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THE CHI-SQUARE GOODNESS-OF-FIT TEST FOR
CENSORED DATA

I. INTRODUCTION

A common problem arising in life testing and clinical trials is

that of testing the goodness-of-fit of a distribution model. Such

models may either completely specify the distribution (simple hy-

pothesis) or specify a parametric family of distributions (composite

hypothesis). Frequently, the experimenter wishes to analyze the

data before all the experimental units have failed, resulting in cen-

sored observations The simplest kind of censoring is that of single

censoring which occurs when all observations are censored at the

same time. The single censoring is likely to occur in industrial

applications when the experiment starts with N experimental units

at time zero and the censoring occurs either after a pre specified time

(Type I censoring) or a prespecified ordered failure (Type II censor-

ing). Due to limited testing facilities or availability of experimental

units (as in clinical studies) it may be impossible to put all units on

test at the same time. Consequently, censored observations may not

all be subject to the same amount of test time (arbitrary censoring).

In this thesis, the problem of testing goodness-of-fit for arbi-

trarily censored data is considered. Assuming a random censorship

model we use the maximum likelihood estimators for the nuisance



limit estimator for F01-F0

of the real line, then the vector TNfN(FN_Fê
N

verge in distribution to T-..'N(O, ), where

at the partition points

likelihood estimator for the parameter vector (Ol . '0k Then

QN(ON) TN4 NTN is proposed as a test of fit and its limiting distribu-

tion is shown to be a chi- square distribution with r degrees of free-

dorn. The quadratic form QN(ON)TV1TN with V obtained

from V (the asymptotic covariance of TNNrN(FNFB)) upon

substituting BN for B without making correction for the estima-

tion is shown to have a limiting distribution which is bounded by the

two chi- square distributions with degrees of freedom r-k and r.

Allowing a1,. . ., ar to depend on the data is shown to have

2

parameters in the case of a composite hypothesis and generalize

a res-ulttMoore (1977) Also, Chernoff and Lehman&s (1954)

result is generalized for the random censorship modeL A study of

the more practical case of allowing the cell boundaries to depend on

the estimates is considered with a conclusion of negligible asymptotic

effect on the above results.

For the random censorship model, the random sample of failure

times X1,. ..,XN s censored by a corresponding random sample

of censoring times U1, . UN. That is, for j 1, , N we

observe only Y.=min(X,, U.) and 6,1 . If we let F (x)[x.<u.] e
3 3

and H(u) denote the cumulative distribution functions of X and

U, respectively, and FN (FN(al) . . ,F(a)) be the product

O<a <...<a <cc
1 r

is shown to con-

is the maximum



asymptotically negligible effect on the distribution of both

and

In Chapter II, a brief review of the classical chi- square test

for the complete sample case and the product-limit estimator for the

random censorship model are given. Also a discussion of the chi-

square test when using the modified minimum chi.- square estimator

for 0 is presented. Chen (1975) used the modified minimum chi-

square estimator and showed that has a limiting chi-

square distribution with r-k degrees of freedom.

In Chapter III, the chi-square goodness-of-fit statistic ÔN(N)

is developed and illustrated for the exponential distribution using a

sample of survival times from aortic value replacement patients. In

Chapter IV, the goodness-of-fit statistic is developed. The

asymptotic effect of using the critical value from a chi-square distri-

bution with r-k degrees of freedom is investigated for the cases

of exponential and Weibull distributions assuming a uniform censoring

distribution. In Chapter V the asymptotic effect of using random cell

boundaries is studied and the results of Chapters III and IV are found

to remain valid.



II. PREVIOUS RESEARCH

II. 1. Distribution Structure

Let X1, X denote the failure times for N individuals.

Assume the X' s are independent and identically distributed with

survival function F(x) P{X>x}, which is absolutely continuous

in x with corresponding distribution function F0(x) = l-F0(x)

and density f0(x) = F (x), The parameter vector e is assumed to
kbelong to an open set flj of k-dimensional Euclidean space IR

Further, assume that the X s are censored from the right by

random variables Us which are independent and identically distri-

buted with distribution function H(u) and continuous density h(u).

Also, the U s and the X s are assumed to be independent of
1 1

each other. One observes then only

Y. niin(X, U), and
1 1 1 i=l,,.,N (2.1)

= 1[X.< U.]

where 5. indicates whether Y. is a censoring time (5. 0) or
1 1 1

failure time (51). So, Y constitute a set of indepen-

dent and identically distributed random variables with a survival func-

tioLl G0(y) = P{Y y} given by

G0(y) = F0(y)H(y) (2. 2)

The sub-distribution functions of an uncensored observation,



G9(y) = P{Y< y, 6 = 1}, and of a censored observation

G(y) = P{Y< y, 6 O}, may be written as

G(y) H(z)d F0(z),

G0(y) F0(z)dH(z) (2.4)

respectively. The joint distribution of Y and 6 has the density

ftuictiou

g0(y, 6) = [f0(y)y)] {Fe(y) h(y)] 1-6

with respect to the product of Lebesgue measure on (0, oc) and count-

ing measure on {0, 1 }. Hence, the likelihood function for a sample

of size N is

N 6. 1-6,
L = II {f0(y)H(y.)j 1[F0(y.)h(yj]

i=1

II. Z. The Classical Chi-Square Goodness-ofFit Test
for Uncensored Data

We consider the problem of testing the hypothesis

H0 X"-'F0(x)

where F0(x) = P{X>x} is some member of a specified family of

survival distributions {F0(x) :OEØ} and = ' ' '°k

5

(2. 5)

(2. 6)

For the uncensored data case, failure times for all sample units are

observed, and hence the classical chi-. square goodnes s-of-fit test,

a c.
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which is a comparison of the observed empirical survival function,
e

FN(x), to the hypothesized F0(x), can be applied to test the

hypothesis (2. 6). Let 0= a0 < a1 < . . <a+100 be partition points

on the real line. Let F(x) be the empirical distribution function

based on the N observations X1, .
.

that is, F(x) is

the proportion of observations which are less than or equal to x.

The empirical survival function is F(x) 1F(x). The chi

square measure of discrepancy or distanc& between the two survival

functions F() and F(x) is

=TV1TN (2. 7)

where TN = fN(F-F0) with F (F(a1),.

Fe (Fe(ai),. .
. ,F0(a)), and V = cov(TN). Using the facts that

NFe(a.) = 0 +. . +0,, NF (a,) = E +. . +E , and the i, j elementNi 1 1 01 i

of the covariance matrix V can be written V.. F (a.) F (a.); i <j
13 0 1 0 j -

where 0. and E. are the observed and expected numbers in the
th

i interval (a.1, a.] we can write in the form

r+1 (0,-Ej2
=. F.i=l 1

which is the familiar Pearson chi- square statistic (if 0 is known).

Since no such simplification exists in the case of censored observations

we will consider only the form (2. 7) for

Karl Pearson (1900) established that, under the hypothesis

(2.6), has a limiting chi-square distribution with r degrees



of freedom. Hence if the null hypothesis is simple (0 known), the

statistic can be used as a test which rejects the null hypothe-

sis if exceeds the 100(1-a) percentage point of a chi-square

random variable with r degrees of freedom. In the case when

the null hypothesis (2.6) is composite, 0 may be replaced in (2.7)

by an estimator such as the modified minimum chi- square

estmator or the asymptotically equivalent maximum likelihood esti-

mator based on the observed cell frequencies. The resulting statistic

was shown (Cram'r, 1966, p. 426) to have a limiting chi-

square distribution with r-k degrees of freedom. However, this

limiting distribution does not hold for the more convenient maximum

likelihood estimator
0N

based on the original (ungrouped) data. In

fact Chernoff and Lehmann (1954) proved that the asymptotic null

distribution of is that of

k r
2zii. Ii=l i=k--1

where Z1, . . ., ZN are independent standard normal random var-

iables and the X!s, which may depend on the parameters, lie

between 0 and 1. Roy (1956) and Watson (1958) proved the Chernoff

and Lehmann result when the cell boundaries are allowed to vary with

the estimators of the parameters while fixing the class probabilities.

