination (NABD).  

4.2.1 Adjacent Blocking Determination 

In order to efficiently detect a physical connection between two parts the hierarchy 

shown in Figure 4.1 is proposed. 

 

 

 

Figure 4.1. Adjacent blocking determination hierarchy 

 

Based on the above flowchart, two parts are not connected to each other if there is no 

overlap between their Axis Aligned Bounding Boxes (AABBs) and their convex hulls 

(CVHs). In every assembly model, the majority of the parts are positioned far enough from 

each other that examining the overlapping between the simple bounding geometries, 

AABBs and convex hulls, is sufficient to prove that there is no physical connection 

between them. In cases where convex hulls overlap, the last step, Primitive Proximity, 

explores the connection between classified primitives. 

 Primitive Proximity 

Primitive Proximity is a novel approach inspired from (Romney et al. 1995) to detect a 

physical connection between pairs of parts, along with the connection uncertainty and the 
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valid linear removal directions. The unique features of every primitive is the key point in 

this physical connection detection. Suppose that part A has Ap and part B has Bp classified 

primitives. The properties of each primitive (for example the centerline of a cylinder, the 

radius of a sphere and the normal of the flat surfaces) in the set Ap can be used to understand 

its relationship with the primitives of the set Bp. Every feasible combination of primitives 

from parts A and B is shown in Table 4.1 along with an example and a contact condition 

which is explained in Table 4.2. In Table 4.1, every primitive combination is shown 

between two brackets: [Primitive A, Primitive B]. The primitives are limited to Flat (F), 

Positive Cylinder (Cy+), Negative Cylinder (Cy–), Positive Sphere (S+), Negative Sphere 

(S–), Positive Cone (Co–), and Negative Cone (Co–).  

 

Table 4.1. Possible Primitive Proximities 

Comb. 
Conn. 

if: 
Example 

Removal 

Directions 
 Comb. 

Conn. 

if: 
Example 

Removal 

Directions 

[F,F] K1 
 

 

 [Cy-, S+] K3 

 

 

[F, Cy+] K1 
 

 

 [Co+, Co+] K1 

 

 

[F, Co+] K1 

 

 

 [Co+, Co-] K6 

 

 

[F, S+] K1 

  

 [Co+, S+] K1 

 

 

[Cy+, Cy+] K1 

 

 

 [Co-, S+] K4 

 

 

[Cy+, Cy-] K2 

 

 

 [S+, S+] K1 
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[Cy+, Co+] K1 

 

 

 [S+, S-] K5 

 

 

[Cy+, S+] K1 

 

 

 
Partial 

cylinder 
K2 

 

 

 

In order to find the valid linear removal paths between connected parts, first a sphere 

of directions is created. To make sure that the space is fully covered, a large number of 

directions are generated. This is typically set to 6232 uniformly distributed directions. 

Every detected primitive proximity accepts a number of the spherical directions as the valid 

removal directions. For instance, if a physical connection is detected between a positive 

cylinder and a negative cylinder, the removal direction will be the two opposite directions 

along the centerline of the cylinder. Table 4.1 also shows a set of feasible removal 

directions for every primitive proximity case (Consider part A as reference and part B as 

moving).  

 

Table 4.2. Conditions defined in Table 4.1 

Condition Primitives are connected if: 

K1 

There is at least one triangle in every primitive that 

1. are parallel to each other 

2. are on the same plane 

3. have a shared area (triangles overlap) 

K2 

1. Radii are equal 

2. Centerlines are parallel 

3. Centerlines are overlapping 

4. Primitives share an area 

K3 

1. Radii are equal 

2. Center point of the sphere is on the centerline of the cylinder 

3. Primitives share an area 
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K4 
1. Center point of the sphere is on the centerline of the Cone 

2. K1 

K5 
1. Radii are equal 

2. Center points are the same 

K6 

1. Centerlines are parallel 

2. Centerlines are overlapping 

3. K1 

  

In reality, a physical connection between two parts rarely happens with only one pair 

of primitives. Two parts are usually connected to each other using multiple cases explained 

in Table 4.1. Therefore, the final removal direction(s) will be the intersection of the 

removal directions obtained from every case. Table 4.3 demonstrates how removal 

direction is determined for a simple example. 

 

Table 4.3. Example of finding removal direction between two assembly parts 

Assembly Model Exploded View Primitive Proximities Final Removal Direction 

 

 

[F, F] 

 

 

[Cy+, Cy-] 

 

 

[F, F] 
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 Finite vs Infinite Directions 

Two parts are not always disassemble-able using every removal direction obtained 

from primitive proximity approach. The directions obtained from the Primitive Proximity 

can be divided into two groups of finite and infinite directions. Figure 4.2 (a) shows a 

simple 2D case where the moving part is infinitely movable (disassemble-able) along a 

direction (solid line arrow) and is finitely movable along another (dotted line arrow). 

Although it seems that infinite directions are the only directions that can represent the 

removal path (or the install path in assembly by assembly), finite directions can be later 

used to detect nonlinear removal paths (Figure 4.2 (b)). 

 

  

(a) (b) 

Figure 4.2. (a) Finite vs Infinite directions, (b) nonlinear path 

 

Ray–casting is the approach used in this work to distinguish finite from infinite 

directions. A general ray–casting algorithm for blocking determination is shown in Figure 

4.3. This approach will be also used later in non-adjacent blocking determination. To detect 

finite directions from infinite directions, L is considered as the set of directions obtained 

from primitive proximity approach, M is the set of moving part convex hull vertices, List1 

is the list of infinite directions and List2 is the list of finite direction. 
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Figure 4.3. Ray–casting to detect blocking between parts A (moving) and B (reference) 

 

Based on the flowchart shown in Figure 4.3, from the available directions, a direction 

is finite if any of the rays generated from the convex hull vertices of the moving part 

intersects with any surface triangle of the reference part. To ensure that the results are 

accurate, the algorithm needs to be run for the second time with swapped moving and 

reference solids. Replacing these two parts needs a new set of directions which are the 

opposite of the available directions in L. Depending on how complex the geometry of the 

reference part and the moving convex hulls are, this ray–casting process can be time 
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consuming. In Section 4.2.4 we describe how we can resolve this issue with an octree 

inspired partitioning approach. 

 Connection Uncertainty 

In assembly sequencing, a minor mistake in the detection of constraints can lead to the 

generation of an unreliable sequence. Unfortunately, there are typically a number of 

connections in any large assembly that are too difficult to correctly determine automatically 

with the above method. The only way to improve the accuracy of the detected connections 

between parts is to interact with the user to evaluate the detection results. To keep the user 

interaction as brief as possible, an uncertainty is defined for every detected connection. 

Then, the user will be given a list of connections that have an uncertainty higher than a 

prescribed level to review (the value of 0.6 is recommended).  

Various factors can cause wrong connection detections; these factors are grouped into 

the following two categories: 

1. Deformable parts. As high as 5% of the connections in large assemblies cannot be 

captured correctly because of deformable parts. For example, wire harness connectors, 

tube-clamps, and large sheet metal manifolds all require some deformation of parts to be 

assembled or disassembled. Every major CAD platform operates under the assumption that 

parts are modeled as rigid. Modeling the necessary deformation and forces between 

components requires complex finite-element analyses. For these cases, although the 

connection can be detected, there is not any feasible removal direction to disassemble these 

objects from each other.  

2. Accuracy of the initial CAD model and also the tolerance defined by the designer 

to specify the gaps between every pair of parts. This factor affects the results of the 

primitive proximity approach. Every primitive-primitive proximity (shown in Table 4.1) is 

detected based on various conditions explained in Table 4.2. To define these conditions 

several thresholds are specified. For instance, the radii of the cylinders “a” and “b” are 

equal if ra –rb < β or, triangle “c” and “d” are parallel if: 
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 |𝑛𝑐⃗⃗⃗⃗  . 𝑛𝑑⃗⃗ ⃗⃗ − 1| < 𝛿 (4.1) 

where 𝑛𝑐⃗⃗⃗⃗  . 𝑛𝑑⃗⃗ ⃗⃗  is the dot product between the normal vectors of the triangles c and d. This 

thresholding will create true and false expressions which may lead to wrong results with a 

small changes on the calculated value of the variable. A smart way to overcome this 

limitation is to again consider fuzzy-logic for every thresholded variable. A simple 

fuzzification of every variable not only generates more realistic results, but also defines the 

uncertainty of every detected connection. To do this, a graph similar to Figure 4.4 is created 

for every variable (μ). μl and μu are the lower and upper bounds which are defined by a 

CAD design expert and using historical data. If a calculated variable (for instance, the 

distance between two triangles) is less than μl or greater than μu, the probability of 

connection (Pc) to be false or true is equal to 1 or -1 respectively. For the μ between lower 

and upper bounds (for example μe), there is a probability for the connection to be true (Pt) 

and a probability for the connection to be false (Pf), where Pt + Pf = 1.  

 

 

Figure 4.4. Fuzzification of the μ variable 

 

As an example, suppose that the K1 condition from Table 4.2 needs to be met to detect 

a [F, F] primitive proximity. Figure 4.5 shows how to detect the proximity between these 

two primitives and also how to obtain the uncertainty of this detection using fuzzy 

modeling. As the Figure 4.5 explains, first a list of triangle pairs (S) from primitive 1 and 

1 

μu μ 

True False 

μe 

Pt 

Pf 

μl 
0 
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primitive 2 (which both are assumed to be flat here) is generated. Then for every pair of 

triangles in the list S, the fuzzy probability that they are parallel (𝐹𝑃𝑃[𝑎,𝑏]), the fuzzy 

probability that they are on the same plane (𝐹𝑃𝑆[𝑎,𝑏]) and the fuzzy probability that they 

are overlapping (𝐹𝑃𝑂[𝑎,𝑏]) are calculated. If all of these probabilities are greater than zero, 

then the two triangles are overlapping with the total probability of 𝑃𝑚𝑖𝑛 =

 min {𝐹𝑃𝑃[𝑎,𝑏], 𝐹𝑃𝑆[𝑎,𝑏],  𝐹𝑃𝑂[𝑎,𝑏]}. This hierarchy repeats for every pair until 𝑃𝑚𝑖𝑛 = 1 or 

there is no pair left in S. In the latter situation, the maximum of the calculated minimum 

probabilities (𝑃𝑚𝑖𝑛) of the pairs in the S, is the total probability of the two flat primitives 

to be overlapping (𝑃𝑚𝑎𝑥).  

