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The residence time distribution in a tubular flow vessel with
multiple baffles has been investigated. Length of sections between
the baffles, orifice diameter to vessel diameter ratio, and the flow
rates were varied, with the flow always in the laminar regime.

Conductivity measurements, involving tracer impulse response,
were used to evaluate the concentrations in three of the tubular
vessels six sections. Laguerre polynomial approximation was used

to smooth the time dependent concentration related curves.

A dependency on the flow conditions in the previous sections
was found for all twelve cases studied. Accordingly, the individual
residence time distributions were dependent upon each other; hence
the individual residence time distributions did not convolute to give
an overall residence time distribution and large deviation from plug

flow within the tubular vessel existed.
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RESIDENCE TIME DISTRIBUTION IN TUBULAR FLOW
VESSELS WITH MULTIPLE BAFFLES

INTRODUCTION

Plug flow is the flow for which all fluid elements have the
same residence time distribution and there is negligible diffusion
relative to the bulk flow. Fluid moves through the reactor with no
mixing of earlier and later entering fluid. In other words, there
is no backmixing of fluid elements of different ages.

Plug flow is desirable in most cases where chemical or nuclear
reactors are used. For most flow reactions where high conversion
and good product selectivity are needed, the optimal residence time
distribution, (RTD), is that of plug flow, where all molecules spend
the same amount of time in the vessel. Plug flow is also required
in true countercurrent mass transfer and heat transfer.

In most cases using tubular vessels, circular baffles are used
in order to prevent gross backmixing and to approach more closely
the condition of plug flow. The effect of these baffles on total
residence time distribution is not yet known. The main objective
of this project was to study the effectiveness of baffles for improving
the plug flow characteristics within tubular vessels.

L. J. Hellinckx et al. (1972) studied this problem for a flow

system made up of consecutive compartments. They assumed that



Hellinckx Experiment.

Figure 1.



the consecutive flow regions of the systemwere independent.

They selected a flow system consisting of (n) successive flow
regions as shown in Figure 1. For each flow region they defined a
function Gj(t) such that the Ej(t), the overall age distribution function

(t), the overall

in the effluent system j, is given as a function of Ej 1

age distribution function in the effluent of system j-1, and of the

function Gj(t).

where

G. (©) = the age spectrum generating function.

This integral implies that Gj and E. ) 2Te independent; if they are

J_

not independent, then the best that can be done is as follows:
Suppose G* is the conditional probability that a molecule

remains in the last section an amount of time t-\, given that the

same molecule spent a total time \ in the first (j-1) sections;

accordingly,
— t —_—
E.(t) = fE (N )GH(E-) , N )dN
J , 71

Clearly G* (t-A,\ ) is a 2-place function depending on both (t-\)
and A\ and can be integrated over \ but cannot be factored into the

product of two independent probability density functions as indicated
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in Hellinckx article; therefore, Hellinckx approach does not appear
to be correct,

S. Veeraraghavan and P. L. Silveston (1971) studied the
influence of vessel dimensions and fluid velocity on resident time
distribution. They found that the length to diameter ratio, 1/D
exerts the major influence on the RTD. At 1/D< 2.5, the RTD
resembles the response to a pulse signal of a well-stirred vessel
with bypassing. Both Reynolds Number, NRe’ and nozzle to vessel
diameter ratio, d/D, effect the RTD., At 1/ D>5. 2, NRe and d/D

were found to have negligible affect on the RTD. In this experiment,

as will be explained in detail later, the first ratio used was

_ 30 inches

1/D = 4 inches =1.50;

this is greater than 5. 2. The second ratio used was

_ 15 inches

1/D = 4 inches =3.75;

this is between the two limiting ratio values of 2. 6 and 5.2.
Suppose there are two vessels which are connected to each
other; further suppose it takes "t'"' seconds for a molecule of fluid
to go through these two vessels. If each molecule remains 7
seconds in the first vessel it will stay in the second vessel (t-7)
seconds. The only case in which it can be said that the overall

residence time distribution is equal to the convolution of the RTD's



in each vessel is when the residence time distribution in one vessel

is independent of the RTD in the other, In this particular case:

t
(1) = f E,(7)E (t-7)d7

overall

residence time distribution in the first vessel

=
—
—
‘-‘
=
n

Ez(t—r) residence time distribution in the second vessel

overall(t) = total residence time distribution.

Accordingly a series of n stirred tanks, each with an RTD of 1/T
exp (-t/T); has an overall RTD of (t/T)n-1 exp (-t/T), which is the
n-fold convolution of 1'/T exp (-t/T) with itself, But if the residence
time of a molecule in one vessel is dependent on its residence time
distribution in a preceding one, then the convolution will not work,
For example, in two adjacent sections of pipe through which the
fluid flows as laminar streamlines, it can be seen that for a length

of AL, the RTD will be

for the total length of I, the RTD will be

1
2455 U, - )

C t C

which is not the multiple convolution of



In this project, as will be discussed in detail later, the residence
time distribution in each section will be found. It will then be
tested to see if the residence time distributions convolute to each

other.



EXPERIMENTAL EQUIPMENT

Water, supplied from a constant head tank located on the roof
of the Chemical Engineering Building (about 40 ft above the ground),
was fed to the test section in the basement of that building. Since
a point probe was to be used in conductivity measurements in the
investigation, the water had to be supplied free of dissolved air
(which forms bubbles). Accordingly, previously heated water was
used to fill the constant head tank, As shown in Figure 2, the hot
feet water was cooled to the desired temperature in a countercurrent,
tube and shell heat exchanger.

The test section was made of a cylindrical plexiglass tube
which consisted of six sections, each separated from one another
with baffles as shown in Figure 3. The desired flow rate was
measured by a flow meter.

