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ASYMPTOTICALLY COMPACT OPERATOR APPROXIMATION
THEORY

I. INTRODUCTION AND SUMMARY

Asymptotically compact sequences of operators
arise from the approximate solution of differential
and integral equations. Motivated by such problems,

we study linear operator equations
(1.1) (I-Kx =y, (I-K)x =y ,n=1,2,3,...,

in a Banach space X , where Kn - K pointwise and

{Kn} is asymptotically compact, i.e., if the sequencé
of points {xn} is bounded, then each subsequence of
{Knxn} has a convergent subsequence. If each Kn is
compact this reduces to the more fully studied case

with {Kn} collectively compact. The collectively com-
pact case is typified by numerical integration approxi-
mations of integral equations with continuous kernels.
Weakly singular kernels lead to asymptotically compact
operator approximations. We extend much of the theory
for the collectively compact case to the asymptotically
compact case. In particular, I—Kn satisfies the Fred-

holm alternative for all n large enough, and

1 1

(I—Kn)_ + (I-K) on X ,

with practical error bounds, whenever (I—K)—1 exists.

There are implications for spectral properties of K



and Kn. The analysis is based on the use of converg-

ence and compactness concepts for sequences of sets as

well as a convenient measure of noncompactness defined

for bounded sets. Definitions of these concepts along

with their associated consequences and mutual relation-
ships are presented in Chapter II.

To begin Chapter III we review some basic facts
about contracting, compact, and semi-Fredholm operators.
The majority of the chapter is devoted toward discussing
bounded, linear operators on X which diminish some
measure of noncompactness, the so-called condensing op-
erators. Special cases include contracting and compact
operators. It is shown that if T is condensing then
I-T satisfies the Fredholm alternative. The chapter
concludes with some spectral properties of T which
depend on the measure of noncompactness of T . These
results are generalizations of the classical situation
when T is compact, that is, the measure of noncompact-
ness of T 1is zero.

In Chapter IV we turn to the study of operator
approximations. Coupled with a Fredholm alternative
for condensing operators, the set convergence and com-
pactness concepts of Chapter II provide efficient proofs
of results concerning the mutual (unique) solvability

of the equations (1.1) as well as the convergence



1 -
+ (I-K) 1 (with practical error bounds) when

(I-K_) "~
the latter inverse exists. Finally, an example involv-
ing the approximate solution of a weakly singular
integral equation is given.

It is very tempting, even on the basis of the ter-
minology alone, to want to view asymptotically compact
sequences as sequences of "almost" compact operators.
The fact that the collectively and asymptotically com-
pact approximation theories are virtually identical,

along with the known examples (cf. Chapter 1IV), serve

to strengthen this view. Thus, we have the conjecture:

{Kn} asymptotically compact <

R =L _+T_, {L_ } collectively compact , HTnH+O

The principal result of this thesis proves this con-
jecture for a large class of spaces, which includes

those of practical interest.



IT. PRELIMINARIES

1. Sequences of Sets

In this section we capuslize the set theoretic
concepts and results needed in later chapters. The
main emphasis revolves around the characterization of
discretely compact sequences in two ways, in terms of
set convergence and in terms of asymptotic total bound-
edness. Applications to linear subspaces will be

particularly important.

Let (X,p) be a metric space. Elements and sub-
sets are X X € X, Sn , S C X where
n € N = {1,2,3,...} . Denote infinite subsets of
N by N' , N" , etc. Our first definition generalizes

point convergence.

Definition 2.1.

For S ¢cX, € >0 , an e=-neighborhood of § is
defined by
o (s) = W (xex: o(x,x") < e} if S #40,
€ X'€ES
and QE(Q)Y= @ . The sequence {8,: n € N} is said

to converge to S if \fa > 0 :En(a) € N such that

Sn C QE(S) whenever n > n(e) , in which case we

write S =+ S
n

These limits are not unique.



(2.1) Sn S CSs8' = 8

Other immediate consequence

(2.2) S >SS , s'C S
n n

(2.3) S » @8 = S =190
n n

(2.4) Denote the closur
2 () =a_ (3 Ye
€ €

(2.5) S » S = 3_ -
n n

The union of a fixed set an

easily handled:

Sl

.

n

s of the definition are:

:S'—)S,
n n
\/n large,
e of S by S. Then
> 0 ,
§ -« 8 +8S & S -5
n n

d a convergent sequence is

(2.6) s'c X, 8 -8 = S uUS'>85uU S
n “n
The above is a consequence of
QE(S U 8') > QE(S) U s! \7/5 > 0

Assertion (2.6) does not hold with wunion replaced
by intersection. For if Sn = L—%, 2 + % 1, 8 = (0,2)
are real intervals, and S' {0,2} then Sn + § Dbut
Sn N 8' =8' & snNn sg' = 9§ However, note that

S Ns'->3n s
n

S' compact imply s, N s' -
notion of set convergence.

difficult, we shall obtain

In fact, one can show Sn - S,

SN s' by using only the
Though the proof is not

the desired result as a con-

sequence of the related idea of discretely compact

sequences, which we define

next.



Definition 2.2.

Define the cluster point sets:

*

{x} ={xeX:x_ —»x,n€N"}
n n
* c ,
{Sn} = {x € X: X X, X € Sn’ n N'} .
The sequence {xn} = {xn: n € N} is d-compact (dis-

cretely compact) if each subsequence has a convergent
subsequence, i.e., {xn: n € N'}* @ \/N' C N
Analogously, {Sn} is d-compact if

{Sn: n e N'}* # ¢ \fN'C: N such that Sn #0 ,

n € N'

*
It follows that the cluster point sets {xn} and

*
{Sn} are closed. Moreover,

* *

(2.7) {Sn} = {Sn} p
{Sn} d-compact <= {Sn} d-compact,

* -
(2.8) S, ~ S = {Sn} c s,

* * -
(2.9) {San S} C {Sn} n S.

The notions of d-compactness and the aforementioned set

convergence are related:

Theorem 2.3.

* *
{Sn} d-compact < S~ {Sn} , {Sn} compact.

*
proof: (=) Suppose S, —f-> {Sn} . Then



36 >0 , N'CN, x € 8 such that
0 n n

dist(xn,{Sn}*) L 0 , neN' . Now

{Sn} d-compact = 3N"C N' , x € X such that

x, * X ,n € N" . Necessarily, x € {Sn}* , which is a
contradiction. To show {Sn}* is compact choose

{xm: me N} C {Sn}* . Then for each m there is an in-
teger n. > nm_1 (take n0 = 0) and an element

X e S such that
n n
m m

(2.10) p(xnm,xm) -0, mE€EN

The d-compactness of {Sn} produces a convergent sub-

sequence of {xn } , say {xn :m € N"'" C N} . It
m m
follows from (2.10) that {xm: m € N} must have the

*
same limit as {x +mE€ N"'} . Therefore, {Sn} is

m
compact.

(=) Choose any subsequent {xn € Sn{ ne N'}

* *
Then Sn - {Sn} implies dlst(xn,{sn} )y - 0,

*
n € N' . Since {Sn} is compact, there are elements

n * n . *

X € {Sn} so that p(xn,x ) = dlst(xn,{Sn} )y - 0,
n € N' and there exists a convergent subsequence of
{xn: ne N'} . Hence, {xn: n € N'} has a convergent

subsequence as well and the theorem is proved. »

Corollary 2.4.

*
Suppose {Sn} d-compact. Then {Sn} is the minimal



closed set S such that Sn +~ S.
*
proof: Sn > {Sn} by Theorem 2.3. By (2.8),

*
{Sn} c S for any closed set S such that s, »s. =

Corollary 2.5.

Let Sn + S and S' be compact. Then
S.ns' >3 ns'.
n

. N ] . 1
proof: Since S is compact the sequence {Sn Nn S'}
is d-compact. By Theorem 2.3, (2.8), and (2.9) we

obtain
sms'-»{sms'}*c{s}*ms'c Sn s
n n n '
as desired. =

Remark: The closure of S is needed. Refer to example

on page 5.

The next theorem characterizes a sequence of sets
which is, in some sense, a uniformly relatively compact
sequence as a d-compact sequence of relatively compact

sets.

Theorem 2.6.

— - * —_
U = U U U . —
NSn NSn {Sn} and Nsn compact <= {Sn} d

compact, Sn compact \fn

— _— *
proof: The containment us_ 2 USn U {Sn} is obvious.
Since closed subsets of a compact set are compact, we

have S compact Vn when ng is compact. Moreover,



{Sn} is d-compact whenever ng is compact since each
subsequence {xn € Sn: ne N'} is contained in Ugn

To show both the other containment and implication, let
{xm: m € N} be any sequence out of uSn and suppose
X X . If {xm} is contained in a finite union of
the sets §n then x € Ugn . If not, then x € {Sn}*
and the desired inclusion follows. Now suppose that

S, is bompact \/n and {Sn} is d-compact. If {xm}
is contained in a finite union of the sets §n then the
compactness of such a union produces a convergent sub-
sequence. If not, then :BIW such that x € Sm '

m € N' . Then the d-compactness of {Sn} produces a

convergent subsegquence. =

For our purposes it will be more useful to char-
acterize d-compactness by an asymptotic version of

total boundedness when X 1is complete.

Definition 2.7.

{Sn} is asymptotically totally bounded if \/a >0

n € N such that has a finite e-net (in X) .

U s
€ n>n n
Tt

Theorem 2.8.

