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A GENERAL THEORY OF DENSITY IN ADDITIVE
NUMBER THEORY

CHAPTER I

INTRODUCTION

1.1. A General Density

In 1930 L.Schnirelmann [23, 24] introduced the concept of
density for a subset A of the set of positive integers: For a posi-
tive integer n, let A(n) denote the number of elements in A

which do not exceed n. Then the density of A is defined to be

(1) a =glb {"A—rsn—)In?_l}

We generalize this definition to subsets of an arbitrary set in

the following way.

Definition 1. 1. Let S be an arbitrary set. For a subset

X of S, and a finite subset D of S, let X(D) denote the num-
ber of elements in the set X~D. Let & be any family of non-
empty finite subsets of S. Then the density of a subset A of S,

with respectto Y , is

o0 (A oup)

This reduces to Schnirelmann's definition if we take S to be the



set of positive integers, and ,& to be the family of all sets of the
form {1,2,:+-,n} where n=1,2,"

The main purpose of this thesis is to develop a general theory
of density based upon Definition 1.1. In order to obtain a fruitful
theory, it is necessary to place some restriction§ on the set S and
on the family &1 . In doing this we have employed an axiomatic ap-
proach. Chapter 2 contains two sets of axioms. The first set re-
quires S to be a certain type of abelian semi-group which we will
call an 's-set. The second set of axioms gives structure to the fam-
ily /b , which is then called a fundamental family on S and is
usually denoted by "EF . Then the basic properties of fundamental
families are developed. Some sets in a fundamental family are dis-
tinguished in that they are the intersection of all sets of the family
which contain a given point of the s-set. Such sets will be called
Cheo sets. The family of all Cheo sets is denpted by 72)‘

In Chapter 3 we give some structure theorems for s-sets
and fundamental families. We also provide an extensive list of
examples.

Chapters 4 and 5 describe special classes of fundamental
families.

In Chapter 6 we define ané[ develop the elementary properties
of two different densities, K-density and C-density. The K-density

is given by Definition 1.1 where S 1is taken to be an s-set and



& to be a fundamental family 3‘. on S. The C-density is given
by Definition 1.1 where S 1is againan s-set and & is the fam-
ily 7‘)‘ of all Cheo sets of some fundamental family on S. One of
several results is that both K-density and C-density are generali-
zations of Schnirelmann's original definition.

In Chapters 7 and 8 we develop the theories of K-density and
C-density respectivelly. It is the K-density which has proved most
fruitful in extending known results from Schnirelmann density to the
more general setting. This is discussed in Section 1. 2. The
C-density is important as it generalizes other work which is de-
scribed in Section 1.3. The C-density also presents some interest-
ing problems.

In Chapter 9 we show some cases where the ¢+ 3 theorem
holds (see (6) in Section 1.2). In Chapter 10 we discuss further
problems.

The general axiomatic approach has provided new insight, and
as a result these theories not only extend familiar results to new ex-
amples but provide new results for both new and old examples.

1. 2. Results for the Positive Integers and Extensions to the
General Theory

Most of the density results involve the density of the sum of

two sets.



Definition 1. 2. Let S be an arbitrary set with a binary

operation, denoted by +, defined onit. Let A and B be two

subsets of S. The sumof A and B, denoted A+B, 1is the set
AU BuU {atb|ac A, beB}.

Now let S Dbe the set of positive integers with ordinary addi-
tion as the binary operation. Let A and B be sﬁbsets of S, and
denote by a, p and vy the Schnirelmann densities, given by (1),
of A, B and C = A+B respectively. The following is a list of

some of the results which have been shown *

(2) I «+pP >1, then vy =1 (Schnirelmann| 24]) .
(3) Y>a+p -ap (E. Landau[ 14] and Schnirelmann[ 24] ).
(4) ¥ ¢+ B <1, then vy >B/(l-a) (I Schurf25]).

(5) Yy > min{l, 2a, 2B} (A.Khinchine[9] ).

(6) Y > min{l,e+B} (H. Mann[17] and F.Dyson[4]).

We have omitted from this list the famous theorem of A.S.
Besicovitch[1l] because its statement involves new definitions which
would be inconvenient to present now. In Chapter 10 we will discuss
this result.

In selecting the axioms, particularly those for fundamental

families, we have used as a guide the applicability in the general



setting of the methods used in proving (2) through (6). In Chapter 7
using K-density, we show that (2) holds in complete generality and,
with an added hypothesis so do (3) and (4). We are unable to obtain
extensive generalizations of Results (5) and (6) for K-density. How-
ever, Mann's Theorem (6) is shown to hold in some very special
cases in Chapter 9.

On the other hand, none of the Results (2)-(6) are known to
hold' in wide generality when they are stated in terms of C-density,
although each does hold for some case. As noted in the following
section, (6) has been shown to fail for some cases. In Chapter 8 we
obtain some different but no less interesting results for C-density.

1.3. The Generalization of B. Kvarda and F. Kasch and Their
Relation to the General Theory

The theory of K-density generalizes the work of B. Kvarda
[11] , who defined density according to our Definition 1. 1 for subsets
of In, where ™ is the set of all ordered n-tuples (Xl’ SR ,xn)

with each x, a non-negative integer and x_+-- -+xn >0. As will

1
be seen, I" satisfies the axioms for s-sets. She took the family
A  to be the set of all non-empty finite subsets F of I which

have the property that, if (xl, I ,xn)eF, then all (yl, s ,yn)eIn

with Vs < x, (i=1,2,""",n) arealsoin F. As will be seen, this

family, which we denote by %(In), satisfies the axioms for funda-

mental families on I . Thus the density of Kvarda is an example



of K-density.

With these definitions Kvarda proved that statements (2) and
(3) hold. This is the first generalization of the Landau-Schnirelman
inequality (3). Kvarda's major work is a generalization of the theo-
rem of Besicovitch and is discussed in Chapter 10.

Preceding Kvarda's work, F. Kasch [7] (and also L. Cheo
[2] in the case n = 2) defined density for subsets of I'. Here the
family &) was taken to be the family of all sets of the form
{y |y=(y1, Tt ,yn)e In, yifxi(i =1,2,""",n)} where (xl, ce ,xn)
ranges over I". It is clear that this family is a subfamily of}((ln),
and that a set of the above form is the intersection of all Fe (In)
such that (xl, o ,gn)e F. Thus Kasch's family is the family of all
Cheo sets ofX(In), and so his density is an example of C-density.

With this density Cheo showed that (2) holds when n =2. In
Chapter 8 the same method is used to show that (2) holds for arbitrary
positive integral n. The truth of statements (3) or (4) is unknown.
Statement (6) is shown by Cheo to fa;11. The Landau-Schnirelmann
inequality (3) can be written vy >a + kB(l-¢) where k =1. Kasch
proved that for n >1 the inequality holds with k= a/(Zn(3(n+1))n) .
Using a method reminiscent of that employed by Landau in the proof
of (3), Kasch improved upon k, for the special case n =2, by
showing that the inequality holds for k = a/2. He conjectured that

-1
for arbitrary positive integral n, the value k= (a/n)r1 may be
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used. In Chapter 8, as a special case of our main result on C-density,
1/(n-1) . o
we show that we may take k=(1-(1l-a) )/n. In Appendix 3 it is
shown that this is a better (i.e.larger) k than those mentioned.
We note that in the case n =1 both Kvarda's and Kasch's
definition reduces to Schnirelmann's definition. Thus both of these

works generalize Schnirelmann's density theory.

1.4. Other Generalizations and the Literature

Other generalizations of densify concepts have been introduced
by J. van der Corput and J. Kemperman[3], E.Harter [6], B. Muller
[20] , and others. In general however, they do not attempt to develop
a theory of density as such but restrict themselves to special prob-
lems.

There are two excellent bibliographies which cover most of
the work on density in additive number theory. They can be found in

H. Ostmann [21], and more recently, in H. Mann[19].

1.5. Notation

We adopt the following notation: For two sets A and B,
denote by A\B the set of all elements in A which are not in B.
In the case where B reduces to a singleton {x} we write A\B

as A\x.



CHAPTER 2

THE AXIOMS AND BASIC RESULTS

In this chapter we present the axioms for s-sets and the
axioms for fundamental families. The fundamental properties which

follow from these axioms are developed.

2.1. Axioms for s-sets

Throughout this section, unless otherwise specified, S will
denote a non-empty subset of an abelian group I'. The operation in

I’ is denoted by + and the identity element by 0 .

Definition 2. 1. For x and y in I, we write x{y

(or y} x) whenever y - xeS.

Definition 2.2. For =xeS, let L{x) denote the set of all

yeS for which y<{x or y=x. We call L(x) the lower set of

x with respect to S.

The set S is called an s-set if the following three axioms
are satisfied.

Axiom s.1l. S 1is closed under +.

Axiom s.2. O0¢ S.

Axiom s.3, IL(x) is finite for each xeS .
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Theorem 2.1, Axioms s.1 and s.2 are equivalent to the

statement that the relation < is a partial ordering of I, i.e.,

that < is irreflexive and transitive.

Proof. To show irreflexivity, notice that if x 4 x for some
xeI’, then O0=x-xeS contraryto Axiom s.2. To show transi-
tivity, let x, y and z be elements of I' with x4y and
y< z. Then y-x and z-y arein S, andby Axiom s.]1,

z -x=(z-y)+(y-x) ¢S, and hence x < z .

Now suppose that < is a partial order relation. We prove
that S satisfies Axioms s.1 and s.2. Since ( is irreflexive, we
have immediately that 04¢S. Nowlet x and y bein S. We
have x < x+y and x+y< x+x+y, and since < is transitive,

x < x+x+y. Thus, by the dgfinition of ( , xXty=(xtxty)-xeS,

and we have shown that S 1is closed under + .

Thus the Axioms s.1-3 can be stated equivalently as the
following: < is transitive; -< is irreflexive; Li(x) is finite for

each xeS.

2.2. An Equivalent Definition for s-sets:

We give another equivalent definition for s-sets which doesn't
require the concept of group or order relation. A non-empty set S

is called an s-set if the following three conditions hold:
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(i) There is a binary operation + defined on S which is
associative, commutative, and satisfies the cancellation rules.

(ii) ¥ x+y arein S, then x+vy 4: X .

(iii) For each xeS, the equation y+z =x has at most
finitely many solution pairs vy, z in S.

We show that any set S satisfying these conditions also sat-
isfies Axioms s. 1-3. Condition (i) says that S 1is an abelian cancel-
lation semigroup. By the same method which is used to imbed the set
of positive integers in the abelian (additive) group of all integers, so
can such a semigroup be imbedded in an abelian group. Thus S is
a closed subset of an abelian group, say, I'. If 0 denotes the
identity in I, then condition (ii) implies that 04S. Now, since
S is a subset of an abelian group, we may define { and L(x).
For each yelL(x) with y< x, wehave x-yeS. Then vy, x-y
is a solution pair in S of the equation y+z=x. Since, by condi-
tion (iii), there are only finitely many such solutions, we obtain that
I1(x) 1is finite. Thus S 1is an s-set.

Conversely, it may be shown that any s-set satisfies the

above conditons.

2.3. Some Properties of s-sets

The following theorem lists a few of the simple properties of

s-sets.
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Theorem 2.2. Let S bean s-set. Let x and y denote

arbitrary elements of S and m and n arbitrary positive

integers. Then
n
(i) nx = Z x 1is an element of S;
i=1

(ii) n(x+y) = nx + ny ;
(iii) (n+m)x = nx + mx ;
(iv) each element of an s-set is of infinite order;

(v) any s-set is infinite.

Proof. Properties (i), (ii) and (iii) are trivial, property
(iv) follows from (i) and Axiom s. 2, and property (v) follows from

(iv) and the fact that any s-set is non-empty.

Definition 2.3. Let X ©be a subset of an s-set. A point

xeX 1is called a minimal point of X if X ~ L(x)= {x}. The set

of all minimal points of X is denoted Min(X).

Theorem 2.3. If a subset X of an s-set is non-empty

then Min(X) is also non-empty.

Proof. Assume that X 1is non-empty and that Min(X) is

empty. Let X be an arbitrary point of X. Since Min(X) is

empty, there exists an X, + x with xZeX r\L(x‘). But then’

1’

there must be an x5 =f= X, with X3¢ X mL(‘XZ). Continuing, we obtaina



12
sequence x1> xz} +-+ . The members of this sequence are pair-

wise distinct and they all belong to L(xl) which implies that L(xl)
is infinite, contrary to s.3.
The following theorem shows that Definition 2. 3 agrees with

the standard definition for minimal point of a partially ordered set.

Theorem 2.4. If X 1is a non-empty subset of an s-set and

yeX, then there is an xeMin(X) such that =x (y or X =Y.

Proof. If yeMin(X) thentake x = y. Hence suppose that
y¢Min(X). Let xeMin(L(y) ~ X). Clearly x4y or x=y
(since =xelL(y)), and we show that xeMin(X). Now
xe Min (L(y) ~ X) implies L(x) ~(L(y) ~ X) = {x}. By the transi-

tivity of < we have, since xe L(y), that L(x)€ L(y). Hence
L A (L) nX) = Lx)~X = {x]
and xe Min(X). The proof is complete. |
As an immediate consequence of Theorem 2. 4 we have

Theorem 2.5. I Min(X) = {y}, then y<4{ x for each

xe X\ vy.

Definition 2. 4. Let S be an s-set and let =xeS. Denote

by U(x) the set of all yeS with x ( vy .
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It is important to observe that x is not a member of U(x)

whereas xeL(x).

Definition 2. 5. Let X be a subset of an s-set. A point

xeX is called a maximal point of X if X ~ U(x) = ¢. The set

of all maximal points of X is denoted Max(X).

Unlike Min(X), Max(X) can be empty for non-empty X,

e.g. if X =S. However we have the following

Theorem 2. 6. If X is a non-empty and finite subset of an

s-set, then Max(X) is non-empty.

Proof. The proof is analagous to that of Theorem 2.3. In
this case we obtain a sequence X, < xz( -+ in X contrary to

the assumption that X is finite.
The following theorem is analagous to Theorem 2. 4.

Theorem 2.7. If X 1is a non-empty and finite subset of an

s-set, and xeX, then there is a yeMax(X) suchthat x4y or

X= Y.

Proof. I xeMax(X), thentakey=x. If x{Max(X),
then X ~ U(x) is non-empty and finite. Let yeMax(X ~ U(x)).

Now vyeU(x) and so, by the transitivity of ( , we have
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U(y) CU(x). We have

(X~ U(x)) ~ Uly)

-
B

X ~ (U(x) ~ Uly) )

and so yeMax(X). The theorem follows.

Theorem 2.8. If X is finite and Max(X) = {y}, then

x < y for each xeX\y.

Proof. This is an immediate consequence of the preceding

theorem.

2.4. Axioms for Fundamental Families

Definition 2. 6. For an arbitrary set S letﬂ =,ﬁ(S) de-

note the family of all non-empty finite subsets of S.

Definition 2. 7. Let ’3‘-’ be an arbitrary subfamily of ﬁ and

let F be a setin ”f . A point xeF is called a corner point of
F if either F = {x} or F\ xe a} The set of all corner points

ats
3

of F is denoted F.

sk
Notice that F is dependent upon the family Qf . It can

happen that a set F may be in two different families and have
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entirely different sets of corner points relative to‘the two families.
Now let S be an s-set. A non-empty family ? gﬁS)
will be called a fundamental family on S if the following four axioms

are satisfied:

Axiom f.1. For each xeS thereisan Fe ?with xeF.
Axiom f. 2. The union of any non-empty finite subfamily of
03: is a set in 9’
Axiom f.3. The intersectionof any non-empty subfamily of a; is
a set in y , provided the intersection is non-empty.

Axiom f. 4. If Fe}p, then Max(F') SF"~ .

Definition 2. 8. The ordered pair (S,?) is called a demnsity

space whenever S 1is an s-set and af is a fundamental family on

S.

The family H(In) of the Introduction is an example of a fun-
. n n n .
damental family on the s-set I. Thus (I, %(I )) is an exam-
ple of a density space. Chapter 3 contains an extensive list of exam-
ples of density spaces. In the present chapter we make no further
reference to examples but the reader may find it helpful to keep such

an example in mind.