Watson conjectured that 'if the class intervals are allowed to vary

[appropriately] with the estimators of the parameters, it is possible

7
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that the resulting asymptotic distribution may become independent of

the unknown parameters.i Moore (1971) extended the Roy and Watson

result to the case of multivariate observations. Moore also gave a

method for numerical computation of the asymptotic distribution and

provided a table of critical values for testing the goodness-offit to

the univariate normal family. Nikulin (1973) considered scale-

location families of distributions and modified the statistics

to produce goodness-of-fit test statistics which have a limiting chi-

square distribution with r degrees of freedom. Moore (1977) gave

a more general procedure of constructing a test statistic which has

a limiting chi- square distribution.

II. 3. The Product-Limit Estimator for Censored Data

The product limit estimator, FN(t), for the distribution

function, Fe(t)i was derived by Kaplan and Meier (1958) as the

distribution which maximizes the likelihood of the observations. If

we recall the observations described in (Z. 1) and order them so that

Y< <N (note that the probability of having any ties is

zero under the assumption of continuity of F0 and H), then the

product limit estimator, FN(t) of the failure distribution function,

F0(t), is defined by



f-i t<Y1

j-i 6

j-1 ji=1
lFN(t) =

t
n [(N- i)/(N-i+l)] t (Y. , Y J (2.8)

0

The product-limit estimator,

can be defined in the same way with 1-5.

In their famous 1958 paper, Kaplan and Meier proved the con-

sistency of FN(t) as an estimator for

t>Y
N

for the censoring distribution,

F (t).
e

instead of

Breslow and

5..
1

Crowley(1974) have shown under some conditions that the random

vector (FN_.Fe) has a limiting normal distribution with zero

mean and a covariance matrix

V = {V..} , where, for 1< i <j < r,

V.. = V.. F0(a.)F0(a.) [H(z)F(z)]
e13 31

0

with the vectors FN (FN(al) .. ., F(a)) and

F0 (F9(a1), . . ., F0(a)) evaluated at the partition points

O<a <...<a<oc.
1 r

11.4. A Chi-Square Goodness-of-Fit Test
Under Random Censoring

Corresponding to the partition points 0 < a1<. . . <a<oo, we

9

(2. 9)

have from the previous section that the r-dimensional random vector
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TN = N(FNFo) (Z. 10)

which is evaluated at a , . . , a , converges in law to a random
1 r

variable T"-' N(0, V) with V given in (Z. 9). Hence the quad-

ratic form defined by

= TV'TN (Z. 11)

has a limiting chi-square distribution with r degrees of freedom.

(To show this, one needs only to note that quadratic forms are con-

tinuous functionals and a continuous functional in TN converges in

law to the same functional in T (Rao, 1973, p. 1Z4)).

Note that, in our theoretical development, we will assume that

the censoring distribution, H(t), is known. However, in practice

we will use the product-limit estimator, HN(t). Asymptotically,

this can be expected to have negligible effect on our tests, simply

because HN(t) is a consistent estimator of H(t), as shown by

Kaplan and Meier (1958). This will allow us to prove that the quad-

ratic form is asymptotically equivalent, for each fixed 0,

to the quadratic form obtained by substituting HN(t) for H(t).

Lemma 2. 1 (Chen, 1975, Lemma 2. 7). Let {A(y)} and

{BN(y)} be sequences of monotone random functions such that

{BN( is uniformly bounded, AN(y) !9.A(y) and BN(y) B(t)

where A(y) and B(y) are bounded and continuous. Then, for

arbitrary 0 <a < b < ,



a AN(Y)dBN(Y)aSA(Y)dB()

Setting AN(z) = [HN(z)F(z)] A(z) = [H(z)F(z)] i,

and BN(z) = B(z) = F0(z) in Lemma 2. 1, it follows that

a.1- - -
D [H (z)F2(z)] 1dF (z)

N 0 0
a 1

p (.a.
[H(z)F(z)} 1dF0(z)

a
i- 1

Lemma 2.2 (Chen 1975, Section 3.4), If is defined

as in (2. 11), then
-'

1F (a ) F (a.)Ni-i Ni
r (a, ) - TP (a.)

N
i1

ft iiD. 0 i /

Using (2. 12) and (2. 13) one can show that
.-1F (a ) F(aNi-i

r T(a ) ''r(a)
0 i-i Oil

QNt0) =NE
H=HN i=i i

(2. 12)

(2. 13)

(2. 14)

has a limiting chi-square distribution with r degrees of freedom.

Hence if 0 in the null hypothesis (2.6) is known (i. e., a simple

hypothesis), then we can use the statistic specified by (2. 14) as our

test statistic.

11
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In practical applications, a completely specified distribution

is rarely assumed. More generally the hypothesis (2.6) specifies

a family of distributions and the unknown parameter vector,

0 = (0k, 0 needs to be estimated. In his Ph. D. thesis, Chen

(1975) used the modified minimum chi-square method to estimate
F',

0, by 0N say, and substituted
0N

for 0 in (2. 14). In the

limiting distribution of this statistic one degree of freedom is lost

for each parameter estimated from the sample, thus generalizing a

result of Fisher (1922, 1924). Note that in a situation like this one

needs to have the number of partition points greater than the number

of parameters to be estimated in the null hypothesis (2.6), i.e.,

r> k.

In the following chapters we are going to use the maximum like-

lihood estimator,
0N'

for 0 in constructing test statistics. In

Chapter III, a test statistic N°N is proposed and shown to have

an asymptotic chi- square distribution. In Chapter IV, the effect of

using the maximum likelihood estimator in the quadratic form (2.11)

is examined. And Chapter V discusses the effect of allowing the cell

boundaries to vary with the estimator while leaving the estimated cell

probabilities fixed.



III, THE CHI-SQUARE GQO1NESS-OF-FIT
STATISTIC QN(eN)

In the previous chapter the modified minimum chi-square esti-

mator, or the asymptotically equivalent maximum likelihood estimator

based on the observed cell frequencies, were used in constructing a

test statistic which has an asymptotic chi- square distribution with

r-k degrees of freedom under the null hypothesis (2.6) for the case

of k unknown parameters 0l'"'0k and r partition points

0 < a1 < . . . < a <oc. This chapter will be devoted to the use of

the maximum likelihood estimator, 0N'
based on the original,

ungrouped, observations in constructing a statistic which has an

asymptotic chi-square distribution with r degrees of freedom

regardless of the number of parameters estimated.

The first section is concerned with the asymptotic distribution

of the vector TN = N1N(FN_F5 ). The limiting normal distribution
N

of T is given in Theorem 3. 1. The second section is concerned
N

with the construction of the statistic The limiting chi-

square distribution of N°N is given in Lemma 3. 5. And the

last section deals with the application of N0N to testing the

goodness-of-fit of two sets of data to the exponential distribution.

Although the approach is different, the result in Lemma 3. 5

can be considered as a generalization of Moore's (1977) results

under the random censorship assumption.

13



III. 1 Asymptotic Theory

Let Y , . . ., Y arid 6 , . . ., 6 be defined as in (2. 1).
1 N 1 N

Let be the maximum likelihood estimator for the parameter

vector 0 = 0k, .
,e) in the family of distributions specified by

the hypothesis (2. 6). Corresponding to the partition points

a1 < . .. <a, let TN be the random vector obtained from (2. 10)

by substituting
0N

for 0, i. e.,

TNNF (3.1)

In Theorem (3. 1) we will show, under certain regularity con-

ditions, that TN has a limiting normal distribution.

Condition R. Assume that the distributions of the random

variables (Y, 6) satisfy the following conditions

(i) is an open set in Rk (k-dimensional Euclidian space),

(ii) G,(y, 6) is continuous in 0, and
a2g0(y, 6)

ao.ao.13
exist for almost all (y, 6) and are continuous in 0;j=1, . . . ,

(iii) SSd g0(y, 6)dyd v(6) = 0 i=1,,..,k

where v (6) is the counting measure on the set {0, 1)

14

6)

a0. and
1



(iv) J..(0)
1)

arid the information matrix J(8) {J.(0)} is positive definite

and continuous in 8.

(v) The maximum likelihood estimator exists and is unique.

