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THE CONVERGENCE o:r AITKEIP S 6 2 • PBOOESS 

INfRO:WOflOJl 

Iteration etheda are often usefUl in approximating the solutions 

ot Y&:Pioue types of equation•-. but 1t mB.'7 happen that convergence ia 

1mpractloabl¥ slow. To meet moh a ditfica.lty which he eneountued 

vb.ile tol'V"lDEt an algebraic equation b7 Bernoulli.' s method, A. o. Aitken 

devised hia • a2 .... proeeea • (1 . pp. Joo-303) . f.his technique baa 

proved uaetul on many example a. !!!he ~oae of this thesia 11 to 

anal7•• the method of Aitken, to ahow that undett certain conditione 

it actually does speed up convergence , and to estimate the degree of 

improvement . 

fhe reaiuing part of the introduction Y1U give a. brlet diacuaeion 

&2of Bernoulli' a method and the undel'qiDg idea. of the ... proceaa. ln 

2the aecoDd cb&pter. theot'ema concerning the a - prooee-e ue pl"oved. 

The third chApter contains a. 8WI1III8l7 of Theorem J , found. in Chapter 11, 

a.nd C.ba.pter tr presents a few pftctical appl1ee.tions of the 12 • pro 

cess w1th enor estimates. 

Bernoulli' e method obtains tbe root , aq ~· of an algebraic 

equation 

(1) 

under the eond1 tiona that "1. i a real and the modulus ot «t ia 

gl"eater tban the modulus of &DT other ~ot of (1. 1). If' ~ eat1at1ea 
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these con41tiona, then Bernoulli ' e method is brief~ as follova~ 

Arbttral"f lD18lber-a X0 , ~' x2, ~··, ~l are chosen and fl.'om (1~1) 

we form the e~tion 

b I. +b :x . . ,+b2 X _..,+ .,.. +b X •0o n 1· n-... n-, n o 

from which Xu ls determhed. We then consider the oequ.enee 

\ t ~· X,· •••• xn a.rul form the eque.tion 

from wh1ch Xn+l 1s determined. ~he ~oeeaa. ie continued in the 

manner indicated 1>7 (1.2) and (1.3) to .form an infinite sequence 

X , lJ., x2, ••• , which bAa: the property that .
0 

(1 .~) 

!hia ia iernoulli* s rewlt • 

It ~· "2• ••• • a.n are the n r.oots of (1.1) where c;, and 

a.2 are real and I~) > 1~1 > J~J , k • 3, 4, ••• , n, then 

Aitken (1, pp . JOC>-JOJ) shows t.be.t 

11m 
n •> CD 

Where sll • xn+l I l':r..•- n ll;ll o, l, 2, •• • • 

It should be noted. tha.t in thia case 
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(1.6) 

00 

In general, if a:ny infinite sequence {Sn.Jo of real numbers 

2eatief1e• conditions simUa.r to (1 . 5) and (1 . 6), the a - process 

can be used to accelerate the coUYergenoe. 

2!he baaic idea of the & - proce•a 1a that it givea the eaot 10.m 

of an 1nt1n1te geometric series. Thus, when used with an infinite 

ael'iea which is near~ geometric, we can ex;pect to obtain a BUm dif

:tering little from the tru.e 8llt1 of the aeries. This idee. will be made 

preciM by theorems in chapter 11 • 

a2In 1937 A1tken ahowa the mended uae of the .. process in 

finding the latent roots a.zld latent Teotors of a ma.trlx ( 3, pp . 291-295) . 

ln cbaptel' IV, an example of this type will be given • 
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It rill be as·sumed that an iteration of some type yielda a 
00 . 2 

aequence of real IIWllbers {\}1 converging to 5 • The & - ptoceas 

is then as follows. A first derived sequence {s~1)}~ 1a formed by 

uee of the f'a.nction F(S21, sn+l• sa+2) where 

s s - s2(1) . ) _ A n+2 J+l, .{2.1) sn =r(s .... s~+l· • s. +'i"J - s 2S + s • 
a - n co n - · n+l · n+2 

What ia, three successive elements of {Sn}f ere used to form an 

element of the t"iret derived sequence. This idea can be extended to a 

seeoDd, third, etc. • derived sequence where in general 

r =1, 2, 3. ••• • 

!he function l{x, 'lit. 1) hat the uaeful property that if 

X- 23 + II ; Ot: then 

(2.3) Y(x + a, y + a, s +a) • a + f(x, y, I) • 

From (2.1) 

= ((xt - y 2 ) + a(x • 27 + z)] / [x • 2¥ + z) 

• a+ F(x, y, z) 
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which pttovea (2.3). 