2.5. Remarks on the Axioms

Axioms s.1-3 are consistent because of the examples of
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Section 3.1. The treatment of other logical questions concerning
these axioms such as independence, redundancy and categoricalness
is not difficult and is omitted.

On the other hand, we consider the following questions con-
cerning Axioms f.1-4: (1) Are they consistent? (2) Are they inde-
pendent? (3) Are they categorical? (4) Are there any apparent
redundancies in the axioms ?

The examples of Section 3. 2 show that question (1) can be
answered in the.affirmative. We answer question (2) in Appendix 1
where we show the Axioms f. 1-4 are independent.

We do not give a detailed discussion of categoricalness. How-
ever, the diversity of the examples of fundamental families given in
Section 3. 2 is evidence that the axioms are not categorical. It is
interesting that, if Axiom f. 4 were replaced by

Axiomf. 4 ¥ Fec¥, then Max(F)= F,
then the éxioms would be categorical since, in this case, precisely
one subfamily of ﬁ would serve as an example. This is part of

Theorem 3. 8.

The following theorem answers question (4).

Theorem 2. 9. (i) Axiom f.2 is redundant in that 1}« is suf-

ficient to state that the union of any two sets of SC is a set of ? .
(ii) Axiom f. 3 is redundant in that it is sufficient to state that the

intersection of any two sets of ? , provided it is non-empty, is
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a set of ?

Proof. Part (i) follows immediately from the usual induction.
To prove (ii), first notice that by induction we can extend this state-
ment to closure of ? under non-empty intersections of non-empty
finite subfamilies of O:TF . Now let F(S be a set in Tf for each
6 in some non-empty index set A, and suppose that
~ {F6| e A} is non-empty. Let 6, befixed, &,cA, andform
the family {F6 ~Fy |6eA}. This is a finite class of sets of

0
whose intersection is non-empty. Thus ~ {FS ) F6 |6ea} is a set
0
in ? , and since A~ {F |6eA}= ~{F, ~ F |8€ A}, we have the
) ) 60

desired result,

2.6. Properties of Fundamental Families

The following theorems describe the structure of a funda-
mental family. Throughout this section (S,'f) is an arbitrary

density space (Definition 2. 8).

Theorem 2. 10. For each Fe Tl the set of corner points

F of F is non-empty.

Proof. The theorem follows immediately from Axiom f. 4

and Theorem 2. 6.

Definition 2. 9. Let xeS. Denote by [x] the intersection
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of all F such that xeFeT. We call [x] the Cheo set of l}r

determined by x.

Theorem 2.11. For each xe¢S we have [x] e l}o

Proof. By Axiom f.1 there is at least one F with
xeFe ? Since ~ {leeFe?} is non-empty, we have [x]e 3-'0

by Axiom f. 3.

Theorem 2.12. I x¢FeJ, then [x] CF.

Proof. This is an immediate consequence of Definition 2. 9.

*
Theorem 2.13. For each xeS we have [x] = {x}.

Proof. Assume y is a corner point of [x] and vy =’= X.
Then F = [x] \ ye?]f. Hence xe¢F, and by Theorem 2.12 we have
[x] €F, a contradiction. Thus, there is no corner point of [x]
different from x. Applying Theorem 2. 10 we obtain the desired

result. .

In view of Theorem 2. 13, we can restate Theorem 2. 12 thus:
*
If [x] CFe ﬂjF, then [x] CF. The following theorem is a gener-

alization.

%
Theorem 2.14,. If F and G are in'f, and F CG,

then F CG.
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| *
Proof. Let H, = U{[x] |xeF}. By Axiom f{. 2, Hye 3-0

By Theorem 2. 12, we have HO CF. Since F'PgG, we have

H0 CG also. If HO = F, then the theorem is proved. Suppose,

on the other hand, that there is an X, eF\H0 and let H, = Hou[xl] .

1

For the same reasons as before H, e ? and H, CF. I H, + F,

then let x,e F\ H, and H, = H u[xz] . Again H,e ‘3 and
HZ CF. Continuing in this manner we must eventually arrive at an

x, e F\H such that H

. o1 . Hk—l u[xk]-—:F. We showthat x  is a

corner point of F, i.e., F\Xke?' For

F\x = H\x = (H_ 5 Jx])\x

H vilx]Nx)

%
which is in (Be by Theorem 2. 13 and Axiom f.2. Thus xkeF s
but this is a contradiction since xk is also in F\ Hk-l which
e Sk
is disjoint from F  since F - HO ng 1 Thus the assumption
that H0 is different from F leads to a contradiction and the

theorem is proved.
As an immediate consequence of Theorem 2. 14 we have

Theorem 2. 15. If F and G are in ”jp, then F =G

als als

if and only if F = G

Thus a fundamental set is uniquely determined by its set of
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corner points. In particular, if a set Fe # has the single corner
point x, then F is identical with [x].

The next theorem offers a useful decomposition of a set in ﬂf

Theorem 2. 16, For each Fe:f, we have

F= u{x] lxeF*}.

Proof. If =xe Fah, then x¢F, and so by Theorem 2.12,
we have [x] CF. Thus u {[x] |xe F'P}EF On the other hand,
. * * %
by Axiom £.2, U {[x] |xe¢F }e ? Clearly F Cu {[x] |xe¢F }
f
so that, by Theorem 2.14, we have F Cu {[x] ‘xe Fa }.  The proof

is complete.

Theorem 2.17. Let X be a non-empty finite subset of S.

Then the set F = U {[x] IxeX} is in mf and furthermore F>PQX.

Proof. The first part is an immediate consequence of Axiom
f.2. For the second part, suppose there is a point yEF* such
that y¢X. By the definition of F there must be an xeX such
that vye[x]. Let FI: F\y which is in a&( .  Since xeFl.
we have, by Theorem 2. 12, that [x] SFI which implies that

ye F_, a contradiction.

1

Theorem 2.18. For each =xeS, we have [x] CL(x).
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Proof. From Theorem 2.6, Axiom f.4 and Theorem 2.13

we obtain

¢ =': Max([x] ) g[x]s‘< = {x} .

Thus Max([x]) = {x} By Theorem 2.8, we have y< x for each
ye[x]\x. Thus for each ye[x], we have yeL(x) and the proof

is complete.

Theorem 2.19. Let Fe?. If x and y are distinct

x
points of F , then x{[y] .

b
Proof. By Theorem 2,16 we have F= U {[z] |zeF }. I
xe[y] , then by Theorem 2.12, [x] C[y] and so
% * *
F= u{lz] |ze F\ x}. But Theorem 2. 17 implies that F CF \ x,

a contradiction. Thus x{[y] .

Definition 2. 10. A point xeS 1is an essential point of the

density space (S,o}) if [x] = {x}.

The essential points of (S’TTP) are of importance in the
proofs of some of the density theorems of Chapters 6, 7 and 8. The

following theorem characterizes the set of essential points of (5,7).

Theorem 2.20. Let xeS. Then x 1is an essential point

if and only if there is an Fe 0} such that xe Min(F).

Proof. If x 1is essential, thentake F= [x]. Clearly
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xe Min({x}) = Min([x] ) = Min(F).
Now suppose there is an Fe tf such that xe Min(F'). By
Theorem 2. 12, we have [x] CF, | and by Theorem 2.18, [x] C L(x).

Thus
64 [x] L&) ~F = {x}

since x is a minimal point of F (Definition 2.3). Hence [x] = {x}

and x is essential.
Moreover, we have the following theorem.

Theorem 2.21. If =xeMin(S), then x is an essential point.

Proof. If xeMinS, then {x}= L(x) ~S = L(x). Hence

as before ¢ F [x] CL(x) = {x} and the theorem follows.

Definition 2. 11. Let % = }((S) denote the family of all

sets Fe,UES) with the property that if xe¢F, then L(x)CF.

In Section 3. 2 it is shown that ?( and ﬁare fundamental
families on S. We mention this now because of the following
theorem which shows that % and ,0’ occupy special places in the

class of all fundamental families on S.

Theorem 2. 22. For any fundamental family J&_f on S we

have P € ?Eﬂ

Proof. By definition O&PQ'D/ Let Ke%. For xeS,
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let [x] denote the Cheo sets of Q\JP determined by x (as opposed
to the Cheo set of any other family). Define F = U {[x] |xeK}.

We have by Axiom f.2, that Fe %f, and we show that F = K. By
Theorem 2. 18, we have [x] € L(x). Thus, for each xe¢K, we
have [x] CL(x) CK, andso F CK. On the other hand, we have

for each xeK, that =xe¢[x] CF, andso KCF. Thus K=TF,
Ke 9»0 and ;{ C 3:

Theorem 2.23. For each xeS, we have L{x)e ’f

Proof. In view of Theorem 2. 22 it is sufficient to prove that
L(x)e % To prove this we need to show for each vyeL(x), that
L(y) g I.(x) . This follows immediately from the transitivity of the

relation -( .

Theorem 2.24. Let {?6 |6e A} be an arbitrary non-empty
class of fundamental families on S. Then A {?6|6e A} is again a

fundamental family on S.

Proof. Let ?-P =~ {?Fslfie A}. By Theorem 2.23, we have
L(x)ea‘-}a6 for all xeS and 6eA. Hence, for all xe¢S, we have
L(X)E?TP. Thus a}o satisfies Axiom f.1 since for each xe¢S, we
have xe L(x)eaf. Axioms f.2 and f. 3 are clearly satisfied by ’f .
To show that Axiom f. 4 holds, let xe Max(F) where Fe ’f Since

]F‘e'}a6 for each 6, it follows from Axiom f.4 that x 1is in the set
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of corner points of F relative to #6 for each &eA. Thus
F\xe?; (or F = {x}) for each 8e¢A, andso F\xe #(or F = {x}).

sk £
Thus xeF and Max(F)CF .
Theorems 2. 22 and 2. 24 imply the following theorem.

Theorem 2. 25, The class of all fundamental families on S

forms a complete lattice with respect to the partial ordering by set

inclusion " "

Proof. The theorem follows from the well known fact that any
class of sets closed under arbitrary intersections and containing a
largest set is a complete lattice with respect to the partial ordering

1] CH

We conclude this chapter with the following definition which

extends Definitions 2. 2, 2.4 and 2. 9.

Definition 2. 12. Let

1.(0) = [0)] = ¢, and U(0) =S

where 0 denotes the identity of the containing group of S.
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CHAPTER 3

STRUCTURE THEOREMS AND EXAMPLES

In this chapter we prove several theorems on the structure of
s-sets and fundamental families. Included also is an extensive list

of examples.

3.1. Examples of s-sets

We begin with some theorems which enable us to construct

new s-sets from given ones.

Theorem 3.1. If T 1is a closed subset of an s-set S,

then T 1is an s-set.

Proof. Denote the containing group by I'. Clearly, T
satisfies Axioms s.1 and s. 2. Let <S and .<T denote the par-
tial orderings of I' with respectto S and T respectively
(Definition 2. 1). Similarly, let Ls(x) and LT(x) be the lower
sets of x with respectto S and T respectively (Definition 2.2).
It Y'<T x, then x-yeTCS, andso Y<S x. Thus LT(X)_GLS(X)
for each =xeT, andso T satisfies Axiom s.3. This completes

the proof.

We can apply Theorem 3.1 to obtain many new examples. For
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instance, the following theorem shows that a translation of an s-set

by an element of the s-set forms a new s-set.

Theorem 3.2. let S bean s-setand x a fixed element

of S. Then T= {y+x]|yeS} and T' = {y+x|yeS or y= 0}

are s-sets.

Proof. Let y1+x and y2+x be two elements in T or

T'. Then (y,+x)+(y,+x) = (y,+x+y,)+x. Clearly,
1 2 2 4

1
(y1+x+y2)eS sothat T and T' are closed subsets of S. By

Theorem 3.1, T and T' are s-sets.

Definition 3. 1. For a set X contained ina group I, we

denote by x° the set X . {0} where 0 is theidentity of T.
We will use the symbol 0 indifferently for the identity element of

any (additive) group.

The following definition shows us how to take a special product

of a class of sets, each a subset of a group.

Definition 3. 2. Let be given, for each 6 1in a non-empty

index set A, a set ’Xa contained in an abelian group T6. Con-

sider the set X of all functions f defined on A which satisfy

the following two properties:

(i) f(6)eX§ for each ©6eA,
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(ii) the set of & for which £(6) # 0 1is non-empty

and finite.
We denote the set X by T {X6|6€ A} and we call X the product

of the X6 . A function feX is sometimes denoted by the indexed

array '(x5‘6eA) where x.=f(6). The elements of X will be

6

referred to as either points or functions.

Theorem 3.3. Let SG be an s-set for each & in some

non-empty index set A. Let S=1 ’{Sﬁl 6e A}. Then
(i) S is a subset of an abelian group;
(ii) for feS' L(f)= T {Lﬁ(f(é))lﬁe A}

where Lﬁ(x) denotes the lower set of xe 55 with respect to Sa'

Proof. Let 1"6 denote a group containing SS' Then

©=T1 {F5| e A} 1is the (outer) direct sum of the Iy without the

identity element. Thus I' = I''u {0} 1is an abelian group, and
clearly SCI'. This proves (i). We denote by < and <5 the
partial orderings of I' and l"(,5 with respect to S and SS'

If f1 and fz are in S, then a necessary and sufficient condi-

tion that fl <f2 or f1 = f2 is that, for each &¢ A, we have

f1(6) <6 f2(6) or f1(6) = f2(6). Formula (ii) follows immediately.

Theorem 3.4. If 86 is an s-set for each ©6¢ A, then

S=T1 {Sﬁl e A} is an s-set. Here, addition is defined on S by
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the formula

(£, +5,)(8) = £,(8) +£,(5).

Proof. We omit most of the details. From Theorem 3. 3(i),
S is a subset of an abelian group and it is clear that S is closed
under addition. Conditions (ii) of Definition 3. 2 assures us that 0
(i. e. the zero function) is notin 8. Thus S satisfies Axioms s.1
and s. 2. From Theorem 3.3(ii) we have L(f) = b {La(f(S))l be A}
which is finite in view of condition (ii) of Definition 3. 2. Thus S
satisfies Axiom s. 3.

a ¢

Definition 3.3, In the case where S& =S for each S : in

A we denote T {S|&e¢A} by $%  In the case where 4 is finite

of order n we denote SA by s™.

Notice that S" is isomorphic to the set of all ordered
n-tuples (sl, e, sn) where s, ¢S® and at least one 5. + 0.
(For the definition of isomorphism between s-sets see Chapter 5).

In defining a particular example of an s-set we will often
omit reference to the containing group I'. In view of Section 2.2

this can do no harm.

Example ss-1. The set 1 of positive integers is an s-set.

Here L(x)= {1,2,---,x} and Min(I)= {1}.

Example ss-2. For an arbitrary positive integer n, "
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. . ' 2 . . .
is an s-set. Notice that I' = I and I is isomorphic to the set

of positive Gaussian integers, i.e., the set of all x+yi with x

and y non-negative integers and x+y >0. For 7,

. . — -— . o o n LA s .
L((xl,xz, ,xn))-{ﬂv—yl, 2y el vy, <x for i=1,2, , n}.
1 n = L - s 0 .
Min(I") = {el, ,en} where e, = (6li, 8, ’6ni) where

aji:O if j#+1i and Gji=l if j=1i.

Example ss-3. II is an s-set. This can be identified with

the set of all sequences of non-negative integers with at most finitely
many non-zero entries and at least one non-zero entrfy. We have

I .
L((xl,xz,-- ) ={y|y = (yl,'- Jel”, y’i_<_'xi for_ i=1,2,*-+} and

> I — . e o 0 — . e 0
Min (I') = {el,ez, } where e, = (6“, 621, ) .

Example ss-4. Let A be an uncountable index set. Then

IA is an example of an s-set which is uncountable, since Min(I«A)
is the set of all functions eﬁ(ﬁe A), where eg is defined by the

formula

0 ifxs &,

e _(\)
® 1 ifx = &,

and, clearly, this set has the same cafdinality as A.
In Appendix 2 we will show that the following example is not
isomorphic to any s-set which is a closed subset of IA for any A,

even though it is contained in the additive group of rational numbers.