In the above condition recall that the density g0(y, 5) is of

the form

6-g(y, 5) = [f0(y)H(y)] [F8(y)h(y)]5

So, the conditions (ii), (iii) and (iv) can be thought of in the

following equivalent forms

OZF0 (y)

80.80.13

0f0(y) 02f0(y) 0F0(y)
(ii) F (r\ ri,e\i, '- and

30.
3

0'' "' 00, ' 08,00.
1 13

0° 0F0(y) 00 3f (y)
h(y) (y) dy = 0 ; ki=l, . . .,

021nf0(Y) OZ1F(Y)

]88 00
+(1-6)

00 00.- ii iJ

5)

[ 00.
1

5)

08.00,13

01ng0(Y 5)

00,
3

is finite for all

exist for almost all y and are continuous in 0

is finite for all

15

dy +0

Olnf0(Y) Olnf0(y) OlnF0(Y) OlnF8(Y)
(iv)' J.,(0) E r 80 00 00 80.+ (1-5)

13
,j



i,j1, . .., k and the information matrix JzJ(0){J..(0)} is

positive definite and continuous in 0.

Theorem 3. 1. Under the condition R the random vector TN

in (3. 1) has a limiting normal distribution with zero mean and co

variance matrix

= V-BJ1B' (3.2)

NTN( )

where V is defined in (2. 9), J is the information matrix defined

in (iv) above, and B is the gradient matrix whose (i,j) component

is

Proof: Let us order the observations so that Y <. . .

Define the empirical cumulative hazard function

Ae()
N = Ey< &/(Ni+l)

1

and let

A(t) = -lnF0(t)

3F (a.)Oi
30.

3

denote the corr es ponding population cumulative hazard function.

Evaluate A(t) and A0(t) at the partition points a<. .
.
<a

to form the vectors

(3.4)

16

i=l,,..,r; j=1,...,k
(3. 3)



and

Denote by
N

G(t) = N1 I
[Y <t]j=1 j

Ae = rAe(a),
N

A [A (a
e e

.,A0(a)} I

First, we prove the joint asymptotic normality of the vectors

fN(eNO) and fN(AAe)

N
Q(t) = N1 I

j =1
Y.<t, 6.=l]

J J

= N i'{Y.<tJj-1 j

17

(3.5)

(3.6)

and

G(t) = N1 (l-oiI[ (3,7)

respectively, the left continuous versions of the empirical distribu-

tion function of the observations, the sub-empirical distribution

function of the uncensored observations and the sub-empirical distri-

bution function of the censored observations. Then, equation (7. 9)

in Breslow and Crowley (1974) reads



where

s[N(A(t) - A(t)J= [N

JN (A(t) A0(t)) = N2 S (Y., 5.) + 0 (1)2,t j 3 p
3 =1

.-G (y)

S (Y., 5.) =

I[ y< y] 0
dG2,t 3 3 (1 - G(y))2

0(y)

0

G(y) - G0(y)
d0(y)

(l-G0(y))

Ge(Y)_G (y)

(i-G
dG (y)20

(y))

G(t) - G0(t) -

(1 - G0(t))2

Using (3. 5) and (3.6) we can write

61
t j [Y.<y)

OS
2

dG0(y)
(1 - G (y))

0

I[ y<t] - G0(t)
+ 3

(1 -

Also, under conditions R-i and R-ii, the maximum likelihood

estimator
0N

of 0 is a solution of

89(0) ' =0
ao

+ 0 (1)
p

18

(3.8)



and from condition R-iv and the weak law of large numbers

L
- N 8080'

J(0), where .9(0) is the log-likelihood function obtained from

(2. 5) as
N

= [o {lnf (Y.) + lnH(Y)}
j=l 3 0 j 3

+ (l-6.){lnF0(Y.)+ lnh(Y.)}J (3. 9)

Then

a5°(o)Expand
30

bution.

'.[N(A-A0)

converges in probability to the information matrix

8.9(0)
30

where

N
S (Y.,6.)

j=l 3 3

8lnf (Y.) 8lnF (Y.)
S (Y, 6.) = 6 0 j + (1-5 ) 0 j133 80 j 80

around 0 =0 and use (3. 10) to write (see Wilks,

S (Y.,o.)Zj 3

p

19

(3. 10)

where S (Y, 5.) = [S (Y, s.), . . S (Y 5)JI
. From (3. 12)

2 3 3 2,a1 j j 2,a
3

and the multivariate central limit theorem it follows that [N(0N_0)

and fN(A_A0) jointly have a limiting multivariate normal distri-

1963

Summarize

p. 361)

a

(3.8)

1JN(0N0)

IN2 J(0)

and (3. 11) as

N

j=1

J(0)

S (Y .6 ) +

S (Y.,o.)133

p

+

(1)

0 (1)

(3.

(3.

11)

12)



The joint asymptotic normality of the vectors JN(ON_e) and

TN = ,TN(FN_Fe) follows from the result (Breslow and Crowley,

1974, Equation 7. 12) that

PfN(ON

=hL

A (t)
0 /NAe ATN(t) = -e

N
- 0(t)) + o(1)

_A0 (t)
ZN(t) + o(1)

Therefore,

TN

-e

+ 0 (1)
p

20

(3. 13)

Finally, the proof of Theorem 3. 1 is completed by an application

of the following lemma:

Lemma 3. 2 (Pierce 1980) Let Y1, Y2, . . . be a sequence of

random variables with distribution dependent on the parameter vector

where h is a function with continuous first partial derivatives.

Also J(9N0) has a limiting distribution which is N(0, J(0)).

Hence (see Rao, 1973,

P[N(eN0)

p. 387) we

LN

have

0,
J'(0) V12

(3. 14)

lvTN V21

Now, in TN [N(FNF ) we expand Fô
N N

around 0

using the same result from Rao to obtain

T -T B[N(0 0) + 0 (1)
N N N p

(3. 15)



0. Let be an asymptotically normal and efficient sequence of

estimators. Let

Assume the dependence of T

each 0 there exists a matrix B such that

T + B/N(0 0) + 0 (1)
N N p

where TN TN(YlJ. N'°N Then TN has a limiting normal

distribution with zero mean and covariance = V BV11B i.e.

TN

III. 2 The Test Statistic

Assume that is invertible (After the proof of Lemma 3. 5

we discuss the case when E is not invertible.) Let VN be the

matrix obtained from V by substituting and HN for 0

and H respectively in (2. 9). Similarly define

Lemma 3. 3. VN converges in probability to V.

Proof: Let A (z) [H (z) F (z)] -1 and B (z) = F (z)

in Lemma 2. 1.

TN=TN(Yl...3YNO)
I

fN0N0)

TN

L

N

'S

be such that

vii V12

V V
21 I

21

on e is smooth enough so that for

°° a2lnf0(y)
Lemma 3.4. Assume that f0(y)dy is con-

0 13
tinuous in 0 for k. Then

N
converges in probability



to

Proof: Recall that

= V - BJB

where V and J depend on both H and 0, but B, as

defined in (3. 3), depends only on 0. Since B is assumed con-

tinuous in 0 (condition R(ii)t) and since

V =V+ 0(1)
N p

from Lemma 3. 3, then, the lemma will be concluded by showing that

J] converges in probability to J. To show the dependence
N'N

of J on H and 0 explicitly let us write it J(H,0)

Now, the i,j element of J(H,0) is

a2lny) 00 aZlnF0(y)
J..(H,0) = - ao.ae.13

(3. 16)

From the triangle inequality we have

IJ..(H ,o )-j (H,o)j<J (H JON)_J..(HB )j+JJ.(H,eN)_J.,(H0)j
N 1313 NN ij N 13 13

zz

and

<J.(H ,o )-j (HoN)J+o(1)
13 N N ii

where the last inequality follows from the condition R-iv. Write,

821nf0(y)
WThy;0) = -

13 ae,ae.13

(3. 17)



and

0)
13

Now,

,0 )-J(H,0 ) frNN 13 N

lnF(y)
WZ)(y;0) =

13
F0(y)

13

Then

J.,(H2O) = J(H2O) + (H2O) (3. 18)
13 13 13

where

J(H, 0)
S

W(y;0)H(y)dF (y),
13 o

0

= \ W(y;0)d H(y)
0

(H (y)H(yflW(y;O)dF (y)j
N N

<sup HH() S w.'(y;N) y)!