From (2.3) we see that an::~ left hand digits common to Sn• Sn+l 

all4 sn+2 can be neglected in the calculation of s~l) a.nd then 

added into the final resu.lt. As an exam;ple• the numbers 

s~l) = 15.001418373. ~f• 15.000)04169 Md sn+a = 15.000065221 ue 

Ueted 1u (l, p.J02) from wh1¢h s~2) • 1l:f..999999987 was ca.lcu.lated. 

API>l¥1ng (2.2) an4 (2.3) 

s.(2) • J(s(l) 8(1) 8(1)) 
n n • n+l' n+2 

An intuitive reason for defining the function F(x, y, s) can be 

given by the following theorem. 

!P9J!i! l, :lt the sequence {Sn}: eonYergea geometrically to 

the limit s, that 1s to sa:t. for eome L, j.LJ < l, we haTe 

(2.4) a =o. 1, 2, ••• , 

th«m for n • O, 1, 2, • • • we have, 

(2.5) 

mQOl: Prom (2.4) 



(2.6) S • S + Ln (S • S), n • o, 1, 2, •••n o • 

hom (2.3) and (2.6). with a • S , 

l(S , S_...
1

, S ~) == S + r(Ln (S . - S ), Ln+l(S - S), Ln+2(s -s)]
11 '"..... n...-, o o o 

L2D+2(s - s)2 - L211+2(s - s)2 
= S+ . 0 . , I · 

(S - S) La(L • 1)2 
0 

!rhia provea Theorem 1. !Yom fb.eor• 1 we aee that , it the aequenoe 

{Snlf converges geometrtca11F (in the limit), we mq.y u;pec<t tl.at the 

tiret deri.ed eequence {s~1))f will coBYerge aore rapldl.7 than the 

o~igiaal ~enoe {S (I) •8 }1 

a2!fwo queations concerning the - proceee which seem immediate 

al"e aa follows. 

1. Does the derived aequence conYerge to the 8S2!le llmitt 

2. It ao,, is the convergence aocelerated't 

In answer to the first question, we prove the following theorem. 

f@PIEM 2 : It the eequenee {811}~ converges to S and 

!!~00 An+1 I .A.21 = L, ILl < 1, where ~ • ~ and An • sn- sn-1 , 

n • 2, 3, 4, ••• , then 
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(2.7) 11m s< n 
1> • s • 

n -> oo 

WOI' : from (2.1) aad b¥Potheeea we have for n =lt 2, • • • , 

(2.8) 

From (2.3) 

hom (2.1) 

·- A2 
• s + ---·-·-· ..,.Dt~.· --~~-D 

-2A.ll+1 + A.n+l + An+2 

A 
(2.9) • s --·....ntiiOoil1-.,- • _ 

Jl • 
An+2
--1 
A

n+l 

Also, 

(2.10) 11m . A,. • 11m (S - S 1 ) =0 • 
n •> oo ... n .. ) • n D-

From (2.9) and (2.10) 
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A
( S _ n+llia 11m )

D AD - ) 00 n ->co 
::a-!:i - 14a+l 

0 

L• l 

!rhia proves !heorem 2 • 

!he question concerning the accelerated convergence by uee of 

82t he - process, i.e., forming a dU1Ved sequence {sil)}i fl'Oil 

the cozrrergent sequence {SnJ~ • wUl be anewerecl in the following 

theorem which imposes cer~aln conditione on {Sn}~ . Alao, all estimate 

of the error of sil) vUl be toWid, bu.t in most oases will be 

d1tf1eult to apply. Nevertheleaa.the accelerated convergence will be 

shown . 

