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Fig. 1: This figure shows the result of applying our tensor field visualization on the Sullivan vortex (a). Tensor field topology
such as degenerate curves (color curves) as well as neutral surfaces (blue) are shown. In addition, novel glyph shapes based on the
notion of eigenvalue manifold are used in (b).
Abstract—Three-dimensional symmetric tensor fields have a wide range of applications in solid and fluid mechanics. Recent advances in the topological analysis of 3D symmetric tensor fields focus on the local behaviors of tensor fields at degenerate points,
which usually form curves. In this paper, we make a number of observations about tensor field topology that are more global in nature.
For instance, a degenerate curve can be a knot, and two degenerate curves may be linked. We explore the conditions under which
this might occur. In addition, we introduce the notion of eigenvalue manifold which provides a more global description of tensor field
topology. As part of our investigation, we include additional tensors into tensor field topology, such as the boundary between the
linear and planar types of tensors, as well as traceless tensors.
Robust extraction of degenerate curves is a challenging task, despite recent progress. We convert the problem of finding degenerate
curves into solving a system of algebraic equations. This approach allows us to borrow techniques from the computer-aided design
(CAD) community as well as the algebraic geometry community. The end result is a two-step pipeline that first locates mesh cells
in which degenerate points can occur. Existing methods are then used to extract the degenerate curves inside these cells. This
approach provides the guarantee that no cells containing a degenerate curve will be missed due to numerical issues with existing
degenerate curve extraction methods. We also find the surface-type of tensor field topology using this approach.
Finally, we apply our analysis to a simulated seismic wave field propagation from an earthquake as well as a selection of fluid flow
data sets. We describe the reaction and resulting insights from domain experts in the fields of fluid mechanics and seismology.
Index Terms—Tensor field visualization, tensor field topology, traceless tensors
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Three-dimensional symmetric tensor fields appear in a wide range of
science, engineering, and medical applications. Example tensor fields
include stress and strain tensors in solid and fluid mechanics and diffusion tensors in medical imaging. In addition, the symmetric component of some asymmetric tensor fields such as deformation gradient
from solid mechanics and velocity gradient from fluid dynamics can
also provide key insight for their respective applications. Degenerate
features in a tensor field, i.e., with repeating eigenvalues, is a constitute of tensor field topology. Like their counterpart in scalar fields
and vector fields, tensor field topology can provide key insight into the
global behaviors of a tensor field [20].
In their pioneering work, Zheng et al. [19, 21] point out that stable degenerate features in a 3D symmetric tensor field form curves.
They also provide analytical formulas to evaluate the tangent along a
degenerate curve, which they use to extract degenerate curves given
a starting point. Furthermore, Zheng et al. [20] point out that along
a degenerate curve the tensor field exhibits 2D degenerate tensor pat-

terns such as wedges and trisectors. Such pattern changes occur at
transition points. They also enumerate types of bifurcations around
transition points.
The work of Zheng and Pang is inspirational to our research, for not
only the insights that it provides but also open questions it enables. In
this paper we explore the following open questions:

We describe our novel glyph design in Section 6. In Section 7 we
show the results of applying our tensor field visualization to data sets
from earthquake engineering and fluid dynamics. Section 8 summarizes our work and discusses limitations of our approaches as well as
some possible future research directions.
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1. Are degenerate curves the only topological features in a tensor
field? If not, what other features are topological and why?
2. What is the relationship among topological features? For example, do degenerate curves exist in isolation, or are they related in
someway?
3. Can we ensure that all the topological features are extracted?
Our research leads to the notion of eigenvalue manifold, which
shows that the set of traceless tensors and the set of neutral tensors
(medium eigenvalue is the average of major and minor eigenvalues)
should also be included in tensor field topology. We observe that a
degenerate curve may be a loop and can be knotted [10]. Also, two
degenerate curves can be linked [10]. We provide insight on why a degenerate curve may have to be linked to another, based on the notion
of winding numbers of the non-degenerate eigenvector field along the
curve.
To robustly extract degenerate curves, we convert the problem of
finding such features into the problem of finding the intersection of
algebraic surfaces. This has led to a two-step framework inspired by
results and ideas from computer-aided design and algebraic geometry,
such as Bernstein polynomials and A-patches [8]. In the first step of
our framework, mesh cells not containing degenerate curves are identified and culled out. Cells containing degenerate curves are iteratively
subdivided. In the second step, degenerate curves are extracted using
methods adapted from [19]. We also develop a similar framework for
the detection of neutral surface, i.e., the set of points where the tensor
field is neutral.
Based on the concept of eigenvalue manifold, we develop a set of
glyphs for 3D symmetric tensors that are complementary to those of
Schultz and Kindlmann [11]. The shape, size, and color of the glyphs
reflect their trace and magnitude as well as whether the tensor is a
linear, planar, or neutral tensor and how close it is to being a degenerate
tensor.
We apply our analysis and visualization to data sets from fluid dynamics and earthquake engineering and provide physical interpretations based on the visualization.
In this paper we make the following contributions:
1. We introduce the notion of eigenvalue manifold for the analysis
of 3D symmetric tensor fields.
2. We include the set of neutral tensors and the set of traceless tensors into tensor field topology.
3. We observe that degenerate curves can form knots and links, and
we provide some insight on why two degenerate curves may be
linked to each other.
4. We convert the problem of finding degenerate curves into finding
the intersection of algebraic surfaces, and develop a framework
to more robustly identify degenerate curves.
5. We present a set of convex-shaped glyphs for 3D symmetric tensors that may have negative eigenvalues.
6. We provide physical interpretation of our analysis and visualization in the context of fluid dynamics and earthquake engineering.
The rest of the paper is organized as follows. We review related
work in Section 2 and relevant background on tensor fields in Section 3. We describe our tensor field analysis in Section 4. In Section 5
we provide our framework for robust extraction of degenerate curves.

