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THE GREATEST INTEGER PART FUNCTION

CHAPTER I. INTRODUCTION

This thesis is a collection of properties of the greatest integer

part function, defined as the function whose dornain is the set of real

nurnbers and whose value corresponding to a given real nurnber is the

largest integer less than or equal to the given nurnber.

Applications of this function include the distribution of prirnes,

divisibility properties of the integers, quadratic reciprocity, and

garne theory.

We answer sorne general questions about the nature of this

function. The greatest integer part function

1. has as its dornain the set of real nurnbers and has as its
range the set of integers;

Z, is discontinuous for integral values of its argurnent and
continuous elsewhere;

3. has no inversei

4. is rnonotonically increasingi and

5. possesses a zeto derivative for non-integral values of its
argument and has no derivative for integral values of its
argurnent.

It is difficult to establish the origin of this function. Gauss

(1777 -1855) used it (4), and it is found quite cornrnonly in the liter-

ature by the I880rs. The notation for the value of this function has
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developed along two different 1ines. Most French and a few Gerrnan

rnathematicians have used E(x), a notation having its origin in the

French word t'entiertr, rneaning integer, for exarnple P. G. Lejeune-

Dirichlet (24;3L1, A. Legendre (30; 56), R. Lipschitz (25), and J. J.

Sylvester (57, p. 738-739't. Most others have used [*] , including

L. Gegenbauer (11; LZ; 13), J. Hacks (20; Zl; ZZl, L. Kronecker (30),

and K. Gauss (4; 30). The latter notation is in alrnost universal use

at the present tirne, and for this reason it has been ernployed in this

paper. lfowever, in'view of the present trend toward functional nota-

tion and because of the representation of other functions of nurnber

theory, it would have seerned equally fitting, at least to this writer,

to have used E(x).

The greatest integer part function has been of interest chiefly

as a tool in the study of other concepts and for this reason a search

of the literature is difficult. The sources of inforrnation which I

have used include the following:

Mathernatical Reviews, 1940 to the presenti

Jahrbuch iiber die Fortschritte der Mathernatik, 1868
to the presenti

Zentralblatt fi.ir Mathernatik, 1930 to the presenti

L. E, Dickson. History of the Theory of Nurnbers,
volurne 1, published in 1919 (10); and

The Royal Society of London Catalogue of Scientific
Literature, 1800 to 1900.
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This thesis is organized in the following way. Following the

introduction is a list of all of the properties which were found, in-

cluding sorre unsolved problems. This chapter is divided into six

sections. In each section sirnilar properties are grouped together

and special cases folIow general resqlts. Proofs of rnany of the

properties are not available. Properties 1, 16, 4,4, 5.22, and 5. Z3

are original, at least in that they were not found explicitly in the

Iiterature. Chapter III contains proofs of these original properties,

cornments about several other properties, and proofs of stiI1 other

properties which are frorn arnong those given in the literature with-

out proof. Chapter IV contains four incorrect results which were

found in the literature.

Below each property in Chapter II we give further inforrnation.

First we give the source. Then there appears a staternent as to

whether or not the property is proved in that source. If the proof

is not reasonably cornplete in the source, we say it is not proved.

Finally if there is a proof of the property or a conornent in Chapter

UI, we so indicate. It is possible that sorne of the iterns called

cornrnents rnay be interpreted by ottrers as trivial proofs. There

are two exceptions to the pattern stated above. If the property is

original with this author, we so state and indicate that the proof is

in Chapter III. In the section containing the unsolved problerns,

only the source is given since there is no proof.



following functions frorn nurnber theory will be used:

The greatest cornrnon divisor of the integers In and rr,
whose value is denoted by (rn, n).

T where T(n) is the nurnber of positive integers which
divide the positive integer n.

+ where Q(n) is the nurnber of positive integers less
than or equal to and relatively prirne to the integer n.

o where a (n) is the surn of the positive integral divisors
of the positive integer n, including I and n.

[r where p(n) is equal to I if n = 1, 0 if n is a posi-
tive integer which contains a square factor greater
than 1, and (-1)k if n is a product of k distinct
positive prirne factors.

assurned that all variables represent real nurnbers unless

stated. The syrnbol r1 will denote Eulerr s constant,

/n \
y=tir.,/ ) + -los ",|.n-*ool /J L 

I\i=r /

The

It will be

otherwise



(38, p. 79\, proof given, cornrnent in Chapter III.

l.Z If n is an integer and x -I<.1* o" n (x(n*I, then n = [x].

(38, p. 79), proof given, cornrnent in Chapter III.

1.3 If n is an integer, then [* + rr] = [*] + n.

(38, p. 79), proof given, cornrnent in Chapter III.

(38, p. 791, proof given, cornrnent in Chapter III.

I.5 [*] + [ -x] ={ 9 if- x is an integer'
' L- I otherwise,

(38, p. 79), proof given, cornrnent in Chapter III.

CHAPTER II. PROPERTIES

Elementary Properties

l'.6 If n is an integer, then ['kJ-] =t;]

(38, p. 79), Proof given, cornrnent in Chapter III.

1.7 -[ -*] is the least integer greater than or equal to x.

(38, p. 79'1, proof given, cornrnent in Chapter III.

I.8 t- * l] i" the integer nearest to x. If two integers are

equally near to x, this expression gives the larger of

the two.

(38, p. 79), proof given, cornrnent in Chapter III.



L 9 -1 -" + ]l is the integer nearest to x. If two integers are

equalJ.y near to x, this expression gives the srnaller of

the two.

(38, p. 79), proof given, cornrnent in Chapter IIL

r. 10 [z*] + [zy] > L*l + [v] + [x+ y].

(17, p. 45-46), proof given.

r.rr lz*l-21*1 ={o if,o<x-[x] 'l'
a

(59, p. 971, proof not given.

L.tz 1*+|l -t*l =[zx] -z[*].
(I7, p. 173-174\, proof not given, proof in Chapter III.

I. 13 If 0( a( 1, wehave

r*r - r* - "r =(? ilA:X - [:] I l:
(59, p.97)., proof not given.

l.14 Let k and rn be positive integers, then

1k r rk-1r -ft if.rrltL- '-,;-r -l0 if rn,l,t.ln\

(38, p. 80), proof not given, proof in Chapter II[.

I, 15 If. rn, n and k are positive integers and (rn, n) = 1, then

r-o*l = - r*t - r *rlJ - r 
o;'l

(26, p. I55), proof not given, proof in ChapterII[.



I,16 If n isa

[ {,r]

Z. l Let F(x) = I Arcsin (
1T

G(x)= "T {t+n-o
Then

["] = x - lr(*)

Z.Z Let rn and n b

rrnr rn I
| _t:t nr n Z

positive integer,

-trrr,={f
then

if n is a perfect square,
otherwise,

Original result, proof in Chapter II[.

Representations of Ix] in Terrns of Other Functions

lsirrnxl), and

lsin n(x-F(*))l)'

* ,I-G(x) -, I .

(43, p. 706-7O71, proof given.

integers such that ttltt. Then

. sin Znrni{-# cot(i*,t.

2,3

(6I, p. 5I), proof not given.

Let rn and n be positive integers such that nl ,n, 1et

i = n/J, and let e be the base of the natural logarithrns,

Then

Znirnk

e positive
n-I

-L I\
'ZnL

i=I

t
n-I

rn n-I t \-)
n Zn n1_,

k=1
tTt =

Znik \
nle\
Znik (

-l

- nJ
I-e

n-I
rn n-I I f Znkrn
-.-T-lLUDI-InZnlnL'n

k=1

n-1
1 \- . Znk. nk+;: ) { sin(:) cot (-=) }.an L rn ' rn'

k=1

162, p.95-96), proof given.



2,4 Def ine

2,5 [*] =

2.6 If r isan

(30,

2.7

if x is a non- zero integer,
otherwise,o,-, = ('o

Then

[*] = x
I
z

@

I r\-
--+- )Z'r L

i=1

sin Zinx......-
1

G(x).

144, p. 194), proof not given.

1\-
"r n .Lt=I

@

r+>
1r i=l

sin Zinx

-

1

i)' cos Znix i cos Z(I+i-Zj)nx \,m-L61',r jr )
(44, p. 1941, proof given.

greater than x, thenintege

r-
-t \-z L

i=I

p.346-

r

I

348),proof

If rn and n

-kn, 1l- I -Lrt J- z
(E-:) , (k=r,2,3,.n r.rr

2.8

( 30,

If rn and

P,

n

.krn 1, IL;-z)=z k
n

[*] {1 + sgn(x-i)}

not given, cornrnent in Chapter IIL

are odd positive

rn- 1r.
), { I+sgn
i=1

integer s, then

,,rn-1).

346-348), proof not given, colyrrnent in Chapter II[.

are odd positive integers, then

rn- I
TtL
i+I

}ll, (k=r,2,3,...,n-I).