{Sn} d-compact = {Sn} asymptotically totally
bounded. The converse holds if X 1is complete.
proof: (=) We have S~ {Sn}* and {Sn}* compact
by Theorem 2.3. Then {Sn}* is totally bounded, i.e.,

*
\/a > 0 :3 finite set SE C X such that {Sn} C QE(SE) .
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*
The set convergence s, ~ {Sn} implies that E}na € N

*
such that n > n = S Cc Q ({s_} ) . Hence,
= g n € n
U . .
n;nfn C QZe(Se) . Therefore, {Sn} is asymptotically

totally bounded.
(¢) Assume X 1is complete and {Sn} is asympto-
tically totally bounded. Then for each me€ N :3 a

finite set s C X and an integer n_ so that

m
niimsn - Qz_m(S ) . Choose any subsegquence
{xn S Sn: ne N'} . Then there is an infinite set

N, C N' and an element v, € S1 such that

l 14
Y, € S2 such that X € Qz_z(yz) \/nez N2 . In this

X € Q (y )Vne N, . PFurthermore, 3N c N
n 2—1 1 1 2

way, we recursively obtain for each me N infinite

_ m
sets Nm(: Nm—l (take NO = N) and elements ynxe S
such that x_€ @ (y )Vn € N . Por me N choose
. n ST m

nm € Nm so that n, > nm—l (take nO = 0) . By con-
struction, k < m = nk ’ nm e Nk , and consequently,

plx_ ,x_ ) <o(x_ ¥, + oly_,X_)

nk nm nk k k nm
- 2—k + 2—k _ 21—k

Therefore, {xn } is Cauchy and must converge since

m
X 1is complete. =

We now impose a linear structure on X and indi-
cate how d-compactness and the associated set converg-

ence combine via Theorem 2.3 to establish results
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comparing the dimensions of various subspaces of X.
To this end, let En , E, PC X be linear subspaces
of the normed linear space (X,[|-]) . Denote the unit
sphere in X by U = {xe€ X: |x]|= 1} . Note that

*
{En} is a closed subspace of X.

Theorem 2.9.

* *
(a) {En Nn U} = {En} N U

*
(b) {En N U} d-compact = dim {En} < ®
* *
proof: (a) (C) This follows from {En Nn U} C {En}
and the fact that the norm || is continuous.

*
(®) Let x € {E } N U. Then EN' ,

X € En such that X, * X, ne N' . We may choose
X Zn
each x # 0 . Then D € E nU and —y > X ,
n .1 € Ea x|
n € N' . Thus, X € {E_ N U}

(b) Recall that if E 1is a linear subspace
of X then dim E < » <= E N U 1is compact (see e.g.
Schechter [34] pp. 84-860). By Theorem 2.3 and (a) we
have {En}* N U compact when {En} is d-compact. This

proves the assertion. =

Lemma 2.10.

Let {En}* C E and suppose that either dim F < «
or {En N U} d-compact , F closed . Then
ENF = {0} = Ean F = {0}\fn large

proof: Either assumption gives {Enrﬂ F n U} d-compact
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By Theorems 2.3 and 2.9, and (2.9), we have
* *
E "NFNU>{E NFNU} C{E} NFNU.
n n n

Thus, En NFNU>ENFNU. But ENFNU-=¢

g W large

and so (2.3) implies that En NFNU

Therefore, E N F = {0} \fn large . =

The last few results culminate in a theorem which com-

pares the dimensions of subspaces.

Theorem 2.11.

. *
Let {Enf\U} be d-compact, {En} C E . Then
dim En < dim E \A1large . In particular,

. . *
dim E_ dim {En} < \fn large

A

proof: There is nothing to prove if dim E =
Assume dim E < » ., It can be shown that X can be

written as the direct sum E & F, F a closed subspace

(see e.g. Taylor and Lay [39] p. 247). By Lemma 2.10,
E NF = ) \ﬁllarge . Consequently, :

dim En < dim E \/n large . The last assertion follows
from Theorem 2.9(b). =

The above theorem allows us to compare, in the con-
text of operator approximations (cf. Chapter IV), num-
bers of linearly independent solutions between the lin-
ear operator equations Ax = 0 and Anxn = 0 by setting

E = nullspace of A , and En= nullspace of An'

Discretely compact sequences and the associated
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set convergence have been used in conjunction with non-

linear operator theory by Anselone and Ansorge [3].

2. Measures of Noncompactness

Let (X,p) be a complete metric space.

Definition 2.12.

For S ¢ X Dbounded, define

a(8) = inf {e > 0: s ¢ {UJ U with diam U, < e}
. k k
finite

o is the Kuratowski measure of noncompactness.

Then

(2.11) 0 < a(S) = a(S) ,

(2.12) a(S) = 0 = S compact ,
(2.13) S CU = a(S) < a(U) ,

(2.14) a(S U U) = max{a(S) , a(U)} ,
(2.15) a(S NU) < min{a(S) , a(U)}

Kuratowski [25] uses o to show that if {Sn} is a
decreasing sequence of nonempty, closed and bounded sub-

. A .
sets with a(Sn) > 0 then ¢ # n1 Sn is compact.

Now suppose (X,|*]) is a Banach space. Then

(2.16) a{S + U) < a(S) + a(U) , any S , U C X ,

(2.17) a(A8) = |r]|a(S) , A complex
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If convS 1is the closed convex hull of S, Darbo
124 has shown that oa(conv S) = a(S) . We shall not

need this result.

Definition 2.13.

For S C X bounded define the Hausdorff measure of

noncompactness of S by

x(S) = inf {e€ > 0: S has a finite e-net in X} .

It follows that x enjoys properties (2.11)-(2.17) along
with o .

The above definition was given by Goldenstein, Goh-
berg, and Markus [16]. The terminoclogy is motivated by
the following observations. For x€ X , r > 0 , set
B(x,r) = {x' € X: |x-x'| < r} . Define d(s,U) = inf
{r > 0: SCcUu + B(0,r)} , and set
D({S,U) = max {d(s,U) , 4d(U,sS)} , the Hausdorff metric.
If F = {U X: U# @ , U compact} then for
S C X bounded ,

X(s) = inf D(S,U) -
UEF

See Banas and Goebel [9] for details and further
properties.

The measures o & X are related. It is an easy

exercise to show

(2.18) X(S) < a(S) < 2 x (8)
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In a linear setting X 1s often easier to use. For ex-
ample, if B = B(0,1) and dim X = « , then it re-
guires substantial work to show «a(B) = 2 (see Furi

and Vignoli [15) while the proof of X(B) =1 , given

below, is easy.

Theorem 2.14.

X(B) = 1 whenever dim X = o
proof: Clearly X(B) <1 . Assume X(B) < 1 . Then
:3 e €(0,1) and U = {xl,...,xn} C X such that
n
B C é;ﬁ B(xk,a) = U + ¢B
Hence, X(B) < X{(U) + £X(B) = eX(B) and therefore
X(B) = 0 , a contradiction to dim X = o ., =

Remark: Goldenstein, Gohberg, and Markus [16] have ob-

tained formulas for X in various Banach spaces. For

k=1 '

x € X there is a unique sequence of scalars {Ek};=1
n
= 1i z
such that x lim k=1 =

IN—>co

}

example, if X has a basis { i.e. for each

K ek , then for bounded

s cXx,
=inf su Q X < X (S < inf su Q X
P “ n ” = (S) = n xeg H n “

where Q  are the bounded linear projections given by
n-1 .
lim
ol —— Z T —
an X k=1 %k Sk and a ow HQnH

general the above bounds are sharp, if a = 1 then

Though in

X(s) = lim sup HQn.xH
n>o XES



In particular,

if e
X =

16
K = (akj) and
Cor Ep(l < p £ ») then, respectively,
X{S) = lim sup max |£k|
n+e XS5 Kk2>n
and
® D 1/p
X(S) = lim sup z Iik[ .
n»r« XES k=n
Also shown is that for X = C[0,1] then
X(s) = lim sup max If(tl)-f(tz)l
§+0 fes |t -t [< 6
tl,t2 € [0,1]
Contained in Banas and Goebel is a generalization to
C(U,p) where (U,p)

is a compact metric space.

The next result is a direct application of the
definitions.

Theorem 2.15.

{Sn} asymptotically totally bounded

x(.Us.)
j2n 3

o

as n > o
Corollary 2.16.
{Sn} d-compact = X Giﬁsj) -0 ,
conversely if X

is complete.
proof: Use above theorem and Theorem 2.8.
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It immediately follows that X(Sn) -~ 0 when {Sn} is
d-compact. That X(Sn) -+ 0 1is not enough to guarantee
{Sn} is d-compact. Simply take

Sn = [2n, 2n+ll] C R, n=1,2,... . Then X(Sn) =0
but {Sn} is not d-compact.

Theorem 2.15 forges the vital link relating asym-
ptotically compact (or collectively compact) sequences
of operators of Chapter IV to the theory of condensing
operators which are defined in the next chapter.

The literature regarding measures of noncompact-
ness 1is extensive. An axiomatic treatment, along with

detailed bibliography, is given by Banas and Goebel

[9].



III. OPERATOR THEORY

l. Operator Fundamentals

The definitiéns and results given in this section
set the stage for the remainder of this thesis. Ideas
which will be used later are presented. In most cases
proofs are not given. The reader is encouraged to
consult any of a number of standard texts (e.g.,

Schechter [34], Taylor and Lay [39], and Yosida [48]).

Let (X, ) be a real or complex normed linear

18

space with B = {x € X: x| < 1} , the closed unit ball.

The linear space of bounded (linear) operators T: X - X

is denoted by [X] . It is equipped with the usual
operator norm, |T| = sup {|Tx|: x € B} . When

X 1s complete than so is [X] . Let

N(T) = nullspace of T = {x € X: Tx = 0} ,

R(T) = range of T = TX . If N(T) = {0} then T Iis

one-to-one and onto its range. In this case there is
an operator T—lz R(T) -~ X so that
T_lTx = X kﬂ{ € X , TT_ly =y y € R(T) . We shall

1

call T the inverse of T. Note that T_1 may not

be defined on all of X.

Recall that U = {x € X: |x| =1} . Then
(3.1) dim R(T) < « < TU compact ,
(3.2) dr7! = N =t0} = o¢TU,

(3.3) d77! poundea = 0 ¢ TU ,



(3.4) TU closed, AT ' = 71 bounded.
(3.5) Let 971 . Then 7! bounded =

R(T) <closed.

If E 1is a linear subspace of X , then a linear oper-

ator P: X - X 1is a projection of X onto E if

P2=P and R(P) = E . Then X =E & N(P) ,

Px = x \fx €E, Q

I - P 1is a projection of X
onto N(P) , and E = N{Q) . If P is bounded, then

E and N(P) are closed.

Lemma 3.1.

dim E < =« = 3bounded projection of X onto E

proof: See Taylor and Lay [39] p. 247. =

Thus, if dim E < » there exists a closed subspace F
so that X =E & F . The next theorem incorporates mos

of the preceding results.

Theorem 3.2.

Let dim N(T) < «» ., Then there exists a closed
subspace F of X such that X = N(T) @ F . Let
Tp: F '+ R(T) denote the restriction of T to F
Then Jrz! , r(m) = R(Ty) , and

R(T) closed <« T;1 bounded .