WOJtQ1 3: It {Sn}l 11 a convergent sequence converging to 

S and 

(2 .11) lim An+l / A • L • ILl <1 t 

n -> o:> 
11 

where "1. • ~ and ~ • sn - sD-1• n • 2, 3, 4, • • • • then 

given ~ c > o, there exists a positive integer N snch that for 
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fs ... sil) I i 1An+21 c • 

l;IOOI : As 1n ( 2. 8) and (2.9) 

sCl)(2.12) n D F (Sa• 5n+l' • 

Also , 

sn • s1 + (s2 - ~)+(s3 ... s2)+ ••• +(Ia- s..,.1> 

n 
(2.13) . ~ 

k-1 ~ • 

Then , 

oo a 
(2.14) t -'k: = lim £ -\: • lim S • S • 

k.al n -> mlr:Fl n -> oo n 

From (2.l2). (2.13) and (2.14) 

S(l) • 
8- .. -1 

. (J) 

~ 

Fn+l 



10 

2oo A
S - s(l) * t J.... + A . + A + At~ 

n ,-.L'Z !c n+l n+2 A _ A 
·-~,.1 

4 %1+2 n+l 

= 

(2.15) • An+2 

Jrom (2.15) 

(2.16) 

fhe pro.of ¥111 now be separated into three cases, nam~. 

(2.17) case 1, O<L<l 

(2.18) -1<L<O 

(2.19) 

QASE 1 : Prom (2.11) and (2.17). given azq a > 0, where 
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o < L • a< An+l I An < L + o < 1 n =m+1, ~. ••• • 

7or aimpl1c1tT let 

(2.21) 

fhen {2.20) becomes 

(2,22) o <p < An+l I A11 < q < l n • m+l, e+2, ••• • 

hoa (2.22} 

(2.2)) 0 < p < A_.2 I A_..l < q < 1 

hom (2,23) 

p q 
)..._(2.24) 0 <1- p < < 1- q •• A. • 

Also, 

(2.25) • •Am+l- Am+2 

From (2.24) and (2.25) 
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p < Apt2 q
(2.26) 

O ( 1 ... p A_.1 - \rf.2 < l - q • 

From (2.22) 

(2.27) 

for r • 3, 4. ••• • 

From (2.2.7) 

r-2 k I' ~ r-2 k 
(~.28) 0 < £ p < £ < .t q 

k-1. &-3 .&_.2 k=l 

for r • J, 4, ••• • Letting r become intlnite in (3.28) we bave, 

00 
(2.29) 0 < .t 

lPl 

Also, 

O'i) p
& k 

kal p • l- p • 

so that from (2.29) 

p 
{2.30) 0 < 1 -p 
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\r.-1 • Am+2 

From (2.21) and (2.31) 

2o 

• 1Am+21 ' (1-L)2 - d2 I 

S1noe a was ubitra.rUy' small, given at:f3' c > o, there e:dete a 

positive integer au.oh that tor a ~ ~»2 

2a 
(2.33) l (l-L)2 - a2 I ' c • 

Let I • ax. {B1 , B2 }. !fhen, for a~ B, we have from (2.32) ab.d. 

(2.33) 

_Q.!SE 2 : ho!ll (2.11) and {2.18), given e.rtt f1 > o whe:re 

-1 < :L - o and L + a < 0, there eX1sta a positive integer ~ wch 
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) u1that tor m • 

(2.34) - 1 < L - o < "n+l I An < L + a < 0 

For aimpl1c1t7 let 

(2.35) p•L•a and q•L+a. 

(2.36) 

Since 

A• "atk :mtl
••• A:A~rl Jl+2 

tor k • 3, 4, 5. • •• , from (2.36) ve he.•• the following tnequal.1t1ea: 

- 1 < p < Am+3 I "a+2 < q < 0 

a I 20 < q < A~~ Amt2 < p 

• 
• 
• 

~1 I 2r-1 
p < Am+2r+l Am+2 < q 

t2'1! < "m+b+2 I Aa+2 < ,~ 

• 



15 
lrttom t he preceding 1nequal.1tiee we have 

(2.37) 

+ ••• + p2r-2 + qb-1 

an.d 

(2.38) 
2 

p+q ...... 
21-1 2:r 

+p +q 
2r+2< t 

.1•3 
A-a.4 
........w 
Am+2 

2
(q+p 

tot' t' • 1. 2, 3, ••• • Letting r become infinite in (2.37) 

and (2.38) we have 

(2.39) 2J p • 

h om (2.39) 

2p q~~~<q(2.4o) 2 11 
""" A * 2 + 2

1 • q kaa+) P2 1 - q 1 - p 

From. (2.36) 

>.__(2.41) - 1 < p <~2 I Am+l < q < 0 .. ~. 
For aimpl1c1ty let 
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(2.42) t • Am+2 I A_.1 • 