Example ss-5. Let

S={n+(¥2M)|n>1, 0<i<2"},

We show that S 1is an s-set.

(i) S is closed. Let x=n+ (i/Zn) and y=m+ (j/zm)

be arbitrary points of S. Then

i2™ 4+ 2"
=x+vy = (ntm) + .

2n+rn*
Write m n
(2 .2
.1—_5_3._ - k + +P s
2n m 2n m

where k 1is an integer > 0 and 0<P < 2n+m. Then we have

ZkP

2n+m = (ntmtk) + 2,'n-t-m+k

z = (ntm+tk) +

where 0_§2kP<?.n-‘—m+k and so zeS.

(ii) 0 is notin S Dby definition.
(iii) For each =xeS, L(x) is finite. Clearly, if y-(x

then y < x. Hence,
L(x)C {ylyes, y=<x1}.

This set is finite, for if vy = n(i/Zn) <x, then 1<n<x and

All of the examples so far have the property that the

30
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containing group I' can be taken to be torsion free, i.e., with no
non-zero element of finite order. Our next theorem shows how to

construct s-sets for which this does not hold.

Theorem 3.5. Let T bean s-set and G a finite abel-

ian group. Then the set

S=GXT = {(x,y)lxeG, yeT}

is an s-set where addition on S is defined by the equation,
(x,y) + (x',y") = (x+=x', y+vy').
Proof. If TI' is a group containing T then

GXT = {(x,y)l xeG, yeI'}

is an abelian group containing S. It is clear that S 1is closed and
that 0(=(0,0)) is notin S. Now, L{(x,y)={(x\y")|x'«G, y' eLT(y)},

and this set is finite. This completes the proof.

Notice that if G # {0}, then any group I'' containing
G X T must contain a subgroup isomorphicto G, andso I

cannot be torsion free.

Our next example is just a special case of Theorem 3. 5.

Example ss-6. Let S =GX I where G={0,1} is the

abelian group of order 2.
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3.2. Exam'eles of Density Spaces

We begin with a theorem that characterizes all examples of
fundamental families on a given s-set. It could thus be taken for the

definition of fundamental families.

Theorem 3.6. Let S be an arbitrary s-set. Correspond-

ing to each xeS, let B(x) be a subset of S satisfying the fol-
lowing three conditions :

(b.1) =xeB(x),

(b.2) B(x)C L(x) ,

(b.3) if yeB(x), then B(y) g B(x)

Let '
"fBz.{F|Fe (S), xe F implies B(x) CF} .

Then afB is a fundamental family on S. Conversely, given any

fundamental family 032 on S, there exists a function B(x) sat-

isfying conditions (b.1-3) such that aj?B =T

Proof. Condition (b.1l) implies that B(x) is non-empty,
and (b.2) implies that B(x) 1is finite so that each B(x) e‘ﬂ(S).
Now, (b.3) implies that B(x)eafB. In view of (b.1l), Axiom f.1
holds. Axioms f.2 and f.3 follow immediately from the definition
of ?B' . Let FeofB and let yeF\x, where xeMax(F). By

condition (b. 2) and the assumption that xe Max(F), we have that
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x#B(y). Thus B(y) = B(y)\x CF\x, andso F\x isin ofB‘
Hence xeF* for each xeMax(F), and we obtain Axiom f.4. We
conclude that V?B is a fundamental family on S.

Now, let an arbitrary fundamental family af on S be
given. We take B(x) =[x]. Condition (b.1) is satisfied because of
the definition of [x] (Definition 2.9). Condition (b. 2) follows from
Theorem 2. 18, and Condition (b. 3) follows immediately from Theo-
rems 2.11 and 2. 12. Thus, by the first part of this theorem, ofB
is a fundamental family on S. Clearly, by Theorem 2. 12, each
Fe ? satisfies the condition, xeF implies B(x) CF, and hence
afg ‘f?’ Now, let Fe ?B' By Condition (i) and the definition of
OEFB we have that F = U {B(x)| x¢F}. This set is in ’f since

it is a finite union of Cheo sets in of Thus #Bg ? and the proof

of Theorem 3.6 is complete.

Theorem 3.7, Let S be an s-set and let B(x) satisfy

Conditions (b. 1-3). Then the Cheo set of ?B determined by x

is equal to B(x).

Proof. Since xe B(x)e% we have by Theorem 2. 12 that
[x] CB(x). On the other hand, since xe[x] 6?13 we have by the

definition of ofB that B(x) C[x] .

Along with the description of an example of a density space

(S,’T), we will characterize the set of corner points of a set of’f,
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indicate the essential points of (S,of), and show anything else of

interest concerning the density space.

Example ff-1. The pair (S,%) where S is an arbitrary

s-set and where %s £ with B(x) = L{x) is a density space. It
is clear that L(x) satisfies Conditions (b. 1) and (b. 2). Condition
(b. 3) follows from the transivity of < .  Notice that this definition
of % is equivalent to Definition 2. 11.

As %:)((S) is a very important fundamental family, we

list its properties in the following theorem.

Theorem 3. 8. The fundamental family }( has the following

properties :
(i) For each Fe %, we have Max(F) = F*.

(ii) ?’(’ is the only fundamental family on S satisfying
property (i).

(iii) The Axioms f.1, f. 2, f.3 and f. 4' (see Section 2.5) are
categorical.

(iv) The Cheo set of 7{ determined by xeS is L(x).

(v) The essential points of (S,?() are just the minimal

points of S.

%
Proof. (i) From Axiom f. 4 we obtain Max(F)CF . On

*
the other hand, let xe¢F and suppose there exists an element vy
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such that yeF with x<{y. Then xeL(y) and, since
ye F\xe}(, L(y) CF\x. This is a contradiction. Hence

*
xe Max(F)}, and we obtain Max(F) =F .

(i) Let v# be any fundamental family on S with the
property that Max(F) = Fﬂ< for each Fe a; . By Theorem 2. 22
we have % QT Let F ©be any set in o:f and suppose that F
is not in ;( . Then there is an x such that both xeF and
L(x)4 F. Let yeL(x)\F andlet G=F Ul[y] where [y]
denote the Cheo set of o; determined by y. Then Ge vf and
so Max(G) = G* Since G\y=F U{([y] \y), we have that
ye G*  But y§ Max(G) since xe¢G and y<x. This is a con-

tradiction and we conclude that ?= }{

(iii) From (ii) it is clear that the only family satisfying the

four Axioms £.1, £. 2, f.3 and f. 4' is R

(iv) For =xeS we have, by Theorem 3.7, that [x]=B(x)

where, by definition, B(x) = L(x).

(v) By (iv), an element xe¢S 1is an essential point of (S,%
if and only if L(x) = {x}. Now L(x) = {x} if and only if

L(x) ~ S = {x}, thatis, if and only if xeMin(S).

Example ff-2. As a special case of Example ff-1 we have

that (In,%) is a density space.



36
This density space is the one used by Kvarda and Kasch in de-
fining K-density and C-density respectiv;ely- for subsets of I
according to Definition 1. 1. In the special case n= 1 we have
Schnirelmann's original definition. Notice that when we replace
Axiom f. 4 by Axiom f. 4' and specify the s-set to be " we get

an axiomatic characterization of these densities.

Example ff-3. The pair (S,m where S 1is an arbitrary

s-set and where .U= oﬁ with B(x) = {x} is a density space.

Clearly B(x) satisfies conditions (b.1-3). Notice that this defini-
tion of ﬂ is equivalent to Definition 2. 6. Note that for each xeS
we have [x] = {x} so that every point of S is an essential point

%
of (S,m. Note alsothat F = F for all FGDD/.

Example ff. 4. The pair (In, ofR) is a density space where

R . is defined as follows. For =x= (x, ,x -,xn)eIn define R(x)

LR

to be the set of points

ix
2 L
d’ 4’ T d
where d = gcd{xl, e ,xn} (gcd = greatest common diviso¥) and
is= 1, 2,---,d (we show 'fR is a fundamental family). Thus R(x)
satisfies (b. 1) since x = (dxl/d, T ,dxn/d)eR(x).- Condition (b. 2)

follows from the fact that ixj/d < Xj for 1 1,---,d and

j=1,--,n. To prove Condition (b. 3) notice that
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gcd{ixl/d, e ,ixn/d} =i and (i'(ixj)/d)/iz i'xj/d for 1<i'<i
and 1 <j<n. Thus

ixl ixn
= ) € R

R((

The essential points of (In, ofR) are just those points

x = (x

o ,xn) for which d = gcd{xl, s ,Xn} = 1,

Independent of the work on this thesis, Kvarda and R.
Killgrove [13] have given a definition of density for subsets I
which amounts to the C-density with respect to ?R' That is,

the density of a subset A of s given by Definition 1. 1 where

the family /& is taken to be the family of all Cheo sets of ’fR'

Example ff-5. The pair (I", "}’H ) is a density space

where j is an integer, 1 <j<n, and Hj is defined as follows.
For each x = (xl, s ,xn)eIn, define Hj(x) to be the set of
points

LY 3 LR <' < .
'{(Xla ’Xj-l’l’xj-l-l’ ,xn)ln(x)_l_xj}

Here n(x) is defined to be 1 if X = 0 for all- k where

k 4= j» and n(x) = 0 otherwise. Now Hj(x) satisfies the

Conditions {b. 1-3) so that ?H is a fundamental family on In
The essential points of (‘}n’ pr ) are all points

X = (xl, o 'xn)e I such that Xj =0 tngether with the point ej

. . .t . .
which has unit j b coordinate and all other coordinates zero.
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The preceding two examples can be extended to the s-sets

A
I for arbitrary A as is shown in Example ff-6 and ff-7.

Example ff-6. The pair (IA, ’fR) is a density space where
R is defined as follows. Recall that an element of IA is a func-
tion f on A into I9 suchthat £(6) = 0 for all but finitely
many ©&eA, and £(d) + 0 for at least one &. For a function
A

feI”, let d= gcd{f(8)|6ea}, anddefine R(f) to be the set of

functions g; (1 <i<d) defined by the formula

_ _if(8)
g;(8) = —4

Then, as before, R(f) satisfies Conditions (b. 1-3).

We remark that Theorem 2. 24 provides a method for obtain-
ing new fundamental families on a given s-set from old ones.
Moreover, if ﬂ' is any subfamily ofﬂ , then the family which
is the intersection of all fundamental families 0‘? on the s-set
which contain &' is a fundamental family, and is called the

fundamental family generated by ﬁ' .

Example ff-7. The pair (IA, ?H ) is a density space
X

where X is a fixed element in A, and H)\ is defined as

follows. For fe IA, let H)\(f) be the set of all functions geIA

defined by the formula
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g(6) = £(8) if & F A\

n(f) <g(8) <f(\) if &=\ ,

where

1 if £(8) =0 for & F\,
n(f) =

0 otherwise

By Theorem 2. 24 we have that ~ {361_1 |NeA} is a fundamental
N

family on IA. We note that this family is }((IA).

Example ff-8. Ths pair (12, ?B) is a density space where

B is defined below. As usual we represent I2 as the set of all
ordered pairs (x,y) where x and y are non-negative integers

and x+ vy >0. Define B((x,y)) as follows:

{(x,y)} ifx>0 and y is odd,
B((x,v)) = {(x,i)]i=0,2,4,---,y} if x>0 and y is even,

{(x,i)|i=1,2,---,y} if x=0.

The abundance of examples of density spaces is indicated by
how easy one can obtain spaces from the space (I, 7{) by varying
I and % slightly. For example, we can take closed subsets of

I. The following is an example where }C is varied.

Example ff-9. The pair (I, ?B) is a density space where
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B is defined as follows:
{x} if =x 1is odd,

B(x) =

{2,4,.--,x} if x 1is even.

The following theorem provides a method by which we can -
construct a fundamental family on an s-set S, where S is the

product of a class {SalﬁeA} of s-sets.

Theorem 3.9. For each § 1in an index set A, let

(Sﬁ, Tﬁ) be a density space, and let S = il {SGI 6¢A}. Then
?B is a fundamental family on S where B is defined as
follows : Denote by [x] 5 the Cheo set of ofa determined by

xeSa. For a function feS define B(f) to be the set

ﬁ{[f(ﬁ)]alﬁeA}.

Proof. Condition (b. 1) follows since feﬁ{[f(ﬁ)]alﬁe A},

Letting La(x) denote the lower set of xeS with respect to

6
Sﬁ’ we know, by Theorem 2. 18, that [f(6)]6 §L6(f(6)) for each

6eA. Hence
B(f) = T{[£(8)] 5|6¢ A} C T {L,(£(8))|6ea} = L(f)

where this last equality holds by Theorem 3. 3(ii). Thus B sat-

isfies Condition (b. 2). Now, if geB(f), then g(6)e[f(6)]g for
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each 6e¢A. Hence, by Theorem 2.12, we have [g(§)] 5 < [£(5)] 5"
and so

Blg) = 11 {[g(8)] ;| 62} CT{[£(8)]|6ea}=B() .
Thus Condition (b. 3) is satisfied and the proof is complete.

Fundamental families on product s-sets are studied in

Section 8. 2.

Definition 3. 4. The fundamental family 03€B of Theorem

P{"fﬁléea},

and the density space (S, ”}PB) by

3.9 1is denoted by

P{sa,'fanaeA}.

Theorem 3. 10. For any non-empty class {Sé |6en}, we

have

(i) ?{(ﬁ’{sal & A}) = P{;((SGH sea}.

Also,

w Hah = efmls=1,2"+n

Proof. We have that P {%56)1 dea}= ?B where
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B(f)

1

ﬁ{[f(a)]alaeA}

1l

T{L(£(8))| 6 A}

i

L(f) .

Thus from Example ff-1, we have ?B = }( Now (iii) follows

from (i) if we let aA={1,2,---,n}, and 86=I for each &eA.
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CHAPTER 4

TRANSFORMATION PROPERTIES

In the proofs of some of the theorems of Chapters 7 and 8
it will be necessary to assume that the fundamental family has one
of two transformation properties which are defined and discussed in
this chapter. Even though they are not used until Chapter 7 we pre-
sent them now in order not to disturb the continuity of the theory of

density developed in Chapters 6 through 9.

4. 1. Definitions

There are two transformation properties which we define now.

Definitiq;? 4. 1. TLet (S,a:TP) be a density space, I_:et F
be an arbitrary ‘“s‘et of ase and x an element of FO. Let
D=F ~U(x) {(U(x) is defined in Definitions 2.4 and 2. 12). Define
Tl[D] to be the set {y-x|yeD}. If Tl[D] is either in ”f or
is émpty for evéry D=F ~U(x) where Fe qf and xe FO, then

Q}P satisfies the first transformation property or O}P is transforma-

tion -1.

~

Definition 4. 2. Again let (S,of) be a density space. Let

xeS and let F be any set of O:TP or let F be empty. Let
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D= [x] \F. Define T,[D] to be the set {x-y|yeD\x}. If
TZ[D] is either in OL\TP or is empty for each set D = [x] \F
where xe¢S and FGU:TPU {¢}, then Df satisfies the second

transformation property or 03‘0 is transformation -2.

Just how these properties are used will be seen in Chapters
7 and 8, particularly in the proofs of the theorems which generalize

the inequalities of Landau and Schnirelmann and of Schur.

4. 2. Existense of Fundamental Families with the Transformation

ProEerties

There are fundamental families which are transformation -1
and fundamental families which are transformation -2. In particular,

we have

Theorem 4.1. For an arbitrary s-set S, K(S) is both

transformation -1 and transformation -2.

Proof of transformation -1. Let D = F ~U(x) where
Fe 7{ and xeFo. Suppose that Tl[D] is non-empty. To show
that Tl[D] € 7{ is to show that for any yeTl[D] we have
L(y) CT,[D]. For this it is sufficient to show that, if yeTl[D]"
and z<{y (zeS), then zeTl[D] . Thus let yeTl[D] and
z<4y (zeS). We have x<x+z, and so xtzeU(x). }}Iext y=d-x

for some deD sothat x+yeDCF. Thus, since x+z<x+y,
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we have x+ze¢F. Hence x+zeD, and soz =(x+2z) -xeTl[D].
This completes the proof.