(30, p. 346-348'), proof not given, corrlrrrent in Chapter II[.



Forrnulas Relating Ix] to the Values of Other Functions
ffiry

3. I If n is a positive integer and.:tlt t" a binornial coefficient, then
n
\-(l)= ) +(i)t+1.L /-J

i=Z

(39, p. 37 -39),, proof given

3.2 If a and b are positive integers, then

6Q(a) - Id(b)
d

b
I
a

+1.

en.

(32, p. 301), proof given.

(48, p. 45-53), proof given, ,comrnent in Chapter III.

[,+tul-t1 [50(a)-t 
-1

=L b J -L-"-J
(8, p. 148), proof giv

3.3 If n is a positive integer, then

n

)r,trrf lf - I

i=1

3.5 [*J

I r, (i) si,z(| r i r) = -].
i= I

3' 4 [*] [*]

) {r,(i)rtfJ-rr} -f p(ilsinzt!t ft-rrt -2.
i=I i= I

(48, p.45-53), proof given, cornrnent in Chapter Ilt.
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3"6 [*] txl tJfrl t*l

t'*(i) r[ ?) =r 
't' "i -rlr;r -; *,,, t ^,rrri]z

i=I i=} j=| i=I

(48, p. 45-53), proof given, cornrnent in Chapter Ift.

3.7 If n is a positive integer, then,

n-1

r(n) = 1+ ) (tll-r+r)
1J
i=I

(55, p, 55), proof given.

3. 8 If n is a positive integer, then

I b/itrlzt = f fo.
i=I j=I

(10, p. 298), proof not given, cornrnent in Chapter Ilt.

3.9 If N(2, x) denotes the nurnber of integers n less than or

equal to x for which T(n) is an even integer, then

N(2, x) = [*] - i\t"l

(41, p. 118-119), proof not given.
n

3. I0 Let J(n) = tT(i), where n is a positive integer. Then
LJ

i=1

00

Ir,li/i\t = ltlil'+ tilr
i=1

(57, p. 738-739), proof given.
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po sitive

T(i) =

if n is a positive integer, then

T(n) = [\h] = i1G--t]

Define Ta(n)

Then

nt" JZ

(59, p. 99), proof given.

3. 11 Ifn

3. LZ

3.13

3. 14 Ifn

i\tr:Il
+z> {r

i=1

r*i]lr

integer, then

t\t"I
,f Ln/ it - t

i= 1

15a

ntL
i=I

n
\-
) Ta(i) =/-

i=I

55), proof not given.

power divisors of n.

( 55, p.

l-52)., proof given.

then

(22, p. l-52), proof given, cornrnent in Chapter III.

the nurnber of "'h

t fur-l
Y [+lL Li"J
i=1

(zz, p.

to be

is a positive integer,

nn

f ',', I rlr
i=l i=I
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3. 15 If Tr(nl is the nurnber of quadratic divisors of the positive

integer n, then

n [ ^,-rn J

f rrl = Y fsl
L./Jl=i
i=r i=I L r J

(ZZ, p. l-52l,, proof given, cornrnent in Chapter III.

3. t6 If O (n) is the surn of the
a

n i il"l
\- - \. .a)o (i) - ) i*L a L
i=I i=l

er divisors of n, then

(22, p. I-52), proof given.

then

i lrn/ i7

proof given, cornrnent in Chapter III.

tha pow

Ijg-l
L i"J

3. L7

3. 18

ger'If n is a positive inte

nn

Tottl = \L/
i=l i=l

(ZZ, p. l-52),

If Or(n) is the surn of the

integer n, then

quadratic divisors of the positive

n

= \,2 [*'-lL' L ,2J
i=1

\-
2 O,(n)

/JL

i=1

(zz, p. l-52), proof given, cornrnent in Chapter III.
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3. L9 If rn is an odd positive integer, then
rn* I

z

r(1) +r(3)+...+r(rn) =)t + #l
;

(ZZ, p. l-52), proof given.

3. Z0 If rrl is an odd positive integer, then

rn* I
Z

o(r) + 0(3) +. . . + o(rn) = f (zi-r) f * 
*Zllft-'t

/J
i=1

(..22, p. l-52)., proof given.

3. Zl Let lrl be a positive integer and define k(n) to be the surn

of the odd divisors and the halves of the even divisors of the

positive integer n. Then

rrr rn lr^/ zl

\ottl =t ilrn/i1 -Y i t+lL L /_ -Zi
i=l i=I i=}

(ZZ, p. I-52), proof given.

3. ZZ Let rn be a positive integer and define h(n) to be the dif-

ference of the odd divisors and the halves of the even

divisors of the positive integer n in that order. Then

rN IfI

) ntl =) (-r)i t t+l
i= I i=I

(ZZ, p. L-52), proof given.
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3. 23 Let J, (n) be the nurnber of different sets of k positive
K

integers less than or equal to n whose greatest corrxnon

divisor is relatively prirne to n. Then

nn

I tflrotl = ) ik
i=I i=I

(31, p. 78), proof given.

3. 24

(3, p. 313), proof given.

3. 25 Define

Then

(45, p. ZZI), proof given.

3. 26 If n is a positive even integer, rn is a positive rational

nurnber, p is a prirne nurnber, B. is the ith Bernoulli

nurnber, and (rr, p) = l, then

[*]r[*] = ) p(i) rt i I.
Jt

(t if x > I .

u(*) = I
)o if o<x< It

oo
\-

[*] = ) u(x/i),
L
i=1if x > 0



I5

t?,,p-1

B =\nL
i=I

(r8,

Prope

p-1tL/
i=I

Lrz),1I I.

p-1
I f .n-l

)IPL
i=I

(18, p.

is a positive integer, then

6

)ri+ it =n
u)
i=1

(33, p. 49-501, proof given,

n
ITI -I

t-r
nrn

{ i'-' I (rnod p).

p. 1 I 1- I 12), proof not given.

3. 27 With the sarne hypotheses as for

nrn -I
n-I

Summ.ation Eorrnu.lap

4, 1 Ifn

4.2 Ifn

rty 3.26, we have

{in-t ttF}(rnodp).

proof not given.

is an

n

I
i=1

integer, then

n

(2i-ltIn/i) = I b/ il
i=1

cornrnent in Chapter III.

{t59, p. 98), proof not given.
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4.j

4.4 rfp

4.5

4.5 Ifp

.1ogi.,L log z)

ooir (-1)-
/_, i

i=1

is a positive integer, a) I, and

P q (p(q+t)

)t"tr -f [rogi] = {r\r 
-/

i=r i=I (oo

t,

z
rn

ge

t

is a positive inte
[or/ t)
\ ,. rn-3i 

1
/L1J/- ('

i=0

= y, where y is Eulerrs constant.

(+t, p. 1I6- I 17 ), proof girien

q = ["P] , th.r,

if a is an integer,

othe rwi s e.

proof in Chapter III.Original result,

If p is a positive integer,

Iogarithrns, and q - ["P] ,

pq

)["i]+I[1og"
i=I i=l

e is the base of the natural

then

i] = pq.

is a posit

p

\rot*L
i=I

(zz, p.

(ZZ, p. 23), proof not given, proof in Chapter III.

ive integer and g = IOP, then

q
\-
/ [logro i] = P(q+1).

i=1

23), proof not given, proof in Chapter III.

then

t Zrn* 4

l

4.7 If. rrl

lz

(29, p. 185), proof given.
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4.8 If n is a positive integer, then

(36, p. 86), proof not given.

4.9 If n is a positive integer and Y ig Eulerrs constant, then

nrL)

tt\tt++l=[\t,-+r(+)
i=1

(23, p.262l, proof given.

4. Io rf a, d, o, and p are integers and r, = [*] , then'p
nh

I r#r -I rs=Pl = nh

i=l i=I

\-
) ln/ i) = n(ln n + Z\ -1) + o (\[").
/-
i=I

(66, p. 245l,, proof given.

4. ll If a, d, o, p, and q are integers and h is defined by the

equation (i+I)a+d = (h+I)p+q, then

nh
\ ,ai*d1= t tpr,+-gf
/r t p r- /- t a

i=I i=0

(66, p. Z5Z), proof given.
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4. lZ If d, r, and p are positive integers, then

n t:3i

it+l ;I rtuar = n Lf l
i=l i=I

(66, p. 2531, proof given.

4. L3 If d, n, and p are positive integers, then

,- "'* d',

tti-, ]'-i i*=-"-, - " [+n]L
i= I i=I

(66, p. 253), proof given.

4. 14 If n is a positive integer, then

t \t"l n

)t"/rt I b/il = [\r'] 2

i = I i=[ ^,fn] +i

(66, p. 253), proof given.