(3. 19)

YE R

= 0 (1)
p

where the last equality follows because has a

limiting normal distribution and W, (y,0)dF0(y)
13

for all 0 close to the true value. Also since

being continuous as a function of y on the closed interval [0, T]

is uniformly continuous, then for a given E> 0 there exists a

finite positive number M and a set of partition points

o to <t1< . . . < tT such that for tE I = (t , t
} we havem ni- 1 ni

is bounded

Z3



Let denote the true value of e and

(2)W. sup {lw. (t ,o)j ; m0, . . , M}
' Ioo0IE

13 m

So, since is a consistent estimator for 0 and since W(y;0)

is continuous in 0, we can find N1 such that for N>N1 we have

EP{4W(t '°N j<w.. ; mO,. . , M} >1- -
13 m 13 2

Now,
3./f

(2) (2 Ejw., (t,e) w. '(t ,o) J< -
13 '3 m 3

,Ø
)J(2)

13 N N (H2ON) I cW)(, dt)$ w(t,eN)dH(t) J
13ml 13

I I
m m

M

= $w(2 ON)d[ HN(t(t)]iim1
m

1$w(t )-W(t
N ijm

I
m

M
+ ç W2(t , 0 ) d[ HN(t)H(t)]
m1 ij m N

I
m

T M

< S d[ HN(t)+H(t)] ± jW2(t , B ) $d[N(tHt]ij mNm1
0 I m

where the last inequality follows from (3. 20). Now, using (3. 21) in

the above inequality we have for N> N1

)J d[ HN() H(t)J

24

(3. 20)

(3. 21)



(2)
P{IJ(HNJ °N' (H,

1J 13

(2) " (2)P{jJ.. (HNON)_J.J (H

Since E is arbitrary, then
(2)

(H e) J2H °Nij N ii

Using (3. 19), (3. 22) and (3. 18) we have

jJ..(H ,o ) J..(H,e
13 N N 13 N

Substitute in (3. 17) to conclude that

M
H (t )-H(t )3 13 Nm mm1

2E

+ H (t )H(tmi) }> 1- 2Nm-i

i. e., using the triangle inequality we have for

M
E

2W,. H(t )-H(t ) )}>i- -
13 m i-nm1 2

But, since H (t ) is consistent estimator for H(tNm m

exists N2 such that for N > N we have

M
E

IH (t )H(t <6w } >1-Nm mm1 ii

So, for N> max{N,N2} wehave

P{JJ(HN6N) J2(H2eN)iiii J<E

o (1)
p

jJ..(H O ) - J.(HO) = o (1)
13 N N ij P

Lemma 3. 5: Let TN fN(FNF ) as defined in (3. 1) and

N >N
1

there

25

= o(l) (3.22)

assume the condition R holds. Set

ÔNN TNNTN. (3. 23)

E

2



Then, under the hypothesis (Z,6), N°N has a limiting chi square

distribution with r degrees of freedom,

Proof: From Lemma 3 4 we can write
1 =-1 + o(i).

So

limiting distribution of

T( ± o(1))TN

TN + O(1)TN

TT + 0 (1)
p

where T1 o (1)T o (1) because of Theorem 3 1. HenceN p N p

and TNTN
T1

N

have the same limiting distribution. The

-1'
TN is that of Tt T (T from

= V-BJB

Theorem 3. 1) which is chi-square with r degrees of freedom.

If in Lemma 3 5 is not invertable use a generalized

inverse in (3. Z3) to give a statistic with a limiting chi-square

distribution with rank (tN) as its degrees of freedom,

The above lemma suggests that under the random censorship

assumption, when the hypothesis is composite and the sample size

is large, the statistic (3. 23) can be used to perform the goodness-of-

fit test. To actually calculate the test statistic, the following may

somewhat simplify the task. Recall that (3. 2) gives



From Rao (1973, p. 33) we can write

= Vi + V'BC1BIV'

where
-1C=J-B'V 13.

So, we want to evaluate the quadratic form

0

Then we have the diagonal matrix

r

where

27

A A A Al A A "-1" "-l' A1 A

= T VN TN + TVNBC BVN TN (3. 24)

where a hat means 0 and H are replaced by 0N and HN

respectively. Set

A is given by

VAVA', TATN and B=AB where

1
0 0

(a

=

0

0

D
2

0

D



and

=fN

And so,

-1 ..l -1 -1TV TN = TATA' V A ATN

'.* *_l,.*
=TNV TN

r (a. ) F (a.)\2
= NE

eN11 -

and

D. = {H(z)F02(z)] f0(z)dz ; i=1,..., r, (3.25)
a i

- FN(aO) FN(al)
(ar) - 1 (a

- N N

- 1 ,:c *_ 1BTV B=BV B.
In evaluation of the test statistic we replace H and B in (3. 25)

and consequently in (3. 26) by HNJ the product-limit estimator,

and 0N'
the maximum likelihood estimator.

In the following section the statistic specified by (3. 23) is used

as a test of fit for the exponential distribution using two different sets

of data.

28

FN(al) FN(a)' (a (a)r-1)
"N

r

(3. 26)

Similar simplifications for the 2nd term of (3. 24) follow from

- 1 " * *_.. 1 *TV B=TNV B,
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III. 3. Examples

In this section, the generalized chi- square goodness-of-fit

test for the exponential distribution is illustrated.

Example 1. (Grunkemeier, et al. (1980)). The data used in

this example is from 104 patients who survived isolated aortic valve

replacement at the University of Oregon Health Science Center be-.

tween 1965 and 1968. During the 12 years of follow up 35 patients

died and the remaining were censored after varying periods of time.

For testing exponential fit H: F0(x) exp(_x i), maximiza-

tion of the likelihood function (equation (2. 5)) yields

generalized chi-square statistic (3. 23) was 3.66 with 5 degrees of

freedom. In Table 1 below, columns 2 and 3 include respectively

the product-limit estimator and the fitted exponential distribution

evaluated at the partition points given in column 1. In Figure 1-a,

the product-limit estimator and the fitted exponential distribution are

plotted. The product-limit estimator of the underlying censoring

distribution is plotted in Figure 1-b. It is interesting to see that the

fitted distribution agrees quite well with the product-limit estimator.

N N
0 y./ ö which gives for the set of 104 observationsN.i=1

i.
i=1

0104 25. 48. Using partition points 2,4,6,8, 10, the value of the



Table 1. Product-limit estimator and the exponential
fit for the aortic valve replacement data
fixed cell boundaries

30

Years
Product- limit

Estimator
Exponential

Fit

0 1.0 1.0

2 0. 9044 0. 9245

4 0,8455 0. 8 547

6 0. 7959 0. 7902

8 0. 7449 0. 7306

10 0.6591 0.6754
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Figure i-a. Product-limit estimator, FN(x). andhe exponential
fitted distribution, (x), for the aortic valye
replacement data. N
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iLl

2 3 4 5 6 7 8 9 10 11 12 13
Time (Years)

Figure i-b. Product-limit estimator for the censoring distribution
for the aortic val-e replacement data.
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Example 2. One hundred and four observations were generated

from the Weibull survival distribution F(x) = exp((-j)2) with a

uniform censoring distribution H(x) = l-x/26. 25 such that the

expected proportion of censored observations is 1/2. The generaL

ized chi- square statistic was used to test the fit of the data to the

exponential distribution, i. e, to test H:F0(x) exp(-x/0). From

the 104 generated observations 51 were failed and 53 were censored at

varying times. The maximum likelihood estimator for B was

B104 = 18.62 and the corresponding value of the generalized chi-

square statistic (3. 23) was 41.56 based on 5 degrees of freedom. In

Table 2 below, the selected set of partition points used in computing

the test statistic is given in column 1 and the corresponding values

of the product-limit estimator and the fitted exponential values

of the product-limit estimator and the fitted exponential survivals

are given in columns 2 and 3 respectively. In Figure 2-a, the

product-limit estimator, FN(x), and the fitted exponential survival

function, F (x), are plotted. It is easy to see that the exponen-
N

tial estimator is under-estimating the early survival function and

is over-estimating the late survival function. It is interesting to

see how the test statistic reflects the disagreement between the fitted

exponential distribution and the product-limit estimator. In Figure

2-b, the product-limit estimator of the underlying censoring distri-

bution is plotted. Note how close the estimator is to being linear.



Table 2. Product-limit estimator and exponential
fit for the simulated Weibull data fixed
cell boundaries

33

Years
Product limit

Estimator
Expo nential

Fit

0 1.0 1.0

2 0. 990 0.898

4 0, 948 0.807

6 0.813 0. 725

8 0. 777 0.651

10 0. 581 0. 585
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Figure 2-a. Product-limit estimator, FN(x), and the exponential
fitted distribution, (x), for the simulated
Weibull data. N
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0.8-
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Figure 2-b. Product-limit estimator for the censoring distribution
for the simulated Wejbuli data.
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IV. THE GOODNESS-OF-FIT STATISTIC

In the previous chapter we proposed the statistic

as a goodness-of-fit test and proved its limiting chi- square distri-

bution.