Let P Dbe the projection of X onto N(T) . If

Q=1 -P, then R(P) = N(T) , R(Q) =F , TP = 0 ,

19

t
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Now let X' be the conjugate space of X , i.e.,

the (Banach) space of bounded linear functionals on X
Then T € [X] gives risé to T' € [X'] , called the

conjugate of T , defined by (T'f)x = f(Tx) , f € X' ,

X€ X . Let X" = (X")' and T" = (T')' . Then X
can be isometrically embedded into X" by J: X -» X"

defined by (IJx)f = f(x) , xe€ X, fe€ X' , and

JT = T"J

Define o (T) = dim N(T) and

B(T) = dim (X/R(T)) = codim R(T)

Remark: When R(T) is closed and Bg8(T) < «» , it can
be shown that B8(T) = dim N(T')

Then

(3.7) a(T) =0 « J771,

(3.8) B(T) = 0 <= R(T) =X

Clearly, T 1is bijective if and only if «o(T) = 0 ,
B(T) = 0 . The next definition essentially gives a

measure of how far a given operator 1is from being bi-

jective.

Definition 3.3.

The index of T is defined by

ind(T) = o(T) - B8(T) ,
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when the right side is well-defined.

We state an important property of the index.

Theorem 3.4.

Let T, L € [X] have finite index. Then so does

TL , and

ind(TL) = ind(T) + ind (L)

proof: See Schechter [34] pp. 111-113 or Taylor and

Lay [39] pp. 253-254. wm-

2. Contractive and Compact Operators

In this section we primarily review the highlights
of the Riesz-Schauder theory for compact operators.
Contractive operators are mentioned for two reasons.

1 e [X] 41if T is con-

First, the fact that (I-T)
tracting is needed to prove the stability of the index
under small perturbations. Second, contracting oper-
ators provide, in some sense, one edge of a spectrum of
operators, with the compact operators at the opposite

edge and the condensing opéerators somewhere in between.

No proofs are given. In almost every case generalizations’

will be presented in the more general situation when

the operators are condensing.

Definition 3.5.

T e [X] is contractive if Il < 1
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If T is contractive, it is well known that

:H(I—T)-l € [X] given by the Neumann expansion

(-1 7t = ¢ .

Definition 3.6.

K € [X] 1is compact if S C X bounded implies

KS compact. Equivalently,
K compact <= {Kxn}d—compact qun} bounded
= X(KS) =0 b@ bounded

It suffices if S = B .

Examples.
1. dim R(K) < » = K compact .
2. Let X = Cl[0,1] = continuous scalar-valued
functions on [0,1] with norm [x| = max |x(t)| . Let
0<t<1
k(s,t) € C([0,1] x [0,1]) . Then the integral operator

on C[0,1] defined by -

(Kx) (s) = f+

0 k(s,t) x(t) dt , 0

A
(1]

A
[

is compact. Using numerical intergration implies that

the approximate operators

M

(KnX)(S) = w_ . k(s,tnj) x(tnj) , n € N,

j=1 "nj

are each compact (being finite dimensional). Here,
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0

A

nd < 1 are the subdivision points and wnj are
the (real or complex) weights. For example, using the

rectangular integration rule gives tnj = j/n wnj = 1/n

In Section II.l it was stated that if F 1is a sub-
space of X then dim F < « <« F N U compact. The
next lemma, due to Riesz, provides a contrapositive
argument that F N U compact = dim F < =
(dim F < » = F N U compact follows from the Heine-Bor-

el Theorem).

Lemma 3.7. (F. Riesz)

Let F ; X be a closed linear subspace. Then
YV ee (0,1)3xE € U such that HxE -yl21- eVy €F
If dim F < » we may take ¢ = 0 . |
proof: See Schechter [34] p. 86 or Taylor and Lay [39]

p. 64. =m

It immediately follows that

(3.9) I compact <« dim X < « .
Since N(I-K) = {x € X: Kx = x} , we obtain
(3.10) K compact = oa(I-K) < o .

We shall obtain another proof of (3.10), as well as the
fact that R(I-K) 1is closed when regular operators are
considered in Section 4.

To conclude this section we list some standard
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results, all of which will be extended to the case when
the operators are condensing instead of compact (cf.

Section 5).

Theorem 3.8. (Schauder)

K compact << K' compact.

Corollary 3.9. (Fredholm alternative)

K compact = ind(I-K) =0
Thus,
Jiz-x) "} o
(I-K) > R(I~-K) =X = (I-K) e [X1 ,
dim N(I-K) = codim R(I-K) = dim N[ (I-K)']< =

Moreover, all of the above assertions hold with I re-

placed by AI , X # 0 a scalar.

Remark: The eigenvalue ) = 0 1is exceptional since

Jxle x] = dim X < » by (3.9).

Theorem 3.10.

If K € [X] is compact, then the set of eigenvalues
form either a finite set or an infinite sequence which

converges to zero.

3. Fredholm and Semi-Fredholm Operators

Fredholm operators are generalizations of the pro-

totype I-K , K € [X] compact. Fredholm operators have
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a finite index. Thus, they are important from the stand-
point of solving operator equations. In this section
Fredholm operators are characterized and a stability

theorem on the index is proven.

Definition 3.11.

T € [X] 1is called a Fredholm operator (Fredholm

for short) if o(T) < », B(T) < «. If T has closed
range and either a(T) or B(T) is finite, then T

is a semi~Fredholm operator.

Motivated by the solution of operator equations, we
shall be particularly interested in Fredholm operators
of index zero. For if T is Fredholm and ind(T) = 0 ,
then T satisfies the Fredholm alternative (cf. Corol-

lary 3.9).

Remark: Any bijective operator is Fredholm of index

z2ero.

Next, we prove a few facts about Fredholm operators.
References include Caradus, Pfaffenberger, and Yood
L0 ; RKato [24], Pietsch [32], Schechter [34]; Taylor

and Lay [39].

Theorem 3.12.

T € [X] 1is Fredholm iff

HTO € [X] such that dim R(I—TTO) , dim R(I—TOT) <



proof: (=) There exist linear subspaces E , F with
E closed and dim F < « such that
X =N(T) ® E =F & R(T) Let P1 ’ Q1 = I—P1 be the
complimentary projections of X onto N(T) , E .
Let P2 ’ Q2 = I—P2 be projections of X onto
F, R(T) . Note that ETJ;l bounded {(cf. Theorem
S |
3.2). Let T0 = TE Q2 . Then
TT. = TT. Q. = I Q, =0Q I-TT, = P
0 E *2  ~R(T)>2 ~ >*2 ! 0o 2
o =1lg1 =1l =0 I-T.T = P
0 E <2 E S A o~ ~ "1 °
(<) Let P1 = I—TOT R P2 = I-TTO ’
where dim R(Pi) <o , 1 =1,2 . Then

N(T) C N(I—Pl) '

By Corollary 3.9, a(I—Pl)

Hence, we have ao(T) < » ,

Remarks:

1.

The operator TO

R(I—Pz) c R(T)

< « and B(I—Pz) < ®

B(T) < «» as desired. =

is sometimes referred to as

a pseudoinverse or (left and right) compact regulizer

of T
2.
Fredholm.

ind(I—Pl)

(3.11)

The symmetry of Theorem 3.12 shows that T is

Furthermore, since

= ind(T) + ind(TO

ind(TO) = -ind(T)

) = 0 we obtain

26
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3. If T T, € [X] are such that T.T - I

17 2 1
and TT2 - I are finite dimensional then T 1is

Fredholm.

The next theorem will be used to prove that the
index is stable under small perturbations. It also
shows that the set of Fredholm operators is an open

set in [X] .

Theorem 3.13.

Let T € [X] be Fredholm. Then :35:> 0 such
that L € [X] with |L| < ¢ implies that T + L is
Fredholm and ind(T+L) = ind(T) .
proof: Refer to Theorem 3.12. Since T0 +p , Pe [X],
dim R(P) < « , is also a compact regulizer we may assume
7ol # 0 . set e =]r ™" . Then [T L| <1 and
"LTOH < 1 whenever |L |< ¢ . Hence the operators
I+ TL and I + LT

0 0
verses. Therefore,

are bijective with bounded in-

-1 _ -1
(I + TgL) "T,(T+L) = (I + T L) ~(I-P;+T L)
-1 - (1+7.L)
= 0 L
and
(T+L) T, (I+LT.) "> = (I-P,+LT ) (I+LT.)
0 0 B 27770 0

-1
I - P2(I+LT0) .
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This representation, along with the previous remark

and Theorem 3.4, implies that T + L is Fredholm and

ind (T+L)

. . -1
—1nd(T0) - 1nd[(I+.LT0) ]

ind(T)

This proves the theorem. =

Generalizations of Theorem 3.13 are well known.
They extend the results to semi-Fredholm operators and/
or weaken the bound on the perturbing operator. See
Gohberg and Krein [17], and Kato [24]. While we shall
not need such extentions, we shall indicate some par-
ticular generalizations based on measures of noncom-
pactness in Section 5.

Next, we present a useful stability result for

the index.

Corollary 3.14.

Suppose T + AL 1is Fredholm for each 0 < X < 1.

Then ind(T) = ind(L).
proof: Define £f:[0,1] - R by £(x) = ind(T+AL) . Then

f 1is continuous by Theorem 3.13. But £f is integer-

valued and therefore must be constant. ]

4. Regular Operators

In this section we characterize those semi~Fredholm
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operators A with R(A) <closed and <« (A) < «

Definition 3.15.

A € [X] 1is regular if S is compact whenever

S C X is bounded and AS is compact.

Examples:

1. K compact = I - K regular

2. EA—l bounded = A regular

It follows from the definition that restrictions
and products of regular operators are regular. Equiva-

lent definitions are: A regular <«
(3.12) {xn} bounded , {Axn} d-compact =

{xn} d-compact ,

*

(3.13) {xn} bounded , Axn >y = {xn} £ 3
If A 1is regular and Ax_ >y , where {Xn} is
*
bounded, then (3.13) gives Ax =y X € {Xn} . Also,
(3.14) A regular, S <closed and bdd = AS closed.