The slide valve which is shown in Figure 4 was used so that
the tracer injected would be uniformly distributed into the flowing
stream. When the valve was in position (A), sodium chloride tracer
was injected into the hole at the top of the slide valve. After the
slide valve is suddenly pushed to position (B), the tracer was
forced into the tubular vessel by action of the flowing fluids. This
action distributed the tracer uniformly into the moving stream.

For measuring the conductivity a platinized platinum (black)



t

ot water

To experiment

Figure 2. Constant Head Tank.



From constant head tank

|

Probe connected to a conductivity monitoring circuit
Flow meter

Slide valve

Drain

Figure 3. Test Section.
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electrode was used. This method was introduced by Kohlrausch in
the late 1890's for the measurement of the conductivity of electrolytic
solutions (Geddes, 1972). Since Kohlrausch's time, the platinum-
black electrode has been used with gaseous hydrogen as the standard
reference electrode; it is still the most practical and accurate
electrode for electrolytic conductivity cells because the electrode-
electrolyte impedance is reduced to a very low value by the platini-
zation process, The method advocated by Kohlrausch is still used
to produce a platinum black deposit on platinum electrode. The
electrode is first cleaned thoroughly and placed in a solution of
0.025N hydrochloric acid containing 3% platinum chloride and
0.025% lead acetate. Failure to include the lead acetate results in
a stronger deposit having a velvety black appearance. A direct
current is passed through the solution via a large-area platinum
anode, and the electrode to be blackened is made the cathode. In
these cases both cathode and anode are made of platinum.

A twenty-thousandths inch diameter platinum wire which had
been cut into a five-inch length was used to make the conductivity
probe. The step-by-step production of the probe is illustrated in
Figure 5.

The conductivity probe used in this experiment measured
the potential difference when ions were transferred through the

water flowing in the tubular vessels. This voltage difference was
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4
| i 53 Q@

(1) (2) (3) (4) (5)

Platinum wire cut Glass Wire placed EHeat for After
in 5" length bead into glass 2 minutes heating
(6) {(7) (8)
Mix two kinds of epoxy wait for about 3 to 5 Cover the glass
in a piece of paper hours for epoxy to with sticky epoxy;
become sticky then wait about
24 hours
$ ——i- ) Glass
(9) (10)
After about 24 hours, Then cut with Epoxy (1l1) Platinum
probe appearance file cross—section of probe
(12) (13) (14)
Cut another 1C" Curl it Cover with glass
platinum as shown

Figure 5. Steps Required to Make Probe.
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directly related to the concentration of sodium chloride tracer,

By using a point probe the conductivity can be measured at
a point. Since the surface area of a point electrode is much
smaller than that of a wire ring electrode, the current flow, and
thus the conductance through the probe, will be proportional to the
concentration near the point electrode (Khang, 1975). The fluid
conductivity near the coiled wire has very little effect on the cur-
rent flow while the conductance of the fluid close to the point elec-
trode will affect the current flow through the probe.

The putput signal from the amplifier, Number 1 in Figure 6,
was amplitude modulated with a carrier frequency given by the sine
wave signal generator. The carrier frequency was much higher
than the frequencies of the concentration signal. Since the output
signal picked up noises whose frequencies were higher and lower
than the carrier frequency, a band pass filter was used to block
frequencies which were much higher or much lower than the
carrier frequency.

Because a single diode produces an offset which is appreciable
when input voltage is small, an operational amplifier with two diodes
of the same characteristic was used as a precision rectifier.

The output signal still had high frequency components associ-
ated with the carrier frequency. By using a low pass filter the

high frequency components were removed without adding a
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Figure 6. Conductivity Measuring Circuit.
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significant time constant to the system. In this experiment the sig-

nal generator has an amplitude of 2 volts and a frequency 1 of KHz.
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THEORY OF CALCULATIONS

The conductivity was measured at three different points after
the first, second, and fifth sections. This permitted the evaluation
of the residence time distribution functions after the first, second,
and fifth sections.

After finding the tracer output, plots were obtained (for which
the equations were unknown to the experimenter). Since there were
noises on the curves, it was decided to smooth each of the curves
by using Laguerre polynomial.

Approximate each impulse response curve, F(t), by

t) = ..
F(t) A0L0+A1Ll-}I-AZI_42+A3L3+A4L4+A5L5

where LO, Ll’ LZ, L3, L4, LS' . . are orthonormal. For finding

A _ both sides of this equation were multiplied by L

0 0’

2
= L .
LOF(t) AO 0+A1L0L1+A2L0L2+A3L0L3+

By taking an indefinite integral of both sides of the equation, one

obtains
LFtdtzf L dt Ldt+f L L _dt + .
‘JO 0() OAO Od+j;)A1L01 OAZOZ *

The property of orthonormality reduces this equation to



23]
fo L F(t)dt = Ay

By the same method, Al’ AZ" .. An can be determined.
[»9]
A, = | Ly(tE(t)at
0
@
A = L (t)F(t)dt
1 1
0
23]
A, = f L () F(t)dt
0
23]
= L_(t
A, fo L(OF(t)dt

>
t

u” fo L ()F(t)dt

A = fo L (DF(t)dt

According to Solodovnikov (1960), each of the time dependent

Laguerre functions can be expressed by:

. s PRI ) v-i/e -1 s , vkil/2
v T v! (v-1)! T

v (- L L ey

kI (v-k)1]°

17



where v equates 0, 1, 2. .
This means:
1/2
-t 2 _ -t
Ly(t) = e — = N2 e
3/2 1/2
- -t
L(t):et 2 _t 2 = (N2t - N2)e
1 1 1
R S S S o VR A )
2 2 1 2
2
-t
= (4\fzt7- 4\%“/'2)«3
e -t 27/zt3 25/2@ 2 23/2@t _ 21/2
3V 6 2 1 1
= (——82/—2 3 122\/—2 ¢ + N2t - \fZ)e't
L et R L O R B S G 2/ %) |
4\ 24 6 2 1
. 21/2
1
4 3 2
_leatt  32Vat 2N2t”  sWat PN
T 24 6 2 1
. -t St/ 2 5 29/2:5) 4 27/2(10) 3 25/2(10)
5 7 120 24 6 2
3/2
L 2 5)t 21/2

1

= (%0 24

6

3z szt N soN2t>  40n2t”

2

+ 10~f2t-~f2)e‘t

t

18
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By knowing F(t) data from the experiment and knowing Ll’

L L

> Las Laguerre polynomial coefficients can be obtained by

numerical integration. This provides all of the terms of the

Laguerre polynomial:

F(t) = A0L0+A1L1+A2L2+ .