This chapter will be devoted to examining the limiting distribu-
-1"tion of the quadratic form = TV TN when is substituted

for e. In Theorem 4. 5, N°N is shown to have a limiting

distribution which is bounded by chi-square with r-k degrees of

freedom and chi-square with r degrees of freedom. The exact

limiting distribution is concluded in Lemma 4.6. In Section 2 a

numerical investigation is made of the excess of the asymptotic size

of the test when using a critical value from a chi-square distribution

with r-k degrees of freedom.

Although the approach is different, the results contained in this

chapter (especially Theorem 4. 5 and Lemma 4. 6) can be considered

as generalizations of Chernoff and Lehman& s (1954) results.

IV. 1 Limiting Distribution of

35

Let Y1, .. and
,

be as given by (2. 1). Let

be the maximum likelihood estimator for the parameter vector

o = (0,... Ok)1 in the family of distributions specified by the hypothe-

sis (2.6). Corresponding to the partition points a1<. . . <a, let



TN be the random vector defined by

=N(F -F.')
N N

(4. 1)

where FN = (FN(al).. ., F(a)Y and F (F (a1), . . . ,F :(?))'
N N N

Let VN be the consistent estimator of V given by Lemma 3. 3.

Define N°N by

= TNVNTN. (4. 2)

In Theorem 4. 5 we will show, under certain regularity condi-

tions, that using the maximum likelihood estimator eN in con-

structing the quadratic form N°N will produce a statistic whose

asymptotic distribution is not a chi- square but is the distribution of

a linear combination of chi-square distributed random variables.

First, we present the following lemmas and corollaries.

Lemma 4. 1. Let U be a random vector that has a normal

distribution with mean zero and covariance matrix V. Let L be

an indempotent matrix such that

LV = VL'. (4.3)

Then

2
= IILUH

1V--

has a chi- square distribution with r(L) = tr(L) degrees of freedom

where j Jaj j21a'V1a is the norm of a inducted by V' and
V

tr(L) = trace(L).

36



Proof: Write

Q=U'AU

where

AL'V L.
Then,

AVA =(LIv1L)V(L1V'L)

which, by using (4. 3), is

AVALtV VLtL'V L

= (Lt)3V L

The last equality follows from the fact that L is indempotent (i. e.

L2 L). Also

tr(AV) = tr(L1V'LV)

= tr(LIV'VLI)

= tr(L)

The lemma is concluded by an application of (vii) in page 188 of Rao

(1973).

As a result of the above lemma we have the following fact from

large-sample theory.

Corollary 4. 2. If the random vector UN converges in distri-

bution to U in Lemma 4. 1, then

2

N IILUNjj -1
V

37
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has a limiting chi- square distribution with tr(L) as its degrees of

freedom.

Lemma 4. 3. The nonzero roots of jBJ1B'-VJ = 0 and of
1

1
0 are identical, where 3 = BTV B.

Proof: Let V = AA and 3 = LL with A and L non-

singular. Then

o 1BJB'-VJ
= gA(A'BLt1L 1BA' 1)Al

I

= JA(MM'-F.iI)A' I

is equivalent to

0 = jMM'_Ij

where

M=A BL1

Also,

o =

= IL(L 1B'A' 1A 1BL' 1-)L'

= jL(MtM_iI)LT 1

is equivalent to

0 = jM'M_p.1.

To conclude the lemma apply the result in Rao (1973, p. 68).

Lemma 4. 4. Let V and W be positive definite matrices

such that V-W is non-negative definite. Then W'-V1 is non-

negative definite.



k. Then, under the condition R of Chapter III the statistic

defined by (4, 2), has a limiting distribution which is

bounded by the two chi-square distributions with degrees of freedom

r-k and r respectively.

In other words, the limiting distribution of N°N is that of
k

?_.z+ z11.i=l

where the Z. s are independent standard normal random variables

and the X.'s are constants that lie between 0 and 1 and may

depend on the parameter 0 =

Proof: Let be the value of B which minimizes the

quadratic form

RN(0) = N(FN F0) VN ()
That is,

inf0 R(0) RN(BN).

Therefore, since is a valid value of 0, we have

Proof. See Fraser (1957, p. 55).

Theorem 4. 5. Assume that B, defined by (3. 3), has rank

R (0 )<R (0 ) =Q (0NN NN NN

- -
BTVN '[N (FNF ) = 0

N

39

(4.4)

(4. 5)

In obtaining one may differentiate RN(0) with respect to 0

and equate to zero. Thus must satisfy the equation

(4.6)



where is obtained from B, defined by (3. 3), by substituting

0N for 0. Expansion of Fr- around e (see Rao, 1973, p. 387

here we must assume
0N

is measurable) gives

TN = TN+BN(eN0)+o(l) (4. 7)

where TN = N(FNF) and TN = N(FNFO). Pre multiply

both sides of (4,7) by BV1 to obtain

- 1"
B'V TN BTV1TN + B'V'BN(NO)+ o(l) (4.8)

In his Theorem 3. 1. Chen (1975) expressed .[N(ON_O) as an approx-

imate linear function of s./NFN and showed its limiting normal dis-

tribution. So, TN and r'fN(ONe) have a joint limiting normal

distribution. Thus, by (4. 7), TN has a limiting normal distribu-

tion. Therefore, by (4.6),

Now,

- 1 ,.., - 1 - 1 '-' - 1
B'V TN BT(V -V )TN + (BB)IVNTN

= o (1)
p

Hence, using (4. 9) in (4. 8), we have

N(ONO) = (BtVB)'BTVTN+o(1).

The above equation with (4. 7) gives

TN = TN - B(BIV'B)1BV'TN+ol(1)

40

(4. 9)



and

1'-'R(0)TtV TNN NNN
t', -1"

T ± 0 (1)=TV
N p

'-"IIT ii ± 0 (1)N' -1 pV

-1 -1 -1 Z + 0 (1)= N(I-B(B'V B) B'V )TNIJ1 p

Recall that TN has a limiting zero mean and a limiting covariance

matrix V, so an application of Corollary 4. Z implies that RN(ON)

has a limiting chi- square distribution with the degrees of freedom

tr(IB(BlV'B)'BV') r-r(B)

r-k

Now, for the upper bound recall

= TV'TN

= T1TN
where

V-BJ1B.

So, V- is non-negative definite. An application of Lemma 4.4
-1 -1yields that -V is non-negative definite. Therefore,

QN(e)

for all Oe. Thus

41

(4. 10)
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The inequalities in (4. 5) and (4, 10) conclude the result of Theorem

4.5.

Still to be answered is the question of what is the exact asymp-

totic distribution of QN(BN). This question will now be answered

by determining the values X1,.. ., in (4. 4).

Lemma 4.6. If i1,. . .,k, then the j.i,'s are

the characteristic roots of the determinental equation

= 0 (4. 11)

-1where JB' V B and all j,' s are betwe en zero and one.

Proof: Let A be the diagonal matrix of eigenvalues of V

and P be the corresponding orthogonal matrix such that

V = PAP

Hence

Q(e)= TIV'T=T!pA'plT

i. e.

that

Q() = T

where

T=

which has a zero mean normal distribution and covariance matrix

P*
=APPA.

Let P be an orthogonal matrix and A a diagonal matrix such



The X
*1

and

= p AP

Set Z =APT. Then Z'N(0,I) and

T'T =ZA Z= X.Z.
* * * *1 1ii

are the eigenvalues of

0
= XI

= 1A2 p'pA2 -? I .

This is equivalent to

o = - pApt

= j_xvJ
-1.= JVBJ B-)VJ

=(1)kJBJBT(1x,)v!

Now, Lemma 4. 3 implies (4. 11), To conclude the lemma note that

both and BJ1B' are non-negative definite.