P REVIOUS W ORK

We start by reviewing relevant prior work on the topic of 3D tensor fields for scientific visualization. There has been much work on
2D tensor fields, and we refer the readers to [14, 15] and references
therein. The visualization of diffusion tensors, a 3D symmetric tensor,
has been studied extensively. It is beyond the scope of this paper to
review all relevant work. We will only refer to the most relevant research and refer the readers to [3] for a survey of past research in the
area.
3D Tensor Field Topology: There have been a number of approaches to visualize 3D symmetric tensor fields. Delmarcelle and
Hesselink [4] introduce the notion of hyperstreamlines for the visualization of 2D and 3D symmetric tensor fields. Zheng and Pang [18]
visualize hyperstreamlines by adapting the well-known Line Integral
Convolution (LIC) method of Cabral and Leedom [2] to symmetric
tensor fields which they term HyperLIC [18]. Zheng and Pang also
deform an object to demonstrate the deformation tensor [17]. These
visualization techniques have been later used for geomechanics data
sets [9]. One of the fundamental differences between the diffusion
tensor and the other symmetric tensors from mechanics (stress, strain,
symmetric part of the velocity gradient tensor) is that the former is positive definite (no negative eigenvalues) while the latter can have both
positive and negative eigenvalues. Schultz and Kindlmann [11] extend
ellipsoidal glyphs that are traditionally used for positive-definite tensors to superquadric glyphs which can be used for general symmetric
tensors. In our work, we focus on the analysis of traceless tensors
which lead to a different glyph design.
Delmarcelle and Hesselink [4, 5] introduce the topology of 2D symmetric tensor fields as well as conduct some preliminary studies on
3D symmetric tensors in the context of flow analysis. Hesselink et
al. later extend this work to 3D symmetric tensor fields [6] and study
the degeneracies in such fields. Zheng and Pang [19] point out that
triple degeneracy, i.e., a tensor with three equal eigenvalues, cannot
be extracted in a numerically stable fashion. They further show that
double degeneracies, i.e., only two equal eigenvalues, form lines in
the domain. In this work and subsequent research [21], they provide a
number of degenerate curve extraction methods based on the analysis
of the discriminant function of the tensor field. Furthermore, Zheng
et al. [20] point out that near degenerate curves the tensor field exhibits 2D degenerate patterns and define separating surfaces which are
extensions of separatrices from 2D symmetric tensor field topology.
Our research is inspired by all of this previous work, especially that of
Zheng et al. [19, 20, 21]. However, our analysis is based on four observations. First, by focusing on the deviator of the tensor field which is
traceless, we are able to greatly simplify the algebraic expressions of
the previous analysis and provide a more geometric interpretation of
the analysis. Such a geometric approach can lead to new insights that
were difficult with the more algebraic method. These insights include
explicit formulas of the curvature and torsion of degenerate curves as
well as novel degenerate curve extraction methods that are faster. Second, we apply our analysis to piecewise linear tensor fields which can
lead to additional insights that are otherwise hidden due to the complexity in the algebraic expressions. Third, the linearity and planarity
components of a tensor are related to the degree of degeneracy. Consequently, we incorporate the set of tensors whose linearity equals its
planarity into the topology of tensor fields. Last, we provide physical
interpretation of our topological analysis in the context of seismology
and flow visualization.
Physical Interpretation: The physical interpretation of a tensor is
highly dependent on the physical meaning of the tensor. This has led
to rather different analysis and visualization frameworks on different
types of tensors. One of the mostly popular and well-studied symmetric tensors are the diffusion tensor from medical imaging. Much work

exists in visualizing the diffusion tensor by using ellipsoidal glyphs or
hyperstreamlines tangent to the major eigenvector field. Providing a
complete survey of all of this work is beyond the scope of this paper.
Here we will only reference the most relevant work and refer the readers to [16] and references therein. To incorporate the anisotropy into
glyph-based visualization, a number of rotationally invariant measures
have been introduced, such as the relative anisotropy and fractional
anisotropy of Basser et al. [1]. Unfortunately such tensors do not distinguish between the linear and planar types of anisotropy. Westin
et al. [13] overcome this by modeling the anisotropy using three coefficients that measure the linearity, planarity, and sphericalness of a
tensor, respectively. For positive-semidefinite tensors such as the diffusion tensor, the three coefficients are guaranteed to be non-negative
and sum to one. However, such measures can take negative values for
indefinite tensors, such as the stress and strain tensors that we are interested in. Recent work in medical imaging often model the tensor fields
using higher-order tensors [7] in isotropic regions. In contrast, double
degeneracies, i.e., only two of the three eigenvalues are the same, has
not found much use in the analysis of diffusion tensor. In contrast, in
geomechanics and fluid mechanics, researchers are often interested in
detecting features in stress or strain tensors, which can be defined in
terms of the degeneracies in the tensor field, i.e., topology. We focus
more on this approach to the visualization problem, although we do
use glyphs to visualize regular regions of the field.
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T ENSOR BACKGROUND

We review important properties of 3 × 3 tensors as well as 3D tensor
fields.
A 3 × 3 tensor is a matrix T = [ti j ] (1 ≤ i ≤ 3, 1 ≤ j ≤ 3). T is symmetric if ti j = t ji for any 1 ≤ i, j ≤ 3. This paper focuses on symmetric
tensors. Consequently, in the remainder of the paper we will drop the
mention of symmetric when referring to symmetric tensors. λ ∈ R is
an eigenvalue if there exists a non-zero vector v such that T v = λ v. In
this case v is an eigenvector. Note that kv for any k ∈ R − {0} is also
an eigenvector.
T has three eigenvalues λ1 ≥ λ2 ≥ λ3 , referred to as the major
eigenvalue, medium eigenvalue, and minor eigenvalue, respectively.
When the eigenvalues are mutually distinct, T is referred to as nondegenerate. In this case, it is possible to choose a set of unit eigenvectors {v1 , v2 , v3 } such that vi corresponds to λi for any 1 ≤ i ≤ 3 and
vi ’s form a right-hand orthonormal basis of the space.
There are four important quantities derived from T that are invariant under the change of basis: (1) trace: P = λ1 + λ2 + λ3 , (2) minor
Q = λ1 λ2 + λ2 λ3 +q
λ3 λ1 , (3) determinant R = λ1 λ2 λ3 , and (4) tensor
magnitude: ||T || = λ12 + λ22 + λ32 . A tensor can be uniquely decomtrace(T )

posed as D + A where D =
I (I is the three-dimensional iden3
tity matrix) and A = T − D. The deviator A is a traceless tensor, i.e.,
trace(T ) = 0. More importantly, the directional information (eigenvectors) in T is contained purely in its deviator in the following sense:
a vector v is an eigenvector of T if and only if v is an eigenvector of A.
In fact, as we will discuss later, the topology of a tensor field can be
defined in terms of its deviator tensor field. Another nice property of
the set of traceless tensors is that it is closed under matrix addition and
scalar multiplication, making a linear subspace of the set of tensors.
A tensor can be classified as either linear (L), planar (P), and neutral (N), corresponding to λ1 − λ2 > λ2 − λ3 , λ1 − λ2 < λ2 − λ3 , and
λ1 − λ2 = λ2 − λ3 , respectively. Consider a positive-definite tensor
T , i.e., with three positive eigenvalues. The non-zero levelset of the
function f (x) = xT T x form ellipsoids. When T is linear the ellipsoids
are longer and thinner than a sphere. In contrast, a planar T leads to
flattened spheres. When considering the deviator of the tensor, i.e.,
λ1 + λ2 + λ3 = 0, the above conditions are equivalent to λ2 < 0 (linear), λ2 > 0 (planar), and λ2 = 0 (neural). We have found that this classification is useful for the set of all tensors, not necessarily positivedefinite tensors. Moreover, we have observed that the LP-classification
is related to the topology of tensor fields in some profound fashion.
Consequently, we will maintain the terminology for any tensors, even
when negative eigenvalues exist.