 

A similar approach is usable for the other conditions of the Table 4.2 as well. For the 

cases with more than one pair of primitive proximity between two parts, the final fuzzy 

probability of the connection (or certainty of the connection) is obviously the maximum of 

the 𝑃𝑚𝑎𝑥’s obtained from every primitive proximity. The results are shown in the results 

section. 

4.2.2 User Interaction 

As we briefly described in Connection Uncertainty section, the only way to assure that 

the detected connections are correct and accurate is to interact with the user to confirm 

them. The user is given the set of detected connections along with the detection certainty 

and the finite and infinite removal directions. The user is able to add a new connection, 

confirm or decline a detected connection, and record or delete finite/infinite directions. To 

ease the process of editing directions for the user, angles less than ten degrees are merged. 

With this simplification, from the original 6232 directions that were initially used to detect 

removal directions, only 90 of them will be presented to the user. 

Figure 4.7 shows a partial list of the detected connections of the assembly shown in 

Figure 4.6 presented to the user using IC.IDO software. Every row of Figure 4.7 is a 

connection between a reference and a moving part. At this stage, for every connection, one 
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of the parts is randomly chosen as reference and the other one as moving. The decision to 

choose reference and moving subassemblies are later made during the AI planning search 

(Chapter 5).  

 

 

 

Figure 4.5. Flowchart to detect overlapping between two example primitives as well as the uncertainty 

of the detection  
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The third column of the Figure 4.7 shows the certainty of every detected connection. 

The user is recommended to review the connections with low certainties.  

 

Figure 4.6. Axel assembly with 48 assembly parts 

The last column shows the removal directions. By checking the checkbox of the 

removal direction of every connection, all of the detected finite and infinite directions will 

be presented to the user. Figure 4.8 shows the infinite removal directions (red arrows) 

between the top gear and the top lid of the axel assembly (both are highlighted with yellow 

color).  

 

 

Figure 4.7. partial list of the detected connections of the assembly shown in Figure 4.6 
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Figure 4.8. infinite removal directions between top gear and top lid of the axel assembly 

 

Finally, Figure 4.9 shows the options given to the user to modify the auto-detected 

connections. A screenshot of the process of recording removal directions is shown in 

Figure 4.10.  

 

 

Figure 4.9. Options given to the user in order to modify the detected connections 
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Figure 4.10. Process of recording removal direction between two parts in IC.IDO 

 

4.2.3 Non-adjacent Blocking Determination 

After the user edits and confirms the detected connection obtained from the ABD 

section, the blocking between unconnected parts need to be explored is different directions. 

This process is called Non-adjacent Blocking Determination, or NABD. This is an 

important section since having only the removal directions is not sufficient to confidently 

disassemble a part from a subassembly.  A part can be disassembled from a subassembly 

in direction �⃗�  only if it is not blocked by any other assembly part in that direction. This 

concept is illustrated with a simple example in Figure 4.11. As it can be seen in this figure, 

part A, can be removed from the rest of the assembly in direction �⃗� . However, the 

movement of part B, through the same direction is blocked by part F even though the parts 

are non-adjacent. Meaning that, part F must be removed first in order to disassemble part 

B from the assembly.  
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Figure 4.11. Non-adjacent Blocking Determination Example 

 

The same ray-casting algorithm described in Figure 4.3 is used here to determine 

nonadjacent blockings between every pair. In this case, L is the set of possible removal 

directions, M is the set of moving part convex hull vertices, List1 is the list of directions 

where the moving part is disassemble-able from the reference part and finally List2 is the 

list of direction where the moving part is blocked by the reference part. Like finite and 

infinite direction ray–casting, the algorithm needs to be implemented for the second time 

with replaced moving and reference parts.  

4.2.4 Octree Inspired Partitioning 

As mentioned earlier, ray–casting can be a slow process when it needs to be 

implemented many times. In both nonadjacent blocking determination and finite direction 

recognition, the intersection of every generated ray with every triangle in the surface of the 

reference part must be checked. A smart approach to overcome this slowness is to limit the 

number of ray–casting checks in an efficient way.  For this purpose, an octree inspired 

partitioning approach is introduced to divide the triangles of the solid into smaller batches. 

Figure 4.12 shows how this process works. To define the partitions, start with Oriented 

Bounding Box (OBB) of the model. OBB is the simplest low volume boundary geometry.  
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Figure 4.12. Octree-inspired partitioning algorithm 

 

Every OBB is divided into eight equal boxes. Every box is also divided into eight 

smaller boxes and this continues until the creation of the partitions is more time consuming 

than the estimated ray–casting. Ray–casting estimation (𝑇𝑅𝐶) time and partition creation 

estimation time (𝑇𝐶𝑂𝑇) are calculated using the equations 1 and 2 respectively. 

 𝑇𝑅𝐶 = ∑𝑡𝑟𝑐

𝑛

𝑖=1

  (4.2) 

where 𝑇𝑅𝐶 is the total time of ray–casting for one ray and n triangles. 
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 𝑇𝐶𝑂𝑇 = ∑𝑇𝐺𝑗 + 𝑇𝑅𝑅𝐶𝑗
+ 𝑇𝑅𝐶𝑗

8

𝑗=1

 (4.3) 

where 𝑇𝐶𝑂𝑇 is the estimated time of continuing partitioning, 𝑇𝐺𝑗 is the time of 

generating partition j, 𝑇𝑅𝑅𝐶𝑗
 is the ray–casting time to explore intersection of the ray with 

eight rectangular surfaces of the partition j and 𝑇𝑅𝐶𝑗
 is the estimated time of ray–casting 

for triangles exist in the partition j. Since the number of solid triangles exist in the inner 

partitions before their generation is unknown, we estimate each as the 1/8 of the total solid 

triangles in the current partition.  

After the partitions are created, the intersection check of every ray is only necessary 

with the triangles that are inside of the partitions that the ray intersects with at least one of 

their rectangular surfaces. This approach allows us to efficiently create inner partitions and 

minimize the ray–casting time for the entire solid. This partitioning process has shown an 

average of 80 percent improvement in NABD and finite/infinite determination. 

 LIAISON GRAPH GENERATION 

Once all the ABD and NABD details are available, it is time to create a graph that 

accurately represents the assembly models. Therefore, for every assembly part (excluding 

fasteners), a node is added to the graph. Nodes can store various information like, the 

volume, mass, center of mass and other part’s properties that is necessary for the rest of the 

assembly plan generation process. If a physical connection is detected between two parts, 

a primary arc needs to be added between their associated nodes (this arc is shown with the 

solid line arrow between nodes A–B, D–A and D–C in Figure 4.13). At this point, the 

fasteners’ information can be added to the graph. If there is any fastener in the model that 

holds the connected parts, this information is stored in the primary arc added between the 

parts (see D–A and D–C arcs in Figure 4.13). Since the primary arcs only represent the 

physical connections between assembly parts, another type of connection is defined to store 
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the relationship between unconnected parts. This is called secondary arc and is shown with 

dotted line arrow between nodes C–B, C–A, B–D in Figure 4.13. 

 

Figure 4.13. The interface between the four parts result in the details of the arc connecting four nodes 

that encapsulate the details of the individual shapes 

 CONCLUSION 

In this chapter we showed how the algorithm used in Chapters 2 and 3 can be used to 

determine part-to-part constraints in assembly sequencing and create a graph for an 

assembly model. This step plays a significant role in assembly planning since it is the 

connecting point between the geometric reasoning section and AI planning search. A 

liaison graph is generated for every assembly model which the nodes and arcs represent 

assembly parts and the relationships between them. In this chapter we introduced an 

approach called Primitive Proximity to detect physical connections between assembly parts 

along with the removal directions between them. This process is called adjacent blocking 

determination. The detected removal directions are then divided into two groups of finite 

and infinite directions using ray–casting method. Then, a fuzzy logic approach is 

implemented to assign a detection certainty to every connection. At this stage, the user is 

given the set of detected connections to review. This is done by using IC.IDO virtual reality 

software or a web-interface designed by the research group. Once the user confirms/edit 
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the connections, another ray–casting is done to explore the blockings between unconnected 

assembly parts (this process is called non-adjacent blocking determination). After a 

thorough exploration of geometric and assembly constraints between parts, a liaison graph 

is generated. This liaison graph will be used in Chapter 5 to generate an assembly sequence. 
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CHAPTER 5 

 AI PLANNING SEARCH 

After more than 30 years of research on assembly sequencing finding a proper 

approach to efficiently explore the search space is still a challenge. Numerous graph-based 

and metaheuristic approaches have been implemented to find the optimal or near-optimal 

assembly sequences which is proven to be NP-complete. However, approaches found in 

the literature are only practical for small toy problems. In this chapter, we introduce a new 

dynamic AI tree search method, to efficiently generate a near-optimal assembly sequence 

for large assembly models. The search method is an A*-inspired method whose heuristic 

and efficient use of memoization create a fast and reliable search method. The initial state 

of the search is a liaison graph and the search space is represented with an AND/OR graph. 

A top-down approach and a bottom-up approach explore the search space simultaneously. 

 INTRODUCTION 

There is a variety of different factors than can affect the accuracy of the sequence, 

including: geometrical and non-geometrical constraints, precedence information, 

generation of feasible assembly candidates, and optimization process of finding a precise 

sequence. In order to find optimal and feasible assembly plans, a computational process 

must have a way to represent the space of possible plans. Unfortunately, the size of the 
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space is so prohibitively large that there is no way to explicitly represent or enumerate all 

possibilities. A sequence is essentially an ordering of the individual parts within the 

subassembly; the number of possible sequences is approximately on the order of n factorial 

(𝑛!) for a model with n parts (Wolter 1989; Wolter n.d.). For an assembly with 70 parts, 

there may be a googol (10100) of possible sequence solutions. As described earlier in the 

introduction section, a related subject to assembly sequence planning is disassembly 

sequence planning which finds the optimal/near-optimal order of the parts to be 

disassembled from a fully assembled model. Under certain conditions – assuming that all 

the parts in the assembly models are rigid – for every assembly sequence, there is a 

disassembly sequence. Almost every existing Automated Assembly Planning (AAP) and 

Assembly Sequence Planning (ASP) research focuses on finding the optimal disassembly 

sequence rather than assembly sequence because of a drastic reduction in the assembly 

search space (Homem de Mello & Sanderson 1991; Xu et al. 2012). A variety of 

approaches, search methods and optimization algorithms have been introduced to search 

the assembly sequencing space. These methods can be categorized into two main groups 

of: 1) graph–based algorithms, which refer to the algorithms where a graph is used to 

represent a search space or generate feasible sequences (Jiménez 2011), and 2) 

metaheuristic algorithms.  

