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low-order quasi-diffusion (QDLO) equations for global reactor core calculations.
The advantage of quasi-diffusion (QD) is that it is able to capture transport effects
at the surface between unlike fuel assemblies better than the diffusion
approximation. We discretize QDLO equations with the advanced nodal
methodology described by Palmtag (Pal 1997) for diffusion. The fast and thermal
neutron fluxes are presented as 2-D, non-separable expansions of polynomial and
hyperbolic functions.

The fast flux expansion consists of polynomial functions, while the thermal
flux is expanded in a combination of polynomial and hyperbolic functions. The
advantage of using hyperbolic functions in the thermal flux expansion lies in the
accuracy with which hyperbolic functions can represent the large gradients at the
interface between unlike fuel assemblies. The hyperbolic expansion functions
proposed in (Pal 1997) are the analytic solutions of the zero-source diffusion

equation for the thermal flux. The specific form of the QDLO equations requires




the derivation of new hyperbolic basis functions which are different from those
proposed for the diffusion equation.

We have developed a discretization of the QDLO equations with node-
averaged cross-sections and Eddington tensor components, solving the 2-D
equations using the weighted residual method (Ame 1992). These node-averaged
data are assumed known from single assembly transport calculations. We wrote a
code in “Mathematica” that solves k -eigenvalue problems and calculates neutron
fluxes in 2-D Cartesian coordinates.

Numerical test problems show that the model proposed here can reproduce
the results of both the simple diffusion problems presented in (Pal 1997) and those
with analytic solutions. While the QDLO calculations performed on one-node,
zero-current, boundary condition diffusion problems and two-node, zero-current
boundary condition problems with UQO,-UQO, assemblies are in excellent agreement
with the benchmark and analytic solutions, UO,-MOX configurations show more
important discrepancies that are due to the single-assembly homogenized cross-
sections used in the calculations. The results of the multiple-node problems show
similar discrepancies in power distribution with the results reported in (Pal 1997).
Multiple-node & -eigenvalue problems exhibit larger discrepancies, but these can be
diminished by using adjusted diffusion coefficients (Pal 1997). The results of
several “transport” problems demonstrate the influence of Eddington functionals on

homogenized flux, power distribution, and multiplication factork .
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AN ADVANCED NODAL DISCRETIZATION FOR THE
QUASI-DIFFUSION LOW-ORDER EQUATIONS

1. INTRODUCTION

In nuclear reactor analysis there are many situations in which the
multiplication factor and full, three-dimensional calculations of the neutron flux are
required. In these instances, although the diffusion equation can be directly solved
numerically on digital computers, practical limitations on computer storage and
prohibitively-long execution time are making impossible a “pin-by-pin” modeling
of a light water reactor (LWR). Since the diffusion length characterizes the spatial
variation of the neutron flux, accuracy requires that the mesh spacing be
comparable or less than the diffusion length (Dud 1976). Consequently, in each of
the three spatial dimensions of a nuclear reactor core, a large number of mesh
points must be chosen and multidimensional core calculations are more expensive.

Neutrons in a reactor have energies between 107 eV and 102 eV, and the
interaction cross sections for neutrons are sensitively dependent on the energy of
incident neutrons. Therefore, a realistic treatment requires taking into account the
neutron energy dependence. For this purpose, in reactor calculations, energy is
discretized into “energy groups”. Most LWR calculations are performed using a
four-group diffusion model, while for fast reactors 20 groups are often used (Dud
1976). Neutrons can undergo scattering interactions resulting in significant changes
in their kinetic energy, changing neutron migration between energy groups. This
leads to a system of coupled multigroup diffusion equations, one equation for each
energy group. As a conclusion multidimensional fine-mesh, fine-energy reactor
calculations are leading to large linear systems of equations, which are difficult to

handle even by current computers.
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A similar situation is encountered in transport calculations. Here, in
addition to spatial and energy discretizations, the angular directions are discretized
by requiring the transport equation to hold only for a number of distinct angles
(Lew 1993).

Problems become even more time-consuming if one is interested in
repeatedly performing reactor calculations in order to investigate the effect of
particular parameters on multiplication factor or flux distribution, or in the case of a
changing core-composition due to fuel burn-up and fission product accumulation.

The difficulties originating from the spatial dependence of the neutron flux,
energy spectrum and anisotropic scattering are addressed by the development of
coarse-mesh nodal methods: equivalent few-group diffusion parameters,
determined for relatively large homogeneous regions called “nodes” are used to
compute global solutions like full-core eigenvalues and power distributions. Often
the homogenized regions consist of entire fuel assemblies and the computational
effort is oriented towards the node-averaged flux over each homogenized region.
Traditionally, homogenized node parameters are calculated with the flux
determined by transport calculations in an assembly (Law 1986), (Smi 1986). With
advanced nodal schemes, the truncation errors in flux solution are smaller than
those introduced by the use of flux-weighted homogenization. This drove the
development of more accurate homogenization procedures (Law 1986). Accurate
node-homogenized fission cross-sections and node-averaged flux yield accurate
power distributions.

The work presented here is part of a project that concentrates upon two
areas: the creation of a full-core few-group coarse-mesh diffusion-like method that
will produce the same results as full-core many-group fine-mesh transport
calculations, and the construction of “group constants” (i.e. cross sections and
discontinuity factors) to be used in the diffusion-like calculations. The subject of
this thesis is the development of a nodal discretization of the quasi-diffusion (QD)

equations, derived in Chapter 2, for global core calculations. The advantage of QD




3
is that it is able to capture transport effects at the surface between unlike fuel
assemblies better than the diffusion approximation.

It is significantly more convenient to store one table of group constants
derived from single-assembly calculations for each type of fuel assembly, rather
than the much larger data set that would result from multi-assembly calculations
(also known as “colorsets”). This is why single-assembly calculations are the
second main objective in the project. In order to get accurate group constants for an
assembly regardless of its neighbors these group constants should be computed
using a methodology that captures interface effects.

Spatially-differenced forms of the discrete-ordinate transport equation are
usually solved by the method of iteration on the scattering source (Lew 1993), (Ada
2002). In this case the convergence of the iteration is dictated by the properties of
the medium and the size of the problem. In large scattering media, where particles
undergo many collisions in a single energy group and the leakage probability is
small, iterative techniques converge more slowly than in small absorbant, “leaking”
systems (Lew 1993), (Ada 2002). As a result, special methods were developed to
accelerate the iterations.

Besides early acceleration schemes (Chebychev acceleration and fine- and
coarse-mesh rebalance), the research in the field of efficient iteration strategies has
followed two paths: synthetic acceleration methods and quasi-diffusion and related
methods (Ada 2002).

Synthetic acceleration methods are based on finding a “low-order” operator,
close to the original transport operator but more easily invertible. Synthetic
acceleration methods provide additive corrections to the transport sweep solutions
that are calculated using the low-order operator instead of inverting the whole
transport operator (Ada 2002). The converged solution of the synthetic scheme
should satisfy the original transport equation regardiess of the way the low-order

operator was defined as long as the discrete low-order operator is derived
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consistently with the transport operator. A low-order operator used in synthetic
acceleration schemes is, for example, the diffusion operator (Ada 2002).

Quasi-diffusion methods are characterized by the fact that they obtain a
discrete transport solution, but this solution is influenced by both the discretizations
of the transport and the low-order diffusion-like operator. The low-order operator
contains transport corrections (Ada 2002); thus the QD-accelerated solution does
not converge to the unaccelerated transport solution. QD methods are nonlinear,
requiring multiplication and division of unknowns. The advantage of the QD
methods is that they provide fast convergence regardless of discretization and
consistency (Ada 1994).

The QD method was developed in 1964 by Gol’din as a nonlinear method
of solving the linear Boltzmann equation (Gol 1967). In the same paper, Gol’din
describes a form of the QD equations that accounts for anisotropy.

In 1970 Troshchiev (Gol 1967) reported consistent discretizations allowing
the QD method to obtain the same solution as the unaccelerated transport
equations. This made QD a true acceleration scheme (Ada 2002).

Later, in 1972, Gol’din and Chetverushkin (Gol 1972) formulated the
generalized QD boundary conditions, i.e. a general relationship between flux and
current that involves QD coefficients calculated using the angular flux from a
previous transport sweep. To be more specific, the paper (Gol 1972) explains a
method of solving the 1-D cylindrical geometry gas dynamics equations. The
unknown for which the transport equation is solved is the intensity, and the
boundary conditions relate the radiative energy flux to the energy density of
radiation by the means of QD coefficients.

In 1978, Aksenov and Gol’din (Aks 1979) successfully used 2-D QD
calculations of neutron transport, demonstrating the applicability of the method in
two-dimensional problems.

In 1982, Gol’din formulated abstractly the QD method, and applied it to

multigroup neutron transport problems with anisotropic scattering (Ada 2002). The
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effects of various spatial discretizations of the transport equation given a constant

low-order equation discretization were analyzed, in 1986, by Anistratov and
Gol'din (Ada 2002).

One year later Miften and Larsen (Mif 1993) developed a symmetrized QD
method (SQD) that yields an “accurate and efficiently solvable” discretization of
multidimensional transport problems. This method combines the advantages of QD
methods (i.e. no consistent discretization required) with the convenience of being
solvable with the standard conjugate gradient method; in addition to this, the SQD
can be more easily generalized to nonorthogonal grids than the discretized synthetic
acceleration technique.

In 1986 and later, in 1996, Gol’din used QD to solve coupled material-
temperature and radiative transfer equations (Ada 2002). The QD method applied
to anisotropic scattering problems described by Gol'din in (Gol 1967) was
implemented in the late 1990s for strongly anisotropic scattering (Ada 2002). In
1993 Aristova developed a finite difference scheme for the QD elliptic operator in
oblique-angle cells with applications in studying high-temperature radiative gas
dynamics (Ari 1993).

Soon after the QD method was created by Gol’din in 1964, nonlinear QD-
related methods were derived by Nikolaishvilli (“Yves-Mertens” approximation in
1966), Germogenova (“Method of averaged fluxes” in 1968), and Gol’din himself
in 1969. In 1970 Gol’din extended these methods to electron transport problems.
Notable contributions in QD-related methods are due to Anistratov and Larsen
(Weighted alpha methods in 1996 and 2001) (Ada 2002).

In the present work, the QD method is discretized with the advanced nodal
methodology described by Palmtag (Pal 1997). The advanced method proposed by
Palmtag presents the fast and thermal neutron fluxes as 2-D, non-separable
expansion of polynomial and hyperbolic functions. The fast flux expansion consists
of polynomial functions of degree zero through four, and the thermal flux

expansion of a combination of polynomial and hyperbolic functions. The same
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polynomial functions are used in fast and thermal flux expansions. The hyperbolic
expansion functions in thermal flux are the analytic solutions of the zero-source
low-order quasi-diffusion (QDLO) equation of the thermal flux. The advantage of
use of hyperbolic functions in thermal flux expansion consists in the accuracy with
which hyperbolic functions can represent the large gradients at the interface
between unlike fuel assemblies (Pal 1997). On the other hand, polynomials are
sufficiently accurate in representing the smooth variations of the fast neutron flux.
In addition, the use of hyperbolic functions that mathematically solve the zero-
source QDLO equations allows expressing the polynomial expansion coefficients
of the thermal flux in terms of polynomial expansion coefficients of the fast flux.
The 2-group, 2-D nodal discretization is applied here to the more general case of
constant Eddington tensor components (QD model). Consequently, different basis
functions are used in the hyperbolic terms of the thermal flux expansion. To prove
the validity of this model, we developed a code based on the QD equations. The
code, written in “Mathematica”, is used to solve k-eigenvalue problems and
calculates neutron fluxes in 2-D Cartesian coordinates. The results prove that the
model proposed here can reproduce the results of the simple diffusion problems
presented in literature (Pal 1997) or derived analytically.

Chapter 2 contains the derivation of the 2-group, Cartesian geometry QDLO
equations starting from the general-geometry, k -eigenvalue, multigroup transport
equation. Chapter 3 describes the nodal discretization and the solution strategies
used to solve the 2-group, 2-D QDLO equations and an outline of the power
iteration technique used to determine the multiplication factor. Chapter 4 presents
the results of a number of diffusion benchmarks and non-diffusion problems
obtained by the use of a computer code that incorporates the QDLO equations.
Chapter 5 contains the conclusion and the recommendations for future work. The
appendices present the analytic form of the weighted equations, continuity and

boundary conditions, as they have been derived.




2. THE QUASI-DIFFUSION METHOD FOR NEUTRON
TRANSPORT

2.1. TRANSPORT PRELIMINARIES

In Chapter 1, we argued that the quasi-diffusion method is a nonlinear
iteration scheme for solving transport problems. Each iteration consists in a “high-
order” transport sweep and a “low-order” diffusion calculation. Here we derive the
3-D, multigroup, isotropic scattering and isotropic fission source, transport
equation. Then, low-order quasi-diffusion (QDLO) equations are written in 2-D
Cartesian coordinates for two energy groups, assuming constant neutron cross
sections and Eddington tensor components in the interior of each node. These are
the equations that are solved for the homogeneous 2-D scalar neutron flux. We also
demonstrate that, if the angular flux is a linear function of angle, the QDLO

equations limit to the diffusion equation.

2.2. DERIVATION OF LOW ORDER QUASI-DIFFUSION
EQUATIONS

Consider the general-geometry k-eigenvalue transport equation with

isotropic scattering in the conventional multigroup form (Lew 1993), (Dud 1976),

bl ~ 2 A A bl 1 G A A
QVy, (7, Q) +Z, (P, (F,Q) = EZ 2, (P (F)+
g'=1
(2-1)

Xe & . .
+ [9))P (7),
47[,% 4o (P (F)

where

-Q isthe direction,



-y, (#,Q) is the angular flux,
- Z,(F) is the total cross section for neutrons in group g,
-Z, g(f) is the scattering cross section for neutrons between groups g’ and

g (g<g),
- @,.(F) is the scalar flux,

- X, is the fission neutron spectrum,

- k is the multiplication factor,
- v is the number of neutrons per fission, and

- Z 4 (F)is the fission cross section for neutrons in group g’.