Accordingly, the Laguerre polynomial approximation can be
obtained for each of the three measured sections of the test tubular

vessel.

After finding these equations one can find their Laplace
transforms

In general:

f[Lv(”] =L (s) =~z S

v (1+S)V+1
0
so that: LO(S) - \/_2 (1‘15) - (1\_{25)
(1+S)
L(S) = xfzjl-zs
(1+S)



By knowing the measured numerical points, F(t), and the evaluated

Ll(t),. L (t)y . ..

2
F(t)L (t)dt and F(t)L_(t)dt, . . .
fo 1 ]o 2

were numerically integrated using a newly written computer

program. This computer program is given in Appendix A,

20
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ANALYZING THE DATA

Water from the constant-head tank was introduced into the test
section at a predetermined flow rate. After the system had reached
steady state, a tracer containing 15 grams of NaCl per 200 cubic
centimeters of water was injected into the hole provided in the slide
valve. This tracer was instantaneously distributed uniformly into
the flowing water stream by pushing the slide valve into its second
position. By use of the probe which was installed inside the pipe,
the conductivi‘;y of the water was measured and recorded on a
plotter as a plot of the potential difference, v, versus the time, t.

Digitizing produced a set of numbers (almost 50 points per
inch). By using the Laguerre function, the curve was smoothed;
this resulted in a set of graphs as shown in Figures 10 through 15.
To find the convolution integral of two of these graphs the Laplace
transform of each graph was taken and then multiplied by the

transform of the other graph.

Twelve sets of data were experimentally measured to include
two different lengths of individualized sections, two different orifice
diameter to tube diameter ratio and three different flow rates.

Table 1 summarizes the experimental parameters for each

set of data.

In the digitizing, 50 points per inch were read and the data
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Table 1. Summary of Experimental Runs,

Percent Length Diameter
Flow
of Rat of of

Maximum ate Each sec. QOrifices Re Re
Set Flow (cm™/sec) (cm) (cm) Orifice Vessel
A 100% 70 76. 2 2. 54 4365 1100
C 70% 49 76. 2 2. 54 3050 765
B 409, 28 76. 2 2. 54 1745 436
D 1009, 70 38.1 2. 54 4365 1100
E 70% 49 38.1 2. 54 3050 765
F 409, 28 38.1 2. 54 1745 436
G 1009, 70 76. 2 1. 27 8727 1100
H 70% 49 76. 2 1. 27 6100 765
I 409, 28 76. 2 1. 27 3490 436
K 1009, 70 38.1 1. 27 8727 1100
L 70% 49 38.1 1. 27 6100 765

M 409, 28 38.1 1,27 3490 436
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points were stored (for example, set B was stored in *CHEMB).
Then by using computer programs "LISTER'" and "EDITOR",
"GRAPHI1B' (data points for Section 1, set B), "GRAPH 2B"

(data points for Section 2, Set B) and '"GRAPH 5B'' (data points for
Section 5, Set B) were obtained. Program "LISTER' put a counter
for each number. Program "EDITOR'" separated the data for each
section and put the data for each section in a special file. Both
computer programs are given in Appendix A.

To illustrate the calculations, consider Set B:

Set B: pipe diameter 10.16 cm = 4 inches
Section 1 baffle orifice diameter 2.54 cm =1 inch
length of each section 76.2 cm= 30 inches

40% flow rate

v = 409, flow rate = 28 cubic centimeters/sec

V = volume of each section = (-erz/4)L

V= %1—5—9—3 (4%) 30 = 3.769911 x 10 inch>
2 3 3
or V=(3.769911 x 107) (2.54) = 6178 cm
V_ 6178 _
v a8 220. 64 sec

N for :,L equal to 220. 64 = 551, where N is the

equivalent digitized number



°* N Nh
V "h
v
M = N-N_
: > N
01216 551 2461
0 . v 1 T ;‘ t
86,40 220.64 984. 4
1 T i T ﬁS_T—" e
0 1 6.7015
N : - > M
0 335 2245

Figure 7. Graphical Presentation of Data Set B, Section 1.

If h1 is used to designate the dead time, or time after the tracer

is first introduced before the first voltage response, the plot

indicates:
h1 = 86. 40 sec
Nh = 216 digitized points
1
" . . v
t = time of backmixing = 5 h1
t = 220. 64-86. 40 = 134. 24 sec
N for t = 335 digitized points



With this information a computer program "SATVAT', was used
to obtain AO, Al’ e e e e s A5 for the Laguerre function. Pro-

gram ""SATVAT'" involved a trapezoidal rule which calculated

[e0] [e0]

AO - [O F(t)LO (t)dt, ¢A1 = fo F(t)Ll(t)dt, ..... s
A = fo F(t) Lo (t)dt

This computer program is located in Appendix A with the other

programs used in this study.