In this work, the assembly models are represented by a liaison graph. The liaison graph 

generation is fully explained in Chapter 4. In order to find the assembly sequence, a 

dynamic programming scenario is established where the solutions are organized in a tree 

like the one shown in Figure 5.1. The top of the tree contains the original liaison graph, 

and the bottom contains the parts completely disconnected – a graph with n nodes but zero 

arcs (goal). Every candidate breaks a subassembly into two subassemblies as shown in the 

second level states of the Figure 5.1. From the assembly perspective, these two parts or 

subassemblies are brought together where one part is likely fixed (or moving slowly down 

the assembly line) and the other is brought to it. The indication of which part is the 

“reference” and which is the “moving” is accomplished by a series of factors. Typically, 

the larger or heavier part is the reference since it would be more time-intensive to move it. 

To find a near-optimal assembly sequence on the search space, a two-handed (Natarajan & 
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K. 1988), bidirectional (Nicholson 1966) A* inspired tree search algorithm is created 

which runs assembly-by-assembly and assembly-by-disassembly simultaneously. 

Additionally, the unique heuristic and memoization used in this search, creates a fast, 

efficient and reliable intelligent optimization tool for assembly sequencing.  

For the rest of the chapter, a brief literature review is shown on search methods in 

assembly sequencing in Section 5.2. Section 5.3 introduces our innovative tree search 

specifically designed for assembly sequencing. Finally, the results are shown and compared 

with three other AI tree search methods in the Section 5.4. 

 

 
 

Figure 5.1. In the assembly-by-disassembly approach, the search tree is defined with the liaison graph as 

the top of the tree (i.e. start state). The end-states or leaves of the tree contain no connections thus 

represented a completely disconnected set of parts. 

 LITERATURE REVIEW 

As mentioned earlier in the introduction section, the existing assembly sequencing 

methods can be grouped into graph-based and metaheuristic algorithms. There has been 

considerable attention given to each of these categories in the literature and comprehensive 

surveys of the literature can be found in (Wang et al. 2009; Jiménez 2011; Tang et al. 

2000). Each of these categories are briefly explored as following subsections. 
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5.2.1 Graph–Based Methods 

Graph search methods were the main focus of assembly sequencing in the 1980s and 

1990s when the interest in creating automated assembly planning tools peaked to reduce 

severe assembly and manufacturing costs. The search space of the graph-based methods in 

the literature is usually represented by either an AND/OR graph (Homem de Mello & 

Sanderson 1990) or Petri Nets (Cao & Sanderson 1998; Caselli & Zanichelli 1995). Since 

the Petri Nest in assembly sequencing can be considered as a variant of the AND/OR graph 

(Tang et al. 2002; Tang et al. 2000), we will only focus on the AND/OR graph papers of 

the literature. To find the optimal path of an AND/OR graph, several tree search algorithms 

have been suggested in assembly sequencing, such as AO* (Wilson 1992). AO* is an 

algorithm inspired by A* (Nilsson 1982) which guarantees to find the optimal path in an 

AND/OR graph, using a proper admissible heuristic and a correct transition cost function. 

A tree search algorithm called Ordered-Depth-First-Search was introduced by Poladi 

(Poladi 2013). ODFS is a variant of DFS with an added sorting option to choose a better 

child on every level of the search tree. A multi-thread Best-First search is implemented on 

assembly sequencing by (Kishimoto et al. 2009) in order to create a faster AI tree search. 

Zha et al. (Zha et al. 1999) implemented Breadth-first search, depth-first search and their 

combination and a Greedy search is executed by Wolter (Wolter 1991) to explore the search 

space. 

Due the slow performance and memory limitations of the computer systems at that 

period of time, these methods were soon considered impractical (Jiménez 2011). There 

have been multiple efforts to build more robust search methods for cyclic AND/OR graphs 

like the AO*-like algorithms used by (Jiménez & Torras 2000; Chakrabarti & P. 1994) and 

a modified Best-First search (Hvalica 1996). However, there have never been a successful 

approach for a fast exploration of the assembly sequencing search space. 

5.2.2 Metaheuristic Methods 

With emergence of metaheuristic approaches in AAP, the graph–based assembly 

sequencing methods became outdated immediately. Numerous metaheuristic approaches 
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have been tried on assembly sequencing such as Genetic Algorithm, Simulated Annealing, 

Ant Colony and etc. Bonneville et al (Bonneville et al. 1995) applied GA on assembly 

sequencing for the first time. Since then, due to the limitations of the GA in generating 

feasible assembly candidates, a large number of papers have been published to bring 

robustness and accuracy into GA for assembly sequencing (ElSayed et al. 2011; Li et al. 

2003; Xin et al. 2016; De Lit et al. 2001; Marian et al. 2006; Chen et al. 2011; Kongar & 

Gupta 2006; Tseng et al. 2007). These papers focused on improving the presentation of the 

GA by changing the definition of the genes or adding more steps to the main steps of the 

main algorithm: mutation, crossover and selection. For instance, De Lit et.al (De Lit et al. 

2001) implemented an ordering genetic algorithm approach. To improve the overall 

performance of the GA in assembly sequencing Smith and Smith (Smith & Smith 2002) 

implemented an enhanced GA algorithm which improves the searching characteristics. 

Other popular metaheuristic approaches in assembly sequencing are: Simulated Annealing 

(Hong & Cho 1999; Shan et al. 2006), Ant Colony (Wang & Shi 2013; Guo et al. 2007; 

Wang et al. 2005), PSO (Yu et al. 2009; Wang & Liu 2010; Tseng et al. 2011).    

The metaheuristic approaches – regardless of the type of the algorithm – often generate 

infeasible solutions due to randomization in generating candidates. To avoid infeasibilities 

and also premature convergence, numerous conditions and constraints are required which 

not only affect the accuracy (or optimality), but also the efficiency of the search process. 

Due to the memory issues and cyclic nature of assembly sequencing, the practicality of the 

tree search algorithms were questioned by many scholars in late 1990s and early 2000s. 

However, with the recent hardware advances in memory capacity, and also the directed but 

potentially limiting guiding ability of the tree search algorithms, they seem to be the only 

efficient and powerful option for assembly sequencing. A well-organized, dynamic and 

memory efficient tree search can be more effective than any metaheuristic approach. 

 NEW AI PLANNING SEARCH FOR ASSEMBLY PLANNING 

The approach implemented in this work is a two-handed assembly sequencing (meaning 

that every step of assembly process merges exactly two subassemblies) which considers 
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both Assembly-by-Assembly (ABA) and its reverse action, Assembly-by-Disassembly 

(ABD) at the same time. In other words, to maximize the efficiency of the tree search, a 

top-down and a bottom-up approach explore the search space simultaneously (i.e. in 

parallel computational execution). Each of these methods are fully explained in the 

subsections below.  

The space is an AND/OR graph where the “AND”s and “OR”s represent the two divided 

halves and the candidates respectively (shown in Figure 5.2). Moreover, in designing a tree 

search algorithm for assembly sequencing it is important to generate an optimal or near-

optimal sequence in an acceptable time. The size of the search tree increase dramatically 

in large models. Due to the fact that there are more places to divide the assembly, reaching 

optimality is time consuming for large assembly models. Therefore, a mechanism needs to 

be implemented to limit the size of the search space. Also, the two divided sections, moving 

and reference subassemblies, each follow an independent search. In other words, there is 

no dependency on how to put together the moving based on the process found for the 

reference. This feature can be valuable in limiting the overall search space. 

 

 
Figure 5.2. AND/OR graph for assembly sequencing 
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5.3.1 Bottom-up or ABA 

The bottom-up segment of the search seeks to generate the exact solutions for the 

subassemblies starting with the leaves of the search tree. Memoization is prominently 

referenced in the search to improve the efficiency of the algorithm. A data structure, called 

MEMO[], is an array of optimal solutions of the subassemblies generated by the bottom-up 

ABA approach. This data structure is shared between the ABA and ABD threads and will 

be used by the top-down ABD thread to avoid any solution regeneration. 

 

 

Figure 5.3. A liaison graph 

 

 Algorithm 1 Assembly by Assembly 

 1: function ASSEMBLYBYASSEMBLY() 

 2: K = 1 

 3: Initialize MEMO[] 

 4: C = all the combinations of K connected components on the graph 

 5: for all 𝐶𝑖  ∈ 𝐶 do 

 6: €  Generate children of 𝐶𝑖  
 7: for all €𝑖 ∈ € do 
 8: EVALUATECHILD(€𝑖, €) 

 9: end for 

 10: €𝑚𝑐  child with minimum cost 

 11: Add €𝑚𝑐 to MEMO[] and mark it as SOLVED  

 12: MEMO[𝐶𝑖].Value  €𝑚𝑐.Value 

 13: MEMO[𝐶𝑖].Subassmebly  €𝑚𝑐 

 14: end for 

 15: K K+1 

 16: Go to 4 

 17: end function 
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As Algorithm 1 describes this in detail, the ABA approach generates every possible 

combination (C) for the K connected components. Among all of those options, the one with 

minimum cost is added to the MEMO[]. For instance, using the graph shown in Figure 5.3, 

on the third round of the ABA approach, when K= 3: 

 

C = {{I,G,K},{I,K,M},{A,F,E}, …} 

 

For every subset of C, for example {I,G,K}, all the feasible children are generated:  

 

€ = {{{I,K},{G}}, {{G, K},{I}}}. 

 

This generation process is part of a three-step graph–based implementation (explained 

in Section 5.3.2) where the adjacent nodes are investigated to create feasible children.  

Every €𝑖 ∈ € is then evaluated, its cost is calculated and the one with minimum cost is 

added to the MEMO[]. Every subassembly added to MEMO[] is marked as SOLVED. This 

helps to differentiate them from other members of the MEMO[] which are temporarily 

added by the ABD segment. 

5.3.2 Assembly Candidate Generation 

As comprehensively described in Chapter 4, every arc in the assembly liaison graph 

stores the geometric information between connected assembly parts. Perhaps, the most vital 

member of a graph arc is the removal/install direction between two nodes. These directions 

are used to determine whether two nodes can be disassembled/assembled given a 

predefined direction or not. Although this process is straightforward for one arc that holds 

only two nodes, it can be challenging for larger assembly models. In this cases a mechanism 

needs to be defined to search all of the possible disassembly/assembly candidates for a 

given collection of nodes and arcs, called subassembly.  

