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Chapter 1 – Introduction

Light has always played major role in human life. Thousands of years from the

beginning of the mankind we relied on our vision to survive and explore the World

around us. During the last two centuries people significantly expanded the vari-

ety of tools they employ in life and science. Although the vast majority of these

tools have electromagnetic nature, the most important ones in the applied sci-

ence, medicine and everyday use are still those which make use of the optical part

of electromagnetic spectrum. Further development and improvement of optical

microscopes[1, 2], sensors[3, 4], routers[5, 6], and optical circuitry[7–9] requires

studies of a whole variety of new electromagnetic phenomena at different scales.

This dissertation addresses a broad range of phenomena related to light propaga-

tion in microscopic as well as in nanoscopic structures1.

The scope of the first chapter is the electromagnetic phenomena in deeply

subwavelength waveguides and the diffraction limit in particular. This fundamental

law of physics prohibits the confinement of electromagnetic radiation to spatial

regions smaller then the wavelength of light and relates to a whole variety of

problems in modern optics. Perhaps, the most famous one is the limited resolution

of optical microscopes, which forces usage of indirect (requires postprocessing) and

in many cases harmful or destructive (requires special preparation of a sample)

tools for subwavelength imaging such as electron tunneling microscopes, x-rays,

etc.

On the other hand the same diffraction limit is the major problem of the pho-

tonic circuitry. This relatively young field of optics has the potential to resolve

major problems that currently impede the progress of electronics. In particular,

massless photons allows much faster oscillations in optical circuits than (massive)

electrons in electronic ones. This in principle boosts the information processing

speeds by an enormous factor of ∼ 106 (for visible light) and also eliminates the

overheating problem of electronic circuits - the major obstacle to faster informa-

1The natural unit of scale in electrodynamics is wavelength. For frequencies outside of the
optical (λ ∼ 1µm) region, terms microscopic and nanoscopic refer to structures with dimensions
larger and much smaller than the wavelength respectively.
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tion processing. However due to diffraction limit conventional optical elements

(& λ ∼ 1µm for visible light) are at least hundred times bigger than their elec-

tronic analogues (∼ 10nm)[10–13].

In contrast to conventional fibers, waveguides with anisotropic cores studied in

details in Chapter 2 are not limited by the diffraction2. Such waveguides support

energy propagation in deeply subwavelength regions with mode structure identical

to that of telecom fibers3. In the first part of this chapter we develop analytical

formalism for describing the mode structure and propagation of light in strongly

anisotropic systems. We further discuss the designs of particular man-made materi-

als, also known as meta-materials, with required anisotropy. Sections 2.1-2.5 study

the effects related to material composition and limitations of the meta-material ap-

proach to subwavelength guiding. Section 2.6 presents the numerical simulations

of the field propagation in photonic funnels - tapered waveguides with anisotropic

cores. These simulation confirm the analytical results derived in preceding sections

and demonstrate energy transfer to and from regions as small as 1/45-th of the free

space wavelength. Final sections of Chapter 2, discuss the effects due to waveguide

cladding.

While anisotropic waveguiding discussed in Chapter 2 allow subwavelength fo-

cusing of light, it is also highly important to have an efficient control over wavepack-

ets propagating at that length-scale. In Chapter 3, we demonstrate that mechanism

of material gain, which was suggested and is primarily used for compensating prop-

agation losses[14–21], is also a powerful tool to manipulate dispersion and propa-

gation characteristics of electromagnetic pulses. In particular we demonstrate that

the group velocity (~vg = ∂ω/∂~k) in lossy nano-waveguides can be controlled from

slow[22, 23] to superluminal[24, 25] values by the material gain and waveguide

geometry. We develop analytical description of the relevant physics and show that

it is the interplay of the material dispersion and subwavelength geometry which

allows such a versatile control over group velocity of pulses in nano-waveguides.

Modulation of dispersive properties of light pulses in nano-waveguides requires

relatively small gain. Full compensation of propagation losses as well as applica-

tion of gain-assisted dispersion management to macroscopic systems needs stronger

2As we will show in Chapter 2, the diffraction limit in slightly different form still applies to
such waveguides, and is rather “postponed” than eliminated.

3We will sometimes interchange terms subwavelength with nano and vice versa in referral to
optical systems.
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pumping. This in turn, raises a question of proper derivation of the sign of the re-

fractive index (phase velocity) in fully active systems[26–33]. Section 3.3 presents

a universal approach to causal derivation of the refractive index and impedance

of optical metamaterials. Section 3.4, utilizes these fundamental results and de-

velops gain-assisted dispersion management technique in macroscopic systems and

discusses its applications to refractive index and impedance matching. This tech-

nique is particularly important for improvement of resolution and elimination of

unwanted scattering losses in metamaterial-based imaging devices such as negative

index materials (NIMs)[34–38] and hyperlenses[39–41].

Chapter 4, addresses the phenomena somewhat different from the ones dis-

cussed in the previous two and studies physics on the scale large compared to the

free space wavelength λ0. Its primary focus are dielectric micro-cavities of highly

irregular shape. In this chapter, we introduce a novel class of ratchet-shaped micro-

cavity resonators with broken angular momentum symmetry. We show that despite

their chaotic nature such resonators do have high-Q modes with very unique prop-

erties. In contrast to conventional “symmetric” devices such as circular[42–46] or

ring resonators[47, 48], ratchets have dynamically localized mode structure[49–51]

and fundamentally different in- and out-coupling mechanisms. Our numerical re-

sults demonstrate that the incoming radiation couples directly to high-Q modes

of a ratchet resonator, while out-coupling stays evanescent. This combination of

efficient light trapping with suppressed escape is the key advantage of ratchets

over conventional cavities which can lead to new types of high-performance optical

micro-sensors.

Although phenomena addressed in Chapters 2,3 and Chapter 4 address differ-

ent length-scales and even completely different physics, together they constitute

an essential base of the future generation of optical systems. Just like human per-

ception has three components: receptors to sense things, nerves to guide signals,

and brain to process them, the same way, an all-optical device must combine sen-

sors, waveguides and controlling elements for the complete functionality. Potential

applications of the phenomena studied in this dissertation can become those three

elements in the near future.

Furthermore, despite the physical differences we use same mathematical for-

malism in all three chapters of this dissertation. We decompose electromagnetic

field into modes of a particular system. Picking a single frequency ω = 2πc/λ0
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(λ0 is the wavelength in vacuum) and following the standard procedure of separa-

tion of variables[52] in cylindrical coordinates4 such modes can be written down

as follows:

ψmn = Cm(κmnr)e
i(mφ+kzz−ωt) (1.1)

where kz and κmn are the longitudinal (ẑ) and transverse component of the mode’s

wave vector respectively; Cm is the special cylindrical function, such as Bessel,

Hankel, etc., who’s choice depends on the particular system[53, 54] and will vary

throughout the chapters. The modes are numbered by their angular momentum

quantum numbers (or simply angular momenta) m and by the number of nodes n

which Cm has along the radial direction in the structure. Each mode is a solution

of the full set of Maxwell’s equations:

~∇× ~E +
1

c

∂ ~B

∂t
= 0

~∇× ~H − 1

c

∂ ~D

∂t
=

4π

c
~J

~∇ · ~D = 4πρ (1.2)

~∇ · ~B = 0

where J and ρ are free current and charge density respectively, and c is the speed

of light in vacuum.

In order to describe propagation of electromagnetic pulses through a particular

medium, Maxwell’s equations (1.2) must be supplied with constitutive relation

which relate fields in materials to the ones in vacuum. Considering linear material

response:

D̂ = ε̄ ~E (1.3)

B̂ = µ̄ ~H (1.4)

where ε̄ and µ̄ are 3×3 tensors of dielectric permittivity and magnetic permeability

respectively which describe electromagnetic properties of the medium. While in

general these tensors each have nine distinct components, in the simplest case

of isotropic homogenous material ε̄ and µ̄ they can be replaced with scalars ε

4we note though, that it is straightforward to extend the discussion of Chapters 2 and 3 to
other geometries
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and µ, respectively. A direct substitution of solution (1.1) in conjunction with

Eqs. (1.3,1.4) into Maxwell’s equations (1.2) yields a so called dispersion equation,

which sets a constraint on the wave vector ~k and relates its magnitude to the

frequency of light ω. For an infinite (bulk) media we will refer to it as a bulk

dispersion, which in the isotropic case can be written in the following form:

k2
z + κ2

mn = εµ
ω2

c2
(1.5)

With ẑ-axis aligned with the direction of propagation the dispersion equation can

be further simplified to:

k2
z = εµ

ω2

c2
(1.6)

The dispersion equation alone can reveal many aspects of the behavior of electro-

magnetic pulses in the material, such as attenuation, distortion, etc.

With each mode satisfying Maxwell’s equations, the general solution – a pulse

of an arbitrary temporal and spatial profiles – can be represented as a linear com-

bination of the individual modes (1.1):

Ψ(r, φ, z) =
∑

amnψmn (1.7)

Coefficients amn are to be found from boundary conditions and require rather so-

phisticated numerical computations for the majority of systems considered in this

dissertation. The most important parts of the corresponding codes and mathe-

matical derivations are presented in the appendices.



Chapter 2 – Anisotropic Waveguides for Nano-Confinement and
Negative Index

Light emission in optical spectrum occurs from deeply subwavelength sources, such

as atoms, molecules, quantum wells, quantum dots and other quantum objects. On

the other hand conventional diffraction limited optics allows propagation of optical

signals in waveguides only when the light-transmitting region of a fiber is at least

of the order of the free-space wavelength[55]. Such a difference in scale introduces

fundamental limitations on (i) the size of waveguiding structures and (ii) efficiency

of coupling between nano- and micro- domains. These limitations, in turn, restrict

the resolution and sensitivity of near-field microscopes[1, 2], prevent fabrication

of ultra-compact all-optical processing circuits[10, 13], integrated optoelectronic

devices[11, 12] and other photonic systems.

The solution for this problem have been already found for long wavelengths.

Coaxial cables[56, 57] and anisotropic resonant or magnetic materials[58–62] are

proved to be efficient in GHz. However, a direct scale down of such waveguides to

THz to optical domain appears to be problematic due to extreme fabrication chal-

lenges and material constraints[63]. In addition, the performance of all resonant

systems is strongly limited by (resonant) material absorption[55, 60, 62, 64–66].

Until recently, all designs involving optical light transport in subwavelength

areas relied on the excitation of surface waves – a special kind of electromagnetic

waves propagating at the boundary between the materials with positive and neg-

ative dielectric constants[55, 67]1. Fig. 2.1 shows a typical spatial profile of such

waves also known as surface plasmon polaritons (SPPs). Various designs based

on surface waves, such as index tailored[68], slot waveguides[69], gap plasmons[70],

plasmonic nano-chains[71, 72], adiabatic compressors[73], etc., have been developed

to improve radiation confinements, losses, and other propagation characteristics of

SPPs[74].

The spatial structure of surface waves, however, is fundamentally different from

the one of “volume” fiber modes or free-space radiation (see Fig. 2.1). While it is

1a similar surface wave is supported by an interface between materials with positive and
negative permeabilities is called magnetic plasmon
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Figure 2.1: Typical light intensity profiles in (a) a hollow waveguide with ideally
conductive walls (TM01 mode), (b) in a fiber made of fused silica in air (HE01

mode), and (c) surface plasmon polariton wave on a silver wire. Note a completely
different field distribution of the surface plasmon compared to classical waveguides
shown in (a) and (b).

possible to couple the radiation between the volume and surface modes, such a cou-

pling is typically associated with substantial scattering losses and involves materials

and devices of substantial (in comparison with optical wavelength) size[55, 75].

This chapter introduces a new approach to guide volume modes in subwave-

length areas by employing anisotropic materials[76]. Sections 2.1-2.5 address waveg-

uides with strongly anisotropic dielectric cores and introduce some of the unique

properties of such structures. In particular we show that anisotropic waveguides

support propagating modes even when its radius is much smaller than the wave-

length. The phase velocity of these propagating modes can be either positive or

negative depending on the waveguide core material. Section 2.6 demonstrates that

anisotropic core waveguides can be tapered and used to effectively transfer the

free-space radiation to and from the nanoscale. These tapered systems, called

photonic funnels, are in a sense variable-index (n ≶ 0), volume mode-analog of the

adiabatic surface mode compressor, proposed in Ref.[73].

2.1 Uniaxial Anisotropic Materials

Dielectric anisotropic materials have been known for a long time and their proper-

ties are extensively studied in Refs. [77, 78]. Such materials can now be found in

almost every optical device starting from a simple laser pointer and going to the

cutting edge optical spectrometer.
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Figure 2.2: The schematics of uniaxial anisotropic material (a) and of cylindrical

waveguide with anisotropic core (b). The optical axis ~C and the direction of light
propagation in the waveguide are parallel to z-axis.

A special case of anisotropic materials showing axial symmetry is called uniax-

ially anisotropic materials. Such media play an important role in phase matching

devices and in optical polarizers[79]. The tensor of dielectric permittivity ε̄ in the

coordinate system aligned with the axis of symmetry Ĉ (also called optical axis)

is diagonal and has only two distinct components:

ε̄ =




ε⊥ 0 0

0 ε⊥ 0

0 0 ε||


 (2.1)

where ε|| (parallel to Ĉ) and ε⊥ (transverse to Ĉ) describe optical properties of

such materials along the symmetry axis Ĉ and transverse to it, respectively (see

Fig.2.2a). In general both of these permittivities are functions of frequency ω and

wave vector ~k.

2.2 Classical Waveguide with Ideally Conducting Cladding

We first consider classical cylindrical waveguide with perfectly conductive cladding

(see Fig. 2.2b) and isotropic nonmagnetic core (ε‖ = ε‖ = ε). Following formal-

ism introduced in Ref. [52] one can express transverse field components through
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longitudinal ones in such waveguides:

~E⊥ =
i

κ2
mn

(
kz

~∇⊥Ez − ω

c
ẑ × ~∇⊥Bz

)

~B⊥ =
i

κ2
mn

(
kz

~∇⊥Bz − ω

c
εẑ × ~∇⊥Ez

) (2.2)

where ε is the permittivity of core and ~∇2
⊥ = ∆⊥ is the transverse part of the

Laplacian operator2.

As follows from Eqs. (2.2) electromagnetic fields propagating in cylindrical

waveguides can be naturally separated into TE and TM polarized modes. The

TE modes have no electric field component along ẑ-axis, while TM modes have

zero magnetic field along it3. Each mode propagates along ẑ-axis and has its

own spatial structure across the waveguide, determined by the transverse wave

vector also called the structural parameter κmn. The structural parameter κmn is

determined from the differential equation[55]

∆⊥Ez + κ2
mnEz = 0 (2.3)

∆⊥Bz + κ2
mnBz = 0 (2.4)

Since the boundary conditions on Ez and Bz are different it is clear that structural

constants will be different for different polarizations and κmn must carry additional

indices which specify polarization. However we will suppress these (TE or TM)

indices as well as mode numbers m and n unless they are explicitly needed.

Employing formalism introduced in Chapter 1 we represent Bz and Ez fields

for TE and TM modes in the form Eq. (1.1) with Cm being Bessel function of the

first kind (Jm):

Ez(r, φ, z) = Jm(κTMr)ei(mφ+kzz−ωt) (2.5)

Bz(r, φ, z) = Jm(κTEr)ei(mφ+kzz−ωt) (2.6)

Recalling boundary conditions at the core-cladding interface Ez|S = 0 for TE

waves and ∂Bz

∂r

∣∣
S

= 0 for TM polarization, the structural parameters can be found

2In cylindrical coordinates ~∇⊥ = ~∇− ẑ∂/∂z = r̂∂/∂r + φ̂/r∂/∂φ. The transverse part of the
Laplacian, also called as 2D Laplacian, then is ∆⊥ = ∆− ∂2/∂z2

3TEM modes with both Ez = Bz = 0 are absent in simply connected waveguide geometry
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from:

κ(TM |TE) =
X(TM |TE)

R
(2.7)

where R is the waveguide radius and X is given by Jm(XTM) = 0 for TM waves

J ′m(XTE) = 0 for TE waves respectively.

It is straightforward now to find the dispersion equation for guided modes in

a cylindrical waveguide with ideally conducting walls. Similar to the bulk dis-

persion (1.5), waveguide mode dispersion relates propagation constant kz to the

frequency of light by enforcing boundary conditions between waveguide parts. By

substituting Eqs. (2.5,2.6) into 2D wave equations (2.4,2.3) one arrives to4:

k2
z = εν

ω2

c2
(2.8)

ν = 1− κ2
mnc

2

ε ω2
(2.9)

where we assumed µ ≡ 1 since magnetism at optical frequencies is almost entirely

absent in natural materials. The dispersion equation Eq. (2.8) is fundamentally

similar to the bulk dispersion (1.6). Indeed, the ratio

n = kzc/ω = ±√εν (2.10)

plays role of the effective index of refraction, and is a combination of two (mode-

dependent) parameters: material constant ε and waveguide parameter ν. The

mode propagation requires both of them to be of the same sign. While ε depends

solely on the dielectric properties of the core material, the waveguide parameter

ν can be controlled by changing either the frequency of light, or the waveguide

geometry and mode structure (through κ).

Since κ is inversely proportional to the waveguide size [see Eq.(2.7)][52, 55],

there exists a cut-off radius Rcr (also called the critical radius), corresponding to

ν = 0 for each mode (2.5,2.6) propagating in the waveguide with isotropic dielectric

core:

Rcr =
X(TM |TE)

2π
√

ε
λ0 (2.11)

Waves propagate in structures with R > Rcr, and are reflected from thinner (sub-

4One can also use formalism described in Chapter 1 and plug Eqs. (2.5,2.6) into Maxwell’s
equations (1.2) to obtain mode dispersion equation.
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Figure 2.3: The dispersion curves (a) and refractive indices as functions of the
waveguide radius (b) of four lowest modes in a hollow waveguide with ideally con-
ductive walls filled with air (ε = 1). Dashed line represents the free-space-light line:
kz =

√
εω/c. Horizontal and vertical lines mark the lowest frequency supported in

the waveguide and the critical radius, respectively. In (a) the waveguide radius is
R = 1µm.

critical) systems. With min[X(TM |TE)] ' 2.4 the cut-off radius for an isotropic

cylindrical waveguide can be estimated as Rcr ' 0.38λ0/
√

ε ∼ λ0/(2
√

ε. This

appearance of the cut-off radius in all dielectric waveguides is as a manifestation

of a diffraction limit – it is impossible to localize electromagnetic radiation to a

region much smaller than the wavelength inside the material λ = λ0/nbulk, where

nbulk =
√

ε is the refractive index of bulk core material5. The appearance of the

cut-off is demonstrated in Fig. 2.3.

2.3 Anisotropic Waveguides

Material anisotropy, in a sense, opens another dimension in controlling the light

propagation in waveguides. Following the procedure developed in Ref. [76, 80–82]

and shown in Appendix A, one can obtain a dispersion equation for TM modes in

5Since for optical materials the refractive index is on the order of unity the subscript on free
space wavelength λ0 is sometimes omitted in literature. As we show later, mode indices can
become quite high in anisotropic materials and such a distinction is necessary here.
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waveguides with anisotropic cores:

k2
z = ε⊥ν

ω2

c2

νTM = 1− κ2c2

ε‖ω2

(2.12)

where we assumed the optical axis of the crystal to be parallel to the ẑ-axis.

The dispersion equation of TE waves is identical to that of isotropic core waveg-

uide (2.8) with ε = ε⊥. This means that TE waves are not affected by material

anisotropy[76, 80, 82]. These waves resemble all the properties of isotropic systems

and experience similar cut-off behavior. While in the well studied case of both ε⊥
and ε‖ being positive the behavior of TM waves is very similar to that in isotropic

media, in the case of extreme anisotropy, i.e. ε⊥ · ε‖ < 0, they demonstrate very

unusual properties. These properties are the main point of this section.

Anisotropy of dielectric constant makes the TM -mode parameters ε and ν

completely independent of each other. One can see for instance that with ε‖ < 0

the waveguide parameter ν is positive regardless of the system size and operating

frequencies. Such modes have positive effective refractive index provided ε⊥ > 0

and support propagating waves even in the deeply subwavelength region R ¿ λ0/2.

Indeed, the effective refractive index (2.10) of such modes for R ¿ λ0 is inversely

proportional to the radius: n ∼ 1/R. This way the cut-off radius does not exist at

all: the decrease of the waveguide radius (or frequency of light) is accompanied by

the decrease of the internal wavelength of the mode 2π/kz ∝ R, which effectively

postpones the onset of the diffraction limit[80]. Fig. 2.4 shows the dispersion of

several modes in such waveguides.

The case of opposite anisotropy (ε⊥ < 0, ε‖ > 0) is of the special interest. The

mode propagation is now possible only when ν < 0 which, in turn, requires the

waveguide cross-section to be smaller than the critical value Rcr. Furthermore,

care should be taken when deriving the phase velocity in such waveguides. Indeed,

the dispersion equation Eq. (2.12) is satisfied with both signs of the refractive

index in Eq. (2.10). In fact the dispersion diagram in Fig. 2.4a is symmetric with

respect to the vertical axis, and the Maxwell’s equation alone are insufficient to

give preference to either choice.

The physically correct solution has to be chosen to satisfy the causality principle

[52], which can be formulated as requirement that signal must propagate away from
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Figure 2.4: The dispersive curves (a) and absolute values of refractive indices (b)
of TM01 and TM02 modes in anisotropic waveguides with ideally conductive walls.
Blue and Red curves correspond to positive- (ε‖ = −1, ε⊥ = 1) and negative-index
(ε‖ = 1, ε⊥ = −1) systems respectively. TE01 (solid black) and free-space-light
line (dashed) are shown for comparison. Note the rapid growth of the refractive
index n ∼ 1/R as R → 0 for TM modes in both right- and left-handed systems.
The waveguide radius in (a) is R = 1µm.

the source of excitation. In weakly dispersive waveguides, such as ones shown in

Fig. 2.4, pulse propagation is described by the group velocity:

vg =
dω

dk
=

~S

u
(2.13)

where ~S and u are the time-averaged Poynting vector and the energy density

respectively. In order to be causal vg must be positive (pulse propagates in the

positive z-direction). Thus in the case of anisotropic material with ε‖ > 0, ε⊥ < 0

the branch corresponding to negative kz < 0 (and thus negative phase velocity

vp < 0 and negative refractive index n < 0) is the physically correct solution. In a

sense, such a waveguide is a complete antipode of a conventional dielectric fiber,

in terms of phase propagation and of the cut-off radius as well(see Fig 2.4).