Set B:

Section 2

v = 220. 64 Sec
v
%Y = 44]1. 28 Sec

2
N for 7V= 1103 digitized points from the plot obtained by

experiment.

hZ = 199. 20 Sec
Nh = 498 digitized points
2
t = 441. 28-199. 20 = 242,08 Sec
N for t = 605 digitized points

25
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0 L N
498 1103 2374
1 —t ‘N e
0 1 3.095
Figure 8. Graphical Presentation of Data Set B, Section 2
Set B:
Section 5
Y = 220. 64 Sec
v
oY =1103. 20 Sec
v
N fori—V = 2758 digitized points
h5 = 603. 20 Sec
Nh = 1508 digitized points
5
t = 1103. 20-603. 20 = 500 Sec
N for t = 1250 digitized points
; R ——
1508 2758 4831
A "  l
0 1 2 658

Figure 9.

Graphical Presentation of Data Set B, Section 5.

26
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Now for Set B

Section 1 AO = 2. 242995053
Al =1.761655216
AZ = -0.1237207189
A3 = 0, 2948833154
A4 = -0.1475849893
A5 = 0, 05262843507

Section 2 A0 =1,755621812
Al =1.025783606
AZ = -0,7096943738
A3 = 0. 1847033730
A4 = 0,04202397428
A5 = -0.06748964938

Section 5 AO = 0.6727787309
Al = 0,6274949721
AZ = -0.3273751842
A3 = -0.03471244912
A4 = 0.1605360442
A5 = -0.1238418534

After finding these values for three different curves in Set B,
a computer program called "DATAGEN'" was used to generate data

for these three curves. Thenlby using two other computer prpograms
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called "PLOT'" and "PLOTTER", *GRAPH 1B and LAGU 1B (which
is its equivalent Laguerre function) were plotted. The same process
was repeated for *GRAPH 2B, LAGU 2B and *GRAPH 5B, LAGU 5B.
The computer programs are in Appendix A.

Before convoluting the curves, each curve must be normalized.

This required that

be equal to one.
For graph 1B each of the coefficients were divided by

5.771202340 which was the value of

7 F(t)dt
0

when using the old coefficients. This normalized the curve and

produced a new set of coefficients:

A0 = 2.242995053/5.771202340 = 0.3886529913
A1 = 1.761655216/5.771202340 = 0.3052492552
AZ = -0,1237207189/5.771202340 = -0.02143759855
A3 = 0.2948833154/5.771202340 = 0.05109564663
A4 = -0.1475849893/5.771202340 = -0.02557265897
A_= 0.5262843507/5.771202340 = 0,00911914570
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The Laguerre function with these coefficients can then be
normalized.

Normalizing Graph 2B; the coefficients became

A0 = 1.755621812/3.155037967 = 0.5564502964
A1 = 1.025783606/3.155037967 = 0.3251255981
A‘2 = -0.7096943738/3. 155037967 = -0. 2249400423
A3 = 0.1847033730/3. 155037967 = 0.05854236143
A4 = 0.04202397428/3.155037967 = 0.01331964136
A5 = -0.06748964938/3.155037967 = -0.02139107358
Normalizing Graph 5B; the coefficients became
A0 = 0.6727787309/1.378688886 = 0.4879844450
A1 = 0.6274949721/1. 378688886 = 0.4551389211
A‘2 = -0.3273751842/1. 378688886 = -0. 2374539953
A3 = -0.03471244912/1. 37868886 =-0.02517786968
A4 = 0.1605360442/1. 378688886 = 0,1164410955
A5 = -0.1238418534/1. 378688886 = -0.08982581542

As was mentioned earlier, the Laguerre function is

F(t) = AOLO=A1L1_+A2L2+A3L3+A4L4+A5L5

The Laguerre function for Graph 1B can now be expressed with the

evaluated terms as

35
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t

= 0.3886529913 [Jze't] +0.305249552 [N2(2t-1)e ]
-0.02143759855 [\/2(2t2-4t+1)e't]
+0. 05109564663 [\2 (%t?’ -6t2+6t-1)e-t]
-0.02557265897 [V2 (§t4 536—’ 2t? -8t+1)e't]
+0. 0911914570 [V2 (%ts (10,4 +%t3-20t2+10t-1)e—t]

3

The Laplace transform of this function yields

{f(t)}=  0.3886529913 [V2 L1 +0.3052492552 [xfz-“'—sz]

(1+S) (1+S)

2
-0.02143759855 [V2 15 1 10. 05109564663

(145)°
3
(V2lsSl
(1+S)
1-5)*
-0. 02557265897 [\fzi—%] +0.0911914570
(1+S)
5
vz =8
(145)°

Similarly for Graph 2B, one obtains

£(t)

= 0.5564502964 [~f2e't]+o. 3251255981 [~f2(2t-1)e't]
2 -t
-0. 2249400423 [N2(2t"-4t+l)e ']

4 -
+0. 05854236143 [V2(3 £ -6t%+6t-1)e ]



4163 2 -t

+0. 01131964136 [«fZ(—t 5t fl2t7-8t+l)e ]
-0.02139107358 [«f2(4 > 13Ot4 ‘;Ot3-20t2+10t 1)e”
and
{f,(t)} = 0.5564502964 [«fZ((HS )] +0.3251255981
vz =2y
(145)°

2
~0. 2449400423 [N2 35 140. 05854236143
(1+5)

[,\]‘2 __l__SL]
(1+S)

4
+0. 01331964136 [N2 U—’—S—LS]-O. 02139107358

(1+S)
V2 u ]
(145)°
and for Graph 5B, one obtains
£(t) = 0.487874450 [N2e "] + 0. 4551389211 [N2(2t-1)e

2 -t
-0. 2374539953 [N2(2t -4t+l)e

]

-t

]

-0,02517786968 [N2(5 t7-6t%+6t-1)e

-t
+0.1164410955 [\fzé t4—1—§1t3+12t -8t+l)e ]