Consequently, A regular = AU closed. Hence, by

(3.4), (3.5),

(3.15) Whenever E‘A-l,

A regular <= A—lbdd = R(A) closed .
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For more on regular operators see Anselone and Ansorge
[31, Gigorieff [19,20], Wolf [44]. Alternatively, in

terms of the Hausdorff measure of noncompactness,

(3.16) A regular <+

S bdd , X(AS) = 0 implies X(S) =0

A continuous mapping f Dbetween topological spaces

l(S) is compact whenever S 1is

is called proper if £~
compact. Thus, A 1is regular iff A restricted to

closed, bounded sets is proper. Yood [47] first showed
that such proper operators have closed ranges and finite

dimensional nullspaces. This result comprises the

next theorem.

Theorem 3.16. (Wolf [44])

A regular <= R(A) closed, dim N(Aa) < « .
proof: Since A is regular,
A(UN N(A)) =0 = UnN N(A) compact .= dim N(Aa) < o .
Now assume dim N(A) < «» . Form the decomposition

X N(A)®F with corresponding bounded projections

I

P+Q, Q=1I-P . Refer to Theorem 3.2. Since
P 1is compact, Q 1is regular. Also, A = AFQ gives

A regular <= AF regular because restrictions and

products of regular operators are regular. But AF-l
exists and so by (3.5)
-1
AF regular = AF bdd R(AF) = R(A) closed
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The theorem follows. ®

Remark: Lebow and Schechter [26] have extended (3.16)

to:

A regqgular <=

3 constant C € X(S) < Cx(AS) \V/bdd SCX

5. Condensing Operators

In this section we extend previous results for con-
tracting and compact operators to the more general case
when the operators are condensing with respect to some
measure of noncompactness. The Hausdorff measure of
noncompactness plays a key role. In particular, if
K € [X] is condensing, i.e., X(KB) < 1 , then
ind(I-K) = 0

First, some definitions and observations.

Let K be the set of all compact K € [X] .

Definition 3.17.

For T € [X] define HTHK = inf{| T+K|: K € K}

Then ||T||K =0 < T compact . Thus, one can think
of “THK as measuring the noncompactness of T .
Gohberg and Krein [17] used this measure to (among
other things) extend Theorem 3.13 to include more gen-

eral perturbing operators. That is, if T 1is Fredholm,



ind(T + L) = ind(T) when HLHK is sufficientl
They also considered closed, unbounded operator
we define other measures of noncompactness base

the set measures of noncompactness o and ¥

Definition 3.18.

For T € [X] define the Hausdorff measure
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y small.
s. Next

d on

of non-

compactness of T by

IITIIX = inf{b:Xx(TS)<b x(S) V¥bdd s c x}

Define the Kuratowski measure of noncompactness

of T

by
|7l = inf{b:a(TS)<ba(s) Vbad s C x)

Straightforward consequences of the definitions

(3.17) ”'"K , ”'“X , H.Ha are seminorms o

and Jtlg =0 = ol =0 = |, =0 —

(3.18)  |T+xl =lTl . IT+xl =[]
Iz + x| -l7] Ve,

(3.19)  J1nl < ITl Inl o foel < it Jzi,
ETRPEPTI PN

(3.20) Il <lrle <lzl .

Remark: In general the inequalities in (3.20)

Goldenstein and Markus [18] give an example for

are:

n [X]

T compact ,

4

are sharp.

which
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Il <1 =1t

It it well known that when X 1is complete, K 1is
a closed (two-sided) ideal. Consequently, each of the
above seminorms defines a norm on the quotient space
[X1/K , e.g., |T + K| = HTHK is the standard quotient
norm. By (3.19), [X]/K becomes a normed algebra with

respect to any of the three norms. In particular,

([X1/K , H'HK) = C(X) (called the Calkin algebra;

see [10}) is a Banach algebra. Apparently, [X]/K |is
not generally complete with respect to these other norms.
More ;n this in Chapter V.

One of the first to investigate H*Ha was Dar-

bo [1J, who used the terminology k-set contraction to
mean any operator T such that a(TS) < k a(S)

\/bounded S C X . 1Independently, Goldenstein, Gohberg,

and Markus [16] studied the seminorm -HX in con-
junction with bounded linear operators. Regarding the
constancy of the index, Goldenstein and Markus [18] have

extended Theorem 3.13 to:

T Semi-Fredholm , “L“X sufficiently small =

T + L semi-Fredholm , ind(T+L) = ind(T)

Another result concerning the constancy of the index

is given by:
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T Fredholm ,
X (LS) < kX (TS) \/bounded sCX, k<1l =

T + L Fredholm , ind(T+L) = ind(T) .

See Sadovskii [33], Petryshyn and Fitzpatrick [31] for
more details. The special case when T = I 1is worth
mentioning.

Other relevant contributibns were made by Nuss-
baum [28], and Sedaev [35]. For Hilbert space results,

see Stuart [36] and Webb [43].

Remark: Much of the work in recent years has been de-
voted to nonlinear operator theory. Vainikko and Sad-
ovskii [41], and Nussbaum [29] formulated degree theories
based on the above measures of noncompactness. For re-
lated results, including fixed point theorems, see Appell
and Pera [8], Nussbaum [30], Petryshyn and Fitzpatrick

[31], Sadovskii [33], Webb [42], and Wolf [46].

Two of the above seminorms are equivalent.

Theorem 3.19.

1
shel, <lTl <27,
proof: Let S C X be bounded. Then by (2.18) we have

a (TS) < 2x(TS)

A

ATl x(s)

A

21ITI|X a (S)
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and

X(TS) < a(TS) ;HTHOL a(S) < ZHTlla X(s) . =

When working with linear operators, H-HX is
very convenient to deal with, as the next result demon-

strates.

Lemma 3.20.

||T||X = X (TB) .

proof: Since X(B) < 1 we have

X (TB) ;HTIIX X (B) _<_{|THX -

To show the reverse inequality, let S CX be bounded

and let e > X(8) . Then
Hfinite e-net {xl,...,xn}c X of 8§, i.e.,
n
TS C k21 TB(xk,s) . Forany 1 <k <n,
*x .
TB(xk,s) = g TB(T;,l) = ¢ TB + — Jgives
x(T8) < 12ﬁ§n {X[TB(xk,e)] = ¢ X (TB)

The next theorem extends the result of Schauder
on the compactness of the conjugate (cf. Theorem 3.8).
We shall use the same symbol, X , to denote the measure
of noncompactness of seté in the conjugate spaces X!

and X" , as well as in X



Theorem 3.21. (Goldenstein and Markus [18])

fia

1
Ml <0l < 20l

proof: Set B' = {f € X': |f] <1} . Let e >0
Then Jfinite | + %) - net of TB , say

{yi: 1 <i<m}. set A= {rel: |r| < max {”yi”’ 1},
and partition A into disjoint sets A, , 1 < 3 <n

J
with diam Aj < Then £fe€B', 1<iz<m =

€

'5 .
. _ v

f(yi) € Ak(i) , 1 < k(i) < n . Divide B into

equivalence classes C, , 1

K as follows:

fin

k < p

~

f,g GCk =

k
K and if x € B then 231 < i <m such that

We claim that diam T'C, < ZHTHX + ¢ . For if

f,g € C

[£(Tx) =g (Tx) | < [£(Tx)~E(y,) | + [£(y;)-g(y;)|

+

lg(y;) - 9(Tx) |

2lrx -y, + %

A

20l + 5 + 5= 2|t + ¢

A

3 3
Since ¢ > 0 was arbitrary, it follows that
T' < 2T .
lel, 2 2lr]
The second part of the theorem follows from the
first. From the above arguments we have

UT"IIX < ZHT'"X . If J 1is the isometric embedding

of X into X" then X(J(S)) = x{(S) for all bounded
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S C X . Moreover, as JT = T"J , we have

X(TS) X(J(TS)) = X(T"(J(S)))

A

2||T'|[X X (JS)

= 2fr'], x(s) . =
Remark: The above proof showed that B' , which has a
diameter of 2 , can be covered by finitely many sets
each with a diameter of at most ”T”X *2+¢e, >0

Nussbaum [28] has suitably modified the proof to show
that if S' C X' has diameter of at most d , then
T'S' can be covered by finitely many sets whose di-
ameters are at most HTUX *d+e, € >0 arbitrary.

This yields

Corollary 3.22.

el < Il o drl, <l

We are now in a position to derive the main results

of this section.

Definition 3.23.

T € [X] is called K-condensing if ”T”K <1

It can be shown, by using purely classical tech-
nigues, that T K-condensing = I - T Fredholm of
index zero (see Pietsch [32], Taylor and Lay [39]).
We shall obtain the above assertion as a consequence

of a more general result.



Definition 3.24.

T € is

[X]
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called x-condensing (o- condensing),

if frl <1 drl, <1

Remark:

Theorem 3.25.

By condensing, we shall mean

X- condensing.

(Nussbaum [28], Goldenstein, Gohberg and

Markus [16])

If T € [X]

n >1 then I -
proof: Let s C
identity I =

s c s +

>
_—
wn
S

A

Since [|Tn||X <1

I-T is regular,

is closed {cf. Theorem 3.16.).

n . .
and T is condensing for some

T 1is Fredholm of index zero.

X be bounded, (I-T)S compact The
+ k=0 T (I-T)

Tk(I—T)S

gives
Consequently,
n-1

n v k _
[Tl csy + Lo lr™l, x T -8t ,

MT“HXX(S)

, it follows that X(S) =0 Hence,

i.e., dim N(I-T) < » and R(I-T)

By Corollary 3.22,

n,, - N o
el =lhaH™l, <1

The previous arguments with X

S replaced by 8' < X!

regular.
dim N[(I-T) ']

I-T

is Fredholm Vt e [0,1] .

Therefore,
= codim R(I-T) < o .

is Fredholm.

replaced by o« and

show that (I-T)' is also

since R(I-T) 1is closed,
Consequently,
The same arguments show that I - tT

By the stability of the



index, ind(I-

T) =

ind(I) = 0 =

In light of (3.20) we have the

Corollary 3.26

T K-condensing = ind(I-T)

0
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Various authors have obtained Theorem 3.25 using

different, but equivalent, seminorms,

e.qg.

I-1

o

The next theorem shows the equivalence of the different

approaches.

Theorem 3.27.