Negative index media (NIM) have attracted a lot of attention recently due to

works of their extraordinary properties, such as reversed Snell’s law, Cherenkov

radiation, etc[34–38]. Their ability to enhance evanescent components allows at

least in principle imaging with full reconstruction of subwavelength components

(superlensing)[34–38]. Extremely anisotropic planar waveguides originally pro-

posed in Ref. [76] as well as cylindrical ones discussed here allow creation of non-

resonant, nonmagnetic low-loss alternatives to NIMs based on artificial magnetism

at optical frequencies[58–62]. In combination with positive index modes and sub-
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wavelength light confinement anisotropic waveguides open new exiting ways of

extremely versatile phase manipulation in deeply subwavelength areas.

2.4 Metamaterial Approach to Anisotropic Composites

Confinement of the propagating waves to deep subwavelength areas requires ex-

tremely strong anisotropy of the dielectric core. Although few of naturally occur-

ring materials have been recently found in THz and far-IR[83], none are found in

near-IR or visible spectral region. In this section we consider the perspectives of

using nanostructured composites, known as meta-materials, as strongly anisotropic

dielectric cores. Some examples of these systems include nanolayer and nanowire6

structure[76, 82, 84] shown in Fig.2.5. Here we employ nanolayered structures with

alternating metallic and dielectric layers (Fig.2.5b).

Periodic structures made of dielectric materials with a period of the order of

wavelength are called photonic crystals and have been successfully used in various

applications such as bragg reflectors, holey fibers[85–90], etc. However a combi-

nation of two positive dielectric constants can not produce the extreme level of

anisotropy required for subwavelength guiding. The negative effective permittivity

requires negative permittivity of one of the constituents. Although metals natu-

rally have such permittivity, doped semiconductors such as InGaAs, polar crystals

such as SiC or other materials featuring ε < 0 at the frequency of interest can be

also employed. Below we will refer to all such material as “metals”.

Another major difference of systems considered here from the conventional

dielectric-dielectric composites is their deeply subwavelength structure. The thick-

ness of each bilayer is assumed to be much less than a wavelength. With such

assumption a relatively long (several wavelength) metal-dielectric structure can be

transparent to light even when the combined thickness of the metallic part is larger

than the λ[91].

To fabricate these structures, one may use standard CVD, MOCVD, or e-beam

writing[43, 46, 71, 72, 91, 92] techniques to build a nano-layer composite with the

total height equal to the length of the anisotropic fiber, followed by ion-beam or

chemical etching to “shape” the cylindrical or conical waveguide. Self-assembling

6As before term “nano” refers to thicknesses much smaller than a wavelength, which for near-
IR to optical frequencies fall into nano-domain. In case of longer wavelengths it could fall into
micro-meter range and should be understood as deeply subwavelength.
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Figure 2.5: (a) The schematics of the waveguide with metamaterial core and a few
nano-composites capable of producing uniaxial anisotropy. In the bottom panel
counterclockwise are shown: metallic nanowires, spherical particles stretched in one
direction, and elliptical inclusions in the dielectric host material. By changing the
metallic inclusion concentration one can tune plasma frequency of the composite.
(b) Waveguide with layered metal-dielectric core (top). The corresponding core
material (bottom) is the photonic crystal with subwavelength period.

techniques could be also used to directly fabricate the fiber with nano-layered core.

To calculate the propagation of light in nano-layered systems described above

we start from deriving the dispersion equation for such waveguides. We start from

assuming periodicity of the structure in ẑ-direction and thus require the solution

of Maxwell’s equations (1.2) to be periodic too. Similarly to solid state analogues

these solutions are called Bloch waves [93]:

ψ(z + ∆) = ψ(z) exp(ikz∆) (2.14)

where ∆ is the period of the structure and kz is the Bloch vector. We then use

transfer matrix formalism developed in appendix B to solve the problem of trans-
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mission through the bilayer system7 and arrive to the photonic crystal dispersion

equation[85]:

cos(kz∆) = cos(kdad) cos(kmam)− γ sin(kdad) sin(kmam) (2.15)

where k2
d = εdω

2/c2− κ2 and km = εmω2/c2− κ2 are wave vectors in dielectric and

metallic layers with thicknesses ad and am and permittivities εd and εm respectively,

γ is polarization dependant parameter:

γTE =
1

2

(
kd

km

+
km

kd

)
(2.16)

γTM =
1

2

(
εm

εd

kd

km

+
εd

εm

km

kd

)
(2.17)

When the characteristic thickness of each individual layer becomes much smaller

than the wavelength, Eq. (2.15) can be expanded into Taylor series under |kz∆| ¿
1, |k1a1| ¿ 1, and |k2a2| ¿ 1. Keeping only 0-th order terms such expansion yields

exactly the dispersion equation of uniaxially anisotropic medium (2.12) with effec-

tive dielectric constants:

εTM
⊥ =

adεd + amεm

ad + am

εTM
‖ =

(ad + am)εdεm

adεm + amεd

(2.18)

for TM waves and

εTE
⊥ = εTE

‖ =
adεd + amεm

ad + am

(2.19)

for TE polarized ones.

Although in the derivation of Eq. (2.15) we assumed periodicity, the proposed

subwavelength structure does not rely on it for operation. Indeed, Eqs. (2.18,2.19)

represent the lowest photonic band in Fig. 2.6 and are completely consistent with

effective-medium theory (EMT) of metal-dielectric composites[76, 82]. We note

that since subwavelength layered structures do not rely on periodicity we expect

them to be very tolerant to manufacturing defects.

As TE waves are not affected by anisotropy and thus will only penetrate into

7Bilayer system considered here is fairly simple and a direct solution similar to that shown in
ref. [52] can also be used.
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Figure 2.6: (a) The dispersion diagram of the waveguide with metamaterial core
of radius R = 0.1µm. The core is composed of 15nm layers of Si and Ag; The
dielectric constant of Ag is calculated at λ0 = 500nm, the material dispersion is
neglected. Blue solid and dashed curves correspond to the real (k′z) and imaginary
(k′′z ) parts of the propagation constant for positive index TM01 mode respectively,
black - for the TE01 mode. The photonic crystal band structure is clearly seen.
(b) The effective refractive index of the lowest photonic band of TM mode (inset)
found through EMT approximation. Note the cut-off in TE mode and its absence
in TM polarization.

subwavelength structures over characteristic lengths of 1/Im(kTE
z ) ¿ λ0, we tem-

porarily exclude these waves from further consideration and focus on TM -polarized

waves only. We will return to TE waves in section 2.7 in which we study light

propagation in waveguides with dielectric claddings.

As an example, let us assume that the core material is composed from 15−nm-

thick layers of Ag and Si. Silicon is assumed to be non-dispersive with εSi = 12,

while dispersive properties of silver are modeled with the Drude formula:

εAg = ε∞ −
ω2

p

ω2 − iγω
(2.20)

where ε∞ = 5.0 is permittivity at ω →∞, ωp = 9.1eV is the plasma frequency, and

γ = 0.1eV is the collision frequency of Silver. As it directly follows from Eq.(2.18),

this system works as right-handed (ε‖ = −59.48 + 2.78i, ε⊥ = 1.72 + 0.06i) for

λ0 = 500 nm8. The mode behavior in this system is illustrated in Fig. 2.6.

8Note however, that such composite at 500 nm is used here for illustrative purposes only.
Proper accounting for the dispersive properties of Si shows that it looses transparency at λ .
1 µm. SiO though it has lower refractive index would be a better choice at these frequencies.
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Figure 2.7: (a) The photonic band structure of the waveguide of R = 70nm with
layered Si-Ag core. Material parameters are calculated at λ0 = 1.2µm, the material
dispersion as before has been neglected. Red solid and dashed curves correspond
to the real (k′z) and imaginary (k′′z ) parts of the propagation constant for positive
index TM01 mode respectively, black - for the TE01 mode. Note that the effective
refractive index of the lowest photonic band of TM mode (b) is negative. Indeed,
the negative sign corresponds to the positive imaginary part of kz, while the positive
one to nonphysical growth of waves in absorptive medium (k′′z < 0). The correct
“unfolded” lowest band is shown in the inset.

A simple shift in the operating frequency to λ0 = 1.2 µm makes the same

composite left-handed (ε‖ = 28.72 + 0.12i, ε⊥ = −30.51 + 0.77i). Since the meta-

material remains lossy the refractive index in Eq. (2.10) must be chosen such that

k′′z > 0, i.e. to be negative9. The corresponding “unfolded” frequency branch (see

inset in Fig. 2.7) corresponds to physically correct solution with positive group

velocity. Proper adjustment of concentration and operating frequency allows con-

struction of metamaterials with virtually any anisotropy. In addition as we show

later in section 2.6 other plasmonic and dielectric materials can also be employed.

2.5 Limitations of Metamaterial Approach

As directly follows from Eq. (2.12) (see also Figs. 2.4, 2.6 and 2.7) the refractive

index goes as 1/R at R ¿ λ and is singular at the origin. Such singularity

would allow making infinitely thing waveguides which is of course nonphysical.

In reality there will always be a mechanism which prevents such discontinuity.

9This statement enforces causal propagation of light pulses in absorbing material and can be
used as a simple practical way of deriving the direction of phase velocity. This argument however,
can not be applied in fully active media as we discuss in Chapter 3
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Figure 2.8: Effect of material inhomogeneity on the mode propagation in the
waveguides with homogeneous anisotropic cores (solid lines) and in waveguides
with nanolayered composite cores (dashed lines). Material parameters correspond
to TM11 mode propagation in Si-Ag system, λ0 = 1.2µm (a) and TM01 mode prop-
agation in Si-Ag system, λ0 = 500nm (b). Horizontal and vertical lines correspond
to kz(a + b) = 1 and to κTM(a + b) = 1 respectively. A substantial deviation of
anisotropic media result from the “exact” ones is clearly seen at the breakdown of
EMT approximation.

The dependence of permittivity on components of wave vector, known as spatial

dispersion, is one of these mechanisms. It often appears when the scale of field

variation in media becomes comparable to the local inhomogeneity scale. For

metamaterials this scale depends on the particular composition and is set by the

structure constant such as inter-particle distance, meta-atom size, etc. The spatial

dispersion has been recently observed in GHz nanowire composites [59, 94]; it was

later shown that response of optical nanowire structures is substantially different

from their low-frequency counterparts[84].

In layered metamaterials the onset of the spatial dispersion can be related to

substantial field variation on the scale of the structure period ∆[82, 95]. As the

approximation used to obtain effective anisotropic medium from the exact disper-

sion of a photonic crystal becomes invalid, one can still directly solve Eq. (2.15)

to obtain the refractive index of guided modes in PC fiber[80, 85]. Fig. 2.8 com-

pares propagation constants of the same mode calculated via EMT [Eq. (2.18)],

and the analytic solution of light transmission though a 1D periodic layer array

[Eq. (2.15)]. It is seen that the predictions of both techniques are almost identi-

cal for the thicker waveguides, but strongly disagree for thinner systems. In fact,

inhomogeneous microstructure of the waveguide core introduces the cut-off radius

in anisotropy-based systems.
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While the appearance of this cut-off may seem to be similar to the one in

“conventional” dielectric fibers, the two have fundamentally different origins. In

homogeneous systems wave propagation becomes impossible when one tries to

confine the propagating wave to the spatial area smaller than the wavelength.

In metamaterial-based structures the wavelength “self-adjusts” to the waveguide

radius and the mode cut-off appears as the internal field variation scale [Λ =

min(2π/kz, 2π/κ)] becomes comparable to the local inhomogeneity scale ∆.

While the direct solution of PC dispersion equation is easily achieved in the case

of infinite waveguide with ideally conducting walls, calculating finite systems with

realistic claddings is extremely intense computationally and requires an increase in

precision past standard machine precision for even relatively simple structures[95].

In order to avoid exact computations and to better demonstrate the role of the

spatial dispersion in the modes’ cut-off we develop a nonlocal EMT approach to

the description of the nano-layered composites at λ ∼ ∆. Keeping the terms up

to the 4-th order in |kz∆|, |kmam|, and |kdad| in the expansion of Eq. (2.15), after

some tedious algebra one can arrive to the following expression for the effective

permittivity of nanolayered composites:

εeff
‖ =

ε
(0)
‖

1− δ‖(k, ω)
(2.21)

εeff
⊥ =

ε
(0)
⊥

1− δ⊥(k, ω)
(2.22)

where ε
(0)
‖ and ε

(0)
⊥ are 0-th order EMT approximation given by Eq. (2.18) and the

nonlocal corrections are given by:

δ‖ =
a2

ma2
d(εd − εm)2ε

(0)
‖

2

12(am + ad)2ε2
mε2

d

(
ε
(0)
⊥

ω2

c2
− k2

z(εm + εd)
2

ε
(0)
⊥

2

)
(2.23)

δ⊥ =
a2

ma2
d(εd − εm)2

12(am + ad)2ε
(0)
⊥

ω2

c2
. (2.24)

Note that the choice of ω/c and kz as opposed to κ to describe the nonlocality in

Eqs. (2.23-2.24) is somewhat arbitrary since in the EMT regime the components

of the wave vector are related to each other via Eqs. (2.12).

As seen from Fig. 2.9 nonlocal terms in Eqs. (2.21,2.22) prevent the propagation
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Figure 2.9: The comparison between effective refractive indices neff = Re(kxc/ω)
(a,b) and extinction coefficients keff = Im(kxc/ω) (c,d) of TM01 modes in cylindri-
cal waveguides with multi-layer cores and perfectly conducting claddings; dashed
lines, solid lines and dots correspond to the results of local EMT, nonlocal EMT,
and exact solution of the dispersion equation[85] respectively. The multilayered
core is composed from 15− nm layers with (a,c) εm = −1 + 0.1i; εd = 1.4442, and
(b,d) εm = −114.5+11.01i; εd = 1.4442 (Au-SiO2 structure); λ0 = 1.55µm; similar
agreement between non-local EMT and exact dispersion equation is achieved for
cylindrical systems with air claddings; note that the signs of the refractive indices
are opposite to those for planar mode propagation (see Ref. [95]).

constant from reaching infinite values as R → 0. The advantage of the nonlocal

EMT approach over the local effective medium is also clearly seen.

We note that while thinner layers may in principle allow unrestricted confine-

ment of the free-space light, in reality such a confinement will be limited by finite-

size corrections to the material properties of the layers (spatial dispersion, Landau

damping[96, 97]). For metals, the minimum layer thickness can be estimated using

amin
m ≈ λ0

vf

c
∼ λ0

100
, (2.25)

with vf being Fermi velocity[97].

The range of wave propagation in metamaterial-core waveguides is affected
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not only by spatial dispersion, but also by implicit material absorption. For the

systems that can be successfully treated with EMT, the field attenuation, given by

the imaginary part of the propagation constant k′′z , depends on waveguide geometry

along with material the properties. For TM01 modes in Ag-based systems with

R = 80nm considered here, the attenuation is dominated by absorption inside Ag.

We estimate that the intensity of the light attenuates in e times on the length

of 1.5µm. This attenuation, although it is acceptable for the short-range signal

transfer, may be further compensated or even reversed, by implementing the gain

into the “dielectric” component of a metamaterial [80].

2.6 Photonic Funnels

The self-adjustment of PC waveguide modes to the waveguide size, accompanied by

compatibility between the mode structure in PC waveguides, telecom fibers, and

the free-space makes the PC systems ideal candidates for effective energy trans-

fer between macroscopic wave-propagation systems and nano-scale objects[80]. In

these coupling structures, called photonic funnels, the size of the PC waveguides

gradually varies along the direction of mode propagation, squeezing the light into

nm-sized areas much like a conventional funnel squeezes water into a thin bot-

tleneck. Such tapered PC-based waveguides may be used in ultra-compact all-

optical and electro-optical devices, near-field microscopy, and other applications

requiring effective sub-diffraction and cross-scale energy transfer. In addition, effi-

cient energy compression achieved in photonic funnels leads to strong enhancement

of local fields with corresponding enhancement of nonlinear moments, which will

greatly benefit to a variety of nonlinear optical applications[91, 92] in positive- and

negative-index materials.

2.6.1 Design and numerical simulations

While an analytic solution is relatively easy to find in simple systems such as con-

stant radius waveguide, calculation of tapered systems systems requires implemen-

tation of the numerical techniques. To calculate propagation of electromagnetic

fields through photonic funnels we developed a relaxation-type algorithm described

below. Essential parts of the corresponding code in Fortran can be found in ap-

pendix C.
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Figure 2.10: The schematics of the photonic funnel. (a) Funnel split into a series
of cylindrical segments of length ∆z and different radii Ri. (b) Cross-sections of
two adjacent cylinders; surface S3 is bounded by the contours Γ1 and Γ2.

The first step is to represent a tapered waveguide as a series of concentric cylin-

ders with gradually decreasing radii Ri, where i = 1, 2, ..., N identifies a particular

cylinder. (see Fig.2.10). Each cylinder is assumed to have ideally conducting walls

and is assigned a set of effective material parameters ε‖ and ε⊥ to accommodate

waveguides made of different materials. The effects of realistic walls on mode

propagation will be discussed in Section 2.7.

Fields in each cylindrical segment are represented as a combination of incident

and backscattered TM modes of the form (1.1):

Ezm,n =

{ ∑
m,n Jm (κm,nr)

(
tm,ne+ikzm,nz + rm,ne−ikzm,nz

)
eimφ−iωt, r ≤ Ri

0, r > Ri

(2.26)

where tm,n and rm,n are transmission and reflection coefficients of the corresponding

modes to be found from matching fields in-between the cylinders. Other field

components can be derived from Ez via Eqs. (A.16,A.17) presented in appendix A.

Note that TM and TE polarizations are completely decoupled in waveguides

with ideally conducting walls. Thus the contribution of TE waves to energy trans-

port to the tip of subwavelength dimensions is evanescently small (∼ 10−7 of that

of TM waves) due to their unaffectedness by anisotropy and can be neglected.

This way, we focus on propagation of TM polarized waves only.
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Incident fields in the first (tmn) and last (rmn) cylinder are assumed to be

known, representing the scattering boundary value problem.

In order to match fields at the interface between two cylinders boundary con-

ditions (BC) must be satisfied. Enforcing, for instance, the continuity of ~D‖ and
~E⊥ across the interface between two cylinders with radii Ri and Ri+1 one arrive to

two linearly independent equations:

ε
(i)
‖ E(i)

z

∣∣∣
S1

= ε
(i+1)
⊥ E(i+1)

z

∣∣∣
S1

(2.27)

E(i)
r

∣∣
S1

= E(i+1)
r

∣∣
S1

(2.28)

where S1 is the whole surface bounded by contour Γ1 of the larger radius R>
10.

Since the waveguide modes in each cylinder are orthogonal to each other the rest of

BC will be automatically satisfied if these two are. Direct substitution of Eq. (2.26)

into Eqs. (2.27,2.28) yields:

∑
m,n

Jm

[
κ(i)

m,nr
] (

t(i)m,ne+ik
(i)
zm,nz + r(i)

m,ne−ik
(i)
zm,nz

)
eimφ−iωt =

∑
m,n

Jm

[
κ(i+1)

m,n r
] (

t(i+1)
m,n e+ik

(i+1)
zm,n z + r(i+1)

m,n e−ik
(i+1)
zm,n z

)
eimφ−iωt (2.29)

∑
m,n

ik
(i)
zm,n

κ
(i)
mn

ε
(i)
‖

ε
(i)
⊥

J ′m
[
κ(i)

m,nr
] (

t(i)m,ne+ik
(i)
zm,nz − r(i)

m,ne−ik
(i)
zm,nz

)
eimφ−iωt =

∑
m,n

ik
(i+1)
zm,n

κ
(i+1)
mn

ε
(i+1)
‖

ε
(i+1)
⊥

J ′m
[
κ(i+1)

m,n r
] (

t(i+1)
m,n e+ik

(i+1)
zm,n z − r(i+1)

m,n e−ik
(i+1)
zm,n z

)
eimφ−iωt (2.30)

We next multiply Eq.(2.29) by Jm′ (κ<
m′nr) e−im′φ and integrate both parts over

S2:
∫ R<

0

∫ 2π

0
rdφdr. Note that integration along radial direction goes only up to

the smaller radius R< (interface between two dielectrics), while the continuity of

normal component of ~D-field across the interface with ideal conductor (surface S3

in Fig.2.10) is satisfied through a buildup of surface charge density Dz|S3
= 4πσ.

The response is assumed to be instantaneous due to infinite mobility of electric

10Here and below < and > refer to cylinder with smaller and greater radii respectively
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charges in such conductors. This standard mathematical procedure yields:

ε
(i)
‖

∑
n

(
t(i)mneik

(i)
z z + r(i)

mne−ik
(i)
z z

) ∫ Ri+1

0

Jm(κ(i)
mnr)Jm(κ

(i+1)
mn′ r)rdr =

ε
(i+1)
‖

∑

n′

(
t
(i+1)
mn′ eik

(i+1)
z z + r

(i+1)
mn′ e−ik

(i+1)
z z

) R2
i+1

2

[
Jm+1

(
κ

(i+1)
mn′

Ri+1

)]2

(2.31)

where we used orthogonality of modes with different indices m and n in the

same cylinder:
∫ 2π

0
e−im′φ+imφdφ = 2πδmn and

∫ R

0
Jm(Xmn′/Rr)Jm(Xmn/Rr)rdr =

R2/2 [Jm+1(Xmn)]2 δnn′ , note however that modes in cylinders with different radii

(thus different κ(i)) are not orthogonal, thus requiring a numerical integration.

In the same way, we multiply Eq.(2.30) by J ′m′ (κ>
m′nr) e−im′φ and integrate both

parts over S2:
∫ R>

0

∫ 2π

0
rdφdr. Since the tangential to the interface field must be

continuous across both dielectric-dielectric and dielectric-conductor boundary the

integration here runs along whole surface S1 (recall that field for r > R< in the

smaller cylinder is zero though, see Eq.(2.26)).

ε
(i)
‖ k

(i)
z z

ε
(i)
⊥ κ

(i)
mn

∑
n

(
t(i)mneik

(i)
z z − r(i)

mne−ik
(i)
z z

) ∫ Ri

0

J ′m(κ(i)
mnr)J

′
m(κ

(i)
mn′r)rdr =

ε
(i+1)
‖ k

(i+1)
z z

ε
(i+1)
⊥ κ

(i+1)
mn

∑
n

(
t(i+1)
mn eik

(i+1)
z z − r(i+1)

mn e−ik
(i+1)
z z

) ∫ Ri+1

0

J ′m(κ(i+1)
mn r)J ′m(κ

(i)
mn′r)rdr

(2.32)

Although the J ′m(κmnr) are orthogonal only in the case of m = 0 analytical result

is possible for integrals in same cylinders[98]. However integrals involving modes

of different cylinders still require numerical computing.