-t

]

g
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4 _
-0. 08982581542 [fo({*g ts—%p—t +%° 3 20t%410t-1)e 4

and

{f_(t)} = 0.4879844450 [N2 L ] +0.4551389211 [xl'ziﬁL]
5 (1+S) (145)2

2
-0. 2374539953 [N2 1%] -0. 02517786968
(1+5)

N2 (s ]
(1+s)*

4
+0.1164410955 [N2 1%] -0. 08982581542
(14S)

5
vz 48
(1+S)

If {fl} = A, and if convolution holds, then
f_} = A,
(1,}=AB

and {f5} = A, B, B, B, B (if the other four sections are considered

to be identical). So

4
(L1501
———— = JL[f.] inorder for the individual RTD's to be
3 5 :
L
independent,
ft)y=A L +AL +.,....+AL



2
_ (1) (1-S) (1-5)
LUm] = A N2 el t A [N2 (1+S)2] +4A N2 (1+S)3]

3

4 5
(1-S) (1-8) (1-S)
+A3[\f2 2 +A4[\f2 2] +A5[\/_2 z ]

(14S) (1+S) (1+S)

or:
[£(t)] = Ve AL (145541052 4108° +55%48%)
L 0
(1+8)

+ A (1435- 2s%- 253351 8%

3
+ A (145- 28%- 25° +s*48%)

+A,(1-S- 2524282 +5%-8°%)

+ A4(1— 35+2S5 2+283'— 3S4+SS)

5

4
+A5(l—SS+IOSZ—IOS3+SS -s™]

or:

() = [(a, +a
(1+S)

1+A2+A3+A4+A5)

+(5AT3A4A - A -3A -5A)S

2
+ (10A0+2A1—2A2— 2A3+2A4+10A5)S

4
+ - +A_+A_-3A +

5
+ (AO—A1+A2-A3+A4—A5)S ]
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suppose:
By = (Aj+A +A, +A +A, +A)
B, = (5A)+3A +A,-A -3A -54])
B, = (10A)+2A - 2A, - 2A, +2A, +104)
B, = (10A - 2A - 2A,+2A, +2A, - 10A)
B, = (5A,-3A +A,+A -3A, +54)
B, = (Aj-A +A,-A +A -A]

S0:

L[] = F [B +BS+BS +B,S +B s* + B_s”]
g 0 1 2 3 4 5

Here again for simplicity a computer program was used to get

the Laplace transform for each equation. The computer program -

used was '""CONV O 1' which calculated BO’ Bl’ . B5 by knowing
AO, Al’ A A5. The computer program is in Appendix A.
So:
OC [£(t)] = L ¢ {1.0000000 + 3.9846905S
(1+S)

+6.33250685% + 4. 63686895°

+1.66804925% - 0.0336884255°}



1

L [£,(t)] = 7 {1.0000000 + 5.0079315S

(1+S)

+ 8.

+ 2.

1
[f (t)]= ———{1.00
5 (145)°

+ 7.
+ 0.

Now what will be { [, [£(t)] }2?

2
(Lron? = Y& _rp

(1+S) 0

99479155% + 8. 09179995>

4 5
11221668~ - 0,024673770S™ }
00000 + 5.22250508

99032095 + 7. 81389655°

0189804905 + 0. 0379522725°}

2 3 4 5,2
+B18+BZS t B,S +B,S +BSS]

(1—@)6)‘2[13‘2 + 2B B/S + (2B B, + B%)s?

0

(1+S)

+(2B.B_ + 2B.B

02 1

3
03 IZ)S

2.4

+(2B. B, + 2B.B +B2)S

04 173

5

+(2B,B_+2B.B + 2B_B_)S

+(2B,B_ + 2B_B

075 174 2 3

2,.6
175 24+B3)S

7

+(2B_B_+ 2B_B )S

+(2B_B_ + B;)S8 + 2B

25 3 4

9 2.10
3B 4BSS +BSS ]

4]
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Suppose:
Yo T Po
afl =2BOB1
- 2B.B. + B
e, 072 1
@, = 2B B, +2BB,
« = 2B.B.+2B.B. +B>
4 0" 4 173 2
= 2B B_+ 2B
@, 2B B, + 2B/B, + 2B,B,
- 2B.B_+2B.B. + B>
s 175 274 3
@, = 2B,B +2BB,
- 2B.B_+B°
“g 375 4
= 2B B
%9 475
2
%9 = By
3
Now look for {,,C f(t)] }
3 N2 3 2 3 4 5. 3
{LI1£t)]} = ) [B,+BS+B. S "+B. S +B,S +B_S”]
6 0 1 2 3 4 5
(1+8)
N2 353 2 2 2,2
= 6] {BO+(3BOB1)S+(3BOB2+3BOB1)S

(14S)
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2 3.3 2 2
+ (3B B3+6B0BB +B1)S +(3B0B4+3B0B2

0 172

2 4
+ 3B1B2 + 6B0B1B3)S

2 2 2 5
+ (3B0B5 + 3B1B3 + 3B1B2 + 6B0B2B3 + 6B0B1B4)S

2 2
+ (3B0B3 + 3B1 B4 + 6B0B1B5 + 6B1B2B3 + 6BOB2B4

3..6
+B)S

2 2 2
+ (3B1B5 + 3B1B3 + 3B2B3 + 6B1B2B4 + 6B0B2B5

.
+ 6B B B )S

2 2 2
+ (3BOB4 + 3B2B4 + 3B2B3 + 63013335 + 6BlB2B5

8
+ 6B,B B )S

2
+ (3B.B B_+6
( 5 B1B3B5

1 4

2
B
+ 3 2B5+6B0B4

3..9
+ 6B,B B, + B)S

2 2 2 10
+ (3B0B5 + 3B2B4 + 3B3B4 + ()B1B4B5 + 6B2B3B5)S

2 2 2 11
+ (3B1B5 + 3B3B5 + 3B3B4 + 6B2B4B5)S

2 3,12
+(3B,B_ +6B,B,B_+B)S

2

2 2 13 2,14 3..15
B B
+ (3 3B5 +3 4B5)s + (3B4B5)S + (B5)S }



suppose:

(LEw1y

where

44

[Nz 6]3{CO+C13+CZSZ+""'
(1+S)
14 15
+.....+C14S +C158 }
3
By
2
3B, B,

2 2
3BOB2 + 3BOB1

3B‘2

3
0 B_+B

B3 +6BOB1 > 1

2 2 2
3B0B4 + 3B0B‘2 + 3B1B‘2 + 6B0B1B3

2 2 2
3B0B5 + 3B1B3 + 3B1B‘2 + 6B0B2B3 + 6B0B1B4
3BB2+3B2B +6B BB_+6BB B_+6B B B
073 174 015 1273 02 4
3
B
¥ 2
3B2B +3BB2+3B2B +6B B B +6B B_B
175 173 2 3 1724 07275
+6B0B3B4
3BB2+3B2B + 3B B2+6BBB + 6B.B_B
074 2 4 23 035 1275
+ 6B.B_B

17374
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2 2
= - +6
C, 3B)B, + 3B,B_ + 6B B B + 6B B B_+6B,BB,
3
+ B
3
C. = 3B B°+3B.B°+3B°B, +6B.B B_+6B B_B
10 075 274 374 17475 27375
c.. = 3B.B°+3B%B_+3B_B°+6B B B
11 15 375 374 27475
C.. = 3B.B°+6B,B B_+B>
12 275 37475 4
_ 2 2
C,; = 3ByB_ +3B,B,
C,, = 3B,B;
3
= B
€15 5
4
Now look for {L [f(t)]}
4 N2 .4 2 3 4 5, 4
{ LD} = [ ]{B. +BS+BS"+B.S +B,S +B_S"}
6 0 1 2 3 4 5
(1+S)
4 3 3 2.2 .2
= B, + (4B B))S + (4B B, + 6B B)S
3 2 3.3
+ (4B B, +12B BB, + 4B B)S

3 2 2 2_2 4 _4
+(4BOB4 +12B_B. B_+12B B1B2+6BOB2+ Bl)S

013 o

3B5 + 12B0B12B3 + 12B2B B + IZBZB B

+(4BO 071 4 02 3

2 3 5
+ IZBOBIBZ + 4B1 BZ)S
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2_2 2.2 2 2
+ (6BOB3 + 6B1 B2 + 12B0B1B5 + 12B0B2B4

2 3
+ IZBOB1 B4 + 2,4BOB1B2B3 + 4B1 B3

2 2 2 2
+ (12B0B2B5 + 12B0B3B4 + 12B0B1B5 + 12BOB1B3

2 2
+ 12.BOB2B3 + 12B1 B2B3 + 24BOB1B2B4

+ 4B3B + 4B B )S7

3
174 12

2 2 2 2
+ (12B0B3B5 + 12B1B2B4 + 1ZBOB2B4 + 12B0B2B3

+12B BgB

1

2,2 2.2
3+6B1B3+6B0B4+24BBB B

071725

8

3 4
+ 24B B B,B, + 4B B, + B,)S

B.B, +12B BB2

2 2 2
+(12B. B B +12B1B2B5+12B1 3By 0B1B4

074 5

B_+12B B B2

2 2
+12B B2B4+12,BOB2 5 18,83

1

+ 24B_B.B_B_+ 24B_ B _B_B  + 4B B3

071735 0727374 073
3 9
+
4B.B.)S
+ (6B°B% + 24B BB B_ + 24B.B_B_B
0°5 07145 0727375

+ 2,4B1B2B3B4



2 2 2 2
+ L?.B1 B3B5 + 12BOB2'B4 + 12B1B2B5 + 12BOB3B

2_2
+ 6B1B4
2 3 3 10
3

+ 4B B3 + 4B2B4)S

2
+ 6B2B 1

+ (12B BB2+24B B.B B +12B2B B_ +

0715 0-2°4"5 1°4°5
+12B.B°B_ +12B.B°B
0°3"5 1-374
+12B°B.B
27374
+24B.B.B.B_ +12B.B.B° + 12B.B_B> + 4B°B
127375 03 4 1-274 275
3. 11
+4B,B)S

+(24B_B_B B_+24B. B_B B_+12B BB?

073 45 17245 02
+12B BZB
1735
2 2 2 2_2
+ 12B1B3B4 + 12.B2‘B3B5 + 12B2B3B4 + 6B1B5

4

2_2 3 4 12
+ 6B2B4 + 4BOB4 + B3)S
+ (12B.B B2+12BB B2+12B BZB +12B2BB
035 17275 0745 2 4
+12BBB2
23 4

B_+24B.B_B B +4BB3+4B3B )S

+12BB5 17374 5 14 374

2
273

13

5
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2 2 2
+ (12B0B4B5 + 12B1B3B5 + 12B1B4B5 + 24B2B3B4B5

2_2 2
+ 6B3B + 6B2

2 3 3 14
4 5

+ 4B B4 + 4B3B5)S

3 2 2 2
+ (4B0B5 + 12B1B4B5 + 12B2B3B5 + 12B2B4B5

+ (4B1B:; + IZBZB B2 +12B_B B_ + 6B 2 + B4)S16

2
45 37475 5

3 2 3 17
+ (4B2B5 + 12B3B4B5 + 4B4B5)S

¥ (413313?; ¥ 6B2B2)Sl8 ¥ (413413?;)51 + (134)520

it means:

[ng] {D0+DIS+DZSZ+D3S3 oo ..
(1+5)