If Te |

r (T) 2

ingT

X] then lim |T"|
X

1/n
X

1/n

N>«

exists and equals

Moreover, if |[A]| > r(T) then

AI - T is Fredholm of index zero.

proof: We first_show that r(T) = lim

It suffices to show that 1lim sup | T"|
v n

Given any ¢ >

0 choose m so that

For each positive integer n we have

0 g <m1l,

I <

p,q9 integers . Then by

Py o3/

< (r(T) + ¢

L
i/n < r(T)
[T /™ < vm) 4 e

n = pm+q where

(3.19),

"R 30

Since % -0 and %% -+]1 as n - <« we obtain

. nyl/
lim sup | T iy

n
< r

(T) + ¢ . Since ¢

the desired inequality holds.

.Now choos

that |a] > |T

e |
nul/n
X

was arbitrary,

| > r(T) and n large enough so

Then H(K-lT)nHX

<

1

From the
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previous theorem I - A_lT is Fredholm of index zero.
As a result, XI - T = (XI)(I - A_lT) is Fredholm with

ind (AI-T) = ind(AI) + ind(I-x"17) =0 . =

Corollary 3.28.

Let ||-]l be any seminorm eguivalent to “."X on
X1 . 1If Tn, T € [X] , is condensing with respect to
-l » i.e. JiT™] <1, for some n > 1 then I - T is
Fredholm of index zero.

proof: By the equivalence of seminorms, E]m r M >0

such that

mirl, < Il Tl < Mzl Yt e 1x)

Consequently,
r(1) = lim (m|r°] )} < 1inf T 1/
nN-—>-co X N-»>oo
< limMjr® I!x)l/n = r(T)
n>«

One such seminorm which has been investigated is defined

by

= inf
Il = _ ginfo  l7l,]

Sedaev [35] showed that
T = T diT" .
el = llzll, and o0 < d7l

Since JB C B" we have



Il = x(TB) = x(3(TB))
= X(T" (JB))
< x("B") = fo"|,
Thus, ”THX= ”T"HX . By Theorem 3.21 it follows that
1
=T n| =T 2T
Sl <lel = hel <2l

and so we obtain the equivalence

2zl <l <2zl .

A direct proof, along with other properties, is given

by Lebow and Schechter [26].

That r(T) resembles a kind of spectral radius is

no accident.

Note that (T + K) = r(T) \/K € K . Since this radius
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is unchanged under compact perturbations it is reasonable

to believe that r(T) may be related to the spectral
radius of T + K as an element in the Calkin algebra
C(X) . This is indeed the case. Let X be a complex

Banach space and recall that the resolvent set and

spectrum of T + K € C(X) are defined by

0 (T+K) (reC: (AI-T) + K is invertible in C(X)}

o (T+K) = {\p (T+K)

4

A standard result of Banach algebras is that ¢ 1is com-

) - max
pact and the spectral radius rg(T+K) = Aeo(T+K)IAI

is given by
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r (T+K) = 1im |(T+K) 2 H/"
a n->«
= 1lim |27 277
n-o

Since “Tnx < “T“K we have
r(T) < rO(T+K) .

We show the reverse inequality. First of all, note

that by Theorem 3.12

p (T+K) = {re(: AI-T is Fredholm} = o

the Fredholm resolvent set of T

Thus,

(3.21) rO(T+K) ?aé [A]

T

If |a| > r(T) we have by the previous theorem that

A€ @f . Then |A]| > rO(T+K) and therefore,

r(T) = rO(T+K) .

Alternatively written,

(3.22) lim | T = lim HTnHé/n
n-w

nnl/n
N+ X

The above result can be found in Nussbaum [28]
and Lebow and Schechter [26]. They also go on to show
that r(T) 1is equal to the spectral radius of the
essential spectrum no matter which of the known defin-

itions of the essential spectrum is used.
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In some sense, equation (3.22) can be thought of
as a partial converse to: T K-condensing = T X-con-
densing. For if HTHX < 1 then ]\TnllK <1 Vn large
In general, however, n > 1 . 1In particular, the two
notions of condensing are equivalent in any Hilbert

space.

Theorem 3.29.

Let H be a (real or complex) Hilbert space. Then

Il =zl Vo em .

proof: By (3.20), HT"X < HTHK. Let € > 0 . Then

3 a finite (||T||X + e)-net {yq,...,y,} of TB by
Lemma 3.20. Set F = span {yl,...,yn} and let P be
the orthogonal projection of H onto F . Then PT is
compact and [[Tx - PTx| = inf | Tx - v]| Vx € B . since
for each x € B Hyk € {yll,,??.,yn} C F such that

| T - ka < HTHX + & we see that

It - pr| = sup | = - pTx| < HTHX+ e
Since ¢ was arbitrary the theorem follows. =

Remark: The above result is found in Webb [43] though
our proof is much more elementary. His goal was to de-
termine conditions on T (e.g., T self-adjoint or T
normal) to guarantee equality between HTHG , HTHX ,

and the essential spectral radius.
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Remark: Thus, in a Hilbert space, T x- condensing
implies that :Hcompact K € [H] such that

T =K+ (T-K) , with |T-K| <1 (i.e. T-K is con-
tractive). If X 1is a complex Banach space then con-
tained in Istratescu [22], Sadovskii [33], and Sedaev
[35], is: “THX <1 = T =K+T,, where K is finite-
dimensional and ro(Tl) < 1 . This is extended to X
real via a complexification argument (cf. Sadovskii

[33], Sedaev [35]).

Since r(K) =0 \/K € K we see that Theorem 3.27
directly extends Corollary 3.9, i.e., [A] > r(T) =
either (>\I--T)—1 € [X] or A 1is an eigenvalue of

finite multiplicity. Correspondingly, we extend Theorem

3.10.

Theorem 3.30.

Let T e [X] . Then for each ¢ > 0
{» eC: » is an eigenvalue of T with [A] > r(T) + ¢}

is finite.

proof: Suppose T has infinitely many distinct eigen-

values {xk}§=l with !Ak' > r(T) + ¢ . Then we may
choose corresponding eigenvectors X, so that {xk};_l
is linearly independent. Let X) = span {xl,...,xk}

For k > 1 there exist, by Riesz's lemma, Yy € Xk n U

so that Hyk—xﬂ > 1 Vx e X _1 - Since T Y € ¥

n
k

n > 1 we see that

and (A I--Tn)yk € X, _, for each k > 1 and any
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n . n . o}
T ym = T yk A

- n
where v = Amn[(k

(ym -v) ,1<k<m,n21,
m
that

n n
- S
I-T)y +TylE€KX

. It follows
m-1

n n n n
Iy, - Ty 2 Ia [ 2 (e(m) + o) .

This cgntradicts the fact that for n sufficiently
large,

||

= X(T%B) < (r(T)+e)” . =
Remark:

This is a direct adaptation of the proof given
in the compact case (cf. Anselone

[11).
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IV. OPERATOR APPROXIMATIONS

l. Stable Approximations

~In this section we begin the comparison of equa-
tions Ax =y and AX =Y, where An'A e [X] and
{An} satisfies certain hypotheses. These hypotheses
will gradually be strengthened in the following two

sections in order to obtain for all n large:

R(A) = X <« R(An) =X,

(4.1) HA_l € [X] = EAI:]' € [X] uniformly bounded ,
A;1 > A_1 on X with practical error bounds .

Let A A € [X] . Denote pointwise convergence

by An + A . In terms of the cluster point sets given

in Chapter II,

(4.2) A >A = {N(A)}* C N(Aa) , {R(A)}* > R(A)

The special cases N(A) = {0} , R{A) = X are worth

mentioning.

Definition 4.1.

{An} is stable if :HA;1 bounded uniformly \/n large

We say {An} converges stably to A , and write
s
A A, if A - A, {A } 1is stable, and
n n n

R(An)= X \fn large .

Remark: In general, A is only defined on R(An) .



S —
However, if An + A then Anlei[X] \/n large

By analogy with (3.3)
*
(4.3) {An} stable <= 0 ¢ {AnU}' .

— *
Similar reasoning as in (4.2) yields AU C {AnU} .

Consequently,
S —
(4.4) An - A = 3A 1 bounded .
, . -1 -1 -1 - .
The identity A - A =A (A -A)A gives
n n n
-1 -1 S
(4.5) A 7, An € [X] , An - A , R(A) = X =
-1 -1

A - A on X .
n

In this case we obtain convergence of approximate solu-

tions X to the true solution x , i.e.,
(4.6)  Ix - x| <lat]lax - a x|
‘ n = n n '

Remark: This convergence depends on the pointwise con-
vergence An > A . However, to be of practical value

we would want a uniform estimate for the norms HA;IH .
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Another shortcoming is the need to assume R(An) = X
and R(A) = X . Armed with a Fredholm alternative (i.e.
ind(a) = ind(An) = 0) we shall overcome these diffi-

culties in Section 3.
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2. Regular Approximations

In this section we continue the program begun in
Section 1, namely, to determine hypotheses on {An}
so that (4.1) is satisfied. Though regular approxi-
mations do not necessarily satisfy a Fredholm alterna-
tive, we do obtain stable approximations and so Section
1 applies.

Regular approximations occur in the numerical
solution of (linear or nonlinear) differential and in-
tegral equations. References include Anselone and
Ansorge [3,4], Chatelin [1l], Grigorieff [19,20], Stum-
mel [37], Vainikko [40], and Wolf [44].

Let An , A € [X] .

Definition 4.2.

{An} is asymptotically regular if {Sn} uniformly

bounded, {AnSn} d-compact = {Sn} d-compact .

Equivalent definitions are:

(4.7) {xn} bounded , {Anxn} d-compact =

{xn} d-compact ,

*
(4.8) {xn} bounded , Anxn -y = {xn} £ ¢ .

Define reqular convergence by

A L A > A, {An} asymptotically regular

n n

Examples of regular convergence will be given in
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Sections 3 and 4.

In view of (4.8) we obtain

(4.9) A X

a A, {xn} bounded , AX >y =

y € R(A) , Ax =y \/x € {xn}*

Also, it is clear that any subsequence of an asymptoti-
cally regular sequence is asymptotically regular. Now
suppose A £ A and A X Yy with {xn} bounded.

Then we may choose positive integers k(n) > k(n-1)

such that Ak(n)xn +> Yy . Since {Ak(n)} is asympto-
*

tically regular, we have {xn} # § . Therefore, by

(3.13)

(4.10) An £ A = A regqular

Next, we indicate connections between regular and

stable approximations.