Integrating each term of (2-1) by over 4 z neutron directions, yields (Mif 1993)

\ A n ) d oy,
[V, ¢.0d0 = [@, T2+, 510, 28)d0) =
ar LY 4
d s A A D PR
== | Qxy/g(r,Q)dQ+5 [, G.Od+ (2-2)
4 ar
9 o V) AP WP s
+54£szg(r,ﬂ)dﬂ= gx + Y + gz =VeJ, (),
JdOE P, G =2,(H0, (), (2-3)
4z

N G . . X G n A
)| dn(zﬂ—k;vz,g,(r)mg.(r)]=7;vz,g,(r)cbg,(r), 2-4)
and
a 1 G G
[as (E 2L (HD, (f)] =22 ("D (7). (2-5)

In (2-2) the quantities

[atw, ¢, =J,¢ (2-6)

are the components of the neutron current vector (i = x, y, z). Thus, (2-1) becomes
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VeJ L(A+Z, (AP, (F) = Zz A, (r)+ sz (PP, (27

Equation (2-7) has the physical meaning of a balance equation: in steady state
conditions the number of neutrons with energies within group g leaving a volume
by diffusion or as a result of collisions occurring in the same volume is equal to the
number of neutrons produced by fission within group g plus the number of neutrons
that are scattered from group g’ into group g. Defining the macroscopic removal

cross section Z_,,
Z,(A=Z,(F)~ Eg.g @, (2-8)
then (2-7) takes the following form:
A . . . G . . Zg G . .
VeI (F)+Z,,(ND,(r)= Z Z, ()D,.(r)+ —k—Z; VL. (F)D,.(r). (2-9)
= pem
g'2g

If we now multiply on equation (2-1) terms by Q4 and integrate over 47
we obtain (Mif 1993)

A A oA . ov.(F,Q oy . (5,0
Ja6Q Gy, 7,0 = de(Q§M+ a0 Y00,
LY 4 6y
oy (r,
+Qxﬂz% — fdQsz/g(r Q)+ (2-10)
z
0 A . . .
t IdQQXQyW8(r’Q)+_ IdQQxQng(ra Q)a
ay 4x 62 4r
[d0Q.2,w, G.O) =2, (), (), @2-11)
4r
Jabo,| =3 5, Bo,¢ =0, @-12)
4r g'=1

and

Ao X & A
4 j dQQ, (Zﬁ;'ﬂ o (r)CDg.(r)J =0. (2-13)
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Thus, (2-1) becomes
9 [acQiy, .0 2 [a00,0p, (7.Q)+
ax 4z ay 4r
5 (2-14)
+— j dQQ.Qy, (F,Q)+Z,(FJ . (F)=0.
ar

Equations similar to (2-14) are obtained by multiplying (2-1) by Q,, Q,,
and integrating over 4 7, as follows:
0 A A, O A " A
= | dQQnyy/g(r,Q)+5y— [a0Qy, 7.0+
é‘” i (2-15)
+— j dQQ Qy (7,0 +2,(A)J,(F) =0,
4r

E, LA 0 , 2

= [dQ0.0.y,(F.9) ta [aQ.0p, .0+
(;” o (2-16)

+54j dQQy, (7, +2,(F)J, () =0.

Equations (2-14), (2-15) and (2-16) can be written concisely
Vo [QQu,(F.0dY)+Z,(AJ, (=0 forij=xyz. (2-17)
ar

Defining a symmetric, positive-definite tensor of components

[eou,¢.Qda
E, (F)=% _[l//g 7540 for i,j=x,y,z (2-18)
ax
equation (2-17) can be written as
V(E (YD (F)+Z,(F)J (F)=0. (2-19)
In deriving (2-19) we use the definition of scalar neutron flux (Lew 1993)
@, (F)= J’ v, (7,.£)dQ. (2-20)
ax

The tensor defined by (2-18) is also known as Eddington’s tensor. Due to its
symmetry the off-diagonal elements of Eddington’s tensor are equal (£, =E_ ;).
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Functionals E_; depend weakly on the angular flux. Equations (2-9) and (2-19) are
called the Low-Order Quasi-Diffusion equations.

A frequently used form of the Low-Order Quasi-Diffusion equations is the

one written for two neutron energy groups g=1 (fast neutrons) and g=2 (thermal

neutrons), no upscattering (neutrons cannot gain energy in scattering events), and

fissions produce only fast neutrons.

Under these assumptions the Low-Order Quasi-Diffusion equations take the

form

VeJ,(F)+Z,,(H®,(F) = %(UE AP, F)+VZ,(F)D,(F)  (2-21)
and

VeJy(7) +Z,,(F®, (F) = Z,(F)®, (7). (2-22)

In Cartesian coordinates (2-19) is equivalent with the following three equations:

0 A Ay, O A A
o LMD, (r))+5y—(EW(r)¢g(r)) +

(2-23)
+§;(Ew(f)d>g F)+ Z, (f)Jg(r‘) =0,
0 n n 0 o o
é-x—(Em (PP, (F)+ > (Eg, (N, (r)+
5 (2-24)
+5(Eg,,, (P, (A +Z,(F)J, (F) =0,
and
0 n . 0 . .
T (Eg (PO, (F) + —(E, (F)D,(F)) +
8xa ¥ (2-25)
+5(Egzz (AQ,(F)+Z,(F)J,(F) =0,
where g=1,2.

If the angular flux is a linear function of angle, i.e.

W (P, Q) m w0 (F) +y . (HQ, + Ve (FQ, +v,(FQ,, (2-26)
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according to (2-18) Eddington tensor elements are given by
E,(F)=
W po(F) IQQ dQ+y,(F) IQ Q,dQ++y (F) IQQ QdQ+y_(F) IQQ QdO

Vo) IdQ+w (r)IQ dQ+y, (7) jQ dQ+y,_(7) IQ 40

(2-27)
It can be shown (Dud 1976) that
4r
[[eXeXle! =59 (2-28)
and
j QQTQdQ =0 iflm,ornisodd. (2-29)
In these conditions (2-27) becomes
5,
Ey ()=t (2-30)

and Eddington tensor is diagonal. In (2-30) 6, stands for the Kronecker’s delta:

;=1 for i=}, and &, =0 for i#j. Equations (2-23), (2-24) and (2-25) thus become

oD (7
PG — {9 123 andg=xy.z. (2-31)
3Z,(F) o
An equivalent form for (2-31) would be

P 1 n
J =— Vo _(r 2-32
¢ (F) 3T, 0) (") (2-32)
which is Fick’s approximation, with diffusion coefficient D,(F)= 321() (Lew

r
4

1993).
Equations (2-23) and (2-24) can be rewritten in the following 2-D form that

will be used in the next derivations:
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1

0
J ()=~ (2 (E,. (5, )®,(x, y)) +
5 2y (1) & (2-33)
2 By (5.1)9, ()
and
Jo) === (l )(g(Em(x,y)dg(x,y)n
g\ (2-34)

+§y—(EM(x,y)<bg(x,y)))

Assuming constant cross-sections and constant Eddington tensor’s
components, and using (2-33) and (2-34) combined with (2-21) and (2-22) to
eliminate the neutron current, one obtains:

Elxx azcbl(x’y) + Eh)’ 62(I>1(x,y) +

T, & T, oxdy

+E1yx achl(x,y) + El}y azcbl(xay)
L,  oyox L ¥

1
+2,Q,(x,y) = ;(szlcbl (x,y) +VZ 1, @,(x, )

—(

)+ (2-35)

and
_(EZxx azcbz(x’ y) + E2X)’ azq)Z (xa y) +
z, o T, oxoy (2-36)
Ey 8®,(x,y) By, 50,(x,9) )
+ + d Z,0,(x,y)=2,D (x,y).
Ez oyox s, ayz )+ r2 (%, ) 2P (x,y)
2.3. SUMMARY

In Chapter 2 the QDLO equations are derived from the general geometry k-
eigenvalue, multigroup transport equation. The Eddington tensor depends weakly

on angular flux. At the end of the chapter Cartesian-coordinate, 2-group, constant
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node Eddington tensor QDLO are written. The methodology for solving these

equations is described in the next chapter.
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3. NODAL DISCRETIZATION OF THE LOW-ORDER QUASI-
DIFFUSION EQUATIONS

3.1. BACKGROUND

In this chapter the two-dimensional quasi-diffusion equations are solved
using the method of weighted residuals, with non-separable polynomial and
hyperbolic basis function expansions of the fast and thermal neutron fluxes. To
form a set of equations which, when solved, will yield the flux expansion
coefficients, several conditions are imposed: weighted moment equations, flux and
current continuity, node balance and boundary conditions. In this chapter we solve
the QDLO equations by using the weighted residuals method (WRM). This method
yields approximate solutions as a finite combination of known functions (Ame
1992). In WRM the coefficients of the expansion are chosen so the difference
between the true and the approximate solutions are zero in an average sense. Unlike
the discrete method that lead to approximate solutions at isolate points, the WRM
solutions are defined everywhere and do not rise so many questions regarding

accuracy, convergence, and stability (Ame 1992).

3.2. NODAL DISCRETIZATION

The problem domain is the x—y plane divided into non-overlapping
square regions (nodes) of dimension h. Non-dimensional coordinates (u,v) are
introduced instead of (x, y). To illustrate coordinates (u,v) consider a square node

that occupies the position (i, j) in an array as shown in Figure 3.1.
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Yi+l Lo dmemcmeeoaon

)G """""" Tt TS ssse"

L L L R i

v

Ly
Lo
<+

[

X

Figure 3.1. 2-D representation of a square node located at position (x,, y )

Based on the geometry of the problem new coordinates (u,v) can be

defined.

(xi+l—xi)=(yi+l—yi)=h’ (3'1)
2X =X, — X,
i) WY S 3-2
u > (3-2)
and
vzm. (3-3)
2h

In the new non-dimensional coordinates (,v) equations (2-35) and (2-36) become

E._. 0°® (u,v) N E,, 8’®,(u,v)

T, ol T, Oudv

+ Elyx achl(u, V) + El)y az(Dl(u, V)
T, ovou L o

1
_?(

)+Z,@,(u,v)= (3-4)

1
= ;(UE 1P (@, V) +UZ ., @, (u,v))
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and
1 B 80,wY) | Bry 3*0,wY) | By 80, (,v) |

Wz, ot T, Oudv T, Ovou
+ E2xv 62(1)2 (u,v)

s, o

(3-5)

)+ 2,0, (u,v) =Z,0,(u,v).

3.3. SOLUTION STRATEGIES

3.3.1. The method of weighted residuals

The method used to solve equations (2-35) and (2-36) is the method of
weighted residuals (MWR). The steps in MWR are (Ame 1992):

1. Approximate the solution u(x,y) of the general form partial differential
equation Lu = f with the expansion

)~ 3 ab (%.3) =U(x,3,0), (3-6)
where b,(x,y) are known basis functions, and a,are constant to be
determined.
2. Build the equation residual

RU)=LU-f (3-7)

that is a functionof a,, x and y.
3. Select a set of m functions w;, called “weight functions”.
4. Choose the optimal set of coefficients a; so that residuals R (U) are zero

in an average sense over a domain,

<w, RU)>= [w RW)dV =0, forj=1 tom. (3-8)
V
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Integrals (3-8) are also called “weighted residuals”. Weighted residuals give

m linear equations in coefficients a;; the rest of the (n-m) equations will be

determined by applying boundary conditions, continuity conditions, or other

constraints.

3.3.2. Two-dimensional flux expansions

For the neutrons of each energy group a set of basis functions is chosen
such that in the interior of each node the flux can be approximated with expansions

of basis functions.

3.3.2.1. Fast flux expansion

The fast flux in the interior of each node is approximated by a 2-D, non-

separable expansion of polynomial functions (Pal 1997)

Q,u,v)= D 4,/ ) f,»), (3-9)

m=0 n=0

where # and v are defined by (3-2) and (3-3). The functions f, are polynomial
basis functions of the form (Law 1986), (Pal 1997),

£H©=1,

£ =€,

f2(¢)=3§2—%, (3-10)
1 1

KO =45E+2)E =)

2 Ly Ly 1
[(&)=( 20)(§+2)(§ >
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The fast flux expansion has only 15 non-zero a_, coefficients (Pal 1997). In

matrix form the coefficients are shown below,

Ay Gy Gy Gy 4y

a, a, a, 0 0| (3-11)

3.3.2.2. Thermal flux expansion

In the interior of each node, the thermal flux is approximated by a 2-D, non-

separable, expansion of polynomial and hyperbolic functions (Pal 1997)

D, (1,¥) = @y 0, (U,9) + Dy (2 V), (3-12)
where
D,y 0,) =§§bmnfm(u)f,,(\’) (-13)
and
®,,, (4,v) = IZZc, 2, (u,v). (3-14)

The polynomial expansion (3-13) has 19 non-zero b, coefficients (Pal

1997). The non-zero expansion coefficients are given below in matrix form,

~ -

b00 blO b20 b30 b40

bo b, b, b; 0

by by by 0 by (3-15)
by b, 0 b; 0

by O b, 0 b,]
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The symmetry shown by matrix representations (3-11) and (3-15) allows

the diagonal symmetry of colorset problems. Non-zero diagonal elements were kept

to capture diagonal effects in colorset calculations. To simplify calculations, the
high order polynomial functions f;(£) and f,(£)are zero at u,v= i-;—. The
hyperbolic functions g, (u,v)were determined so that ®,, ,(u,v) should satisfy the

zero source balance equations for thermal neutron flux

1 E, 00, (4,v) Ery POy, ()

a >, o T,  oudv 516
E,, 0°®,, u,v) E, 8D, (u,
+ ;yx ;,:giu v) N ;,y z;,vpz(u V))+Z,2CI>2,M,(u,v) 0.
2 2

The following set of basis functions (Ani 2001), (Pal 2001) was found to satisfy
equations (3-16):

8 (u,v) = cosh(y,u),

8,(u,v) =sinh(y,u),

83(u,v) = cosh(y,v),

84(u,v) =sinh(y,v),

g:(u,) = cosh(y, (v~ %)/ 2), G-17)

g(u,v) =sinh(y, (v~ %)/ ),

g,(u,v) =cosh(y,(v-9,u)/ \/:73 ,

25 (u,v) =sinh(y,(v-9,u)/2),
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where

}, — h22r2212
] E2A:r ’
[hzz z
},2 _ r2“='t2 ,
EZ”,

2
2xx 2y T Loy
By +\-E, +E, E,,
1 E2A:r ’
E2xy - \/ _szy2 + Ez,uEz W
6, = = :
2xx

3.3.2.3. Weight functions

Typical weighted residuals methods for reactor core analysis use one of the
following two choices of weight functions (Law 1986):

i. The first choice called “moments weighting” (Pal 1997) uses low-order

expansion functions as weight functions.

ii. The second choice, known as “Galerkin weighting”, uses higher-order

expansion functions as weight functions.

The most accurate results have historically been obtained with moments
weighting (Pal 1997). For each energy group seven conditions have been generated

using weighting with the following functions:
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wy(u,v)=1,

w,(u,v) = f,(u),

w,(u,v) = £,(v),

w,(u,v) =144 f,(w) f,(v), (3-19)
w,(u,v) =41, (u),

ws(u,v) =4 £,(v),

we(u,v) =16 £, (1) £,(v).

3.3.2.4. Equation residuals

Let
R, (u,v) =D (u,v) - D, (u,v) (3-20)
be the residuals, where @ (u,v)are the exact solutions of (2-35) and (2-36), and

@, (u,v) are the expansions (3-9) and (3-12). Accordingly,

R (u,v) = @[ (4,9) = ) D Ay e ) [, (¥) (3-21)

m=0 n=0
and
4 4 8
R, (u,v) = @5 (u,v) - ;;bm,, @) f,() —lz_l:c,g,(u,v). (3-22)
Substituting residuals (3-21) and (3-22) in equations (3-4) and (3-5), one obtains
the equation residuals for the two neutron fluxes,

_L(Em O°R (u,v) N E,, 0°R(u,v) N E. 8°R(u,v) .
Wz, ol T, Oudv T, Ovou
E 2
2 TR, g R ) = AR (1) +UE R )
1

(3-23)
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and

_L(Em O’R,(u,v) N E,,, 0°R,(u,v) N E,, O’R,(u,v) N
Wz, ou T, Oudv T, Ovou

(3-24)

E 2
+—2 IR, (;l’ V)) +Z,,R,u,v)=Z,,R (u,v).
z, ov

Since @®f(u,v) and @5 (u,v) are exact solutions of (3-4) and (3-5) one can

write the equation residuals in the following form:

1 (Em &, ,, (u,v) .\ E,, 8@, u,v) . E, 0°®,,, uv) .
Wz, ou’ I, dudv z, dvou
E_ 80,  (u,v
+ 21:”’ lgvdz( )) + 2:rlcl)lpol (ua V) = (3-25)
1

1
= T (WZ D, (1, v) +UZ (D, (1, V) + D, (4, V)))
and

1 EZA:r 62 (cbzpo[ (ua V) + (DZW (ua V))

Wb ou’? *

2

N E,, &(®,,, @,v)+ D, (u,v)) .