¢ £ 1wy

19 20
e e +D198 +DZOS }

where

3 2
D =
2 4B0B2 + 6B 1

3 2 3
D =
3 4B0B3 + IZBOBIB2 + 4130B1



D

D

8

9

49

= 4B3B + IZBZB B3 + 6B(2)B§ +12B BZB + B4

0 4 071 0712 1
= 4B3B +12B2BB +12B2BB +12B BZB
- 075 071 4 07273 0713

2 3
+ 1.?.B0B1B2 + 4B1B2
2 2 2 2_2
= 1.?.B0B1B5 + 1.?.B0B2B4 + 1.?.B0B1 B4 + 6B0B3

6B?B§ + 24B_B.B_ B, + 4B3B + 4B B3

071 273 173 072

= IZBZB B +12B2B B +12B BZB +12B. B B2
025 07374 015 0713
+12B BZB + IZBZB B_+24B_B.B_B

07273 17273 071 2 4

3 3
+ 4B1B4 + 4B1B2

2 2 2 2
= 1.?.B0B3B5 + 12B1 B2B4 + 1.?.B0B2B4 + 12B0B2B3
2 2.2 2_2
+ 12B1B2B3 + 6B1B3 + 6B0B4 + 24B0B1B2B5

+ 24B_B. B_B +4B3B5+B§

071 374 1
= IZBZB B +12B2B B +12B2B B +12B_ B B2
0745 17275 134 071 4

2 2 2
+ 12B +12B_B +12B B
¢ 1B2B4 2 0 2B5 le lBZ 3

3
+ 24B0B1B3B5 + 24B0B2B3B4 + 4B0B3

3
+ 4B2B3
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D =6B°B

10 0 +24B . B.B B_+24B B_ B _B_+ 24B B_B_B

2
5 01 4 5 072 35 1727374
+12B2B B +12B B B2+12B BgB + 12B B;B

17375 0 2 4 1 5 0 4

+ 4B B3 + 4B3B

2 2_2
+6B1B +6B2B3 183 2By

2
4

2 2 2
D =
11 12B0B1B5 + 24B0B2B4B5 + 12B1B4B5 + IZBOB3B5

B +24B B_B_B +12BBB2

+12BB4 1 2 35 0734

2
173
2 3 3 2
+ 12B1B2B4 + 4B2B5 + 4B2B3 + 12B2B3B4

D _=24B B B B_+ 24B.B_B B +12BBB2+12BB§B

12 0345 1727475 072 5 1 5

B + 6B°B

+12BBB2+12B2BB + 12B_B 4 1

2 2
13 4 2 35 2 3 5

+ 4B B> + BY

2_2
+6B2B4 0 4 3

2 2 2 2
D13 = 12B0B3B5 + 12B1B2B5 + 12B0B4B5 + 12B2B4B5

B_+24B,B_B B +4BB3

2
+12BBB+12BB5 1B3B4B; 184

2
23 4 23

2 2 2
D14 = 12B0B4B5 + 12B1B3B5 + 12B1B4B5 + 24B2B3B4B5

2_2 2 3 3
+6B3B4 + 6B_B +4B2B4 +4B3B5

2
25
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3 2 2 2
D15—4B0B5+12B1B4B5+12B2B3B5+12B2B4B5
2 3
+ 12]33134135 + 4B B
D., =4B B3+12B B B% +12B_B°B_ + 6B°B% + B*
16 175 27475 37475 375 4
3 2 3
D17—4B2B5+12B3B4B5+4B4B5
3 2 .2
D18—4B3B5+6B4B5
3
D19 ‘4B4B5
4
Dzo‘Bs

Again by use of two computer programs called "CONV O 3" and

"CONVO 4'" the values were obtained for | fl(t)]3, [ fz(t)]4

by knowing AO, A . A5 for each section. The computer

| R

programs are in Appendix A.

So for Set B:

{,L[fl(t)]}3 . (2 6}3 {0.35355339 + (4. 2264026)S

(14S)

4 (23.557544)S° + (80. 814188)S°
4 5
+(190.14209)S? + (323.92282)8

¥ (410.99906)s® + (392.76455)S"



(L1501 4=

N2
(1+S)

6

}

4

+ (281, 55377)S° + (148.03460)S’

10
4 (54.155596)S  + (12.1655851)S.]
+ (1. 0957813)S™2 - (0. 093838570)S">

14
+(0.0020079207)S
15

- (0.000013517523)S "}
{0. 25 + (5. 0079315)S + (46. 613858)S"

3 4
1 (268.82350)S° + (1079.0363)S

5 6
1 (3204.1002)S° + (7288. 3963)S

7 8
(12953, 243)S’ + (18154. 257)S

9 10
4 (200800, 821)S’ + (17401. 922)S
+ (11619, 7)S™ + (5807. 7446)52
4 (2071.3252)8"> + (483. 6146)5™

+(63.198096)5° + (2. 3983112)5™°

7 8

1
- (0. 20143417)51 + (0. 0039526217)S
- (0. 00003172817)819

+ (0. 00000009 26 578244520}
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[ 1,00
(L7 01°

Now calculate

(1+S)

[ 0. 25 + (5.0079315)S + (46. 613858)S> + . .
0.35355339 + (4. 2264026)S + (23. 557544)S°. .