Lemma 4.3.

r
Let An - A . Then
*
a) S CcX closed , bounded = {AnS} = AS ,

p) dal = {a_} stable

proof: (a) 'Similar reasoning as in (4.2) yields
* *
{a S} >as . Let ye {a S} . Then dx' ¢ x
. ]
and {xn. n € N'} C S so that Anxn > Y . By
analogy with (4.9), vy € AS
*
(b) In view of (a), {AnU} = AU

The result now follows from (4.3). =
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Theorem 4.4. (Vainikko [40])

a la , 4271, R(A ) = X Yn large -

A 3a, R(@) =X, and AI_11—>A—1
proof: According to Lemma 4.3, A 5a.
To show R(A) =X , let y e X . Then 3xn such
that X = Agly \dh large . Since {An} is stable,
{xn} is bounded. Now apply (4.9). The pointwise
convergence A;1 > A-1 follows directly from (4.5). =

Aided by a Fredholm alternative we shall allevi-
ate the assumption R(An) = X 1in Theorem 4.4 when
collectively or asymptotically compact seqguences of

operators are involved in the next section. Furthermore,
1

practical error bounds for the convergence A ~ -~ N
are given.

It should be pointed out that even if A—1 does
not exist, we have dim N(A) < » . Are the approximate
operators as well behaved? The next theorem gives an

answer.

Theorem 4.5.

Let An £ A . Then

(a) N(a)n U-> {N(B)NU} =N@) NU,

(b) dim N(A ) < dim{N(A)} < dim N(a) < = Vn large

A

proof: (a) Since {N(An),ﬂ U} 1is uniformly bounded
and {An(N(An) NU)} = {0} is d-compact, we obtain

{N(An) N U} d-compact. The rest follows by Theorems
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2.3 and 2.9.
(b) This is an immediate consequence of (a) and

Theorem 2.11. =

r
Remark: If An »~ A then R(A) 1is closed as well. The

same can be said for R(An) \/n large (cf. Anselone

and Treuden ([7]). Therefore, by Theorem 3.16,
An £ A = An regular \/n large .

3. Collectively and Asymptotically
Compact Approximations

In this section we extend some of the collectively
compact compact approximation theory to the asymptoti-
cally compact case. In particular, both a Fredholm

alternative and practical error bounds are given.

Definition 4.6.

{Kn} is collectively compact if

S bounded = gKnS compact

Definition 4.7.

{Kn} is asymptotically compact if

S bounded = {KnS} d-compact .

It suffices if S = B . Equivalent sequential forms

are’
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(4.11) {Kn} is collectively compact iff
{xn} bounded = {Kmnxn} d-compact {mn} r
(4.12) {Kn} is asymptotically compact iff

{xn} bounded = {Knxn} d-compact

Define collectively compact convergence by

K - K: K_-» K, {Kn} collectively compact , and

asymptotically compact convergence by

K ac x. K~ K , {Kn} asymptotically compact .

Note that {Kn} collectively compact implies each K
is compact. This need not be the case when asymptoti-
cally compact sequences are considered. It is an easy
exercise to show that HKnH + 0 = {K } asymptoti-

cally compact. Hence {% I} 1is asymptotically compact
but % I 1is never compact when dim X = «» ., Anselone
and Ansorge [3] have shown that the lack of compactness

of the individual operators is the only difference be-

tween collectively and asymptotically compact sequences.

Theorem 4.8. (Anselone and Ansorge [3])

Let K , Kn € [X] . Then
(a) {Kn} collectively compact <«

{Kn} asymptotically compact and Kn compact \/n ’

c ac
(b) K S K = Kn >~ K = K compact .
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proof: (a) From the definitions and Theorem 2.6 we

have
{Kn} collectively compact < gKnB compact

= {KnB} d-compact and KnB compact \/n

o= {Kn} asymptotically compact, K compact \/n .

(b) In view of (a) it suffices to shown that
*
K ~ K => K compact . By (4.2) we have KB C {KnB} .
*
By Theorem 2.3 ,{KnB} is compact. The theorem fol-

lows. =

We stated that K is an ideal in [X] . 1In order
to give an analogous result for asymptotically compact

sequences it is convenient to define continuous converg-

ence by

C
A 5 A: X =+ X = A x - Ax
n n n n

Continuous convergence replaces pointwise convergence

in Definitions 4.6, 4.7 when nonlinear operators are
considered (see Anselone and Ansorge [3]). Continuous
convergence implies pointwise convergence (simply set

X_ = X). The converse holds when the operators are lin-

n

ear by the uniform boundedness theorem.

Theorem 4.9.

. ac
Let K, L, Kn ' Ln € [X] with Kn > K
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ac
Ln - L . Suppose we have the scalar convergence
ac ac
a o, Sn - 8. Then anKn 5> ok , BnLn > BL ,
ac ac
anKn + BnLn ~ aK + 8L , and KnLn » KL . Moreover,
ac ac

L K »- LK and KL -~ KL .

n n
proof: 1In all cases the continuous convergence is easy
and is omitted. To show that each is an asymptotically
compact sequence let {xn} be bounded and N'C N .
Then {Kxn} and {Lnxn} are also bounded. The

asymptotic compactness of {Kn} and {Ln} produce

N" ¢ N' and elements u , v , W € X such that

Kx »-u, Lx —»-v, LEKx -»>w for ne€N' . By
n'n n'n n n

the continuous convergence Kn 3 K , Ln 3 L , and

by the continuity of K , it follows that

0tnKnxn > ool 8nLnxn > BV anKnxn + BnLnxn > ool + gV,
KLx +-Kv, LKx - w, and KL x -+ Kv . Hence
nnn n n nn

the sequences {anKn} , {BnLn} , {anKn + BnLn} ,
{KnLn} ’ {LnK} , and {KLn} are asymptotically com-
pact. L)

As a special case of the previous theorem we note

that
cc ac
(4.13) K, -k, |, |-0 = K +L “5K
We would expect Kn + Ln €€ K if each Ln is compact

by Theorem 4.7. This is not the case in general. Sim-

ply let Ln = cnI ;  With <, { 0, and dim X = o,



This situation occurs when the Kn are numerical inte-
gration approximations to an integral operator with a
weakly singular kernel. More on this in Section 4.

An extremely useful link between collectively or
asymptotically compact sequences of operators and mea-

sures of noncompactness is given next.

Theorem 4.10.

{Kn} collectively compact < X(UK B) =0,
{Kn} asymptotically compact < iiﬁ X(nE§KnB) =0

proof: The first is immediate by the definitions. See

Theorem 2.16 for the other. =

Corollary 4.11.

If {Kn} is asymptotically compact then K is

X-condensing \/n large , in which case ind(I—Kn) =0

Remark: We have applied the standard measure of non-
compactness to sequences. There have been definitions

given particularly to study sequences, the so-called
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discrete measures of noncompactness. A characterization

of collectively or asymptotically compact sequences can
be based on these measures, however, we shall not make
use of these ideas. See Wolf [45,46] and Appell and
Pera [8].

We now turn our attention to the study of the lin-

ear equations (I-K)x =y , (I - Kn)xn = y Wwhere
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ac . . . .
K > K . The organization for our presentation is es-

n
sentially that for the collectively compact theory given
by Anselone [1]. By Theorem 4.7, K is compact and
consequently I - K is Fredholm of index zero, i.e.,

I - K satisfies the Fredholm alternative. Thus, if

I - K 1is invertible the equation (I-K)x =y is
uniquely solvable for each y and the solution depends
continuously on y . What can be said of the approxi-

mate equations (I—Kn)xn = vy 1in this case? The next

lemma helps answer this question.

Lemma 4.12.

ac r
Kn - K = (I"'Kn) > (I-K) .
proof: The pointwise convergence is clear. To show
{I—Kn} asymptoticallyregular it suffices to show that
*

{xn} # @ when {xn} is bounded and (I—-Kn)xn >y
Since {Kn} is asymptotically compact EHN' C N,
z € X such that Knxn >z for n € N' . Hence

= — = ' . .
X Knxn‘+ (I Kn)xn + 2z +y forn N' , which is

what we wanted to prove. =

Theorem 4.13.

Let Kn ag K . Then
3(1-—K)-'1 = 3 (I_Kn)—l uniformly bounded Vn large ,
in which case (I--:Kn)_1 > (I--K)-1 on X .

proof: From Lemmas 4.3 and 4.12 we have

3(1-—K)“1 = {I—Kn} stable . By Corollary 4.11
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R(I-Kn) = X when :H(I—Kn)"1 \fn large . Thus, we may

appeal to Theorem 4.4 to obtain the desired results. =

The package will be complete once we obtain practi-
cal error bounds, i.e., bounds on the convergence
(I-Kn)-—1 - (I-K)-1 when (I—K)--1 exists. The next
result is a significant step in obtaining such bounds.
It generalizes the fact that pointwise convergence is

uniform on each totally bounded set.

Lemma 4.14.

Let Tn , T € [X] , with Tn + T and suppose
{Sn}‘ is asymptotically totally bounded. Then

HTnx - Tx_| » 0 uniformly in the choice of sequences

n n I

: X €8 .
{xn n n}

proof: By the uniform boundedness theorem,

db > 0 so thnat IITnII<an and | T| < b . Let

e >0 . Now 3n1 € N such that X(nznlsn) < ?ES

(see Theorem 2.15). Let {yl,...,ynz} be such an
B—E-—net.Now Tn->T=3n3>n1 so that n > n,
implies “Tnyk - Tyk” < % V1 < k < n, . Hence for

each x € 8§ and n 2 n, we obtain

ITpxy - T | <Mt x -7y |+l y, -1y l+lTy, - 1=_|

A

e b+ 0rh I -y, |+ e -1y, |

< 2Db é% + % = ¢

This proves the assertion. =
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The next theorem summarizes the asymptotically compact

approximation theory.