We now consider degenerate tensors, which refers to tensors with
repeating eigenvalues. In 2D, the only degenerate, traceless tensor is
the zero matrix. In this case, every non-zero vector is an eigenvector, and consequently no directional information exists in the degenerate tensor. In 3D, there are three types of degenerate tensors: neutral
(λ1 = λ2 = λ3 = 0), linear (λ1 > λ2 = λ3 ), and planar (λ1 = λ2 > λ3 ).
The neutral degeneracy is also referred to as the triple degeneracy, for
which any non-zero vector is an eigenvector. The linear and planar degeneracies are called double degeneracies. The non-repeating eigenvalue is referred to as non-degenerate eigenvalue, while the repeating
eigenvalues are referred to as the degenerate eigenvalues. The plane
perpendicular to an eigenvector corresponding to the non-degenerate
eigenvalue is referred to as the degenerate plane. Any vector inside
this plane is an eigenvector corresponding to the degenerate eigenvalue. Degenerate tensors can be described as the zeros of the socalled discriminant: D = (λ1 − λ2 )2 (λ2 − λ3 )2 (λ3 − λ1 )2
= Q2 P2 − 4RP3 − 4Q3 + 18PQR − 27R2 .
A tensor field is a continuous, tensor-valued function in R3 . A
point p is a (linear, planar, triple) degenerate point if T (p) is a degenerate tensor of a corresponding type. The set of triple degenerate
points is numerically unstable, while the set of both linear and planar
degenerate points form curves in a numerically stable fashion. The
tangent direction of a degenerate curve at a point p is the direction
in which the projected tensor field onto the degenerate plane at p remain degenerate. Furthermore, the projected 2D tensor exhibits 2D
degenerate tensor patterns such as wedges and trisectors. Along a degenerate curve, the type of 2D degenerate pattern persists except at the
transition points, where the tangent to the degenerate curve is inside
the degenerate plane. In these cases, the 2D tensor patterns can switch
from a wedge to a trisector, and vice versa.
Finding degenerate curves can be reduced to finding the zeros of
the field discriminant D(T (p)), which turns out to be a polynomial
of degree seven in the tensor components Ti j . Further, as pointed out
in [21], D can be broken down into the squares of seven constraint
polynomials, each of which is cubic in the components of Ti j . Note
that, while the discriminant itself is always non-negative (in the case of
symmetric tensors), each constraint function will have negative values
and a well-defined zero-levelset surface. Because of this, the problem
of extracting degenerate curves can be mapped to the problem of finding the intersections of surfaces, a well-studied problem in the CAGD
community. We therefore borrow techniques from this literature to develop new methods for finding degenerate curves in volumetric tensor
fields. Note that, while the discriminant itself is always non-negative
(in the case of symmetric tensors), each constraint function will have
negative values and a well-defined zero-levelset surface. Because of
this, the problem of extracting degenerate curves can be mapped to the
problem of finding the intersections of surfaces, a well-studied problem in the CAGD community. We therefore borrow techniques from
this literature to develop new methods for finding degenerate curves in
volumetric tensor fields.
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In this section we describe our tensor field analysis, starting with some
observations of the trace-deviator decomposition. As mentioned earlier the eigenvector (topology) information is contained in the deviator of the tensor field, and we temporarily focus our attention on
traceless tensors. For such tensors, it can shown that the discriminant D = −4Q3 − 27R2 . Moreover, it is straightforward to verify
that Q = −
||T ||6
2

||T ||2
2

=−

λ12 +λ22 +λ32
2

and R = −

λ13 +λ23 +λ33
.
3

Consequently,

− 27R2 .

D=
These simplified notations become convenient in
our analysis later.
4.1

LP Classification

A tensor can be classified as planar, linear, or neutral. A tensor can
also be degenerate or non-degenerate. This leads to six combinations.
Notice that one of the combinations, neutral degenerate, corresponds
to triple degenerate points which are numerically unstable. The remaining five cases, linear degenerate, linear non-degenerate, planar

Fig. 2: This figure shows various types of tensors by showing their
effect on a cube (a). Starting from (b) and clockwise: we have (b) a
linear degenerate tensor, (c) a linear non-degenerate tensor, (d) a neutral non-degenerate tensor, (e) a planar non-degenerate tensor, and (f)
a planar degenerate tensor. Notice that these items form a continuous
spectrum.

degenerate, planar non-degenerate, and neutral non-degenerate are all
numerically stable scenarios. However, the classification of tensors
still needs to consider two factors: (1) linearity/planarity, and (2) degeneracy. We show that this is unnecessary. In fact, these five types
of tensors can be described by a single scalar, which we refer to as the
LP coefficient.
Consider a traceless tensor T with a unit tensor magnitude. The
major and minor eigenvalues can be uniquely determined in terms of
the medium eigenvalue as follows:
q
q
−λ2 + 2 − 3λ22
−λ2 − 2 − 3λ22
λ1 =
, λ3 =
(1)
2
2
Consequently, let us examine the behaviors of λ2 . First, −
λ2 ≤

√
6
6 .