To do so, first the set of valid removal/install directions are obtained from the union 

of the removal/install directions exist in every connection. For every removal direction (𝑣 ) 
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of the set, the Strongly Connected Components (SCC) are found (see Figure 5.4(b-2)). 

SCCs, which are found using the Tarjan’s algorithm (Tarjan 1972), are a group of nodes in 

a directed graph that are reachable from every other node in the group. In assembly 

planning, SCCs can be defined as a group of one or more parts that are internally fixed 

with respect to a direction. In other words, if one part in an SCC is chosen to be moved in 

direction V, the whole SCC needs to be moved together. After finding all the SSCs, 

directional blocking graph (DBG) is created. DBG is a graph that shows which SCCs are 

blocking each other with respect to the removal direction, 𝑣 . For instance in Figure 5.4(b-

3), the DBG shows that F is blocked by B, C, D and E, which each are blocked by A.  

 

 

 

(a)  (b) 

Figure 5.4. (a) Three main steps to generate valid assembly candidates from a liaison graph, (b) an 

example for every step in (a) 

 

For the last step, using the generated DBG, all of the feasible disassembly/assembly 

candidates are generated. For the same example given in Figure 5.4(b) composed of twenty 
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parts, having 𝑣  as the removal/install direction, there are sixteen different 

disassembly/assembly options:  

 

Assembly Options = {“A”, “AB”, “AC”, “AD”, “AE”, “ABC”, “ABD”, “ABE”, “ACD”, 

“ACE”, “ADE”, “ABCD”, “ABCE”, “ABED”, “AEDC”, “ABCDE”}.  

 

These three steps are repeated for every available direction until a list of unique 

candidates are generated. These candidates are then evaluate using evaluation factors and 

are used in our AI search to find the optimal plan.  

5.3.3 Top-down or ABD 

Like any A* inspired search method, the new proposed search also needs an admissible 

heuristic and a monotonically-increasing transition cost. These are discussed in two 

subsections below. 

 Heuristic 

Algorithm 2 is implemented to calculate the heuristic cost for a given subassembly (sa) 

with n nodes. With the initial two-handed assembly sequencing assumption, every 

subassembly can be divided into only two smaller subassemblies, moving and reference. 

To have an admissible heuristic, the algorithm first finds the minimum tree depth (MTD) 

based on the equation shown in the line 5 of Algorithm 2. For the fewest steps and the most 

parallelized scenario, the subassemblies are divided into two equal (in terms of number of 

parts) smaller subassemblies – hence the log base 2 in the equation. Each of these smaller 

subassemblies can be assigned to different groups of workers (if available) to work on them 

simultaneously. Thus, it takes as few as MTD levels of the search tree to reach the leaves 

of the tree. On the other hand, the slowest assembly sequence can be generated by 

disassembling only one part at a time. In this case, the search tree needs n - 1 levels to attain 

the goal. Once the MTD is found, in order to ensure that the heuristic value underestimates 

the overall cost of the subassembly, the algorithm calculates the sum of the first MTD 
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minimum costs of the intra arcs (which was calculated and added to the MEMO[] in ABA 

section (Section 5.3.1)). Since the maximum cost of the intra arcs can still be greater than 

the CS value, the maximum of these two values can be chosen as the heuristic value. 

 

 Algorithm 2 Heuristic 

 1: function HEAURISTICCALCULATOR(sa) 

 2: if (sa  MEMO[] and MEMO[sa] is marked SOLVED) then 

 3: H =  MEMO[sa].Value 

 4: else 
 5: 𝑀𝑇𝐷 = ⌈log2 𝑛⌉ 
 6: Initialize VALUES[] 

 7: δ  intra-arcs of sa 

 8: for all δ𝑖  ⊆ δ do 

 9: 𝑠𝑎𝑖 = subassembly made with δ𝑖 components 

 10: VALUES[i]  MEMO[𝑠𝑎𝑖].Value 

 11: end for 

 12: Sort VALUES[] 

 
13: 𝐶𝑆 =  ∑ VALUES[𝑖]

𝑀𝑇𝐷

𝑖=1

 

 14: 𝐻 = max(𝐶𝑆,max(VALUES[])) 
 15: end if 
 16: end function 

 Transition Cost 

An evaluation function based on the approaches proposed by Eftekharian et. al 

(Eftekharian, Poladi, et al. 2013) and Liu et. al. (Liu et al. 2016) is implemented to 

accurately calculate various costs associated with every subassembly. These costs are 

categorized into two main groups of AT (assembly time) and SI (stability cost). AT refers 

to three subgroups of ATI (time to install moving and reference subassemblies together), 

ATR  (time to rotate the reference subassembly) and ATS (time to fasten the fasteners 

between moving and reference subassemblies). Stability cost on the other hand, quantifies 

the stability of the subassemblies during the install action. The following simple equation 

shows how the transition cost is calculated for every subassembly: 

 𝑇𝐶𝑠𝑎 = 𝑇𝐶𝑝𝑠𝑎 + 𝐴𝑇𝑠𝑎 + 𝑆𝐶𝑠𝑎 (5.1) 

where 𝑇𝐶𝑠𝑎 is the transition cost of the subassembly sa, 𝑇𝐶𝑝𝑠𝑎 is the transition cost of the 

parent and 𝐴𝑇𝑠𝑎 and 𝑆𝐶𝑠𝑎 are the assembly and the stability costs of the subassembly sa 
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respectively. Since the evaluation section does not fit into the scope of this PhD work, we 

continue describing our approach without digging into the details of the evaluation 

(Eftekharian, Poladi, et al. 2013), (Liu et al. 2016).  

The top-down segment of the proposed search is a two-step algorithm. The first step 

creates an initial sequence for the assembly using Ordered-Depth First Search. This initial 

sequence generates initial guess values of the visited subassemblies to the MEMO[] using 

Back Propagation. When the second step of the search starts, the initial guess values can 

help to stop exploring the branches of the search spaces whose heuristic value is greater 

than the guess value. More details of these processes are explained later. The algorithm of 

the search is shown in Algorithm 3 and Figure 5.5. 

 

Algorithm 3 New Proposed Search 

1: function SEARCH() 

2: ASSEMBLYBYASSEMBLY() 

3: Initialize OPEN[] 

4: ODFS = true  

5: sa  initial assembly model 

6: K =  DEFINETHEBEAMWIDTH (ODFS) 

7: ξ  Generate children of sa 

8: for all ξ𝑖 ∈ ξ do 
9: EVALUATECHILD (ξ𝑖, sa) 

10: Add ξ𝑖 to OPEN[] 

11: end for 
12: Sort OPEN[] 

13: Keep the best K of OPEN[] 

14: cand   OPEN[].First 

15: for all 𝑠𝑎𝑖 ∈ 𝑐𝑎𝑛𝑑 do 

16: if (ODFS = true AND 𝑠𝑎𝑖  MEMO[]) OR  

17:     (ODFS = false AND 𝑠𝑎𝑖  MEMO[] AND 𝑠𝑎𝑖.H ≥  MEMO[𝑠𝑎𝑖].Value) then 

18: 𝑠𝑎𝑖    MEMO[𝑠𝑎𝑖].Subassembly 

19: Add the parents to the MEMO[] using Back Propagation 

20: else 
21: Initialize CLDRN[] 

22: if (ODFS = true AND 𝑠𝑎𝑖.Moving  MEMO[]) OR 

23: 
    (ODFS = false AND 𝑠𝑎𝑖.Moving  MEMO[] AND 𝑠𝑎𝑖.Moving.H ≥  

MEMO[𝑠𝑎𝑖.Moving].Value) then 

24: GENERATECHILDRENWITHMEMO(𝑠𝑎𝑖.Moving, 𝑠𝑎𝑖.Reference, 𝑠𝑎𝑖) 

25: else if (ODFS = true AND 𝑠𝑎𝑖.Reference  MEMO[]) OR 

26: 
           (ODFS = false AND 𝑠𝑎𝑖.Reference  MEMO[] AND 𝑠𝑎𝑖.Reference.H ≥  

MEMO[𝑠𝑎𝑖.Reference].Value) then 
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27: GENERATECHILDRENWITHMEMO(𝑠𝑎𝑖.Reference, 𝑠𝑎𝑖.Moving, 𝑠𝑎𝑖) 

28: else 
29: GENERATECHILDRENWITHOUTMEMO(𝑠𝑎𝑖.Reference, 𝑠𝑎𝑖.Moving, 𝑠𝑎𝑖) 

30: end if 

31: if ODFS = true then 

32: Clear OPEN[] 

33: end if 
34: Merge the CLDRN[] with {{sa} – {𝑠𝑎𝑖}} and add them to OPEN[] 

35: Go to the step 12 

36: end if 
37: end for 

38: if GOAL then 

39: Generate the sequence using Back Propagation 

40: end if 
41: if ODFS = true then 

42: ODFS = false 

43: Go to the step 5 

44: end if 
45: end function 

  

46: function DEFINETHEBEAMWIDTH (ODFS) 

47: if ODFS = true then 

48: return 1 

49: else 

50: return an appropriate number based on the size of the initial assembly 

51: end if 

52: end function 
  

53: function GENERATECHILDRENWITHMEMO (sub1, sub2, 𝑠𝑎𝑖) 

54: sub1  MEMO[sub1].Subassembly 

55: €  Generate children of sub2 

56: for all €𝑖 ⊆ € do 

57: EVALUATECHILD (€𝑖, 𝑠𝑎𝑖) 

58: Add €𝑖 to CLDRN[] with the cost of Max(€𝑖.f, MEMO[sub1].Value) 

59: end for 

60: end function 
  

61: function GENERATECHILDRENWITHOUTMEMO (sub1, sub2, 𝑠𝑎𝑖) 

62: ξ  Generate children of sub1 

63: €  Generate children of sub2 

64: for all ξ𝑖 ⊆ ξ do 
65: EVALUATECHILD (ξ𝑖, 𝑠𝑎𝑖) 

66: end for 
67: for all €𝑖 ⊆ € do 

68: EVALUATECHILD (€𝑖, 𝑠𝑎𝑖) 

69: end for 

70: for all {ξ𝑖, €𝑖} ⊆ {ξ} + {€} do 

71: Add {ξ𝑖, €𝑖} to CLDRN[] with the cost of Max(€𝑖.f, ξ𝑖.f) 
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As shown in Algorithm 3 and Figure 5.5, the search first activates the ABA function 

shown in Algorithm 1. Once the ABA thread is triggered, it starts generating exact 

solutions from the bottom of the search tree (shown with yellow box in Figure 5.5). On the 

other side, the ABD algorithm starts its two-step optimization process (shown with green 

box in Figure 5.5). The ABD algorithm begins with generating the children of the initial 

assembly model. On the first run of the ABD search, when the ODFS is true (marked with 

number 1 in Figure 5.5), the child with minimum cost is chosen and the algorithm continues 

exploring the best child of the child’s children. This process continues, until all of the 

moving and reference subassemblies of the chosen candidate exist in the MEMO[] (see 

number 2 In Figure 5.5 and line 38 and 41 of Algorithm 3). At this stage, every member of 

the MEMO[] has been generated by the ABA thread. Consequently, if any place in the ABD 

thread requires to explore the children of a subassembly already existing in the MEMO[], 

the exact sequence of that subassembly can be substituted from the MEMO[]. This is 

because the ABA thread only adds the optimal solutions of every subassembly to the 

MEMO[].  