4, L5 Let pI, pZ, pr be all of the prirnes such that p3 < n,

where n is a given positive integer. Then the nurnber of

positive prirnes less than or equal to n is

rrr
n*r- r- t [.] -T [-] +(-r)"t [--t-- I

?.lpi) ,+ ;nie5 J ' '- 
. -l Lpilj. . .rJ

1=I 1<J - L<J<... <r
i, j=l i, j,..., r=1

(17, p. 47-49). proof given.
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ofLet a positive integer d be represented as a product

powers of distinct prirnes in the forrn

-"1^z^"d=pt Pz P"

Let n and r be positive integers, define

sr(d) = nl^" '' nrl"'/ n"t'"/'l ,

and let SO(n) be the nurnber of kth powers less than

relatively prirne to n. Then

n I "n.fr,l

){g-tir}o = )F+l +k(i)L -r LL;, )
i=l i=l

4. L6

4. 17

4. 18

n and

(I1, p. Zl9-ZZ4), proofgiven

If eZG) is

'2, and n

ln/ izl Otrt

defined as in Property

is a positive integer, then

(Bougaiefr s forrnula).

4. tl, where we set r
n t \t"]
\- 

=\) g"(i) /
LLL
i=I i= I

(11, p. Zl9- ZZ4l,

Let gr(d) be defined as

and let *(t<- 
1)1a) be the

integers which are less

prirne to d. Then

proof given, proof in Chapter III.

d

s. .(d) =!o-'K-I L,
i=1

in Property 4. 17,

surn of the (k- 1) st powers of the

than or equal to d and relatively



z0

If n is a positive integer, then

n-1

I t"* * I = [,,*]
i=0

(38, p. 8Z), proof not given,

O(k- 
I)til 

)

(Il, p. ZL9-ZZ4), proofgiven

proof in Chapter III.

n

f to-r{ e,(i)}
i=I

4. L9

4.20 If rrr is an even integer, then

,n/ z

)r**
i=l

zi- |

-t

rYr J

[-*]
z

{

if zl[rnxJ ,

othe rwis e

p. t3), proof not given.

[rnx] + t

(s3,

4. Zl If rrr integer, thenlSa

rnz-
t
L,
i=1

evne

I

Ix

ven

t:
Irn*]

Z
- [*] if z | [rnxJ ,

Irnx] - I - [*] otherwise

zi t_

rnJ

(53, p. 94), proof not given.



integer, then

(

th15a

rn- I
ztL

i=1

z

I r"**l =

i=l

then

\ . 
/-u\ '/*-l

:L, [\ :"1 ]
(19, p. 7 03-7 04

and n are integers,

L[(fl"1 =

. zi-l -lx *-l ='rn

z

(53, p. 95),

zl

4. ZZ If rn n odd integer, en

[-*] - [l<]
)

[**l - l*l -I

if zl [rnx] -[x] ,

otherwise

proof not given.

4.23 If rrl

4. 24 If rrr

4.25

is an odd
rn- L [-*] - ["]

Z

[-"1 - [*] +1

if zl[rnx] -[*] ,

othe rwis e.

(53, p. 95), proof not given.

), proof givenq-t
z

Define { (p, q) to be I tft , where p and q are

i=1

positive integers and

(a) Q (-p, q) =

(b) Q (p, -q) =

and
(c) Q (-p, -q) =

q is odd (Gaussr tf - function) Then

o-1-T - Q(p q),

- Q(p, q),

-*(-p,q) = + + *(p,q).

(4, p. 67), proof given.
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4. 26 If n i.s an i.nteger and

s(x) = t j?P,
L1r

i=1

Then xZxZx

) r*/i) =) ti-'r -iI (r il-lfrr
i=I i=I i=I

(63, p. 167-L68), proof given.

4. 27 If rn and n are positive odd integers and (rn, n) = 1, then
rn-I n-l
Tz

\/, r'#* * I = )r,* -* l

i=L j=I

(30, p. 347), proof not given.

4. 28 If h and k are positive integers, then

hk- 1

r1> li/rrl [i/r<] = i (h-])(k-l) (4hk+h+k+1).
/_,

i=L

(35, p. 593), proof not given.
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4. 29 If (p, q) = d, then

P-I q-l
qf irjt*pT it+lL'p 'L q'

i=I i=I
I

= i.(p-1)(q-1)(8pq-p-q-1) + (d-1)(6pq-d-1)

4.30 If (p, q) = Z, then

p-l q-I

)it#l*,f'r+r
i=l i=l

I=fr (e-I)(q-I)(8pq-p-q-I) + 6pq-3 .

(35, p. 593), proof given, cornrnent in Chapter IIL

(45, p. ZZI-ZZZ), proof given.

4.31 For a rectangular array of nurnbers where Oj, O is the ele-

rnent in the 3th to* "r,d kth colurnn, we have

n ["Vi] ["{"] "T\o.= \ TAL L i,k /. /_ j,k
i=l j=I j=I i=ia

(16, p. 276), proofnot given.

4. 32 If a i.s an integer greater than or equal to Z, then

n t "\tr]

) ['G]+ )t" = ["n1,,] (n+1)

i=I i=l

( 16, p. 27 6), proof not given, cornlrrent in Chapter II[.
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4.33 If n is a positive integer, then

n t \t"]

)rvrt * t iz = [vn] (n+r)LL
i=I i=l

(ZZ, p. 49), proof not given, cornrnent in Chapter III.

4. 34 If n is a positive integer and q = [3 l.fr] , then
n

,')
) f'nftt = q(n+11 - e'(q+1)'
L4
i=1

(16, p. 275l proof not given, comrrrent in Chapter III.

4.35 Let rrt = [nl"] , where n is a positive integer. Then

n

I tvil - ,n 6,,-zryz-3'n+5 
= rn(n*11- rn(rn+U(Zrn+i)

i=1

(16, p. 275), proof not given, corrrrnent in Chapter III.

4.36 If a and n are positive integers and a is greater than or

equal to Z, then

n [ "n&]

I ["\ti] z = ) (zl-L)(n-i'+r).
i=I j=1

(16, p. 277), proof not given, cornrnent in Chapter III.
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4,37 If a and n are positive integers and a is greater than or

equal to 2, then

n ["nl'] [atr]
) ["n/i] 

z=1,.+r)["\t,] '-t 'a*l Ti"L,LL.
i=I j=l j=I

(16, p. 277), proof not given, corrrrrrent in Chapter III.

4.38 If t\t"] = rn, where n is a positive integer, then

n
?

\ t^li] 2 = .nZ(rr+1) - rn(rn+1)(?rn'+5rn+1)
L ,rrr_T

i=1

(I5, p. 277), proof not given, cornrnent in Chapter III.

4.39 If A. , is defined as in Property 4.31, a, r, and n are
J, k

integers with rS n, and a1 rr, then

n li/ ") lni"l n

t tA.r t tAL /_ i,k L 1_ --j,k
i=a i=a i=a i=rj

(16, p. 277\, proof not given.

4. 40 If oj, u is defined as in Property 4. 31 and n is a positive

integer, then

n zr-L zn-L n
\ \A =\ \L L, j,k ) )-, oj,u'
i=l j=I j'=I i=1+[1og; ]

(16, p. 2771, proof not given.
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4. 4l If nis

4. 42

4. 43

4. 44 rf

li/ *l = n['']

154), proof given,

irrational nurnber

cornrnent in Chapter III.

and n is apositive

then

"i;l

proof given.

irrational nurnber and n is a positive

a positive integer and x is positive,

[*] n tfl
I rir = ) rir + ) rir
i=l i=I i=I

(40, p. 46),

nx]

TL
i=0

If x isapositive

integer, then

nt
\-
) [i*l +

/_
i=0

(26, p.

III.

nx]

) l-,/ *l + [nx] + n[nx]
i=0

154\, proof given, cornrnent in Chapter

r i.s a positive integer, then
.r rn.L.l

+ I r'*l - r["T] * r;l
i=0

x is a positi.ve

teger, then

nt
\ ti*t =L
i=0

(26, p.

(rn,n) = 1 and

r
\ ,i*'r
L t ,, I

i=0

If

in

155), proof given, cornrnent in Chapter III.(26, p.
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4. 45 If (rn, n) = 1 and r is a positive integer, then

ln/ ,l t^/ ,)

) lif,r *I r'#l = r?r r:r *r*l
i=0 i"=0

(26, p. 156), proof given.

4. 46 if (rn, n) = I, then

l^/ zl l,^/ z)

I r if,r * I r'*l = r+ I r;r
i=I i=1

(ZZ, p. 50), proof given, cornrnent in Chapter IIL

4. 4? If p is a pri.rne nurnber, then

p-t , p-I

) ttt + ) t^/IFt = (p-r)Z

i=I i=l

(ZZ, p. 38), proof given.

4. 48 If p i.s a prirne nurnber, then

p-l p-1'I -I r} r =(# )' b-rt.
j=I i=i

(Zl, p. 206-207 ), proof given.

4.49 If p is a prirne nurnber, p)2, then

p-I + p-ili/zl 
?