√
6
6

≤

Second, the tensor is linear, neutral, and planar when λ2

is negative, zero, and positive, respectively. Third, when λ2 =
we have λ1 =

√
6
3

and λ3 = −

√
6
6

√
− 66 ,

= λ2 . This is the linear degenerate
√

case. On the other hand, T is planar degenerate when λ2 = 66 . In
other words, as λ2 travels from its minimum to its maximum, we will
continuously see linear degenerate tensors, linear non-degenerate tensors, neutral non-degenerate tensors, planar non-degenerate tensors,
and planar degenerate tensors. We define λ2 as the LP factor of a tensor T (Figure 2). However, for a tensor with a non-zero trace and a
non-unit magnitude, the LP coefficient needs to adjusted as:
λ −P
p 2
||T ||2 − P2

(2)

The formulation the LP coefficient is intuitive, and it will be used
for subsequent definition of the eigenvalue manifold.
4.2 Eigenvalue Manifold
The set of 3D tensors is a six-dimensional linear space which can be
reparameterized by λ1 , λ2 , λ3 , and q. Here, λi ∈ R (1 ≤ i ≤ 3) are the
eigenvalues satisfying λ1 ≥ λ2 ≥ λ3 , and q ∈ SO(3) is a 3D orthonormal frame generated by the eigenvectors of the tensor. We focus on
the eigenvalues in the ensuing discussion.
The space {(λ1 , λ2 , λ3 )|λ1 ≥ λ2 ≥ λ3 } is oneqquarter of R3 and
can be reparameterized by (ρ, θ , φ ) where ρ =

Fig. 3: This figure shows the eigenvalue manifold, which is of a shape
of a lune. Notice that the same lune has been used by Schultz and
Kindlmann [11] for the design of glyphs for indefinite tensors. However, we use the lune to introduce tensor field topology. The left and
right part of the lune’s boundary corresponds to linear degenerate tensors and planar degenerate tensors, respectively. The vertical bisector
are neutral tensors while the horizontal bisector corresponds to traceless tensors. Along each horizontal line segment intersecting the lune,
from left to right are linear degenerate tensors (Figure 2 (b)), linear
non-degenerate tensors (Figure 2 (c)), neutral tensors (Figure 2 (d)),
planar non-degenerate tensors (Figure 2 (e)), and planar degenerate
tensors (Figure 2 (f)). The corner points of the lune correspond to
triple degenerate points. There are two types of such points, one with
a positive trace, and the other a negative trace.

λ12 + λ22 + λ32 ≥ 0

{(λ1 , λ2 , λ3 )|λ1 = 0, λ22 + λ32 = 1}. The lune can be naturally parameterized by θ and φ (see Figure 3). When θ = −1 we have linear
type degenerate points while θ = 1 gives the set of planar type of
degenerate points. When φ = ±1 we have triple degenerate points
with either expansion or contraction in terms of physics. The bisector
of the lune {(λ1 , λ2 , λ3 )|λ12 + λ22 + λ32 = 1, λ1 + λ2 + λ3 = 0} corresponds to volume-preserving deformations (pure shear). The second
bisector {(λ1 , λ2 , λ3 )|λ12 + λ22 + λ32 = 1, 2λ2 − (λ1 + λ3 ) = 0} corresponds to the set of neutral tensors. Along each curve φ = C in the lune
(−1 < C < 1), starting from the left end point, we see, in this order, linear degenerate tensors, linear non-degenerate tensors, neutral tensors,
planar degenerate tensors, and planar degenerate tensors. When crossing neutral tensors, the role of the eigenvectors changes as follows. On
the linear tensor side, the major eigenvectors are more prominent. On
the other side of the neutral tensors, the minor eigenvectors become
more prominent. Such changes are topological, and we therefore include the neutral surface and the traceless surfaces (where the tensor is
either neutral or traceless, respectively) into the tensor field topology.
As to be seen next, the linking between degenerate curves are a natural
result of the shape and topology of the neutral surface.
4.3

Degenerate Curve and Neutral Surface Formulations

Both degenerate curves and neutral surfaces can be defined using the
LP coefficient. However, in this definition it requires the analytical
form of the medium eigenvalue λ2 which is not a polynomial with
respect to the tensor entries. To address this we symmetrize the LP
coefficient as follows:

2λ −(λ +λ )

is the tensor magnitude, θ = 2 3 1 3 ⊂ [−1, 1] measures the linearity/planarity of the tensor, and φ = λ1 +λ32 +λ3 ⊂ [−1, 1] provides the
ratio between the isotropic and anisotropic components in the tensor.
When restricting on tensors of unit magnitude (unit sphere in the
above three-dimensional space: one quarter of R3 ) becomes a lune
bounded by two great circles {(λ1 , λ2 , λ3 )|λ12 + λ22 = 1, λ3 = 0} and

G = −p

λ1 − P
||T ||2 − P2

λ −P
λ −P
p 2
p 3
||T ||2 − P2 ||T ||2 − P2

(3)

It is straightforward to verify that for traceless tensors with
a unit
√ √
magnitude, G = λ1 λ2 λ3 = R = λ2 ( 12 − λ22 ). Since λ2 ∈ [− 66 , 66 ], it

is straightforward to verify that G is monotonically increasing with respect to λ2 . Consequently, G can also be used an equivalent definition
of the LP coefficient. The main advantage of G is that it is defined by
the determinant and magnitude of the deviator of the tensors, both of
which are polynomials of the entries in the tensors.
Both degenerate curves and neutral surfaces can be classified based
on G as follows. Assume the tensor field is traceless, the neutral surfaces are the zero-levelset of G which is also the zero-levelset of R.
Since R is a polynomial of the entries of the tensor field, assuming a
polynomial interpolation scheme for the tensor field, computing neutral surfaces is reduced to finding the levelset of an algebraic surface,
a problem well-studied in the CAGD and algebraic geometry communities.
We can show that the optimum of G on a level set ||T || = m > 0
satisfy 5R × 5||T ||2 = 0. This gives three conditions that degenerate
curves must satisfy:
2
∂ R ∂ ||T ||
∂z ∂x