Eqs.(2.31,2.32) can be conveniently written in matrix form:

L̂+(t̄(i) + r̄(i)) = Î(t̄(i+1) + r̄(i+1)) (2.33)

L̂′−−(t̄(i) − r̄(i)) = L̂′−(t̄(i+1) − r̄(i+1)) (2.34)

where t̄ and r̄ are vectors of length J composed of coefficient rmn and tmn multi-

plied by the corresponding exponentials to ensure that the value of each particular
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component is of the order of unity11:

t̄(i) =




t
(i)
m1e

ik
(i)
z z

t
(i)
m2e

ik
(i)
z z

· · ·


 r̄(i) =




r
(i)
m1e

−ik
(i)
z z

r
(i)
m2e

−ik
(i)
z z

· · ·


 (2.35)

and L̂+, L̂′−, and L̂′−− are matrices with dimensions J × J whose elements are

calculated via:

(
L̂+

)
nn′

=
ε
(i)
‖

ε
(i+1)
‖

∫ Ri+1

0
Jm(κ

(i)
mnr)Jm(κ

(i+1)
mn′ r)rdr

R2
i+1/2

[
Jm+1

(
κ

(i+1)
mn′ /Ri+1

)]2 (2.36)

(
L̂′−−

)
nn′

=
ε
(i)
‖ k

(i)
z z

ε
(i)
⊥ κ

(i)
mn

∫ Ri

0

J ′m(κ(i)
mnr)J

′
m(κ

(i)
mn′r)rdr (2.37)

(
L̂′−

)
nn′

=
ε
(i+1)
‖ k

(i+1)
z z

ε
(i+1)
⊥ κ

(i+1)
mn

∫ Ri+1

0

J ′m(κ(i+1)
mn r)J ′m(κ

(i)
mn′r)rdr (2.38)

In principle an infinite number of radial harmonics J must be taken, however,

for signals with smooth spatial profile, a finite J can typically be found so that

contribution of higher harmonics is negligible (t̄, r̄m,n>J ¿ t̄, r̄m,n<J ).

The straightforward approach to solve the problem of propagation through the

systems of cylinders shown in Fig. 2.10 is to employ the transfer matrix formalism

[85]. As discussed in appendix B the combined transfer matrix is the product

of the transfer matrices for individual interfaces12. To find T̂(i) one can combine

vectors ¯t(i) and ¯r(i) into a single vector {r̄, t̄}(i). Comparison of Eq. (2.39) with

Eqs. (2.33,2.34) would yield the components of the T-matrix for the i-th interface

11Indeed, due to (substantial) imaginary part of modes’ propagation constants corresponding
exponentials exp(±ikzz) can take extremely high and low values. To ensure finite value of Ez, rmn

and tmn adjust accordingly and reach low and high values too. Storing the products tmj exp(ikzz)
and rmj exp(−ikzz) yields values ∼ 1 and prevents errors related to machine precision and
roundoff.

12Here transfer matrices are position independent, instead z-dependance is pulled into vectors t
and r. While this will prove useful later, it requires translating vectors t̄ and r̄ from one interface
to another by an exponential translation operator of the form P̂ = diag{exp(ik(i)

z z), exp(−ik
(i)
z z)}

(see appendix B)
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Figure 2.11: The schematic of the relaxation technique. We employ scattering ma-
trix formalism to “propagate” fields from one interface to another. The distinction
between T- and S-matrix approaches is schematically shown in the inset.

in terms of matrices L̂+, L̂′−, and L̂′−−:

(
t̄

r̄

)(i+1)

= T̂

(
t̄

r̄

)(i)

, (2.39)

T̂ =
1

2


 L̂+ +

(
L̂′−

)−1

L̂′−− L̂+ −
(
L̂′−

)−1

L̂′−−

L̂+ −
(
L̂′−

)−1

L̂′−− L̂+ +
(
L̂′−

)−1

L̂′−−


 (2.40)

While this approach is relatively simple for computations with “infinite preci-

sion”, it requires extreme numerical accuracy beyond standard machine precision

for even very short systems. Relatively large imaginary part of propagation con-

stant k′′z in subwavelength waveguides results in a huge spread between magnitudes

of forward (exp(ikzz)) and backward (exp(−ikzz)) traveling waves. Summation of

such exponentially small [exp(−k′′zz)] and exponentially large [exp(k′′zz)] terms re-

quired in calculation of combined T-matrix will result in quick loss of accuracy due
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to finite machine precision. Further inversion of such “imprecise” matrix in order

to solve scattering boundary value problem with fixed incident fields and unknown

reflected and transmitted ones would yield a complete garbage.

In order to perform calculations with the standard machine precision we de-

veloped a relaxation type algorithm. Instead of finding the combined T-matrix

for the tapered system we iteratively solve scattering boundary value problem for

each interface. The corresponding relaxation scheme is schematically shown in

Fig. 2.11.

Starting at the first interface and continue to the last one, we calculate the

reflected and transmitted fields at i-th interface (t̄(i+1) and r̄(i)) assuming zero

incident field from the (i + 1)-st cylinder (r̄(i+1) = 0). We then use reflected

fields from previous iteration for the next one and proceed until a self-consistent

solution of Maxwell’s equations is obtained. Requirements for the convergence

of this technique are discussed in section 2.6.2. All necessary formulas for this

approach can be derived from Eqs. (2.33,2.34):

r̄(i) = Ŝ t̄(i) + T̂ r̄(i+1) (2.41)

t̄(i+1) = L̂+

(
t̄(i) + r̄(i)

)− r̄(i+1) (2.42)

where matrices Ŝ and T̂ describe the contribution to reflected wave r̄(i) from for-

ward propagating wave in i-th cylinder (scattering) and from backward propagat-

ing in (i + 1)-st one (transmission) respectively13:

Ŝ =

[
Î+

(
L̂′−−

)−1

L̂′−L̂+

]−1 [
Î−

(
L̂′−−

)−1

L̂′−L̂+

]
(2.43)

T̂ = 2

[
Î+

(
L̂′−−

)−1

L̂′−L̂+

]−1 (
L̂′−−

)−1

L̂′− (2.44)

The funnel can be excited with electromagnetic signal of an arbitrary spatial

profile from the left (t̄(1) known, t̄(N) = 0) or right (t̄(1) = 0, t̄(N) known) or

both for the most general problem of scattering from the waveguide. Due to

orthogonality of modes with different m in cylindrical waveguides the propagation

of waves with different angular momenta can be calculated independently. In

addition, temporal profile can be incorporated by Fourier-transforming the signal

13These matrices are not to be confused with S- and T-matrices from appendix B.
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and sequential propagating of each monochromatic component.

The relaxation scheme presented here allows calculating light propagation in

arbitrarily long waveguides, since at each single interface the phase of growing and

decaying exponentials differs by exp(ikz∆z) (∆z is the length of each segment),

in contrast to exp(ikzztotal) in T-matrix approach. Thus the machine precision

problem can always be avoided by splitting funnel into more cylindrical segments.

However extra care must be taken to ensure convergence of the proposed technique.

2.6.2 Convergence of the relaxation technique

While many factors such as mismatch in the refractive index, impedance, radius,

etc. may affect the convergence of the relaxation scheme described above, two

general conditions can be formulated: 1) the reflection at the interface between

two cylindrical segments must be smaller than the transmission (ideally much

smaller); 2) the sufficient number of modes must be considered.

The first condition originates from either neglecting the incident field on one

side or use of the “incorrect” one from previous iteration. Thus we assume that

contribution of that field is small. Satisfaction of this requirement is primarily

related to the mismatch in radii between adjacent cylinder and can be improved

decreasing the taper angle (increasing adiabaticity parameter δ).

Secondly in order to ensure proper solution the number of radial components J
must be chosen properly. One must be careful then and make sure that only finite

number of propagating modes exist in the system. This implies that the corrected

EMT formalism or direct solution of PC dispersion equation must be used in deeply

subwavelength systems, since standard EMT result (2.12) typically undervalue k′′z
in multilayered systems operated close to cut-off (λ ∼ ∆) leading to nonphysically

large number of propagating modes. In addition, evanescent components (k′′z∆z ¿
1) must also be considered. While such exponentially decaying modes do not

contribute to the energy transport, they ensure proper satisfaction of the boundary

conditions.

In order to satisfy the second condition we found propagation constants kz for

each mode from the exact PC dispersion equation (2.15). We then search for the

solution of Maxwell’s equations in homogeneous medium described by the effective

material constants (2.18). Mixing these two approaches might seem awkward,
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however it is completely proper. Indeed, the photonic crystal is considered under

the effective medium approximation and finding kz from exact PC dispersion only

increases the precision of our calculations and ensures proper convergence. We

also note that J ' 50 is typically enough for results being accurate to 10−8 in

∆Ez/Ez. In simulations shown here we use the value J = 50 unless otherwise

specified. Higher and/or unequal number of harmonics in adjacent cylinders made

of different materials was also implemented in the code and can be used for highly

mismatched radii.

2.6.3 Results and discussion

To simulate propagation of light in photonic funnels we split it into cylindrical

segments and employ relaxation technique described in Sec. 2.6.1. The typical

radius step in our calculations is 10−3λ. In a way, such stepping also accounts

for the effects related to finite roughness of waveguide walls, unavoidable in any

real system. In these calculations we use εSi = 12, due to very slight dispersion

in this material. Experimental values of permittivities are taken for SiC, and

AlGaAs[79]. Permittivities of Ag and InGaAs are found via Drude approach for

metals [see Eq.(2.20)] and semiconductors[99, 100]:

εInGaAs = ε∞ −
ω2

p

ω2

(
1− i

ωτ

)
(2.45)

where ωp = 3.68× 1015s−1 and τ = 0.1ps are the plasma frequency and scattering

time of InGaAs respectively, ε∞ = 12.15 is permittivity of undoped semiconduc-

tor. Effective permittivities of layered anisotropic composite are calculated with

Eq. (2.18). Ideally conducting walls are assumed. Contribution of TE waves is

neglected.

We demonstrate the proposed subwavelength focusing with anisotropic waveg-

uides with three funnel designs:

1. 100-nm-thick layers of SiC and Si with operating wavelength λ = 11µm;

εSiC = −3.81 + 0.23i, and the effective permittivities of the core are ε‖ =

−11.13 + 0.99i, ε⊥ = 4.09 + 0.1i.

2. 15-nm-thick layers of Ag and Si with operating wavelength λ = 1.2µm; εAg =

−73.02 + i1.59, effective constants are ε‖ = 28.71 + 0.12i, ε⊥ = −30.5 + 0.79i



31

Figure 2.12: TM01 mode propagation (λ = 11µm) from cylindrical Si waveguide
(z < 0) to a conical one with a circular core, Dz component is shown. Solid
white, dashed white, dashed black and solid black contours correspond to Dz

values of 0.75, 0.25,−0.25, and −0.75 respectively (see scale); (a) Si core structure.
Note the reflection from the point where radius reaches the cut-off value R0 '
1.2µm (dash-dotted lines). Only 10−10 of energy is transmitted from R = 2.3µm
to R = 0.35µm ∼ λ/31. This behavior is similar to that in tips of near-field
microscopes[1, 2]. (b) field concentration in Si-SiC PC funnel described in the
text: 13% of energy is transmitted to R = 0.35µm, 16% is reflected back to Si
(z < 0) waveguide. Note the dependence of the internal wavelength on the radius.

3. 75 nm-thick InGaAs layers doped with electrons to 1.5 × 1019 cm−3, and

150 nm AlInAs barriers with operating wavelength λ = 20µm. The following

material parameters were used:

(a) for passive design εInGaAs = −113.64 + 13.35i, εAlInAs = 10.23, and the

effective parameters ε‖ = 16.06 + i0.89, ε⊥ = −31.06 + 4.45i

(b) and for active design εAlInAs = 10.23−1.00i, and the effective parameters

ε‖ = 16.06− 1.56i, ε⊥ = −31.06 + 3.78i

The first of these structures has n > 0, while the latter two systems correspond to

n < 0.

In Fig. 2.12 light propagation in right-handed (n > 0) funnel with Si-SiC

anisotropic metamaterial core (case 1) is compared to that in pure silicon system.

While light is almost totally reflected from silicon system as the waveguide ra-

dius reaches Rcr ∼ λ0/(2
√

εSi) ' 1.2µm (Wtransmitted ∼ 10−10Wincident), anisotropic

systems supports propagating modes in subwavelength waveguide and transmits
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about 13% of incident energy to R = 0.35µm ' λ/30. One can also see a signif-

icant increase in local energy density towards funnel’s tip , which can be utilized

in various nonlinear applications.

The choice of Si core for demonstration of light propagation through isotropic

system as opposed to other materials is not accidental. Silicon possesses one of the

highest refractive indices known for optical materials, therefore having the smallest

cut-off radius. Thus since mid-IR funnel shown in Fig. 2.12 outperforms Si-core

system, it also outperforms any other isotropic optical system.

The effective energy transfer across multiple scales in “negative-refraction”

near- and far-IR PC systems is shown in Fig. 2.13. It is clearly seen that the

mode propagation in n < 0 systems is qualitatively similar to the one in n > 0

waveguides. However, the existence of the maximum cut-off radius requires radius

mismatch between the “feeding” isotropic waveguide (z < 0) and the “funnel”

(z ≥ 0), as illustrated in Fig. 2.13.

Such a large mismatch of the radii does not compromise the convergence of the

relaxation algorithm, although it introduces higher reflection from the right-handed

funnels. Our calculations suggest that Ag-Si (case 2, see Fig. 2.13a) system may

be used to transfer 24% of energy to near-field zone, while 21% is reflected back

primarily due to the large radius mismatch at the front interface. The same system

may be used to transfer the energy from nm-sized spots to far-field. Fig. 2.13b

demonstrates excitation of Ag-Si funnel from 75-nm tip with TM11 mode. Our

calculations show energy transmission of 13% into Silicon fiber (z < 0 in figure)

and 11% backscattering.

Although anisotropic-core systems outperform isotropic ones by a factor of

∼ 107 their transmissions are greatly reduced due to intrinsic losses in plasmonic

materials. In order to decrease or even completely eliminate these losses optical

gain[14] can be introduced into dielectric layers of the photonic crystal. Our last

example utilizes the InGaAs-AlInAs, the base material for quantum cascade laser

technology. This far-IR system shown in Fig. 2.13 is similar to that of Si-Ag com-

posite and is relatively lossy. The transmission of 6% is calculated. However it can

be electrically pumped to provide material gain to propagating waves. Transmis-

sion through such fully active system is shown in Fig. 2.13.

While here we chose InGaAs-AlInAs as the gain material, many other such as

erbium-doped silica[25], quantum dots[101, 102], etc., can also be utilized. Fully
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Figure 2.13: Negative refractive index systems, Dz component is shown; The solid
white, dashed white, dashed black and solid black contours correspond to Dz values
of 0.75, 0.25,−0.25, and −0.75 respectively (see scales). (a-b) A homogeneous
Si waveguide (z < 0) coupled to Ag-Si PC core cone as described in the text;
λ = 1.2µm, (a) TM01 mode transfer from Si to a PC structure: 24% of energy
is transmitted from R = 135nm to R = 40nm ∼ λ/26, 21% is reflected back
to the Si waveguide. (b) TM11 mode transfer from PC system (z > 0) to Si
waveguide: 11% of energy is transferred from R = 75nm ∼ λ/16 to R = 230nm,
13% is reflected back. (c-d) TM01 energy transfer from AlInAs waveguide (z < 0)
to passive (c) and active (d) InGaAs-AlInAs PC-core; λ = 20µm. The passive
structure transmits 6% of radiation from R = 2.4µm to R = 0.45µm ∼ λ/44. The
material gain in active system (εAlInAs ' 10 − i) compensates for losses in the
funnel structure and yields energy in R = 0.45µm to be 112% of the incident one.
Similar to Fig. 2, the internal wavelength is proportional to R.

active systems offer great advantages not only due to compensation of losses, but

also as an efficient tool for controlling dispersive properties of materials as we will

show in Chapter 3.

As were noted in the introduction, our design does not impose any limitations

on the waveguide geometry. Here we demonstrated it on conical waveguides with

perfectly conducting metallic walls since such geometry closely resembles a con-

ventional nearfield tip[1, 2]. Thus, besides proof of the principle demonstration

purpose, photonic funnels would greatly improve nearfield microscopes[103]. The
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effects due to walls other than ideally conductive ones will be discussed in the next

section.

The efficiency of energy compression in photonic funnels can be related to

the adiabaticity parameter δ =
∣∣∣d(1/kz)

dz

∣∣∣, that defines the reflection by the funnel

structure[55, 73], and absorption in the system. We note however, that demon-

strated subwavelength focusing of electromagnetic radiation does not rely on adi-

abatic approximation[73]. The adiabaticity parameters for funnels shown above

is δ ∼ 0.1 . . . 0.3. While increase of δ by making funnel longer typically reduces

reflection loss, it also increases absorption. Further optimization of the photonic

funnel design is possible by minimizing reflection via active dispersion management

techniques developed in Chapter 3.

As a concluding remark to this section we note that volume-type mode structure

of the photonic funnels is completely fiber-compatible and, in contrast to surface

waves[67], allows easy integration with current telecommunication technology.

2.7 Effects of Waveguide Cladding

Ideally conducting cladding considered in previous sections introduces several im-

portant simplifications. The most important of them is the decoupling of TE

and TM modes and consequent ease in finding propagation constants kz. In this

section we consider the mode dynamics in waveguides with realistic metal (finite

conductivity) and with dielectric walls. While similar to the case of perfectly con-

ducting walls described above, the light propagation in fibers with any isotropic

cladding can be related to the propagating waves with TE and TM polarizations,

it is impossible to satisfy boundary conditions at the cladding-core interface with

a single, TE or TM , polarization. Instead both coupled waves must be considered

simultaneously.

2.7.1 Exact dispersion and polarization coupling

With realistic walls, the electromagnetic field can penetrate into the waveguide

cladding region. Thus each waveguide mode is a combination of waves in core and

cladding which propagate with the same propagation constant. While these waves

still satisfy bulk dispersion equation (1.5) (which relates the structure constant

κ to kz), another constraint between kz and ω arises. This constraint enforces
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boundary conditions at the core-cladding interface and yields the mode dispersion

equation in waveguide with an arbitrary cladding.

To find the dispersion equation for the modes in waveguides with realistic walls

the field can still be represented as a series of TM and TE waves with the same

propagation constant kz, frequency ω, and angular momentum m:

Ez =





amn
Jm(κTM

mnr)
Jm(κTM

mnR)
, r ≤ R

amn
Km(κcl

mnr)
Km(κcl

mnR)
, r > R

(2.46)

Hz =





bmn
Jm(κTE

mnr)
Jm(κTE

mnR)
, r ≤ R

bmn
Km(κcl

mnr)
Km(κcl

mnR)
, r > R

(2.47)

where Km is the Bessel function of the second kind that exponentially decaying

from the origin,
(
κcl

mn

)2
= k2

z − εclω
2/c2 is the structure constant of the mode in

the cladding (εcl is the permittivity of cladding), and amn and bmn are the am-

plitudes describing contribution of TM and TE components to the mode respec-

tively. Note additional terms Jm(κ
TE|TM
mn R) and Km(κcl

mnR) in the denominators

of Eqs.(2.46,2.47) compared to solution (1.7). Such redefinition makes matching

z-components of the electric and magnetic fields at the core-cladding interface

(r = R) trivial. Also note that TE and TM components of the mode have a

different spatial structure (κTE
mn 6= κTM

mn ) inside the anisotropic core:

(
κTE

mn

)2
= ε⊥ω2/c2 − k2

z (2.48)
(
κTM

mn

)2
= ε‖(ω

2/c2 − k2
z/ε⊥) (2.49)

Meeting boundary conditions for the electric and magnetic fields transverse

to the interface ε⊥Ecore
r |r=R = εclE

cl
r |r=R and Hcore

r |r=R = Hcl
r |r=R yields a linear

system of equations:

amn

ωm
(
ε‖κ2

cl + εclκ
2
TM

)

cRκ2
clκ

2
TM

+ bmn ikz

[
J‡m(κTER) + K‡

m(κclR)
]

= 0

amn ikz

[
ε‖J

‡
m(κTMR) + εclK

‡
m(κclR)

]− bmn
ωm (ε⊥κ2

cl + εclκ
2
TE)

cRκ2
clκ

2
TE

= 0

(2.50)

where L‡m(κR) = L′m(κR)/[κLm(κR)] and mode indices m and n are suppressed for

simplicity. In order for this system to yield a nontrivial solution, the determinant of
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the matrix constructed from the coefficients in front of amn and bmn has to vanish.

This procedure yields the dispersion relation for an optical fiber[104] generalized

to anisotropic core and isotropic cladding of permittivity εcl:

[
J‡m(κTER) + K‡

m(κclR)
] [

ε‖J
‡
m(κTMR) + εclK

‡
m(κclR)

]
=

m2ω2

R2c2

(
ε⊥
κ2

TE

+
εcl

κ2
cl

)(
ε‖

κ2
TM

+
εcl

κ2
cl

)
(2.51)

The two terms in the left-hand side correspond to the contributions from TE

and TM modes respectively. It is now clearly seen that “pure” TM and TE modes

are only possible when either εcl → −∞ or m = 0. The former case corresponds

to perfectly conducting metallic walls described in Sections 2.3-2.6.

Solutions of Eq.(2.51) with finite εcl (including case of m = 0) can be separated

into two fundamentally different groups: the ones with κ2
rm(TE|TM) > 0 describe

volume modes with maximum of the field intensity being in the core, while the

ones with κ2
(TE|TM) < 0 correspond to the surface waves localized at the core-

cladding interface (see Fig. 2.1c). The particular case of surface modes on the

metal-dielectric interface are called surface plasmon polaritons (SPP) and are also

suitable for wave modes guiding in subwavelength waveguides. Indeed, one can

verify that Eq. (2.51) always has at least one solution provided that κ2
TE|TM < 0

and εcl < 0. However as discussed in Chapter 1 the mode structure of such waves is

completely incompatible with fiber-like modes thus requiring the special coupling

devices. On the other hand anisotropic TM-waves have mode structure identical

to that of optical fibers and can be easily integrated with them.