If,#, -I)roir =(fr-
j=L i=l j=1. i=l

(ZI, p. 206-207 ), proof given.
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alad z be odd integers such that (x, y, zl = L and

Pz thenr
r- 1

z

i;trilr -)ro1: lo;i
k=1

r- l.Z

+
t';l r';r -f r

j=1

= P-1.. q-1
ZZ

Assurning the hypotheses of Property 4.50, we ha

+ft+r rfr l+ [";,
I{ ) t';r = ) ro*rl -f ( I t

i=t Li=t k=t 
)_ i=r 

L 
t=r

# li**t rk:r 1-) 
{ ) r';r -) r.,t,i = +

t<=tl_i=I j=I 
)

(5, p. L24), proof

X, Y,

Py. =q

L-l
Z

\L
i=1

4.50

4. 5L

4. 52

Let

x=

VC

r'tr
u:r * I'

i=1

(5, p. lz4l, proof given.

Assurning the hypotheses of Property 4.50, we have

yz

f ',;, 
+),-*, =yz

j=I k=l

(5, p. LZ4l, proof given.

q-I..
7

given.

r- I
2
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4.53 If rn and n are positive odd integers and (rn, n) = I, then

n-I rn-l
ZZ

i=0 i=0

(38, p. 68), proof given, cornrnent in Chapter III.

4. 54 If rrr and n are positive integers and (rn, n) = d, then

n-I
\ [ijll = lr:1_-1)(n-I) d-1
/- l- ;J = z - z
i=1

(Zl, p. 205), proof given.

4.55 If (rn,n) = 1 and r is an integer such that 11"<* , thenZ'
n-r
f . i rn-, (rn- 1)(n- 2r+ I )

L L;J =--
. i=r

(26, p. 154)., proof not given, proof in Chapter III.

4.56 If (rn, n) = I, then

n- l-

\ ri*t _(rn-I)(n-1)
L L nr - 

'i=1

(59, p. 97J, proof given, proof in Chapter III.

4. 57 If (.tt, n) = l, then

n-I
i rigt = lnl-I)(.'-t). 1T rf _ -i- r .) t;J= z 'ZLSgnt;-;,,/
i=I I'J

(30, p. 347), proof not given.
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(rr- I )1)

z

(rn-

4.58 If (rn, n) = 1, then

n-I rn-I
\,Zirn1 ..,-\ rjr r _

LL ;J -LL zn'r -
i=I j=l

(30, p. 347), proof not given.

4. 59 If rn and n are odd integers with (rn, n)=1, then

n-I
z

n-1
Z

) r,' -+,f,1 = 'T-rf4, )r'** i #,t
i=I

4.60 If rn and n are odd integers with (rn,n) = 1, then

n-1
Z rn-l
\rZi*.r _ \ r1_nr
L' .,.r - /, L zrnr

i=l i=I

(54, p. 337 -342), proof given

4.61 If rn and n are odd integers with (rn, n)=1, then

n-l n-l
ZZ
\ [ie+ lt n \ rig _el _ (rn-1)(n-1)
L t n Z' L ' n Zn' 4
i=I i=I

(54, p.337 -342), proof given.

i=1

(54, p. 337-342), proof given
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4. 62 If (rn, n) = d, then

[-/ z) L, / z]

-Irrn*rnr "=rtt+l rrt t#l
i=I i=I

(, if both rn and n are

_z t +)t? _1 even,

[t otherwise.

(Zl, p. 205-Z0B), proof not given

n-l
a=J

i=l
r'+l

Miscellaneous Properties

5. I If (rn, n) = 1, rn( n,

integer Iess than or

n is an odd integer, and k is an

equal to n- I, then

tkp*jt +[(n-k) *-]r = rn.

(54, p. 34L), proof not given, proof in Chapter II1.

5.2 If p isap

e -.p drvlde s

e=

(3 8,

rirne nurnber, the

n! is

oo

\- r- n-'lil t

/ I rt"i=t LP J

p. 79-80), proof

largest exponent e such that

given, cornrnent in Chapter III.

Ifl a and b are positive irrational nurnbers such that
_1 _l

a-^+ b-^ = l, then the sequences Ian] and [bn] for

rr=L, 2,3, represent all of the positive integers without

5.3



3Z

repetition.

5.4

5.5

s.6

5.7

5.8

(55, p. 5l-52), proof given, colTlrrrent in Chapter III.

Iff a is a positive irrational nurnber, then the sequences

[n + na] and [r, + rra-1] for n = I,2,3, contain every

positive integer exactly once.

(38, p. g3), proof not given, cornrnent in Chapter I1I.

thThe n--- non-square integer is

n+[\l"+]l

Th. ,th non.triangular nurnber

',+["m*]l

(36, p. 85), proof not given.

is

Th" ,.th ,rorr-kth power integer

'*1(r*1r.nfr] 1.

(35, p. 85), proof not given.

is

(35, p. 85), proof not given.

Every integer of

the forrn [ ^,tZ 
.r-r]

^,tZ)t ] can also be written in

rrr are integers.

(52, p. 57-58), proof given.

denotes the binornial

the f orrn [ (t +

, where k and

If p is a prirne nurnber and (n)
p

coefficient, then

s.9
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,l = ttl(modp) .

(42, p. 347 -348)., proof given, cornrnen! in Chapter III.

5. r0 If

1S

p is a prirne nurnber,

the integer defined by

n is a positive integer, and v
vl*v-P

p Ps zn<p P , then

= [1og Z, 
Ip tlog p r

5. II

5. tz

(38, p.

If u is an integer, Iet p and q be odd

(p,q) = 1, and 1et A = {[p/ q,], l3p/ ql

Then

167)., proof not given.

integers such that

' 
(q- 4p', r, I -J J'-q

(a). when p is of the forrn

rrrany rnernbers of A

of the forrn (Zx+ I )u;

(b). when p is of the forrn

rnany rnernbers of A

the forrn ( Zx+ 1)u. I.

(2x+ I )u* 1, there are as

of the frorn Zxw as of

AS

(2x+1)u-1,

of the forrn

there are as

Zxu- I as

If u is an integer,

(P, q)=I, and let B

Then

(13, p. 6Ll-6LZl, proof not given.

Iet p and q be odd integers such that

= {lzp/ ql , [ +p/ ql , [(n-',t, , .

(a). when p is of the

many rnernbers of

forrn (Zx+t)u-I, there are

B of the f orrn (2x+ I )u- I AS
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of the form Zx:;-- 2;

(b). when p is of the forrn (Zx+1)u*1, there are as

rrrany rnernbers of B of the forrn 2xu*1 as of

the forrn (2x+ I )u.

(I3, p. 51I-6I2), proofnot given

5. 13 If u is an integer, let p and q be odd integers such that

(p,q)=1, and let c = { l,p/ q,),lzp/q], [ 3p/ q], ... , [(q-t'?r.

Then

(a). when p is of the forrn Zxu-Z, there are as rrrany

rnernbers of C of the forrn Zxu-Z as of theforrn

(2x+ 1)u- 1;

(b). when p is of the forrn 2x:u*2, there are as rrrany

rnernbers of C of the forrn 2xu*1 as of the

forrn ( 2x+ 1)u.

(13, p. 611-6I2), proofnot given.

5. L4 If u is an integer, 1et p and q be odd integers such that

(p,q)=r, andret D = 1J(t+tl"n, ,t(o*%l ,...,[(q-t,t, ,

Then

(a). when p is of the forrn Zxt-2, there are as rrrany

mernbers of D of the forrn Zxu- I as of the

forrn (Zx+L)u-Z;
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(b). when p is of the forrn Zxr;*Z, there are as

many rnernbers of D of the forrn 2xu as

of the forrn ( 2x+ 1)u- ,1.

(I3, p.611-612), proof notgiven.

If u is an integer, let p and q be odd integers such that

(p, q)=r, and let n = { f tl ,f tl , , [(q-"t, ,. rhen

if n is an integer, B contains as rnany integers of the

forrn 4n*1 as of the forrn 4n*2.

(I3, p. 6I1-612), proof,not given, comrnent in Chapter II[.

If u is an integer, let p and q be odd integers such that

(p,q)=r, and ret a = { ttl, t't, ,..., [(n-"t, ,. Then, for

integral n,

(a). if p is of the forrn 4n*I, A contains as nrany

rnernbers of the forrn 4n*Z as of the forrn 4n*3.

(b). if p is of the forrn 4n+3, A contains as rrrany

rnernbers of the forrn 4n as of the forrn 4n*I.

(I3, p. 6f 1-6I2), proof not given, cornrnent inChapterll[.

If a,b,c,d,p, and

sary and sufficient

q are positive integers, then a r:'€c€sr

condition for

. cn*d.,o,l$t =

for all non-negative integers n, is

(t). a - c 
,pq
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and

(zt. *;,1 =r*,r
(?, p, 280), proof given.