2
∂ R ∂ ||T ||
∂x ∂y

=

2
2
∂ R ∂ ||T || ∂ R ∂ ||T ||
, ∂y ∂z
∂y ∂x

=

2
∂ R ∂ ||T ||
,
∂z ∂y

and

2
∂ R ∂ ||T ||
.
∂z ∂x

=
Note that the three equations above can be redundant and only two of them are independent. This highlights the fact
that degenerate points in 3D tensor fields in general form curves. It can
be verified that 5R × 5||T ||2 = (λ1 − λ2 )(λ2 − λ3 )(λ3 − λ1 ) 5 λ1 ×
5λ3 . In a way, 5R × 5||T ||2 is the square root of the discriminant D,
but is a vector instead of just a scalar.
4.4 Degenerate Curves as a Curve Network
In this section, we make a number of observations of degenerate
curves. First, degenerate curves can be loops. While this fact can
be seen from existing research, it has not been emphasized. Second,
A degenerate loop may be a knot, i.e., it is not an unknot. Third, two
degenerate loops may be linked. Figure 4 (a) shows a synthetic 3D
tensor field (created by a design tool) that contains two linear degenerate loops (green), one linear degenerate curve (green), and two planar
degenerate curves (yellow). One of the linear degenerate loops forms a
trefoil, and it is linked to both the other linear degenerate loop as well
as the planar degenerate curves. We examine the last observation more
carefully. Note that in some cases one of the degenerate curves can be
an open curve while the other is a loop. The open degenerate curve can
be considered as a degenerate loop cut open by the domain boundary.
To simplify the matter we first consider a linear type degenerate loop
γ ⊂ Ω where Ω is a plane (Figure 4 (b)). Along γ no transition points
exist, and the major eigenvector field (the non-degenerate eigenvector
field in this case), when restricted to Ω is always parallel to Ω. Under these assumptions, it is straightforward to verify that the Poincaré
index of the major eigenvector field along γ is ±2π. Since the major
eigenvector field can be considered as a continuous 2D line field, we
know that the interior of the region U ∈ Ω enclosed by γ must contain singularities. The total index of these singularities add up to the
Poincaré index of the major eigenvector field along γ. Since each of
the 2D singularities corresponds to a 3D degenerate curve, the set of
such degenerate curves will be linked to γ. We wish to point out that
in this case the degenerate curves being linked must be of the opposite type, i.e., planar in this case. This is because the major eigenvector
field can only have degenerate points when it is not the non-degenerate
eigenvector field (i.e., planar).
Now suppose that γ contains exactly two transition points and therefore has a Poincaré index of zero. One such example is shown in
Figure 4 (c), where the major eigenvector field is constant along the
vertical axis (this eigenvector field is not shown). In this case it is
not necessary to have a degenerate curve linked to γ. When there are
curves linked to γ, their intersections with Ω, the 2D singularities,
must form pairs of wedges and trisectors (this case is not shown).
It is possible that degenerate curves of the same type can be linked
to each other. Figure 4 (d) contains an example in which three linear
degenerate loops are linked. On a cut plane intersecting all loops, there
are six degenerate points with three wedge and three trisector patterns
in the minor eigenvector field. Notice that this is different from the
case when the two degenerate curves have opposite types. In that case,
the minor eigenvector field has 2D degenerate patterns around the linear curve, while the major eigenvector field has 2D degenerate patterns

around the planar curve.
For more sophisticated cases, i.e., γ is not contained in a plane, and
the major eigenvector field is not parallel to a plane, we still observe
links between degenerate curves. If it is possible to deform the space
around a degenerate loop γ such that after the deformation γ is in a
plane and the major eigenvector field becomes parallel to the same
plane, then the aforementioned analysis still makes sense. It is beyond the scope of this paper to investigate whether such a deformation
always exists and if not under what condition does it occur.
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F EATURE E XTRACTION M ETHODS

In this section we describe how we extract tensor field topology such
as degenerate curves, neutral surfaces, and traceless surfaces. Our goal
is to guarantee that these entities can be reconstructed completely. Our
computation set up is as follows.
The input data is a tensor field defined on a tetrahedral mesh. If the
input field is a vector field, such as the velocity or deformation field,
we compute its Jacobian and take the symmetric part of the Jacobian
as our input tensor field. If the input mesh is on a hexahedral mesh, we
tetrahedralize the mesh by adding extra faces. Given the input tensor
field on a tet mesh, we assume a piecewise linear interpolation scheme
on the entries of the tensor field, a widely accepted choice in 3D vector
field visualization.
We now describe the details of finding degenerate curves, neutral surfaces, and traceless surfaces. Our approach is based on the
following insight: under a polynomial interpolation, neutral surfaces
and traceless surfaces are piecewise algebraic surfaces, and degenerate
curves are algebraic curves (intersection of two algebraic surfaces).
Neutral Surfaces and Traceless Surfaces: Under our interpolation scheme, i.e., a piecewise linear tensor field over a tet mesh, the
traceless surface is a simply a piece of the plane inside each tet. Therefore, it can be reconstructed using the Marching Tetrahedra algorithm.
The neutral surfaces are more challenging, as they are a cubic surface inside each tet. To capture them accurately, we require a surface extraction method capable of finding a cubic polynomial levelset
surface inside each tet. We use the “A-patches” method described in
Luk’s thesis [8].
Degenerate Curves: Using the same formulation, we have converted the problem of finding degenerate curves to finding the intersection of two algebraic surfaces (implicit surfaces) f = 0 and g = 0.
Our method consists of two stages. First, as in the surface case the
tet mesh is iteratively subdivided to locate tets (and subtets) that may
contain a degenerate curve. Second, inside each such subtet we locate
possible degenerate curves.
During the first stage, a tet is subdivided if f = 0 or g = 0 has at
least one sheet inside the tet. Note, however, that unlike the surface
case, even when each surface has a single sheet inside the same tet, it
does not mean their intersection has exactly one connected component.
For example, the intersection may be empty or contain multiple connected components. To the best of our knowledge there is no current
method that addresses this, and consequently we iteratively subdivide
each tet and subtet until a subset contains zero sheets of f = 0 or g = 0
(thus the intersection is empty and no degenerate curve exists inside)
or both surfaces intersect the tet but a user-specified maximum level of
subdivision has been reached. While this method may produce false
positives (tets not containing degenerate curves being selected for further processing), it is guaranteed to not produce false negatives (tet
containing degenerate curves not processed later).
A degenerate point satisfies the seven equations pointed out by
Zheng and Pang [19] as well as the three equations based on 5R ×
5||T ||2 = 0 (Section 4). However, we have found that using more
equations can make the test more efficient and reliable. For example,
consider the seven functions proposed by Zheng and Pang f1 , f2 , ..., f7 .
Due to degenerate conditions a tet may contain both f1 = 0 and f2 = 0.
However, if it fails to intersect f3 = 0 then it will not be further processed. We have found this approach to produce more reliable tet classifications and lead to better computational performance.
In the second stage, we go through each subtet flagged during the
first stage (may contain a piece of degenerate curves) and identify

(a)

(b)

(c)

(d)

Fig. 4: Knots and links can occur in the degenerate curve network. In (a), a linear degenerate trefoil (green) is linked to a linear degenerate
unknot (green) as well as two planar degenerate open curves (yellow). Some insights on why a degenerate curve may have to be linked to another
is shown in (b)-(d). In (b), an linear degenerate curve with no transition points must be linked to another degenerate curve as the non-degenerate
eigenvector field (major eigenvectors, illustrated by the streamlines) form a circular pattern that ensure some degenerate points of planar types
inside (two such curves in this case). In contrast (in (c)), a degenerate curve with two switch points does not have to linked to another curve as
the non-degenerate eigenvector field does not have a singularity. In (d), three degenerate loops of the same type can be linked to each other.