2.7.2 Metallic cladding

While transcendental Eq.(2.51) with nonzero right-hand side can only be solved

numerically, dramatic simplification is possible for the case of waveguides with

metallic walls. At optical or infrared frequencies, the permittivity of metals is

dominated by the plasma-like response of their free electrons[97]. As a result,

this permittivity is negative and |εcl| À 1. A straightforward Taylor expansion of
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Figure 2.14: TM11(HE11) volume modes in waveguides with anisotropic cores. The
permittivities of the core material correspond to Si-Ag composite described in the
text. λ0 = 1.2µm. Panel (a) corresponds to perfectly conducting waveguide walls,
panel (b) shows the mode in a waveguide with Ag cladding. The lines represent
the exact results [Eq. (2.51)]; the dots correspond to perturbative Eq.(2.52)

Eq.(2.51) yields

kTM
z 'k(0)

z

(
1− ωε⊥

ck
(0)2
z R

1√−εcl

)
,

kTE
z 'k(0)

z

[
1 +

cκ
(0)2

TE Jm(κ
(0)
TER)

ωk
(0)2
z RJ ′′m(κ

(0)
TER)

(
1 +

k
(0)2

z m2ε‖

ε⊥κ
(0)2

TE κ
(0)2

TMR2

)
1√−εcl

] (2.52)

where the superscript (0) denotes the mode parameters in a waveguide with per-

fectly conducting walls.

Eqs. (2.52) leads to the following important conclusion. Similarly to the pla-

nar waveguides[76], finite permittivity of the waveguide wall leads to the mode

expansion into the cladding region which increases mode’s attenuation constant

k′′z . However this attenuation due to the intrinsic losses in metallic cladding scales

as 1/
√−εcl and is typically small (. 1/10) for optical frequencies. Thus this ad-

ditional attenuation contributes only few percents to that in plasmonic composite

of the layered core.

Besides affecting the mode propagation constant, realistic cladding material

in fiber systems also affects the mode structure14 by mixing waves of different

polarizations. Coupled nature of TE and TM modes in cylindrical waveguide

with realistic (metallic or dielectric) walls follows immediately from the right-hand

side of Eq. (2.51) which vanishes only in the case of m = 0 or εcl →∞. Otherwise

14Note that the effect of mode structure modification is unique to fiber-geometries and is not
observed in planar waveguides.
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the waveguide modes, known as HE and EH modes, must be represented as a

linear combination of TE and TM waves[104]. Particularly, the HE mode has a

major contribution from TM polarized wave with an admix of the TE wave and

vice versa. The admix parameter α for HE mode is defined as:

α ≡ bmn

amn

=
iωkzmε‖(ε⊥ − εcl)

cε⊥κ2
clκ

2
TMR

· [J‡m(κTER) + K‡
m(κclR)

]−1
(2.53)

Our calculations show that for Ag walls, this admix in the HE11 mode is below

2%.

As EH modes have their energy primarily carried by TE-polarized waves (the

admix of TM -waves is of the order of few percent as for TM waves), their prop-

erties are (almost) unaffected by the material anisotropy and are identical to the

properties of TE modes in the waveguides with isotropic cores.

In Fig.2.14 we illustrate a propagating volume mode in the Ag-Si system de-

scribed above for λ0 = 1.2µm. We provide a comparison of the mode structure in

waveguides with perfectly conducting and with Ag walls. It is clearly seen that

for the silver waveguide, the mode structure is well-described by the perturbative

result Eq. (2.52).

Since both additional attenuation due to mode expansion into metallic cladding

and energy “leakage” from propagating TM - to evanescent TE-polarized waves

are small (. 2%) we conclude that these effects will not significantly affect the

operation of the photonic funnels described in Sec. 2.6.

2.7.3 Dielectric cladding

To further study the effects of cladding on the light propagation in anisotropic

waveguides we consider a metamaterial fiber without cladding. Since the effec-

tive refractive index of modes in deeply subwavelength waveguides is much higher

than that of the surrounding isotropic dielectric, we can still expect strong mode

confinement.

To test this prediction, we use the exact dispersion relation [Eq.(2.51)] to calcu-

late the propagation constants for modes in the Si-Ag layered composite discussed

above (see funnel number 2) surrounded by air. We then use these kz values to

calculate spatial field profiles across the waveguide [Eqs. (A.12] and compare them
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Figure 2.15: TM02 mode in anisotropic fiber with free-standing anisotropic core
(εcl = 1) (a); SPP mode propagating at Ag-Air interface (b); λ0 = 1.2µm. Note
the fundamental structural difference between volume and surface modes. Also
note that volume mode has better confinement than its surface counterpart.

to those of the SPP modes supported by the Ag-rod of the same size15. The results

are presented in Fig. 2.15.

It is clearly seen that the structure of the surface modes (localized at core-

cladding boundary) is fundamentally different from those of the volume modes in

anisotropic core. Furthermore, despite subwavelength size of the metal nano-wire

in Fig. 2.15b the field of SPP still extends into the cladding region to the distance

l ∼ λSPP À λSi−Ag. Thus volume modes in anisotropic composites have much

stronger light confinement than that of SPP.

Similar confinement of the volume modes can be also obtained in the “right-

handed” anisotropic structure with ε⊥ = −30.51 + 0.77i and ε‖ = 28.72 + 0.12i

operated at λ0 = 1.2µm. However, besides volume modes, these waveguides also

supports surface modes at the interface of isotropic and anisotropic dielectrics. One

of such modes, similar to D’yakonov waves on the planar interface[77], is shown

in Fig. 2.16 have the structure and confinements comparable to those of SPPs. In

contrast to the “right-handed” waveguide, the left-handed Si-Ag fiber described

above does not support surface modes.

15Surface modes supported by the cylindrical metal-dielectric interface can be calculated from
the same dispersion relation (2.51) by the substitution ε‖ = ε⊥ = εmetal.
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Figure 2.16: The surface mode supported by the “right-handed” anisotropic waveg-
uide (R = 80nm) with ε⊥ = −30.51 + 0.77i and ε‖ = 28.72 + 0.12i in air (εAir = 1)
operated at λ0 = 1.2µm. (a) the normalized z-component of the electric field in
arbitrary units as a function of radius. (b) the cross-sectional field profile in the
waveguide.

2.8 Concluding Remarks

In this chapter, we presented an analytical description of light propagation in

waveguides with strongly anisotropic dielectric cores. We developed layered meta-

materials to achieve the required anisotropy and simulated propagation of radia-

tion in photonic funnels. We demonstrated that these systems support propagating

modes with high refractive indices even when the waveguide radius is as small as

λ0/45.

PC-based waveguides may be used in ultra-compact all-optical and electro-

optical devices, near-field microscopy, and other applications requiring effective

sub-diffraction or cross-scale energy transfer. These waveguides can as well be

used in a variety of nonlinear optical applications[91, 92] in positive- and negative-

index waveguides since the efficient energy compression and the corresponding

enhancement of the local fields will result in the strong enhancement of nonlinear

field moments.

Started from the anisotropic waveguide with ideally conducting walls we then

considered effects of waveguide cladding and material microstructure on mode

propagation and structure. Perturbative approach, used to calculate the correc-

tions to the propagation constants of modes due to finite conductivity of metal

in the cladding region, showed an excellent agreement with the exact solution.

Anisotropic waveguides with dielectric claddings revealed propagating modes with

confinement much stronger than that of the SPPs. Additionally we demonstrated

that positive index anisotropic structures support surface waves at the interface
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with isotropic dielectric.

Although a realistic waveguide cladding introduces polarization mixing and

possibly an additional attenuation due to the intrinsic losses in the cladding mate-

rial, both effects are shown to be small and have no significant effect on the light

propagation in anisotropic waveguides. In contrast to that, the detailed analysis

of the PC-based waveguides showed that the performance of such structures is, in

fact, limited by the core microstructure and absorption. The former introduces

implicit inhomogeneity scale (PC period), where the “effective medium” approxi-

mation [Eq. (2.18)] breaks down. The spatial dispersion, associated with the field

inhomogeneities on such scale, leads to the mode cut-off and prohibits light prop-

agation when the radius of the waveguide becomes smaller than the PC period.

The finer structure of the waveguide core is needed for further energy compression.

The material losses, on the other hand, lead to the energy attenuation and limit

the length of passive photonic funnels to ∼ 10λ which is acceptable for the majority

of applications of these systems, such as near-field tips, ultra-compact detectors,

integrated all-optical and electro-optical circuits, etc. The material absorption

can be substantially reduced, eliminated, or even reversed by implementing gain

medium into the dielectric regions of PC[14]. Although the simplistic approach

to gain description (simple change in the imaginary part of the permittivity) was

considered in this chapter, other effects due to material gain, as well as the detailed

study of the dispersive properties of subwavelength waveguides, will be presented

in Chapter 3.

Finally, we note that other metamaterials can be employed to achieve the re-

quired anisotropy. Their operating frequency can be changed from optical, to

near-IR, to far-IR, to THz domain with different classes of dielectric, plasmonic,

or polar materials with the appropriate structuring. In addition, our analysis can

be easily generalized for the case of non-circular waveguides.

Parts of the material presented in this chapter were published in references

[80, 81, 95] and are also patented[103]



Chapter 3 – Dispersion Engineering With Material Gain

In Chap. 2 we studied the mode structure of subwavelength waveguides and de-

veloped techniques of finding propagation constants kz for these modes. While we

derived the values of material parameters using realistic models for the material

dispersion, the frequency dependance of ε̄ was considered negligible compared to

the waveguide induced effects, i.e. ε̄(ω) = const. Such treatment is fully adequate

for the majority of weakly dispersive materials1 and yields phase velocities of waves

vp = ω/kz = c/n, however it is not the phase but group velocity [Eq. (2.13)] that

describes the propagation of electromagnetic pulses. While it is certainly possible

to simulate propagation of light pulses through strongly anisotropic systems by

propagating each frequency harmonic (with material parameters calculated from

the material dispersion at that frequency) and to further derive vg from such sim-

ulations, this approach is rather time and computing power intense.

In order to avoid such computations, in section 3.1 of this chapter we derive

analytical expression for the group velocity in waveguides of arbitrary geometries

and structure. We then apply this formalism to strongly anisotropic waveguides

described in Chap. 2 and to surface plasmon polariton (SPP) waves[67] at the

metallic nano-rod to demonstrate that the mechanism of material gain, previously

suggested for loss compensation[14, 16–18, 21], is also a powerful tool to manipulate

dispersion and propagation characteristics of electromagnetic pulses at the nano-

scale. In particular, we show theoretically that the group velocity in lossy nano-

waveguides can be controlled from slow to superluminal values by the material

gain and waveguide geometry. Sections 3.2 presents the analytical description of

the relevant physics. The only assumption made on the frequency dependance

of material parameters of the waveguide constituents is differentiability of their

permittivity in the region of interest.

An interplay between material dispersion and waveguide geometry allows versa-

tile control over the group velocity of pulses in nano-waveguides. In section 3.4 we

1The material dispersion ε̄(ω) becomes crucial in the case of ω → 0. The waveguide dispersion
alone yields nonphysical propagating modes (kz 6= 0) with zero energy (see for instance Fig. 2.4).
However, since no material exists with the strong anisotropy at zero frequency, the decrease in
frequency will eventually cut-off the mode propagation.
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further employ material gain for teh dispersion engineering in macroscopic systems

with negative index of refraction[34–38]. While in passive structures the sign of the

refractive index can be easily derived by requiring the waves to decay away from

the source, in fully active systems such a simple approach fails. Causal derivation

of the direction of the phase velocity in metamaterials with gain is still actively

debated in literature[26–33].

In Sec. 3.3 we derive an approach to define the causal direction of the wave

vector of modes in optical metamaterials, which in turn, determines signs of the

refractive index and of the impedance as a function of real and imaginary parts of

dielectric permittivity and magnetic permeability. We use the developed technique

to demonstrate broadband dispersion-less index and impedance matching in fully

active nanowire-based negative index materials[105, 106].

3.1 Group Velocity in Multilayer Waveguides

In order to derive an expression for the group velocity in the waveguide of virtually

any structure and geometry we consider a generalized waveguide composed of an

arbitrary number of layers in the radial direction. Such multilayer system can

incorporate isotropic as well as anisotropic materials and is schematically shown

in Fig. 3.1. Although the waveguide shown employs cylindrical geometry, we note

that the following discussion also applies to other waveguide types, such as planar,

rectangular, etc. For simplicity, we also assume that the system is homogeneous

along the propagation direction (z axis)2.

Figure 3.1: The schematic geometry of a multilayered waveguide. Waves in each
layer have different mode structure (k-vector) but same propagation constant kz.

2Although our formalism does not directly apply to nanoparticle chains[72] since they rely
on localized instead of propagating excitations, our results can be extended to these types of
waveguides via incorporation of homogenization techniques (see for instance Ref.[107]).
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As shown in Fig. 3.1 the transverse structure of the waveguide is composed of a

set of N possibly anisotropic layers with different permittivities. Any wavepacket,

propagating in such a structure can be described as a linear combination of waveg-

uide modes Eq. (1.1). Each mode has its own propagation constant kz related to

the frequency ω through the modal dispersion relation.

To find this relation we first represent the field in i-th layer by a linear combi-

nation of waves traveling in opposite directions across the layer having the same

z-dependence, but different polarization and cross-sectional structure (described

by parameters κ(i)):

E(i)
z =

∑
m

(
α+

(i)C
+(κ

(i)
TMr) + α−(i)C

−(κ
(i)
TMr)

)
eikzz+imφ−iωt (3.1)

H(i)
z =

∑
m

(
β+

(i)C
+(κ

(i)
TEr) + β−(i)C

−(κ
(i)
TEr)

)
eikzz+imφ−iωt (3.2)

where κ(i) are the structural parameters defined by Eqs. (2.3,2.4) which represent

layer- and polarization-specific dispersion equations for individual waves:

Di(kz, ω, κ(i)) = 0 (3.3)

We then relate the fields in each layer to the fields in the neighboring layers

through the boundary conditions. Following the scattering matrix formalism de-

veloped in App. D we arrive to the waveguide matrix M that relates the (complex)

amplitudes of waves in all layers. Since a waveguide mode corresponds to a non-

trivial solution of the system of algebraic equations described by M, the modal

dispersion equation can be found using:

D(kz, ω, κ̄) = detM = 0. (3.4)

where κ̄ is a vector constructed of individual κ(i).

The modal dispersion equation provides a complete description of electromag-

netism in multi-layered waveguides. In particular, to find the refractive index n

we find kz and then divide by ω/c, or to find the group velocity vg = dω/dkz we
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differentiate Eqs. (3.3,3.4) with respect to kz
3:

dD
dkz

=
∂D
∂kz

+
∂D
∂ω

vg +
∑

i

∂D
∂κi

∂κi

∂kz

= 0 (3.5)

dDi

dkz

=
∂Di

∂kz

+
∂Di

∂ω
vg +

∂Di

∂κi

∂κi

∂kz

= 0 (3.6)

By solving for ∂κi/∂kz from Eq. (3.6) and plugging it into Eq. (3.5) we arrive to:

vg = −
∑

i
∂D
∂κi

(
∂Di

∂κi

)−1
∂Di

∂kz
− ∂D

∂kz

∑
i

∂D
∂κi

(
∂Di

∂κi

)−1
∂Di

∂ω
− ∂D

∂ω

. (3.7)

The number of terms in the summations in Eq.(3.7) (the length of κ̄) depends

on the waveguide symmetry and individual layer properties. For instance, when the

system has an axial symmetry (see Fig. 3.1), each layer with isotropic permittivity

adds one κ per “axial number” m, each layer with uniaxial anisotropy adds two

such terms, etc.

Eq. (3.7) is very general and applies to waveguides with an arbitrary number of

layers. Substituting any particular dispersion equation yields the group velocity.

In Sec. 3.2 we analyze the group velocity of electromagnetic pulses in (active)

waveguides who’s dispersive properties can be changed by the material gain.

3.2 Material Gain as a Control Knob

Since strongly anisotropic waveguides considered in Chap. 2, as well as the ma-

jority of other optical nano-waveguides[57, 67–72, 74, 81] rely on plasmonic ma-

terials to confine the radiation beyond the diffraction limit, the propagation of

nano-constrained radiation is often limited by material losses. To explore the per-

spectives of lossless photonics we designed an active waveguide (see Fig. 2.13d) and

demonstrated an increased transmission through InGaAs-AlInAs funnel. However

our treatment of gain was rather simplistic: we introduced a small negative imag-

inary part ε′′d < 0 into dielectric constituent of the waveguide core. Although

such treatment yields qualitatively correct results for small gain, larger gain val-

3Here we use formal definition of vg = Re(dω/dkz)[52]. Note that this approach, affected by
both real and imaginary parts of permittivity, yields the identical group index ng = c/vg to that
obtained using other commonly used definition vg = dω/d(Re[kz])[24, 25, 108]
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ues require proper treatment. Besides, full compensation of losses appears to be

experimentally challenging[109].

In this section, we focus on gain-assisted phenomena beyond absorption compen-

sation and study the perspectives of controlling the dispersive properties of active

nano-scale waveguides. While the emerging field of active plasmonics [15–18, 21]

is trying to combine subwavelength waveguide size with lossless propagation, we

explore the causal relation between real and imaginary parts of the material dielec-

tric function[52, 55]. As we will show, even relatively weak material gain, which is

easily achieved in practice but too weak to compensate losses, is capable of produc-

ing large variations of the group velocity, bringing such exotic phenomena as slow

(0 < vg ¿ c) and ultra-fast (vg < 0) light[22–25, 108] to the nanoscale domain.

In contrast to the diffraction-limited systems, where the group velocity is con-

trolled solely by the material dispersion, the energy propagation in nano-waveguides

is also strongly affected by the waveguide geometry. We demonstrate that an in-

terplay between geometry- and material-controlled modal dispersion in tapered

waveguides leads to the transition between photonic compressor regime, where the

reduction of phase velocity is accompanied by the simultaneous reduction of group

velocity [68, 73] and photonic funnel [80] regime where the product of phase and

group velocities remains constant[52].

3.2.1 Dispersive properties of active media

Eq. (3.7) is very general and with the appropriate choice of wave basis[52], can

be used for an arbitrary waveguide geometry including planar, square (plane

waves)[52], circular, and oval (cylindrical waves)[110, 111] systems. It can be also

applied to waveguide modes of a different structure, such as plasmonic, coaxial,

and volume ones. However to illustrate the developed formalism we consider two

simply connected axially-symmetric cylindrical nano-waveguides:

1. a photonic funnel, described in details in Sec. 2 (see also Refs. [80, 81]).

2. plasmonic nanorod in the dielectric material.

In the first case we compose the waveguide core from 15 nm-layers of metal

and dielectric. While the metal is once again taken to be Ag with its properties

described by the Drude[79] approach Eq. (2.20), the nondispersive Si is replaced
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Figure 3.2: (a) Real (top) and imaginary (bottom) parts of the dielectric permit-
tivity of 0.1M Rhodamine-6G model. Solid blue, dashed green, dash-dotted brown
and dash-dot-dotted red curves correspond to gain values 0% (A2 = 13 ·10−4), 33%
(A2 = 6.5 ·10−4), 66% (A2 = −6.5 ·10−4) and 100% (A2 = −13 ·10−4) respectively.
(b) Real (top) and imaginary (bottom) parts of the dielectric permittivity of Ag.

with 10% solution (0.1-M) of Rhodamine-6G in Methanol (Rh6G). In the optical

frequency range the dispersive properties of Rh6G can be approximated by the

two resonance Lorentz model:

εRh6G(ω) = εRh6G
∞ +

2∑
j=1

Aj

ω2
(0)j

− ω2 − iγjω
(3.8)

In our calculations we use εRh6G
∞ = 1.81, γ1 = 0.4µm−1, ω(0)1 = 12.82µm−1, γ2 =

0.2µm−1, ω(0)2 = 11.74µm−1 for Rhodamine[112]. We model the material gain

by fixing A1 = 0.001 and adjusting A2 to gradually change the corresponding

resonance strength. On the microscopic level, this process corresponds to a gradual

increase of the population of the excited level of Rh6G with respect to the ground-

state population, achievable, for example, by an external pump. The dependence

of the dielectric permittivity of Rh6G on the material gain can be measured in

percents of the excited state population and is illustrated in Fig. 3.2a. In the

remainder of this section, we assume the regime with less than 50% population in

the excited state, corresponding to A2 > 0 (A2 < 0 represents an inverted system).

In the second case Ag nano-rod is submerged into the same solution of Rh6G

dye. The dispersive properties of bulk silver are shown in Fig. 3.2b.



48

3.2.2 The group velocity in photonic funnels

In Chap. 2 we demonstrated that TE waves are completely unaffected by anisotropy

and do not penetrate the subcritical structures. Since here we consider propaga-

tion of waves in deeply subwavelength structures we will focus our attention on the

TM waves solely. We start from the simple case of a TM01 mode in a cylindrical

waveguide with the uniaxial metamaterial core described above.

Recalling that the modal dispersion for TM-waves in the case of ideally conduct-

ing walls follows directly form the requirement of vanishing Ez at the core-cladding

interface [see discussion above Eq.(2.7)] we obtain the following expression for D4

and D1:

Dan = J0(κ
(1)R) (3.9)

Dan
1 =

ω2

c2
− k2

z

ε⊥
− (κ(1))2

ε‖
, (3.10)

J0 is a Bessel function of the first kind. The effective permittivities ε⊥ and ε‖
are found from the effective medium Eqs. (2.19,2.18). A direct substitution of

Eqs. (3.9,3.10) into Eq. (3.7) yields:

vg =
c2kz

ε⊥ω

[
1 +

c2

2ω

(
k2

z

ε2
⊥

dε⊥
dω

+
κ2

(i)

ε2
‖

dε‖
dω

)]−1

(3.11)

By noting that kz is inversely proportional to the radius (kz ' κ(1) ∼ 1/R) in

the nano-scale limit when waveguide radius is much smaller than the free-space

wavelength (R ¿ λ0) we can simplify the above equation to:

vgvp =
c2

ε⊥

[
1 +

c2κ2
(i)

2ω

(
1

ε2
⊥

dε⊥
dω

+
1

ε2
‖

dε‖
dω

)]−1

(3.12)

with vp being phase velocity of the mode:

vp =
ω

kz

(3.13)

4One can also obtain D via scattering matrix formalism described in App. D. Simply take
C± to be Bessel functions of the first kind in the core and set fields to be zero in the cladding
region (α±(i6=1) = β±(i 6=1) = 0). By noticing that α−(1) also has to vanish to ensure continuity of
electric-magnetic field at the origin one arrives to the same condition: C+

(1) = Jm(κ(1)r) = 0
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The dramatic effect of material dispersion on the relationship between the phase

and group velocities is now clearly seen. In the absence of material dispersion,

vgvp = const, and the decrease of phase velocity with the radius is accompanied

by the increase of the group velocity[52].