Proof of fransformation -2. Recall that in the present case
we have [x] = L(x) for =xeS. Let D =L(x)\F where xeS
and Fe%u{d)}. Suppose that D\ x is non-empty so that TZ[D]

is non-empty. Let yeT_[D] and let zeS with z<{y. As

Al
before we prove that ze TZ[D] . We have y=x-d for some
deD\x sothat x-yeD. Now x—y{x—z so that, if x-zeF,
then also x-yeF, a contradiction. Thus x-z#F. Furthermore,

x—z-(x so that =x-ze¢l(x). Thus =x-ze¢D and since =x-z 4= X,

we have x-zeD\x. Hence z :x-(x—z)‘eTZ]D] .

The only examples of Section 3.2 where the fundamental
family fails to be transformation -1 are Example ff-4 and the more
general Example ff-6. The only example where the fundamental

family fails to be transformation - 2 is Example {ff-8.
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CHAPTER 5
SEPARATED FUNDAMENTAL FAMILIES

In this chapter we define and treat the concept of separated
fundamental families. These families have important applications
to the theory of C-density (Definition 6. 2), and to the proofs of the

at+ 3 theorem (Chapter 9).

5. 1. Definition of a Separated Fundamental Family

Let (S,af) be an arbitrary density space.

Definition 5. 1. The family of is separated if, whenever

x and y are points of S suchthat x{[y] and y§[x], then

[x] ~[y] is empty.

Thus from Theorem 2.12, given any two Cheo sets of ’Bf ,

either one is contained in the other or they are disjoint.

5.2. Characterization of Separated Fundamental Families of the
Form K(S)

In this section we prove that ?{(S) is separated if and only
if S is isomorphic to I. For convenience we define isomorphism

between s-sets.
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Definition 5.2. An s-set S1 is isomorphic to an s-set
S2 if there exists a one-to-one function T on S1 onto S2
such that

T{xty) = T(x)+ T(y)

for each x and vy in Sl' If S1 is isomorphic to SZ’ then

S2 is isomorphic to Sl’ and S1 and S2 are isomorphic.

The function T 1is an isomorphism.

The following two theorems lead up to Theorem 5.3 which is
the main result of this section. Theorem 5.1 is somewhat stronger
than what is needed, butit is presented here since it is of interest by

itself.

Theorem 5.1. ILet S be an arbitrary s-set. KEach element

x€S can be written as a finite linear combination

(1) X = n.e, + n_e +--'+nkek

where the n, are positive integers and each e« Min(S).

Proof. Suppose there are points of S not represented in
the form (1). By Theorem 2.3, we may take x to be a minimal
point of the set of those not representable. If L{x) = {x}, then
xe Min(S), and so x 1is representable in the form (1) (take k = 1,

n, = 1 and e x). If there is a ye L(x) such that y=|=x, then
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y<x and x-y<x, and soboth y and x-y are representable.

Thus

= n e+ --+n e
i

1 k'k

X_-y: mlel1+...+mk'el . ,

and so x = y + (x-y) is representable in the form (1l). This is a

contradiction and the proof is complete.

Theorem 5. 2. An s-set S 1is isomorphic to I ifandonlyif

Min(S) reduces to a singleton {x}.

Proof. If Min(S)= {x}, then by Theorem 2.2(i), nxeS
for each positive integer n, and by Theorem 5.1, each ye¢S has
the form vy = nx for some positive integer mn. Thus
S = {nxlnz 1,2, }. The function T on S onto I, defined
by T(nx) = n, clearly satisfies the requirements of Definition 5. 2
so that S 1is isomorphic to I

Now suppose that S is isomorphicto I andlet T be
the isomorphism. Because of the manner in which the order rela-
tion -< is defined in terms of the operation + we have that T
preserves the order relation, and hence that T(Ls(x))= LI(’l'(x))
for each =xeS. Thus, if =xe¢Min(S), then LI(T(x)) = T(Ls(x))=
T ({x}) = {T(x)} which implies that T(x)e Min(I). Thus T(x)=1

for each xeMin(S), and so S has one and only one minimal point.
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Theorem 5. 3. The fundamental family }((S) is separated

if and only if S 1is isomorphic to L

Proof. In view of Theorem 5.2 it is sufficient to prove that
X (S) 1is separated if Min(S) 1is a singleton, and that X(S) is

not separated if Min(S) has at least two distinct points.

If Min(S) = {x}, then S= {nx|n=1,2,--- }. Clearly
L(nx) = {ix|i=1,2,---,n}. If Fe?((s) then F = U {L(y)|yeF}.
Clearly then F = L(mx) where m = max {i|ixeF}. Hence

every set inX(S) is of the form L(y) for some vyeS. If
nx and mx are two distinct points of S then either n <m or
m <n, i.e., nxel(mx) or mxeL(nx). | Thus the condition of
Definition 5.1 is satisfied (vacuously), and so }((S) is separated.
Now suppose x and y are two distinct elements of Min(S).
Consider the two points x+y and y+y. If xty= y+y, then
x=vy, a cont;radiction. Also, if x+ty<yty, then x{y con-
tradicting the fact that yeMin(S). Hence xty ¢ L(yty). Similarly,
we obtain y+y4 L(x+y). But yeL(xty) ~L(yty) and so the con-
dition of Definition 5.1 is not satisfied. Thus j{‘(S) is not separ-

ated. This completes the proof.

Along with %(I) (and ?’((S) where S 1is isomorphic to I),

all the families from Example ff-3 through ff-9 are: separatéd.
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5.3. Decomposition of a Set in a Separated Fundamental Family

Let a} be a separated fundamental family on an s-set S.
s
By Theorem 2. 16 we may write for any Fe # that F= w {[x] IxeF }.
By Theorem 2. 19 and Definition 5.1 we have that the Cheo sets [x]

als
-~

for xeF are pairwise disjoint. Thus we have shown

Theorem 5.4. If F 1is a set of a separated fundamental

family g'o on an s-set, then F 1is the union of disjoint Cheo

sets:
F= u{x] 'xe F’P} .
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CHAPTER 6

INTRODUCTION TO DENSITY

In this chapter we define the two densities which will be
studied in this thesis. Also the elementary properties of these

densities are developed.

6. 1. Definitions

Throughout this section (S,oﬁ is an arbitrary density space.

Definition 6. 1. ILet X be a subset of S. For any finite
(possibly empty) subset D of S we let X(D) be the number of
elements in the set X ~D. Furthermore, if D is non-empty,

let q(X,D) be the quotient X(D)/S(D) .

A fewof the important properties of the counting function
X(D) are listed in the following theorem, the proof of which is

immediate.

Theorem 6. 1. The function X(D) has the following proper-

ties :
(i) If Dl’ DZ’ I Dn is a finite c’ollection of finite subsets
of S, then

X(D, - WD ) <X )+ + X(D )
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with equality holding if the Di are pairwise disjoint.
(ii) S(D) 1is just the number of elements in D.

(it) ¥ D, €D,, then X(D,\D)= X(D,) - X(D,).

(iv) If XCY, then (Y\X)(D)= Y(D) - X(D).

Definition 6. 2. Let A be an arbitrary subset of S. The

K-density of A with respect to of is

aa, P =giv (qa, BF )

Definition 6. 3. Let A LS. The C-density of A with

respect to 056 is

dC(A,"f) = glb {q(A,[x])]|xeS}

where [x] denotes the Cheo set of of determined by x

(Definition 2. 9).

As already noted in Example ff-2, for the density space
(In,X) we have that d(A,?{) is the density defined by Kvarda
[11] and dC(A,%) is the density used by Cheo [2] and Kasch [7] .

The following theorem provides alternate definitions for K-

and C- density, and follows immediately from Definitions 6.2 and 6. 3,

Theorem 6. 2. The density d(A,”f) is the largest real

number ¢ suchthat A(F) >« S(F) for each set Feofu {s}.

Similarly dC(A,af) is the largest real number ¢, such that
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A([x]) > aCS([x]) for each xeS..

6. 2. Elementary Properties of K- and C- density

In this section (S,vf) is an arbitrary density space. We
adopt a shorter notation and write d(A.,a\\f) = ¢ and dC(A,a}p)= a.

where A is an arbitrary subset of S.

Theorem 6.3. We have 0<a< @, < 1. Furthermore,

a=a_ =1 1if and only if .= S.

Proof. The fact that « < aC follows from the relation

{ala, ) |F P 2 {a(a, [x])|xeS) |

Now, for each Fe of’ we have 0 <A(F) <S(F), and so

0 <q(A,F) <1 from which it follows that 0 <ae¢ <1 and

0 <e <1. For the second part, if A =S, then clearly
a=a =1, since q(S,F) =1 for each Fevf. Now assume
there is an x¢S\A. Then A([x]) <S([x]), and so

ajac_<_q(A,[x])<1 .

Theorem 6. 4. If Dl’ I Dn is a finite collection of pair-
wise disjoint non-empty finite subsets of S, and
D= U{Dilizl,---,n}, then for any set A CS we have

a(A,D) > min {q(A,D))|i=1,- -, n}
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Proof. If n=1 the theorem is immediate. For n=2 we
have, using Theorem 6. 1(i), that

A(D)) + A(D,)

q(A,D) =
S(D,) + 5(D,)

Letting a, = A.(D.l) and s, = S(Di) (i=1,2) we have that, if

2 .
sl+s g—l’ (i=1,2)
1 2 i
< < iction.
then both als2 azs1 and azs1 alsz, a contradiction. Thus
a1+a2 a.1
q(A,D) = - —~= > min {—|i=1,2}
sl+s2 - si

= min {q(A,Di) (i=1,2} .

Let n >2 and suppose the theorem is true if n is replaced by
any smaller integer. Let D' = {D,1| i= 1,-+-,n-1}. Then
q(A, D) > min{q(A, D), q(A,Dn)}
> min {min {q(A.,Di)|i= 1, - ,nl}, q(A.,Dn)}
= min {q(A,Di)|i= l1,---,n}
The following theorem shows that there is no difference be-

tween K- and C- density when the fundamental family is assumed

to be separated.
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Theorem 6.5. If O}F is a separate fundamental family,
then the density given in Definition 6.2 and 6.3 are identical. That

is, a = a. for each ACS.

Proof. By Theorem 6.3 we have ¢ < e let ¥ bean
o
arbitrary set in af . By Theorem 5.4 we have F=uU{[x] |x¢F }

where this is a union of pairwise disjoint sets. Hence, we have by

Theorem 6.4 that

q(A,F) > min {a(a, [x]) l xe F*}

>«

Since F is arbitrary, we conclude that a > a_s and the theorem

is proved.

Theorem 6. 6. If a >0 or a_ >0, then A contains all

the essential points of (S,?) (Definition 2. 10).

Proof. Suppose x 1is an essential point notin A. Then

0= A({x}) = A([x]) > a S([x]) = «_S({x})

Thus ae=a =0

The notation introduced in the following definition will be used
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extensively throughout the remainder of this thesis.

Definition 6. 4. For a set XCS, the set S\X 1is denoted

by X .

The following theorem offers an equivalent definition for the

K-density of a set A = S.

Theorem 6.7. If A is non-empty, then

a=glb{g(A,F)|Fe gfand F;“_C;K }.

Proof. Let «' =glb {q(A,F)’Fet}P, FQX }. Clearly,

¢' >a. Nowlet F Dbe an arbitrary fundamental set. If

A(F)= S(F) then q(A,F)= 1>a . I A(F)<S(F), then

let G = u{[x] IxeF r\K}. By Theorem 2.17, we have that Ge ”’je

ots
“

and G CF~A. Thus G CA. Also G CF which implies,
by Theorem 2. 14, that GCF, Thus F = G U(F\G), and G
and F\G are disjoint. Finally, by the construction of G we
have F ~ACG, andso F\GCA, sothat A(F\G)= S(F\G).

Hence, we have

A(F)  A(G) + A(F\Q)
S(F) = S(G) + S(F\G)

q(A, F)

_ A(G) + S(F\G) . A(G) _ |
h S(G) + S(F\G) Z S(G) - Q(A, G) _>_ a

Thus « >¢', and the theorem is proved.
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The natural question to ask is whether or not
a =glb {q(A,[x])|xeA}. In general this is not true as the follow-
. . . 2
ing example shows. Consider the density space (I ,%). Take
A to be the set of all ordered pairs (x, y)eI2 which satisfy at least

one of the following conditions :

(i) (x,y) 1is equal to one of (0,1),(0, 2),(1,0),(2,0) or (3, 3);
(ii) x> 4
(iii) y>4.
Then «¢_= 1/3 while, recalling that [x] = L(x),
glb {q(A,[x] |xeA}= 4/11.
However, if O\JP is assumed to be separated, then we can

prove the following theorem.

Theorem 6.8. If A is non-empty and the fundamental

family of is separated, then
e = glb {q(A,[x])|xecA}.

Proof. Let a' = glb{q(A,[x])|xeA}. It is clear that
* —
a' > ac. Now let Fe ef such that F € A. From Theorems 5.4

and 6. 4 we obtain
a(A,F) > min{q(A,[y])| yeF }>a' .

The last inequality follows since each ye¢A. Hence, by Theorem
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6.7 we have @ > ¢', and so, since a = a. (Theorem 6. 5), we

>
have a, K a' and the theorem is proved.

The last theorem of this chapter expresses some simple but

useful density relations.

Theorem 6. 9. Let afl and #2 be two fundamental

families on 'S, and let A1 and A be two subsets of S.

(i) If ‘B_P ‘36, then d(A, §)>d(A AJ"o) for each ACS.

(i1) If A1 §A2, then d(A.l,a}a) < d<A2”ﬁ for each funda-
mental family ’f on S.
(iii) If A1 QA.Z, then dc(Alf\Jp) < dc(AZ’ oﬁ for each

fundamental family # on S.

Proof. Part (i) follows from the fact that ofl C ?;

implies that

{a(A, F)|Fe ‘f}”l}g{q(A,FnFe ”fz}.

Parts (ii) and (iii) follow since A1 _GAZ implies that

AI(F)E A.Z(F) and thus q(Al, F) < q(Az, F) for each Fe ﬂf
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CHAPTER 7

K-DENSITY

In this chapter we present some theorems which involve
K-density. Most of them require the concept of sum of sets which

we define in the first section.

7.1. The Sum of Subsets of an s-set

Definition 7.1. l.et S be an s-setandlet A and B

be subsets of S. The sum A + B of A and B is the set
A UB U{atb|acA, beB}.

The sum of a finite number of subsets of S, say A.l,AZ, Ce An

(n > 2), is defined recursively by

n-1
A, = Z A, + A
i i n
i=1

Nl

1

i

1
where z A1 is defined to be Al. In the case where Ai = A
i=1

n
for i=1,2,---,n(n>1), we denote ZAi by nA.

i=1
We note that an equivalent definition of the sum of n sets

Al,"',An is given by
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n
0
zA.= S~{a +-..4a |a,eA , 1 <i<n} .
i 1 n' i i - -
i=1

7. 2. K-density Results Involving the Sum of Sets

In all that follows (S, }D) is a density space, and A and

B are arbitrary subsets of S. We write C = A+B and further-

more, we write d(A,af) = q, d(B,a‘\Tf) =B, and d(C,”\f) = y.

Theorem 7.1. y>max{qe,B}.

Proof. From Definition 7.1 we have A,B CC so that, by

Theorem 6. 9(ii), we have ¢ <y and B <vy.

Theorem 7.2. If xe C, then

A(L(x)) + B(L(x)) <S(L(x)) -1

——

Proof. Let A ~L(x)= {a.,a ',an}. Since xeC it

LA
follows from Definition 7. 1 that xe—]% also. Furthermore, for
each i, 1 <i<n, we have x-a, ¢ L(x). Also x—aiel_?» since, if
x-a. ¢ B, then a, +(x-ai) =x would bein C contrary to hypothe-

sis. Thus, letting X denote the set {x, x-a -,x—an}, we

e

have XQE ~ L(x). Hence

A(L(x))+1 = S(X) < B(L(x)) = S(L(x)) - B(L(x)) ,
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and the theorem follows.