From (2.41) and (2.42) 

(2.43) -l<p<t<q< O • 

From (2.43) 

(2.44) P I (1 - P
2>< t I (1 - t 

2>< q I Cl - q 
2

) 

and 

(2.145) q2 I (1 - q2) < "2 I (1 - t2> <P2 I (1 - P2> • 

Fl"Oil (2.44) and (2.45) 

2 • .2 2 
p q " " q p

(2.46) -·2 2 < 2 + 2 < .2 ·--21 - p 1 - q 1 - t. 1 - t 1 - q 1 - p • 

Also, 

t2\ t(2.47) • +2 21 .. t l - t 1 - t 

eo that from (2.146) 

q2 p2p t. q 
(2.48) 2 + 2 < < + --- •

1-p 1-q l ... q2 1- p21-' 
Jrom (2.42) 
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!at£ 
t ~ • Arg(2.49) - • •l- t A_..l- Am4"2!at£ 

1- ABt-1 

From (2.48) and (2.49.) 

p q2 A . q p2
(a.;o) -+ . . ·< 1¢2 < +

1 • p2 l .. q2 Aa+l • Aa+2 l • ..,_2 1 - p2 

tor • ~ • Hrom (2.16), (2.lw) and (2.50)11 

• ...!&.. A.mt2
Is- s~l) I • lA_..21 l ~3 Am+a ... ~1- Am+2 

p2 .. 2 
~ fJ.m+2j + - - . p 2 - ~I 

l- p2 1-p 1- q2 

2 - p2q-q p · J 
• jA_...2J jl - q2 - 1 - p2 

• 1Am+21 I, ... 
q 

.;. - , 
p 
.. _J 

'- P I(a.Sl) m ~ •· • jAm+2j ~1+ q) (l + p) B1 

From (2.35) aDd (2.51) 
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2a 
(2.52) I I

(l + L)2 • ti-

Since a llall arbitrarily amaJ.l, given 8.D7 c > o , there exist• 

a. poaitlve integer N ea.ch that for2 

(2.53) 

Let B • max. {N1 , N2} • ~n. for m~ N we have from (2.52) 

a.Jld (2.53) 

CASI 3 : From (2.ll) and (2.19), given a:rxy a , where 0 < t!l < 1, 

there enats a positive integer 1], ao.ch that for m .~ B1 

n • ~1. m+2, ••• • 

li"rom (2.55) for r =3. 4, ••• 

A...._ I Aa+r ..A........_1I ~ f = -- -.;.a_

\.+a Am+r-1 Am+r-2 

From (2.56} for r • 3, 4, 5, ••• 
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Let·ting r become infinite in (2.57) 

(2.59) - a < Am+2 / Am+l < a 

Alao, 

-Aa+l.
(2.60) • A. • 

1- ::at2 
Am+l 

fttom (2.59) 
Aa+2 

(1 

<1- a1- a 

From (2.6o) end (2.61) 

.,.. __ < Amt2 < a 
Am+l - J.a+2 1 - a 

hom (2J,.6), (2.58) , and (2.62) 
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A . il¢2 . , 
Am+l- .Amt-2 

20 

' 1Am+2j f 1 - a I 

Since t1 wa.a erbitra.:r-117 small, g1Ten a:rq c > o. thel'e exiata 

a poa1t1ve integer lf mleh that fol' m 6 122 

(2.64) l 2a / (l • a) I .. ~ c • 

Let JJ .,. -.z. { Nl' Hal • Then for a~ lf we have from (2.63) and 

(2.64) 

Thia completes the proof of !fheonm 3 • 



a2SUMMAlii OF Tlllil - PROCXSS 

A S'lllll:IIISI.l7 of fheorem 3 Will be given in order to show if and 

2when the .. process ahculd be used. Of course, it will be assumed 

that t~ sequence {Snl~ aat11t1es the lqpotheaea of fh.eorem 3. 

that is., 

s .... s 
lim otl I • 11m ltl < l •s ... s 

n -> m n n-1 n •> ,m 

It 1s easily seen that (2.21) and {2.35) are not neeessaey tor 

(2.31) and {2,.51) respecti'f'ely. We need on13' (2.22) and (2.36) in 

oroder to assure the inequ&l1t1eo (2.31) and (2.51). With ~his 1n mind 

ve separate the 8WI1JRar1 into the three oas&a correapondt.ng to those 

found in Theorem 3. 