Z, Oudv (3-26)

Ezyx o? (Cszoz (u,v)+ CDZ,W(u, v)) N Ez”, 62R2 (u,v)
Z, Ovou z, ov?
2,5 (P oy (U5 V) + Py, (1, V) = 2, Dy (4, V)

)+

3.3.2.5. Weighted residuals of two group equations

Applying the weighted residuals method to equations (3-25) and (3-26) and
assuming that all cross sections and Eddington tensor components are spatially

constant leads to:




62(1)15:: 2(u, V) -

1 E
—— (T <w(w,v),
W

E oD, (u,v
$2 oy ), T DY)
Z, Oudv

E, o', ,(u,v)
+—21£ <w,(u, v),# >+ (3-27)

E o*®,  (u,v
+—liy—<w,(u,v),—l"°1( )

> o >)+
1

+Z, <w,(u,v), D, ,, (u,v) >= %(u}.‘. 1 <wW @), ®,,,(u,v)>+

+UZ r; < W (u4,v),(D, 2ot (U5 V) + D@y (U, V) >

and
o (D (U, V) + D@, (4,v))
. >+
N E,, <w(,), (@, U, V) + @y, (u,V)) S
Z, Oudv
sl w,(u,v), O (B (1) + Doy (4,) >+
Z, Ovou
E (D, ,v)+D,, (4,
+22 <w (u,v), (P v)j 21p (V) >)+
Z, Ov
+Z,, <W (U, V), (D0 (U,V) + D,y (4,v)) >=

1 E,
—— (== <w,(u,v),
hz 22 I( )

(3-28)

=Z,, <w,(u,v), D, ,,(4,v) >,
where w,(u,v), /=0 to 6, are the weight functions (3-19). The “< >” notation is the
one introduced by (3-8). After applying the WRM for each weight function to
equations (3-27) and (3-28) fourteen equations will result (seven per energy group).
These equations together with continuity conditions, boundary conditions, corner
balance equations, and balance equations in the thermal group will form the system

of linear equations to be solved for the unknown expansion coefficientsa_,, b

mn ?

and ¢, from expansions (3-9), (3-13), and (3-14).
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The zeroth-moment residual of the expansion of the fast flux, ie.

<wy(u,v), D, (u,v) > represents the node averaged fast flux

1.1
+=+—
2 2

<Wo (4, ), D, (4, V) >= I ICDI ot (U V)dudv = ?1 = ay,. (3-29)

11

22
The zeroth-moment residual of the expansion of thermal flux, ie.

< W, (4,v), @, (4,v) + D, (u,v) > has the same physical meaning but a more
complicated form due to hyperbolic basis functions that appear in ®@,, (u,v):

<Wo (4, v), D, (U, v) + D, (4, v) >=

1.1 1.1

5+ iy
= j. j.d)zm,(u,v)dudv+ j. ICDz,W(u,v)dudv=
11 L1
2 22 (3-30)
=@, =by, + 2csmh(y‘)+—c3smh( )+
N V2

+y8 ¢, sinh( \/_)smh(yi/l f ¢, sinh( J_) mh(J_

T 1
In the diffusion limit, £, = E_ = 3

and E,_ =E_ =0, (3-30) becomes:
@, = b, (cl+c3)smh( )+ . (cs +¢,)sinh?( 55), (3-31)

where y = \[3#’Z ,Z,, . An expression similar to (3-31) is derived in (Pal 1997) in
the diffusion limit.



3.3.2.6. Surface-averaged flux and current

Node surfaces have been denoted by x+ ory =, and they correspond to

u= i—;— orv= i% as shown in Figure 3.2.
y+ y+
Node o+ Node o+
x- . g s x- P
(i-1,)) (i,j)
y- y-
y+ y+
Node Node
x- (-Lj-1) 5+ | x (i,j-1) x+
y- y-
Xj-1 X; Xi+1

Figure 3.2. Notation of node surfaces

Y+

Yi

¥;1

The surface-averaged fluxes on x+ and y+ surfaces of a node (i,j) are defined by:

i
DL =

S| -

i
Do =

S| -

1

2

i
+—

2

Yin +§
1
[ @ G )y = [ @ )y
¥, i

4] 2 1
_rq)g(xayjﬂ)dx = '!‘q)g(ua_z—)du
% -

(3-32)

(3-33)
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In a similar manner we define the surface-averaged flux on x - and y - surfaces of

the node (i, j),

1

- 1 Yin +§ 1
Vg =5 [ @y = [@, (-2 vy

Yy _%
and

1

Xisy +§ 1
j¢4um¢=j%@;?m.
X; 1

i =
D,

S

2

(3-34)

(3-35)

Surface-averaged currents across the x+ and y+ surfaces have been defined using

similar notations,

1 Yiny

Jg‘_+ =-h— j.ng(xi.q.]’y)d-y:
Yi
UL g PeCnd) | gy BCnd)
h z!l & ox = ay
EY %’v) i a(Dg(%’V)
= —_—— ’ +E'
| 2 hov

1 1 1
*2 oo (—,v oD _(—,v
=_l f.}_(E'J g(2 )+ ] g(2 ) v,
Bz &
2
Similarly one finds
1 1 1
7 1+E 1 i ad)g(uaz) B aq)g(uai)
/ —— i i i
g == [}:g (B —— =+ Bf, ——u,
2
5 (L) e~
—_ 1%1 y g _5’ g _5’
[/ ¥ /
o = hhgw“ u +Egy >

(3-36)

(3-37)

(3-38)
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R MU R MO

(Eg’w — +E!,

—2)du (3-39)

In deriving equations (3-36) to (3-39) expressions (2-33) and (2-34) are used for x

and y neutron current components calculated with constant cross-sections and

Eddington tensor components.

3.3.2.7. Continuity equations for flux and current

the four surfaces of node (i, j) Figure 3.2 are (Pal 1997):

and

o =0k, g=12

q)l-l sJ-1 = q)t WJ-1 g=1,2

g~ 2

o =00, g=1.2

O = g=12

JEM g g=12
TR 2 g g=12

T =, g1

JETSJH L g=12.

Using these definitions, the continuity equations for the flux and current on

(3-40)
(3-41)
(3-42)
(3-43)
(3-44)
(3-45)

(3-46)

(3-47)

Equations (3-40) to (3-47) provide another 16 equations fora,,, b,,, and ¢

(the unknown expansion coefficients) after replacing in (3-32) to (3-39) the neutron

fluxes with their series expansions (3-9) and (3-12) and performing the integrals.
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3.3.2.8. Corner flux continuity conditions

Three independent equations can be obtained for each neutron energy group

by applying corner flux continuity conditions. If we consider corner (x,,y,)in

Figure 3.2, these are:

i Rl _
q)gj(x,‘ayj)_q)g j(x,‘ayj)a g 1a2 (3'48)
-1, _ qyicl -1
q)g J(x,‘ayj)_q)g / (xiayj)a g=1a2 (3'49)
and
i-1,j-1 i _
q)g / (x,‘ayj) - q)gj ](x,‘ayj) ’ g_1a2° (3'50)

The fourth flux corner continuity condition added to (3-48) through (3-50)
leads to a system of linear equations non-independent. A fourth independent
condition at the corner point will consist of a “corner balance condition” (Pal 1997)
that will be described in the next section. Conditions (3-48) to (3-50) bring for each
node of the problem, six new equations (three per energy group) to the linear

system of equations.

3.3.2.9. Corner balance condition

The corner balance condition is derived by drawing a square box of width

25 centered on a corner point (x;,y;) (Pal 1997), as shown in Figure 3.3.




Yi

Xi-1 Xj Xi+1

Figure 3.3. 2§ - square box centered around (x;, y;j) corner, to illustrate the corner
balance condition

By reducing the size § of the imaginary box to zero (box volume approaching
zero), no absorptions will occur inside the box (Pal 1997), i.e. there will be no net
neutron leakage from the box. The leakage of neutrons of group g from corner
(x;,¥;) is given by (Pal 1997).

X458 y+6

i 1 i i
L, =—( [ 72 Gy, +8)ax+ [ JL(x, +8,)dy) (3-51)

Vi
Using the Taylor series expansion for J g‘ and ng, about (x;,y,) , equation (3-51)
takes the form:

o ! ; o/,
Ly =Tpop)+6 =2 +JLG.y)+6—F (3-52)

(‘xi’yj) (xi’yj)

At the limit § — 0, L”é becomes

L =Jg,(x,y)+J0(x,,9,) (3-53)
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Analogous to (2-88) leakages from corner (i, j) into nodes (i-1, j-1), (i-1, j) are

given by:
LY =~J2M (x,y )+ IS (x,,,) (3-34)
LY =2 (x, ) =T (%)) (3-55)
L =T e, y,) =I5 (%, 9) (3-56)

So, as & — 0, the corner balance equation becomes (Pal 1997):
ij i-1,j-1 i1,/ ij-1 _
LI+ L+ L7 +L) =0 (3-57)
or, in terms of neutron current components,
i,j ij i-1, -1 i-1, j-1
ngj (xi’yj)+']gcj(xi’y,')_']gy ’ (xi’yj)—‘]gx ! (xi’yj)+
i-1,j i1,/ i, j=1
']gy j(x,-,y,-)"']g j(x,'ayj)_‘]gyj (x,'ayj)+ (3'58)
i, j=1 _
+J7 (x,y)=0, g=12.
For each node of the problem, one can write two equations analogous to (3-58)

(one per neutron energy group).

3.3.2.10. Zero-flux boundary surface conditions

For each node and each neutron group, four surface conditions for flux and
current and four corner conditions are needed. For interior nodes, these
requirements are satisfied by applying equations (3-40) to (3-47). For interior
corners, equations (3-48) to (3-58) served this purpose. For exterior nodes,
conditions applied to the node depend on the boundary conditions applied to the
problem. Zero surface-averaged fluxes are simply imposed. For the simple four-
node problem shown in Figure 3.2, zero-flux boundary conditions are described by

the following equations:

=0, g=1,2, (3-59)

o




o =0, g=12,

(I);l;f =0, g=12,

(I);{+ =0, g=1,2,

@) =0, g=1,2,

o0 =0, g=12,

o)'=0, g=1,2
and

OH=0,  g=12.

3.3.2.11. Zero-flux boundary corner conditions
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(3-60)
(3-61)
(3-62)
(3-63)
(3-64)

(3-65)

(3-66)

Zero-flux corner boundary conditions simply require that the neutron flux in

the nodes located on the boundaries of the problem is zero. Referring once again to

Figure 3.2,
O, (x,y,0=0, g=12,
O, (x,y,)=0, g=12,
®,(x,¥,,)=0, g=12,
O, (x,y,,)=0, g=12,
D, (x,,Y,,) =0, g=1,2,
O, (x,,y,)=0, g=12,
D, (%,,¥,.)=0, g=1,2

and

®,(x,y,.)=0, g=1.2.

(3-67)
(3-68)
(3-69)
(3-70)
(3-71)
(-72)
(3-73)

(3-74)
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3.3.2.12. Zero-current boundary surface conditions

Zero-current boundary surface conditions are mathematically described by

zero surface-averaged currents at the exterior surfaces as shown in Figure 3.2,

Jot=0, g=12, (3-75)
Jo =0, g=12, (3-76)
JoW =0, g=12, (3-77)
Jy, =0, g=12, (3-78)
Ji =0, g=12, (3-79)
Jal=0,  g=12, (3-80)
Ji=0, g=1,2 (3-81)
and
JoH =0, g=12. (3-82)

3.3.2.13. Zero-current boundary corner conditions

Zero-current boundary conditions derive from the corner balance equation
in each group, equation (3-58). For boundary corners shared by two exterior nodes,

such as the (x,,,, ;) corner from Figure 3.2, we have:

_Jg(xi+l’yj)+J;;j(xi+l’ yj)"];’yj—l(xiﬂ’yj)—

-1 (3-83)
—Jé (xi+l’yj)=03 g=1,2

and

O (x4,7,) =P (x,0,7),  g12. (3-84)
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Each of the two nodes sharing the (x,,;,y,) corner accounts for one of equations (3-

82) and (3-84). For external boundary corners that belong to only one node (i.e.
corner (x,,,,y;,,)from Figure 3.2, equation (3-58) gives:

_J;’yj (X415 Vin) — J;; (*4,¥,,)=0, g=12. (3-85)

3.3.2.14. Thermal flux balance equation

As shown in previous sections, for each node and each energy group one
can write seven weighted residual moment equations, four surface-averaged
continuity equations, and four corner balance equations. This yields 15 equations
per neutron energy group and per node (thirty equations per node). In fact,
according to (3-9), (3-13) and (3-14), 42 unknown expansion coefficients must be
determined for each node. Expressing for each node the thermal flux polynomial

expansion coefficients b, in terms of fast flux polynomial expansion coefficients

a,,,(Pal 1997) yields a system of equations for 23 unknowns (15 fast polynomial

coefficients and eight thermal hyperbolic coefficients).
By substituting expansions (3-9) and (3-12) into the thermal group balance
equation (2-36) and taking into account that basis expansion functions (3-18) are

exact (analytic) solutions of (3-16), equation (2-36) is reduced to:

_ (E;';{x O'Csp |, Bz 803 (x,y) L Ziy 005 (%) .
T o z, Oxdy il o’ (3-86)

FTHOY (5,0) = SOl

This is an equation that involves only polynomial terms. Since (3-86) is composed
entirely of polynomials, the 19 thermal polynomial expansion coefficients can be
found in terms of 15 fast flux expansion coefficients such that (3-86) is true in

every point of the node (i, j). By finding the thermal polynomial expansion
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coefficients in terms of the fast polynomial expansion coefficients 23 equations per

node for the 15 coefficients a,,and 8 coefficients c, are solved. The rest of the 19

coefficients b, are determined by simply calculating them using the relations
provided by (3-86).
To summarize, in order to solve the Quasi-Diffusion Low Order Equations

by the WRM, for each node of the problem 23 equations for 23 coefficients are

needed:
e 7 weighted residual moments in the fast group
e 4 surface-averaged continuity conditions in the fast group
e 4 surface-averaged continuity conditions in the thermal group
e 4 corner conditions in the fast group
e 4 corner conditions in the thermal group
However, the expressions of coefficients b, in terms of a,, coefficients
are more complicated in the case of quasi-diffusion than the expressions derived in
(Pal 1997) because of the more complicated form of the quasi-diffusion low order

equations in which all of the Eddington tensor’s components can be non-zero.

3.4. POWER ITERATION TECHNIQUE

The equivalent matrix formulation of a 2-D, (m x n) node problem is

My = %FV, (3-87)

where
- M is the (23 x m x n)’ element square matrix of the source free system
of linear equations in expansion coefficients;
- Fisthe (23 xmx n)* element square matrix of fission sources;

- v is the (23 x m x n) column vector of the expansion coefficients.
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Muitiplying (3-87) with the inverse of matrix M and rearranging yields
Av=kv, (3-88)

where A =M"F .