Theorem 7.3. If a«+pf >1, then vy= I

Proof. By Theorem 2. 23 we have L(x)e 9? for each x€S.
If y <1, then by Theorem 6.3, there is an xeC. By Theorem

7.2
A(L(x)) + B(L(x)) < S(L(x)) -1 .

Dividing this inequality by S(L(x)), and applying the definition of
¢ and B we obtain

a+B <q(A, L(x)) + q(B, L(x)) <1-1/S(L(x)) <1

This contradicts our assumption that e +f > 1, and the theorem

follows.

The following theorem offers a useful property of finite sub-

sets of S.

Theorem 7.4. If X is a non-empty finite subset of S,

then we may index the elements of X, X = {xl, X5 .., xn} in

such a way that the following condition is satisfied:
e
If xi<xj, then i <j

Proof. Let xleMin(X). Take x eMin(X\xl),

2

Xs€ Min(X\{xl,xz}), and so on. Theorem 2.3 and the finiteness of
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X, X\Xl, X\{xl,xz}, =+ assure us that this process exhausts
X. We show that the resulting indexing of X satisfies the stated
condition. Letr x, <xj. Since X, =|= Xj we have either j <1

or i<j. If j<‘i, then xieX\{x ‘xj l}= Y. But

.

xje Min(Y) so that Xi< Xj is impossible. Thus we must have

i<j.

The following theorem is used to prove Theorems 7.6 and 7. 7.

Theorem 7.5. Suppose that # is transformation -2
(Definition 4. 2), and that C is non-empty. Let Fe o‘}F such that

* _ = * —
F €cC. If H is any setsuchthat F CHCC ~ F, then
B(F) > a(S(F) -S(H)) + S(H) .

Proof. Let S -PYRRARE - be the points of H, indexed

according to Theorem 7.4, so that

i i 1 <73.
(1) g; {gj implies i <j
Let D, = [gl] and for 1<i<n, let

D'+l = [gi_l_l]\u{[gj] l1_<_351} . Then we have

1
(2) Diij is empty if i j,
(3) U{Difljifn} = F,

', and

(4) gieD.1 for 1 <i<n.
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Now (2) follows immediately from the definition of the Di'

als

ok

To see (3), notice that since F CH, we have by Theorem

2.16, for each xeF that xe[gi] for some i. Since
w{D,|1<i<n}= U{lg] |l <i<n},

then (3) follows. To prove (4) suppose that gi# Di for some 1.
Clearly i>1. Then g.e u.{[gj] |1 <j<i-1} so that g.le[gjo]
for some jo<i. Hence, by Theorem 2.18, we have gi< gjo, which
by property (1) implies i< jo, a contradiction. |

Now since Vf is transformation -2 and because of the way

each Di is defined, we have

(5) TZ[Di] € G‘P or is empty,
(6) S(T,[D.])= S(D))-1.

Now, for each aeA ~T Di] , there exists a unique

ol
Xe€ Di\ g such that a = g, -x It follows that xeB for, other-

wise a +tx= g would be in C, contrary to hypothesis. Also

from (4), we know g,le% mDi and so

B(D,) > A(TZ[Di]) +1

> aS(TZ[Di]) + 1.

The second inequality follows from (5) and the definition of «. Thus,

from (6), we ha‘ve
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(7) E(Di)_>_ a(S(D)-1) + 1.

Summing (7) over i, applying Theorem 6. 1(i) in view of

(2) and (3), we obtain,
(8) B(F) > a(S(F)-n) +n.

Now, n = S(H) and so (8) becomes

B(F) > a (S(F)-S(H))+S(H)

which is the desired result.

Note thatthe property (1) is used only in the proof of (4). In
the case H= F*, the proof can be simplified somewhat by using
instead, Theorem 2.19 to prove (4).

The following theorem is similar to Theorem 7. 2. It can be
used in much the same way to prove Theorem 7. 3 with the additional
hypothesis that the family af is transformation —‘2, although we

omit this proof. More importantly it is used to prove Theorem 8. 4.

Theorem 7. 6. Suppose O\JF is transformation -2, Let C

be non-empty and let Fe # such that Fq< C C. Then
¢ S(F) + B(F) <S(F) .
Proof. By the preceeding theorem we have

B (F) > aS(F) + (1-¢)S(H)
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afe
b

for any H with F _C_:HEEr\F By Theorem 7.1, since vy <1,

we have @ <1 so that (l-a)S(H) > 0. Hence

B (F) > ¢ S(F)

Since B(F) = S(F) - B(F) we have the desired result.

Theorem 7.7. Suppose V}F is transformation -2, ¥ C

is non-empty and Fe # such that F"‘gc_:, then

C(F) > o C(F) +B(F).

Proof. In Theorem 7.5let H= C ~ F. Then S(H):E(F)
and

B(F) >al(S(F) = C(F))+C(F) .

Since B(F) = S(F) - B(F) and C(F)= S(F) -C(F), we have
C(F) > o C(F) + B(F)
and the theorem is proved.

The following theorem generalizes the inequality of Schur
mentioned in the Introduction., This accounts for the only generali-

zation known to this writer of this inéequality.

Theorem 7. 8. If the fundamental family o}P is transforma-

tion -2 and ¢ +P <1, then

(9 yv>B/(1-a).



Proof. If y= 1, then, since p/(l-a¢) <1,
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the theorem

follows. If +y <1, then C is non-empty, and by Theorem 7.7,

if Fe af and F CC, then
C(F) > a C(F') + B(F) .
Dividing by S(F) we obtain

q(C,F)>aq(C,F) + q(B, F)
> aeyip .

We apply Theorem 6.7 and obtain that

Y > avyip,
which, because a <1-p <1, is equivalent to
Y _>_ B/(l-a) s

and the theorem follows.

The next theorem leads to the generalization of the Landau-

Schnirelmann inequality. The proof is a refinement of the proof

given by Kvarda [11] for the specialization of this theorem to the

density space (In,%).

Theorem 7.9. Suppose Of satisfies the first transforma-

tion property (Definition 4.1). Then for each Fe of’ with

Min(F) CA we have
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(10) C(F) > A(F) + BA(F) .

Proof. Let F be an arbitrary set of ”f such that
Min(F) CA. By Theorem 2.3, we then have ¢ =% Min(F) €A ~ F
andso A ~F % ¢. Letthe set A ~ F be indexed
{al, az, e, an} where, according to Theorem 7.4, we may assume
that
(11) if a.l-(aj, then i <j.
We define inductively Di = U(ai) ~ Gim F  where
Gi = u»{L(x)|x satisfies conditions N(i)}.
(a) a e L(x)
Conditions N(i)
(b) ajf L(x) if j>i
Now G, AF= o {Lx ~ F|x satisfies N(i)} which is a finite
union of sets in af (since each L(x) ~ F is a setin ? , and
L(x) ~ F CF so that only finitely many such sets are possible).
Thus Gi ~ Fe #, and clearly aieGi ~ F. Hence, since 0}7

is transformation ~1, and because of the way Di is defined, we

have for each i, 1 <i<n, that
(12) Tl[Di] € a}a or Tl[Di] is empty.
Also, from the definition of Tl[Di] , it is clear that

(13) S(Tl[D.l])z S(D.l) )
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We prove next that the sets Di’ 1 <i<n, satisfies the

following two properties :

(14) ¥ i=j, then Di/\ Dj is empty,
and

(15) w {D,J1<i<n} =AA~F.

To prove (14) let i<j andlet vye DJ,. If yeDi, then
there exists an x satisfying Conditions N(i) such that
yeU(a.l) ~ L(x) ~ F. Butthen, since j>1i and aje L(y) C L(x),
Condition N(i}{b) is violated. We conclude that V*Di and
property (14) follows.

To show (15) we first prove that Di g:‘; ~ F for each
i, 1<i<n. Let vye Di' There exists an x satisfying Con-
ditions N(i) such that vye U(a,l) ~ L(x) ~F. Thus ai< y so
that if vy = aj, then we would have by (11) that i <j. But then
Condition N(i)(b) is violated. Thus vy 4: aj for all j and so

y¢§ A ~F. Clearly yeF so that yeA ~ F. It follows that

v {D|1<i<n} CA~F.

We prove now the reverse inclusion. Let =xeA ~ F.

Choose io to be the largest index such that a; < x. Since
0

Min(F) C A, such an index must exist by Theorem 2.4. We show

that x satisfies the Conditions N(i We have a, e L(x) since
0

ai< x. By the maximality of io, aqu(x) for j>i,. Thus
0

0)'

0
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Conditions N(io)(a,b) are satisfied and so xe U(ai )~ L(x) ~AF _gDiO.

0
We conclude that A ~ F Cu {Dil 1 <i< n} and the proof of (15) is
complete.
Now for each beB ~ Tl[Di] we have that b= x-a,

where xe Di is uniquely determined. It follows that x= a.1+be C

so we have that
(16) C(Di) > B(Tl[Di]) .
Now (14) and (15) imply

n

(17) A(F) = z S(D,).

i=1

Thus, we have (giving justifications to the right) that

C(F)= A(F) + C(A A F)

= A(F) +C(u {D J1<i<n}) | (15)
n
= A(F) + Z C(Di) Theorem 6. 1(i)
i=1
n
> A(F) +Z B(Tl[Di]) (16)
i=1
n
> A(F) +B Z S(T[D.]) (12) and Def. of B
i=1
n
> A(F) +B z S(D,) (13)
i=1

A(F) + B A(F) . (17)



70

This completes the proof.

Theorem 7.10. If d}F is transformation -1, then

Y>a+B-af .

Proof. I ¢ = 0, then the inequality reduces to y>p
which is true by Theorem 7.1. Thus we assume that ¢ > 0. By
Theorem 6. 6, we have that A contains all the essential points of
(S,#) so that, by Theorem 2.20, we have that Min(F) €A for
any Fe # Thus, for each Fe ? we have, by Theorem 7.9,
that

C(F) > A(F) + B A(F)

A(F) (1-B) + B S(F)

v

a(1-p) S(F) + B S(F)

(e+B -af ) S(F)
Dividing by S(F') we obtain
q(C’F) 2 a +6 —(ZB

for each Fe of and the theorem follows.

7.3. A Theorem on Bases

In this section we prove a famous result on bases. Let

(S,?) be a density space. We begin with the definition of a basis.
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Definition 7.2, A set ACS is abasisfor S if nA=S

for some positive integer n (see Definition 7. 1).

Theorem 7. Ib It d(A,?) >0, then A 1is a basis for S.

Proof. By Theorem 2. 22 we have 7’((8) _C_'? and by Theo-
rem 6. 9(i) we have d(A,ﬂ() > d(A,”Ef), so that d(A.,}() >0. Let
a = d(A,%). It suffices to show that, if « >0, then A is a
basis for S. We give two proofs, one based upon Theorem 7.8
and the other upon Theorem 7. 10.

First, by Theorem 4.1, ?( is transformation -2 and so we
may apply Theorem 7.8. For n >1 denote the number d(nA,X)
by V,r By Theorem 6.3 it is sufficient to show that Y, = 1
for some integer n.

If ¢=1, then Yl = ¢= 1 and we are done. Hence as-
sume ¢« <1. Since by definition kA = A+(k-1)A for k> 2,

then if ¢ + Vi1 >1, we have by Theorem 7.3 that Yy = 1. If

a + Yk-l <1, then by Theorem 7.8, we have
»

Hence

(18) v, >min{l, v, _,/(1-a)} . (k2>2)

Now we prove by induction that

(19) min {1, y_/(l-a)} > min {1, e/(1-a)"}.
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For m= 1 we have equality. Now, for m > 2, we have by (18)
that

min {1, ym/(l—a)}
> min {1, (min {1, v__ /(1-a)}/(1-a)}

min {1, (min {1, a/<1_a)m'1})/(1-a)}

v

= min {1, min {1/(1-0), a/(l-a)m}}
= min {1, 1/(1-a), ¢ /(1-a)™}

= min {1, a/(l-a)m}
Hence, from (18) and (19) we have

YkZ min {1, a/(l—a)k-l} . (k > 2)

Since a >0, then for sufficiently large n we have a/(l—a)n_lzl,
and so Y, = 1. This completes the proof.

Alternatively, by Theorem 4. 1, % is transformation -1
and we may apply Theorem 7.10. Using the same notation as above

we have by Theorem 7. 10 that

> - >
Ve 2@ty g -eY g (k >2)

which is equivalent to

- < - - >
(1-y) < (1-a) (1-y, ). (k> 2)
Thus it follows by induction on k that

(l—yk)_<_(l-az)k . .



Since @ >0, we have for sufficiently large
(1--a)k < ea.
Hence for n sufficiently large

(l-y_ ) < «a

n-1
Thus a + Yn-l >1 and so, by Theorem 7. 3,

A+ (n-1)A = nA = S,

and the proof is complete.

k,

that

73
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CHAPTER 8
C - DENSITY

In this chapter we develop some of the properties of C-density
(Definition 6. 3). Generally, little is known about C-density, aﬁd the
results obtained are sometimes weaker than those obtained for
K-density. On the other hand, the simple nature of the C-density

seems to permit a wider range of possibilities for future research.

8.1. C-density Results Involving the Sum of Sets

Let (S,fof) be an arbitrary density space. Let A and B
be subsets of S. We write C = A+B, dC(A.,O\:rP) =a, dc(B’?):Bc
and dC(C, af) =Y. Our first theorem is an immediate consequence

of Theorem 6. 5.

Theorem 8. 1. If the family ”:TP is separated (Definition 5.1),

then all the density theorems of Chapter 7, for K-density, are true

for C-density. Thus

. N ol _
(i) @ + BC >1 implies Yo 1,
(ii) Yo 2 ﬁc/(l ac) if e + BC 1 and is trans
formation -2,
B0 v s ) : ¥ formation 1.
(iii) Yo 2 e, + BC acﬁc, if is transformation

(iv) a_ >0 implies A 1is a basis for S.
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Accordingly, for the remainder of this section we will make

no assumption as to whether the family ? is separated or not.

Theorem 8. 2. Y > max {ac, BC} .

Proof. From Definition 7.1 we have that A, B gC so that,

by Theorem 6.9 (iii), vy _ >a

> .
c and yc > ﬁc

(o4

None of the parts of Theorem 8.1 are known to hold in gener-
al without the sepafated hypothesis‘. However, we obtain other spe-
cial theorems corresponding to the parts of Theorem 8.1 by applying
the methods of Chapter 7. Corre‘sponding to Theorem 8. 1(i) we have

the following two theorems.

Theorem 8.3. If ?: }((S) and ac+ [3(:_2 1, then Y. © L

Proof. Since ’f = }( we have by Theorem 3. 8(iv) that
[x] = L(x) for each xeS. If Yy, <1l then there exists an xeC
and so, by Theorem 7. 2, we have
A(L(x)) + B(L(x)) <S{L(x)) - 1
Thus, dividing by S(L{x)), we have
q(A, L(x)) + q(B, L(x)) < 1,

and so @ + BC < 1. The theorem is proved.

Theorem 8. 4. Let ¢3€ be transformation -2 and let «
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denote the K-density of A with respect to ’f ¥ a+p >1,
c—

then Y, = 1.

Proof. Suppose Y, <1 andlet x be an arbitrary point
— &
in C. We recall that [x] is a set in ’f and [x] = {x} so

that [x] € C. By Theorem 7.6 we have

aS([x]) + B([x]) <S([x]) .

Dividing this inequality by S([x]) we obtain
a +q(B, [x]) <1
Thus @« + BC <1, contrary to hypothesis, and the proof is complete.

Since BC >B = d(,B’?) (Theorem 6.3) we see that a4 p>1
implies a+ BC > 1, but not conversely. Thus we conclude that,
when applicable, Theorem 8.4 1is a stronger resﬁlt than Theorem
7.3. However, Theorem 7.3 is always applicable while Theorem
8.4 requires that 039 be transformation -2.