When the first step is done, using Back Propagation, an initial guess value of all the 

visited and explored subassemblies are added to the MEMO[] (see number 3 In Figure 5.5 

and line 39 of Algorithm 3). Note that the difference between the members of the MEMO[] 

which are added by Back Propagation and the ones generated in the ABA function is that 

the latter ones are recognizable by their SOLVED label (see number 4 In Figure 5.5 and line 

11 of Algorithm 1).  

 

72: end for 

73: end function 

  

74: function EVALUATECHILD (child, parent) 

75: 
child.H  Max (HEAURISTICCALCULATOR (child.Reference),  HEAURISTICCALCULATOR 

(child.Moving)) 

76: child.G  Calculate G + parent.G 

77: child.f   child.H +  child.G 

78: child.parent  parent 

79: end function 
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Figure 5.5. General processes of the new search proposed in this chapter 

 

Once the first step is finished, the A* inspired optimization algorithms begins (see 

number 5 In Figure 5.5 and line 43 of Algorithm 3). Unlike the first step (when ODFS was 

true) that was only exploring the best children of every parent, the second step stores the 

best K (K is the Beam width) children in OPEN[] (see number 6 In Figure 5.5. and line 13 

of Algorithm 3). If any subassembly of the candidate taken from OPEN[] exists in the 

MEMO[], and if the calculated heuristic of the subassembly is greater or equal to its value 

in MEMO[], this subassembly cannot generate a better solution than the one already existing 
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in the MEMO[]. Therefore, this whole subassembly can be replaced with the one in the 

MEMO[] which contains a full generated sequence (see number 7 in Figure 5.5. and line 17 

of Algorithm 3). Note that, the MEMO[] is not only being updated by the ABA process; 

whenever a branch of the tree in the ABD section reaches a child whose exact value exist 

in the MEMO[], it updates the existing initial guesses or it adds more guesses (see number 

8 In Figure 5.5 and line 19 and 39 of Algorithm 3). This whole process continues until we 

reach the goal where all of the nodes in the graph are successfully disassembled.   

 RESULTS 

Our new search method and four other AI tree search methods, DFS, ODFS, Greedy 

search and AO* are tested on six assembly models. The comparison is done with two 

metrics: Cost and States Visited (SV) and the results are shown in Table 5.1. The objective 

function is set to minimize the cost which its value is obtained from the evaluation function. 

SV metric is also defined to compare the computational time of the algorithms. 

The six test models chosen for this comparison are different in terms of size, geometry 

of assembly parts, number of parts, number of fasteners and type of fasteners. A screenshot 

of each model is shown in Figures 5.6 to 5.11. 

Note that, in AO* search there is no Beam Width to limit the search space. The 

enormous size of the search space in large assembly models prevents the AO* search to 

reach a solution in a reasonable time for large models. As expected, AO* and the new 

proposed search were able to find the minimum cost among all other implemented methods 

on the three smallest assemblies. Although, the difference between the cost of the 

sequences generated by AO* and the new search are negligible, the severe difference 

between their computational time makes the new search a better and more efficient 

approach.  
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 CONCLUSION 

Finding the optimal assembly sequence for large assembly models has always been a 

challenging task for assembly planning research. During the last three decades a large 

number of papers have been published for introducing a methodology that is able to 

efficiently explore the search space to find the optimal assembly sequence. However, the 

efficiency of the existing approaches is unknown since they are only tested with small toy 

models. For large assembly models where the search space is enormous, an efficient 

dynamic programming-based approach is needed to find the optimal/near-optimal 

assembly sequence. The search method that is introduced in this chapter implements 

Assembly-by-Assembly and Assembly-by-Disassembly in parallel and takes advantages 

of three AI tree search methodologies: A*, DFS and Beam search. While the ABA thread 

is generating the exact solutions starting from the leaves of the tree, the other thread 

artificially searches for the best disassembly sequence from the top of the tree. A modified 

version of DFS, Ordered-DFS is used to quickly generate an initial guess value of a portion 

of the tree. Then an A* inspired method explores the search space, which is represented 

with an AND/OR graph. The new search method is successfully tested on various assembly 

models with number of parts range from 24 to 229. 
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Table 5.1. Comparison between new proposed search and four other AI tree search methods. Methods are compared based on two factors: Cost and SV 

(number of visited states). K indicates the beam width 

Model 
# of 

Parts 

# of 

Graph 

nodes 

# of 

fasteners 

New Proposed Search DFS ODFS Greedy AO* 

Beam Width Cost SV Cost SV Cost SV Cost SV Cost SV 

Forklift Axel (Figure 5.6) 24 18 6 40 60.20 414 111.45 15 67.48 12 83.44 2897 59.93 3689 

Pump (Figure 5.7) 27 9 18 INF 5.14 24 5.38 5 5.21 4 13.39 5451 5.14 42 

Axel Assembly (Figure 5.8) 48 20 28 40 10.08 18 15.18 14 10.56 12 11.69 5048 10.01 581 

Back Section (Figure 5.9) 121 46 75 20 12.52 115 20.26 24 15.46 23 22.83 1781 --- --- 

Top Section (Figure 5.10) 203 105 98 10 32.59 331 40.97 65 43.27 55 35.50 792 --- --- 

3D Printer (Figure 5.11) 229 125 104 10 93.06 289 122.423 63 104.74 59 101.24 1025 --- --- 
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Figure 5.6. Forklift Axel assembly 

 

 

 

Figure 5.7. Pump assembly 
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Figure 5.8. Axel Assembly 

 

Figure 5.9. Back Section assembly 
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Figure 5.10. Top Section assembly 
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Figure 5.11. 3D Printer assembly 
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CHAPTER 6 

 POST-PLANNING 

Assembly Sequence planning is a tedious but crucial task in manufacturing a product. 

A good assembly plan will lead to minimum wasted time and maximum capacity of 

resources. Typically, research in Automated Assembly Planning and Assembly Sequence 

Planning (AAP and ASP) only define the sequence that the parts should be assembled with 

no information for specifying additional details to make the plan complete and optimal. In 

this chapter we introduce a post-processing step (after the sequence of parts is found from 

AI search introduced in Chapter 5) with focus on optimal part orientation and worker 

allocation. The chapter has two main sections: the first section uses Dijkstra’s algorithm to 

obtain part orientation with minimum assembly cost. For the second part of the chapter, a 

non-delay scheduling algorithm is implemented to find the minimum number of workers 

needed to achieve the minimum make-span time. These necessary details in AAP give real 

time feedback to designers to analyze their design with production and assembly line 

information. 

 INTRODUCTION 

Assembly sequence obtained from Chapter 5 provides an order for merging 

subassemblies in a collision-free manner. Obtaining an assembly sequence plan, which 
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shows the order and sequence of parts, from a CAD model or a directional blocking graph 

has been investigated widely in the literature.  

 

 

 

Figure 6.1. The process of converting an assembly model to its optimal manual instruction 

 

Figure 6.1 shows how we envision a complete assembly planning process. A liaison 

assembly graph, which contains information about how parts constrain one another 

(explained in Chapter 4), serves as the basis for an optimization process to define an 

assembly plan. This is mostly done by obtaining precedence information from the liaison 

graph and applying heuristic algorithms (Smith & Smith 2002; Sebaaly & Fujimoto n.d.) 

or directly using graph–based search (Klavins n.d.; Eftekharian, Manion, et al. 2013). 

Although some of these algorithms work properly, the obtained information does not 
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sufficiently explain the detailed information that one would typically find in an instruction 

manual.  

Each assembly sequence plan can be represented by a unique tree. An assembly tree 

is a great visualization for capturing separate subassemblies and can store various 

information including precedence and duration of a subassembly. Each subassembly is 

represented by reference subassembly (straight lines on the example tree in Figure 6.2) and 

moving subassembly (curved lines in Figure 6.2). A tree shows the optimal order of 

assembly; however, a fully optimal sequence planning also requires rotation, securing 

actions (e.g. when to add and tighten fasteners) and worker allocation information. With 

no information regarding parallel assembly steps, it is not known whether the number of 

workers has a drastic impact on the required time. These important reasoning steps have 

not been focused on in the Automated Assembly Planning and Assembly Sequence 

Planning (ASP and AAP) literature. In this chapter, the optimal orientation and worker 

allocation are investigated. Orientation cost in each assembly task is calculated based on 

four distinct indices: Lifting, Rotation, Accessibility and Stability indices. To simplify the 

calculation, instead of considering the full geometry of each part, the equivalent convex 

hulls are analyzed using MIConvexhull library (Campbell n.d.). The convex hull is 

sufficient and useful since the faces of a convex hull represent the resting planes for the 

part. This can be seen in Figure 6.3. While only a two-dimensional visualization, notice 

how the part can stand on each of the convex hull faces. We refer the face in contact with 

the ground plane as the footprint face. 

 

 

Figure 6.2. Example of an assembly tree 
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The chosen footprint face of a reference part may need to be changed in an assembly 

step depending on the insertion direction of the moving part. Lifting and Rotation indices 

calculate the cost for reorienting the reference. In so doing, the NIOSH lifting equations 

(Waters et al. 1994) provide a useful approximation. For each candidate footprint face in a 

subassembly the insertion convenience (accessibility) and stability indices are calculated. 

Depending on the direction that a moving part is being inserted, it may be required to 

change the orientation of the reference part to bring more convenience for the workforce 

during the assembly process. The accessibility-index calculates the convenience of 

installation for each candidate assembly orientation, while the stability-factor measures the 

steadiness of the reference subassembly using the footprint-face and center of gravity for 

the reference subassembly. A method based on Dijkstra’s algorithm is then proposed to 

find the optimal orientation of the reference subassemblies with respect to insertion 

direction of moving subassemblies in the whole of the assembly. This optimization process 

minimizes the time of the process while considering the workforce safety in a production 

environment. 