Equation (3-88) is the standard form of an eigenvector-eigenvalue problem.
It is demonstrated that if one is interested in finding the eigenvalue of the square
matrix A with the greatest absolute value, the numeric procedure recommended is
“power iteration”.

Starting with a column vector v almost arbitrarily chosen (Rad 1992),
after a number of iterations » the vector

(
(n+l) _ AvW
'Av(")

,n2>1 (3-89)

can be used in (3-89) to approximate the eigenvalue k with the greatest absolute
value:
K = ulP Au™, (3-90)

where u{" is a row vector, the transpose of vector u™ .

3.5 SUMMARY

Chapter 3 presents the discretization of the QDLO, the non-separable function
expansion of fast and thermal neutron fluxes, the steps of solving the QDLO by the
use of WRM, and briefly the power iteration scheme used to calculate % -

eigenvalue.




4. RESULTS AND DISCUSSIONS

4.1. INTRODUCTION

In this chapter the nodal quasi-diffusion low-order (QDLO) equations are
solved for several diffusion test problems (diagonal Eddington tensor with diagonal
entries equal to 1/3), and “transport” problems (Eddington tensor with diagonal
entries different from one-third and zero or positive off-diagonal components). In
the transport problems, the Eddington functionals are chosen to be within the range
of values representative of two-node UO,-MOX fuel assembly transport
calculations.

The QD method was originally developed as a rapidly-convergent iterative
technique for solving transport equations. In this method, the scattering source used
in a given transport sweep is obtained from the solution of the QDLO equations,
using Eddington functionals (2-18) calculated with the angular fluxes from the
previous transport sweep. In applying the QD transport methodology to reactor
physics problems, we are assuming that the detailed space, energy, and angle
dependence of the angular flux is calculated from single assembly transport
calculations (i.e. CASMO). This data, including Eddington tensors, is then
homogenized and functionalized for use with the nodal QDLO equations solved for
the homogenized scalar flux in the core. For our purposes, the data used in the
QLDO equations is assumed known; however, its preparation is also an area of
ongoing research.

Our goal in solving the diffusion problems is to illustrate that, for fuel
assemblies characterized by “diffusive” data (E_ = E, =173, E_ =E, =0), the

QDLO nodal discretization limits to the nodal diffusion discretization derived by

Palmtag (Pal 1997). Palmtag’s discretization has been shown to be extremely
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accurate for mixed UO,-MOX cores. We consider a sequence of one-node
problems (from the EPRI-9 benchmark specification) with a variety of boundary
conditions, a sequence of two-node UO,-MOX problems from (Pal 1997) and
several multi-node problems that demonstrate our ability to model general reactor
systems. The transport problems are included to show the effect of representative
“non-diffusive” Eddington tensors on homogeneous flux distribution and

multiplication factor.

4.2. ONE-NODE, 2-D DIFFUSION PROBLEMS
4.2.1. EPRI-9 assembly calculations results

In this section, three single-assembly benchmark problems are solved with
the nodal discretization of the QDLO equations. The data for these assemblies
come from the EPRI-9 benchmark problem. The configuration for EPRI-9 problem
consists of eight fueled standard 15 x 15 fuel pin PWR assemblies of different
enrichments (F1 and F2), and F2-R (a rodded version of F2) (Pal 1997). We use
one node per assembly with zero-current boundary conditions to calculate the

multiplication factor k,and the ratio between the node-averaged thermal and fast
fluxes, @, /D, .
The multiplication factor k,obtained from diffusion Eddington functionals

is compared with k. provided by (Pal 1997). Homogenized cross sections are

obtained from single assembly calculations as given in Table 4.1 (Pal 1997). The

convergence tolerance for flux and k was set <107.




Table 4.1. EPRI-9 assembly cross sections

Assembly type
Property F1 F2 F2-R
ke 1.006603 0.959145 0.656523
Z, 0.220260 0.220261 0.227900
Z, 0.843809 0.843549 0.874090
Z, 0.012099 0.009325 0.015144
Z, 0.168560 0.141419 0.183746
Z, 0.021126 0.021125 0.018810
VZ 0.006012 0.004625 0.004633
(DI 0.218881 0.164554 0.172501

The results and the relative errors are shown in Table 4.2. The ratio ®@,/®, is

compared with (&)2/ (T)l)a= Eﬁ, ie. the expected ratio according to analytic

rl

solution of the diffusion equation in an infinite medium. The other quantities are

@4-1)

(4-2)

(4-3)

defined as follows:
- kl‘:lf =%+U_zf_2_.zi .
2:rl 2:r2 2:rl
- gl = M ,
k',
k..-k¢
= 81 = fnf akmf ’
Koas
L L |@3)-3,/8)
3 e A \a@
(@,/D)

| (4-4)
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and
- N=the number of iterations required to reach a convergence

tolerance <107,

Table 4.2. EPRI-9 assembly calculation results

Property F1 F2 F2-R

K, 1.00662 0.959142 0.656531

N 12 11 13
k. (Pal 1997) 1.00660 0.959145 0.656523
k. 1.00662 0.959142 0.656531
£,(%) 2.5x10% 5.2x10™ 1.2x10°

&, (%) 0.0 0.0 0.0
®,/®, 0.125332 0.149379 0.102370
(3,/8,)" 0.125332 0.149379 0.102370

&, (%) 0.0 0.0 0.0

From Table 4.2 one can see very good agreement between QD code calculations,

the results presented in (Pal 1997) and the analytic solutions.

4.2.2. Geometric buckling comparisons

In this sequence of problems, QDLO calculations of geometric buckling for

a node with zero-flux or zero-current boundary conditions are compared to analytic

predictions. The buckling, B?, is given by

B = %(—a+ ,/az -4p), (4-5)




1
a=3 (z,,z,, +Z.%, - ;uz ,]z,,) (4-6)

and
1
B=-9L,Z, |:—Erlzr2 + -’;(szler + szZElz):l . 4-7)

The eigenvalue associated with the fundamental eigenfunction of the Helmholtz
equation (Dud 1976) is, for this geometry,

B =2(£) , (4-8)

where a is the dimension of the square node.

Table 4.3 shows in columns 1 through 6 the number of nodes in which an
initial (42 x 42) cm® assembly is divided, the width 4 of each of these nodes, the
number of iterations (N) required to reach a convergence tolerance < 10°,

multiplication factor k for zero-flux boundary conditions, and k., respectively.

Errors shown in columns 7 and 8 take as reference values the 64-node kand 16-

node k.

Table 4.3. Zero-flux &, zero-current k. multiplication factors for various
node width A

Number | h(cm) | N k N Kinf e (%) | ¢, (%)
of nodes
1 2 3 4 5 6 7 8
1 42.0 15 | 0.771166 | 35 | 1.164924 | 0.38 0.052
4 21.0 19 | 0.765551 | 52 | 1.164925 | 0.35 0.0
16 10.5 16 | 0.768218 | 50 | 1.164925 | 0.007 *
64 5.25 17 | 0.768273 | 45 | 1.164925 *
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The analytic k. for zero-current boundary conditions is obtained according to

(Dud 1976)
Kot =Kips + loine D (4-9)
where
vz %
ke = —%, g=12 (4-10)
2’8
p=22 @-11)

According to equations (4-13) — (4-15) the multiplication factor of zero-
current boundary conditions problem is k,,=1.16493.

The cross sections used in these calculations correspond to a 5% enriched
UO; fuel assembly, and are presented in Table 4.4 (Pal 1997). Substituting these
cross sections into (4-9) yields B*> =1.11902x107 cm™. Equation (4-12) gives for

a=42.0 cm B’ =1.11900x107 cm?, very close to the result obtained with (4-9).

Table 4.4. Two-group single assembly cross sections

Assembly type

Property U0, U0, U0, MOX MOX MOX

3% 4% 5% 4% 8% 12%
T, 0.286867 | 0.286714 | 0.204091 | 0.286466 | 0.285875 | 0.285233
z, 0.97970 | 0.980551 | 0.987944 | 1.07985 1.16774 | 1.23263
z, 0.016756 | 0.016229 | 0.015738 | 0.013630 | 0.011853 | 0.010644
T, 0.009530 | 0.010234 | 0.010895 | 0.012956 | 0.015327 | 0.017049
z,, 0.082606 | 0.098603 | 0.113317 | 0.197823 | 0.290164 | 0.350338
vE 0.006758 | 0.008092 | 0.009357 | 0.008436 | 0.012259 | 0.015427
D 0.129545 | 0.163555 | 0.194709 | 0.321278 | 0.483443 | 0.587795
ks 1.256776 | 1.323053 | 1.366686 | 1.149925 | 1.177585 | 1.201939




4.2.3. Power iteration convergence rates

The rate of convergence of the power iteration method is illustrated by a
one-node, zero-current test problem in which the width a of the node is increased
repeatedly by a factor of two from A to 324 (h=42.0 cm). The number of
iterations (N) required to reach a convergence tolerance <10 for k and flux
strongly increases with a, while k¥ and ®,/®, remain the same, as shown in

Table 4.5.

Table 4.5. Convergence rate results for one node, zero-current problem

Node width (a) k cT)2 /EI')l N
h 1.00635 0.125332 12
2h 1.00635 0.125332 33

4h 1.00635 0.125332 112

8h 1.00635 0.125332 394

16 h 1.00635 0.125332 1402

32h 1.00635 0.125332 4943

Plotted on log-log scale, N versus node width a is approximately a straight

line, as shown in Figure 4.1.
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Figure 4.1. Number of iterations plotted versus node width on a log-log scale

4.3. TWO-NODE UO,-MOX PROBLEMS

This problem assumes two adjacent nodes: a UO,-fueled assembly, next to
a MOX-fueled assembly (Pal 1997). The reasons for considering this configuration
is that UO, and MOX have different properties, so UO, and MOX systems are
excellent for investigating the behavior of neutron fluxes at the surface between
assemblies of unlike properties. Zero current boundary conditions are applied to the

boundaries of the configurations, as shown in Figure 4.2.




10.71 cm 10.71 cm

Figure 4.2. UO,-MOX configuration

Various configurations are obtained by using UO, and MOX fuels of
various enrichments in >**U and Pu, respectively.

Table 4.6 shows the multiplication factor, the number of iterations required
to reach a convergence tolerance < 10°, UO, assembly power and their relative
errors from QDLO calculations using the two-group, single assembly cross sections
from Table 4.4 (Pal 1997). Columns 5 and 6 show the relative errors from the
advanced nodal diffusion methodology calculations presented in (Pal 1997). Both
of these sets of computations are compared to CASMO-4 14-group results (Pal

1997) which are reproduced here in columns 8 and 9. In Table 4.6 U, and M, stand
for x %-~-enriched UO; and y %-enriched MOX.



Table 4.6. Two-node UO,-MOX assembly, multiplication factor and power

calculations
Relative U0, Relative
Config. k N | error k (%) | assembly | error (%)
power U0,

0 1 2 3 4 5
Usy/Us | 1.29121 | 18 6.2x10~ 0.93167 0.74
UyUs | 1.34542 | 18 2.2x10° 0.93569 2.3
Us/Us | 1.31531 | 18 8.4x10° 0.88585 1.2
Us/Mg | 1.20273 | 20 1.2 0.94333 1.2
Us/M;; | 1.20885 | 21 1.6 0.90974 1.2
Us/Mg | 1.23828 | 20 0.8 1.01375 2.0
Us/M;, | 1.24387 | 21 1.2 0.98002 2.0
Us/Msg | 1.26385 | 20 0.52 1.06130 2.3

Us/M;2 | 1.37004 | 20 7.0 1.06350 5.9

Table 4.6. Two-node UO,-MOX assembly, multiplication factor and power
calculations (continued)

46

Config. | Relative error | Relative error of | Reference | Reference
of k (%), ref. | UO; power (%) k U0,
(Pal 1997) ref. (Pal 1997) power
0 6 7 8 9
Us/Uy 2.4x10~ 0.69 1.29113 0.9386
Uy/Us 1.0x10” 0.43 1.34545 0.9580
U3/Us 6.3x10~ 1.11 1.31520 0.8969
Us/Ms 0.239 0.87 1.21721 0.9312
Us/M, 0.306 0.69 1.22896 0.8986
Us/Ms 0.346 1.64 1.24830 0.994
Ud/My, 0.405 1.47 1.25888 0.9611
Us/Mg 0.435 2.12 1.27035 1.0372
Us/Mi, 0.487 1.96 1.28014 1.0042

Typical fast and thermal neutron flux shapes for the UO, (3%)-MOX (12%)

configurations of assemblies are presented in Figure 4.3 and Figure 4.4,
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respectively. In both figures, the UO, fuel assembly is the closest to the viewer.
Fast flux is higher in the MOX assembly, due to its higher fission cross-sections.
The steepest variation is observed near the surface between the two assemblies, and
a smooth flux shape by the reflecting boundaries.

Thermal flux varies strongly at the surface between nodes mainly due to

Z,, higher in UO, assembly than in MOX assembly.

0.695

1 0.685

246310

Figure 4.4. Thermal neutron flux in UO, (3%)-MOX (12%) configuration
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The results show that the smallest errors occur for the case of two UQ,
assemblies. Better results are obtained if, instead of two-group single-assembly

cross-sections, 14-group cross-sections are collapsed to two-group with the actual
spectrum (Pal 1997).

4.4. MULTIPLE-NODE UO,-MOX PROBLEMS. DISCONTINUITY
FACTORS

In this set of problems, the k-eigenvalues and power distributions are

calculated for configurations of UO; (UX), MOX (PX), and water (R) (Figure 4.5).

o=0
J=0 o=0
R R R
PX ux PX ux
J=0 Ju0  Ju0 om0
ux ox ux ox Jo | PX ux R |os0
J=0 J=0 ux PX R
=0
(C1) (C2) (C3)

Figure 4.5. UO2-MOX (C1, C2) and UO7-MOX-water (C3) configurations

Cross-section data for these problems came from single assembly NEACRP
benchmark calculations (zero-current boundary conditions) (Pal 1997), and are
presented in Table 4.7. Results from QDLO calculations of these problems are
shown in Table 4.8, columns 2 through 4. The relative errors, columns 5 through 7,

are calculated with respect to reference eigenvalues and normalized assembly
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powers presented in Table 4.9 (Pal 1997). Column 1 of Table 4.8 shows the number
of iterations after which a 10 convergence tolerance for flux and % is reached.
The reference solution for each configuration is a 2-D, 2-group, heterogeneous
static diffusion calculation performed using one node per fuel pin (Pal 1997).

Compared to STENCIL results presented in (Pal 1997) the QDLO results
from Table 4.8 are less accurate in reproducing the reference values, Table 4.9.
Reference (Pal 1997) shows also the results produced by other methods
(CONQUEST, SIMULATE-3, and PANTHER). QDLO yields results comparable
to these for assembly powers, still producing less accurate results for the k-

eigenvalues.