]

After dividing and throwing away all the terms after SS,

(Lo 5
(Ligmy  ws’

[0.70710678 + (5. 7117641)S
2 3
+ (16.449975S " + (21. 495731)S

+ (13. 076777)84 - (5. 7708116)85]

or:

= o [1.0000000 + (8.0776543)S
(1+S)

3
+(23. 2637788° + (30.399554)S

4

+(18. 493355)S” - (8.16116)S°]



but it was earlier shown that

[f.(0] = —1—6 [1.0000000 + (5. 2225050)S

(14S)
2 3
+(7.9903209)S“ + (7. 8138965)S
4
+ (0. 018980490)S

+ (0. 037952272)85]

Now invert

1L 1,01
(L, 0]

from previous calculations, it was shown that

B0=A0+A1=A2+A3+A4+A5

B1 =5AO+3A1+A2-A3-3A4- 5A5
B2=10A0+2A1— ZAZ— 2A3+2A4+10A5
B3=10A0 - ZAI— 2A2+2A3 +2A4 —1()A5
B4=5A0—3A1+A2+A3—3A4+5A5
B5=AO—A1+A2—A3+A4-A5
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so by some basic algebra one can get:

AO=%[BO+B1+BZ+B3+B4+B5]

A =;—2[5B0+3B1+B2- B, - 3B, - 5B5]
A2=%[10B0 + 2B, - 2B, - 2B, + 2B, +10B5]
Al =3i2[1013O - 2B, - 2B,+ 2B, + 2B, - 10B5]
A4=-§—2-[5B0- 3B, + B, + B, - 3B4+5B5]

1
=— - - + -
A5 32[B0 B +B,- B, +B, BS]

For simplicity, program "INVERSE' was used which gave

values of AO, Al’ e e, A5 by knowing BO’ Bl’ e e ey BS. Then
again by using program "DATAGEN 5" and "PLOTTER 5" the nor-

mal curve for section 5 and also the curve for inverting

JEECIN
[Lg 0]

were plotted in Figures 16 and 17.
As it is seen for set B, the two curves are completely dif-
ferent so it was concluded that the residence time distribution in

one section is not independent of the RTD in the second one.
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4

Figure 16. LAGU B NORMAL
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Figure 17. LAGU B CALCULATED

LS



RESULTS

The same data analysis procedure was followed for the other

sets and the following results were determined:

Set A do not convolute
Set B do not convolute
Set C do not convolute
Set D do not convolute
Set E do not convolute
Set F do not convolute
Set G do not convolute
Set H do not convolute
Set I do not convolute
Set K do not convolute
Set L do not convolute
Set M do not convolute

the final curves for each set of data are presented in Appendix B.
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CONCLTUSION

In all of the cases investigated the residence time distribution
of each of the individual sections were found to be dependent upon the
preceding sections; i.e., not independent of each other. Even though
the graphs of set L. and M initially indicate independence between
the sections, evaluation of the dead time for each graph of these
two sets proved that there is dependency between the sections. In
the case of independence, (as indicated by the existence of convolu-

tion), the following relationship of dead time must be satisfied.

4 dead time for graph obtained after second section
-3 dead time for graph obtained after first section

= dead time for graph obtained after fifth section .

For set L, the dead time relationship is 4(9.6)-3(5.2)=. 8

sec, while the actual dead time for 5th section, set Lh is 27.6 sec,
and for set M, 4(26.4)-(13.6) = 64. 8 sec, while the actual dead
time for 5th section, set M is 166 sec.

Since no independence existed for all of the cases investi-
gated, the residence time distribution of each of the individualized
sections were also dependent upon each other. This interdependency
indicates that deviation from convolution always existed. Because

of this dependency there is no way to evaluate the residence time



distribution in a single section. A direct flow visualization will
be necessary to find the type of coupling which exists between

the flow patterns in adjacent sections.
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APPENDICES



NOMENCLATURE

Laguerre coefficient

baffle orifice diameter

pipe diameter

age distribution function

Laguerre polynomial

age spectrum generating function

conditional probability

dead time

length of each section

Laguerre function

digitized points number starting after dead time

digitized points number starting after injecting tracer
time

time of backmixing

volumetric flow rate

volume of each section

shifting time
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APPENDIX A

nComputer programs and results for set B"
4 inches diameter of the pipe
30 inches length of each section
! inch diameter of the orifices

28 cc/sec flow rate
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APPENDIX B

Final Results For All Sets

71



72

10
5 (-
g
S
0 M——— e JIME,
3.9050 (actual curve)
LAGU H NORMAL
¥
’ //\\
5 th 7/
3 / \\
> /
0 —»-\o—v—o —— TS OSSP VO e
Y 1 / 3.9050 (calculated curve)
\ /

+



73

\

2,91715

\ TIME
/ J 2.91715 o (actual curve)
LAGU C NORMAL

\/
LAGU C CALCULATED

- e e

{calculated curve)

o e et



TIME

14

4.087156

LAGU 0 NORMAL

TIME

4.087156

LAGU D CRLCULRTED

(calculated curve)

e



75

voLT

/_\\ S

voLT

— — S

(actual curve)
2.836770

LACU £ NORMAL

2, 836770

JINE B i
/7 \—/ (calculated curve)

LRCU £ CRLCULATED



vOLT

76

TE, B e T

2.32350 (actual curve)

LACU & NORMAL

20

15

10

2,322350

B e e B B et Rt ST !

(calculated curve)




77

et -t

10
5 -
g
(4] ] T JTIME. "
2.680473 {actual curve)
LACU H NORMAL
10
5 =
iJ\ 2.680473
> T T
0 V ey AP e e
LACH H CALCLLATER et




10

20

15

10

78

——t

R e e SR

:

e —— TIME,

2. 625579 (actual curve)
LACU [ NORMAL
5 / \ 2. 625579
>
Tipe,
ff (calculated curve)
/ _ M,////
LAGL T CHLCULATE



79

-
3
5
TIME
4 —t—t + — ——t
(actual curve)
3.095238
LACU K NORMAL
=
A
S
3.095238
. T1ME .

T e e e T

calculated curve)

(
LACYU K CALCULRTED



80

- /\
° V B a (actual curve) o
1. 895688
LACU L NORMAL
2.0 13

TS
1.0
. TIME
(calculated curve)

/ "™ LAGU L CALCULATED



81

ol
0 - \\,leag N
2.46161826 (actual curve)
LACU M NORMAL

1.0
ME

Y — TP

2.46161826 (calculated curve)

LACU M CRLCULRTED