The methods of Chapter 7 fail to provide a satisfying result
corresponding to Theorem 8. 1(ii). Using a similar argument as in
the proof of Theorem 8.4 we see that, if af is transformation -2

and xe¢ C, then by Theorem 7.7, we have

C([x]) > aC([x]) + B([x]),
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and so
a(C,[x]) > aq(C,[x]) + q (B, [x])
>
zev ¥ Bc
We cannot, however, replace the left hand side of this inequality by
Y. since we do not have in general that Y, = glb {q(C, [x])| xe E}
as is shown by the example which follows Theorem 6. 7.

On the other hand Theorem 7. 9 provides the following result

which corresponds to Theorem 8. 1(iii).

Theorem 8.5. If ? is transformation -1, then

> - .
Yc: - ac:-‘_[3 acﬁ

Proof. We can assume a_ >0 since, if e = 0, then the |
inequality reduces to Y. >B, which clearly holds, sinée Y. > BC‘
(Theorem 8. 2), and [30 >pB (Theorem 6.3). Let x be an arbi-
trary point of S. Then [x]e¢ $, and since e >0, we have by

Theorems 2. 20 and 6.6 that Min([x]) €A. Thus by Theorem 7.9

we obtain

C(xD) > A(x]) + pA([x])

1

A([x]) (1-8) + BS([x])

Iv

@ (1-B)S([x]) + BS([x])
(e, + B -a p) S([x]) .
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and the theorem follows upon division by S([x])

The methods of Chapter 7 do not seem to provide us with a

C-density result corresponding to Theorem 8. 1(iv).

$.2. The C-density on a Density Space which is a Product of
Density Spaces

There is a method available for working with C-density
which requires that the density space be a finite product of density
spaces. The following discussion will introduce the concepts and
notation which we will need.

Let (Sé’ ’fé) be a density space for each & in a non-
empty index set A. Let (S, Tf) = P{(Sé, Vfé)l ¢ A}. Thus
S = E{Sslée A} and 7 =P {i‘T‘é' ¢ A} (see Theorems 3.4 and 3.9).
We consider the two different projections on S given in the fol-

lowing defintion.

Definition8.1. Let f be a functionin S and & a point

in A. Then define

Ps(f) = £(5) ,
and
pg(f) = g

where g is the function in S defined by the formula
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' 0
Sometimes we allow f to be the zero function (in S ). In this case

we define P6(O) =0 and p6(0) = 0.

Definition 8. 2. We adopt the following notation. As usual,

the Cheo set of 0‘36 determined by a point feS is denoted by [f],
but in order to avoid any possible confusion, the Cheo set of afs

determined by a point 5586 is denoted by H6(X) .

Recall from Theorems 3.9 and 3.7, that [f] :—I:I{Hs(f(G))|66A}. ‘

Definition 8. 3. Denote by S(5) the set of all feS with

the property that f(A) =0 for all X # 6 Let ACS and denote

the set A A~ S(a) by A(G). Finally, let A6={Pa(f)|feA.(6)}=P6(A(6)).
Notice that S(6) and SG are different since S(6) is a
subset of S and SG is not. However, the correspondence
f P6(f)
establishes an isomorphism between S(6) and S6
Theorem 8.6. If feS then

(8)°

A([f]) = Ag(H(£(5)) .
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Proof. We establish a one-to-one correspondence between the
sets A ~ [f] and A5 ~ H6(£(6)). let geA ~ [f]. Since
ge[f] we have g(\)e H;i (f(\)) for each X eA. Here
Hg(x)-—- H, (x) v {0}. sSince f(\)=0 forall A suchthat X\ F &
we have g()\)§}17\0(0) = {0},i.e. g(\) =0, for N %&. Thus
geS(B), andr since geA, we have gEA(S)' Hence Pﬁ(g)eAB.
Since ge[f] we have Pﬁ(g) = g(B)EHg(f(B)), and since g(>6) 4: 0
we have Pﬁ(g)eHs(f(S)) . Thus Pﬁ(g)eA6m Hﬁ(f(ﬁ)) .

Now if g, and g, are distinct points in A [f], then,
since gl()\) =0 = gz(’)\) for X\ :{: 6, we must have g1(6)+g2(6).
Hence Pﬁ(gl):{:P&(gZ) .

So far we‘ have shown that P takes points of A ~[f], in
a one-to-one manner, into points of A6 ~ H6(f(6)). It remains only
to show that each XEAsm H6(f(6)) is the image under P6 of
some geA ~[f]. Naturally, we take g to be the junction de-
fined by

0 if N +8,
g(\) =

From the definition of A6 it follows that geA, and since

g()\)eHg (f(\)) for each \eA, we have ge[f] . The proof is

complete.
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Theorem 8.7. TFor each 6e A we have dC(A,yf) de(AG,?(;).

Proof. We have for fixed 5,

dC(A,"f)

A(f]) | ..
glb{s([f]) | fes

AL (H(E(5))

s, maen | S

IA

(5)}

A (Hg(x)

5, (Hy ()
dC (Aa’ O‘f;) .

The second step follows from Theorem 8.6.

1!

glb { |’xesé}

1]

For the remainder of this chapter we assume that the index
set A is finite, and moreover, that 4= {1,2,...,n} for some
positive integer n. We will use the following theorem, which has
been proved in less abstract form by Loomis and Whitney [16] and

Kemperman [8].

Theorem 8.8. Let X Dbe a finite non-empty subset of SO.

Then we have
0 1 - 0
"N < TT sy (x)
6=1
0, . . 0
where S (Z) is the number of elementsin S ~ Z .

Proof. The proof is by induction on n. In the case n=1



we have pl(X) = {0} so that

. n
"™t =1 =% = [T s, (xn
6=1 = '

In the.case n =2 we have that X 1is contained in the ordinary

cartesian product of the two sets (pZ(X))1 and (p.l(X))Z. Thus

6™ = 8% < 8%, X (x0),)
. n v
= s%,xns%p,xn = [T 8% 0 .
6=1 ‘

Now let n >3 and assume the theorem is true if n is replaced

by n-1. For each xeSl(‘)1 let

Y = {f|[feX, f(n)=x1} .
X

Note that Y is non-empty for at most finitely many x. For
X B

6=1,2,---,n-1, let

BG,X - Pg (Yx) )
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Since the Y  have fixed nt? coordinate we may apply our induc-

x
tion hypothesis and obtain, for xeSl(‘)1 ,
n-1
0 n-2 0
<
(1) (Y )" < 61'_[1 57 (Bg )

This inequality holds even if YX is empty since, in that case, both

sides are zero.
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Now X is equal to the disjoint union of the YX where X

0
ranges over S , so we have
. n

@ s’ = ) sy,
xeS0
n

and, for 6=1,2,-+-,n-1 ,

0 0
() %00 = ) 8%, )
xesg

Furthermore, since pn(YX) gpn(X), we have
0 0 0
(4) S(Y )=5(p (Y ) <S (p (X)) .

Now, since n > 2, expression (1) can be seen to be equivalent to
n-1

) %y )2 (T %m, )Y2m-2)
x 5=1 o)

2

))]/(n-l)
X

b

n-1
<% pYED (7 s,
6=1

In the following chain of inequalities we assume that all sum-
. 0
mations are over xe Sn and all products are from & =1 to

6=n-1 unless otherwise noted. We have
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6) s e = (zsy )t

_ 0 0, 712 n-1
={Z[s (Y )-8 (Y )] "}

(7) < (z15% ) @ms’s, V-2 Vep-t

n-1
(®) < (3% Y. s, yYe-vD

b

~ 0 /(n-1) .0 1/(n-1)7,n-1
={Z[IT((S (Y_)) -57(Bg L)) 1}

b

(9) <n (=[x VeV %, )
0 1/(n-1) 0

(10) <% 0V (25%8, ]

(11) -1 %0 Y. 5%, o]

0
= [T 87°(pg(x)) .
6=1

Here, (6) follows from (2)3; (7) from (1); (8) from (5); (9) from
the standard generalization of the Cauchy inequality which can be
found, e.g., in [5] ; (10) from (4); and (11) from (3). This com-~

pletes the proof.
Our main result on C-density follows.

Theorem 8.9. Assume for each 6eA , that ?6 is

transformation -1. Let A and B be arbitrary subsets of S.

We denote by a. and \A the numbers dC(A,?) and dC(C,?)



where C =A+ B. Furthermore, we write, for 6=1,2,-- ,n,
[36 to be the K-density d(BG,ﬂ“E) and ' = min {[31, L, B}

Then we have

1~ (1-q )Y-D

C
v > ' -
C aC + n p (l aC)
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Proof. Let 2z ©be an arbitrary pointin S. Let & bea

fixed element of A. Let E6 = {f |fe[2] 0, f(8) = 0}. For each

feEG, let

Zg = {f + glgeGH)}

where

0

() such that g(ﬁ)eHg(z(ﬁ))}

G(f) = {g|geS

G(0) = {glgeS such that g(6)e H6(z(6))}-.

(8)

We show that
(12) [z] = o {Z;[feE.},

and that this union is disjoint. If =xe[z], then =x=f+g where

f= pa(x) and g is defined by

0 if N 46,

g(\) =
x(6)if X =6 .

Now, fe[z] since
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x()\)eH;\) (z(\)) if X F6,
f(x) =
0 .
OeH6 (z(6)) if X = 6.
Note, in particular, that £(8) =0 so that feE6. We have to show

that geG(f). Since g(\) =0 for all )\=|:6, we have geS?s).

Thus it is sufficient to show that g(6)e Hg(z (6)), 1if f + 0, and

g(6)eH6(z (8)), if f=0. Now g(8)==x(8), and since xe[z]
0

we know x(6)eH6(z(6)). In the case f =0 we must have

x(6)=|:0, and so x(6)eH6(z(6)). Thus erf, and so

[z] cu {Zf|feE6}.

To prove the reverse inclusion notice that, if =x=f+ge Zf,

then x(\) = f()\)eHg (z(\)), for X\ F 8. Furthermore

x(8) = g(6)eHg(z(6)). Hence xe [z]o. Since f %0 implies x F 0,

and f=0 implies g # 0 implies x + 0, we have x % 0, and

so xe[z]. Thus [z] sz'. and so [z] QU{ZflfeE6}. Thus
&

(&) is proved, but it remains to show the disjointness of the union.

Let fl,fzeE6 and suppose that f1 +f2. Let x1=f1+g1. with

g, ¢Glf)) and x,=f,+g, with g eG(f,). Since f, ,+ f% we must
have f1(7\)’ :4: fz()\) for some X\ 4: ) (sincéﬁfl(ﬁ) =f2(6) =b’)’. Bln then

xl()\) :fl()\) :-J,:fz()\? :x;z()\) so that X, +x2. We conclade that Zflmzfzr- ¢.

Now let f be a fixed element of E6' Let

al,f’ aZ,f’ T ’ak(f),f be all the points of G(f) such that

f+a, eA. Let a.=P_(a.
i i 61,

f so that the set {al,,' Ty ak(f)} 15 a

f)
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subset of 86. Moreover, by the definition of G(f), each

a,e Hg (z(6)). Let us assume, according to Theorem 7. 4, that the
indices are so arranged that ai<6aj implies i< j. Now, we
define inductively Di = U6(ai) ~ Gi ~ H6(z(6)) whefe

Gi”= w {Lé(x)lx satisfies Conditions N(i)}, where the Conditions
N(i) are given in the proof of Theroem 7.9. Here LS(X) is the
lower set of x with respect to S6 and similarly for U6(x).

We have that the D.1 satisfy the following properties .

(13) Tl[Di] eo\:ﬁ or Tl[Di] = ¢ ;
(14) Sé(Tl[Di]) = S4(D.);
(15) if i=j, then D, ~ DJ. =

(16) o {Di| 1 <i<k(f)}

= (v {Uga)[12i<kD}) ~ (H(2(8))\{a,| 1 2i<k(D)}).

Now (13) follows since JF is transformation -1, and (14) is

&
immediate from the definition of Tl[Di] .

To prove (15) let i< j andlet vye Dj. ¥ vye Di’ then
there is an x satisfying Conditions N(i) such that
yeU(ai) ~ L(x) ~ H6(z(6)). But then, since j> i and

aje L(y) C L(x), Condition N(i)(b) is violated. Hence Di ~ Dj =é.

Notice the difference here in statement (16) as compared to
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(15) of Chapter 7. This is necessary since we have no guarantee, as
we had in Theorem 7.9, that Min(Hé(z(&)))_C_{ail1_<_i_<_k(f)}. To
prove (16) first let xe Di' Then xe U«S(ai) so that
X€e U {US(aj')l 1<j< k(f)}. Also =xe H6(z(6)). We need only show
that x = aj for 1< j<k(f). Since xe U6(ai) we have x = a,
and since ai<6 x, 1if =x= aj then by our special indexing
i <j. Now xe D.1 implies there exists y satisfying Conditions
N(i) such that xe U6(a.1) ~ L{y) ~ Hé(z(ﬁ)). In particular, xe L(y)
and so x ¥ aj for all j> i by Condition N(i)(b). Hence we.
have proved that the left hand side of (16) is included in the right
hand side. To prove the reverse inclusion, first let
xe (U {U@)1<i<k®) A (Hy(zE) \{a,]1 <i<k()}). Let iy

be the largest index such that xe Uﬁ(ai ). We show that x satis-

0
fies the Conditions N(1O). We have aioe L6(x) since a,lo <6 X. |
By the maximality of i0 we have aj‘i L(x) for j> io. Thus

Conditions N(i,) are satisfied and so xeU_a. ) ~HI(z(6)) ~ L(x)CD. .
0 o) 1O ) , - 1O
This completes the proof of (16). '

Now, for each i, let D‘i and D'i be the subsets of S

defined by

Di: {x|xeS x(6) € Di} s

(8)’

Di‘: {x|xeS x(6)eT1[Di]} .

(8)’

We have DigG(f), for if geD:!L, then geS(6) and
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g(b)e Di - H6(z(6)), this last inclusion following immediately from
(16). Now any point xe[z] of the form f+ g (geG(f)) with
x(B)GDi is notin A, for we have f(8)= 0 and so geD;.
Since g(&)eDi we have g(6) & aj (by(16)) and so g = aj,f for
all j, 1<j<k(f). Thus f+g{¢A.

For each beB lel’ we have ai,f+be DiQG(f), and so

fta  +beZ. Also f+a, +beA since (f+ a, (+b)(6)eD,.

i, f i,

Furthermore, since f+ai feA and beB we have f+aif+beC.

Thus

£+ ai’f+be(C\A)m Z,

and so, since (15) implies that the Di are disjoint,
k(f)
- > " .
C(z,) - Az > Z B(D!)

i=1

Hence,
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K(f)
A(Z) + z B(D!)
i=1
k(f)
A(Zf) + E B6(T1[Di])
i=]
k(f)
> A(Z)+ By Z S (T,[D.])
=l
k(f)
= A(Z,) + By Z 8,(D,)
i=1
k(f)
= A(ZY) + By Z S(D;)
i=1

C(Zf)

A%

1

The second step follows from the definition of D;‘ and B6', the
third step from (13) and the definition of ﬁs; the fourth from (14);
and the last step from the definition of Di .

k(f)
Denoting Z S(Di) by M(f), we sum the last inequality
i=]

over the set E6 and obtain, using (12) and the disjointness of the

Zf,

Cl=]) 2 A=) + B; ) M) -
feE‘S
Letting 0'6 = Z M(f) we have

feE6
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C{z]) > A(z]) + By O > A([=]) + B' O

Summing this inequality over the n values of & and d:ividiag by

n, we obtain

n
o

a7 cl=h 2+ £ ) o
6=1

We prove next that 0'6 is the number of elements xe[z]

for which

(ii) there exists aeA ~ [z] suchthat a(\) =x(\) for
N +86 and x(6) € U (a(8)).

Suppose x satisfies Conditions (i) and (ii). Write x =ft+g
where f = pa(x). Then, we can write the element a, whose

existence is assured by (ii), as a = f+a.1 In view of (16),

=
since x(6)eU6(a(6)) and x(&) Jf aj,f (since xe A) +we have that
X(«S)eDj for some j. Thus ge u{DJ!Ilf_jf_k(f)} and so x is
counted by  M(f).