 

  

(a) (b) 

Figure 6.3. (a) a scanned model, (b) the convex hull of the model “a’  
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For the second part the chapter, a non-delay scheduling method is applied on the 

sequence tree. Two different models are explored: a model with undefined available 

resources (i.e. unknown workforce size) and a model with a fixed number of resources.  

In section 6.2, the related literature is briefly studied. Then the optimal orientation of 

reference parts is investigated using Dijkstra’s algorithm in Section 6.4. And finally, in 

Section 6.5 the non-delay scheduling method is applied on an example. 

 LITERATURE REVIEW 

As explained earlier, automated assembly planning have received attention in the 

design and manufacturing industries over the last two decades. An assembly plan aims to 

generate every feasible assembly solution and chose the best one by evaluating each plan 

based on specific criteria. Various results have been developed for different approaches for 

generating feasible assembly sequence sets. A comprehensive literature review of the 

approaches implemented in the literature to generate assembly sequences was written in 

Chapter 5. As we pointed in Chapter 5, the assembly sequencing method can be divided 

into two main groups of graph-based and metaheuristic methods. Regardless of which 

approach is used to make an optimal or near-optimal assembly tree, all possible assembly 

options must be compared using specific metrics. One necessary process in assembly 

sequence planning is the evaluation of an objective function. Different papers have used 

different metrics and indices to evaluate their candidates. Time is the most important 

consideration and has been used in almost every ASP technique. There are many factors 

that are crucial in evaluating a candidate but few techniques in the existing literature 

address the aforementioned issues of stability and accessibility.  

Shiang et al. (Shiang-Fong Smith et al. 2001) considers the stability as a supporting 

matrix (S) whose rows and columns are the parts in an assembly. The value of Sij is equal 

to 1 if the part i can be assembled with the support of only part j. Reorientation is also 

considered by Shiang et al. for situations where assembling is not possible with the current 

orientation. The supporting matrix (S) is updated after each move. Although the approach 

is working well for the examples provided by Shiang et al., it cannot be generalized since 
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the matrix-based approaches are only appropriate for small assemblies and not for complex 

systems. The reorientation idea can be also scrutinized. Shiang et al. only consider X, Y 

and Z axes to rotate the model. Clearly, for complex models, the rotation is not only limited 

to these three direction. As mentioned briefly above, every possible rotational angle need 

not be considered. Instead, one can look to the faces of the convex hull as a small and 

sufficiently exact set of orientations.  

Dong et al. (Dong et al. 2007) proposed a knowledge-based collaborative approach for 

assembly sequence planning. For the evaluation section, Dong et al. introduced a modified 

version of evaluation technique proposed in (Dong et al. 2005). Four main indices are 

discussed. First, a stability index: Dong et al. calculate the stability index of each 

subassembly after every disassembly process. If the rest of the parts are not stable, the 

operator needs to reorient the object (Kanai et al. 1996). Second, the Operation Preference 

Index gives priority to the easier operations. Third, the Operation Continuity Index 

measures the motion of an operator exchanging the connection types or tools. And finally, 

the Parallelism Index gives a better score to the operations which can be done 

simultaneously in a subassembly.   

Although there are some papers evaluating every generated, feasible assembly 

sequence option, the necessity of optimal footprint faces has not been considered in the 

literature. The evaluation factors are necessary in choosing local optimum, feasible 

solutions. However, to achieve a fully optimal assembly instruction another step is needed 

to evaluate each subassembly based on the behavior of succeeding and preceding tasks. 

The post-processing step proposed in this chapter improves the assembly sequence tree 

obtained from Chapter 5 by finding the optimal orientation of the objects and worker 

allocation. The method not only minimizes the total assembly time, but it also considers 

the safety of workers by NIOSH equations (Waters et al. 1994).    

 APPROACH OVERVIEW 

The assembly sequence tree (an example is shown in Figure 6.2) contains information 

on the order of operations and makes a clear distinction between the moving subassemblies 
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and the reference subassemblies. However, this information is not adequate to setup an 

instruction manual. The post-planning method proposed in this chapter investigates a 

detailed and fully optimal assembly instruction manual with minimum reorientation cost. 

The chapter continues by allocating available groups of workers to different subassemblies 

using a non-delay scheduling method.  

 OPTIMIZATION OF PART ORIENTATION 

A moving subassembly can be assembled to a reference subassembly in many different 

ways. Depending on the insertion direction, different sides of the reference subassembly’s 

convex hull may be eligible to be chosen as a candidate footprint-face. In some cases, the 

subassembly needs to be reoriented (lifted, rotated and be placed on the ground with a new 

side). The stability of the reference subassembly should also be considered since it changes 

with each orientation of the object. A footprint-face with the local minimum rotation cost 

(minimum rotation cost in each subassembly) will not necessarily be the optimal footprint-

face of a subassembly in the entire assembly process. Since, a time consuming reorientation 

may make the succeeding subassemblies easier and cheaper to be done. With this 

information four distinct indices are introduced in order to calculate orientation cost in each 

subassembly: Lifting, Rotation, Accessibility and Stability. These indices are then used to 

minimize the cost in the entire assembly. The local cost (cost of each subassembly) is 

calculated by the following equation: 

 𝐶𝑖 = 𝐿𝐼𝑖 + 𝑅𝐼𝑖 + 𝐴𝐼𝑖 + 𝑆𝐼𝑖        𝑓𝑜𝑟 𝑖 =  1 𝑡𝑜 𝑛 (6.1) 

where n is the number of subassemblies in a model and 𝐶𝑖 is the reorientation cost of 

subassembly i with LI, lifting index, RI, rotation index, AI, accessibility index, and SI, 

stability index. In the remainder of this section, each index will be explored separately.  
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6.4.1 Cost Indices 

1. Lifting Analysis: Lifting index (LI) is used to measure the cost of lifting a reference 

part in a subassembly in order to change its orientation. The cost varies with several factors 

including the measures of the part, weight and even the height of the working table. The 

National Institute for Occupational Safety and Health (NIOSH) published a document 

(Waters et al. 1994) in 1994 to improve the safety of labors in workspaces. The NIOSH 

lifting equation is one of the most famous human factor equations which controls the health 

conditions of workers in a variety of lifting situation in a workspace. This equation is used 

to measure the lifting cost along with maximizing safety of the workforce. It is defined as: 

 𝐿𝐼 =  
𝐿

𝑅𝑊𝐿
 (6.2) 

 

where LI is lifting index, L is load weight and 𝑅𝑊𝐿𝑙  is the lifting recommended weight 

limit. This final term is calculated by the following equation: 

 

 𝑅𝑊𝐿𝑙 = 𝐿𝐶 ∗ 𝐻𝑀 ∗ 𝑉𝑀 ∗ 𝐷𝑀 ∗ 𝐴𝑀 ∗ 𝐹𝑀 ∗ 𝐶𝑀 (6.3) 

 

Each variable in 𝑅𝑊𝐿𝑙  is separately defined in Table 6.1: 

 

Table 6.1. Variables of 𝑅𝑊𝐿𝑙  

Variable Equation 

LC Load Constant 51 𝑙𝑏 

HM Horizontal Multiplier 10
𝐻⁄  

VM Vertical Multiplier 1 − 0.0075|𝑉 − 30| 

DM Distance Multiplier 0.82 + (1.8
𝐷⁄ ) 

AM Asymmetric Multiplier 1 − (0.0032 ∗ 𝐴) 

FM Frequency Multiplier Table in (Waters et al. 1994) 

CM Coupling Multiplier Table in (Waters et al. 1994) 
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where H is the distance of the worker’s hands from a point centered between the 

ankles, V is the distance of the hands above the floor, D is the vertical travel distance, A is 

angular measure of how far the object is displaced from the front of the worker’s body at 

the beginning or end of the lift, F is the average number of lifts per minutes over a fifteen 

minutes period, and C is the classification of the quality of the hand-to-object coupling. 

2. Rotation Analysis: For the rotation index (RI), which calculates the cost of rotating 

an object in a normal manufacturing environment, a modified version of NIOSH lifting 

equation has been developed in this work: 

 𝑅𝐼 =  
𝐿

𝑅𝑊𝐿
 (6.4) 

 

where RI is the rotation index and 𝑅𝑊𝐿𝑟 is rotation recommended weight limit: 

 𝑅𝑊𝐿𝑟 = 𝐿𝐶 ∗ 𝐻𝑀 ∗ 𝑉𝑀 ∗ 𝑅𝐴𝑀 ∗ 𝐶𝑀 (6.5) 

where LC, HM, VM and CM are the same as defined in Equation 6.3 and RAM is: 

 𝑅𝐴𝑀 = 1 − (0.0044) ∗ 𝐴 (6.6) 

where A is the angle between current footprint-face and the target footprint-face. The 

constant, 0.0044, has been determined by fitting the line to experimental data. 

 

1. Accessibility Analysis: Accessibility index (AI) is measured as the convenience of 

installing the moving subassembly on to the reference subassembly. If the accessibility 

score is very low or possibly equal to zero, the insertion may not be feasible. The worker 

will likely need to reorient the reference subassembly to clear a path that is not obstructed 

by the ground plane, or the insertion may simply be impossible (the overall plan is not 

feasible if one part is unable to reach its install location). The angle between insertion 

direction and the normal of the candidate face are first analyzed for calculating AI: 
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 𝐷 = 𝑑 . 𝑛𝑖⃗⃗  ⃗ (6.7) 

where 𝑑  is the insertion direction and 𝑛𝑖⃗⃗  ⃗ is the normal of the candidate footprint face.  

The accessibility score is independently calculated for each face of the reference part 

based on the following equation: 

 𝐴𝐼 =  −0.5 ∗ 𝐷 + 0.5 (6.8) 

In Figure 6.4 an example reference subassembly is shown. Considering the insertion 

direction, marked in green, different convex hull faces of the reference subassembly have 

different accessibility indices. Since the face “a” will be penetrated during the insertion 

process, the calculated AI for this face is equal to zero. Meaning that, if face a is chosen as 

the footprint face (current condition), this situation makes the insertion impossible. By 

choosing any of the faces “b”, “c” or “d” as the candidate footprint face, AI will be greater 

than zero which means the insertion is possible. For the current example, face “c” has the 

highest AI, followed by “d” and then “b”. 