Table 4.7. Assembly homogenization results for NEACRP benchmark

Homogenized Assembly type
parameter UX PX
ke 0.998181 1.026669
Z 0.277778 0.277778
Z, 0.833333 0.833333
Z, 0.009226 0.013791
Z, 0.092663 0.231691
(DIP 0.004570 0.006852
(DYP 0.113537 0.344583
Z, 0.020430 0.015864
DF, 1.004803 0.994570
DC, 1.006895 0.991336
DF, 0.951007 1.041629
DC, 0.930603 1.046322

UX=U0,; PX=MOX



Table 4.8. NEACRP benchmark, homogenized node calculations

Assembly Power Error (%)
Config. | N k UX PX k UX PX
0 1 2 3 4 5 6 7
G 60 | 1.01974 | 0.87346 | 1.1265 | 5.6x10° | 0.14 | 0.11
C 40 | 0.91245 | 1.02145 | 0.97855 0.62 0.69 | 0.66
Cs 48 | 0.940336 | 0.90558 | 1.09442 0.24 1.2 1.0

Table 4.9. NEACRP benchmark, homogenized node calculations, reference values

Reference values (Pal 1997)
Config. k UX PX
0 7 8 9
G 1.01914 0.8747 1.1253
G 0.90685 1.0282 0.9718
G 0.93806 0.9165 1.0835

A more accurate procedure is based on the Adjusted Current Model (ACM)
(Pal 1997). This method defines separate diffusion coefficients for each surface of a
node. Surface diffusion coefficients are used everywhere within the nodal diffusion
equations: corner balance equations, current, definition of hyperbolic expansion
functions for thermal neutron flux. Since diffusion coefficients are used to define
hyperbolic expansion functions that are analytic solutions of the source-free
thermal balance equation, a single diffusion coefficient is required for each node.
This means that ACM can be used only for symmetric nodes (Pal 1997). Table 4.7
(Pal 1997) lists face-discontinuity (DF,, g=1, 2) and corner-discontinuity (DC,,
g=1, 2) factors calculated using one node per pin and zero-current conditions. In the
present work we have used the discontinuity factors to adjust Eddington functionals
to be used in the QD code. The weighted moment equations and the surface-

averaged flux and current continuity equations are derived with face-discontinuity



51
factors. Corner balance equations and corner continuity equations are derived with
functionals adjusted with corner-discontinuity factors. The use of discontinuity
factors from (Pal 1997) is possible because this problem is a diffusion one (the
Eddington tensor diagonal components are equal to 1/3 and the off-diagonal
components are equal to zero) and the discontinuity factors (Pal 1997) are
calculated under this assumption, being compatible with our methodology.

Table 4.10 is similar to Table 4.9 except that columns 2, 3 and 4 are
calculated with adjusted Eddington functionals.

Table 4.10. NEACRP benchmark, adjusted Eddington functional calculations

Assembly Power Error (%)
Config. | N k UX PX k UX | PX
0 1 2 3 4 6 7

5
G 52 | 1.01916 | 0.87717 | 1.12283 | 2.0x10° | 0.28 | 0.22
C, 40 | 0.907862 | 1.029931 | 0.970072 | 0.11 0.17 | 0.18
Cs 48 | 0.939781 | 0.911162 | 1.088838 | 0.18 0.58 | 0.49

The use of the adjusted Eddington functionals improves the accuracy of
calculated values of k for all three configurations and the accuracy of UX and PX
power distributions for configurations C, and C;. Compared to reference data
shown in Table 4.9 (Pal 1997), the QD code with adjusted functionals led to more
accurate results then those given in (Pal 1997) for k in configuration C;, UX
assembly power in C; and C,, and for PX assembly power in configuration C,.

Table 4.11 summarizes this comparison by listing the QDLO method relative errors
with and without adjusted Eddington functionals (¢°% and ¢) and ACM nodal

diffusion method relative errors (&), as given in (Pal 1997).
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Table 4.11. Comparison between the solutions of NEACRP benchmark problem

Parameter | Config. | & (%) e’ %) | £*™M(%)
C 5.6x10° | 2.0x107 1.3x10™

k C, 0.62 0.11 0.11
C; 0.24 0.18 4.7x10

C: 0.14 0.28 0.10

UX C, 0.69 0.17 0.26

C; 1.2 0.58 0.40

Ci 0.11 0.22 0.10

PX C, 0.66 0.18 0.19

Cs 1.0 0.49 0.19

4.5. NINE-NODE PROBLEM, CENTRAL REFLECTOR NODE

This subsection presents the results of QDLO calculations for two nine-

node configurations, shown in Figure 4.6 (a) and (b).

J=10

(b)

Figure 4.6. Nine-node, two fuel type central reflector node, (a) zero-current
boundary conditions, (b) zero-flux boundary conditions



53
The node-averaged fast and thermal neutron flux and node-averaged power

distribution are summarized in Figure 4.7 (a) and (b).

0.175173 0.163905 0.202591
0.006852 0.006475 0.007917
0.054516 0.048678 0.063304
0.089903 0.000000 0.134044
0.004839 0.009945 0.005304
0.030567 0.011976 0.039504
0.075407 0.068166 0.090811
0.004024 0.003678 0.004840
0.026888 0.022868 0.032571

(a)

Power

Thermal flux
0.113499 0.216281 0.143085 Fast flux

0.001276 0.002474 0.001605
0.010302 0.018042 0.013085
0.112636 0.000000 0.194869
0.001756 0.007185 0.002232
0.010685 0.008584 0.016151
0.051896 0.097038 0.070696
0.000796 0.001516 0.001082
0.005405 0.009095 0.007449

(b)

Figure 4.7. Node-averaged neutron fluxes and node-averaged power for nine-node
problem with (a) zero-current boundary conditions and (b) zero-flux boundary
conditions
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The calculated multiplication factors are k=0.926803 for the zero-current
boundary condition configuration, and k=0.623707 for the zero-flux boundary
condition configuration.

The number of iterations required for the iteration scheme to reach a relative
error of 10° in & and flux is greater for reflecting boundary conditions than for
zero-flux, i.e. 133 iterations compared to 66. Thermal neutron flux shows a peak in
the central node that is filled with water, as expected.

For zero-flux boundary conditions the nine-node averaged fluxes and

power, their standard deviation and relative errors are summarized in Table 4.12.

Table 4.12. Nine-node averaged fast and thermal neutron flux and power for
zero-current and zero-flux boundary conditions

Config. Quantity Nine-node | Standard | Relative
average deviation | error (%)
Fast flux 3.68x10” | 1.63x10™ 44.4
J=0 Thermal flux | 5.99x10” | 2.02x10~ 33.8
Power 1.11x107 | 0.63x107 57.0
Fast flux 1.10x107% | 0.41x107 37.3
d=0 Thermal flux | 2.21x107 | 1.94x10™ 87.5
Power 1.11x107 | 0.68x10" | 61.0

For zero-flux boundary conditions the peak thermal flux is higher than in
zero-current boundary conditions configuration. The zero-current boundary
condition problem the thermal flux peak in the central node is 351% higher than the
average thermal flux in the other eight nodes. In the zero-flux boundary condition
problem, this peak is only with 81% higher.

In both problems, the corresponding ratio I'; of the node-averaged thermal

flux in node ij and the node-averaged fast flux in the same node is close to the
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infinite-medium analytical value, respectlvelyz—:jz. This is possible because the
r2

node width of the problem is large compared to neutron mean-free-path, ensuring
conditions similar to infinite media. In the fiueled nodes that have a surface in

;
common with the reflector-filled central node ', is greater than —;—2 because of

r2
the reflecting and moderating properties of water: fast neutrons that have crossed

the surface are moderated and scattered back into the node in which they

originated. In these nodes I, for the zero-flux boundary condition problems is

greater than for the zero-current boundary condition problems. Here, the thermal
neutron flux is being amplified by the presence of the reflector and fast neutrons are
in disadvantage because of their stronger tendency to leave the node due to

diffusion.

Figure 4.8 shows I'; for the zero-current boundary condition, zero-flux

boundary condition, and analytic, infinite-medium problems.




Analytic
=0 b.c.
J=0 b.c.

0.1253 0.1253 0.1253
0.1239 0.1371 0.1226
0.1257 0.1330 0.1251
0.1494 1.250 0.1253
0.1643 0.8370 0.1239
0.1588 0.8301 0.1343
0.1494 0.1494 0.1494
0.1472 0.1667 0.1453
0.1496 0.1609 0.1486

Figure 4.8. Thermal to fast node-averaged neutron fluxes resulted from

computations compared to the infinite medium values

56

3-D plots of the QDLO fast and thermal neutron fluxes are shown in Figure

4.9 and Figure 4.10 for the configuration presented in Figure 4.6(a). The plots show

the thermal flux peak in the central node and in the same region a valley for the fast

flux.
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Figure 4.9. 3-D plots of the fast neutron flux, QD code calculations

Figure 4.10. 3-D plots of the thermal neutron flux, QD code calculations




58

4.6. FOUR-NODE QD PROBLEM: REALISTIC EDDINGTON
FUNCTIONALS

In this problem, we consider a 4-node domain with semi-reflecting
boundaries as shown in Figure 4.11. Each node corresponds to a fuel assembly, all

assemblies being identical.

€) (4)

() 2)

J=0

Figure 4.11. Semi-reflecting boundaries, four-node problem

The multiplication factor & of this configuration by using the nodal QDLO
methodology for E! =E’ = from 0.30 to 0.36 and E!  =E!,  from 0.0 to

0.04. The results show that k decreases when Eddington functionals increase. This
behavior is due to increased leakage, directly related to bigger functional values.
The calculated values for & and the dependence of k on E are shown in Table

4.13 and Figure 4.12.
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Table 4.13. Calculated multiplication factors for various Eddington functionals

B 0.30 032 0.34 036
0.00 | 0.928595 | 0.922699 | 0.916875 | 0.911121
0.01 | 0.927200 | 0.921318 | 0.915508 | 0.909769
0.02 | 0.925912 | 0.920036 | 0.914233 | 0.908502
0.03 | 0.924729 | 0.918852 | 0.913050 | 0.907321
0.04 | 0.923653 | 0.917766 | 0.911958 | 0.906225
e E'_ =000
0.925 o E;‘y =0.01 [
o E'_ =002
0.92 E' =003 |-
k e o N ® EZ;, =0.04
SRS
i S ]
%a‘ﬁkﬁk ‘:ﬁ?‘a‘;&\\\.
0.91 S .
s Nt
]
0.3 0.31 0.3z 0.32 0.249 0.383 0.36
E;”xx

Figure 4.12. Multiplication factor versus diagonal components at various values of
off-diagonal components of Eddington tensor

Increased off-diagonal Eddington tensor components also affect the power
distribution between nodes by enhancing the flow of neutrons towards certain

nodes. For example in our problem the power in node 4 increases with increasing
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Eg,w, while power in nodes 1, 2 and 3 decreases. Table 4.14 summarizes these

results, showing the variation of node-averaged power ( P) and its relative rate of

. L. 1 dP
variation | — — .
P dEY

8:Xy

Table 4.14. The effect of off-diagonal Eddington tensor components on the power

distribution
Node 1 Node 2,3 Node 4
Egy P |1 dpP P |1 dpP P |1 dpP
P dE;" - P dEg,w P dEg',w

0.00 [4.99998 | -0.323 |2.07107{ -0.140 | 8.57873 2.55
0.01 |4.98446 | -0.299 |2.06789| -0.167 | 8.79730 248
0.02 ]4.97020 | -0.274 |2.06415| -0.194 | 9.01471 2.40
0.03 [4.95719| -0.250 |2.05984 | -0.224 | 9.23107 2.34
0.04 |4.94544 | -0.225 |2.05494| -0.253 | 9.44652 2.28

In Figure 4.13 node averaged power is plotted against off-diagonal
Eddington functionals.
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Figure 4.13. Node-averaged power versus off-diagonal Eddington tensor elements

4.7. SUMMARY

The results of the one-node, zero-current boundary condition diffusion
problems are in excellent agreement with the benchmark and analytic solutions.
Solutions of two-node, zero-current boundary condition problems with UQ,-UO,
configurations show the same good agreement benchmark solutions (both k-
eigenvalue and power distribution) , while UO,-MOX configurations show more
important discrepancies due to the single-assembly homogenized cross-sections
used in the calculations. Four and nine-node problem results show power
distribution discrepancies comparable with the results presented by other authors
(Pal 1997). Larger discrepancies in k -eigenvalue are present in four and nine-node

problems, but these discrepancies can be diminished by adjusting diffusion
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coefficients (Pal 1997). Finally, the results of the “transport” problems show the
influence of Eddington functionals on the multiplication factor k and the power

distribution between nodes.
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5. CONCLUSIONS AND FUTURE WORK

Two-group nodal diffusion approximations, along with single-assembly
transport-generated cross section sets are currently used to calculate full-core
eigenvalues (core multiplication factors) and power distribution. The inaccuracy of
the diffusion approximation at interfaces between significantly different fuel
assemblies can be overcome by using the quasi-diffusion transport formalism.
Here, transport equations are solved to compute “functionals” of the angular flux
(Eddington tensors, boundary conditions, etc.) and this data is then used in the
solution of low-order diffusion-like equations. One important advantage of this
technique is that, if the data used in the low-order equations comes from the correct
transport solution, the solution of the low-order equations will be the transport
scalar flux and current. In this case full-core calculations are capturing transport
effects to an arbitrary degree of precision (Nes 2002). We have adapted the
advanced nodal methodology developed by Palmtag (Pal 1997) for the two-group,
2-D diffusion equations with MOX and UO, fuel assemblies to the QDLO
equations in Cartesian coordinates.

A discretization of the QDLO equations with constant nodal cross-sections
and Eddington tensors was developed. The two-dimensional QDLO equations are
solved by using the weighted residuals method, with non-separable polynomial and
hyperbolic basis functions expansions of the fast and thermal neutron fluxes.
However, we had to derive new hyperbolic basis functions of the thermal flux
expansion different from those used with the diffusion equation (Pal 1997). To
form a set of equations which, when solved, will yield the flux expansion
coefficients, several conditions are imposed: weighted moment equations, flux and
current continuity, node balance and boundary conditions. This yields to 23
equations for 23 flux expansion coefficients for each node of the problem. To

perform these calculations we developed a code, written in “Mathematica”, which
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allows us to generate matrices for multiple-node problems, solve for flux expansion
coefficients, and & -eigenvalues. A number of diffusion test problems (Eddington
tensor with diagonal entries equal to 1/3, and zero-off-diagonal entries), and
“transport” problems (Eddington tensor with diagonal entries different from one-
third and zero or positive off-diagonal components) are solved. In the transport
problems, the Eddington functionals are chosen to be within the range of values
representative for two-node UO,-MOX fuel assembly transport calculations. The

results show that, for fuel assemblies characterized by “diffusive” data
(E,=E,=1/3, E_=E, =0), the QDLO nodal discretization limits to the nodal

diffusion discretization derived by Palmtag (Pal 1997).

While the QDLO calculations performed on one-node, Zero-current,
boundary condition diffusion problems and two-node, zero-current boundary
condition problems with UQ,-UO, assemblies are in excellent agreement with the
benchmark and analytic solutions, UO,-MOX configurations show more important
discrepancies that are due to the single-assembly homogenized cross-sections used
in the calculations.

Compared to other authors’ results, four- and nine-node problems show
similar power distribution discrepancies. Multiple-node k -eigenvalue problems
exhibit larger discrepancies, but these can be diminished by using adjusted
diffusion coefficients (Pal 1997). The results of the “transport” problems
demonstrate the influence of Eddington functionals on homogenized flux and on
the multiplication factork .