On the other hand, any x=ftgeZ  with ge u{DéllEjﬁk(f)}
(i.e. any point counted by M(f)) clearly satisfies Conditions (i)
and (ii). Thus we see that O0Og = z M(f) counts those and only

feE6

those points which satisfy (i) and (ii).
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Now, let Y be the set of all xe[z] which satisfy Condi-
tion (i), and for some &, Condition (ii). Then by the preceding

remarks we have

n
(18) ) G5 >S(¥) =7 ([=]) - 5 .
6=1

where X = (A~[z])\Y. Thus X is the set of all xe¢A ~ [z]
for which Condition (ii) is satisfied for no &.

We assume that, for each xeS 1<6<n, with

()"
x(8) e Min(H6(z(6)), that xeA. Otherwise, applying Theorem 2. 20
to obtain that [x]= {x}, we have e = 0 and the theorem clearly
holds. It follows that, if yeS(ﬁ) ~[z], thenyeY or yeA. Thus,
we have shown that for each xe¢X, x(8) =f: 0 for at least two dis-
tinct 6. Hence ps(x) # 0 for each x¢X and 1<6<n. Let
xeX. Wehave (ps(x))(\)=x(\) for 2 + 5. Nowif x(8) %0,
then x(ii)eS6 = U6(0) = U‘S((pﬁ(x))(é)) so that, since Condition (ii)

is satisfied for no &, we have pﬁ(x)e:‘l. ¥ x(8§) =0, then

X = pa(x), and so p5(§<)eA‘. Thus, for any 6, 1<86<n, we

have

Ps(X) = A ~pg(X) CAnpg(lz]) = Anpgs(z)] .

The second relation follows from the fact that X C[z]. The last
equality can be seen to hold by observing the expression for a Cheo

set of 0§ Using Theorem 8.8 we obtain
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:1::

(199 0™ < TT S(py (x))

(o)
11

1

.
< TT A(lpg=)D)
6=1

IA

n
(1-a )" TT s(lpg(2)]) -
6=1

The first inequality follows from Theorem 8.8 since SO(X) = S(X)
and (as we have PB(X) :|= 0, xeX, 1<6<n) So(ps(X)) = S(pa(X)).

The last step follows from the relations

A([f]) > o _S([£]) .
and

A([£) = s([£]) - A(£])
so that

(1-a ) S([£]) > A([£]) -

Now, making use of the formula

n
S(£]) = (TT {sg(HgEeN) + 1) -1,
6=1

we have
n

S([z]) + 1
T (Sa(HB(z(S)))+1 -1

H

n
TTs(pg(=)D)
6=1 6=1

IA

2 S([z])
;jl(sﬁ(HB(z(ﬁ)))+l )

n
= BUzDl o gz] ™t

~S([z])+ 1

Hence (19) yields S(X)f(l—ac)n/(n—l)S([z]). Substituting this into (18)
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we obtain

n |
(20) z% > A(ld) - (1-0 )"V s(ta)y
o=1

and finally (17) and (20) give us

C([z])

v

az]) + B E(D) - (-0 )PV s(12))]

Aa]) (-2 B (1o rea Y Vs ()

1l

Dividing by S([z]) we obtain
a(C.L2]) > q (A [z1)01-E5 + B (1o1-a )71

o (1 By 4 Bl (1 (1o D),
C n n C

Y

(1_(1_ac)1/(n"1)

= ac+ n B! (1-flc)

Since z is an arbitrary element of S, the proof is complete.

Under an additional assumption we may replace the p' by

6C = dC(B,a:)E) as shown in the following theorem.

Theorem 8. 10. Under the hypotheses of Theorem 8.9, if

we further assume that each a\fa is separated, then

(1-(1-a )Y D))

> -
YC - aC * n BC(I aC)

Proof. We have by Theorem 6.5 that dC(Ba,afa):d(BG, 6)=(36

for each &, and by Theorem 8.7, dC(B,?) < dC(Ba’qf;)’ Hence
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BC = dC(B,Sf) < min{ﬁl, e ﬁn} =pB' . The theorem follows immedi-

ately.

The following special case of Theorem 8. 10 improves the
work of Kasch mentioned in the Introduction: Let 86 =1 and
af& = 7-((1). Then S =17 and ’f: P{?{(I) |1< 6<n} =$((In).
Since 7:((1) is transformation -1 (Theorem 4.1) and separated
(Theorem 5. 3), it follows that the inequality of Theorem 8. 10 holds.
In Appendix 3 we show that this inequality betters those proved and
conjectured by Kasch.

We conclude this chapter with simple applications of Theor-
_ _ _ % ”j? _
ems 8.9 and 8.10. Let a={1,2},5 =L8,=17, F =Hm,
and "392 = 7»(_(12). Then S is isomorphic with I°, and
3
= . = = > = .
$-K@). Werave p =aB, K (D=d_ B, KD >d (B,X6)=p,

Hence B' = min{ﬁl, 62} > min {ﬁc, ;32} = B". By Theorem 8.9 we

have
1—(1-ac)
Yo2e t T ﬁ‘(l-ac)
%
= a_+ =% B (l-a).
Also, since p' >p", we have

a
c
> — " -
Yc—ac+ 2 (1 ac)

Clearly, if [322[3(:, then [3"_>_[3C, and so
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a
c
> — -
Yc-—ac-‘- 2 ﬁc(1 ac)

We summarize this example by saying that if A and B are subsets
3
of I, and if the K-density of the restriction of B to one of the
. . 2, .
2-dimensional hyperplanes with respect to ?‘((I ) 1is greater than or
. . 3
equal to the C-density of B with respect to 7-((1 ), then the
inequality

a

c
> — -
Yc - ac + 2 ‘3c(l ac)

holds.

Now let '(14, #) =P {Si’ pf.l) |i =1,2}

where S1 = S2 = I‘2 and 03(; = af; is the fundamental family on

I2 given in Example ff-4. Since ”ﬁ (i=1,2) is separated we
4 .

apply Theorem 8. 10 to the density space (I ,”:;) and obtain the

inequality

a

c
v Zac + > Bc(l—ac).

Many more applications like the preceding can be made.
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CHAPTER 9

THE ¢ +p THEOREM

In this chapter we discuss extensions of Mann's famous a+f

theorem.

9.1. The a +pB Conjecture

Let (S,”:Tr) be an arbitrary density space. We make the fol-

lowing conjecture.

a + B Conjecture. If A and B are subsets of S, and

C= A+ B, andas usual a = d(A,of), B = d(B,’f) and

Y = d(C,”f), then
y>min{l, e +8} .

In this section and the next we treat some cases where this
conjecture can be seen to hold.

The conjecture holds for the density space (I,%). This is
the famous theorem of H. Mann. We do not give a proof of this
theorem but refer the reader to one of the following papers:

Mann [17] , Dyson [4] , Khinchine [10], van der Corput-
Kemperman [3] .
We can use Mann's theorem to prove the « + 8 Conjecture

for a new and general class of density spaces.
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Theorem 9. 1. ILet S ©be an arbitrary s-set, and X

a subset of S with the property that if x and y are distinct
elements of X, then the equation mx = ny 1is unsolvable in posi-
tive integers m and n. For each zeS define R(z) by the
formula

{ix[1 <i<n} if z = nx (xeX, n>1),
R(z) =

{z} otherwise

Then R(z) satisfies Condition (b.1-3) of Theorem 3. 6, and so
"\\)CR = {FlFeﬁS), zeF implies R(z) &F} is a fundamental

family on S. Finally, the « + P Conjecture holds for the density
space (S,afR).

Proof. We prove first that R(z) satisfies Conditions (b.1-3)
of Theorem 3. 6. Clearly, zeR(z), and R(z) CL(z). Now let
z'eR(z). If z' = z, thenclearly R(z')CR(z). I z' =z,
then we must have 2z = nx and z'= ix for some xeX and

1 <i<n. Butthen

R(z') = {jx|1 <j<i}C{jx|1 <j<n}= R(z).
Thus yR is a fundamental family on S.

Now, by Theorem 3.7, we have that the Cheo set of qu
determined by zeS is just R(z), i.e., [z] = R(z). Let

A

L zzeS such that zlfR(zz) and ZZ{R(Zl). If R(zl)=,{{zl}
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or R(ZZ) = {ZZ}’ then clearly R(Zl) ~ R(ZZ) = ¢. Hence sup-
pose that R(Zl) = {ix, 1 _<_i§n} where z1 = nx, xeX and n>1,
and similarly that R(ZZ) = {jy|1 <j <m} where z,=my, yeX
and m>1. I x= vy, then

(min {n, m}) xe R((max {n, m})x)
contrary to our assumption. Hence x =i= y, and if zeR(z) r\R(zz),
then for some i and j we would have ix = z = jy contradicting
the stated property of the set X. Hence R(zl) mR(ZZ) = ¢ gnd

OfR is separated (Definition 5. 1), and so, by Theorem 6.5, we

have for any YCS,

ax, For= ax, B

glb{q(Y,[z])|zeS}

1]

i

glb {q(Y,R(z))|zeS} .

Now let A, B and C= A+ B be subsetsof S. Let a= d(A,o:Tg),
B = d(B, O\JPR) and vy = d(C, 0:TPR). For fixed xeX consider the
set {ixl i> 1}. This set is isomorphic to I, and we may apply

Mann's theorem to obtain for each i>1, that
N S i
q(C,R(ix)) > min {1, e + BX}

where a = glb {q(A,R(iX))li > 1} and similarly for Bx. Clearly

axza' and BX_>_[3 so that, for all xeX andi>1, we have

q(C,R(ix)) > min {1, ¢« +B}.
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Now, suppose =z = ix for all i>1 andall xeX. If zeC,
then q(C,R(z))= 1 >Min{l, ¢+B}. I zeC, then q(C,R(z))=0
and so y = 0 which implies, by Theorem 7.1, that e= f = 0.
Thus in all cases
q(C,R(z))Zmin{l, a+PB}

and the «¢+p Conjecture holds.

Note that the density space of Examplev iff-4 is a special case
of that defined in Theorem 9.1. Here we take S= I and X to
be the set of all (xl, ‘e ,xn)e . fpr which gcd{xl, ce ,xn} = 1.
The a+f Conjecture holds for Example ff-4.

A method similar to the one used in the proof of the preceding
theorem can be used to prove the following theorem. We state it

without proof.

Theorem 9.2. Let S be an s-set, and u a fixed ele-

ment of S, and X a subset of S with the following properties:

(i) ueX,

(ii) if x and y are distinct elements of X then the
equation x+mu = y+nu is unsolvable in non-negative integers
m and n. For each zeS define H(z) by the formula

{x+iu|0 < i<n} if z= x+nu(xeX, n>0),

H(z) =

{z} otherwise.
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Then H(z) satisfies Conditions (b. 1-3) of Theorem 3.§, and so
OBPH is a fundamental family on S. Finally, the e¢+f Conjec-
ture holds for the density space (S, GFH)'
Note that the «¢+f Conjecture holds for Example ff-5 by
this theorem. Here we take S = In and, for fixed j, 1 <j<n,
take u = ej = (0,---,0,1,0,---,0) wherethe 1 appears in the

jth place, and take X to be the set consisting of u and all

points (Xl’ .. ,xn)ke " with xj =0,

9.2. Discrete Cases

We will call a fundamental family 036 on an s-set S dis-
crete of order n if G—F satisfies the following two conditions:
(i) 036 is separated; (ii) for each xeS, S([x]) <n with equality

holding for some x.

Theorem 9.3. For any s-set S, and for any positive inte-

ger n, there is a fundamental family on S which is dis-

crete of order n.

Proof. Let x be a fixed elementof S andlet n bea
fixed positive integer. For yeS, define B(y) by the formula
{ix|1§i_<_n} if y = nx,

B(y) =
{v} otherwise.
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Then Conditions (b. 1-3) of Theorem 3.6 hold and thus afB is a
fundamental family on S. Clearly, if Vﬁ B(yz) and ysz(srl),
then B(yl) ~ B(yz) = ¢ so that lj?B is separated. Also
S(B(y)) <n forall y and S(B(nx)=n so that ‘:ﬁ; is discrete

of order n.

Evidently, if n >1, there will be many different discrete
fundamental families of order n on S. For n = 1, ﬂS) is
the only example of a discrete fundamental family of order 1 on S.
The a+p Conjecture is known to hold in the discrete case only for

n=1 and n= 2 as shown in the following theorem.

Theorem 9. 4. Let (S,oﬁ be a density space where af is

discrete of order 1 or 2. Thenthe a+P Conjecture holds.

Proof. Let A, B and C= A+B be subsets of S and

define a, B and y as usual.

1. The order of 036 is 1. Since af is separated we

have that

<
i

g1b{q(C,[x])]| xeS}

g1b{q(C, {x})|xesS} .
Hence the only possible values for y are 0 or 1. I vy=1
then y>min {1, ¢+B} I y= 0, then, by Theorem 7.1,

0 > max {a,ﬁ} , andso e¢+P = 0, andthe a+p -Conjecture
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holds in all cases.
2. The order of af is 2. As before
vy= glb{q(C, [x])|xeS}.

Now, for each xe¢S, q(C,[x]) has one of the values O, % or 1.

1
Thus vy = 0, 5 or 1. Similar statements hold for e« and .

If y=0 orl we argue as above to obtain y_>_min{1, a+p}

N

we are done. The case y=

™|

and e¢+f <

N

Now, if vy =

and a¢+P >% is impossible since, if e¢+p > —1-, then a+p>1

and so, by Theorem 7.3, vy = 1. The proof is complete.

The method used in proving the preceding theorem fails for

9.3. Other Methods

In all of the cases where we have shown that the e¢+p Con-
jecture holds the fundamental family has been separated. Evidently
much stronger methods will be required to prove the e+ Con-
jecture for many cases. There seems to be some hope in applying
the methods of Mann and Dyson, although the author cannot report
any particular successes along these lines. Both of theée methods
involve slight transformations of one or both of the sets A and B.
It is true that both methods use the linearity properties of the inte-
gers and that these properties all but disappear in the general s-set.

But both of these methods have been used in proving results, related
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to the a+pP Theorem, concerning subsets of finite abelian groups
where the linearity properties vanish.

On the other hand, the method used by Khinchine in proving
the weaker result
y > min {1, 2a, 2B}
seems more remote in its possible application to s-sets in general.
A good account of Khinchine's proof can be found in Landau[15] . It
is seen that a double induction is employed and the linearity proper-.
ties of the integers are used over and over again. Such observations

leave little hope in applying it in a more general setting.



CHAPTER 10

FURTHER PROBLEMS

10.1. Research Problems

105

In this section we give brief discussions of several general

problems.

(i) Let (S,Bf) be a density space. For a set ACS

let

us define the modified Besicovitch (or Erdos) density of A, with

respect to USE, to be

A(F)

17 e ST

) | Femf, A(F) <S(F)} .

For the density space (In,)’(), Kvarda [12] has shown that
(1) C(F) > al(S(F) +1) + B(F)

for each Fe?"((ln) such that F%QE Here A and B are
arbitrary subsets of I" and C= A+B.

Dividing (1) by S(F) we obtain that

q(C,F)_>_a1 +ﬁ ’
and so, by Theorem 6.7, we have
(2) y>a +5 .

Moreover, if we divide (1) by S(F) + 1 we get

C(F) B(F)

B sm+1 29 §F) +1

>
2a) TP
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for each Fe 7 with F*Q C. We prove that

- _C(F)
vy = elbigE g |F”‘f FcC}.