 𝐴𝐼𝑐 > 𝐴𝐼𝑑 > 𝐴𝐼𝑏 > 𝐴𝐼𝑎 (6.9) 

 

 

 
Figure 6.4. A convex hull of a reference part with insertion 

direction of the moving part 

 

2. Stability Analysis: A subassembly is stable when the center of gravity is directly 

above the footprint face. As illustrated in Figure 6.5 the signed distance between the center 

of gravity projection and the closest edge of the footprint face can be used to define the 

stability. 

Ground 

Insertion Direction 

Face a (Current Footprint-Face) 
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Based on information in Figure 6.5 (Eftekharian, Poladi, et al. 2013): 

 𝜃 =  tan−1(ℎ 𝑑⁄ ) (6.10) 

where h is the center of gravity height from the footprint face, and d is the closest distance 

from center of gravity projection to the boundary of the footprint face. In this equation, d 

may be positive (as in Figure 6.5(a)) or negative (as in Figure 6.5(b)).  According to the 

above equation, θ ranges from 0 to 𝜋 where 0 is the most stable case, 
𝜋

2
 is the stability 

border and 𝜋 is the most unstable case (Eftekharian, Poladi, et al. 2013). To calculate a 

scaled stability index, the following equation is proposed: 

 𝑆𝐼 = 1 − (
2

𝜋
tan−1(ℎ 𝑑⁄ ))

2

 (6.11) 

 

Based on SI equation, the best stable scenario is when h is low and d is large then SI = 1. 

On the other hand, the worst case happens when h is very large and d is close to 0 thus SI 

= 0. For the example problem in Figure 6.4, the stability index may be ranked as follow: 

 𝑆𝐼𝑐 > 𝑆𝐼𝑎 > 𝑆𝐼𝑑 > 𝑆𝐼𝑏 (6.12) 

 

 

  

(a) (b) 

Figure 6.5. Method to calculate stability. (a) a stable situation, (b) an unstable situation 
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6.4.2 The Search for Optimal Footprint Faces 

The footprint-face of a reference subassembly with local minimum cost in a 

subassembly is not necessarily globally optimal when considering the actions posed by the 

entire assembly procedure. For example, consider a two-step assembly with Figure 6.4 as 

its initial step. Suppose that AI is the only effective cost index, face c is chosen as the 

footprint face with local minimum cost. Then consider the succeeding task (second step, 

shown in Figure 6.6) with the insertion direction shown in Figure 6.6(a). Obviously, the 

object again needs to be reoriented in order to be able to do the second subassembly. 

However, choosing face d as the footprint face in the step one will result in an orientation 

shown in Figure 6.6 (b) which does not need additional reorientation.  

Figure 6.7 shows an example of this scenario. Fij are candidate footprint faces and Cij 

are the cost of exchanging footprint face from face i to candidate face j. F1.1 is a starting or 

previously defined footprint-face. Although, F2.1 is the local optimal candidate face with 

C1.1,2.1 < C1.1,2.2, it is not globally optimal since both C1.1,2.1+ C2.1,3.1 and C1.1,2.1+ C2.1,3.2 are 

less than at least one of C1.1,2.2+ C2.2,3.1 or C1.1,2.2+ C2.2,3.1.  
 

 

 

 

(a) (b) 

Figure 6.6. (a) Local minimum cost vs. (b) global Minimum cost 
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Fj.j Cj.j Fi.j Cj.j Fi.j 

F1.1 

1 F2.1 
5 F3.1 

7 F3.2 

2 F2.2 
1 F3.1 

3 F3.2 
 

(a) (b) 

Figure 6.7. An example to show different reorientation costs based on different footprint faces. 

(a) graph: each column is a stage in subassembly. (b) costs corresponding to each arc in the 

graph 

 

 

 

(a) (b) 

 

 

(c) (d) 

Figure 6.8. The Dijkstra’s process for the example in fig. 7. (a) calculated cost for the stage one, (b) 

calculated cost for the stage 2, (c) calculated cost for the stage 3, (d) path with minimum cost 

 

Thus, in order to be able to find a route of footprint faces with minimum total assembly 

cost (including: rotation, lifting, accessibility and stability), each subassembly must be 
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considered with its preceding and succeeding subassemblies. Dijkstra’s algorithm is used 

to find the global minimum cost. Dijkstra’s algorithm is a graph search algorithm to solve 

shortest path problems by using past information. This algorithm is applicable on our 

problem where the shortest path can be redefined with minimum cost. The cost of each 

node in Dijkstra’s algorithm is defined as follows: 

 
𝑐𝑖 = min

𝑗
{𝑎𝑖𝑗 + 𝑐𝑗} (6.13) 

 

where 𝑐𝑖 is the cost of node i, 𝑎𝑖𝑗 is the cost of arc with “to” node i and “from” node j and 

𝑐𝑗 is the cost of node j.  

By applying the Dijkstra’s algorithm for every subassembly of an entire assembly 

model, a footprint face with minimum total preceding cost will be found on the last 

subassembly. This approach guarantees the global minimum cost as long as all costs are 

positive and the path is thus monotonically increasing. Fortunately, all costs are positive 

values, thus optimality can be guaranteed. Figure 6.8 steps through Dijkstra’s algorithm 

for the example previously seen in Figure 6.7. 

The graph needs to be built independently for each branch of an assembly tree made 

with one or more than one subassembly (shown in Figure 6.9).  

 

 

Figure 6.9. Three separate dijkstra’s graph applied for each of three branches of the tree  
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 WORKER ALLOCATION 

In addition to the correct orientation of the parts playing a significant role in improving 

time and human factors in an assembly process, the maximum usage of available resources 

(specifically laborer here) can also improve the productivity and efficiency of an assembly 

line. Worker allocation happens when decreasing total assembly time is required by adding 

more workers. For the second part of this chapter a non-delay scheduling method is applied 

to assign workers to subassemblies of the assembly sequence tree. Figure 6.10 shows the 

flowchart of the algorithm. 

Depending on availability of resources, worker allocation can be divided into two 

classes: allocation of a fixed number of workers and allocation of an undefined number of 

workers. 

 

Figure 6.10. Flowchart of worker allocation algorithm – non-delay scheduling 

 

1. Fixed number of workers. The purpose of allocation with fixed number of workers 

is to distribute tasks of an assembly process among a known number of workers to achieve 

a minimum wasted time.  

 

No 

Find a free 

worker i 
Find a set of tasks whose all 

of preceding tasks are done 
S={A, B, C … } 

Among set S, chose the task 

with maximum following time 

and assign it to worker i 

  End 
Yes 

Start 

Any 
Following task? 
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Figure 6.11. Distinguishing between each individual task (subasseembly) in an assembly tree 

 

2. Undefined number of workers. If there is no constraint on the number of available 

workers, the focus of the problem will be only on decreasing the total assembly time to a 

low level possible. Although there is no prescribed upper limit on the number of workers, 

there is a point when the minimum makespan (time of the longest branch of an assembly 

tree between the start and finish of the sequence) is unable to be further reduced by adding 

additional resources. Unnecessarily increasing the assembly cost by adding workers is not 

ideal if there is no total time reduction. It is assumed that one assembly can only be done 

with one group of workers and that an additional worker cannot accelerate the times in 

each assembly operation. This is likely a more suitable fit to large scale assemblies that are 

made over several days versus small devices that are made with high throughput.   

To better explain the worker allocation algorithm an example is defined based on the 

assembly sequence tree in Figure 6.11. Both models with fixed and undefined number of 

workers are applicable to this example. Each subassembly task is specified with a red 

rectangle around it and a letter from A to M (13 subassemblies). Clearly, with one worker 

(or one group of workers who all do the same job) all the tasks are required to be assigned 

to the single worker. Parallel subassemblies can be assigned to different groups of workers 

simultaneously. For instance, in this example, tasks A, B and C are parallel since they have 

no preceding task and they all can begin at the start time (t = 0). Table 6.2 shows the 

allocation process of the example in Figure 6.11 without considering the duration of each 

subassembly. Later, this example will be redone with time information.   

  

  

  

  

  
  

      

      

  

A 

B 

C 

D 

E 

F 

G H I J K L M 
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Note that for the tasks which are assignable to more than one group of workers, the 

priority is given to the earlier group: 

 𝑖 ≻ 𝑗 ≻ 𝑘 ≻ 𝑙 (6.14) 

  

Table 6.2. Task assignment to workers without considering time 

# of Groups Group Example Sequence 

1 i A-D-B-E-G-H-I-J-C-F-K-L-M 

2 
i A-D-G-H-I-J-K-L-M 

j B-E-C-F 

3 

i A-D-G-H-I-J-K-L-M 

j B-E 

k C-F 

4 

i A-D-G-H-I-J-K-L-M 

j B-E 

k C-F 

l !!! 

 

 

Adding the fourth group of workers to the line does not affect the total assembly time 

since there is no more parallel subassemblies to be done.  

 CONCLUSION 

The methods proposed in this chapter aim to fill in missing information often left out 

of assembly sequence planning. We solved this problem by adding optimizations based on 

the results from assembly sequence planning. The approach starts with an assembly 

sequence or tree which merely shows the order of the parts in an assembly model, and does 

not guarantee the minimum total time because of time variations associated with different 

part orientations. Two different searches – optimal footprint face search and worker 

allocation search – were applied to not only find the optimal orientation of parts in each 

subassembly, but also efficiently assign different subassemblies to an available number of 

workers. For optimal footprint face search, the cost of reorientation, stability and 

accessibility was calculated for each candidate footprint face. Then a Dijkstra’s algorithm 
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was used to find the path with minimum cost among the candidates. For the second part of 

the chapter, a non-delay scheduling algorithm was applied to minimize the total cost by 

assigning different subassemblies to a number of workers. 

It is important to note that NIOSH lifting equation only provides an approximation of 

the work-design and it has its own drawbacks. For instance, only static working 

environment is assumed and dynamic differences are omitted, the equation does not 

consider anthropometry, the primary focus of the equation is on lower-back injury concerns 

and finally the cognitive aspects of the assembly work are omitted. Knowing these 

shortcomings, NIOSH equation is still providing an overall understanding of work-design 

and workforce safety. Doing a whole-body biomechanics analysis through Digital Human 

Modeling may provide a more detailed insight, however, it comes with computational and 

time expenses.  

While it may seem imprudent to have the objective function of one search dependent 

on the results of a subsequent optimization, we are comforted by the fact that the searches 

described here are deterministic and quick (the time complexity is linear with the size of 

the space). Note that the non-delay scheduling approach implemented in the worker 

allocation section does not guarantee the global minimum. Heuristics can be integrated into 

this algorithm in order to improve its functionality. 
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CHAPTER 7 

 FINAL RESULTS 

In this chapter we show the final results of the implemented AAP module in IC.IDO 

virtual reality software v10.2. The software (a screenshot of it is shown in Figure 7.1) can 

be installed on any machine with minimum requirements shown in Table 7.1.  