The assumption of constant nodal data is a significant limitation of this
work. Transport codes, however, can provide with great accuracy the flux profile
and, subsequently, space-dependent values for the homogenized cross-sections and
the components of the Eddington tensor. An accurate reproduction of fine mesh
transport results requires the incorporation of both higher spatial moments of the

cross-sections and assembly-surface Eddington tensor data.
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Future work will address these limitations by incorporating space-

dependent assembly Eddington tensor and cross-sections in a FORTRAN code that
will perform flux and k-eigenvalue calculations. We will also extend the

methodology based on QDLO equations, developing a 3-D reactor core model.
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A. WEIGHTED MOMENTS OF THE LOQD EQUATION OF
THE FAST FLUX

A.1. ZERO-TH WEIGHTED MOMENT

e QD operator term:

6a2,0,4,3€l,x,4,5 2a4,0,4,3€1,3,1,3
he Sty,i,3 5h? Sty,i,3

Sri,i,;&0,0,4,3 -

2a3,1,i,j €L,xy,4,5 ©a0,2,i,5€,yi,j 230,4,4,3CLyy,1,3
h2 Sty,4,3 h2 Sty,i,5 5h? 5t,1,3

o Fission source term:

28inh[ 1 v1,1,5] €L4,3582,4,5  28imh[2 v2,5,5] 03,4, 24,3
+ +

Y1,1,3 ¥2,4,3

( 4 Cosh Y3!]1] _ Y3liljellilj Sf . L 4Cosh Y3,i,j + Y3lilj ellilj Sf . . \
-~ [ 2-\/2 2-\/3 ] 21113 [ 2\/—2 2\/—2 ] 2,1,]
54,37 + +
5,4,300,13 5,4,101,4,3

( 4COSh[ ‘{3'iLj - Y3’i’j62’hj ] szlilj 4COSh[ Y3’j1j + Y3’i’j6_2’i’j ] szlilj\

[ 242 242 242 242

€7,1,3 L- + +

¥4,1,562,1,3 ¥3,1,992,4,3

S£1,1,520,0,1,3 + S£2,1,§ Po,0,1,3

A.2. FIRST WEIGHTED MOMENT

e QD operator term:

283,043 %i3 32,143 %mi 3 3,243 Lyyd,3
P2St,13 P2 5ty,1,3 2h2sty,; 4

1 1
— Sr1.4,581,0,i,9 - == Sr1,1,483,0,1i,9~
12 11,390,473 30 1,i,343,0,4,3




Fission source term;

( 2sinh[lvy53]  Cosh[Lyyi4))
czlilijzli’j - )
i3 L
4M[L'1111] JEM[L\/@LH‘
;s 24 2
2V2 sinh[ 243 ] 65 5SE2,4,3

[ NE | c6,4,352,,3 Y?,i,neim 3,1,30L,4,3

¥3,i,3 )

\lzwl[\el]eZl,J]

242 242
2 S:th——13l’ 1,9 52,1,
‘\/—‘ [ ] C8,1,J 2,1i,3 Ygli[j%lilj ¥3,1,3 92,1,]
+
¥3,i,3

le i,4 - st +iSf"b i,5 lez bs,

12 1,1,381,0,1,3 30 11,3 83,0,1,3 12 2,4,39L,0,1,37 30 1,3 23,0,1,3
A.3. SECOND WEIGHTED MOMENT

e QD operator term:

l 2’ 1lilj e]‘lmlj‘lj allzlilj ellxylilj 2 a()I3lj‘lj ellyylilj
. Srq 44 - _ -

1z Sua3 %0043 7 55 SA30345 T e RSty s g h2Sty; 5

e Fission source term:

c4,1,5 Sf2,4,3 (-2 Sinh[ 2

v2,1,3) + Cosh[ 1

¥2,1,3) ¥2,,3)

73,i,j
4smh[’3'—iz'f/%i]c61,33fz 13 (2\/— Slnh[ 23! ] Cosh[—l’l]n,i,j
31,1014,
4sinh| BAIZL1 ] o 4 556y 5 5 |2\/2 Sinh| 3j; ] -Cosh[%i] 3,43

2y 2

2

1
— 5f3,1,5 a9, 1,i,3

12 30

1
"_Sfll, a9,3,1,3j

73, 1,92,4,3

1
Sfr 4 5 {3
12 2,1,:|b0,1,1,3

1
St
30 2,i,3 bO 3,i,3
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A.4. THIRD WEIGHTED MOMENT

e QD operator term:

T2az,2,1,5 €1,xy,1,3 L 33343 (4h? Sr1,1,98t1,1,5 + 240 (€1,3¢,4,9 * €1,yy,1,3) )

Sr1,i,ja1,1,i,5 -
L3143 h2 Sty, 3,5 25h28ty, 3,9

e Fission source term:

¥3,4,361,4,3 1,3 ¥3,4,3
|144\/§ Q-,,LJSfZM( 4Siph| =~ =) (2\/5 Sirh -Cosh ,ml
Y,Ljeim { [ 242 ] { [Z\f [2\/21
nl' 'ell.' L3 nl'j Y3lil' \\
Cosh[ 2= ] g 4 (-4511*1[—]"] +V2 Oosh[ J]m;jl eni,3|| +
2+/2 { J)
1 ( ¥3,1,302,4,3 /13 3,13 )
144xFC7LJSf2LJ1 -48irh| >3 =] |2\/_ Sirh -Cosh ,LJ|
1363 | | 22 | [fo] [2xf]
,1,3€2,1,3 3,43 73,1,3 \
25 ol {2 e I
2
Sf1ija,1,4,9+ = Sfl,lJ &,3,4,5+5f2,1,5b, RE5 R Sf2,1,501,3,4,3 -
2
S S24,3b3 145+
2 S5 505,34
2 2,1,353,3,4,3
A.5. FOURTH WEIGHTED MOMENT
e QD operator term:
l aqlolll. (_Stg ll'St i '—7mql ll') 6a.212lll'e-|'l l. j 2a4l4lll'e-|'l l. j
2 Sy 5, 50,09 + 203 SrLi,35tLi,) X%, L3 el i3 €Lyyd,3

[ 875r2Sty 4,4 T s h2Ssty 4,4 T ¥sty,i,5
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e Fission source term:

2 cllllj sz l, ( lZCOSh[ Yllllj] Yl l,] + ZSlnh[ Y1 ll]] (12 +Yl llj))

+

¥14,3
l l'l'
- (4\/5 Slnh[E—]—';J—] ¢s5,i,5 S£2,1,5
¥4i,96%49 | 242
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\ 22 242
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5 1,i,342,0,1,3 175 1,i,394,0,i,3 + 5 2,1,302,0,1,3 175 2,1,3 04,0,4,3
A.6. FIFTH WEIGHTED MOMENT
e QD operator term:
Lo 6amaiiemi) 234443Cmi) 20,44, (-SHPSIL; Sty 5 - 700ey4,9)
< Sr1,1,580,2,4,3 - + +
5 ShSsty,ij 875M2 Sty 3, 5 87512 Sty 1,4

e Fission source term:

403,1,3 f2,4,3 (128irh[ £ ¥5,5,3] - 600sh[ 2 ¥2,1,5] ¥2,4,3 +Sirh[ 2 v2,1,3] ¥3

2,43

PR PR 1.3 i, i,j \
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A.7. SIXTH WEIGHTED MOMENT

e QD operator term:

L sryisannis- 32a3,3,4,) Clayi3 | 344,43 (W Sry,5,5St1,1,5 + 140 (€Lxc,4,3 * €L, yy,i,5))
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B. SURFACE-AVERAGED FLUXES AND CURRENTS

B.1. SURFACE-AVERAGED FLUXES

e Fast group
=5 _
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e Thermal group
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22 242
+
Y3,1,j92,1,] Y3,1,j92,i,j
V2 Cosh[ 53 1’3 + 73,i,j?_2,i,j] C8,1,3
242 242

1 1
+b0,0,4,5+ = bo,1,1,5+ = bo,2,1,3
¥3,1,962,1,3 2 2



@] _=

2y~

Cosh[% v2,1,3] 3,43 -Sinh[—; v2.43] G413+

N Sinh[ ¥3,i,j Y3,i,j91,i,j] c5,4,3

2sinh[ 2 ¥1,4,3] €43 22 22
- +
YLi,3 ¥3,1,361,1,3
V2 Sinh| Y33, ¥34,304,3 ] iy V2 Cosh[ Y343 _ 34,343 ] C6,1,3
242 22 242 22
+ -
¥3,1,3€1,1,3 ¥3,1,301,1,3
V2 Cosh[ Bdd | BidPLid ) o, 5 V7 sinh[ Bedd | BddBi] o
22 22 "~ 22 22 "~
- +
¥3,i,361,4,3 ¥3,1,362,1,3
V2 sinh[ Bdd |, BAARAT | o 5 V7 Cosh[ Bedd | Bedd Rk ] o
22 22 22 2y2
+ -
¥3,1,362,i,3 ¥3,1,362,1,3

= ¥3,i,5 . ¥3,i,392,1,3 ..
V2 Cosh[ 2\/3 + 2\/—5 ]08,1,3

¥3,1,962,i,3

1 1
+b0,0,4,5 - ) bo,1,i,5+ B bo,2,i,5

B.2. SURFACE-AVERAGED CURRENTS

e Fast group

i =
Jlx+
_St1,4,531,0,4,3 €L,xx,4,5 _ 3StL4,5 82,0,4,3 €L xx,4,9
h h
25t1,4,3 3,0,4,3 €L x¢,4,5 _ St1,4,584,0,4,3 €1, xx,4,3
h 5h

St1,4,520,3,4,3€xv,4,3 _ StL4,338LL40 @Lxy,i,3  STL1,382,1,4,3 SLay,i
h 2h 2h




Ti =

1x-

Sti,i,5a1,0,4,3 €1,%x,1,3 . 38ty,1,5@2,0,1,3 €1,xx,1,3

h h
25t1,5,333,0,4,3€1,,4,3 , St1,4,984,0,4,3 €Lxed,5 _
h S5h
St1,4,3 80,145 xy,d,3 | StrisaLL43 €43 StLi,3 82,14, €Ly, 4,3
h 2h 2h
TV =
']ly+
Sty1,i,3a1,0,4,5 €1,xy,i,3 St1,i,j a1,1,1,9 €1,xy,1,3
h 2h
St1,i,j 81,2,1,3€,xy,4,3  St1,i,80,1,4,5 €1,yy,4,3
2h h
3 Stllllj a0l2lilj ellleilj 2 Stlll,] a0,3,i,j el,yy,i,j Stl,l,] a0,4,i,j el,yy,i,j
h h Sh
=i
Ji-

St1,4,531,0,4,3 CLayig | St1,4,9 3,143 €Ly,

h 2h
St1,1,5 31,2,4,30y,4,3 _ S€1,4,380,1,4,9 ©1,w,4,3 .
2h h
38t1,1,380,2,4,3 %, wi3  25%1,4,930,3,4,9 SLyy, i3 . St1,1,580,4,1,5 ©1,yy,4,3
h h Sh




e Thermal group

Ti.=

2x+

Sinh[ 7 v1,1,3] OL4,3St24,5 VLas @213 Cosh[ L vi5] c2,4,5 582,4,5¥1,1,5 2,05

h h
St2,1,3 PL0,4,582,0¢1,5  35t2,1,502,0,4,5€2,%,4,5 2St2,1,903,0,1,5 €2, %%, 1, 3
h h h
Stz,i,5ba0,4382ma,3  2SI0[5 vais] cuis Sta sy eais
Sh h
Stz.iib0L13%04,5  Stai3b111,52,x,4,9  Stz,1,3b2,1,1,5 €2,x9,4,3
h 2h 2h
1 Y3,4,36L,4,9 7 . 1 ¥Y3i,I
— (CG i,5t2,1,5 { 20 Cosl h[#] Smh[ =2 ] 61,1,3 €2,xx,1,j +
10h { 22 22
16714 .
2000311[—‘(3'1'J Li,3 | sin| LEE ] e2,xy,i,j” _
22 2V2
1 ¥3,4,362,4,3 7 o, [ Y343
L (g 038tz [-20 o[ AR g Watd o)
10h § { 242 22
20Co h[—“(3 113 92,4, | sinn[ 222 34,3 | e xyljn )
22 242
l 1] Y3I'I' ’ 73,','61,','
I P (20 sinh[ =22 | sinh[ 220 Y o) 4 e s s -
10h § { 22 242
i,561,1,3 )
2081nh[Y3'l' ] sinn[ PAA%LI 1 o, L
242 J)
1 ( ¥3,4,3 ¥3,1,3 62,1,
—— |2,4,5 St2,i,5 fzoslnh Sinh| =2 22 Y ) 4 €215 -
10h | { [ 2472 ] [ 23 ] J
0 . 0 -6 . .
20 Sinh[—”'l”] Sinh[;ﬁ"l':' 2, ] ez,xy,i,j”

22 22
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- _
J2x—_
Sinh[% Yllll]] cllll] St2,l,] Yl,ll] ezlmlllj COSh[% Yl’l’J] c2,l,] Stzll’J Yl’l’J ez’m’i’j
h ) h i
St2,4,3PL0 43 82 4,5 | 35%2,4,302,0,4,3 €2mi5 _ 25t2,4,303,0,4,3 €2m04,5 |
h h h
St2,1,5 0404, 582m1,3 2S5 v2.13] Ca3 St i s €213
5h ) h
St2,i,j bolllilj e2lxy1ilj + Stzlilj bll llilj ez,xy,i,j _ St2,i,jb2,l,i,j ez’xY’i’j
h 2h 2h
1 (CG Sta, (ZOCO h[ ¥3,i,3 61,4, ] nh[ ¥3,4,3 ] o e
l,] l, llilj Imilj -
10h { { 242 2
o1 4
20 Cosh[ 22T ] gy [ Pi3 ] o, xyn” +
2v2 2V2
1 ( ¥3,1,362,4,3 1 qs o0 [ ¥31,3
—— | 8,i,j St2,4,5 (ZOCOSh ——————=| 8inh 62,i,5€2,%x,1,3 -
10h { { | 22 ] [zﬁ ]
20 Cos h[—‘r3 23 7223 ] siph[ Ldd ] ez,xy,i,j” .
24/ 242

1 ( Y3805 7 .o ¥3i,961,4,5
— |5,i,55t2,1,5 (208 nh Sinh| ——=———"=1 61,1,y €2,xx,1,5 -
10h | \ [ V2 | | 22 ) 7

2081 nh[n 13 ] sinh[ Bd%hid | 2] |

242
1 ( ¥3,1i,3 ¥3,1,3 62,4,3
€7,i,55t2,i,5 (2031nh Sinh| ————~= 62,i,3€2,xx,1,j -
10h | \ b 2] | WA Rt
¥ -6 3 3
20 8i nh["'l' | sinn[ PAdZ21d ] —
V2 242 ))
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7=

2y+_

28inh{ 2 v1,1,3] ©2,1,55%,1,5 2,913
} - -
2,45 L0 ®2yas _ S%2,4,5P00,85 S22y S2,3PL2,45 S5 |
h 2h 2h

2sm[%l] sm[ﬂ_;%l] Gs,1,9 Sto,1,9 (61,4, €2

,xy,1,9 ~ €2,yy,1,5)

hey,i,5

Sinh[‘; v2,1,3] ©3,4,38t2,4,3 ¥2,1,5 €2, 4,3
h
Cosh[z ¥2,4,3] ©4,4,35%2,1,5 V2,4,3 €2, y,4.3 _St2,4,300,1,4,5 S2,yyi,3
h h
35%,i3 0,215 %2wi3 _ 2524500343 @245 Sta,iiP0.44,5 S2wa5
h h S5h
¥3,1,392,1,3
61,1,562,i,5€2,xy,1i,3 *
22 ] 3 3%2,x9,1,3
¥3,4,3 1 s ] ¥34,392,1,3 N
20Cosh[ 21 | ginn[ Bdd Zdd T g, \ sy i)
2v2 2v2