Lemma 4.6 gives an alternative proof for the inequalities (4.5)

and (4. 10) in Theorem 4. 5 since

d r
2Q= z.,

i=k+1

d r
z

i=l

i. e., roots of

,. dk 2
r

Q (0 ) Z X.Z. + ZNN 11 1i=l i=k+l

43



implies the asymptotic stochastic orderitig
d

k Q (0NN

IV. 2. Numerical Investigation

The result of Theorem 4. 5 shows that the widely used procedure

of rejecting the null hypothesis if N°N > C, where Ca is the

upper a quantile of the chi-square distribution with r-k degrees

of freedom and 0N is the maximum likelihood estimator for 0

based on the ungrouped sample 1'"'N' 5l''6n as defined

in (2. 1), will yield an asymptotic size a larger than the nominal

size a. Theoretically, the difference a -a may be quite large

in cases where the number of cells is small. If the values X,

in Theorem 4. 5 are all close to 1, then we will be losing essen-

tially k degrees of freedom whose effect will be most serious when

the number of cells r+l is small. For example, if we have only

one parameter 0, then, as approaches 1, the actual

asymptotic size a will vary from about . 15 to . 10 for r2, 3

or4 when a.05,
In the following, the actual asymptotic size

k r
= P{ ± Z2> C }

i=1 i=k±1 a

44

is evaluated using the results of Robbins and Pitman (1949) for two
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cases of one-parameter families of survival distributions. The uni-

form censoring distribution with density

h(x) T1[O<<T]

and the nominal level a = . 05 are used.

Case i Consider an exponential survival distribution with density

(1/0) exp(-x/e)

In this case the expected proportion of failures is

P{6i) = l-(0/T){l-exp(-T/0)} , (4. 1Z)

The Fisher information quantity is given by

J(0) {1-(e/T) {l - exp(-T/0)]

and,

11J(0)=BrV B
r

1)/F0(a.1)-B(a.)/F0(a.)] 2/D.= {B(a.
i=l

= (a.

where,

D. ç 2 1dF(z)
1 j

a i

= (T/0)exp(T/O){ln[ (T-a.1)/O)] exp[ -(T_a.1)I0]

(T_a1)/0
-ln[ (T-a.)/0] exp[ -(T-a.)/0] +$ ln(z)exp(-z)dz}

(T-a)/0



f0(x) = (0/0)(x/cr0)01exp {(x/0)0}

the value of is chosen so that when T3 and the shape

parameter 0=2 the same probability of failure, P{61}, is

obtained as that under the exponential survival distribution with unit

mean and T3. In this case, using (4. 12) we obtain

P{61} = (2/3) +(l/3) exp(-3)

- .683262356 . (4.13)

Under the Weibull survival distribution with shape parameter 0=2

and uniform (0, 3) censoring we have
3

2

P(6=1) = S $ (2/0)(x/0)exp((x/0) )dxdv
0 0

1 2

- j (1-exp(-(V/cr0) )dv
0

3

= 0R32)0$ (1exp(-)dy

= 1-(/3)[ (32/) ] (4. 14)

46

Consider the situation with 0 1, T = 3 and r 2. Compute

xl = i-J(i)/J(i)

at the partition points in column 1 of Table 3 to produce the values of

given in column 2. Use Robbins and Pitma& s theorem to calcu-
1,

late the corresponding values of a given in column 3.

Case ii For the Weibuil survival distribution with density



where (a) represents the probability that a standard normal

random variable is less than a. Substitute (4. 13) in (4. 14) and

solve for a0 to obtain 00 1.07228198

Now, consider the general parameter 0

e
exp {_(x/r) }

obtain

N
1 0 2- E {5,[-- +(YI ) ln (Y,

ae2 j=1 3e2 0

'i-I

3F (x)

ao
0 0= (x/cr0) ln(x/r0) exp{_(x/cr0) }

r - - 2
1(0) = [B(a, )/F (a. )-B(a.)

1 0 i-i 1
IF0 /(a.)] ID.

i=l

where
3-at

6 r
[(3-y)Iy] exp{((3-y)I0)2}dy,

cr0 3-a,
1

To obtain 3(0), recall the likelihood function from equation (2. 5).

In our case, the logarithm of the likelihood function will be
N

= E ô.[ln0-Oln0 + (0-1)lny, (yJ0)0± ln[(3-Y.)/Y.]
j=1

N / 0- (i-öi[ in 3+(y,,cr0) ]
3 3

Differentiate twice with respect to the unknown parameter 0 to
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)} +(1-8.)(Y.I0)0ln2(Y,I0)}.

F

So,



So,

1
297J(0)-

= E(6/02) ± E(Y/0)0in2(Y/0)

where

T 22E(Y/0)21n2(Y/0) l/T $ (y/0) in (y/0)exp[ (y/0)2} dy
0

+

0

T/o0
2 2

= $ [T'+2y2y-0Ty2] y e in ydy.
0

Put T=3 and o-l.O7228l98 to give P{6=1} as in (4. 14) when

the shape parameter 0=2. Then, corresponding to the partition

points in column 1 of Table 3 numerical integration leads to the values

of X11-J(2)/J(2) and a that are in columns 4 and 5 respec-

tivel y.

Recall that the nominal value a 05 was used. So, for the

chosen sets of partition points, for only 3 intervals, the actual asymp-

totic size of the test, a, varies from i.76a to 2,lla in the

exponential case and from 1.47a to 2. 70a in the Weibull case.
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Table 3. The eigenvalues and the corresponding asymptotic
sizes a of the statistic
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Partition Exponential, mean 0=1 Weibull, shape 0=2
points (l)
a1,a2 a a

= P{1Z ± Z> C} where Z1, Z2 are independent standard
normal random variables and C3. 8416 is the 95 percentile of
a chi- square random variable with 1 degree of freedom.

2.0, 2.5 .746 .111 .774 115

1.5, 2.5 .647 .098 .808 .119

0.5, 2.5 .640 .097 .594 091

1.3, 2,7 ,625 ,095 .920 1 35

1.2, 2.2 .597 .092 .838 1 23

0.5, 2.0 589 ,091 .431 074

1.0, 2.0 .575 .089 .771 114

0.5, 1.5 .567 .088 .445 075



V. RANDOM CELL BOUNDARIES

In the previous chapters we suggested using the statistic

QN(eN) defined by (3. 16) as a test of fit and showed its limiting chi-

square distribution. Also we obtained the limiting distribution of the

statistic QN(eN) defined by (4. 2). The limiting distributions of

and
N

were obtained for fixed cell boundaries

0a <a < <a
0 1 r+1

In this chapter we will show that these results remain true

for the random cell boundaries corresponding to specified positive

cell probabilities 1Di 'p.+
Using a different approach, Watson (1957, 1958) proved the

corresponding results for those included in Chapter IV in the case

of complete samples. Moore (1970, 1971) showed that the same

results hold for the case of multivariate observations and gave a

table for the percentile points of the statistic for testing the univariate

normal distribution.

We are interested in testing the hypothesis (2.6) in an interval

{ 0, TJ where G0(T) is less than one. Let us require that

exists and is jointly continuous in x and 0.

V. 1. Preliminaries

50

Let Y1, . . and 6, . . be as given by (2. 1). Let



be the maximum likelihood estimator for the parameter vector

0 in the family of distributions specified by the hypothesis (2.6). Let

1)iI 'r+i be a fixed set of positive probabilities that add up to

unity. Set a0 a0 = 0 and for j = 17. . . , r+l define a.

(depends on 0) and a. by

F (a.) P.F (T)Oj jO

F (a.) = P.F (T)

and
.3

P. = E p.
i=l

Note that a. ---- a. and that a and a are less than T.r r
Corresponding to the set of partition points a1 < . . . < a define

TN by

TNN(F -N

corresponding to

where FN N(a1). . .
F)) and

eN 0N
are the product-limit and the maximum likelihood estimators for

the survival function respectively. Similarly define TN by

TN hJN(F Fe
N

a < . . . < a . Then, the main result of this
1 r

(5. 2)

(5. 3)

chapter (contained in Theorem 5. 5) is to show that TN and TN

have the same limiting distribution. First we show, in Theorem
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5.4, that

Z (i.) = Z (a.) + o (flNj Nj p

where

Z (t) = N(Ae(t) - A (t))
N N 0N

' (5.4)

and A(t) and A (t) are the empirical and rnaxirnuni likelihood
N

estimators for the cumulative hazard function respectively. We will

need the following lemmas

Lernnia 5. 1. Let {DN} be a sequence of random variables

such that {DN} converges in distribution to the random variable

D. Then ID is bounded in probability.
N

Proof: See Chen (1975, Lemma 2. 1).