Theorem 4.15.

ac

Let Kn -~ K . Then
(a) (Fredholm alternative) \/n large ,
-1 -1
R(I-K) = X < :H(I—Kn) = (I-K_) € [X] ,
dim N(I-Kn) = codim R(I—Kn) <
() | ® -K)K] >0, [(K-KK |+>0 as n =~

(c) 3(I-K)“l = E(I-Kn)ml uniformly bounded Vn large ,

in which case there are practical error bounds:

Choose n large enough so that H(Kn-K)KnH < 1 and

- -1 _
set A = l(z-x) | ||(Kn K)KnH . Then & >0,

-1
by <1 = Ja-k)T e x)

: 1+ (z-x) 7Y Ik |

lz-x ) 7 < T2
n
and for each y e€ X ,
-1 -1
Ix x| = I )Yy - (1-x) Yy |

lx-x) " Ik _y-ky | + 2_ x|
1l - An

A

- 0

With the exception of choosing n 1large enough so that
"(anK)Kn" <1 , all of the error analysis remains valid

with K, and K interchanged.
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proof: (a) Immediate from Corollary 4.11.

(b) Use Lemma 4.14 with S, = KB and

(c) Choose n so that
|l (x_-K)X_| < 1 . Since K% = KK + (K -K)K we have
n n n n n n

by (3.17) and (3.20)

A

ke, |+ Jx-RK |

llA

Jk_-K)K_| < 1

Thus, I—Kn is Fredholm of index zero by Theorem 3.27.
The rest of the theorem is a consequence of (b) and is
unchanged from the collectively compact theory presented

by Anselone [1l]. We omit the details. =

Remark: The convergence H(Kn—K)KnH + 0 plays a dual
role. Not only does it provide criteria for determinihg
when (I-Kn)—1 exists but it establishes a bound on

n so that I—Kn satisfies the Fredholm alternative,
which was automatic in the collectively compact case.
This may especially be desirable when HKnH . may be

difficult to compute.

Remark: We briefly mention that even if (I—K)—1

doesn't exist then the "extent" that (I—Kn)_1 doesn't
exist, at least for n large enough, is no worse by

Theorem 4.5, i.e.

dim N(I-K ) < dim N(I-K) \/n large
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Furthermore, if n 1is also large enough so that

ind(I—Kn) = 0 , we have

codim R(I—Kn) = dim N[(I-Kn)'] < » , and

R(I—Kn) = N[(I—Kn)']l.,. the set of annihilators,
1

1
i.e., N(I'—K'n) = {x€ X: f£f(x) =0 fe N[(I-Ky) 1}
Thus, there is a concrete way of testing whether

(I-K_ )x. =y has a solution.
n’“n

Remark: By virtue of Theorem 4.8 (or more generally
Theorem 3.27) we have an immediate extension of the
above theorem to the equations
(MI-K)x =y , (AnI—Kn)xn = y where An - A.# 0

-1 -1

Simply replace K by X K and K, by An Kn .

4. An Example from Integral Equations

The example given involves the approximate solution
of a weakly singular Fredholm integral equation on

cflo,11 ,

(4.14) x(s) - fé k(s,t) x(t) dt = y(s) ,

where the kernel k(s,t) 1is singular along the diagon-

}_1/2, ln|s-t|) , based

al s=t (e.g. k(s,t) = |s - t
on the singularity subtraction technique of Kantorovich
and Krylov [23] and the numerical integration of weak-

ly singular functions developed by Anselone and Opfer

[6]. Not only does this example illustrate the
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asymptotically compact theory, but it motivates a char- -
acterization which, at least in most spaces of practical
interest, states that asymptotically compact sequences
of linear operators can be thought of as perturbations
of collectively compact sequences.

Let X = C[0,1] , the space of continuous real-
valued functions defined on [0,1]

, With

| x| = ;m@X_ | x(t)] . Define the integral operator
O<t<1

1
(4.15) (Rx) (s) = /gy k(s,t) x(t) dt , 0 < s <1

If ks(°) = k(s,*) and

: 1
(4.16) k, € L7[0,17, [Ikr—kSHl +0 as r - s,s€[0,1]

then it is shown by Anselone [1] that K € [C[0,11] and
K 1is compact. Such is the case for a kernel with a

monotone symmetric singular factor:

k(slt) = g([S"t|) h(S,t) [;
h ec([o,1] X [0,1]) ,

g € tY(0,1) nc(o,1] ,

and

g >0, g nonincreasing on (0,8] , for
some & € (0,1] . Examples include k(s,t) = [s—t[—l/z,
In|s-t| . For n=1,2,... define continuous approximate

kernels k_(s,t) = g_([s-t]) h(s,t) where



1
gne C[Oll] ’ gn =g on [Hll] ’
0 <g_ =<g g_ nonincreasing on [0 i]
= n = ’ n In ’
gn(O) > gm(O) for n >m
. -1/2
For example, if k(s,t) = [s—t[ then we may use

truncation to define

/n

i

|s-t|

fin

kn(s,t) =

= B

-t st

, 0
1
7L
=
More general kernels are considered by Anselone [2].

By means of a convergent gquadrature rule define the

approximate operators

i
a3

(LHX)(S) W_ . kn(s,tnj) x(tn.)

j=1 "nj j

Since the k, ~are continuous we have L € [c[o0,11] .
Indeed, Ln is compact since dim R(Ln) < ® , With
further restrictions on the quadrature rule it can be
shown that Ln CE K (see Anselone and Krabs [5],

Anselone and Opfer [6]). Hence the collectively com-

pact theory applies. However, the convergence X, >

(when (I-K)—1 exists).is usually slow due to the singu-

lar kernel. To obtain more rapid convergence, re-

write (4.14) as
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(4.17) x(s)-[fék(s,t)[x(t)—x(s)]dt + fék(s,t)x(s)dt]=y(s)

and define operators
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n
1
= .z -
(K_x) (s) 321 njkn(s,tnj)[x(tnj) x(s)] + X(S)fok(s,t)dt
Then K =L + (Ku - L u)I where u =1 . Hence,
n n n
angzK but Kn ¢k only if Ku—Lnu = 0 . Thus,

the asymptotically compact theory applies. Further-
more, due to the singularity subtraction we would ex-

1 1

pect (I—Kn)— + (I-K) to be faster than

1 > (I-—K)"1 when the latter inverses exist.

(I-L )
Numerical examples substantiate this claim (see Anse-
lone [21]).
It is worthwhile to note that

Ik - L | =]|Ku-Lu|] >0 . That is, K_=L_ + T

n n n n n n
where {Ln} is collectively compact and UTnH - 0
The question of whether this decomposition is always

valid for {Kn} asymptotically compact is addressed

in the next chapter.
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V. CHARACTERIZATION OF ASYMPTOTICALLY COMPACT
SEQUENCES OF LINEAR OPERATORS
We have seen results involving the equation
(A\I-K)x =y , X # 0, when K is compact extended
to the case when K has a sufficiently small measure
of noncompactness (e.gq. “K"X < |x]) . It is reason-
able to ask how far operators with a small measure of

noncompactness differ from compact operators. This

question is easily answered when the measure |K

is considered. For if ¢ > 0 , HKHK < e , there
exists compact L and bounded T such that
K=L+T with |K-L| =|T] < ¢ . Note that we need
only consider ¢ = 1 . Now consider the measure of
noncompactness H-HX . Can we replace H-HK with

and still obtain the same results? We can if the

operators are defined on a Hilbert space, for then

K =

in general. Goldenstein and Markus [18] give an example

.

(cf. Theorem 3.29). Unfortunately, we can't

of an operator defined on a product of sequence spaces

which is y-condensing but not K-condensing.

Recall that

(5.1) {K_ } asymptotically compact = HKnH-+O as n » «,
(5.2) {Kn} collectively compact <

{Kn} asymptotically compact, Kn compact \/n .

Thus, we are led to an analagous question relating
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asymptotically and collectively compact sequences, i.e.,

it is true that

(5.3) {Kn} asymptotically compact <=
:E{Ln} collectively compact such that

IR -L_ | -0 asn > « 2
n n

Sufficiency follows from Theorem 4.8 since

{Ln} ’ {Kn—Ln} asymptotically compact imply
{Kn—Ln+Ln} asymptotically compact. To prove necessity
it would suffice to find a constant C > 0 so that

.

For if such a constant exists,

Il < c

{Kn} asymptotically compact =

Il >0 = Ix I ~0 =

H{Ln} c K such that | K,-L | >0

Since {Ln =K+ (Lﬁ-Kn)} is asymptotically compact
and each L, is compact we actually have {Ln} col-
lectively compact by Theorem 4.7. Note that by (3.20),
"-"X = “'“K . Hence, such a constant exists of the
seminorms H'”X and ”'”K are equivalent if [X]/K
The equivalence of these seminorms will be shown for

a large class of spaces, which is the subject of the

next definition.

Definition 5.1. (cf. Lindenstrauss and Tzafriri [27])

A Banach space X 1is said to have the
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compact approximation property (abbr. C.A.P. ) if for
each € > o and finite set of points Xyreeo,X € X
there exists K € K such that ka-kaH < e,
l<k<n. If 1 <X <>, then X has the )-com-
pact approximation property (abbr. A-C.A.P. ) if
X has the C.A.P. with [K| <
Lemma 5.2. (Lebow and Schechter [26])

Let X have the A-C.A.P. Then

Il < 01 Izl VT e 1x

proof: Let e > 0 . Then there is a finite
(HT”X +¢ ) - net {yl,...,yn} of TB . Because X
has the M-C.A.P. , there exists K K with
| 1-x] < » + 1 and Hyk—Kka <e, l<k<n. If

X B there is an element Y, SO that

| (1-8) Tx |

A

[ x-8) (T=x-y,) | + | (z-K)y, |

A

< (A+1)(“THX + ) + ¢
Since ¢ and x were arbitrary, we obtain

I - gT| < (x+1)MTUX

But KT € K , and so the proof is complete. =
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Theorem 5.3.

Let X have the X-C.A.P. Then

{Kn}CI[X] asymptotically compact <

Kn = Ln + Tn , {Ln} C [X] collectively com-
pact,
Iz 1-0.
proof: (=) By Lemma 3.20 and Theorem 4.10, HKn“X - 0
as n > » . By Corollary 5.2, HKnHK -0 as n > » .

It follows that J{L_} ¢ K such that | K -L| + 0
asn+® . Set T =K-L_ . Then |TJ] -+ 0 and
n n n n

{Tn} is asymptotically compact. In light of Theorem
4.9, {Ln = Kn—Tn} is asymptotically compact. But since
each L is compact we have {Ln} collectively compact
by Theorem 4.8.