(C7,i,j St2,i,j (—20 Sinh[ ;\'/1—'_2]] Sinh[

(celi,js*cz,i,j (_2oc°sh[ﬂ] Sinh|

10hey,3,562,1,5 22

1

¥3,1,362,4,
10 heL 1,3 eZ,i,j

]
61,1,5 62,1,5©2,xy,1,5 *
242

20 sm[%] sm[“;l—j;”] el,i,je2,yy,i,jn )

{ { ¥3,1,4 ¥3,i,561,1,3
I CGI.,.StZI.,- _ZOCOSh —,;J Sinh M 91,','62,','62, l'l. +
10hey,1,362,1,5 \ 3 ”\ [242] [ 2v2 Jevssonssermss
Y3491 s [ ¥3,1,961,1,3 B
20Cosh| —=2 | Sinh| ——*~2 “r7rJ 62,1, €2, yy.1.3
[2«/2 ] [ 22 ] e WUH




Ji =

2y-
2 Slnh[% Yl,i,j] Gz,i,j Stz,i,j eZIXYIin
- - _
St2,i,j bl,o,i,j e2,xy,i,j . St2,i,jb1,1,i,j ezlxy,i,j _ Stz,i,j bllzlilj ezlxy,i,j .
h 2h 2h

25inh| X34 | sinh[ Beid®dG ) o L LSty 5 < (O1 4 4 €9 wo g = -
[ 2\/—5 ] [ 2\/—5 ] Cslllj 2,1,3 1,1,3 *2,%y,1,3 ezlyylllj

hey,j,;

Sinh[—; ¥2,4,3] 3,4, 52,4,9 ¥2.1,3 €2, yy, 4.5
h
1ypi5] cai,iStais¥2,45 y
COSh[ 2 72’1'3] 4’1’3 Stzlllj Yzlllj e2IYYIlIJ _ St2[iljbolllilj e2IYYIin +
h h
3St2’l’3 kb’z’i’j ezlyylilj - 2St21113b013lllj e2IYYIin + St21113b0141113 eZIYY,i:j -
h h S5h

{ f ¥3,4, ¥3,1,962,1,
ThA- -~ cel 'l j St2, ll j -20COSh _,-;J Sim L,,J 61, 'l ) 621 'l j e2, Iil j +
10hey,;,362,1,3 L ) 13\ [ZW] | 22 Jovas 025 emss

0 22 son{ 35 |-

22 2V2

( (o s o [ Y345
Lc7,i,j3t2,i,j LZOSmh[ 25

22

3,1, 62,4,
22

20 Sinh[ B3 | Smh[LeZlJ] elli,jeZ,yy,i,jN i

]Sinh[ j]eli'ezi'ez i,9-
10hey,3,562,4,3 362,13 €2,%y,1,3

22 22

L ( { 3,45 ¥3,1,014,3
Ce,1, Sta,1,5 | ~20Cosh| =2 | sinh| 223 22l g 1 Sgy s sep 0 s+
10hey,5,362,1,5 L 3 13\ [2,f—2 ] [ W ] 1,3 92,1, €2,%y,4,3

;s C 101 4 4 \
20 Cosh[):—\/l_;] Smh[%e_zli] 92,i,je2,yy,1,jh
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C. CONTINUITY EQUATIONS OF SURFACE-AVERAGED
FLUXES AND CURRENTS

C.1. FLUX CONTINUITY EQUATIONS

e Fast flux

B -l =0

1x+

1 1 1 1
80,0,-144,3 7 @0,0,4,3 * 7 8L,0,-1+4,3+ 5 8L,0,4,3 * 7 82,0,-1+,5 7 7 82,0,4,3 == 0

2 2
oL _ i = 0

1x+ 1x-
1 1 1 1
a0,0,-1+i,-1+j — 40,0,i,-1+j + E a1,0,-1+i,-1+j + E aLo0,i,-1+5 + E 2,0,-1+1,-1+3 = E 2,0,i,-1+5 == 0
AL/ _ @il
OB =0
1 1 1 1
Q0,0,-1+1,-1+5 = 90,0,-1+1,5 + E aO,l,—1+i,-1+j + E 80,1,_1+in + E a0,2,_1+-1,_1+j - E 30,2,—1+i,j == 0

Bt Bt =0

1y+

1 1 1 1
80,0,4,-1+3 ~ 80,0,4,3 % 5 80,1,4,-1+3 * 5 80, L 4,3 * 5 80,2,4,-1+3 7 7 30,2,4, == 0

2 2



e Thermal flux

1
OOsh[E
Sinh[ ;

71,—1+i,j] CL,-144,3 -OOSh[ .

2

O -By =0

2x+

4,3 a3t

1
¥1,-14, ] ©2,-144,3 +Smh[ 2 Yl,i,j] @2,4,5+

25inh[ > ¥z, 14,3 ©3,-14,3

¥2,-14,3

277 Cost A1) | i Tl ] 5

2sinh[ 2 v2,1,3] 3,13 242 z(
+ -
¥2,1, ¥3,-14,3
242 Siph[ Lt | gypn[ Bl d R3] o
[ 22 ] [ 242 ]%'1*1'3
+
¥3,-141,3
22 Cosh ¥3,-1+1,392,-1+1,3 Sinh ¥3,-14,3 s s
[ 22 ] [ 242 ] C7,-144,3
¥3,-141,3
, -1+, 3 ¥3,-1+4,392,-1+1,3 L
2‘\/_ Sm[ 2\/_ ] SW[T] CB,_]_+1,J
¥3,-1+4,3
Y3l:i~l 'ellil j 3111 5 Y3Iir j 5 Y3l:i-l lellil j .
22 Oosh[—zJﬁ—l] SR RESS NG oy 2v2 Smh[z—ﬁ'l] Slnh[_zlz_l Cois
¥3,i,5 ¥3,4,3
22 Cosh| 224243 | sinn[ B4 | o755 2V2 Sinh[ 2 ] sinn[ BAIRAI | ¢ 5
22 242 22 22
¥3,4,3 ¥3,4,3
1
bo,0,-1+44,5 ~ bo, 0,i,it = bl 0,-1+1,3 bl 0ijit = bZ 0,-1+i,3~ &= 1:>2,0,i,j == 0

+



i-1,j-1 -1 _
@ -®3/7 =0

2x+

COSh[% Yl,—1+i,—1+j] Cl,-14d,-1+3 —Cosh[% Yl,i,-1+j] Cl,1,-1+5 +

o 1 2 Slnh[—; ¥2,-14,-1+3 | C3,-1+41,-1+
Slnh[— Yl,-l+i,—1+j] C2,-1+i,-1+j +Slnh[— Yl,i,-1+j] @,i,-1+j + -
2 2 ¥2,-1+d,-1+3

242 Cosh[ 73,-1+i,-11j<_9_1,—1+i,-1+j ] Sinh[ 73,-21+ié-1+j ] o

2inh( 2 ¥2,1,-19) C3,1,-13 22 o1
+ -
¥2,4,-1+3 ¥3,-1+1,-1+3
. -1+1,-143 . Y3, -1+1, -1+3°, -1+1, -143
22 Sinh[ Bl | ginp[ Bl 197,14, 2] 6,104,143
22 22

¥3,-1+1,-143

242 Cosh[ 73,-1+i,—1+37_2,-1+i,—1+j ] Smh[ ¥3,-144,-1+3 ] C,-144, -1+

242 22

¥3,-1+1,-1+3

22 Sinh[ 73,—21\+[J'.é—1+j ] Sinh[ ¥3,-1+1,-1+§92, 144, -1+3 ] B,-14d, 155

22

¥3,-1+1,-14

242 Oosh[ ¥3,1,-1+3%,1,-1+3 ] S mh[ i, 1+1] 54,143

22
¥3,i,-1+j
T 93,4,-199 1 e [ 9304,-14361, 4,14 s
22 Smh[ 22 ]Smh[ NG ]CG,l,—l+]
¥3,1,-1+
22 Goon| 2003 | irn B2 | o, 1
2y/2
¥3,1,-1+ )
73,1,-1+3 s [ ¥3,4,-14392,4,-14 o
22 Smh[ ]Smh[ 2*\/5 . ]ca,l,-1+3
+10,0,-144,-14j -
3, i,—l+j

1 1
bO 0,1,-1+5+ 3% bl 0,-1+1,-1+3 + % b1,0 i,-19+ 2 b2 0,-1+1,-145 ~ = b2 0,i,-1+3 == 0
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FHi-Li-1 _ &Hi-l.j _
2y+ —q)Zy- =0

Oosh[% Y2,—1+i,—1+j] B3, -141,-143 -Oosh[% Y2,—1+i,j] C3,-1+,3 %

1 1 25inh[ 2 ¥1, 14, -149] €1,-244,-14
Smh[E Y2,—1+i,—1+j] C4,-1+4,-1+§ +Slnh[§ Y2,—1+i,j] Ca,-14d,5 + -

Y1,-1si,-1+3
V3,141,145 | a4 ¥3,-141,-1+381, - 1+i, -1+j .
. 1 . . 22 Oosh[—'l] Slnh[ C5, 144, -1
25i0h] 2 v1,14,3) 01,-3.3 22 242 ?
+ +
Y1,-144,3 ¥3,-1+i,-14+§ ©1,-144,-143

242 Smh[EM] Sinh[ ¥3,-141,-1+351, - 144, -1+ ] Coy 10,149

22 22

¥3,-1+1,-14+§ ©1,-141, - 143

22 Oosh[ 73;:/11;'3'] Sinh[ B"l*iéf/(izl"ld'j] G5, 144, j

+
¥3,-144,361,-14,3
22 sinh[ Bethd ] giphl Brldd At | o o
[ 2 \/—2 ] [ 2 \/—2 ]CG' +1,]
+

¥3,-1+4,361,-144,3

242 Oosh[ 73, -1:;1—1+j ] Sinh[ ¥3,-141, 1432, 141, -1+3 ] 114,143

22 2V2

¥3,-1+4,-1+§62,-141,-143

22 sirh[ Brldelg '21:/1_;'1*' ] sinh] ’3"1*'1"12*3';22"1*'1"1*3' ] B, -te1, 15

¥3,-141,-1+362,-144,-1+j

2vV2 Oosh[ ’32:/11213] Sinh[ n’"l*ié\jg"l*i'j ] ©7,-141,3

¥3,-141,362,-144,5

22 sinh[ 73,:/111,3‘] Sinh[ 73,-1+i,j92,-1+i,j] 8,144,

242 2y2

¥3,-144,362,-144,3

+10,0,-141,-143 -

1 1 1 1
R0,0,-241,3 + 5 0,1, 001,29+ 5 D01, 144,3 + 5 P0,2,104, 205 5 ®,2,-14,5==0




2y+

By &L =0

msh[% Yz,i,—l+j] G3,4,-145 -Oosh[—; YZ,J'.,j] G345+

28irh| > v1,1, 1] Qi

L4143

Smh[% ¥2,1,103] Ca4,14 *Smh[?lg Y21] G

23 oOsh[ 13;:/:21+j ] sﬂh[ 3,4, 1450, 4,1 ] %114

28irh{ 2 v1,15] @13 22
+ +
YLi,3 ¥3,4,-1+3 64,143
22 Sirh[ B2 | giph[ Bd-18AL15 ) o 242 Gosh| B | siph| B33 ) o
[2\/5 ] [ 22 ]C6:1:1] [2\/5] [ 2 ]Q),J-J
- +
¥3,4,-1+3OL,4,-143 ¥3,4,30L43
272 sirh[ B4 | sirh[ 233345 o . . 24/3 cosh B3k | siph[ B 19%4,149 O 414
o T i~ N R
¥3,1,3604,3 ¥3,4,-1+3©2,4,-149

2+/2 Suh[ )3;'\7:21@] Suh[ 73,L—1+j®,i,-1+j] G, 165

22

¥3,4,-1+992,1,-145

23 m[l:ﬁ] sm[%?m] o5y 2V2 s:m[ *23\/11231 s:m[ 3,4,9%2,1,3 ] 1.5

22

+

¥3,1,362,4,3 ¥3,4,392,4,3

+

1 1 1 1
5,041,145 -20,0,4,3* 5 B, L4159+ 5 B,1,4,3 + 5 B,2,4,-145- = 0,24, == 0
2 2 2 2

C.2. CURRENT CONTINUITY EQUATIONS

e Fast current
il T
Sl =J0l =0

1x+

(St1,24,3 {-a0 24,3 €m0 143 ~ 32001015 S 14,3~ 288,014, 3 Sl 1,3~

ol

1 1
5 34013 Lk 14,3 "0 L1403 €L~ 5 AL L3 Sl e3 T S L -bils eL14.5) ) -
1
™ (St1.45 (-an043€Lm43 * 32,0130, m 1,5~ 283,043 @ w5+ s 34043 Sl 3
1 1
L5 L3 5 ALLI Sl 5 LI L)) =
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TFi-Lj-1 _ 7 gl _
1x+ Ix- = 0

1
N St1, 144,14+ | =81, 0,144, -1+ €1, 205, ~144,-14§ =

1
3&2,0,-1+i,-1+j €130, 144, -1+j = 283,0,-1+4, -1+ €L 306,141,145 ~ 5 40104145 Sl 1o, 13 -

1 1
ao,1,-1+4, -14 elIXYI -14,-145 - E al,l,‘l"’i,-l"’j elleI -1+,-149 ~ E a,1,-14, ] elIXYI -1+, ‘l‘j) ) -
1
= (Stuss (~auo-1g @1ms, 103 + 32,04,145 Lo 1,24~ 225,04, 14 Sl 14 +

1 1 1
g 84,0,4,-1%) €100, 4,-1%) ~ 80,1,4,-14) €1,%y,1,-1+ + E aL1,1i,~1%) €Ly, 4,14 ~ E &,1,1,-1+) el,xy,i,—l*j)) =0

TJi-L-1 gLy
1y+ y- = 0

1

N SE1,-144,~1+3 | =81, 0,144, -1+3 €1, sy, 194, -1+ -
1

1
3 31119 Sy, 1ot -1e5 = 7 81,2,-14, 149 Loy, 1ot 13 = 30,1 -1, 143 Oy, Lok, - -
1
3ag,2,-144, -1+ ©1,yy,-1+4,-14j ~ 2 80,3,-1+1, -1+j €L, yy,-1+1, -1+ - S a0,4,-1+1,-1+j ©1,yy, -1+, —1+j) ) -
1 1 1
E (Stll -14,3 (_allol -1+, e-l-leI -1+, 3 + E al,l,—l*i,j echYI_l*ivj - E 1,2,-1+,3 e-l-leI b o O

1
0,1,-1+4,3 €L yy, 14,3 + 380,2,-144,3 €L, yy,-144,3 - 280,3,-1+1, 3 CLyy, 14,3 * B ag,4,-1+4,3 ©€1,yy, —1+i,j) ) =0

Tijl _ Tii
1y+ 1y- = 0
1 1 1
5 (S'Cl,i,-hj (-al,o,i,—hj ©1,xy,4,-1+j — > a1,1,1,-1+3 €1, xy,4,-1+j - > 1,2,1,-1+j ©1,%y,1,-1+j -
3 1
30,1,1,-1+j ©1,yy,1,-1+ — 2 80,2,1,-1+3 €1, yy,1,-1¢j ~ 2 40,3,1,-1+j ©1,yy,4,-1+j — 5 20,4,1,-1+3 el,yy,i,-hj) ) -