5. 18 If a,b,d, and p are positive integers with b/d and the

integers between b and d as well as rna*{ b, d} are

p-ic non-residues of a, then

, r*(an*b i/ P., . r*(an*d f / P 
.,

-s"'

for any integers r and s.

(2, p. 284-5)., proof given.

5. 19 If a,b, c, d, and p are positive integers with b>d, then

a necessary and sufficient condition for

[(an+b)L/ P) = [cn+d) 
r/ P] 

,

for all non-negative ingegers n, is

(1). 4=c,

and

(21. the integers d+1, d+2, , b are p-ic non-

residues of a.

(2, p. ZB4-5), proof given.

5. Z0 (Rarnanujan). For all integers n,

t|*^f{t = r+ -J*}r
(2, p. 285l., proof given, cornment in Chapter III.
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5. ZL If p and q are integers, then for all integers n,

I i *( n+s 1tln1 = t ** (,,+91-Ll'/n)
"zPtzP

(2, p. 285l', proof given, comment in Chapter III.

5.ZZ If 3,b,9, and r are integers, b>0, and a=bq*r where

u(r(u*b, then

r=a_b[fft
Original result, proof in Chapter III.

5, 23 The least non-negative rernainder when an integer a is

divided by a positive integer b 1s

a-bla/ b) .

Original result, proof in Chapter III.

5. 24 If a and b are integers and b is positive, then the least

absolute rernainder of a (rnod b), or the negative rernainder

in case there are two rernainders of the sarne absolute value,

is given by

r = "-btfl + bt;1.
(35, p. 80), proof not given, proof in Chapter III.

5, 25 If n and k are positive integers, let SU(n) be the surn of

the digits of the nurnber SO_ 
f 
(r) in base b with So(n) = t.

Then
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So(n) = ,St -,(r) - (b ,,,I):"' 
'[+]

(65, p. 260-262), proof given.

then [(I+\t3) 
t**'] isdivisible5. 26

5. 27

5. 28

5. 29 egers n and n*Z

) iff

) ,rft * rlr -
>t

(36, p. 85), proof:

and p

z
_ p -1-tz

If

by

m is a positive integer,

,rn*l but not by ,rn*z

(38, p. 83), proof not given.

If n is a positive integer, the integer 4n*1 is prirne if

ft-jf.jl _ [-+,,-r-vz I
L 4v J- L 4v J

for every odd integer y such that t< yS t \6i ] .

(LZ, p, 389), proof not given, cornrrrent in Chapter IIL

An odd integer N, greater than or equal to 9, is prime

i'ff N+ t 2 is not a square for k=0, 1,2, , tYl
(67, p. LZ8), proof not given.

The int

prirnes

are sirnultaneously prirne (twin

f*f -["t-r]) = 4.

not given, proof in Chapter III.

I (rnod 4), thens a prirne
E-L4

) ruri
i=1

5. 30 Ifpi

(35, p. 88), proof not given.
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5.31 Let P be the set of all positive integers. Then at least one

of x and y is an integer if

It<1x+y;] = [t*] +[ky]

for all values of k in the set P.

(37, p. 500), proof given.

5.32

5. 33 Ifa

Let U = {t,-t}.

integer if

It(x+y1] =

for both values of

then

If p is an odd prirne, then

p divides l(z +\trPl

Then at least one of x and y is an

lk*l + [ky]

k in the set U.

(38, p. 82), proof not given.

such that 0<a(1, and

[ (n- 1)a] ,

(38, p. 83), proof not given.

is an irrational nurnber

(o if [na] =
, -)on 

It otherwise,\

n

Iirnl\n. = a.
n+oo n L "L

i=l

5.34

2P+ 
1.

(50, p. 190), proof given.

5.35 21 divides [ (a + nfs)'

(36, p. 90), proof not given.



40

5.36 For all integers m,

4t? z+5l})z*,oz - 4lBi t# - n^#rrtl+ffi-rn=0.

(62, p.971, proof not given, cornrrrent in Chapter III.

5.37 If Y is Eulerrs constant, e is the base of the natural

logarithrns, and.

n
fIx=) L i ',

i=I
then

n = [ex-Y1

(46, p. 34L- 4Z), proof given.

5. 38 Let rn be the nurnber of quadratic non-residues of integer

p which are less than or equal to p/ Z. Then

E-L
z

\_ :Z
rn= ) t-l (rnod2)

L -p
i=1

(51, p. 51), proof given.

5.39 The asyrnptotic density of integers n for which

(n,[{n] 1=1 is 6/nz

(36, p.87), proof not given.

5. 40 The expected value of (n, [ {n] ) is "z/ 6 .

(36, p. 87), proof not given.
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5.4r Ifx

5.42 If a and

integers,

nal and

Li*l

C if a=0 and

0 if a=0 and

integer, then

=Q

(51, p. 725), proof given.

m and r are positive

n is a positive

xn(n*I) ,l lz 'z)

is irratio

(".

iTt,}'

r- I

)
i=0

b are integers and

then

tt"*#i:- # r -t$r

5.43

+t-Lllzo-ITI -

(28, p.35-41), proof given.

The cardinality of the solution set of the equation

ax*b = [*] ,

where a and b are real nurnbers, is given by

r-3 |f" ll - r-* I *ll ua f o, al r,

b

b

is an integer,

is not an integer,

D if a=I and -l<b50,

0 if a=I and b1-I or b>0 ,

where C denotes the cardinality of the continuurn and D

denotes the cardinality of a denumerable set.

(I5, p. 6), proof given.
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5.44 Define

["] =

N(a) to be the nurnber of

ax, Then

solutions to the equation

proof given, comrnent in Chapter

nurnber a such that if BO=" and grr*r= 2

prirne for all integers n.

N(a)=3+
l-a I

L r+azJ

(7, p. 439-440l', III.

gn
5. 45

5. 46 If n is

5. 47 Ifk

then

5. 48

There exists a

then ISrrJ is

(64,p. 6I6-6I8), proof given.

integer, then

* t (rnod(n+1))

(56, p. 6-7l., proof given.

is a positive integer and x is a positive real nurnber,

{ "t*l - (x+r)t;fu1 }s k

proof given, cornrnent in Chapter IIL

a positive
n

, ri*l
i=l

.308-310),

k

o.T_L
i=I

(59, p

Let X, y,

A

Let f (n)

and z be real nurnbers. Define

(*, y, zl = Aly,x,zl = fzx+zy) - l"*1 - l"V]

= A(x,y,n), where n is an integer.
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N
\-l

Define F(x, y, N) as Lf.$l and define A(x, y)=J* i"(", y, N).

i=1

Denote *-[*] by r(x). Then

if x is irrational,
( a). lirn

N*oo x=p/ q where

(p,q)=1 andqal,

and

(b). A(x, y)

if x or y is an integer,

if neither x nor y is an integer,

if x and y are irrational and

x+y is integral.

(27, p.1-5), proof given.

5. 49 If xi 1,

dv= figr;r) dv

(6, p.90-9I), proof given.

5. 50 (Wythoffts garne) Two players, A and B, alternately re-

rrlove counters frorn two piles according to the following

rules. A player rrray, at his turn, rernove any nrrrnber of

counters frorn either pile. If he wishes to rernove counters

frorn both piles, he rnust rerrrove an equal nurnber frorneach.

I .--Zqlt

rlnl=
t*!t'-' = I 

z-i=r 
I +l"\

fo
=lr I

1- 6

['

then

(-l{"")t:
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The player who takes the last counter wins. In order for A

to win, he rnust leave one of the following cornbinations:

(I, Z), (3, 5), ('4,71, (6, 10), (8, 13),

Then, no rnatter what B does, A can always convert to

another |tsafe'r cornbination.

The ,rth pair of nurnbers giving a safe cor:abination is
)

([nt] , ["t-] ),

where t= jt^ft+ l).

(9, p. I4Z-L43), proof given.

Unsolved Problems

6. t (Moser). Let e be the base of the natural logarithrns.

Does the sequence [ "t] for tl=\, Z, . . , contain infinitely

rrrany prirnes ?

( 36, p. 9zl

6, Z (Erdiis). Let e be the base of the natural logarithrns. Does

the sequerrc. Iet] for n = I , Z, . ,. contain infinitely

many cornposite nurnber s ?

( 35, p. 92\

6,3 (Vijayaraghavan). Let a,b, and c be distinct real nurnbers

and denote x-[x] UV r(x). Does

r(xa) = r(*b) = ,(xc) imply that r(xa) = 0 ?

( t, p. 336)
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6,4 (Mi11s) Is there a real nurnber A such that I An] is prirne

for every positive integer n?

(36, p. 9Zl, cornrnent in Chapter III.
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CI-IAPTER III. COMMENTS AND PROOFS

Properties are not restated before

proofs but are restated before non-trivial

nurnbered separately for each proof.