Any non-vanishing dispersion, however, dramatically changes this behavior.

At sufficiently small radii the term proportional to κ2
(i) ∼ 1/R2 becomes dominant

leading to the regime when both vp and vg simultaneously vanish. This regime

originates from the material dispersion of the core, and yields slow light at the

nanoscale waveguides[73, 86–88].

It is now clearly seen that Eq. 3.12 represents the interplay between the “funnel

limit” vgvp = c2/ε⊥ = const[80], when the group velocity increases in shrinking

waveguide, and the “compressor limit” vgvp ∝ 1/κ2
1 ∝ R2[73], when the pulse

compresses and eventually stops before reaching the very tip of the waveguide.

The crucial point of our work is that the dispersion of the dielectric core can

be used to control the group velocity in between these two limits. In contrast to

macroscopic waveguides, very large value of κ(i) creates huge variation in vg by a

tiny changes in the “dispersion” terms 1
ε2⊥

dε⊥
dω

+ 1
ε2‖

dε‖
dω

of Eq.(3.12).

The group and phase velocities in Si-Ag photonic funnel are shown in Fig. 3.3b-

f. Both superluminal (vg < 0) and slow (0 < vg ¿ c) light regimes can be

identified. Note, that the group velocity can be independently controlled by either

material dispersion or waveguide radius. When the gain is close to 20%, the

group velocity undergoes a transition from superluminal to slow light regime at a

constant pumping level with varying nanorod radius. Similarly, at R = 35nm, the

superluminal to slow light transition happens as a function of A2.

We note that the imaginary part of both ε⊥ and ε‖ is greater than zero (see

Fig. 3.2, indicating that the gain is insufficient to fully compensate losses and

the propagation constant k′′z also remains positive. Furthermore, the phase ve-

locity (and the refractive index) are almost unaffected by the material gain (see

Fig. 3.3e,f) and can only be controlled by the waveguide radius.

Such a weak dependence of vp on gain allows almost unlimited and independent

from the phase velocity control over the group velocity in nano-waveguides by the

material gain. It is therefore possible to construct a tapered anisotropic fiber, in

which plasmonic packets would travel with superluminal speeds at larger radii, and

compress (slow down) toward the small-radius nano-tip.
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Figure 3.3: The effective permittivities (a,d) of anisotropic core of cylindrical sub-
diffraction waveguide composed of 15nm layers of Si and Ag, (see text for details).
The group and phase velocities of the TM01 mode as functions of gain, frequency
(b,e) and radius (c,f). Radial dependence is given at λ = 534nm, the wavelength
one - at R = 35nm. Note the negative refractive index (vp < 0) of the waveguide.

Although we used ideally conducting cladding which greatly simplifies computa-

tions, the finite wall conductivity can be incorporated via perturbative techniques,

developed in Sec. 2.7[81]. We note however, that while it certainly leads to some

quantitative corrections, it will not affect the existence of the versatile control of

vg in nano-waveguides.

3.2.3 The group velocity of SPP in tapered nano-rod

To demonstrate that the described group velocity modulation is universal and does

not depend on the mode structure, we apply Eq. (3.7) to TM01 plasmon polariton

mode[67] on a metallic circular waveguide submerged into 0.1M solution of Rh6G

[see Eq. (3.8)].

The modal dispersion can be easily found through the scattering matrix formal-

ism (see App. D). Since such a waveguide only supports surface modes localized
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at the metal-dielectric interface it is convenient to use modified Bessel functions

to describe electromagnetic fields. Setting C+
(1) = Im(κ(1)r) and C−

(2) = Km(κ(2)r),

and making coefficients α−(1) and α+
(2) vanish to ensure finite field values at the

origin and infinity respectively yields the dispersion equation of TM01 SPP5:

DSPP =
ε(1)

ε(2)

I1(κ(1)R)

κ(1)I0(κ(1)R)
+

K1(κ(2)R)

κ(2)K0(κ(2)R)
(3.14)

where parameters κ(i) are set by bulk dispersion relations:

DSPP
1,2 = ε(1,2)

ω2

c2
− k2

z + κ2
(1,2) (3.15)

Direct substitution of the above equations into Eq. (3.7) yields the group velocity

of SPPs on the metallic nanorod:

vg =
kz

ω

(
2∑

i=1

∂DSPP

∂κ(i)

1

κ(i)

)[
2∑

i=1

∂DSPP

∂κ(i)

1

κ(i)

(
εi +

ω

2

dεi

dω

)

+
c2

ω

ε1

ε2

I1(κ(1)R)

κ(1)I0(κ(1)R)

(
1

ε1

dε1

dω
− 1

ε2

dε2

dω

)]−1

, (3.16)

When the nanorod radius is much smaller than the free-space wavelength (R ¿
λ0), κ(1,2) are proportional to 1/R. In this regime the propagation constant of SPP

is proportional to 1/R (kz ' κ ∼ 1/R), the terms involving DSPP in Eq. (3.16) are

proportional to R3, while the remaining term is proportional to R.

Once again the dramatic effect of material dispersion on the phase and group

velocities is now clearly seen. Similar to what has been found for anisotropy-based

photonic funnels in Sec. 3.2.2, in the absence of material dispersion, vg ∝ 1/vp =

kz/ω ∝ 1/R, and the group velocity increases with radius.

The material dispersion, on the other hand, changes this behavior to the regime

when both vp and vg simultaneously vanish. Such result is consistent with slow

light in nano-scale plasmonic waveguides[86–88] and in adiabatic plasmonic energy

compressors[73].

By adjusting the term
(

1
ε1

dε1
dω
− 1

ε2

dε2
dω

)
in Eq.(3.16) one can switch the nanoplas-

monic system between “photonic funnel” and “photonic compressor” regimes. This

5Same dispersion can be derived from the Eq. (2.51) by replacing ε⊥ = ε‖ = εAg(ω), εcl =
εRh6G, and using imaginary κ’s defined by Eq. (3.15).
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Figure 3.4: Group and phase velocities of an SPP on silver nanorod in Rh6G
methanol solution as functions of gain, frequency (a,c) and radius (b,d). The
radial dependence is given at λ = 534nm, the wavelength one - at R = 35nm.

way the group velocity of SPPs can be independently controlled by either material

dispersion or waveguide radius. It is possible to build plasmonic systems with either

“fast” or “slow” modes (see Fig.3.4), or implement an adjustable gain mechanism to

tune in between these two regimes. In constrast to metallic waveguide surrounded

by non-dispersive media[73], one can construct plasmonic nano-waveguides with

superluminal group velocities.

The group and phase velocities of SPP at the Ag-Rh6G interface are shown

in Fig. 3.4. As before, the imaginary part of εRh6G is positive, meaning that the

gain is insufficient to fully compensate losses. Furthermore the phase velocity is

almost unaffected by the material gain (see Fig. 3.4c,d). We note that, while the

SPP mode remains lossy, the total absorption in the fast- and slow-light regions is

relatively small. The corresponding parameter |k′′z/kz| . 0.05.

Similarly to anisotropic funnel system, superluminal (vg < 0) and slow (0 <

vg ¿ c) light regimes can be also identified in active nanoplasmonic structures.
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When the gain is close to 25%, the group velocity undergoes the transition from

superluminal to slow light as a function of radius. On the other hand, at R = 35nm

a similar transition happens as a function of pumping, providing almost unlimited

control over the group velocity of SPPs at the nanoscale.

3.3 Refractive Index and Impedance of Fully Active Structures

As we showed in previous sections, the material gain is a powerful tool in controlling

the dispersive properties of propagating modes. Although small amounts of gain

can significantly vary modal dispersion in nano-waveguides, they are insufficient

to achieve lossless propagation in subwavelength structures. Furthermore, using

gain in macroscopic structures for efficient dispersion manipulation would require

even larger gains, since such structures are much less affected by the geometrical

factor (see discussion in Sec. 3.2).

Gain-assisted dispersion management would benefit a number of applications,

including super-imaging with negative index media (NIMs)[34–38] and hyperlenses[39–

41], cloaking[113], etc. In addition strong optical gain would improve and poten-

tially eliminate absorption losses[14, 19–21, 114, 115] in a variety of metamaterials.

However the effect of large gain values on material dispersion has not been com-

pletely understood[26–28, 33]. Furthermore, the very question of the sign of the

refractive index in active metamaterials is somewhat controversial[29–32].

Indeed, the direction of phase velocity can be easily found in lossy metamate-

rials by requiring that waves decay away from the source, i.e. k′′z > 0. However

such simple derivation obviously does not work for the fully active materials. In

this section we present a universal approach for imposing causality in both ac-

tive and passive materials. Our results can be used to determine the sign of the

refractive index of active or passive media, as well as in a number of analytical

and/or numerical solutions of Maxwell’s equations relying on plane-wave represen-

tations. Section 3.4 illustrates the developed technique to analyze the perspectives

of gain-assisted dispersion management in NIM structures.

3.3.1 The causal derivation of refractive index and impedance

The refractive index n is one of the most fundamental optical properties of a

medium. Its magnitude relates the magnitude of wave vector ~k of a plane elec-
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tromagnetic wave to the frequency ω: |n| = |~k|c/ω, and thus describes the phase

velocities of waves in the material[52]. In particular, the refractive index enters the

equations for reflectivity, Doppler effect, and describes various nonlinear phenom-

ena. Apart from n, the reflectivity of a material also depends on its impedance

Z. For an isotropic material with (complex) dielectric permittivity ε and magnetic

permeability µ, n and Z are calculated via[52]:

n = ±√εµ (3.17)

Z = µ/n = ±
√

µ/ε, (3.18)

Note that while the magnitudes of n and Z are completely defined by the material

paramaters (ε and µ) [52], their signs cannot be uniquely determined due to the

fact that the product of ε×µ (the square of the refractive index, but not the index

itself) enters Maxwell’s equations. The sign of the refractive index has recently

instigated some controversy[29–32], which can be traced to different treatments of

the causality principle. Authors of [116] further suggest that Maxwell’s equations

can be solved correctly regardless of the choice of sign of the refractive index. Such

a (always positive) choice of the refractive index is replaced by a requirement to

adjust the signs in equations describing phase velocity-related phenomena (Snells

law, Cherenkov Radiation, etc.)[116], which still requires imposing causality (iden-

tical to [26]) when solving Maxwell’s equations.

As was mentioned in Sec. 2.1, imposing the causality principle is equivalent to

ensuring signal propagation away from the source. Here we assume that such a

propagation takes place along the positive z-direction and we therefore focus on

the kz component of the wave vector. The authors of [26, 116] propose to select

the sign of kz by enforcing a positive direction of the Poynting vector (energy

flux). The authors of [27, 28] suggest that causality requires exponential decay

(k′′z > 0) of waves propagating inside passive materials and exponential growth

(k′′z < 0) of waves propagating inside active media. The authors of [33] are using a

hybrid approach similar to the one developed here, but different in the definition

of propagating modes and activity criterion.

While all causality requirements discussed in [26–28, 116] coincide for the case

of passive materials, they are not directly applicable for active media and are

therefore not universal. Indeed, enforcing the sign of energy flux is physical only
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in transparent materials. Materials with opposite signs of ε and µ (known as single-

negative materials[52]) such as metals do not support propagating modes and

reflect the majority of incident radiation. Enforcing decay/growth of fields is based

solely on the passive/active state of the material and also ignores single-negative

materials. Such treatment, for instance, yields nonphysical abrupt disappearance

of surface plasmon polariton waves when medium undergoes a smooth transition

from low-loss to low-gain states[117].

To resolve the above controversy[27, 28, 31] and incorporate active media, we

propose to simultaneously consider the transparency of the material in the absence

of loss or gain (ε′′ = µ′′ = 0) along with absorption or gain |ε|µ′′ + |µ|ε′′ ≷ 0 state

of the material. Such a definition of an absorptive state follows directly from the

energy dissipation term in the right hand side of Poynting theorem, which in the

absence of free currents can be written as[52]:

∂u

∂t
+ ~∇ · ~S = −2ω

(
ε′′| ~E|2 + µ′′| ~H|2

)
(3.19)

where u = Re[d(ωε)/dω]| ~E|2 + Re[d(ωµ)/dω]| ~H|2 is the local energy density and
~S is the Poynting vector.

Although the criterion (3.19) for gains or losses in transparent materials is

equivalent to that used in Ref. [33], the latter one is in general incorrect. Both

results however, agree that the amplitude of electromagnetic radiation should decay

inside all passive media[52] and grow inside transparent active materials. We note

however that the transparency criterion (k2
z
′
> 0) use by Authors of Ref. [33] is

different from ours and yields a nonphysical result in the case of a metal with high

gain. Our criterion defines transparent as ε′ · µ′ > 0 and yields results verified

experimentally [117].

Non-transparent (single-negative) materials, on the other hand, do not sup-

port propagating modes, and thus should reflect all incident light regardless of its

absorption/gain state. Energy can penetrate these structures only in the form of

exponentially decaying waves. Indeed, excitation of waves in active single-negative

materials is equivalent to excitation of waves in conventional active media, such

as dye solution, by evanescent waves. It is experimentally shown, that selection of

the exponentially growing solution in active singe-negative materials will lead to

nonphysical results [117].
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Table 3.1: The direction of the wave vector (and thus the sign of the refractive
index) in optical material as a function of the material transparency and gain/loss
state of the media. The first column represents the transparency state of the
material: for ε′ · µ′ > 0 the material supports propagating modes, while ε′ · µ′ < 0
modes decay exponentially into the material. The second column represents the
sign of |ε|µ′′+|µ|ε′′, which determines whether the material is passive (|ε|µ′′+|µ|ε′′ >
0) or active (|ε|µ′′+ |µ|ε′′ < 0). The sign of the refractive index is selected to satisfy
the requirement for wave attenuation (k′′z > 0) or growth (k′′z < 0), shown in the
third column

Transparency Gain/Loss Wave Growth/Decay
ε′ · µ′ |ε|µ′′ + |µ|ε′′ k′′z

+ + +
+ − −
− any +

Our arguments are summarized in Table 3.1. They allow unambiguous deter-

mination of the sign of the refractive index, and thus completely solve the problem

of selecting the direction of the wave vector of plane waves. For isotropic me-

dia, the developed technique also provides a solution to the selection of the sign

of n′, which should be identical to that of k′z, yielding the “conventional” Snell’s

law[34–38].

3.3.2 Causality and complex plane branch cuts

For passive media, our results agree with those which rely on the branch cut along

the negative part of the real axis (0,−∞) in the complex (ε · µ)-plane[26, 116]

when calculating the square root in Eq. (3.17), and to those obtained via cutting

the complex plane along the positive direction (0,∞)[27, 28] (see Fig. 3.5)6. We

note, however, that such a reduction of causality arguments to a single preselected

branch-cut is possible only for passive materials, since the phase of the product

ε · µ always stays in a single sheet of the complex Reimann plane.

In general, however, Table 3.1 cannot be reduced to a single cut. For instance,

with branch cuts selected as in Ref. [26] (Fig. 3.5a) any active single-negative

optical material would have n′′ < 0, i.e. would amplify and transmit (evanescent)

waves instead of reflecting them. A similar situation happens with any other

6Here we introduced ±∞ and ±i∞ for the purpose of specifying the direction along real and
complex axes respectively
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Figure 3.5: Complex plane of ε and µ and three selections of the branch cut. (a) the
branch cut chosen in compliancy with the requirement of positiveness of Poynting
vector in passive media[26]; (b) the branch cut used here, which enforces the
continuity of the refractive index, transmission and reflection coefficients through
the transition from the loss-gain state of the material[117, 118]; (c) the branch cut
enforcing the decay of waves away from source[27, 28]

complex plane cut. Indeed, any optical material falls into one of the four cases:

it has either negative or positive refractive index n′ ≷ 0, and it is either passive

(n′′ ≥ 0) or active (n′′ < 0). Selecting a particular branch cut immediately limits

the number of possible combinations to two.

While it is impossible to determine a universal single cut in the complex plane

for n, the requirements of Table 3.1 can be formally satisfied by the following

procedure: starting from the material parameters ε and µ, one first calculates
√

ε

and
√

µ, cutting the complex plane along the negative part of the imaginary axis

(0,−i∞). This particular branch cut ensures physical results for non-magnetic

media[117], such as smooth transition from low-loss to low-gain regimes7 and ex-

plains the discontinuity in the reflection from an active material undergoing the

metal-dielectric transition8. The refractive index and impedance are then calcu-

lated as:

n =
√

ε · √µ (3.20)

Z =
√

µ/
√

ε (3.21)

7Indeed, it is nonphysical for the positive index material to become NIM as you start pumping
it, and vice versa. In particular, the AlInAs-InGaAs photonic funnel considered in Sec. 2.6 does
not change its index as one increases the pumping intensity[117].

8While direct implementation of such an experiment would require working close to the plasma
frequency, an alternative experiment employing reflection in the prism from an active material
yields the same result. By varying the incidence angle one can send propagating or evanescent
waves into the active material[18, 117, 119–121]
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The above procedure can be generalized to other classes of materials and exci-

tation waves. For example, the same transparency/active state arguments can be

employed to find the “handedness” (the relationship between directions of ~E, ~H,

and ~k) of modes in active anisotropy-based waveguides discussed in Sec. 2.6. All

one has to do is to replace µ with a waveguide parameter ν defined by Eq. (2.12).

In a similar way, the handedness of waves in active media excited by evanescent

radiation[18, 117, 119–121] (such excitation is typical for gain-assisted compensa-

tion of losses of surface plasmon polaritons[15–18, 21]) can be derived.

3.4 Dispersion Engineering in Negative Index Materials

In this section we study the prospects of using gain for active dispersion manage-

ment in NIM structures[34–38]. NIMs offer new exciting imaging techniques[36,

40], however they suffer from losses and material dispersion[64–66]. While losses

can, at least in principle, be overcome by optical gain[14], strong dispersion pro-

hibits the use of negative index media for broadband applications. Here we show

that gain, which worked extremely well for controlling group velocity in nano-

waveguides, can also be used in macroscopic systems. We note, however, that

stronger gain modulation is required for efficient dispersion management in struc-

tures that are large compared to the wavelength λ. The technique developed in

Sec. 3.3 allows us to determine the sign of the refractive index and of the impedance

in materials with any level of optical gain. In this section, we demonstrate that

both frequency independent (negative) index and impedance can be achieved in the

same metamaterial with position-dependent gain. This combination of broadband

impedance and refractive index has a potential to open new exciting applications

of dispersion-managed NIMs, in broadband optical processing, packet routing, and

non-reflective lensing.

To illustrate the proposed gain-assisted dispersion management, we find n and

Z as a function of frequency ω for nanowire-based NIM structure, originally pro-

posed in[105, 106] and experimentally realized in[122]. The meta-atom of this

composite comprises two plasmonic nanowires, schematically shown in Fig. 3.6.

As described in detail in Ref. [105, 106], the dielectric and magnetic response of

such a metamaterial can be related to symmetric and anti-symmetric combina-

tions of surface plasmon polaritons excited in nanowire pairs. In the limit of small
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Figure 3.6: The geometry of nanowire composite described in Ref. [105, 106].

concentration of nanowires p, the effective dielectric permittivity and magnetic

permeability of such a mix can be qualitatively described by[105, 106]:

εeff = εh +
4pr

d

f(∆)εm

1 + 4f(∆)εmr2

l2
ln

(
1 + εhl

2r

)
cos Ω

, (3.22)

µeff = 1 +
12pl2C2k

2d2

rd

2 tan(gl/2)− gl

(gl)3
, (3.23)

where r, l, and d correspond to nanowire radius, length, and separation between

two wires (see Fig. 3.6), and remaining parameters are given by:

Ω2 = k2l2
ln[l/2r] + i

√
εhkl/2

4 ln [1 + εhl/2r]

C2 =
εh

4 ln[d/r]

g2 = k2εh

[
1 + i/(2∆2 f[∆] ln[d/r])

]
(3.24)

g2 = k2εh

(
1 +

i

2∆2 f[∆] ln[d/r]

)

∆ = kr
√−iεm

f(∆) = (1− i)
J1[(1 + i)∆]

∆J0[(1 + i)∆]

where k = 2π/λ0 = ω/c (λ0 is the wavelength in the vacuum), and εm and εh are

the permittivities of nanowire and host materials respectively. We once again

assume that metal wires are made of silver with εm described by Eq. (2.20) (the

Drude model of metals[93]). The dielectric host is assumed to consist of a

polymer (ε0 ' 1.5) doped with quantum dots[101, 102], qualitatively described by
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Figure 3.7: Real (a,c) and imaginary (b,d) parts of the dielectric permittivity
of the host material. The left panel shows a passive composite (λr = 1.5µm,
γ = 0.628µm−1); solid lines correspond to A = 0.04, the dashed to A = 0, the
dash-dotted to A = 0.0175. The right panel shows fully active quantum dots
(λr = 1.4µm, γ = 0.129µm−1); solid, dashed, and dash-dotted curves correspond
to A = −5.05 · 10−3, A = 0 and A = −0.012, respectively.

the Lorentz model:

εh = 1.5 +
Aω2

0

ω2
0 − ω2 − iωγ

, (3.25)

where ω0 is the resonant frequency, γ is the damping constant, and A is the

macroscopic analog of the Lorentz oscillator strength, which formally describes

gain in the system and can be related to the concentration of quantum dots and

the fraction of quantum dots in the excited state. Similar to the description of

Rhodamine 6G, A > 0 corresponds to lossy materials; A = 0 represents the case

when the number of excited quantum dots is equal to the number of dots in the

ground state; A < 0 corresponds to the inverted (gain) regime. The permittivity

of the host medium is shown in Fig. 3.7.

Fig. 3.8 illustrates perspectives of dispersion management in lossy (A ≥ 0)

nanowire composites with p = 0.1, r = 25nm, l = 700nm, d = 120nm, ω0 =

4.19µm−1 (corresponds to the resonant wavelength λr = 1.5µm), and γ = 0.628µm−1.