Lemma 5. 2, If {DN} is defined as in Lemma 5. 1 and-p
NN °° as N--°, then {D } converges in distribution to ID.

N
Proof: Given E > 0, we must find N0 such that

IP{-' <t} P{D<t} I < for all N> N
NN

From the assumptions of the lemma, there exists N such that

for N>N1 we have

JP{DN<t) - P{D< t} 1

and there exists N2 such that for N > N2 we have

P{NN>Nl}>1

52

Now,



So,

00

P{D <t} = P{D <tINN=k}P{NN=k}
N k=O N

cc
= P{D <t}P{N =k}

k=O
k N

jP{D' <t}P{D< t} j = 1 [P{Dk<t}P{D< t}} P{NN=k) 1

N k=O

00

JP{Dk<t}P{D<t}jP{NNk}
k=O

N1-1

= k=Ok IP{NNk}

00

+ jP{D< t}..P{D< t} IP{NN=k}
k=N1

N1-1
00

P{NN=k}+i p
k=O

2 k=N1N

<P{NN<Nl} +

< for N>N2

The lemma is concluded by setting N0 = N2.

Lemma 5. 3. Let ZN = , Z(a) where N(t)

is defined by (5. 4). Then, under the condition R of Chapter III

and assuming G0(T)<l, ZN aZ where Z has a zero mean

normal distribution and cov(Z., Z.)
=

cr.. exp{Ae(ai)+Ao(ai)} with

= {o..} as given by (3, 2).
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Proof: From equation (7. 1Z) in Bresiow and Crowley (1974)

we have
_A' (t) *

1 N(Ae() (t))] + RZN(t)?.[N(F(t)_FA (t))ZN(t){ -e +- e
N

N N

(5. 5)

where

RZN(t) =
e(t FN(t) A (t))

= 0 (1)
p

resulting from the fact that (Lemma 1 in Breslow and Crowley)

whenever t< T (note ar < T)

N0 < -in FN(t) A(t)< -1) NN(T) -1)

where
N

N(t) I[ y,>t]
i=1 1-

Let AN be the diagonal matrix whose th diagonal element is

defined by (a.) A

AN(i) l / -e N
1

e N(AeA)]

for i = 1, . . . , r. So that (5. 5) gives

ZN AN(TN - o(i))

p A(a)
where AN(i) - A(i) = -e 0 i resulting from the consistency of



where,
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and A(a1) as estimates for 0 and A0(a.) respectively.

Therefore, the lemma wi'1 be concluded by applications of Slutsky's

theorem (Bickel andDoksum, 1977. p. 461) and of Theorem 3. 1.

V. Z. Asymptotic Effect of Using
Random Cell Boundaries

Watson (1958) studied the effect of using random cell boundaries

1'.-.' in constructing the Pearson chi_ square statistic. He

showed that the asymptotic difference between this statistic and the

quadratic form obtained by using the boundaries a1, . . . ar is

negligible in the case of complete samples. For the case of random

censorship we take a different approach by applying the following

theorem.

Theorem 5, 4, Let ZN(t) be defined as in (5. 4). Then

ZN(a.) - Z(a.) converges to zero in probability where a. and
.

are defined by (5. 1) for j 1,. . . , r.

Proof: For ease of notation let t and t denote a. and
J

a, respectively for any j 1, . . . , r, So,

,(t) = fN(A e() - A (t))
N N

= N {Ae (t) A (t) (Ae (t)A e()) + (A (t) A (1)))
N

0N
N N

0N - 0N

+ R1N +RZN (5.6)



and

Therefore,

R1N o(i).

Now, to show that R o (1) recall equation (7. 9) in
ZN p

Bresiow and Crowley (1974) which states that

where

R1N = N {A(t) A(t) +A (t) A (t)}

RZN = ZN() - ZN(4

ZN(t) = N(A(t) A(t))

By Taylor expansions, under the condition R in Chapter III we can

write
aA(t)

A (t) = A (t) + (tt) ± 0 (N2)
o at

aA (t)
A (t) A(t) +

ae (ONO
N

aA (t)
A

aA0(t)
A (t) A(t) + at tt) (Ne)+ o(N2)

N

ZN(t) A(t) + BN(t) + RN(t)

p
where R7(t) .0 in the supremum metric, so

ZN(t) AN(t) + BN(t) + 0(1)

and (5.8)

ZN(t) A(t) ± BN(f +o(l)

±0 (N)
p
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and

Therefore,

1'
YN(x) = fN[ GN(x) - G0(x)J

and G(x) and G(x) are defined by (3.5) and (16) respectively.

From (5.8) and the triangle inequality we have

iZN(t)ZNctJ < jAN(t)AN(t) j±IBN(t)B(t) j+o(i). (5. 11)

Using (5. 9) we have

max(t, t)

$ XN(x)(lGe(x))ZdGe(x)J
min(t, t)

max(t,t)
-2'-'

< j xN(x)j(l.Ge(x)) dG0(x)
rnin(t, t)

max(t, t)
< sup JX(x,J $ (1-G0(x))2dG0(x)

x min(t, t)
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AN(t) X(x)(1 G(x)) dG0(x) (5, 9)

BN(t) lG0(t)]

(5. 10)

XN(x) = N G(x) Ge(x)]



2.'
P{IAN(t)AN(t) J< )> P{sup Jx (x) J $ (l-G0(x)) dG0(x)< E}

N
X min(t,t)

Now, set

D supJX (x)j
N Nx

then DN is a Ko1mogorov-Smirnov type statistic. Hence

converges, under G0(y), in law (Rao, 1973, P. 421) to some ran-

doni variable D say. An application of Lemma 5. 1 shows that, given

> 0, there exist M and N such that for N> N

M} > 1-/Z. (5.13)

b
Since

a
(1-G0(x))dG(x) is continuous in a and b, for a

given E > 0, there exists E such that

2

$
(1G9(x))ZdG0(x) (5. 14)

E

2

But t converging to t in probability implies that given E

2
and

there exists N such that

p{t_E2<t<t±E2}>1_/2 ,N>N2.

So, for N>N2

max(t, t)
58

(5. 12)



max(t, 1) t+E2
-2

$ (1Ge(x))2dG(x)
< $ (lG0(x)) dG(x)} > 1- /2

min(t,t) tE
2 (5.15)

From (5. 14) and (5. 15) we have for N> N2

max(t, t)
2'-" E(1.G (x)) dG (x) < - ' > 1 -

e 0
min(t, 1)

Combine the above inequality with (5. 12) and (5. 13) to conclude that:

Given e> 0 and r > 0, then, for N> n'iax(N1, N2) we have

P{

all N>N1

P{IAN(t)A (t)J<E} >1-n
N

AN(t) AN(t) = o(i)

Using (5. 10) we have

59

(5. 16)

() Y (t) max(t,)
N NlB (t)-B (t) I 1+ $ JY(x) l(bo2e(

N N i_G0(C) - l-G0(t)
min(t, t)

Now1 let p

observations so that

and

Hence, given any E

P{5 =

fN(p

> 0

1} and denote the

, NNP

(5. 17)

number of failed

(5. 18)

such that for

p-- p

L
- p) - N(0,p(1-p))

there exists N1 = N1(E)



Now,

IYN(x)

and

And so,

= [N JG(x) - G0(X)

= PfNJ! e()
- o(x)1

<YW(x) +Y2(x)
N

where

1 '-'e 1"e(x)=p/NjG (x)-G (x)J,
p N pN

1Y(x) = p[Nj G (x) - -
p N p

Y(x) = pAfN -
I G()

e=NJ- pjG(x).
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P{-.< -)> 1- (5. 19)

Also, from Kolrnogorov-Smirnov theorem and Lemma 5. 2

1-'e 1

DN = [NN sup j G (x) - G (x) (5. 20)
p N p 0x

converges in distribution to some random variable, D say. Lemma

5. 1 implies that there exists M such that

P{DN<M}> 1- (5. 21)

(5. 22)



Use (5. 18) and the consistency of

where *
Z '-'-' N(0,p(1-p)) Also,

Y(x) JN "e 1 "

N
N GN(x) - - G(x) fl

Use (5. 20) to write

(2) p-
YN(x)<

Finally use (5. 19) and (5. 21) to conclude that for N> N1

P{Y(x) < 2PM}> 1 - E.