the degenerate curves inside the subset using a method adapted from
Zheng and Pang [19] to tet meshes. In this approach, degenerate points
are first identified inside each face of the tet. Next, starting from each
such point, numerical tracing is used along the tangent of the degenerate curve, which can be computed using the tensor value at the start
point. To identify the initial point inside a face, Zheng and Pang use
a Newton-Rhapson method on the discriminant function, i.e., a nonlinear gradient descent method. While this method can produce desirable results, we have found it to be sensitive to the initial guess
and local minima of the discriminant function, thus leading to missing
curves inside tets.
We address this with a 2D version of the A-patch idea. Realizing
that the discriminant function is non-negative and but the seven functions are not, we make use of 2D Bernstein-Bezier coefficients of the
seven functions to locate a more ideal initial guess, which typically is
quite close to the degenerate point in the plane. We have found that
this approach significantly reduces the number of flagged tets inside
which degenerate curves exist but are not detected.
6

V ISUALIZATION T ECHNIQUES

Our tensor field visualization system visualizes the topology of 3D
symmetric tensor fields by depicting its degenerate curves, traceless
surfaces, and neutral surfaces. In addition, one can inspect the behaviors of the tensor field using glyphs and hyperstreamlines following
any of the eigenvector fields.
Degenerate curves are drawn as tubes around the actual degenerate
curves. This makes it easier to perceive the absolute and relative depth
of the degenerate curves. A point p on a degenerate curve γ can be
further colored, based on the trace, tensor magnitude, determinant, and
curvature and torsion of γ at p. Furthermore, p can be color-coded
based on its linear/planarity and wedge/trisector classification: green
(linear wedge), blue (linear trisector), yellow (planar wedge), and red
(planar trisector). Transition points are drawn on top of the curve as a
sphere with a larger diameter to highlight them.
Traceless surfaces and neutral surfaces are drawn using the smoke
surface method [12]. They can be further color-coded with tensor magnitude and determinant. Furthermore, neutral surfaces can be further
color-coded with the trace of the tensor, while traceless surfaces with
the LP coefficient.
Glyphs: We now present a set of glyphs which we use to symmetric tensors. Unlike existing glyph designs for indefinite tensors [11],
our glyph design makes use of convex glyphs even when some of the
eigenvalues are negative. Moreover, our glyph design exhibits symmetry between linear tensors and planar tensors.

Data set
Sullivan vortex
Two Sullivan vortices
ABC flow
Benard convection
Tornado
Terrashake

degenerate curves
38.43
42.77
13.17
24.45
20.45
52.32

neutral surfaces
6.35
4.85
13.17
7.71
7.41
1:01.83

Table 1: All computational time measures are in seconds.
To be more specific, we have three glyph types: (1) degenerate tensors, (2) neutral tensors, and (3) non-degenerate and non-neutral tensors. A degenerate tensor is a cylinder where the axis of the cylinder
indicates the non-degenerate eigenvector direction. A loop is drawn
in the middle of the cylinder, circling the axis. The cylinder is colorcoded in red if it is a linear degenerate tensor, and in green if it is a
planar degenerate tensor. A neutral tensor is drawn as a flat disk with
a color of gray, and the normal to the disk indicates the medium eigenvector direction. A red loop is drawn parallel to the minor eigenvector
direction, and a green loop is drawn parallel to the major eigenvector direction. For a non-degenerate, non-neutral tensor, we use a box
with rounded corners and edges. The color of the box is red if it is
linear, and green if planar. A loop is drawn in all faces of the box
parallel to the non-degenerate eigenvector direction. Notice that the
glyphs are designed to have continuity. For example, starting from a
degenerate tensor (a cylinder) and decreasing the LP factor, the cylinder will morph into a box with round corners and edges. Eventually, it
becomes a flat disk. See Figure 6 for examples.
We wish to emphasize that we do not intend to replace existing,
well-accepted glyph designed with our own. Instead, we consider our
design a complementary approach.
Performance: We have applied our analysis to a number of wellknown data sets. The data is collected from a computer with an Intel
Core i7 3.07 GHz processor, 24 MB of RAM, and an NVIDIA GTX
Titan graphics card.
7

A PPLICATIONS

The stress and strain tensors are important subjects of studies in several domains. One of the main characteristics of such tensors are that
they are symmetric. In solid and fluid mechanics, one often studies the
instantaneous velocity field and its spatial gradient. Such a gradient is
asymmetric in general. In fluid mechanics, the symmetric part of this
velocity-gradient tensor is assumed proportional to the stress tensor:

(a) 2D Isolation

(b) Level 0

(c) Level 3

(d) Level 4

(e) Level 5

Fig. 5: Our isolation algorithms for 2D and 3D. In (a), we show our 2D isolation, with the subdivision levels (1, 2, 3, 4) in which the subtriangles
where found to be empty colored blue, cyan, green, and yellow, respectively. The level 5 triangles (the deepest subdivision level) are colored
red; in these triangles, two degenerate points were detected precisely using the method described in [21]. 3D isolation for selected levels are
shown in (b)-(e), again with the final curves found using Zheng and Pang’s method, and rendered red for planar curves and blue for linear.

Fig. 7: The Sullivan Vortex viewed in (left) the x-y plane and (right)
the x-z plane.
Fig. 6: Different types of glyphs used to visualize individual tensor values. The first 3 rows are elliptical glyphs, box glyphs, and
superquadric glyphs respectively. From left to right, the tensor
shown is linear degenerate, linear anisotropic, pure anisotropic, planar anisotropic, and planar degenerate, respectively. Superquadric
glyphs combine the strengths of first two rows by showing degenerate glyphs as cylindrical but also more clearly showing directions as
with the boxes. The fourth row shows the same tensors above with the
trace removed using our traceless superquadric glyphs, which highlights the difference between linear, anisotropic, and planar tensors.
Green and red represent linear and planar, and the colored band intersects the glyph faces corresponding to eigenvalues with the same sign
(two negative, in the case of linear, and two positive for planar).

this is the hypothesis for Newtonian fluid mechanics. In material sciences, the study of stress, which is symmetric, can reveal fundamental
characteristics of the materials.
Important quantities describing a symmetric tensor includes its
eigenvalues and eigenvectors. For a stress tensor, the eigenvectors indicate principal stress directions. The eigenvalues indicate the stress
magnitude in these directions. The trace is three times the mean normal stress, while the determinant is the total volumetric change for the
displacement gradient tensors. The anisotropy in the tensor is measured by the relative strengths of the eigenvalues. For example, in
medical imaging, researchers often classify the diffusion tensors into
three types, i.e., linear, planar, and spherical, based on the eigenvalues.
In this paper, we focus on indefinite tensors such as the stress and
strain tensors from solid and fluid mechanics and seismology. Stress
tensors are symmetric which we can prove by calculating the angular
momentum for an infinitesimal material volume. The degenerate curve
represents either tensile stress (linear) or compressive stress (planar)
on the material. Consequently, the linear domain and the planar domain express tension dominant (i.e. only one positive stress) and compression dominant regions (i.e. only one negative stress), respectively.
On the neutral surfaces, the stress field becomes two dimensional, i.e.
no stress on one of the principal directions.