At A = 0.04, the dispersion of the host medium completely compensates the dis-

persion of the refractive index of NIM structure. At A = 0.0175, the impedance
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Figure 3.8: Effective permittivity (a), permeability (b), refractive index (c) and
impedance (d) of the passive nanowire NIMs described in text. As in the left panel
of Fig. 3.7, solid lines corresponds to A = 0.04, dashed to A = 0, dash-dotted to
A = 0.0175.

of the NIM system is made independent of frequency. Note, however, that due

to different dependencies of neff and Zeff on ε and µ (and thus on the frequency

ω), constant broadband refractive index and broadband impedance are realized at

different values of the oscillator strength A in the single-oscillator model assumed

here. We note, however, that benefits of the impedance-matching can be, in prin-

ciple, combined with benefits of index-matching in the same system where A is

(adiabatically) changed from A ' 0.0175, corresponding to ∂Zeff/∂ω = 0 at the

interface, to A ' 0.04, corresponding to ∂neff/∂ω = 0, in the core of the sys-

tem. In quantum dot materials, spatial change of A can be achieved by changing

quantum dot doping or the external pumping rate.

Although a passive host (A > 0) does yield broadband frequency-independent

n and Z, it also increases total absorption in the NIM structure, further limiting

its practical size to . 1 · · ·10µm[60, 62, 64–66]. Active quantum dots, on the other

hand can simultaneously reduce absorption in the system and provide versatile

gain-assisted dispersion management. Note, that such a modulation of neff or

Zeff does not require full compensation of propagation losses.

Gain-assisted dispersion management in active nanowire composites with A <

0, ω0 = 4.49µm−1 (λr = 1.4µm), γ = 0.129µm−1, p = 0.09, r = 25nm, l = 720nm,
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Figure 3.9: The real and imaginary parts of the effective permittivity (a,b), per-
meability (d,e), real part of refractive index (c) and impedance (f) of an ac-
tive nanowire NIM. The solid, dashed, and dash-dotted curves correspond to
A = −5.05 · 10−3, A = 0 and A = −0.012, respectively.

and d = 120nm is shown in Fig.3.9. The broadband index and impedance matching

can be achieved at A = −5.05 ·10−3 and A = −0.012 respectively. Note, that both

the refractive index and impedance are continuous when the material switches

between active (n′′ < 0) and passive (n′′ < 0) states. The transition between

transparent and “metallic” regimes, on the other hand, yields a discontinuity in n

and Z, as well as in reflection R from a semi-infinite nanowire metamaterial.

Discontinuities in the bulk properties of composites, such as index of refrac-

tion or impedance, are completely physical since these parameters do not enter

Maxwell’s equations and do not affect the continuity of electromagnetic fields.

From a mathematical standpoint, these discontinuities are related to the choice of

the complex plane cut. The reflectivity of a metamaterial, however, must be con-

tinuous in any physical experiment. The discontinuity in the coefficient of reflection

R shown in Fig. 3.10a disappears when the thickness of the gain region becomes
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Figure 3.10: The reflection coefficient from an interface between a semi-infinite
NIM slab (see text) and vacuum (a), the normal component of the Poynting vector
at the interface (z = 0) (b), and the imaginary part of the refractive index of the
negative index composite (c) as functions of wavelength. Solid, dashed, and dash-
dotted curves correspond to the same pump-rates as in Fig. 3.9 (A = −5.05 ·
10−3, A = 0 and A = −0.012, respectively). Brown (left) and green (right)
vertical dotted lines mark frequencies at which the nanowire composite changes its
absorption and transparency states. Note the “smooth” transition between active
(n′′ < 0) and passive (n′′ > 0) states, respectively.

finite, thus supporting the procedure described in Sec. 3.3. The sharp spike of en-

hanced reflection (R > 1) in place of this discontinuity [18, 119–121] has a physical

origin similar to the one of enhanced reflectivity reported in [18, 117, 119–121] for

the gain media excited by evanescent waves in the total internal reflection regime.

The correctness of procedure described in Sec. 3.3 for deriving the sign of the

refractive index is further supported by energy flux analysis in the active nano-wire

composite. The Poynting vector demonstrating the correct physical behavior can

be calculated via[26, 55]:

|~S| = 1

2Z0

Re

[
n

µ

]
e−2kn′′z (3.26)

where Z0 = 376.7Ω is the intrinsic impedance of vacuum. It is clearly seen from

Fig. 3.10b, that as a metamaterial turns into the metallic state defined by ε′ ·µ′ < 0

(green vertical dotted line in Fig. 3.10b) the energy flow into the material reverses.

This means that the metamaterial becomes reflective and only supports evanescent

waves. The energy flows towards the interface in the active state (S < 0 to the right

of brown vertical dotted line) and enhances the reflection (R > 1, see Fig. 3.10)

from the composite, or acts as a conventional metal when n′′ > 0 (to the left from

brown dotted line). The energy flow towards the interface can also be used to

enhance propagation of surface modes[18, 117, 119–121].
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Due to strong dispersion of the nanowire-based NIM system presented here, the

operating bandwidth is limited to pico-second optical pulses. The values of gain

required can be estimated as α = 2
√

Im(εh)ω/c and are of the order 2 · 103cm−1.

NIM structures with smaller intrinsic losses [76, 82, 123] will exhibit weaker disper-

sion, potentially increasing operating bandwidth, and simultaneously reducing the

gain values, required to achieve efficient dispersion management. In particular we

expect a gain of . 100cm−1 to be sufficient in nonmagnetic anisotropy-based NIMs

discussed in Chap. 2. The effect can be further amplified in nm-thick metamateri-

als, since they are strongly affected not only by the dispersion of their constituents,

but also by the overall geometry (see Sec. 3.2).

3.5 Concluding Remarks

In this chapter, we studied the effects of optical gain on the dispersive properties of

metamaterials. We showed that besides compensation of propagation losses, gain

is also a powerful tool for active dispersion management. In particular, versatile

group velocity modulation from slow (vg ¿ c) to superluminal (vg À c or vg < 0)

values is achievable in sub-diffraction waveguides. Although in Section 3.2 we

illustrated gain-assisted phenomena in circular anisotropy-based waveguide and

metal nanorod, the developed formalism can be directly utilized in other waveguide

geometries (planar, square, etc.) and is present for both volume and surface-type

modes. In addition, the proposed analytic technique is extremely universal and can

be scaled for UV, optical, IR, THz and microwave spectral regions by employing

different sets of materials (polar dielectrics, semiconductors, quantum wells[124],

quantum dots [101, 102], etc.).

In Section 3.3 we developed a universal approach to deriving the physically

correct effective refractive index and impedance in active and passive media. This

procedure allows a straightforward generalization of the results developed for pas-

sive (n′′ > 0) materials to fully active systems. In the latter case, the strong

modulation of the group velocity will be accompanied by loss-less or amplifying

mode propagation[15–18, 21]. Applications include nanosized tunable delay lines,

all-optical buffers and data synchronizers.

Although nano-geometry greatly enhances gain-assisted phenomena, they can

also be employed in diffraction-limited systems. In this chapter we further stud-
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ied the prospects of using material gain for dispersion engineering in macroscopic

structures. In particular, we demonstrated that the ∂nph/∂ω = 0 and ∂Z/∂ω = 0

regimes can be achieved in passive and active nano-wire based [105, 106] NIMs. The

technique can be easily utilized in different classes of materials and structures, in-

cluding split-ring [125] and fish-scale [126] geometries, as well as waveguides-based

and anisotropy-based NIMs (Sec. 2; see also Refs. [76, 76, 80, 82, 127, 128]). It can

further be employed to optimize the dispersion of these structures for various pho-

tonic applications. Furthermore, a combination of several dopants with tailored

gain/absorption spectra can, in principle, be used to engineer a metamaterial hav-

ing ∂nph/∂ω = 0 and ∂Z/∂ω = 0 in the same frequency range. Such an active

dispersion management opens new practical applications for the active negative

index composites in broadband lensing, imaging, and pulse-routing.

We finally note that Lorentz single- and double-oscillator models do not ac-

curately describe active media in which emission and absorption bands typically

occur at different frequencies. The above named models, however, provide a correct

qualitative description of material properties and allow a theoretical description of

highly complicated phenomena such as the transition between “photonic-funnel”

and “photonic-compressor” regimes in tapered nano-waveguides (Sec. 3.2) and ac-

tive dispersion management in NIMs (Sec. 3.4). Although, in the latter case, the

near-linear part of the dispersion curve in-between closely spaced Lorentz oscil-

lators (double resonance model of gain medium) can be considered in order to

obtain wider bandwidth, it requires a combination of several dopants which in

turn complicates experimental realization of the proposed technique.



Chapter 4 – Microcavity Resonators

Two previous chapters were primarily dedicated to the light propagation in sub-

wavelength waveguides. In this chapter we completely switch the topic to discuss

the phenomena relevant to micro (vs. nano) scale. In particular, our focus is dielec-

tric microcavity resonators - microscopic cavities made of a higher index material

inside of a lower one. Despite their compact dimensions such devices can trap

light for a long time featuring strong field enhancement and the coherent feedback

[43–45]. Dielectric microcylinders and microdiscs are the most widely used classes

of micro-resonators, which can be found in optical sensors, lasers, and couplers.

We will refer to them as classical or conventional resonators since the performance

of such resonators is primarily related to the classical ray dynamics.

While classical resonators might offer ultra-high quality factors, they also have

several drawbacks. Some of these drawbacks are the lack of directional emission and

weak coupling to incident radiation. While the coupling and emission directionality

can be improved via distorting the cavity shape[43, 44, 46], such distortion also

reduces the resonance strength due to coupled nature of the physical mechanisms

related to light trapping and escape in such systems.

In this chapter we develop a theoretical description of a new type of micro-

resonators – ratchet-shaped cavities – a resonator family that includes a recently

realized spiral laser[129]. We show that the interplay between wave and ray dynam-

ics in such cavity leads to the phenomenon of dynamical localization (DL)[49–51],

with particular localization in the angular momentum space. Furthermore, unlike

all other microresonators, the symmetry between positive and negative angular

momenta is broken. The unique combination of these two properties observed in

ratchet systems, namely the DL and the broken angular momentum symmetry

(BAMS), leads to the decoupling of the physical mechanisms of light trapping and

escape. This in turn enables an independent control over Q-factor and coupling

efficiency. Thus, in contrast to symmetric systems, one can combine high coupling

efficiency with strong field enhancement in ratchets, which makes them the ideal

candidates for new types of high-performance sensors and couplers.
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Figure 4.1: The schematic geometry of a microcavity resonator.

4.1 Ideal Circular Resonators

Let us consider a microcavity of index n in a vacuum (n0 = 1) with an ideal circular

shape such as shown in Fig. 4.1. The field inside the cavity (in the absence of

sources at the origin) can be written down as:

Hz = Jm(kr)eikzz+imφ−iωt (4.1)

where Jm is the Bessel function of the first kind, kz and k are the propagation

constants1 in z- and radial directions respectively, m is the angular momentum

and ω is the frequency of light. One can clearly see, that long lived mode of such

cavities can not rely on waves other than those with kz ' 0. Indeed, assuming

finite (and actually microscopic) cavity size along z-direction waves with kz 6= 0

immediately escape from the resonator. This argument simplifies full 3D problem

to quasi-2D one by focusing on waves with kz = 0 only.

In order to analyze ray dynamics in the 2D circular billiard system let us look at

the Poincare surface of section (SOS) – a stroboscopic projection of ray trajectories

on the system phase space. Each dot in SOS represents the position (φ) and the

angular momentum (sin χ) of a ray when it “hits” the resonator boundary. One

can identify two types of trajectories in Fig. 4.2. The first type is composed of the

rays with m < mc hitting the billiard’s boundary at angles higher than the angle of

total internal reflection χc (sin χc = 1/n). The second type has angular momenta

greater that the critical one m > mc. Furthermore, the angular momentum m, or

the angle at which the ray hits the boundary χ is conserved in a circular billiard,

which can be seen from straight line trajectories in SOS of a circular resonator

1Here we changed the notation and called the transverse wave vector k instead of κ since, as
we will see later, we are primarily interested in kz = 0 modes. Thus κ = k with k = ω/c being
the magnitude of the wave vector in a vacuum.
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Figure 4.2: Ray dynamics in an ideal circular resonator. (a) quasi-periodic ray
trajectory corresponding to the green curve in SOS (panel b). (b) the surface of
section of a circular cavity.

(Fig. 4.2). Rays with m < mc refract away, while those trapped by the total

internal reflection form a so called whispering gallery (WG) – quasi-periodic ray

trajectories with a well-defined value of the angular momentum m.

Clearly, high-Q modes of a circular resonator are localized on WG trajectories.

While classically these rays cannot escape, the finite lifetime of high-Q modes can

be related to a phase-space analog of quantum-mechanical tunneling, or dynamical

tunneling, which is an exponentially suppressed process in which wave-mechanical

system violates the law or refraction. This (weak) process spontaneously changes

the angular momentum of a trapped ray to the value below χc and refracts it out

of the resonator2.

Such exponentially suppressed leakage from a resonator (evanescent escape)

results in extremely high Q-factors of highly-symmetric (ideal) circular cavities,

which is defined[52] as 2π times the ratio of the time-averaged energy stored in the

cavity to the energy lost per cycle:

Q = ω0
Stored energy

Power loss
(4.2)

where ω0 is the resonant frequency. Q-factor values of the order of 103 are typical

for microwave cavities[52] and can be as high as 108 for large highly symmetric

optical systems[130].

The same evanescent process, however, is in charge of the coupling between

external radiation and high-Q modes of a circular resonator. In other words,

2For optical systems, the dynamical tunneling is often related to diffraction.
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Figure 4.3: The chaotic ray dynamics in a single-tooth ratchet resonator similar to
the spiral cavity of Ref. [129]. (a) a trajectory of a single ray starting from χ > χc.
Note that the rays angular momentum diffuses from the original value and the ray
ends up refracted away from the system. (b) SOS of a ratchet reveals a completely
chaotic behavior. (c) The chaotic diffusion of the ray’s angular momentum: the
deviation of the angular momentum in arbitrary units from the initial value is
shown as a function of the number of reflections in the ratchet depicted in panel a.
The dots correspond to the exact calculations via ray tracing technique, the curve
– is a linear fit to data.

such a resonator has the same in- and out-coupling mechanism, both of which

are exponentially suppressed. Same arguments apply to other resonators based

on regular trajectories[43, 44, 46], including resonators with mixed regular-chaotic

dynamics, where the escape and in-coupling are due to a special kind of dynamic

tunneling - chaos assisted tunneling[131].

4.2 Ratchet Resonators

A spiral deformation of the cavity shape (Fig. 4.3a) from a highly symmetric

circular one dramatically changes the ray dynamics. Most of the time when the ray

hits the boundary its angular momentum is monotonically changed. The angular

momentum of clock-wise moving trajectories is increased while that of the counter-

clock wise trajectories is decreased. In addition to this “smooth” evolution, ray

trajectories experience a hard quasi-random “kick” each time they hit notch areas

of the boundary. As a result, the ray dynamics in spiral cavities is completely

chaotic(see Fig 4.3b).
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Figure 4.4: The diffusive coefficient as a function of angular size of ratchet’s notch.
The dots correspond to the exact value found from simulations. The curve repre-
sents the fit via Eq. 4.4.

4.2.1 Chaotic diffusion in ratchets

To provide quantitative analysis of the ray and mode dynamics in spiral micro-

cavities we design a model of ratchet structures with N notches. The boundary of

a ratchet then can be divided into N identical double spiral segments, with each

segment having shape R(φ) given by:

R(φ) =

{
R0 − δ · φ, φ < θ

R0 − δ · (2π − φ)(2π/θ − 1), φ ≥ θ
(4.3)

where ∆ and θ are the radial and the angular size of the tooth respectively, R0 is

the average radius of the cavity.

Fig. 4.3b reveals completely chaotic ray dynamics in a single-notch (N = 1)

ratchet similar to that described in Ref. [129]. By tracing the ray trajectory one

can see that each ray undergos a diffusive motion in the angular momentum space,

as illustrated in Fig. 4.3c. The coefficient of diffusion D can be estimated from

the slope of < ∆m2 > versus N dependance. According to our simulations the

coefficient of diffusion can be adequately described as a function of the ratchet

shape parameters by:

D = (kR0δ)
2

[(
2π − θ

θ

)α

+

(
θ

2π − θ

)α]
(4.4)

where α ' 2.8 is an empirically found parameter.

It appears, that the onset of the chaotic dynamics in ratchet resonators com-
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pletely destroys all stable quasi-periodic trajectories – the very base of long-lived

modes in a majority of microresonators [132, 133]. However, as it has been ex-

perimentally demonstrated in Ref. [129], spiral cavities are capable of (directional)

lasing and thus they do support long-lived modes.

4.2.2 Long-lived modes of a ratchet resonator

In order to understand the origin and the structure of these modes we employ

the modified scattering matrix formalism[110, 111] presented in Appendix D. In

this approach, the electromagnetic field inside and outside of the cavity is repre-

sented as a series of “incident” and “scattered” cylindrical waves with well-defined

angular momenta, so that the boundary conditions are reduced to a scattering

matrix S [see Eq. (D.28)], which provides a relation between the amplitudes of

these waves. It can be shown that the eigenvalues of the scattering matrix can be

related to the resonant frequencies of the dielectric cavity, while the corresponding

eigenmodes describe the modes of the resonator[134]. The scattering matrix for-

malism of App. D can be used to explore both lasing and scattering behavior of

the microcavity-based systems.

The main parts of the code for calculations of the modes of ratchet (as well

as circular) resonators are shown in Appendix E. Clearly, only the relative size of

a resonator with respect to the wavelength of light matters in calculations, so we

use the effective optical size of the cavity nkR0 (n is the index of refraction of the

cavity material and k = 2π/λ is the wave vector) to present results.

The calculated emission pattern for the spiral laser from Ref. [129] (θ = 0 and

N = 1), closely resembling an experimental figure, is shown in Fig. 4.5b. Note

that despite the similarity to WG modes of circular resonators, the structure of

the lasing mode in a spiral cavity is, in fact, fundamentally different from the

whispering-gallery.

Indeed, while the modes of circular resonators have well-defined angular mo-

menta, the lasing mode in spiral cavity is exponentially localized in the angular

momentum space:

γm ∝ exp

[
−

∣∣∣∣
m−m0

ξ

∣∣∣∣
]

. (4.5)

with m0 being the center angular momentum, and ξ – the localization length,

which can be related to the ray diffusion constant. Such a behavior often re-
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Figure 4.5: (a) The mode intensity profile of a circular resonator. (b) The same
for the spiral laser of Ref. [129]; the insets show closeups of the different areas.
Note that despite the similarity in the intensity profiles shown in panels a) and
b), the modes have a fundamentally different nature. (c) The angular momentum
structure of a typical mode in a ratchet. Note the exponential localization (inset) of
the mode and the broken symmetry with respect to positive and negative angular
momenta.

sults from a phase-space analog of Anderson localization[135] known as dynamical

localization[49–51], when the chaotic diffusion of ray trajectories is suppressed by

the destructive interference. It is the dynamical localization that leads to the

formation of high-Q modes in resonators with chaotic ray dynamics[136]

Note that in contrast to the microcavities with rough boundaries[136], where

dynamically localized high-Q modes typically possess the symmetry between posi-

tive and negative angular momenta, the modes of ratchet structures have a broken

angular momentum symmetry (Fig. 4.5c). The origin of such a symmetry breaking

lies in the monotonic portion of trajectory evolution mentioned above.

4.2.3 Ratchets as high-performance optical sensors

The combination of the broken angular momentum symmetry and the dynamical

localization make the ratchet structures truly unique. In contrast to the majority

of modern dielectric cavities, electromagnetic energy of an incident field is directly

pumped into high-Q modes of ratchet resonators via refraction through the teeth.

The dynamical localization then leads to the formation of a long-lived wavepacket,

ensuring evanescent “leakage” from the system. This way, one is able to combine

the benefits of strong coupling and high-Q modes in a single structure. While

Q-factor for ratchets is typically smaller than for circular systems, orders of mag-

nitude larger coupling results in the increase in the sensitivity of the final device.
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To compare the detecting capabilities of ratchets-based microsensors with those

in circular micro-cavities we introduce the efficiency ε of a resonator:

ε = I ×W (4.6)

where I = 1/|Einc|2
∫
Γ
|E|2dφ is the average intensity at the resonator boundary

(normalized by the intensity of the incident radiation) when the microsensor is

excited at the resonance, and W is the corresponding spectral width (FWHM) of

a resonance which accounts for the coupling efficiency.

Figure 4.6: (a) The comparison of the efficiency (see text) of a circular resonator
(blue line) to that of a four-tooth ratchet (red dots). Note the logarithmic scale
on the vertical axis; (b) The schematics of the ratchet and the mode (intensity
pattern) corresponding to the upper dot in part a).

Fig. 4.6 clearly shows that in the quasi-classic regime (R À λ) ε ' const in

circular resonators, i.e. the increase in I causes the decrease in the FWHM of the

peak. This of course reflects the fact that the escape and trapping efficiencies in

circular resonators are identical to each other.

In contrast to this behavior I and W are completely decoupled in ratchet

structures due to different “in-coupling” and “out-coupling” mechanisms. The

comparison between the efficiency of a circular resonator and that of a four-tooth

ratchet with n = 1.65 ∆ = 5% is shown in Fig. 4.6. It is clearly seen that the

efficiency of this particular ratchet resonator is orders of magnitude better than in

its circular counterpart.
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4.3 Concluding Remarks

In this chapter we have studied the mode structure of ratchet-shaped micro-cavity

resonators. While the high-Q modes of micro-disk or micro-ring resonators are

localized on regular trajectories, such trajectories are absent in chaotic ratchets.

Instead, the long-lived modes of such resonators are dynamically localized in the

angular momentum space.

While the dynamical localization leads to the formation of high-Q modes in

ratchets, yet another feature makes these cavities truly unique. This unique prop-

erty of ratchet resonators is the broken symmetry between positive and negative

angular momenta.

While Q-factors of optical ratchets are substantially lower than those of cylin-

drical cavities, meaning that such cavities probably will not find themselves useful

as lasing devices. However the unique combination of DL and BAMS leads to the

complete decoupling of light trapping and escape processes. In contrast to circular

micro-cavities and other resonators based on stable ray trajectories, ratchet-shaped

systems pump energy directly into high-Q modes while the escape stays exponen-

tially weak. These property of ratchet resonators makes them ideal candidates for

high-performance optical micro-sensors and micro-couplers.