£ME l : It p and q can be determin-ed ae in (2.22), then 

(3.2) 

~om (2.JO) and (3.2) 

Js- sm+31 • J 

http:correapondt.ng
http:S'lllll:IIISI.l7


lrom (~.31) 

(3.4) Is ... s~1 >1 ~ jA_..2 f I<]~ ... :)~lP- p)l 

wtth Jq - pf suif1cinetl¥ saall,. the improvement of s~l) over Sm+J 

ia ea.ai~ se n from (3,)) and {:;.4). It y only be poa.ible to 

eetllna:tt:l p and q in vhieh ease (3.4) giv98 only- an est1 te of 

the error of s(l) and not an e.xa.et ert"or bOUDd•• 
CAS~ 2i lf p and q can be determined a.a 'in (2.36), then 

Also, if p and q e.re suff1ciently' near to L, from (a.4o) we have 

(3.6) 

2 q p 
2+--2< 0 

1-q l ... p 

From (3.5} and (3.6) 

(3.8) 
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3 

With Jq- PI su.fficiently ema.ll. the improvement of s~l) over 

sm.+ 18 eaaU.y seen from (3.7) and (3.8). As in the preceding case, 

1t ma7 onl;r be possible to esttmate p and q • in which caee. (3.:~n 

gives onq an estimate of the error of s(l) and not an eact et>rol!' 
1ll 

bound. 

SilU 3 1 In this ease the original sequence {Snlf vUl con

verge rapidl7 and th& a2 • process need not be used. Also. from 

(2.58) and (2.63) 

(3.10) 

:rroa (3.9) and (3.10). we cannot draW e:oy conelueions eonc.efting 

e.ccelerat1on. 



Two aamplee wtll be given with estimated errott bounds. In the 

first example, the root of largest modulua of an algebraic. is approx

1mated using Be!'nou.l.l1' s method. b. the second example, the latent 

vectol', aeeociatecl with the latent root of la.1>geat mod1.1l.us of a matrix, 

is app:r-o:d.mated by the sequence All• A~, A3~, • .,. (3. pp.269•3o4) • 

BXAMfW£ 1 : fhe equation to be considered 1a, 

(~.1) ~ ~ ~ - 5X + 6 • 0 t 

whose roots are 1, -2, and ; • Jollovtng the method 1n c-hapter l, we 

haTe 

for m • l, 2, 3, •• • • The calC'Illationa &re gtYen in tables one a.n.d 

two. 

fhe T&luea ~ • -..6, ~ • 5, and~ • 2 w-ere arb1tru111' chosen. 

The Taluea of Pa and ~were taken fll'Om the corresponding sequences 

A8 I~· ~0 I~· ~2/ Au• ••• aD4 A91 As· ~l I ~0 • 

I ~2, ••• , atnce the first aequence is monotone increasing and\ 3 
the second sequence ie monotone decreasing. The sequence {Sm} con

verging to the root S • 3 of (4.1), 1a l1ated in !able 1, and in 

Table 2, the derived sequence {s~£} is Uated. The estimated error 

http:mod1.1l.us
http:Be!'nou.l.l1
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bound of S(l) 1• denoted by E ln !able 2, Where.-2 ....,2 

').
11 + ~ 

from (2.51). Sinee the tNe value ot the root 1s 3, we see that the 

estimated error bound is e.pproxi.ma.teq twent,. times as lar~e aa the 

actual error of s(l)r2 • 



m X m 

l ~ 

2 5 

} 2 

4 65 

5 110 

6 553 

1 1,226 

e lf-.~7 

9 ll,8lt6 

10. 38,621 

ll 109.730 

l2 341.-.a9 

13 .999,9CE 

14 3,ol48,869 

15 9.otls,jl~ 

16 27 ,)41,561 

17 81,631.~78 

8m=:r.Jx..,_l 

4.8~45 

2.)00167611 

;.6)5399673 

2.6578lJ.1597 

;.26()256626 

2.841.200)83 

;.:u,a($206 

2.928c65032 

3-~167818 

2.9677608)1 

;.<e.tmot.. 
2.985618780 

Aa•Sm-srl A.JA..l 

-2.54526692-8 

1-l352UC1)6 -o.;~66259 

-0.977558076 -0.73~694; 