We can focus on the invariants of symmetric tensors. First, trace is
invariant: this means that the average of principal stresses is invariant.
The second stress invariant is minor Q, which means the von Mises
stress or equivalent tensile stress, which is often used as a criterion to
predict a material to start yielding. For our traceless tensor, the second invariant becomes equivalent to the negative of the tensor magnitude. The third invariant is the determinant R (Section 4). A physical
meaning of R can be the one we introduced in our paper: the sign of
R identifies the tension dominant stress tensor from the compression
dominant stress tensor.
7.1

Flow Analysis

Sullivan vortex: The Sullivan vortex is an exact analytical solution of
the Navier-Stokes equations for incompressible fluids given by Sullivan (1959): the flow patterns in the horizontal and vertical planes are
depicted in Figure 7. Away from the vortex center, the flow is predominantly in the negative radial direction (toward the center) with the upward flow. Near the center, the flow is outward with the down-welling
motion. Note that the local flow pattern near the center resembles that
of a hurricane or a tornado. To extract symmetric part of the velocity5u+(5u)T
in
gradient tensor of the Sullivan vortex, we first compute
2
which u is the velocity vector: this tensor represents the time rate of
angular deformation (i.e. the rate-of-strain tensor), and is traceless
because of the assumption of incompressible fluids.
Figure 1 shows (a) the velocity vector field and (b) the glyph presentation of the symmetric tensor field for the half domain that is cut
vertically through the center, and (c) the degenerate curves with the
neutral surface. The velocity plot shows the upwelling and downwelling motion, as well as counterclockwise rotation about the vertical
axis. Additional information can be extracted from the glyph plot. In
the outer-most part in the plot (in the region far from the center of
the vortex), the fluids are compressed in the horizontal direction (presented by the red color glyphs (the planar type) with the red band loop
being oriented in the radial direction (Figure 1). Then, The pattern
of glyphs transforms to the green color (the linear type) pointing in
the vertical direction (the green band loop around the glyphs are ver-

tically oriented). In the further inward and upper region away from
the ground, fluid deformation takes place primarily in the x-z plane:
fluids are stretching vertically downward toward the center and compressing vertically upward toward the center (see the green and red
band loop orientations). Near the ground level of the vortex center,
the fluid deformation becomes complex, but is dominated by compression. The yellow lines shown in Figure 1 (b) represent the planar
degenerate curves, which represent pure compression in the direction
of the curve and the other eigenvectors being undefined. The structure
of degenerate curves for the Sullivan Vortex is discussed the next.
Figure 1 (c) presents the degenerate curves of the rate-of-strain
(symmetric) tensor field. There are two distinct vertical planar type
(yellow) lines surrounded by the two planar-type circular degenerate
loops and the one linear circular degenerate loop. The two larger loops
(the planar and linear types) form very close to the ground surface.
The vertical planar degenerate curves represent the fluid compression
due to the down-welling flow motion. The successive linear type and
planar type degenerate loops represent the fluid deformation near the
ground boundary, which must be related to the advective flow acceleration and the deceleration in the radial direction, respectively. The
appearance of those degenerate curves is considered to be the multiple
link formation: the two linear vertical degenerate lines at the center
pierce through the three loops. Note that the neutral surfaces shown
in the transparent blue color separate the linear type from the planar
domain. The outer annular neutral surfaces coincide with the location
of the cylindrical wall-like region of the linear type (green) shown in
Figure 1 (b).
The degenerate curves represent the condition of sole eigenvector
aligned in the direction of the curve while the other two eigenvectors
are undefined. In other words, there is no angular deformation in the
plane perpendicular to the curve. When ’pure’ rotational motion is
present about the direction of the curve, this condition represents the
line of vortex core. Unlike the degenerate curves, the vortex line cannot be terminated in the fluid domain or on a non-rotating boundary:
this is a consequence of the mathematical fact that the divergence of
vorticity vanishes identically. Based on the foregoing observations,
here we propose that ”vortex core lines” be defined as the degenerate
curves for the rate-of-strain (symmetric) tensor of fluid motion with
non-zero rotation.
Benard convection: Benard convection is one of the classic instability problems in fluid mechanics. Consider a horizontal layer of fluid
with its lower boundary hotter than the upper boundary. When the temperature difference across the fluid layer is sufficiently great, then, an
overturning instability takes place as thermal convection. When the
Rayleigh number (the ratio of the destabilizing effect of buoyancy to
the stabilizing effects of diffusion and dissipation) exceeds the critical value, then a structure of convection rolls forms. Figure 8 (a) is
the velocity vector plot for a portion of convection cells, showing the
two side-by-side cells. Clearly it is difficult to understand this threedimensional flow field with the velocity plot alone. Here we demonstrate that the degenerate curves can effectively assist understanding
the three-dimensional flow field.
Figure 8 (b) shows the degenerate curves from the same angle view
as the velocity plot (Figure 8 (a)): the green color denotes the linear
type (stretching) and the yellow color denotes the planar (compression). The complex stretching/compression takes place in the middle
layer of the domain due to the complex interactions of the upwelling
and downwelling convection. The top view for the degenerate curves
is shown in Fig. 8 (c) that exhibits a more orderly symmetric pattern
than that of the view of Figure 8 (b). This is because the data is generated with the periodic lateral boundary condition. The resulting symmetric pattern indicates the accuracy of our algorithm for extracting
the degenerate curves. As discussed earlier, the degenerate curves
must form either closed loops or must end at the triple degenerate
points. In this dataset, we found that most of the curves form loops
or escape out from the domain: the curves terminating at the triple degenerate points within the domain are found to be rare. We also found
the formation of the link as shown in Figure 8 (d): the two planar degenerate curves pierce through the linear degenerate loop. Recall that

a degenerate loop can take the formation of link with another degenerate curve, or the formation of knot.
The transparent blue surfaces shown in Figure 8 (e) represent the
neutral surfaces. On the surface, the deformation takes place only on
the surface and no deformation in the direction normal to the surface.
In other words, the deformation becomes purely two-dimensional on
the neutral surface. In spite of the complex degenerate curve formation, the present algorithm is capable of separating the linear and the
planar domain with the neutral surfaces as shown in Figure 8 (f). Dividing up the flow field into regions bounded by the neutral surfaces is
useful for understanding for interior flow structure. With the aid of the
visualization of degenerate curves, the flow structures can be revealed
from the very complex velocity field in the 3D domain.
7.2