1. I to 1. 9. These properties rnay be

nurnber theory texts. One s u c h

cornrnents or trivial

proofs. Equations are

found in rnany elernentary

s ou r c e is (55, p. 51).

I. LZ.

1. I4.

This property

Let k and m

follows frorn Property 4. t9 with r=2.

Then

is an integer,

r*r -r*r

Proof: If rn I

- .k. kand l-l =tn!). ' rrr

r*r = r*l

Since rrr is a positive

Property 1."1, - t-+'rn

r*t - r*t

be positive integers.

(t if ", Ik_)-i
Io if.'rlk.

k, then rnp=k, where

p. Hence

.I
P - LP -; J

P - P - I-*l

r It
- L- arrl

integer, then

]=t,andso

o< I < t.rn-

= ].

Hence by
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If ttr,rl k, then k = rnq*r where q and r are integers

and I( r (rn- I (38, p. 3). Hence

t*r - t#r = 1q+fiJ -[q-*]
=q- q-lft
- r "-I t

_ 
-t ar', ''

0,

since 0< r-1< rn-2. This cornpletes the proof.

t. 15. This property follows irnrnediately frorn Properties 1. 5 and

1. 14.

1. 15. If n is a positive integer, then

Proof. The difference between the square roots of two

consequtive positive integers is less than 1, since

if p is a positive integer.

If n is a perfect square, let t\t"] = {n = p. Since

\filf< {r, it follows that trtr--t] = p-1. Hence

t\t'l - [\6:-i] = 1.

If n is not a perfect square, let lEfI - P+h where

p is an integer and O< h< 1. Then \t" = p*k where
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O<k<I, for if k>1, then n-I<(p+I)'. n, a contracliction.

Also, if k=1, then n is aperfect square, another contradiction

Lbnce t\i"l = [(;:-i] =p and t\f"l -l^,4;l =0. This

This cornpletes the proof.

2.6, 2.7 and Z.8. Here

3.4, 3.5, and 3.6. Several other forrnulas of this nature are given

in the article cited.

3.8. Dicksonrs reference to the original source is not c1ear.

3. L4. Proof of this property is also given in (55, p. 53-54).

This is the case a=1 of Property 3. I3.

3. 15. This is the case a=Z of Property 3. 13.

3. 17 and 3. I8. These are the cases a=1 anda=2 respectively of

Property 3. L6.

(r ir x)o
sgnx = jo if x=0

[-I if x(0

Several other forrnulas of this nature are given in the article

cited.

4. L, This forrnula is proved in the source cited in the forrn

-r + t [-"-rtnl-r ' L L zi J
i=1
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If we replace n by n*1, we obtain Property 4.L .

If p is a positive integer, a) 1, and q = ["P] , then

P q / P(q+l) if a is an integer,

) ["i] + ) [rog "i1 = 
Ii=I i=I [pq otherwise

Proof by induction. If p=1, ["P] = [a] = a if a is an

integer, and [a] ( 2 if a is not an integer. If 1(a<2,

4.4.

["] - 1, and hence

I

)
i=1

a 2 2, then

I
\-
L[a
i=I

1

["i] + )
i=l

Ir]
'r+I

i=1

Tf

[1og" i]

+ [ 1og"[ a] l

1 [a] -1

= ) t,'l + )tr"s"rl
i=l i=l

if a is an integer,

otherwis e,

b(a.

. ['

l.
o if 1<

k ["k] f ttt"kJ +I)

I,"tf -f [rog,i] = {
i=l i=t 

d 
Iot"o,

= [r]

since [1og"b] =

As surne that

if a is an integer,

otherwise.



Then, if

(1).

slnce a

If 1<a(2 and

(21.

we have

r.([ uk+ 
1] - [ rk] )
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[ Ioe"[ 
"u* 

t] 
I .

["k] ["o*']
["o*tf -f Ilog,i1 + I [Iog"i]

i=I 3=[ak] +1

[ "k]
+ ) [rog"i]

i:1

[ "k] [ "o*']-,
*[ "k*'t *) [roe j,] +]r"g",l +

i=I iT"ol *r

[ "u*'] > [rk] ,

k+Il

) tr"s,il
i=1

[ "u*']
- f [Iog"i]

l<a12, and

k+t [a

) ,"', +

i=I
k

=)r"tl+
i=I

* [.k*I] +

k+1.a l,

= t["k]

= (r+ r)[
o . j' "o*'

["u*'] =

[.o*']
+ ) tr.u"

i=I

k+1

)r"',
i=l

k

=)['i] +

i=1

J rk] , th"r.

il

[ ,o*']

r["k] * [rk*l]

r.[ 
"k* 

1] + [ "u*']
(k+I) ["o*']

en

Ia

la
I

tl

tl

If a ZZ, th

k+1

(3). TL
i=I
k

=Y/)i-
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If a is an integer, using the induction assurnption, we rrray

replace the right side of (3) by

(4') r.([ak] +r) * ["k*1] + k ([.o*'] -r-1"k1 1+r+r

= (k+r)(["k+'] *t).

If a is not an integer, then Ian] is not an integer. Since

a) Z, it follows that u'-"t- 1, I, so that "t- 
Ia 

[ "t] a "t
and hence n-1<logr["t]. ,, . The right side of (3) can be

replaced by

(5) r.["k] * ["k*1] + r(["k*1] -r-Jakl 1+r

= (k+t) ["k*1]

The property is proved by (l), (Zl, (4), and (5).

4.5 and 4.6. These are special cases of Propefiy 4.4 where

d = e , the base of the natural logarithrns, and a=10

re spectively.

4. 17. This follows frorn Property 4. 16 where r = Z

and k=1.

4. L9. If n is a positive integer, then

n-I

) [x+1] = [,'*].
i=0

Proof. If we let g = [rr*], then as a result of

Properties I.6 and 1. 3, w€ have
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(1). Ix+ i/n]

'We can write

(Zl. g+i = n

and solve for f+f
(3). t+r =

As i ranges over the set

"i ranges over the sarne set,

sarrre order. To prove this,

s and t, s)t, intheset {

Then, bV (3), w€ have

r*r
,Inx+i] .rr----r
rHEr
r#r

f+] + "i , where olr.( n,

to obtain

g*i - ri
n

Using (I) and (3), we have

n-l n-I(4). r\-'' 
I [*+r1 =It*r
i=0 i=0

n-I
_ \ g+i*i-L n

i=0

n-l n-I
- \ g.\ i- L n /'n

i=0 i=0

n-l
\ri-L n
i=0

{ o, I, z, , n- I}, then

but not necessarily in the

assurrre that for sorrre integers

o, L, z, ,n-1) r =r.SI

_ g+t
n

#._
n r+r r+r
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Hence

+- r*r -r$:
But this is irnpossible since the right side is an integer and

the left side is not. We have reached a contradiction and

hence r I r.. Since there are n distinct values of i,S, t

there rnust also be n distinct values of "i, narnely the

rnernbers of the set { O, L, 2, , n- I}.

As a result of this,

n-l n-I

ti-t5-0,
LNLN
i=0 i=0

so that (4\ becornes

n-I n-I

I1*+f 1 = ) * =,,* = s = [nx]
i=0 i=0

This cornpletes the proof.

4.30. This is the case of d=Z of Property 4.30.

4.32. This is the case A. U=I of Property 4.31.
J,

4.33. This is the case a=Z of Property 4. 32. It can be

proved by induction.

4. 34. This is the cas e a=3 of. Property 4. 32.

4.35. This follows frorn Property 4.33.

4.36. Thisisthecase Oj,U=ri-, of Property 4.31.
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4. 37 . This follows frorn Property 4. 36.

4. 38. This is the case a=2 of Property 4. 37.

4.42. This property is proved also in (ZZ, p. Z7l. Zeller

(55, p. 244) gives I x a non-integertt as the hypothesis but

the other two sources cited give the property as stated here.

4. 43. This property follows frorn Property 4. 42.

4. 44. This is the analogue of Property 4. 42 when x is rational

and equal to rn/ n .

4. 46. This is the case r=Z of Property 4. 45.

4.53. This property is also proved in (26, p. L54).

4.55. If (rn,n)=] and r is an integer such that 1-<r<nf Z, t]nen

n-r
\ r i!qr - (q-t)(n-2r+1)
/, L ;r - 

z
i=r

Proof by induction. If r=1, we have Property 4. 56,

which is proved in (5t, p. 97) and also proved independently

following this proof.

Assurne that for U.l - t,
n-k
T . i .n r _ (rn- I)(n- Zk+ I)
/, r;r - z
i=k

Then
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n-(k+ 1) n-k

i=k* I i=k

_ (rn-r)(s-zk+r) - [kig] _ rrr - t-killZ ' n' " n

=@#U-m-(to+l +t-o+t,

=(*-1)9'2H)--rn*1

_ (rn- 1)(n- 2(k+ 1)+ 1)
z'

byProperty 1.5 since tt/tttt by hypothesis. This proves

the theorern.