0.60241.5029 -0.6162~746 

-0.4190362~3 ..0.69;627139 

0.270883,823 ..o.646411J.oo2 

-o.184ol9174 -o.679328769 

0.1211!2786 ...0 .6580987}7 

-o.aJ1466987 -o.672213990 

0.053969073, -o.662953820 

-o.o)6UU24 .o.669J.07131 

http:8m=:r.Jx
http:341.-.a9


m Pa 

9 -o.7J2136945 

lO -o.7321369~ 

ll -o.695627139 

12 -0.69562713, 

13 -o.679,28769 

14 •0.679328769 

15 -o.6722l3990 

16 -o.67~13990 

11 -o.6Q9107131 

\a 

...0.52~6259 

-o.6l62ll4746 

-o.6J.6244746 

...0.646414002. 

-o.~l4oo2 

-o . E)5809S737 

-o.6;S0987JT 

....0.662953820 

-0.662953620 

zr 

•m-2 
s(l)
m-e 

1.59.3243640 3·071034321 

0.679176811 J.OJ0566724 

0.284797545 3.0l3U7244 

0.123869143 3·005729974 

0.<1.)3419375 ,3.0025CI)201 

o. 00345oo67 3.,0011®69 

o.ol025Jl95 ).00008;659 

o.oo4523599 ).OO<l:l4572 

0.001992582 3,.000094917 
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gAtSPLE 2: The equation to be conlidered 1s, 

(4.2) 

where A 1e a aecond order matrix with elements 

~l = 1 f ~2 • 9. &21 • 1. &22 • 1 • 

The syxnbol {c, d} w1U be u.sed to denote a column vector, vhere 

is the tirat and d the seeond component. fhe latent l'"oota ot the 

matrix A. are ~ • -2 a.nd >.. = ~ • !l!he latent vector associated 

With A. • 4 it {3, 1} • We arbitrarily chose the initial va.l.ue ot 

and denoted J.rr-l ~ a.1l 

m a 2 , 31 4, ••• • 

In the calcm.lationa to follow, the Tectol" {x , 7, } in (4.3) will be 

tranatohled. into the vector 

(4.4) {x• I r •• l} 

am fol'f uniformity ve let sm • X. / 7• • 

c 



Since the second component of (4.4) ia 1. it Will not be liet.d. 

The quantities sm. A., ~ I Am-1' Pm• g,.. 1:....2 and s~ in tables 

three and four are aimil&~ to the corteaponding quantlti~o in tables 

one and two, so little dlsetUJsion will be a.evoted to them. :O~mpar1ng 

El!l""2 and S~~ in te.l>le 4. we aee that the eatima:ted enol'" bOWld., 

Ere, is approximate~ ten times as l.Brge the actual eno~ of S~ • 
aince the tJi\le Talue of fil!'st component is 3 • 
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:m x. y. s ~7. m • 
A •S -s 1ll • m \JArrr-1 

1 1 1 1.000000000 

2 lO 2 5.000000000 

3 28 12 2.333333333 -2.666666667 

~ 136 lfio 3.4oooooooo 1.066666667 -o.4oooooooo 

5 496 116 2.618181818 •0.581818182 -o.~~45~ 

6 2,CSO 672: 3.095238095 O.Zf1C156Zf1 -o.47619o475 

7 8,12.8 2.752 .2.953488.372 -o.1417~723 -o.5J.l627906 

8 }2,896 10,880 3.re3529411 o.oroolu039 -o.4~117642 

9 130,816 43.776 2.9883~3 -o.035225318 -o.5.()2923978 

10 524,800 174,592 3·005865102 0.017561009 -o.498533725 

11 2.,()96,128 699..392 2.9970717112 •0.000793360 -0.5001.32047 
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Pm• q,. Em-2 
s<l)
m-2 

5 -o.545454545 -o.4oooooooo 0.}10303029 3•023529411 

6 -o.545454545 -o.47619o475 o.OOt})98190 3.005865102 

1 -o.;ll6279o6 -o.lq619~75 0.019636325 3.001465201 

8 -o.;U6279o6 -o.494U76qa o.oo496415G 3.000366232 

9 -o.;(2923978 -o.li94U76~ o.ro123361o 3.000091553 

10 -o.502923978 -0.498533725 0.000}09296 3.000022887 

ll -o.;oo732047 -o.498533725 o.000077209 3.000005721 

T.A.B.LB 4 
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