Earthquake Data Visualization

(a)

(b)

Fig. 9: Visualization of the TerraShake data set using a vector plot
(top) and our glyph-based tensor field visualization (bottom).
We have applied our visualization technique to a simulated
earthquake-generated seismic wave propagation field. The simulation
dataset is taken from the San Diego Supercomputer Center (SDSC)
TerraShake 2.1 Project (http://viscontest.sdsc.edu/2006/data.html) and
represents the propagation of P and S-wave velocities generated from a
magnitude 7.7 earthquake beginning South of Palm Springs and propagating Northwest along the San Andreas Fault for 60 seconds after
which the fault rupture stops but the waves continue to propagate for
several minutes. Due to the complexity of the data we only show a
single time step. The simulation is physics based and incorporates
best available subsurface geological and geophysical data to provide
a realistic, inhomogeneous, anisotropic and inelastic rheology through
which the seismic waves propagate.
Seismic waves are comprised of P-waves (compressional waves)
and S-waves (shear waves) where P-wave particle motion is in the
direction of wave propagation and S-wave particle motion is transverse to the direction of wave propagation. In homogeneous, isotropic

(a)

(c)

(e)

(b)

(d)

(f)

Fig. 8: This figure shows the result of applying our tensor field visualization on the Benard convection (a). In (b) and (c), we show from two
viewpoints the degenerate curve network of the data set. Notice the link in the degenerate curve network (d: highlighted curves). In (e) we
augment the visualization with the neutral surface (blue). Notice how the surface is separates the linear type degenerate curves (green) and
planar type degenerate curves (yellow).

media, S-waves particle motion can be in the vertical (SV-Rayleigh
waves) or horizontal (SH-Love waves) plane. Greater complexity
arises for waves traveling in anisotropic media and SV and SH wave
velocities no longer travel perpendicular to the wave front. Complex subsurface structure also complicates the wavefield due to waves
bouncing off reflecting surfaces or refracting through them. Increasing
symmetry and isotropy, even locally within the medium, reduces the
number of moduli and acts to make the wave field more coherent.
Figure 9 shows the velocity vector field (top) and our visualization
technique applied to the simulation data (bottom). Individual wave
fronts as well as the transition between the faster, leading P-wave train
and the slower, trailing S-wave train can be seen more easily in our
visualization of the wavefield (bottom). Similar to the flow visualization examples, the green color represents stretching (positive major
eigenvalue being dominant) and the red color represents compression
(negative minor eigenvalue being dominant). The left-most region exhibits the alternating compression-expansion pattern (green and red) in
the direction of wave propagation. This represents the leading P-wave
motions (the faster P-waves are further out from the center than the
slower S-waves). Behind the P-waves, we see alternating red/green
glyphs both along the wave fronts (perpendicular to the propagation
direction) as well as in the propagation direction, which represent the
S-wave train. A careful observation of the glyphs along the leading
wavefront of the S-wave train (i.e. at the transition between the Pand S-waves) reveals that the direction of compression/expansion is
in the vertical direction there - the disk-like glyph formation is vertically oriented. The glyph orientations immediately behind the front
of the S-waves indicate that the motions are mainly in the horizontal
plane (the disk-like glyphs point nearly horizontal). The glyph sizes

are much larger than those for the P-waves, which means that the magnitude of the S-wave is larger than the P-wave motion, as expected at
the free surface. This level of detailed information, particularly the
discrimination between P and S-wave motion and P and S-wave train
transition wave motion patterns cannot be detected explicitly using
the velocity visualization alone. It is possible that further study using this visualization technique could lead to a better understanding of
how complex subsurface structure can cause anisotropic seismic wave
propagation affects observed at the surface. Combined with standard
seismic imaging techniques, this tensor visualization technique can be
a useful addition to both natural resource exploration and earth structure seismologists.
8 C ONCLUSION AND F UTURE W ORK
In this paper we make a number conceptual contributions to the topological analysis of 3D symmetric tensor fields. First, we introduce the
notion of eigenvalue manifold based on the well-known trace-deviator
decomposition of tensors. Second, we include the neutral surface and
traceless surface into 3D tensor field topology. Third, we point out
that knots and links can occur in degenerate curves, and provide some
insight on why this may occur. In addition to the theoretical analysis,
we also propose a framework for more robust extraction of tensor field
topology such as degenerate curves and neutral surfaces. By converting the problem of finding such curves and surfaces into constructing
algebraic surfaces and their intersection curves, we can borrow techniques addressing these problems from the CAGD community. In addition, we develop a two-step framework that can ensure that all the
mesh cells that might contain a piece of degenerate curve or neutral
surface will be captured. Such a guarantee, while not perfect in guar-

anteeing that all degenerate curves can be individually extracted, is an
important first step towards such a goal. Finally, we provide physical
interpretation of our analysis and visualization in the context of fluid
dynamics and earthquake modeling.
Our system is not without limitations. First, our system does not
guarantee that all degenerate curves and neutral surfaces are extracted.
This can be attributed to the fact that the A-patch algorithm that we
borrowed [8] does not guarantee convergence when there are singularities in the surfaces, like cusps. Second, the piecewise linear interpolation scheme does not ensure the continuity of the tangent of the
degenerate curves across cell boundaries. Third, it is difficult to visually decide whether a degenerate loop is a non-trivial knot and whether
two degenerate loops are linked. These limitations are naturally directions for future research.
In addition, we wish to investigate conditions under which degenerate curves are knotted. In addition, we wish to incorporate or develop
packages that can automatically identify non-trivial knots and linked
degenerate curves. Extending this work to 3D asymmetric tensor fields
is also a natural direction. Finally, we wish to explore means to reduce
the visual cluttering associated with displaying degenerate curves and
neutral surfaces.
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