The user can import any IC.IDO supported CAD models into the software. After the 

assembly models is successfully loaded, regardless of its initial format or geometry 

representation, the software passes the tessellated geometries to the AAP module. As 

described earlier in the introduction section, the IC.IDO AAP module has three main 

section: geometric reasoning, graph generation and assembly plan generation. Once the 

geometric reasoning section is triggered (through an integrated event handling system), 

Primitive Classification (described in Chapter 2) starts segmenting every assembly part 

into its containing primitives. Then, if it is requested by the user, the fasteners of the model 

are automatically detected using the approaches introduced in Chapter 3. The motive 

behind detecting fasteners is to consider them as secondary assembly parts in order to 

accelerate the assembly planning process as well as generating accurate and reliable results. 

Since misclassification of the fasteners is not desired, a user interaction is designed to 

confirm the classification results. The user is able to remove fasteners from the list or add  
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new ones. After the revision process is complete, the second AAP section, graph 

generation, is triggered. A liaison graph is used in this work to simplify the complicated 

geometric and mating connection between assembly parts into a single graph with nodes 

and arcs representing parts and their relationships respectively. Using approaches 

explained in Chapter 4, the physical connections between parts are detected. These 

detection results are also checked and confirmed by the user in order to have a flawless 

liaison graph and therefore a more accurate assembly plan. The completion of the second 

user interaction, fires up the third part of the AAP module, assembly plan generation. In 

this section, first the graph generation process is completed by exploring the relationship 

between unconnected parts (explained in Chapter 4). Then, an AI planning search – 

described in Chapter 5 – uses the generated liaison graph to find the optimal or a near-

optimal (depending on the size of the graph) assembly sequence. The generated sequence 

is converted to a complete assembly plan by adding rotation information as well as worker 

allocation. The generated assembly plan is then presented to the user in four different 

forms: part-based tree, action-based tree, treequence with time and animation. Part-based 

 
Figure 7.1. Screenshot of IC.IDO software environment 
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tree is a binary tree that shows the logical structure and the orders that parts need to be 

assembled on each other in order to form a subassembly. Figure 7.3(a) shows the part-

based assembly plan made for the assembly model shown in Figure 7.2. 

 

Table 7.1. Minimum requirement of a computer for running IC.IDO  

Component Minimum 

#CPU/Cores/Clock Rate 1 / 2 / 2GHz 

#GPU/Type/Memory 1 / Quadro / K4000 

RAM 8 GB 

Hard Disk 500 GB S-ATA 

Recommended OS Win 7 / 64Bit 

 

Action-based plan on the other hand shows the waythe whole assembly model is put 

together. This plan is made with three main assembly actions: Rotation, Install and Secure 

(See Figure 7.3(b)). Rotation is the process of rotating the reference subassembly and 

prepare it for the install action. Install is the process of inserting a moving subassembly into 

a reference subassembly using a predetermined removal direction. And finally, the secure 

action is the process of securing fasteners included in every subassembly. 

 

 

Figure 7.2. Pump assembly model 
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(a) (b) 

Figure 7.3. (a) part-based assembly plan, (b) action-based assembly plan 

 

The third type of plan presentation is the treequence. As described earlier in the 

introduction section, treequence is a term used for the assembly tree obtained from the AI 

planning search (Chapter 5) which shows the sequence in the form of a tree. Figure 7.4 

shows part of a treequence made for the assembly model of Figure 7.2. 

 

 

Figure 7.4. treequence with assembly time 
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Figure 7.5. animation running on a desktop 

 

Finally, the last plan presentation is the animation. This can be watched in two 

different ways. One is a simple movie-like animation on a desktop machine (see Figure 

7.5), and another one is the immersive environment. The user will be fully immersed in a 

virtual reality environment using IC.IDO VR tools (Figure 7.6 shows using HTC VIVE 

HMD in IC.IDO VR tool). Note that, due to the lack of assembly layout information, the 

location of assembly operations are unknown. Therefore, every assembly task is assumed 

to be done on a circle around the initial location of the object (see Figure 7.7). 
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Figure 7.6. A user is using HTC VIVE to virtually-manually assemble two objects 

 

 

Figure 7.7. assembly operation are done on a circle defined around the original position of the model  

 USER FEEDBACKS 

The outputted assembly plans from the implemented AAP tool may not be satisfying 

to the user. Two important factors can cause this disappointment: 1) unavoidable errors 
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caused by assembly planning tool, and 2) the need to consider constraints that are 

impossible to detect using the input geometry, such as thermal behavior of the models. 

Moreover, the generated plan may be satisfying and accurate. However, there is a need for 

more than one assembly plan. In these cases, the plan must have a level of modification 

flexibility. This user interaction with the generated assembly plan is called user feedbacks. 

Three different types of feedbacks are implemented in this project in order to receive 

iterative improvements from the user: 

7.1.1 Partial Assembly 

Once the assembly plan is generated, the user may choose to rerun the Assembly 

Planning search for a subset of assembly parts if the existing sub-plan is not satisfying. By 

doing this, the AAP module will try to generate a better assembly plan for the chosen 

assembly parts.  

7.1.2 Lock/Unlock Subassemblies 

The user can always lock one or multiple subassemblies if their associated plans are 

satisfying. Once all of the desired subassemblies are locked, the user may choose to rerun 

the assembly planning search (for whole or subset of assembly parts). Assembly planning 

search considers all of the user’s constraints and generates a new plan where the assembly 

plan of the locked subassemblies stays the same; however, a better plan is generated for 

the rest of the assembly parts.  

7.1.3 Reordering the Assembly Tasks 

Unfortunately, some assembly operations may be occasionally generated by the AAP 

module which are not valid due to missing constraints or even physical-mechanical 

constraints that cannot be captured with our geometric-based assembly planning tool. The 

reordering feedback allows the user to make unlimited changes on the orders of the 

assembly operations. Similar to other types of feedbacks, the user may choose to rerun the 
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assembly planning search. The AAP module remembers all of the user’s inputs and a new 

plan will be generated with reordering constraints applied. 

After the plan is fully updated with the feedbacks received from the user, a brief plan 

summary or manual instruction can be exported by IC.IDO in PDF format. An example of 

this exported file for the assembly model shown in Figure 7.8 is attached in the Appendix 

section. 

 

Figure 7.8. Forklift axel assembly 
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 CONCLUSIONS 

Making parts and assembling them together are the most important steps in 

manufacturing a product. Assembly plays a crucial role by using 50 percent of the total 

production time, 20 percent of the total manufacturing cost and 30 percent of the total labor 

cost. Therefore, any effort to improve this process can be significantly beneficial to the 

industry. In this PhD work, we introduced an intelligent tool – called automated assembly 

planning – to generate an instruction for assembling a product. The implemented tool could 

benefit designers and engineers by providing real-time feedbacks on the assembly 

feasibility of the product, before prototyping. The input is an assembly model and the result 

is an add-on module to IC.IDO (by ESI) virtual reality software. Using the included 

features, the user may choose to watch the assembly process in a fully immersive VR 

environment. This provides a close-to reality insight for the engineers in order to make 

better and more accurate decisions. 

Among various geometry representations, tessellation is the most commonly seen due 

to its simplicity. Hence, in order to create the most general assembly planning tool we used 

tessellation as the representation of the input CAD assembly models. However, tessellated 

models lack crucial surface information that are necessary in assembly planning in order 

to explore the assemblability of the parts. For this reason, we first implemented a fuzzy 

logic-based mesh segmentation algorithm to classify every assembly models into their 

containing primitives. The accurate results of the algorithm show the reliability of it for 



153 

 

 

various applications. In assembly planning, the primitive information is used to find the set 

of removal directions between every assembly part. Then, a series of geometry-based 

methods and learning classifiers were implemented to detect complex geometries including 

fasteners, gears and springs in every assembly model. The results of this detection process 

can be valuable not only to assembly planning, but also other applications including 

assembly visualization. The outputs of the primitive classification and complex geometry 

detection algorithms were then used to generate a liaison graph for the input model. To 

create an accurate liaison graph, two levels of blocking were tested between assembly 

parts: 1) adjacent blocking determination, which uses the classified primitives to find the 

physical connection between adjacent parts; and 2) non-adjacent blocking determination 

which explores the blockings between unconnected parts. Once the graph was generated, 

a new dynamic A* based search used the liaison graph to search for the optimal or near-

optimal assembly sequence. To provide a complete assembly plan for the user, an 

additional step found the optimal orientation of the subassemblies in the entire assembly 

process. A non-delay scheduling method was also implemented to allocate available 

workers to every assembly task.  

The implemented tool interacts with the user in three different stages to ensure the 

accuracy of the final plan: the first user interaction happens after detecting the fasteners to 

ensure the classification results are accurate. After the physical connections between 

assembly parts are found, the user is provided a list of connections to review. Finally the 

last user interaction happens after the assembly plan is successfully generated. While the 

user is analyzing the generated assembly plan, s/he may decide to make changes to the 

plan. A system called user feedbacks is embedded in the assembly planning tool which 

allows the user to make changes to the plan. The changes made by the user are used in 

AAP tool to update the previous plan for maximum user satisfaction. 

CONTRIBUTIONS 

 Design of a geometric reasoning scheme to efficiently derive geometric and mating 

constraints from the tessellated models. 
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 Implementation of a complex geometry detection tool to identify fasteners, gears and 

springs in a tessellated assembly model. 

 Creation of an efficient graph representation of the assembly model to generate the 

valid assembly candidates. 

 Application of a new dynamic AI planning search to explore the search space for the 

optimal assembly sequence. 

 Completion of a minimum cost rotation search to optimize the rotation during the 

assembly process. 

 Implementation of a user interaction tool to effectively interact with the IC.IDO virtual 

reality platform for receiving and applying user feedbacks. 

FUTURE WORK 

The tool implemented in this PhD work generates an optimal plan for manual assembly 

processes regardless of the factory layout information. Possible extensions of this work 

are: first, considering factory layout information in order to make the solution and the 

generated plan closer to the reality. This can be done by adding constraints to the post-

planning section where the orientation and the movement of the assembly parts are 

examined.  Second, using robotics to automate the assembly process. Once the factory 

layout is defined, it is straightforward to convert the current tool to a robot readable code.  
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 APPENDIX 

Example of AAP documentation exported by IC.IDO for assembly model shown in 

Figure 7.8. 
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