4. 56. If (rn, n) = I, then

n-I
f . i rn .' (rn- 1)(t - 1)

/' L ;r = 
-z-i=1

Proof .

n-I n-l

i=1
) t'+, = ) t{'-i) }j

i= I
n-1

=\t--i*rL n'
i-1

:l-1 n-I

i=l i=l
n-l
\-

= (rn-t)(.,-o)- ) t'+l
i=1
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by Properties I. 3 and 1. 5. Hence

n-1

,t I 
i rL ] = (rn- r) (r,- r)L'n

i=I

and

Note that this is the case r=1 of Property 4. 55 and the

case d=l of Propefiy 4.54.

5. 1. If (rn, n) = 1, rn<n, n is an odd integer, and k is an

integer less than or equal to n-I, then

-k rn 1, .(n-k) rn 1 .t ; + 2J + L' ;+ 2J = 1rr.

Proof .

(1). to+r+) + t(n-k) 
rn* 

+ l

ru*r+) + [rn-(k#+]) +rl
= [k*-+] +'.,+ I + t-(+*]ll,

by Property 1.3. Now o+ * i is not an integer, since

k rn _, I _ Zkrn*n
nZ-Zn'

and for this to be an integer , Zn rnust divide Zkrn*n. But

if Zn divides Zkrn*n, n rnust be even, a contradiction.

krn IHence --; * i is not an integer, and by Property 1.5,

the last rnernber of (1) is equal to
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rn+l+(-l) = rrr

and the theorern is proved.

5. Z. This property is stated in two alternate ways in

(55, p. 56) and (34, p. 200).

5.3 and 5.4. These properties are special cases of a general

theorern about functions which represent all integers

(see I4, p. 736-7371. Another proof of Property 5.3 can be

found in (9, p. 135).

5.9. Another proof is given in (50, p. 191).

5. I5. Ttris is Sternrs special case of Propefiy 5.L2.

5. 16. This is Sternrs special case of Property 5. 11.

5.20, This is the case I =: d - f, s = b = p = Z, and a= 4 of

Property 5. 18.

5,2L. Thisisthecase r=1, s=2, ^=ZP, b=q, and.d-q+ 1

of Property 5. 18.

5.22. If 3,b,9, and r are integers, b>0, and a = b q +r where

u<r(u f b, then

(I). r = a - b l*-T t'b
Proof. By hypothesis we have u_(a-bq(uib, which yields

u-a(-bq(u*b-a, whence a-u-b<bq<a-u. Hence

a-u , a-u-b- -a-u_6--i = -a-- _ q:T_.



By Prope rty L. Z, q = [+] , and sob.,
5.23. This is the case u=0 of Property

unique integers q and r such that

a=bq*r, 0<r<b

by (38, p. 3). Since the next srnaller

negative, r is the least non-negative

is divided by b.
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(1) follows frorn a=bqtr .

5. ZZ. Thus there exist

rernainder, r-b, is

rernainder when a

by (t) Iies in

Z in Property

is the

of Property

5.24. If a and b are integers and b is positive, then the

least absolute rernainder of a (rnod b), or the negative

rernainder in case there are two rernainders of the sarne

absolute value, is given by

(I) r = a-b f+f +ala/bl

Proof. What rnust be shown is that r, defined

the range -b/ Z <r<af Z. If we set r = -b/

5. ZZ, the integer r of (1) of Property 5. ZZ

rernainder of this theorern. Hence, using (1)

5. ZZ, we ha'ze 
l- ^, !l

(zt r=a-b l:t-ni= "-bi; **lLJ
If , in Property 4,20, we set t=2, we have

[*] +1"+]J = [zx] .

Hence, if * = ^/ b, we have

ri-*r =r'tt -r;1
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property for prirnes of the forrn 4l:,t3 but he does not

exhibit it.

5. 29. The integers n and r*Z are sirnultaneously prirne if

Substituti.ng this in (2), w€ have

r = a-b(f ?l - t;l
=a-br?r*bt;1,

which was to be shown.

5.27, Dickson (10, p. 4Z7l asserts that there is a sirnilar

(I) 
) (r#l+rfl -r#r -r*i | =4.

i >1

Proof. We rearrange the general terrn to obtain

(t+r -r*r) +(ti r -rft r ,

and use Property L.14. The result (1) follows, since

the only divisors of a pri.rne p are I and p.

5. 36. A proof of thj.s can be forrned by considering the four

cases rn 5 0 (rnod 4), rn 3 I (rnod 4), rn 8 Z (rnod 4), and

rn i 3 (rnod 4).

5.44. This property is a special case of Property 5.42.

5. 47. The first part of the inequality is also proved i.n

(49, p. 89-93).

6.4. Note the sirnilarity to Property 5,44.
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CHAPTER IV. INCORREC T RESULTS

The following results were found in the literature which are

incorrect.

a positive integbr, then

s(n) = t+ )z

When n=2, the left side of this equation is Z and the right side is

This result appears in DiCkson (10, p. 294'). His reference to the

original source is not clear.

nis
nt
/-i

i=1

If

I.

Denote

between a an

by

db
n

I
i=1

I^ ,^(n) the nurnber of fractions (in lowest terrns)&rD

(a)tb) with denorninator n. Then

ln/ il ,", \-
b(i) = LUa-b) 

il
i=1

The word tlbetweenrt is not defined in the source. When n=I,

a=5/ 4, and b=3/ 4, then the left side is I and the right side is 0

regardless of the interpretation of the word 'rbetweenrt . This

result appears in (50, p, L26l .

If n is a positive integer, then

- 
ZZ 33' ,r. 

-tn1 1J
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The right side of this inequality is one when n = I and zero for all

other positive integers n. This result is frorn (50, p. 66),

If n is a positive integer, then

r.zz.33 .. n .Zn+1-

If we set

right side

11 =

is

5, the left side of the inequality is 85,400,000 and the

14,348,907, This result appears in (50, p. 661.



62

BIBLIOGRAPHY

1. Arnerican Mathernatical Society. Report of the institute in
the theory of nurnbers, University of Colorado, June
21-July 17, L959.

Z. Ayyangar, A. A. Krishnaswarni. Sorne arithrnetical
identities. Journal of the Indian Mathematical Society
18:278 - 285. 1930.

3. Bachrnann, Paul. Zalnlent}neorie. vol. Z Die Analytische
Zahlentheorie. Leipzig, B. G. Teubner, 19Zl. 494 p,

I
i(q-t)

4. Busche, E. iju"= die Function t tp:] Journal frlr die
L'q'
x=1

Reine und Angewandte Mathernatik 106: 65 - 80. 1890.

5. Busche, E. tibut grosste Ganze. Journal fiir die Reine
und Angewandte Mathernatik I03: I18-IZ5. I888.

6. Buschrnan, R. G. Problern 4839: An integral identity.
Arnerican Mathernatical Monthly 6Z:90 - 9I. 1960.

7. Buschrnan, R. G. Problern E 1527, Arnerican Mathernati-
cal Monthly 70: 439-440. 1963.

8. Cape1li, A. Ein Beitrage zurn Ferrnatschen Satze.
Verhandlungen des internationalen Mathernatiker-
Congressen, Leipzig 3: 148- I50. 1904.

9. Coxeter, H. S. M. The golden section, phyllotaxis, and
Wythoffts galrre. Scripta Mathernatica 19 : 135-143.
19 53.

I0. Dickson, Leonard Eugene. History of the theory of nurn-
bers. vol. t. Washington, Carnegie Institute of
Washington, 1919. 485 p.

I1. Gegenbauer, Leopold. Ub", ein Theorern d.es Herrn
Bugajef. Sitzungsberichte der Mathernatisch -
NaturwissenschaJten Klasse der kaiserlichen
Acadernie der Wissenschaften (Vienna), ser. Z,

95:219-224. 1887.



63

tz. Gegenbauer, Leopold. Ueber einen arithrnetischen Satz des
Herrn Charles Hermite. Sitzungsberichte der Mathernat-
isch - Naturwissenschaften Klasse der kaiserlichen
Akadernie der Wissenchaften (Vienna), ser. Za, 99:387-
403,1891.

I3. Gegenbauer, Leopold, Uber grtjsste garJ,ze zahLen, sitzungs-
berichte der Mathernatisch - Naturwissenschaften Klasse
der kaiserlichen Akadernie der'WissenschaJten (Vienna),
ser 2, 94:611-612. 1885.

Gilbert, E. N. Functions which rePresent all integers.
Arnerican Mathernatical Monthly 70:7 36-7 37 . L963.

Golden, Robert Ray. The solution of certain equations in a
variable and its greatest integer part. Masters thesis.
Corvallis, Oregon State University, L953. 37 nurnb.
leave s .

Gould, H. W. Generalisation of a bracket function of L.
Moser. Canadian Mathernatical Bulletin 6: Z7 5- 277 . L9 63.