Let y' denote this glb. Since Fﬂ< gE implies that C(F)<S(F),
we have Y, <y'. Nowlet Fe ﬂ:TP such that C(F) <S(F). Define,
as in the proof of Theorem 6.7, the set

G = u{[x]'xe E,\F}

Then Ge G CC, GCF and F\GCC so that
C(F) _ C(G) +C(F\G) _ C(G)+S(F\G)
S(F)+L ~S(G)+1+S(F\G) ~ S(G) + L +S(F\G)
C(Q) \
- S(G)+1 —

Thus Yy >y' and the proof is complete. Hence we obtain from
(3) that

(4) v, >20a +B,;

A problem is to what extent can the inequality (1) be extended.
It is clear upon study of Kvarda's proof that inequality (1) may be
extended by her method to the density space (IA,}(’) for arbitrary
non-empty A. If we are to use Kvarda's method in other density
spaces, it can be seen that the family 03? necessarily satisfies the
following properties: the family ? is translation -1; if
D= U(x) ~ F(xeFO), and vy yzeD with y1.<y2, then

0
- o F(i= ceek D -y F
Y, yleTl[D] . if x. € (i= 1,2, ,k), and = (xi)(\ ,
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then S( v Tl[Di]) +1< S(u Di)' We do not claim that these
properties are sufficient.

We remark that for the density space (I,}{.) Kvarda's
inequality (1) was proved earlier by the methods of Mann [18] and
Besicovitch. This latter method was first used for this purpose by
P. Scherk [22] . Consequently inequalities (2) and (4) were also
obtained for this special case at an earlier date although inequality
(4) does not appear explicitly in the literature, Kvarda's method of
proof for this special case is essentially different than the two earlier
methods which have;grfet been applied successfully to other density
spaces.

(ii) Our second problem concerns the so called essential
component theorem. Given a density space (S, ?), we call a set
B CS a K essential component ( C essential component) if, for each
ACS with 0 <d(A,}P) <1 (0 <dC(A,’}P) <1) we have
a(c, '}f) > d(A,':-)() (dc(c,'f) > dC(A,'f)) where C = A+B. The
essential component theorem states that, if B 1is a basis (Defini-~
tion 7. 2), then B is a (K or é) essential component. Kasch([7]
has shown this theorem for the density space (In,}(_) where the
theorem is stated for C-density. Nothing else is known for any
other density space.

(iii) R. Stalley [26] has defined a modified Schnirelmann

density for infinite sets of positive integers. We generalize his
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J
definition. For the density space (S,o}g) we define the K>-density

of an infinite subset A of S, to be

ot

= a'a,Pr-eivanm|rYf Freay .

Correspondingly, we define the C*-density of A to be

o

a: = dj: (A.,’:TP) =glb {q(A,[x]) |§'X6A } .

Both of these definitions reduce to Stalley's for the density space

(I,%). For this density space he has shown, among several other

At als 3 ale
< P s

results, that if « + ]3*> 1, then y =1 where aﬂ‘, [3"\, and y*
are the Kz"< (or C*) densities‘of the infinite sets A, B&S and
C= A+B respectively. This result does not necessarily hold
for other density spaces as the following example shows. Consider
the density space (12,7{2./ Let A be the set of all pairs (x,y)e12
such that either ngf, vy Z:;f or (x,y) equals one of {0, 1),

* % *

£ 3
(1,0), (2,0), 4378). Let B = A. Then a +f = ac+ﬁ; = 12/11>1,

als o,

2L

x*
but y = V. = 9/11 < 1.

If the above result doesn't hold, are there constants k <2

Va als

such that ¢ + 5* >k implies y = 17? If so what is their
greatest lower bound ?

(iv) Another problem, barely touched in this thesis, is the
purely algebraic problem of characterizing the class of all s-sets.
The examples of Section 3.1 and the proof in Appendix 2 indicate

that this is no trivial problem. To the best of the author's
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knowledge, the study of s-sets as algebraic entities in themselves
has not yet been carried out. It would be useful to know, for instance,
when an s-set S is imbeddable in an s-set of the form G X 1A .
The work in Appendix 2 suggests that a necessary and sufficient con-
dition might be that, for arbitrary =xeS, there exists positive con-

stants r and t, depending on x, such that S(L(nx))ftnr s

10. 2. Concluding Remarks

The problems of the preceding section by no means exhaust
the possible areas for research. For instance, we have not men-
tioned the generalization of asymptotic density. There is also the
problem of continuing to improve upon the results of Chapters 7 and
8. To embark upon research on any of these problems is to tacitly
agree that the foundation for the theory which we have set forth is
one worth keeping. This brings up the important question of whether
or not the axiomatic foundation can or should be changed.

One possibility is to remove from the axioms for s-sets
Axiom s.3. This would then allow sets like the positive rationals
or the positive reals to be considered. Retaining the same axioms
for fundamental families, much of the theory would go through un-
altered. The most important exception is that we would not be sure

that % is a fundamental family since we would not be sure that
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L(x) 1is finite. Looking back, we find many important results de-
pending on the fact that % is a fundamental family.

Another possibility is to leave the axioms for s-sets as they
are and replace Axiom f.4 with the weaker statement of Theorem
2,10, i.e., that for each Fe ? we have F*# ¢. This would
have the effect of enlarging the class of fundamental families on an
s-set. Theorem 2. 22 would no longer hold and hence neither would
several results which depend on it. The definition of the transforma-
tion properties would have to be revised.

Other changes in the axiomatic formulation can be considered.
The question as to whether any of these changes are worth while can
be answered only through long and serious research. It is hoped

that this thesis helps to induce that research.
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APPENDIX 1

In this appendix we will prove that, given an arbitrary s-set
S, the axioms for a fundamental family }P on S are independent.
The proof results from the construction of four subfamilies of onS),
namely 0}1(1:1,2,3,4), where qﬁ satisfies Axiom f.j (j ={= i),
and fails to satisfy Axiom f.i. In each of the following constructions

let x denote an arbitrary element of S.

(i) Let aﬁ = {{x}}, i.e., the family which consists of the
single set {x}. Then nﬁ satisfies Axioms f.2-4, but clearly

fails to satisfy Axiom f. 1.

(ii) For a positive integer n let

R(n) = {nx, (n-2)x, ‘-, 2x}
if n 1is even, and
R(n) = {nx, (n-2)x,---,x}
if n 1is odd. For n <0, define R(n) to be the empty set.
Let ﬂfz be the family of all non-empty sets of the form
R(n) o X where n=0,1,2,--- and X 1is any (possibly empty)
finite subset of S which contains no integer multiple of x. We
prove that 0?2 satisfies all the axioms except Axiom f. 2.
Let yeS. I y= nx, thentake F = R(n) w ¢ (where,

as usual, ¢ denotes the empty set). If vy is not a multiple of x,
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then take F = R(0) u {x}, and we have proved Axiom f. 1.
To show Axiom f.3, it is sufficient, after Tileorem 2. 9(ii),
to prove that the non-empty intersection of two sets of aﬁ is a set

of 05;' Thus, let R(n)uX1 and R(rm)uX2 be sets of >

such that

(R(n) uXI) ~ (R(m) wX,) = (R(n) AR(m)) \J(Xl /\XZ)

is non-empty. I n and m are both even or both odd, then
R(n) ~R(m) = R(min {n,m}). Otherwise R(n) ~R(m) = ¢ = R(0).

Also Xl ~X_, has the desired properties. Thus,

2
(R(n) UX1) ~ (R(m) UXZ) is of the form R(k) wX and, since it

is non-empty, it is in a£
To prove Axiom f. 4 holds, let R(n) ~X Dbe a set of 0?;
- with more than one point in it, and let y be a maximal point of
R(n) uX. If yeR(n), then y= nx and
(R(n) UX)\y = (R(n)\y) uX . Since R(n)\ nx= R(n-2), we
obtain that y is a corner point of R(n) uX. Now, if yeX,
then
(R(n) UXN\y = R(n) u(X\y)
which, clearly, is in sz. Thus vy 1is a corner point of R(n)uUX.

Finally, 0}; does not satisfy Axiom f.2, since R(l) and

R(2) are sets of ”fz but R(1) UR(2) is not.

(iii) With R(n) defined as above, let 0393 be the family of
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all sets FeJ KS) with the property, if nxeF, then R(n-1)CF
or R(n-2) CF (possibly both). Axiom f.1 is shown to hold similarly
as for ofz above. Axiom f.2 follows immediately from the defini-
tion. To show that Axiom f. 4 holds, let Feof; such that F has
more than one point in it. Let y be a maximal point of F. If
y is not a multiple of x then F\y still has the required proper-
ty. If vy = nx, then, by the maximality of y, n is the largest
integer such that nxeF. Thus, F\y still satisfies the require-
ments of a set of 03@

0}; is shown to fail Axiom f. 3 by the following example :
{3x, 2x} and {3x,x} are sets of ”EE but their intersection,

{3x}, is not.

(iv) Finally, define oﬁl to be all sets of the form
R(2n) o R(2n-1) o X where n= 1,2,---, and X 1is restricted
as in (if).

Axiom f.1 is shown similarly as for 03? Axioms f.2 and

2°

f. 3 follow immediately from the equations
(R(2n) U R(2n-1)) U(R(2m) \UR(2m-1))
=z R(2(max {m,n}))UR(2(max {m,n})-1) ;

(R(2n) UR(2n-1)) ~(R(2m) UR(2Zm-1))

= R(2(min {m,n})) UR(2(min {m,n})-1) .

Finally, the set {2x,x}eq£ but {x} eaﬁ. Thus 2x is not a
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corner point of {2x,x} which shows that af fails to satisfy

4

Axiom f.4. This completes the proof of the independence of the

Axiom f. 1-4.
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APPENDIX 2

We prove that the s-set of Example ss-5 1is not isomorphic

A
to any closed subset of an s-set of the form I . For any integer
i>1, wehave j + o/ 23 = jeS. We estimate the number S(L(j))

for j=1,2,""" ., First we prove
(1) xeS, x<j/2 imply xeL(j) .

If x=j/2, then j-x=xeS and so x<j. I x is equal to an integer,
then j-x is an integer > 1 -and so j-x€8; whence x< j. Thus, weas-
sume that x =n+i/2" <j/2 where i ¥ 0. We have n < j/2 which
implies j-2n-1> 0. Hence

n ’ 2ijn-l n .

j-x = (j-n-1) + ‘ ;
2™ 27

which is in S by definition. Hence, again, x{j and so (1) is
proved.

Next we prove
. . N
(2) S({x|xes, =x<ijf2})>2 -1

where k denotes the greatest integer < j/2. First note that (2)

is true if j = 1. Hence, assume that j> 1. Clearly

S({x|xeS, x<7j/2})>S({x|xeS, x<k})
k-1
=1+ ZS({X'XES, i_<_x<i+1}).

i=1



As is easily seen from the definition of S, we have

S({xlxeS, i<x< i+1}) = 21
and so ko1

S({xlxeS, XS_j/Z})_>_1+ Z 2t = 2%.1 .

i=1

This completes the proof of (2).
Now, if xeL(j) and x<j/2, then j - x{j and so

j - xeL(j) and j-x>j/2. Thus, (1) and (2) yield

S(LG)) > 2(S({x|xeS, x<j/2})) -1

> 2Kl o122

k+l__3 22’_)/2 3.

A
Now let us suppose that S is isomorphicto S''CI .

Under this isomorphism 1 corresponds to some function £feS'.

Then J corresponds to the function jf. As can be seen

S' (L, (@) < TT (g(8) +1)
SeA
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for any geS'. If we let N denote the (finite) number of & for

which £(8) 0, then

S(LG)) = S L G0 < TT Ge6)+ 1) <37 TT (£(8) +1).
6e A Se A

*
Thus for all j>1 we have

NTT #6) + 1) >s@G) > (N2 ) -3,
Se A
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This is a contradiction since, for large enough j, the right hand
side will exceed the left hand side. Thus, it is impossible that S

is isomorphic to any subset of any I
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APPENDIX 3

For convenience we define

1-(1-z)1/(n’1)

K(z,n) =
n
n-1
K (z,n) = (Z) ,
1 n
Kylzn) = 5 S G )

In this appendix we prove that
a, + K(ac, n) (SC(I-(LC)

> max {aC+K1,(aC, n)ﬁc(l-ac), aC+K2(a o’ n)ﬁc(l -ac)},

where n is a positive integer and 0 < e, <1, and that strict

inequality holds except in the case n < 2, a. =0,1 or B =0,
This shows that, for the density space (In’%), the inequality of
Theorem 8. 10 improves upon those proved and conjectured by Kasch

[7] (see Section 1.3). Clearly it suffices to show that
K(z,n) > Ki(z,n) (i=1, 2)

for n>1 and 0<z <1, andthat strict inequality holds for
n>3 and 0<z.

We will use the following lemma: if n > 3, then
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n(n+1)(1'1—2) n(n-1)

(1) > (n-1)

Let d(x) = (x+1)(x-2)logx - x(x~1)log(x-1). We show that d(x)> 0
for x> 4. Now

%1 -2x+1 2
d'(x) = log('—x—) -1 -

From the relation

it follows that
2 x-1 2
1 ——— - -
(2) d'(x) > loge + log ( - ) -1 -

x-2 x-1
= = + log ( - ).

Now e’ > l+y, and so el—(z/X)ZZ—(Z/X) so that
L NI PRSI
X X

= 2 -

M M

.2
2
X
Thus el-(z/x)(l— -}1;) >1 if x > 4. Taking log of both sides we
have

(1‘-§)+1og(1-;1§-)>0 (x > 4) .

Thus, from (2), we obtain that d'(x) > 0 if x> 4, Hence d(x)
increases as x increases through values > 4, and so

d(x) > d(4) > 0 for x > 4. Thus (1) follows for n > 4. I
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n =3, then

R R T TR VRIPL PSP L)

and so (1) is proved for n > 3.

We now show that K(z,n)zKl(z,n) for n>1, 0<z<1
with strict inequality if n>3 and 0 <z. Inthe cases n =1
and n = 2 it is clear that we have equality for all z. Hence sup-
pose n >3 and let

n-2 1 -1

flx) = o0 (1-x *°h) 14 x.

o]

We show that f(x) >0 for 0<x<1. Now

n-2 1
- Y n
(%) =1 - nn—l ( 1 n-1

Hence f'(x) =0 if and only if x-xn/(n—l) = 1/A where
(2(n-1))/(n-2) n/(n-1)

A = (1/n)(n-1) Define g(x) =x-x

Then g'(x) = 1-(n/(n-1))xl/(n—1), and so g'(y) = 0 only when
y = ((n--l)/n)n‘1 . Hence g(x)>gly) = (l/n)((n-l)/n)n_l. From

(1) we obtain

n{n-1) 2(n-1)
nn+1 S (n_l)n-Z = (n-1) n-2 (n-l)n-l ,
and so
n (n-l)n-1
2(n-1) o

(n_l)n-—Z
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which is

1
e gly)

Thus g(x) = 1/A is impossible and hence so is f'(x) = 0 impos-
sible for 0<x< 1. Hence f{'(x) is of constant sign. For =x
sufficiently close to zero it can be seen that {'(x) < 0 so that

f'(x) <0 forall x, 0<x<1l. Hence f(x) is a strictly de-

creasing function, and so for all x, 0<x<1,

flx) > £(1) =0 .

Furthermore, if x 4: 1, then f(x)> 0.

Now, if we let = 1-z, then we have

f(x) = (K(z,n))l/ (n-1) _ (Kl(z,n))l/ (n-1)

and so K(z,n) > Kl(z,n) for n>3, 0<z<1, andstrict
inequality holds if 0 #F z .

Finally, we show that KX(z,n) > Kz(z,n). For the cases
n+1 and n+ 2 it can be seen by direct computation that strict
inequality holds if z > 0. Assume n>3 andlet B-= 2n(2(n+l))n.
Let

h(x)

1}

BK(l-x,n) - Kz(l -'5:, n))

= E(],...Xl/(m_l)) -1+ x.
n

Now
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2-n
B n-1
n(n-1)

hi{x) = 1 - X ,

n-1

—

2-n
and so h'(y) =0 only when vy = (_13_(_1113-_1))

and so h'(x) is of constant sign in the interval 0 <x <1. This
sign must be negative so that h(x) is strictly decreasing for these

values of x. Hence we have

h(x) >h(1) =0 (0<x<1)

and h(x)> 0 if x = 1. Substituting z = 1-x we obtain the
desired result.

Let n=3 and =z =15/16. Then K(z,n) = 1/4,

K, (z,n) = 25/256 and K,(z,n) = 15/2“- 3% The preceding

example gives an idea of how much better K can be than 'Kl or

KZ'