(=) This assertion follows directly from

Theorems 4.8 and 4.9. =

If A= 1 and K 1is finite dimensionaliin Defin-

ition 5.1 we obtain the metric approximation property

(abbr. M.A.P. ) of Grothendieck [21]. The question

of whether any Banach space possessed the M.A.P. was
settled in the negative by Enflo [14] (see also Davie
[13], Pietsch [32]) with an involved (!) counter exam-
le. Though the C.A.P. 1is apparently weaker, there
are conditions for which X fails to have the C.A.P. ,

and hence the A-C.A.P. , that are based on Enflo's
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example (see Lindenstrauss and Tzafriri [27]). Also
included therein is a result, due to Szankowski [38],
that Ep has a subspace without the C.A.P. ,

1l < p £ 2 . Roughly speaking, a Banach space which is
not isomorphically close to being a Hilbert space will
always have a subspace which fails to have the C.A.P.
It would be beyond the scope of this thesis to delve
more deeply into the structure theory of Banach spaces.
Suffice it to say that from the standpoint of applica-

tions, we have all the generality needed. For example,

all Hilbert spaces, Lp(Q,u) ((2,u) any measure space,
l <p <=, and C(Q) (8 any compact Hausdorff space)
endowed with their standard norms have the M.A.P. (see

e.g. Pietsch [32]).

We conclude this chapter with two special cases of
Lemma 5.2 (and hence Theorem 5.3), both of which are

general enough to include most classical Banach spaces.

Theorem 5.4. (Goldenstein and Markus [18])

Suppose Pn“E [X] are finite dimensional projections

with Pn + I . Then there exists 0 < C < » such that
It iz clrl Vre

proof: It suffices to show that X has the )-C.A.P.
for some ) . Since Pn - I, :HA € [1,») such that

sup ”Pn" <A . Let ¢ >0 and {x

.. - .
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there exists n_ € N so that n >n = H(I-Pn)ka <ey

m

l <k <m. Since Pn is compact, X has the

A-C.A.P. =

Theorem 5.5

If X has a basis then there exists 0 < C < =

such that

Izl <clzl, YT e 1x)

proof: TLet {e } , Dbe a basis for X . For x € X

there exists a unique sequence of scalars {ik} such

«©

= I i S
~that x KZ1 Ekek Define Pn [X] by
P X = kgl €8 + D = 1,2,... . Now appeal to Theorem
5.4, =

The space C[0,1] of Section IV.4 has a (normal-

ized) basis.given by

eo(t) =1, el(t) =t ,
2k-2 2k
0 for t#¢ n+l ' _n+l
2 2
2k~1
e (t) = 1 for t = ;ﬁ—ﬁ
204k
. . |2k-2 2k-1 2k-1 2k
linear in on+l ! 2n+1 and 2n+1 ' ;ﬁ?T
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We may define corresponding finite dimensional projections

Pn r n=20,1,2,... , by linear interpolation at the

points 2k-1 , k= 1,2,...,2n . Worth noting is that
2n+1

“Pnn =1, n=090,1,2,... . Thus, by Lemma 5.2,

(5.9 Il sl <207] VYre e, .

Indeed, the bounded linear operators on any space with
the M.A.P. satisfy (5.4).

Under the hypotheses of Theorems 5.4 and 5.5 we
may assume that the approximating collectively compact
sequence {Ln} in (5.3) consists of finite dimensional
operators. For if {Pn} is a sequence of finite di-
mensional projections, Pn > I , and {Kn} is asympto-

tically compact, then by Theorem 4.14

H(I—Pn)Knﬂ + 0 as n » o,

The above convergence implies that {PnKn—Kn} is
also asymptotically compact. But since each PnKn
is compact we have {PnKn} collectively compact by

Theorem 4.7.



10.

11.

71

BIBLIOGRAPHY

P.M. Anselone, Collectively Compact Operator
Approximation Theory and Applications to Inte-
gral Equations, Prentice-Hall, 1971.

;, Singularity subtraction in the solu-
tion of integral equations, J. Austral. Math.
Soc. (Series B) 22(1981), 408-418.

and R. Ansorge, Compactness principles
in nonlinear operator approximation theory, Numer.
Funct. Anal. and Optimiz. 1(6), (1979), 598-618.

and , A unified framework
for the discretization of nonlinear operator equa-
tions, Numer. Funct. Anal. and Optimiz. 4(1),
(1981), 61-99.

and W. Krabs, Approximate solution of
weakly singular integral equations, J. of Integral
Egq. 1(1979) , 61-75.

and G. Opfer, Numerical integration of
weakly singular functions, Numerische Integration
(ed. G. Hammerlin), Birkhauser Verlag, 1979.

and M.L. Treuden, Regular operator ap-
proximation theory, Hahn-Meitner-Institut fur
Kernforschung Berlin GmbH Report No. 389, Dec.
1982.

J. Appell and M.P. Pera, Non-compactness principles
in nonlinear operator approximation theory, Pacific
Journal of Mathematics, to appear.

J. Banas and K. Goebel, Measures of Noncompactness
in Banach Spaces, Lecture Notes in Pure and Applied
Mathematics, Marcel-Dekker, 1980.

S.R. Caradus, W.E. Pfaffenberger and B. Yood, Cal-
kin Algebras and Algebras of Operators on Banach
Spaces, Lecture Notes in Pure and Applied Mathe-
matics, Marcel-Dekker, 1974.

F. Chatelin, The spectral approximation of linear
operators with applications to the computation of
eigenelements of differential and integral opera-
tors, SIAM Review 23 (1981), 495-522.



12.

13'

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

72

G. Darbo, Punti uniti in transformazioni a condo-
minio non compatto, Rend. Sem. Math. Univ. Padova
24(1955), 84-92.

A.M. Davie, The approximation problem for Banach
spaces, Bull. London Math. Soc. 5(1973), 261-
266.

P. Enflo, A counterexample to the approximation
property in Banach spaces, Acta Math. 130(1973),
309-317.

M. Furi and A. Vignoli, On a property of the unit
sphere’in a normed linear space, Bull. Acad. Polon.
Sci, Ser. Sci. Math. Astronom. Phys. 18(1970), 333-
334.

I.T. Gohberg, L.S. Goldenstein and A.S. Markus,
Investigation of some properties of bounded lin-
ear operators in connection with their g-norms
(Russian), Uch. Zap. Kishinevsk. Un-ta 29(1957},
29-36.

and M.G. Krein, The basic propositions
on defect numbers, root numbers and indices of lin-
ear operators, Amer. Math. Soc. Translations (Series
2) 13(1960), 185-264.

L.S. Goldenstein and A.S. Markus, On a measure of
noncompactness of bounded sets and linear operators
(Russian), Studies in Algebra and Math. Anal.
Izdat. Karta Moldovenjaski, Kishinev, 1965.

R.D. Grigorieff, Zur Theorie linear approximations-
regularer Operation I, Math. Nach. 55(1973), 233~
249.

, ITI, Math. Nach. 55(1973), 251-263.

A. Grothendieck, Produits tensoriels topologiques
et espaces nucléaires, Mem. Amer. Math. Soc.
16 (1955).

V.I. Istratescu, Introduction to Linear Operator
Theory, Marcel-Dekker, 1981.

L.V. Kantorovich and V.I. Krylov, Approximate
Methods of Higher Analysis, Interscience, 1958.

T. Kato, Perturbation Theory for Linear Operators,
2nd. ed., Springer-Verlag, 1976.



25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

73

K. Kuratowski, Sur les espaces completes, Fund. Math.
15(1930), 301-309.

A. Lebow and M. Schechter, Semigroups of operators
and measures of noncompactness, J. Func. Anal.
7(1971), 1-26.

J. Kindenstrauss and L. Tzafriri, Classical Banach
Spaces II, Springer-Verlag, 1979.

R.D. Nussbaum, The radius of the essential conden-
trum, Duke Math J. 38(1970), 473-478.

; The fixed point index for local conden-
sing maps, Annali di Matematica pura ed applicata
89(1971), 217-258. :

, Some fixed point theorems, Bull. Amer.
Math. Soc. (77) 3(1971), 360-365.

W.V. Petryshyn and P.M. Fitzpatrick, On l-set and
1-ball contractions with application to perturba-
tion problems for nonlinear bijective maps and
linear Fredholm maps, Boll. Un. Mat. Ital. (4)
7(1973), 102-124.

A. Pietsch, Operator Ideals, North-Holland, 1980.

B.N. Sadovskii, Limit-compact and condensing oper-
ators, Uspehi Mat. Nauk. 27(1972), 81-146.

M. Schechter, Principles of Functional Analysis,
Academic Press, New York, 1971.

A.S. Sedaev, Structure of some linear operators
(Russian), Matem. Issled. 5(1970), 166-175.

C.A. Stuart, The measure of noncompactness of some
linear integral operators, Proc. Roy. Sco. Edin-
burgh (A) 71(1972), 167-179.

F. Stummel, Discrete convergence of mappings, Proc.
Conf. Numer. Anal., Dublin, 1972, 285-310, Academic
Press, 1973.

A. Szankowski, Subspaces without approximation
property, Israel J. Math 30(1978), 123-129.

A.E. Taylor and D.C. Lay, Introduction to Function-
al Analysis, Wiley, 1980.



40.

41.

42.

43.

44.

45.

46.

47.

48.

74

G. Vainikko, Funktionalanalysis der Diskretisier-
ungs-methoden, Teubner, Leipzig, 1976.

and B.N. Sadovskii, On the rotation of
condensing vector fields (Russian), Prob. of Math.
Anal., Voronezh, 2(1968), 84-88.

J.R.L. Webb, A fixed point theorem and applications
to functional equations in Banach spaces, Boll.
Un. Mat. Ital. 4(1971), 775-788.

» On seminorms of operators, J. London
Math. Soc. (2) 7(1973), 337-342.

R. Wolf, Uber lineare approximationsregulare Oper-
atoren, Math. Nach. 59(1974), 325-341.

» Diskret kondensierende Operatorfolgen,
Math Nach. 80(1977), 209-223.

, Approximation of fixed points of con-
densing mappings, Applic. Anal. 9(1979), 125-136.

B. Yood, Properties of linear transformations pre-
served under addition of a completely continuous
transformation, Duke Math. J. 18(1951), 599-612.

K. Yosida, Functional Analysis, 5th. ed., Springer-
Verlag, 1978.