Use (5. 23) and (5. 24) in (5. 22) to conclude that Y(x) is bounded

in probability. Hence the second term in (5. 17) can be shown to con-

verge to zero in probability by similar steps to those leading to (5. 16).

The continuity of G6(t) in t and the fact that t converges to t

in probability implies that G0(t) converges to Ge(t) in probabil-

ity. Thus, to conclude that

IBN(t) - BN(t) I
= o(l) (5. 25)

it is sufficient to show that

-' eG (x)
N

(t) - YN(t) j = 0 (1).
p

as an estimator for
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(5. 24)

(5. 26)

Ge(X) to conclude that

Y(x) - Z0(x), (5. 23)



and

where

jYN(t) Y(t) J< N'
Y) = o(l)

To conclude (5. 26) we need to prove that

JY(t) - (t) = o(1), (5. 27)

From the Chebyshevs inequality we have for a given E > 0

P{SY(t) - Y(t) >E} E{[ Y(t)-Y(t)J 2}

2
E

P{ jY(t)_ Y(t) > E }
E{E[ (Y(t)- Y(t))' jt] }

2
E

6z

Let Y(t) denote the limit of YN(t) as N increases as given

by Breslow and Crowley (1974). Then, from the triangle inequality

we can write

N(t) YN(t) 1
IYN(t)- Y(t) j + JY(t)- YN(t) 1 + jY(t)- Y(t) J.

Since converges to Y in the uniform measure (Breslow and

Crowley, l974) i. e.,

Y) = sp IYN(x) - Y(x) = o(l)

it follows that for each N

IYN(t) - Y(t)
<

Y) = o(i)

(5. 28)



3.1

jG (t') - G (t) <---
0 0 2

for every t, t' such that Jtt t f<ti . But t is a consistent

estimator for t which implies that for the above E and r

there exists a N3 such that for N>N3 we have

P{jt - tj<)> 1 - (5. 32)

Combine (5. 31) and (5. 32) to conclude for N >N3 that

3 3

j0(t) _G0(t)j< !.>l E

2 2

(5. 31)

(5. 33)
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E{(Y(t) - Y(t))211 - - 0(t) J) I0(i)-'0(t) I

1) - G0(t) L (5. 29)

To compute the above conditional expectation we used the fact that

Y(t) is a zero mean Gaussian process with covariance function

defined for t <t' by

Cov(Y(t), Y(t')) = 0(t)(l-G0(t')).

Use (5. 29) in (5. 28) to write

EIG8(t)_G0(t) I
P{JY(t) - Y(t) J> E (5. 30)

2
E

Now since G0(t) is an absolutely continuous function in t then

for any given 6 >0 there exists a 11>0 such that



A

Now, let F(t) be the distribution function of t so,

E[jG8(t)-G0(t) j = 0(t8(t) JdF(t)

=
$ jG0 (t'G0(t)I (t)+ $ j0(t)-0(t)JdF(t)

It-tI< r

(t) JdF(t) + P{It-t j> i}
<n

Thus, using (5. 31) and (5. 32) in the above inequality, we have for

N> N3

A AA

E{ Ie(t) - G0(t) J} < --- {It- 1< ô} + P{It-t Jtcj2

3 3
< + E

Substitute in (5. 30) to conclude that

P{IY(t) - Y(t)J>(}<E for N>N3

hence (5. 27) holds and so (5. 26) is true. Consequently (5. 25) holds.

Substitute (5. 16) and (5. 25) in (5. 11) to conclude that R o (1).
ZN p

Use this fact and (5. 7) in (5. 6) to conclude the theorem.

Theorem 5. 5. Let TN and TN be as given in equations

(5. 2) and (5. 3) respectively. Then, under the condition R of

Chapter III and the assumption G0(T) < 1, TN and TN have

the same limiting distribution.

3
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p
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Proof: Let t and t denote a. and a. respectively for
3 3

any j=1,. . . , r. We will show that

= o(l) , (5. 34)

where

t) = N(F (t)F (t)) - N(F (t) - F (t).
N 0N N

Now, using (5. 5) arid the triangle inequality, we have
A (t)

t)j < e N(Ae(A()) e
N

ZN(t)

_A (t)

-[ e N(Ae()A (t))-e 0N
ZN(t)J +)RZN(t) I

+IRZN(t)

where
* *

RZN(t) = e NN(1(t) Ae (t))
N

**

R (t) = e NN(lc() Ae()),
ZN

and A*, A, AN and AN are all positive values. As shown

in the proof of Lenirna 5. 3 RZN(t) is o(l). Similar treatment

will show that RZN(t) is o (1). So, with the aid of Theorem 5.4

we can write

t)j
<

jg1(t t) + g2(t)g(t) J)ZN(t))

+ 3N(t) o(i) j +o(l) , (5. 35)



A" (t)
0

N3(t) -e +

g ( t) = o (1) (5. 36)lN' p

since A(t) -lnFe(t) is continuous in both 0 and t and since

and t are consistent for 0 and t respectively. Also

= o(l) (5. 37)

and

= o(l) (5. 38)

since ZN(t) and ZN(t) are bounded in probability as a result

from Theorem 5. 4, Lemma 5. 3 and Lemma 5. 1. Finally, since

j (t) is non-negative, g3(t) is bounded in probability. There-
N

fore, by using (5. 36), (5, 37), (5. 38) and the boundedness of

(5. 35) reduces to (5. 34).
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w her e (t) A (t)
N N= e -e

- ZNN e ZN(t)

*

N"
= Z'iN e ZN(t)

and

Now



4. use a1,...,a

V. 3. Application to Examples

In this section we compute the test statistics N°N and

QN(eN) defined by (3. 16) and (4.2) respectively. We consider the

case when the cell boundaries are random corresponding to equal

estimated cell probabilities. The procedure is summarized in the

following steps:

estimate the parameter vector 0 by

set T the largest order statistic in the sample

of size N,

1take p1 = ... r+1 = and compute the cell boun-

daries a1,..
. ,a by (5. 1), namely

F (a.) P.F (T)
0N '

where

P. =p +...+p.
3 1 j

r from Step 3 to compute

as done in the previous chapters.

Now, we apply the above steps for Example 1 and Example 2

from Chapter III in which we are interested in testing

H0: X'F0(x) = 1 - exp(-x/0).

Example 1 continued. In this example = 12. 52 was the

maximum of the 104 observations. Recall that 0 =25.48 from

and
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which F = . 389 is evaluated. In Table 4 below columns 2
N

and 3 include respectively the product-limit estimator and the fitted

exponential distribution evaluated at the estimated partition points

given in column 1. Based on this S partition points, the computed

values of the test statistics are N°N 2.46 with 5 degrees of

freedom and N°N 1.77.

Example 2 continued. Inthis example
N

= 23. 72 was the

maximum of the 104 generated observations. The maximum likeli-

hood = 18.62 and F () . 721 were computed. Using
N

6 random cells (r5) we obtain N°N = 35. 64 with 5 degrees

of freedom and N°N = 20, 40. The estimated values of the par-

tition points, the productlimit estimator, and the fitted exponential

are displayed in Table 5.

In both Example 1 and Example 2 note that the conclusion of

the test is the same whether the cell boundaries are fixed or random.

In Example 1 the values of N°N were found to be 3. 66 and 2. 46

for the fixed and random cell boundaries respectively. Neither is

significant (based on 5 degrees of freedom). For the second example

the two values were found to be 41. 56 and 35. 64 respectively, both

highly significant. Similarly the values of N°N in Example 1

were 2. 75 and 1. 77 respectively, and in Example 2, were 32. 36 and

20. 40 respectively.
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Table 4. Product-limit estimator and exponential fit for the aortic
vaJ7e replacement data with random cell boundaries.
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Estimated Boundaries
Years

Product-limit
Estimator

Expo nential
Fit

0. 00 1.0 1.0

1.70 0.914 0.935

3. 53 0. 855 0.871

5. 50 0. 796 0.806

7.63 0. 745 0. 741

9. 96 0. 659 0.677



Table 5. Product-limit estimator and exponential fit for the
simulated WeibuiF data with random cell boundaries

70

Estimated Boundaries
Years

Product-limit
Estimator

Exponential
Fit

0. 00 1.000 1.000

2.38 0. 990 0.8 98

5.11 0. 948 0.807

8. 31 0, 8 1 3 0. 725

12. 18 0. 777 0.651

17.07 0.581 0.585
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