Finally, we designed and tested a sensor with four notches to demonstrate the

superior to circular resonators performance. The performance efficiency of such

device shows to be up to two orders of magnitude greater than that of a micro-

ring.



75

Bibliography

[1] Betzig, E., Trautman, J., Harris, T., Weiner, J., and Kostelak, R. Science
251, 1468 (1991).

[2] Lewis, A., Taha, H., Strinkovski, A., Manevitch, A., Khatchatouriant, A.,
Dekhter, R., and Ammann, E. Nature Biotechnology 21, 1378 (2003).

[3] Krioukov, E., Klunder, D. J. W., Driessen, A., Greve, J., and Otto, C. Optics
Lett. 27, 512–514 (2002).

[4] Meggitt, B. and Grattan, K. Optical Fiber Sensor Technology. Springer,
(1999).

[5] Sridharan, A. and Sivarajan, K. N. IEEE/ACM transactions on networking
12, 384 (2004).

[6] Yoo, S., Xue, F., Bansal, Y., Taylor, J., Pan, Z., Cao, J., Jeon, M., Nady,
T., Goncher, G., Boyer, K., Okamoto, K., Kamei, S., and Akella, V. IEEE
j. on select. areas in comm. 21, 1041–1051 (2003).

[7] Joshi, M. P., Pudavar, H. E., Swiatkiewicz, J., Prasad, P. N., and Reianhardt,
B. A. App. Phys. Lett. 74(2), 170–172 (1999).

[8] McCormick, F. and Prise, M. E. App. Optics 29, 2013 (1990).

[9] Nishihara, H., Haruna, M., and Suhara, T. Optical Integrated Circuits.
McGraw-Hill Professional, (1989).

[10] Mingaleev, S. and Kivshar, Y. J. Opt. Soc. Am. B 19, 2241 (2002).

[11] Walba, D. Science 270, 250 (1995).

[12] Xu, Q., Schmidt, B., Pradhan, S., and Lipson, M. Nature 435, 325 (2005).
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Appendix A – Electromagnetic Field and Dispersive Properties of
Uniaxially Anisotropic Materials

In this appendix we derive the expressions for electric and magnetic field compo-

nents in a nonmagnetic (µ = 1) uniaxially anisotropic medium described by the

tensor of dielectric permittivity Eq.(2.1) (see Fig. 2.2a). In the following deriva-

tion we adopt a cylindrical coordinate system with the symmetry axis aligned along

the optical axis of the anisotropic material (ẑ‖~C). We further proceed with the

derivation of the dispersion equations for TE and TM electromagnetic waves.

Assuming time harmonicity of electromagnetic fields, Maxwell’s equation (1.2)

in free space can be rewritten as follows:

~∇× ~E − i
ω

c
~B = 0 (A.1)

~∇× ~H + i
ω

c
ε̄ ~E = 0 (A.2)

~∇ · ~D = 0 (A.3)

~∇ · ~B = 0 (A.4)

Taking the projection of Eqs.(A.1,A.2) onto (r, φ)-plane and on ẑ-axis by applying

ẑ× and ẑ· operators respectively yields:

ikzẼ⊥ + i
ω

c
ẑ × ~B⊥ = ~∇⊥Ez (A.5)

ikzB̃⊥ − iε⊥
ω

c
ẑ × ~E⊥ = ~∇⊥Bz (A.6)

ẑ ·
(

~∇⊥ × ~E⊥
)
− i

ω

c
Bz = 0 (A.7)

ẑ ·
(

~∇⊥ × ~B⊥
)

+ iε‖
ω

c
Ez = 0 (A.8)

where we have followed the standard procedure of separation of variables[52] in

cylindrical coordinates by pulling the z dependance of the electromagnetic fields

into the exponential:

Ψ(r, φ, z) = Ψ̃(r, φ)eikzz (A.9)

with Ψ̃z and Ψ̃⊥ representing components parallel and transverse to the symmetry
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axis ẑ respectively, and ~∇⊥ = ~∇− ẑ∂/∂z. One can now solve for Ẽ⊥ and B̃⊥, do

the cross products ẑ× Ẽ and ẑ× B̃, and after some algebra arrive at the following

relations:

Ẽ⊥ =
i

ω2

c2
ε⊥ − k2

z

(
kz

~∇⊥Ẽz − ω

c
ẑ × ~∇⊥B̃z

)
(A.10)

B̃⊥ =
i

ω2

c2
ε⊥ − k2

z

(
kz

~∇⊥B̃z + ε⊥
ω

c
ẑ × ~∇⊥Ẽz

)
(A.11)

These equations generalize those printed in Ref. [52] to handle uniaxially anisotropic

media. Replacing ~∇⊥ with its explicit form in cylindrical coordinates, ~∇⊥ =

r̂∂/∂r + φ̂∂/(r∂φ), yields four transverse field components:

Ẽr =
i

ω2

c2
ε⊥ − k2

z

(
kz

∂Ẽz

∂r
+

ω

c

1

r

∂B̃z

∂φ

)

Ẽφ =
i

ω2

c2
ε⊥ − k2

z

(
kz

r

∂Ẽz

∂φ
− ω

c

∂B̃z

∂r

)

B̃r =
i

ω2

c2
ε⊥ − k2

z

(
kz

∂B̃z

∂r
− ω

c

ε⊥
r

∂Ẽz

∂φ

)

B̃φ =
i

ω2

c2
ε⊥ − k2

z

(
kz

r

∂B̃z

∂φ
+ ε⊥

ω

c

∂Ẽz

∂r

)

(A.12)

One can see now that electromagnetic fields naturally break into three polariza-

tions: TE with Bz = 0, TM with Ez = 0, and TEM with both Bz = Ez = 0.

The latter ones cannot be realized in a simply connected waveguide geometry[55]

and are not considered here. These polarizations form a complete basis for the

description of electromagnetic phenomena in materials having uniaxial anisotropy.

We can now find the dispersion equations for TE and TM waves in anisotropic

media. Let us now find these dispersion equations.

For TE waves, one has to zero Ez component in Eqs. (A.12) and plug the

resulting transverse fields into Eq. A.7. The result is the bulk dispersion equation

for TE waves in uniaxially anisotropic material:

k2
z + κ2 = ε⊥

ω

c
(A.13)
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One can see that this equation depends on the transverse dielectric constant only

and hence is identical to the dispersion equation in isotropic systems with dielectric

constant ε⊥.

Similarly, we can set Bz = 0 in Eqs. A.12 and plug the results into Eq. A.8 to

obtain the dispersion equation for TM waves:

k2
z

ε⊥
+

κ2

ε‖
=

ω

c
(A.14)

It is obvious that TM polarized waves, in contrast to TE ones, are affected by

anisotropy and as shown in Chap. 2 have very unique properties.

For further reference let us rewrite this dispersion in a form better suitable for

waveguides. By moving κ to the right-hand-side and factoring out ω2/c2 we arrive

at:

k2
z = ε⊥ν

ω2

c2

νTM = 1− κ2c2

ε‖ω2

(A.15)

Finally, let us use the dispersion Eqs. (A.13,A.14) and separately write down

all field components for future reference. For TE polarized waves we have:

Er =
iω

rκ2c

∂Bz

∂φ
Br =

ikz

κ2

∂Bz

∂r

Eφ = − iω

κ2c

∂Bz

∂r
Bφ =

ikz

rκ2

∂Bz

∂φ
(A.16)

and for TM waves:

Er =
ikz

κ2

ε‖
ε⊥

∂Ez

∂r
Br = − iε‖ω

rκ2c

∂Ez

∂φ

Eφ =
ikz

rκ2

ε‖
ε⊥

∂Ez

∂φ
Bφ =

iε‖ω
κ2c

∂Ez

∂r
(A.17)

with z-components of the electric and magnetic fields defined as follows:

Ez = E0(r, φ)eikzz−iωt (A.18)

Bz = B0(r, φ)eikzz−iωt (A.19)
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Appendix B – Transfer matrix formalism

In this appendix we will develop a transfer matrix formalism – a simple but very

efficient tool for solving problems of propagation through layered materials. Since

the formalism will be primarily used here for transmission through waveguide sys-

tems we will employ cylindrical coordinates and a particular representation of

electromagnetic fields in terms of Bessel functions of the first kind (in other words

we use Cm = Jm(κr)eimφ in Eq. 1.1). Namely, considering TM waves only, we rep-

resent the z-component of the electric field as a vector composed of two counter-

propagating components along z-axis:

Ez = āJm(κr)eimφ−iωt, with (B.1)

ā =

(
a+e+ikzz

a−e−ikzz

)
(B.2)

We further assume that an interface between two semi-infinite slabs of anisotropic

materials is located at z = z0 (Fig B.1). We will relate the vector of coefficients in

the right semispace to the ones in the left one:

ā(2) = T · ā(1) (B.3)

where T is 2× 2 transfer matrix, 4 components of which are found from boundary

conditions (BCs). To find these components it is sufficient to write down BCs on

electric fields parallel and transverse to the interface:

ε
(1)
‖ E(1)

z

∣∣∣
z=z0

= ε
(2)
‖ E(2)

z

∣∣∣
z=z0

(B.4)

E(1)
r |z=z0 = E(2)

r |z=z0 (B.5)

By substituting explicit expressions for Ez and Er from Eqs. (B.1,A.17) one
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Figure B.1: The schematics of a multilayered cylindrical system with multiple
interfaces.

can obtain two equations of the form:

α1a
+
1 e+ik

(1)
z z + β1a

−
1 e−ik

(1)
z z = α2a

+
2 e+ik

(2)
z z + β2a

−
2 e−ik

(2)
z z

α′1a
+
1 e+ik

(1)
z z − β′1a

−
1 e−ik

(1)
z z = α′2a

+
2 e+ik

(2)
z z − β′2a

−
2 e−ik

(2)
z z (B.6)

with α-s and β-s being functions of material parameters and kz only:

(
α

β

)
= ε‖

(
α′

β′

)
= kz

ε‖
ε⊥

(B.7)

Here we used the fact that the component of the wave vector along interface (κ)

is conserved and therefore canceled out all identical terms.

By solving for a±2 from Eq. (B.6) and comparing the result to the definition of

the transfer matrix (B.3) one can derive the transfer matrix for a single interface:

T =




1
2

ε
(1)
‖

ε
(2)
‖

(
k
(1)
z ε

(2)
⊥

k
(2)
z ε

(1)
⊥

+ 1

)
1
2

ε
(1)
‖

ε
(2)
‖

(
1− k

(1)
z ε

(2)
⊥

k
(2)
z ε

(1)
⊥

)

1
2

ε
(1)
‖

ε
(2)
‖

(
1− k

(1)
z ε

(2)
⊥

k
(2)
z ε

(1)
⊥

)
1
2

ε
(1)
‖

ε
(2)
‖

(
k
(1)
z ε

(2)
⊥

k
(2)
z ε

(1)
⊥

+ 1

)


 (B.8)

Note, that the transfer matrix does not depend on the location of the interface

z0 since we pulled z dependance into coefficients ā. An alternative approach is to

use ā = (a+; a−) and make the T-matrix dependant on position. However, since

the numerical values of a± can reach exponentially high values for long propagation

distances we prefer to keep the values of product as we did in Eq. (B.1). While the

numerical values of the exponentials in materials with gain or loss can also reach
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huge numerical values, the products typically stay on the order of unity: |ā| ∼ 1,

which is highly beneficial for numerical calculations.

The “transmission” through an arbitrarily layered system can be calculated by

taking a product of transfer matrices for each interface. One should be careful

though, since the coefficients ā must be taken at the location of interface. So

for two interfaces separated by a distance ∆z each must be multiplied by the

corresponding phase shift e±ikzz. This multiplication can be formally carried out

by multiplying each vector ā by a propagator matrix P defined by1:

P =

(
e+ikz∆z 0

0 e−ikz∆z

)
(B.9)

This way the total T-matrix, T, expressing the transmission through the N + 1

layers can be written down as follows:

Ttot = TN · PN · TN−1 · PN−1 · ...T2 · P2 · T1 (B.10)

By means of Eq. B.10 one can find Ez transmitted through a series of cylinders.

The coefficients in the final segment are found as āN+1 = Ttot · ā1. However, it is

not the “incident” and “reflected” fields from the first interface (a+
1 , a−1 ) that are

known, but the incident field on the front and the rear interfaces (a+
1 , a−N). Thus in

the majority of realistic problems one has to solve the scattering boundary value

problem formally written as:

(
a+

Ne+ik
(N)
z z

a−1 e−ik
(1)
z z

)
= S ·

(
a+

1 e+ik
(1)
z z

a−Ne−ik
(N)
z z

)
(B.11)

Note, that S-matrices for individual interfaces are not multiplicative and do

not yield the combined scattering. One has to find the transfer matrices first and

then “invert” the system to find S via:

1

T22

(
T11T22 − T12T21 T12

−T21 1

)
(B.12)

1Note, that in alternative approach of ā = (a+; a−) this is not necessary, which makes that
approach useful for some analytical calculations.



90

Appendix C – Main blocks of the fortran code for calculation of
light propagation through photonic funnels

In this appendix we show the printout of the input file and the main portion of

the code for the propagation of the electromagnetic field in a photonic funnel of

an arbitrary composition.

The following input text file with a set of parameters which initialize the main

algorithm is printed out below:

! HEW input file

Tolerance=1d-20

m=0

! k is treated as lambda

k=1.2

Rin=.085d0

Rout=.050d0

Ztot=.6d0

Nseg=60

J=11

! excitation mode: left>, <right, [filename]

Xmode=APlMin.tsv

! Mode

! 0(default) - effective medium: eps_par=eps1, eps_perp=eps2

! 1 - eff. med.: layered system eps1/eps2(n odd), eps_2(n even)

! 2 - exact disp.: eps1,a1;eps2,a2 used to calc. eps_par/eps_perp

! 3 - exact disp.: same as 2, ++ R1,eps_perp2/eps_par2

for the 1st & last cyl if correspon

! 4 - effective medium with R1 & eps_par(perp)1 for

the 1st and 2nd cylinders.

Mode=3

Re(eps1)=12d0

Im(eps1)=0d0
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a1=.015d0

Re(eps2)=-73.0239d0

Im(eps2)=1.59078d0

a2=.015d0

! initial radius for mode 3-4

R1=-1d0

Re(eps_par1)=1d0

Im(eps_par1)=0d0

Re(eps_perp1)=1d0

Im(eps_perp1)=0d0

! final radius for mode 3-4

Rn=1d0

Re(eps_par2)=1d0

Im(eps_par2)=0d0

Re(eps_perp2)=1d0

Im(eps_perp2)=0d0

The main part of executable code in Fortran 90 is shown below. The head part,

memory allocation and deallocation, and i/o interfacing part are removed from the

code in order to keep it short and readable.

...

! initializing kappa

Do 10 n=1,Nseg

kappa(n,:)=BJZeros(:)/Rn(n)

10 continue

! initializing kz

Do 20 n=1,Nseg

Do 22 j=1,Jmax

IF ((epsMode.EQ.2).OR.(epsMode.EQ.3)) THEN

!use exact dispersion equation

If ((epsMode.EQ.3).AND.(((n.EQ.Nseg).AND.(R2.GT.0)).

OR.((n.EQ.1).AND.(R1.GT.0)))) then

!effective medium for in/out coupling cylinders

kz(n,j)=Sqrt(ePerp(n)*(k*k-kappa(n,j)*kappa(n,j)/ePar(n)))
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Else

k1=zSqrt(eps1*k*k-kappa(n,j)*kappa(n,j))

k2=zSqrt(eps2*k*k-kappa(n,j)*kappa(n,j))

zz=zcos(k1*a1)*zcos(k2*a2)-

(k1*eps2/k2/eps1+eps1*k2/k1/eps2)/2d0*zsin(k1*a1)*zsin(k2*a2)

if (Abs(zz).LT.1E5) then

kz(n,j)=-ZACos(zz)/(a1+a2)

else !large argument approximation of Arccos

kz(n,j)=-(pi/2.0d0+dcmplx(0.0d0,1.0d0)

*ZLOG(dcmplx(0.0d0,1.0d0)/2.0d0/zz))/(a1+a2)

end if

End if

ELSE !(epsMode=0,1,4) effective medium approach

kz(n,j)=Sqrt(ePerp(n)*(k*k-kappa(n,j)*kappa(n,j)/ePar(n)))

! END IF

22 Continue

20 Continue

! Lpl, LminPr

Lpl(:,:,:)=dcmplx(0d0,0d0)

LminPr(:,:,:)=dcmplx(0d0,0d0)

Do 30 n=1,Nseg-1

Do 32 i=1,Jmax

Do 34 j=1,Jmax

! LPr

if ((Rn(n+1)*kappa(n+1,j)).GT.(1.0e5))

print 777, "kappa is close to 1e5(max for J(x)), j=",j," n=",n

!the value of an argument supplied to J must not exceed 10000

Bmat(i,j) = ePar(n+1)/ePerp(n+1)*kz(n+1,j)/kappa(n+1,j)

*IntPrime(Rn(n+1), m, kappa(n+1,j), kappa(n,i))

!B=LminPr /no normJ

If (m.EQ.0) then ! (m=0) LPr=LminPr

LminPr(n,i,j)=ePerp(n)/ePar(n)*kappa(n,i)/kz(n,i)

/NormJpr(Rn(n), m, kappa(n,i))*Bmat(i,j) !B/LminminPr



93

Else ! (m>0) LPr=Inverse[LminminPr].LminPr

Amat(i,j) = ePar(n)/ePerp(n)*kz(n,j)/kappa(n,j)*IntPrime(Rn(n)

, m, kappa(n,j), kappa(n,i)) !A=LminminPr

End if

! Lpl

Lpl(n,i,j)=ePar(n)/ePar(n+1)*Integral(Rn(n+1)

, m, kappa(n,j), kappa(n+1,i))/NormJ(Rn(n+1), m, kappa(n+1,i))

34 Continue

32 Continue

If (m.GT.0) then

call minvert(TempMat1,Amat,Jmax)

call zgemm(’N’,’N’,Jmax,Jmax,Jmax,dcmplx(1,0),TempMat1,Jmax,Bmat

,Jmax,dcmplx(0,0),LminPr(n,:,:),Jmax)!LminPr=tmp.LminPr

end if

30 Continue

! Identity matrix

Imat(:,:)=0d0

Do 40 j=1,Jmax

Imat(j,j)=dcmplx(1d0,0d0)

40 Continue

! A, B, T, S

Amat(:,:)=0d0

Bmat(:,:)=0d0

Smat(:,:,:)=0d0

Tmat(:,:,:)=0d0

Do 50 n=1,Nseg-1

Call zgemm(’N’,’N’,Jmax,Jmax,Jmax,dcmplx(1,0),LminPr(n,:,:)

,Jmax,Lpl(n,:,:),Jmax,dcmplx(0,0),Amat(:,:),Jmax)

TempMat1(:,:)=Imat(:,:)+Amat(:,:)

Call minvert(Bmat,TempMat1,Jmax) !B=Inverse(I+A)

Call zgemm(’N’,’N’,Jmax, Jmax, Jmax, dcmplx(2,0)

,Bmat(:,:),Jmax, LminPr(n,:,:), Jmax,dcmplx(0,0)
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,Tmat(n,:,:),Jmax)!T=2B.LminPr

TempMat1(:,:)=Imat(:,:)-Amat(:,:)

Call zgemm(’N’,’N’,Jmax,Jmax,Jmax,dcmplx(1,0)

,Bmat(:,:),Jmax,TempMat1,Jmax,dcmplx(0,0),Smat(n,:,:),Jmax)

!S=B.(I-A)

50 Continue

! initializing Field arrays

r(:,:)=0d0

t(:,:)=0d0

! APPLYING BC

select case (Xmode) !depending on the Xmode

case (’left>’)

t(1,1)=1d0*ZExp(-dcmplx(0d0,1d0)*kz(1,1)*dz)

!starting from the front interface

case (’<right’)

r(Nseg,1)=1d0 !starting from the back interface

case DEFAULT

! the next block is for loading coefficients from mathematica

!make sure that Jmax less than the number of coefficients in

the input file

10002 format (’ loading coefficients from:’,a20)

open(unit=10003, file=Xmode, status=’old’, err=3)

do 64 j=1,Jmax

read (10003,*,err=65,end=67) tempR0, tempR1, tempR2, tempR3

r(Nseg,j)=dcmplx(tempR2,tempR3)*ZExp(-dcmplx(0d0,1d0)

*kz(Nseg,j)*(z_tot-dz))

!translate the fields to the last cylinder

64 continue

goto 68

65 print*, "File opening error: file might not exist."

stop

67 print*, "EoF-not enough coeffs in expansion, need ",Jmax
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stop

68 close(10003)

end select

! iterative propagation (scattering) of inner interfaces

rNew=0d0

Nrelax=0

open(100001, file=’./out/aaasum.txt’, status=’unknown’)

70 Do 72 n=Nseg,2,-1

rOld=rNew

! r-

call zgemv(’N’,Jmax,Jmax,dcmplx(1d0,0d0),Tmat(n-1,:,:)

,Jmax,r(n,:),1,dcmplx(0d0,0d0),r(n-1,:),1)

!r[n-1]=T[n-1].r[n]

call mmult(tempMat1,Smat(n-1,:,:),ExpPl(n-1,:,:),Jmax)

call zgemv(’N’,Jmax,Jmax,dcmplx(1d0,0d0),tempMat1

,Jmax,t(n-1,:),1,dcmplx(1d0,0d0),r(n-1,:),1)

!r[n-1]=tmp.t[n-1]+r[n-1]

call zgemv(’N’,Jmax,Jmax,dcmplx(1d0,0d0),ExpPl(n-1,:,:)

,Jmax,r(n-1,:),1,dcmplx(0d0,0d0),tempVec1,1)

!tmp=ExpPl[n-1].r[n-1]

call zgemv(’N’,Jmax,Jmax,dcmplx(1d0,0d0),Imat(:,:)

,Jmax,tempVec1,1,dcmplx(0d0,0d0),r(n-1,:),1)

!use just first Jmin harmonics

!r[n-1]=tmp

! t+

call zgemv(’N’,Jmax,Jmax,dcmplx(1d0,0d0),ExpMin(n-1,:,:)

,Jmax,r(n-1,:),1,dcmplx(0d0,0d0),t(n,:),1)

!t[n]=ExpMin[n-1].r[n-1]

call zgemv(’N’,Jmax,Jmax,dcmplx(1d0,0d0),ExpPl(n-1,:,:)

,Jmax,t(n-1,:),1,dcmplx(1d0,0d0),t(n,:),1)

!t[n]=ExpPl[n-1].t[n-1]+t[n]

call zgemv(’N’,Jmax,Jmax,dcmplx(1d0,0d0),Lpl(n-1,:,:)

,Jmax,t(n,:),1,dcmplx(0d0,0d0),tempVec1,1)
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!tmp=Lpl[n-1].t[n]

t(n,:)=r(n,:)

call zgemv(’N’,Jmax,Jmax,dcmplx(1d0,0d0),Imat(:,:)

,Jmax,tempVec1,1,dcmplx(-1d0,0d0),t(n,:),1)

!t[n]=tmp-r[n]

!t[n]=tmp-r[n]

72 Continue

Nrelax=Nrelax+1

! rNew=(sum(abs(r(Nseg,:)))+sum(abs(t(Nseg,:))))/Jmax/2d0

rNew=(sum(abs(r))+sum(abs(t)))/Jmin/Nseg/2d0

write(100001,*) rNew

If ((abs(rNew-rOld).GT.tolerance).or.(Nrelax<100)) goto 70

close(100001)

...
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Appendix D – Scattering matrix formalism

In this appendix we develop a mathematical formalism for scattering waves and

finding modes of a multilayer waveguide or of a dielectric cavity with layers ar-

ranged along the radial direction schematically shown in Fig. D. Although, the

boundaries between adjacent layer can have arbitrary shapes, we will be interested

in two particular cases.