17. Griffin, Harriet. Elernentary theory of nurnbers. New York,
McGraw-HiII, L954. 203 p.

Gri.in, Otto. Eine Kongruenz fijr Bernoullische Za}r.lem.
Deutsche Mathernatiker-Vereinigung, Jahresbericht
50:111-112. 1940.

Gupta, Roshan LaI. Problern 4390: Surns of greatest integer
functions. Arnerican Mathernatical Monthly 58: 703'704.
19 5I.

ZO, Hacks, Jacob. Einige Sitze iiber Surnrnen von Divisoren.
Acta Mathernatica 9: 177- 18I. 1886-7.

2L,, Hacks, Jacob. Iib.r Einige fiir Prirnzahlen charackteristische
Bezeihungen. Acta Mathernatica 17: 205'208. t 89 3.

22, Hacks, Jacob. tiU"" Surnrnen ,ron gro"sten Ganzen. Acta
Mathernatica I0: t - 52. 1887.

Hardy, G. H. and E. M. Wright. Theory of nurnbers. Oxford,
Clarendon Press, 1938. 403 p.

14.

15.

r5.

18.

L9.

23.



64

29.

24. Herrnite, Charles. Extract frorn a letter to Mr. Sylvester.
Arnerican Journal of Mathernatics 6: L7 3-17 4. I883- 4.

25. Herrnite, Charles. Sur Quelques points dans Ia th6orie des
nombres. Acta Mathernatica 2: 299 , 1883.

26. Jacobsthal, Ernst. Beitrage ztr Zahlentheori'e IV. Kongelige
Norske Videnskabers Se1skab. Forhandlinger ZZ: L54-156,
t949.

27. Jacobsthal, Ernst. tib"" die grcis ste ganze Zainl I. Kongelige
Norske Videnskabers Selskab. Forhandlinger 30: 1- 5.1957.

28, Jacobsthal, Ernst. tlU"" eine zahlentheoretische Surnrne.
Norske Videnskabers Se1skab. Forhandlinger 30: 35-41.
1957.

Kingston, J. M. Problern E978: A lernrna used by Hansraj
Gupta. American Mathernatical Monthly 59: I85. 1952.

Kronecker, Leopold. Bernerkung iiber die von Gauss rnit Ix]
bezeichnete arithmetische Function einer reelen Gr6sse
x. Journal fiir die Reine und Angewandte Mathematik
106 346-348. I890.

3I. Lejeune-Dirichlet, P.G. Ueber die Bestimnrung der rnittleren
Werthe in der Zahelntheorie. Abhandlung der K6niglichen
Akadernie der Wissenschaften zu Berlin, 1849. p.78-8I.

32. Meissel, E. E(*) and reversion of series. Journal fiir die
Reine und Angewandte Mathematik 48: 301-306. 1854.

33. Mendelsohn, N. S. Problern 4346: Greatest integer function.
Arnerican Mathernatical Monthly 582 49 - 50, 19 51.

34. Minkowski, Herrnann, Zur Theorie der positiven quadratischen
Formen. Journal fiir die Reine und Angewandte Mathe-
rnatik 101: 200. 1887.

35. Mordell, L. J. The reciprocity formula for Dedekind surns.
The Arnerican Journal of Mathernatics 78: 593-594. L95L.

36, Moser, Leo. University of Alberts, Edrnonton, Alberta. Un-
published collection of problerns in nurnber theory.

30.



65

37. Newrnan, D.J. Problern 4814: The greatest integer function.
Arnerican Mathernatical Monthly 66: 600. L959,

38. Niven, Ivan and Herbert S. Zuckerrnan. An introduction to the
theory of nurnbers. New York, Wiley, 1960. 250 p,

39. Perez-Cacho, L. La funcion E(*) (Entero de x) en la teorie
de nurneres. Revista Mathernatica Hispano-Arnericana,
ser.4, LZ:36 - 40- L952,

40. Pexider, J. V. Sur 1a fonction E(x) representant lrentier
contenu dans x. Rendiconti de1 circolo Maternatico di
Palerrno 24: 46-63. L907.

4L. Pillai, S. S. On a congruence property of the divisor function.
Journal of the Indian Mathernatical Society 6: 1I B- I19.
19 42.

42. Piza, Pedro A. Problern 43ZZ: Binornial coefficients and
greatest integer function. Arnerican Mathernatical
Monthly 57 : 347 - 348. 19 50.

43. Porges, Arthur, An analytic expression for Ix] . Arnerican
Mathernatical Monthly 66: 7 06-7 07 . L9 59 ,

44. Pringsheirn, Alfred. Darstellung der zahlentheoretischen
Firnction E(x) durch eine unendliche Reihe. Mathernat*
ische Annalen 26:193-196. I886.

45. Radernacher, Hans. Eine arithrnetische Sumrnen formel.
Montashefte fiir Mathernatik und Physik 39(Zl: ZZI-228.
t932.

46. Sandharn, H.F. Problern E 938: Eulerrs constant. Arnerican
Mathernatical Monthly 58: 341-342. 1951.

47. Sandharn, J.I'. Problern 4353: Eulerrs constant. American
Mathernatical Monthly 58: 1I6-1L7. 195I.

48, Schrijder, J. Zrr Berechnung von Teilsurnrnen der surnrnator-
ischen Funktion der Mbbiusrschen Funktion p(x). Norsk
Maternatisk Tidsskrift (Forening) I4: 45-53. L932.



66

54.

49. SeIberg, Sigrnund. On a conjecture by Ernst Jacobsthal. Det
Kongelige Norske Videnskabers Selskabs 26: 89-93. 1953.

50. Shklarsky, D. O. , N. N. Chentsov and I. M. Yaglorn. The U. S.
S. R. Olyrnpiad problern book. San Francisco, Freernan,
1962. 452 p.

5I. Sierpinski, W. Un th6orBrrre sur 1es nombres irrationnels.
Bulletin International de ltAcaddrnie des Sciences de
Cracovie, classe des Sciences rnathernatiques et
naturelles, 1909, p. 725-727.

52. Skolern, Th. On certain distirubtions of integers in pairs with
given differences. Mathernatica Scandinavica 5: 57 -58,
L957.

53. Stern, M. A. Sur un th6orbrne de M. Herrnite relative ar la
fonction E(*). Acta Mathernatica 8: 93-96. 1885-5.

Stern, M. A. Zur Theorie der Function Ex. Journal ftr die
Reine und Angewandte Mathernatik 105: 337-345. I890.

Stewart, BonnieMadison. Theory of nurnbers. New York,
MacMillan, L952. Z6L p.

Stbhr, Alfred. Aufgabe 34I. Jahresbericht der Deutschen
Mathernatiker-Verinigung 52: 6-7 . April L954.

Sylvester, Jarnes Joseph. Collected rnathernatical papers,
vol. 4. London, Carnbridge University Press, 19lZ.
756 p.

Tverberg, He1ge. On two inequalities by S. Se1berg.
MathernaticaScandinavica6: 308-3I0. 1958,

59. Uspensky, J.V. and M. A. Heaslett. Elernentary nurnber
theory. New York, McGraw-Hill, L939. 480 p.

60. Vahlen, K. Th. tib", eine Verallgerneinerung der Eulertschen
Q-Funktion. Zeitschrift fiir Mathernatik und Physik 40:lZG
tz7. r895.

61. Vandiver, H.S. On sorne special arithrnetic congruences.
Arnerican Mathernatical Monthly 11: 51, 1904.

55.

s6.

57.

58.



67

62. Volosin, Ya. I. On the integral part of a rational nurnber.
P. S. R. S. Augustdkas Izgfitlbas Ministrija. P6tera
Studt<as Latvi;as VaIsts Universitate. Zinatniskie Raksti.
Ministerstvo Vys s'ego Obr azor aniya. LatviilskiiY
GosudarstvennyY Universitet irn. Petra Studt<i". Ucvenye
zap{sk{ zB: 9 5-9 8. L9 59 .

63. 'Wigert, S. Recherches sur la representation analytique de la
q

fonction 
I toZ"t Arkiv fcir Mathernatik, Astronorni,

v=1
och Fysik l.: i65*r.83. L903-4.

64. \,Vright, E. M. A prirne-representing function. Arnerican
Mathernatical Monthly 58: 5I5-618. I951.

65. Zat,eln, Jean-Pierre. Sur les sornrnes des chiffres
successives d'un nornbre. Euclides B:260-262. July 1948.

66. Zeller, Chr. Ueber Surnrnen von grijssten Ganzen bei
arithrnetische Reihen. Nachrichten von der K. GesseI-
schaft der WissenschaIten und der Georg-Augusts
Unj.versitat, May 14, 1879, p. 243-268.

67. Zsigrnondy, K. dU." eine allgernein giltige, additiv gebildete
Kriterien fiir Prirnza]ne]:rt. Monatshefte fur Mathernatik
und Physik 5:123-128. L894.