1. A multicore waveguide with layers having circular profiles. In this case we will

develop a transfer matrix formalism similar to that described in Appendix B

for finding modes of a cylindrical waveguide with multiple cores.

2. A micro-cavity resonator composed of two dielectric layers (single interface)

with an arbitrary shape.

In order to represent an arbitrary excitation of a multilayered system we once

again choose a basis of TE and TM polarized waves. As we saw in Appendix A the

transverse fields in each cylindrical layer can be uniquely defined via Eqs. (A.17,A.16)

in terms of the longitudinal components Ez and Bz, which in turn can be repre-

sented as a sum of counter-propagating in radial direction waves with same prop-

agation constants kz:

Ez =
∑
m

[
α+C+

m(κTMr) + α−C−
m(κTMr)

]
eikzz+imφ+iωt (D.1)

Bz =
∑
m

[
β+C+

m(κTEr) + β−C−
m(κTEr)

]
eikzz+imφ+iωt (D.2)

where κTE/TM are found from dispersion equations Eqs. (A.13,A.14), C±
m are special

cylindrical function such as Bessel, Hunkel, etc1 and coefficients α± and β± are

1Functions C±m can be chosen separately in different cylinders. For instance Jm(κr) can be
used in the first one from the center, while H±

m can be used in all subsequent ones.
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Figure D.1: The schematics of a multilayered waveguide. (x,y)-plane is shown; the
waveguide shape is constant along ẑ-axis.

found from the boundary conditions:

E(i)
z

∣∣
R(φ)

= E(i+1)
z

∣∣
R(φ)

(D.3)

B(i)
z

∣∣
R(φ)

= B(i+1)
z

∣∣
R(φ)

(D.4)

ε
(i)
⊥ E(i)

r

∣∣∣
R(φ)

= ε
(i+1)
⊥ E(i+1)

z

∣∣∣
R(φ)

(D.5)

B(i)
r

∣∣
R(φ)

= B(i+1)
z

∣∣
R(φ)

(D.6)

E
(i)
φ

∣∣∣
R(φ)

= E
(i+1)
φ

∣∣∣
R(φ)

(D.7)

B
(i)
φ

∣∣∣
R(φ)

= B
(i+1)
φ

∣∣∣
R(φ)

(D.8)

Let us explicitly write down the above equations in terms of cylindrical func-

tions C±
m:

∑
m

[
α+

(i)C
+
m(κ

(i)
TMR(φ)) + α−(i)C

−
m(κ

(i)
TMR(φ))

]
eimφ =

∑
m

[
α+

(i+1)C
+
m(κ

(i+1)
TM R(φ)) + α−(i+1)C

−
m(κ

(i+1)
TM R(φ))

]
eimφ (D.9)

∑
m

[
β+

(i)C
+
m(κ

(i)
TMR(φ)) + β−(i)C

−
m(κ

(i)
TMR(φ))

]
eimφ =

∑
m

[
β+

(i+1)C
+
m(κ

(i+1)
TM R(φ)) + β−(i+1)C

−
m(κ

(i+1)
TM R(φ))

]
eimφ (D.10)
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∑
m

iε
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‖ kz(
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)2

(
α+

(i)C
+
m
′
(κ

(i)
TMR(φ)) + α−(i)C
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m
′
(κ

(i)
TMR(φ))
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eimφ−

∑
m

mε
(i)
⊥ ω

R(φ)
(
κ

(i)
TE

)2

c

(
β+

(i)C
+
m(κ

(i)
TER(φ)) + β−(i)C

−
m(κ

(i)
TER(φ))
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eimφ =

∑
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iε
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‖ kz(

κ
(i+1)
TM
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(
α+
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+
m
′
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(i+1)
TM R(φ)) + α−(i+1)C

−
m
′
(κ

(i+1)
TM R(φ))
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∑
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⊥ ω
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∑
m
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(
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−
m
′
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)
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∑
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(
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+
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(i+1)
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TE R(φ))

)
eimφ (D.14)

where C±
m
′
(κR) = ∂C±

m(κR)/∂~n is the normal derivative of the corresponding cylin-

drical function.

From equations (D.9-D.14) a complete solution of Maxwell’s equations can be

derived. However, obtaining such a general solution is rather complicated and does

not fall into the scope of this dissertation. Here we are interested in the application

of this formalism to circular waveguides and chaotic resonators.

Multicore Waveguide with Circular Layers

We now continue with the case of a multicore waveguide with circular cross sections

of layers. Such an assumption allows a substantial simplification of Eqs. (D.9-

D.14) via multiplying from both sides by the 1/(2π)e−ilφ and integrating over the

circumference. Since R(φ) = R = const such a procedure yields a nonzero result

only for l = m. This way we obtain six equations for each angular harmonic m

which relate coefficients α and β in the neighboring layers. However only four out

of six equations are linearly independent and can be expressed in an elegant matrix

form:

K(i)




α+
(i)

α−(i)
β+

(i)

β−(i)




= K(i+1)




α+
(i+1)

α−(i+1)

β+
(i+1)

β−(i+1)




(D.15)
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with

K(i) =




C+
m(κ

(i)
TMR) C−

m(κ
(i)
TMR)

iε
(i)
‖ kz

(
κ
(i)
TM

)2 C+
m
′
(κ

(i)
TMR)

iε
(i)
‖ kz

(
κ
(i)
TM

)2 C−
m
′
(κ

(i)
TMR)

mε
(i)
‖ ω

R
(
κ
(i)
TM

)2
c
C+

m(κ
(i)
TMR)

mε
(i)
‖ ω

R
(
κ
(i)
TM

)2
c
C−

m(κ
(i)
TMR)

0 0

0 0
mε

(i)
⊥ ω

R
(
κ
(i)
TE

)2
c
C+

m(κ
(i)
TER)

mε
(i)
⊥ ω

R
(
κ
(i)
TE

)2
c
C−

m(κ
(i)
TER)

ikz(
κ
(i)
TE

)2 C+
m
′
(κ

(i)
TER) ikz(

κ
(i)
TE

)2 C−
m
′
(κ

(i)
TER)

C+
m(κ

(i)
TER) C−

m(κ
(i)
TER)




(D.16)

The transfer matrix which relates coefficients in the (i + 1)-st cylinder to those

in i-th one can be derived from Eq. (D.15):




α+
(i+1)

α−(i+1)

β+
(i+1)

β−(i+1)




= Ti+1,i




α+
(i)

α−(i)
β+

(i)

β−(i)




, with Ti+1,i = K−1
(i+1)K(i) (D.17)

The combined transfer matrix through N layers can be constructed as a product

of individual transfer matrices:

Ttot = TN−1,N−2...Ti+1,i...T3,2T2,1 (D.18)

We now define the waveguide matrix M as follows:

M = Ti+1,i




α+
(i)

α−(i)
β+

(i)

β−(i)



−




α+
(i+1)

α−(i+1)

β+
(i+1)

β−(i+1)




(D.19)

The dispersion equation D of the waveguide modes can be obtained by taking the

determinant of the waveguide matrix D = detM. Components of the S-matrix
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can be also derived from Eq. (D.18) via a procedure similar to that developed in

appendix B.

S-matrix for an Arbitrarily Shaped Microcavity Resonator

We finally derive an S-matrix for a dielectric microcavity which can be defined as

the system shown in Fig. D with just one interface. This S-matrix will be used

for finding high-Q modes of a ratchet-shaped resonator. As noted in Chapter 4

such modes correspond to vanishing kz, which greatly simplifies Eqs. (D.9-D.14).

Indeed with kz = 0, TE and TM polarizations completely decouple thus allowing

an independent solution for these waves. We further simplify the equations to be

solved by restricting ourselves to isotropic systems with ε⊥ = ε‖
We now focus on TE polarized waves. Clearly equations (D.10) and (D.11)

are linearly dependent2. We now multiply both sides of Eqs. (D.10,D.13) by

1/(2π)e−ilφC̃l(κr), where C̃l(κr) is the function depending on mathematical or

numerical convenience and is not necessarily the same for both equations3, and κ

states for either of κ
(1,2)
TE/TM . After the subsequent integration over the resonator

boundary, R(φ), equations (D.10) and (D.13) can be written in the matrix form:

K+
(1)β̄

+
(1) +K−(1)β̄

−
(1) = K+

(2)β̄
+
(2) +K−(2)β̄

−
(2) (D.20)

ε(2)

ε(1)

(
K̃+

(1)β̄
+
(1) + K̃−(1)β̄

−
(1)

)
= K̃+

(2)β̄
+
(2) + K̃−(2)β̄

−
(2) (D.21)

with x̄ being vectors constructed from individual xm and elements of matrices K±

and K̃± being defined as follows:

(
K±(i)

)
lm

=

∫ 2π

0

dφei(m−l)φC±
m(κ

(i)
TER)C̃l(κR)

(
K̃±(i)

)
lm

=

∫ 2π

0

dφei(m−l)φC±
m
′
(κ

(i)
TER)C̃l(κR) (D.22)

One can see that due to the angular dependence of the radius, R = R(φ),

functions C±
m(κR(φ))eimφ are not orthogonal to eilφ. Thus matrices K± and K̃±

2For kz = 0, κTM = κTE = √
ε‖ω/c.

3For instance in the previous section we chose C̃ = 1. Although here we could have made the
same choice, we will see that since for noncircular boundaries C±m(κR(φ))eimφ are not orthogonal
to eilφ, other choices will be more convenient for numerical computations.
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are non-diagonal and, in contrast to the case of circular boundaries considered in

the previous section, cannot be solved for each angular harmonic separately (so

called angular momentum mixing). The successful numerical inversion of such

matrices (will be required later) depends on how close these matrices are close to

being Hermitian, which can be optimized by an appropriate choice of C̃l(κR). The

particular choice varies in the literature (see for instance Ref. [110, 111, 134]) and

depends on the particular problem.

One can now derive the components of the T-matrix defined by Eq. (D.23) by

solving for vectors β̄+
(2) and β̄−(2).

(
¯β+
(2)
¯β−(2)

)
= T

(
¯β+
(1)
¯β−(1)

)
(D.23)

However since we will be primarily interested in the solution of the scattering

problem, it is more convenient for us to find the components of the S-matrix at

once: (
¯β+
(2)
¯β−(1)

)
= S

(
¯β+
(1)
¯β−(2)

)
(D.24)

By solving for β̄+
(2) and β̄−(1) from Eqs. (D.20,D.21) one arrives to:

S =




ε(2)

ε(1)
A−1

(
K̃−1

(
K−1

)−1K+
1 − K̃+

1

)
A−1

(
K̃−2 − ε(2)

ε(1)
K̃−1

(
K−1

)−1K−2
)

B−1
(
K̃+

2

(
K+

2

)−1K+
1 − ε(2)

ε(1)
K̃+

1

)
B−1

(
K̃+

2 − K̃+
2

(
K+

2

)−1K−2
)




(D.25)

with

A =

(
K̃+

2 −
ε(2)

ε(1)
K̃−1

(
K−1

)−1K+
2

)
(D.26)

B =

(
ε(2)

ε(1)
K̃−1 − K̃+

2

(
K+

2

)−1K−1
)

(D.27)

Eq. (D.25) can be further simplified for the case of scattering from a a dielectric

microcavity. It is then convenient to take C−
(1)(κR) = Jm(κ

(1)
TER) and C+

(1)(κR) =

Ym(κ
(1)
TER) with Yl(κR) being a Bessel function of the second kind. In the absence

of sources inside the resonator all β̄+
(1) must vanish to ensure the finite value of
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the field at the origin. We choose cylindrical functions in the second layer to be

C±
(2)(κTER) = H±

m(κTER). We further choose the “weight” function C̃l(κR) =

Jl(κ
(1)
TE). As one can see with this choice of cylindrical functions the off-diagonal

blocks of the S-matrix in Eq. (D.25) vanish leaving:

S =

(
0 S+

0 S−

)
(D.28)

with

S+ =

(
K̃+

2 −
ε(2)

ε(1)
K̃−1

(
K−1

)−1K+
2

)−1 (
K̃−2 −

ε(2)

ε(1)
K̃−1

(
K−1

)−1K−2
)

(D.29)

S− =

(
ε(2)

ε(1)
K̃−1 − K̃+

2

(
K+

2

)−1K−1
)−1 (

K̃+
2 − K̃+

2

(
K+

2

)−1K−2
)

(D.30)
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Appendix E – Main block of the fortran code for light scattering of
a microcavity

In this appendix we show the main part (without head, memory allocation / deal-

location, and i/o interface parts) of code in Fortran 77 for calculations of light

scattering from a cavity of circular or ratchet shape. The shape, R(φ), is set

in an external function and can be modified. Short comments are marked by a

exclamation sign.

...

! pre-calculating the Bessel Functions

do i=1, n

!outside of resonator (n=1)

call dbsjns(k*r_val(i),m_max+2,besTmp) !J(m,kr)

call besselNeg(besTmpFl,besTmp,m_max+1) !J(-m,kr)

do i0=-m_max, m_max !J’(+-m,kr)

bes_j_k(i,i0)=besTmpFl(i0)

bes_jPr_k(i,i0)=5d-1*(besTmpFl(i0-1)-besTmpFl(i0+1))

end do

call dbsys(0.d0,k*r_val(i),m_max+2,besTmp) !Y(m,kr)

call besselNeg(besTmpFl,besTmp,m_max+1) !Y(-m,kr)

do i0=-m_max, m_max !Y’(,kr)

bes_y_k(i,i0)=besTmpFl(i0)

bes_yPr_k(i,i0)=5d-1*(besTmpFl(i0-1)-besTmpFl(i0+1))

end do

!inside of resonator (nr)

call dbsjns(nr*k*r_val(i),m_max+2,besTmp) !J(m,nkr)
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call besselNeg(besTmpFl,besTmp,m_max+1) !J(m,nkr)

do i0=-m_max, m_max !J’(,nkr)

bes_j_nk(i,i0)=besTmpFl(i0)

bes_jPr_nk(i,i0)=5d-1*(besTmpFl(i0-1)-besTmpFl(i0+1))

end do

call dbsys(0.d0,nr*k*r_val(i),m_max+2,besTmp) !Y(m,nkr)

call besselNeg(besTmpFl,besTmp,m_max+1) !Y(-m,nkr)

do i0=-m_max, m_max !Y’(,nkr)

bes_y_nk(i,i0)=besTmpFl(i0)

bes_yPr_nk(i,i0)=5d-1*(besTmpFl(i0-1)-besTmpFl(i0+1))

end do

end do

! calculating the initial matrices

! precalculating exponents

do i0=-2*m_max, 2*m_max

do i=1, n

exp_val(i,i0)=exp(ci*f_val(i)*i0) !exp(i m Q)

end do

end do

print *, ’Exponents are calculated’

! calculating matrices

!"non-derivative" matrices

call initHankMat(hJPlO,bes_j_nk,bes_y_nk,bes_j_k,bes_y_k,

1 exp_val,dcmplx(0d0),ci,m_max,n)

print*,’hJPlO’

call initHankMat(hJMinO,bes_j_nk,bes_y_nk,bes_j_k,bes_y_k,

1 exp_val,dcmplx(0d0),-ci,m_max,n)
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print*,’hJMinO’

call initHankMat(hJJI,bes_j_nk,bes_y_nk,bes_j_nk,bes_y_nk,

1 exp_val,dcmplx(0d0),dcmplx(0d0),m_max,n)

print*,’hJJI’

!"derivative" matrices

call initHankMat(hMinPlOPr,bes_jPr_k,bes_yPr_k,

1 bes_jPr_k,bes_yPr_k, exp_val,-ci,ci,m_max,n)

print*,’hMinPlOPr’

call initHankMat(hMinMinOPr,bes_jPr_k,bes_yPr_k,

1 bes_jPr_k,bes_yPr_k, exp_val,-ci,-ci,m_max,n)

print*,’hMinMinOPr’

call initHankMat(hMinJIPr,bes_jPr_k,bes_yPr_k,

1 bes_jPr_nk,bes_yPr_nk, exp_val,-ci,dcmplx(0d0),m_max,n)

hMinJIPr(:,:)=hMinJIPr(:,:)*nr !*nr

i=2*m_max+1

! renormalizing matrices

! normalizations are power of 2

do j=-m_max, m_max

hNormA(j)=1.d0 /(cdabs(hJJI(j,j)))**0.5d0

m=log(hNormA(j))/dlog(2.d0)

hNormA(j)=1.d0

if (m>0) then

do h=1, m

hNormA(j)=hNormA(j)*2.d0

end do

else

do h=1,-m

hNormA(j)=hNormA(j)/2.d0

end do

end if

end do
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do j=-m_max, m_max

hNormB(j)=1.d0 /(cdabs(hMinPlOPr(j,j)))**0.5d0

m=log(hNormB(j))/dlog(2.d0)

hNormB(j)=1.d0

if (m>0) then

do h=1, m

hNormB(j)=hNormB(j)*2.d0

end do

else

do h=1,-m

hNormB(j)=hNormB(j)/2.d0

end do

end if

end do

do j=-m_max,m_max

do m=-m_max,m_max

hJPlO(m,j)=hJPlO(m,j)*hNormA(j)*hNormB(m)

hJMinO(m,j)=hJMinO(m,j)*hNormA(j)*hNormB(m)

hJJI(m,j)=hJJI(m,j)*hNormA(j)*hNormA(m)

hMinPlOPr(m,j)=hMinPlOPr(m,j)*hNormB(j)*hNormB(m)

hMinMinOPr(m,j)=hMinMinOPr(m,j)*hNormB(j)*hNormB(m)

hMinJIPr(m,j)=hMinJIPr(m,j)*hNormB(j)*hNormA(m)

end do

end do

! calculating eigenvectors for the "hJJI" matrix

hTmp=hJJI

call zheev(’V’,’L’,i,hTmp,i,eigVal,cwork,2*i,rwork, m)

eigVect=hTmp

hTmp(:,:)=dcmplx(0d0,0d0)

do j=-m_max, m_max
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do m=-m_max, m_max

do h=-m_max, m_max

hTmp(m,j)=hTmp(m,j)+

1 dconjg(eigVect(j,h))*eigVect(m,h)/eigVal(h)

end do

end do

end do

hTmpUp=hTmp !inverse of JJ (0)

call mmult(hTmpUp,hMinJIPr,hTmpUp,i) ! =C’Cinv (1)

call mmult(hTmpLo,hTmpUp,hJPlO,i) !<--A (2)

call mmult(hTmpUp,hTmpUp,hJMinO,i) !<--B (3)

! ...\alpha=...\betta

! hMinPl...=hMinMin

do j=-m_max, m_max

do m=-m_max, m_max

hTmpLo(j,m)=hMinPlOPr(j,m)-hTmpLo(j,m) !(4)

hTmpUp(j,m)=hTmpUp(j,m)-hMinMinOPr(j,m) !(5)

end do

end do

! invert the denominator matrix

call zgetrf(i,i,hTmpLo,i,iTmp,m)

if (m.eq.0) call zgetri(i, hTmpLo, i, iTmp, bTmp, i, m)

print*,’"denominator" matrix invertion result:’, m

! calculate the s-matrix

call mmult(s_mat,hTmpLo,hTmpUp,i) !(6)

! normalizing the s_mat back

do j=-m_max, m_max
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do m=-m_max, m_max

s_mat(m,j)=s_mat(m,j)*hNormB(j)/hNormB(m)

end do

end do

! calculating the eigenvectors of s-matrix

hTmpUp=hTmp

hTmp=s_mat

call zgeev(’V’,’V’,i,hTmp,i,bTmp,eigVectL,i,eigVect,i,

1cwork,2*i,rworkGen,m)

! calculating the "inner" modes

hTmp=hTmpUp

hTmpLo=hJPlO !<--A

hTmpUp=hJMinO !<--B

do j=-m_max,m_max

hTmp(:,j)=hTmp(:,j)*hNormA(j)

end do

call mmult(hTmpLo,hTmp,hTmpLo,i)

call mmult(hTmpUp,hTmp,hTmpUp,i)

do j=-m_max,m_max

hTmpLo(:,j)=hTmpLo(:,j)/hNormB(:) !* normalization *!

hTmpUp(:,j)=hTmpUp(:,j)/hNormB(:)

end do

call mmult(hTmpLo,hTmpLo,s_mat,i)

hTmp(:,:)=hTmpLo(:,:)+hTmpUp(:,:)

! calculate the intensity OUT *** FIELD CONFIGURATION *** IN

! betta * H- + alpha * H+ == gamma * J
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betta(:)=1d0

gamma(:)=0d0

do i=-m_max,m_max

gamma(:)=gamma(:)+hTmp(i, :)*betta(i)

end do

tmpInten(:)=0d0

do i=-m_max,m_max

tmpInten(:)=tmpInten(:)

1 +bes_j_nk(:,i)*exp_val(:,i)*gamma(i)*(ci**real(i,8))

end do

tmpInten(:)=tmpInten(:)*dconjg(tmpInten(:))

c=sum(tmpInten)/real(n,8)/2d0/pi

! writing the results

...