1 1 1
5 (Stl,i.j (-al,o,i,j Claiit 3 AL w4 T 5 82,43 Sy, 3 30143 Sy i, i+

1
320,2,4,3 €L, yy,i,3 ~ 230,3,1,3 €Ly, i3 + 5 30,443 elLy,1.3)) == 0
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Thermal current
T T =0
Smh[% Y1, -144,3] O-10,5 St2, 10,5 YL 10,5 €2,000, 14,3
c -
OOSh[—j;_ Y1,-14,3] @2,-144,9 52,144, 5 V1,101, 5 €2i00-14,3  Sty, 144,9101,0,-144,§ €2,3,-141,4
h h
358, 144,312,014, €2, 300,144, § B 252, 144,913,0,-141, § €230 144, § _ 562,144,304,0,-244,3 €2,3,-101,3 B
h h 5h
Sih[ 7 vy,13] Qs St2, 05 v et Coshl2 v1,09] 2,0, 5t2,43 V11,3 203
h * h '
St2,1,511,0,1,5 €2,50,4,4 _ 35%2,1,302,0,14,9 Sei,3 . 25,1,9b3,0,1,5 €2,3,1,3 B
h h h
Sty,1,50%,0,15 2,01, 251111’1[% ¥2,-144,3) Ca,-14i,3 SE2, 141, €2, 27,144,
5h h
St2,-144,3 10,1, 144, 5 €2, 3y, -144,5 52,144,301, 2413 2y, 103 5, 14,302,114, 2,3y, -14d3 .
h 2h 2h

¥3,-1+1,5 61, -1« ¥3,-14i
[ 2@@[—235 1eded | sirh| fﬂ ] 8t2,-1,4, 361, -1:4,5 €201, 3

cel -144,3 h -

ZOosh[ ¥3,-141,361, 144, 5 ] Smh[ ¥3,-14,3 ] St2,145,5 €2a,-104, 4 \

22 22

h

V3,144,392, 144,39 | oy ¥3,-144,
(2Cbsh[$] Smh[Tzl'J] St2,-141,962,-144, €2,50, 144,

C8,-144,3 h -

ZOosh[ ¥3,-1+1,3€2,-144, 3 ] SJ.I’]h[ 73;—1+2i,j ] St2,-141,5 €2

2y2

Xy, -1+1, 3 \

h

[ 2sinh| Bt 1+1'J | sinn[ 21y 1*23/‘121"1*“] St2,-114,§ €1, -1e1,3 €200, 111, 5
Cs,-144,5 |~ m +

2Srh[ 3, :/1:1,3 ] Smh[ 3, —1+12,3/9_1 ,-14d,3 ] St2, 14,3 €2, 7,104, 5 \
h




] St2,-1+44,5 02,-1+i,5 €2, xx,-1+1,3

2 Si,nh[ 732,:/111,3' ] Si,nh[ ¥3,-1+4,192,-1+i,1

242

C7,-1+,5 | - +

h

2 Sim[—'—“zjii ] siph[ Fated 2odel ‘1*12?2_ 3| Sty, 14,5 €2,y,-1045

h

2 Slllh[ 2 72,1.13] C4,1,9 St2,4,5 €2,xy,i,3 N St2,i,3 bo, 1,i,j €2,xy,i,3 _ StZ,i,jbl,l,i,j €2,%y,1,3 N

h 2h
¥3,1,981 3
2 Cbsh[_l_d_l_lﬂ. ] [_1_11.1 ] Sto 13 el,i,j €2,30,1,
St2,i,5 b2,1,1i,3 €2,xy,4,3 2y/2
*C6,4,3 |~ +

2h

2 Cosh | 2Lkl .4 ] mh[ﬁélJ

2y2

] St2lle €2,%y,1,3

h

2 Cosh| 73'12'3';2.2'1'j | sinh| ’;\/133 ] St2,1,302,4,5 €2,00,4,3

c8lilj - h +

2 msh[mﬂ.] Sm[“f\/‘—&f ] StZ,i,j €2,xy,1,3

242

h

2 Smh[ﬁ‘li'—'l ] sm[ﬁ&;&%&d] St2,1,5 €1,4,3 €2, 4,3

Cs,4,9 |~ h +

2sinn] | st [ S4304 ] t2.5

h

2 Sm[ﬁdﬁl ] Sinh [Mﬁl] St2,1,9 ©2,4,3 €20 4,3

q,i,j - h +

2 Smh[ﬁéﬂ] [Mi“l] Sta,1,3 €2,%,4,3

i
ft
o

h



Fi-Lj-1 _ TFij-1 _
2x+ 2x- = 0

Sinh| % ¥1,-1+1,-1+5 | CL-1+4, ~1+§ SE2, 11, 1+j ¥1,-Led, -1+ €2, 15, -1+, -1+
i} h

92

(bﬂl[ 2 V1, -, -1 ] €2, -1+, -1+ S, -1, -1+) V1, -14i, -1+] €2,308, -1+, L] St2, 141,143 D1,0,-141, -143 €2, 3¢, 144, -1+

h h

35t2, 144,145 12,0, 141, 149 €2,30¢, 144,145 2 St2,-1+d, 14§ 13,0,-141, 145 €2, 3¢, -1+, -1+3
h h
St2,-1+4, -1+4j b4, 0,-1+1, -1+9 €2, xx, -1+i, -1+j Sl‘l’i'l[ E REP '1"‘3] ClLi,-1+) St2, i,-1+371,1,-1+3 €2,%%,1,-1+]
5h h
Cosh  ¥1,1,-1+3] @2,1,-19 862,3, -3 Y11,y @20m 1,103 St g, 143 b1,0,4,-1+5 €2,3%,4,-1+3
+ -
h h

+

35624,-145 12,04, 143 €238, -1+ 25t25,-103 18,05, 145 €2 i, 1) SE2,4, 145 108,0,4, 143 €2, 3,13

h h 5h

2 S:u’i’)[ 3 Y2714, —1+]] C4, -1+, -1+ SE2,-1+1, -1+ €2,xy, -1+i,-1+j St2,-1+1, -1+§ 10,1, ~1+1, 145 €2, 3y, -1+4, 14§

h h
St2, 141, -1+ DL, 1, 144, 145 €2,3y, 144, 14§ St2, -1ed, <143 10,1, -1+4,-1+] €237, <141, -1+

- +
2h 2h
¥3,-14i, 14§ 81, -1+1, 143 | s 14i,-143
ZODSh[ 3,-1+, 2*:\]/_2, +i,-1+3 ] Slnh[yl;'—:/%hl] St2, 144, -1+ 61, -1+, -1+3 €2, 3¢, -1+4,-1+]

Cg, ~1+1, -1+ h —

Y2 1s et T ¥ e a
ZOosh[ 3,104, 14390, -1, -1 ] s:m[ 3, -1+, ] St2, -1+, -1+3 €2, 3y, -1+1,-1+]

22 2J2

h

¥3,-1+i, -1+ 92,-1+1, 143 | as ¥3,-14i,~1+3
2Cbsh[ e e ] SJ.nh[ = ] St2, 144, -1+9 ©2, -1+, -1+9 €2, 308, -1+1, -1+
22 22
C8,-1+1, -1+j h -

- - 1 - j - 3 . Y - i 0y
ZOosh[ Y3, -, 145 %2, 14,10 ] Smh[ 3 21:/1_; Sl ] St2,-1+1, -1+§ €2,3y, -1+1,-1+j

22

h

. 3, -1+, -14+§ . ¥3,-1+i, ~1+3 =1+i, -1+
Zs:mh[ 3, 21\/112 143 ] Smh[ 3, Lo, <1436, Ivi, -1 J] St2, 104,103 O, -1od, -1+ €2, 00,105, 145

22

G5, -1+i,-1+3 | - +

h

: ¥3,-144,-149 | s ¥3,-1+i, -1+§ 64, -1+4, -1+ o o
ZS:LIh[ = 2\/.'5 ] Slnh[ L 2\/-5' = ] St2,—1+1,—1+] €2,%y,-1+1,-1+j

h

. ¥3,-14,-1+3 | s ¥3, -1+, -1+382, ~1+i, -1+j
2SJnh[ s 2\7_-15 +] ] S]nh[ y 141, ~1+] 72, -1+d, -143 ] St2,-141,-143 62, -1+1,-1+3 €2, 5%, -1+1, -1+3

22

C,-144,-145 | - +

h




22

h

2 Sinh[ 73,-1+:i:_,_—1+j ] Sinh[ ¥3,-1+1, -1+ 62,—1+1,-1L'l] St2,-141, 143 €2, xy,-1+1,-143
2+ 2

2 Sln}] [ E YZ, 1, ‘1+] ] c4, 1, -1+] Stz, 1, —1+] e2, Xy,1, —1+] Stzl i, _1+j bol 1, il _1+j ezrxy, i, _1+j
+ -
h h
St2,1,-1+j b1,1,1,-1+3 €2,xy,4,-1+  St2,i,-1+52,1,1,-1+5 €2,xy,1,-1+j .
+
2h 2h

[ 2Cosh[ Bl Lde) | ginn Bedoded | sty 5 .5 61,4,145 €2,m08,-143

242 2\/—

Cé,1,-1+3 | ~ +

2 Cosh[ Y3,i,-1+j9_1,i,-1+1] Sinh[ ¥3,4,-1+]

22 203 ]Stz,i,—1+j €2,xy,1,-1+3

h

s 1t T YL 1us
2 Cosh|[ ek ©2,4,-1+ | sinh[ B2 ] 5ep 4 1.5 02,1, 145 €2,0, 4,143

242 2y 2
C8,1,~1+3 | = h +

2C05h[ Y3’i"1;i';_j’i"l+j ] Slnh[L\]l"l] St2,1,-1+3 €2,xy,1,-1+j

h

. ¥3,1,-1+7 . ¥3,1,-1+3 i -1+
2 Slnh[M] Slnh[ 3,5, 1434, -1+ ] St2,1,-1+j 61,1,-1+3 €2,x%,1,-1+3
2y 2 242
Cs,1,-1+§ | - - +

¥ ¥3,1,-1+361,1,-1+3
2slnh[M] Sinh[ B ld b | st 4 5 e ay, 4,105

242
h

1 ll— j 1 Ylll_1 j I.I—l j

2 Smh[L_l"l] Smh[ 3,4,-1+192,4,-1+3 ] St2,1,-1+3 62,i,-1+3 €2,3%,1,-1+j
2y2 2y2

C7,i,-1+43 | - h +

2 Sinh[L\}f*i] Sinh[ b ’1"3/62 13 ] 5tp, 4,145 €2,0y,4,-143
242 242

h

i
1
o




1—,1 -1 Jx Lj _ =0

2y-
2 Sinh[% Y1,-1+i, —1+j] C2,-1+i,-14j St2,—1+i,-1+j €2,xy,-1+i,-1+j
h
St2,-14is-1+j D1,0,-14i,-1+j €2,xy, -1+ij-1+§  St2,-1ei,-1¢j D1,1,-1¢1,-1+5 €2,xy, -1+1,-1+
h ) 2h )
St2,-1+i,-1¢j b1, 2, -1+, -1+ €2, %y, ~L+i, -1+ . 2 Sinh[% Yl,—1+i,j] C2,-1+i,3 St2,-1+i,j €2,xy, -1+i,3
2h h
St2,-1+i,3 b1,0, -1+i,§ €2,xy,-1+i, _ 5t2,-144,3b1,1,-144, 3 €2,xy, 14443 . St2,-1+1,3 b1,2,-1+i, €2,xy,-1+1,j _
h 2h 2h
Sinh[ 2 ¥2,-1ei,-103] C3,-101,-14§ SE2,-1ui, 13 Y2, -1ei,-145 €2, yy, -1oi, -1+
h
Cosh[—; ¥2,-1+i, -1+j] C4,-1+i,-14j St2,-14i,-1+¢j Y2, -1+i,~1+J €2,yy, -1+i,-14j
h
St2,-14i,-1¢j DO, 1, -141,-1+5 €2,yy, 148,145 3 St2,-14i,-149 D0, 2, -1¢i, 14§ €2,yy,-1+i,-1+]
h B h B
2 St2,-1+i,-1¢j D0, 3,-1¢1, -1+ €2, yy, -1+1,-1+j _ St2,-14,-14§ D0, 4,-141, -1+5 €2,yy, -1+, -1+] .
h S5h

el 1 e T YA ed 1t B1 1ut 1o
{2 Cosh[%l] Smh[ 3y -1ed, 12*3/?2.1’ Ledy-3e) ] St2,-1+1,-1+j €2,xy, -Lei, -1+3

+

C6,-1+i, -1+ -
) h

- 3, -1+i,-147 =141, =145
2Cosh[—’1’1’—1’1] Si nh[ 3 -1ed, 143 O, Lok, -1 ] St2,<1ei,~1+§ €2,yy,-Lei,1+j |

22 22
+
h&1,-141,-1+3
[ 3, 2Led, 145 | ¥3,-1ed,-1+3 O1, -1ed, -1+
(2 Slnh[ 3714l 14 ] Smh[ 3y cLedy ol Oy Loy -1 ] St2,-1ei,-1+§ €2, xy,~1+i, -1+j
2y2 2y2
C5,~1+i,-1+3 h -
2 Sinh[n"l—’i"l’l] Sinh[ Y3y L 143 0Ly o1y -1 ] St2,-1ei,-1+] €2, yy, Lo, -1+] |
242 242
+
h 61,141, -1+3
“1+i, =145 . V3, -1+i,-1+5 =1+i, -
( 2Cosh[§%l] Smh[ 31 -1+, 1;3/?2.2 Led,-1+3 ] St2,-1+i,-1+j €2, %y, ~Lei,-1+j
C8,-1+1,-1+3 h -
- - . 3, <141, - =1+i, -
2 Cosh[m’l—’i_’.l’i] Smh[ 3 1ok, 143 92, 1vdy -1e ] St2,-1e,-1+] €2, yy,-Lei,-1+] |
22 2y2
+
h62,-141,-1+3 J

; . V3, -1+i,-1+3 . ¥3,-1+¢i,-1+3 ~1ei, 147
2 Smh[a'l—’il’l] Smh[ 3p-ledi 1) 02 Aed, 214 ] St2,-14i,~1+j €2,xy, -1ei, -1+]
, 2y2 22

C7,-1+i,-1+3 h -




95

2y/2 22 :
N6z, 144,143

: ~14d, 14 | giph| 3o+, 14352, 214, 214 1.4 i 14
ZSmh[Elﬁl—lﬂ] Smh[ Y3, Ly 152, -k, 1 ] SC2, 144,145 2,141,145 -

el

Slnh[ —2 72,._14.1,]'] C3,—1+i,j St2,—1+i,j Y2l—1+ilj ez,yy,—1+i,j
h

1 . .. -

Oosh[—2 ¥2,-144,3] C,-141,9 St2,-104,3 ¥2,-101,3 2,3y,-144, 3 . St2,-141,310,1,-141,3 2y, 1413
h h

352,14, 00,2 1013 2 ety | 2511303103 2wty S 3001y 2ty

h h S5h

+

{ zoOsh[EJZ%d] SJm[E"—l“iz'%le::‘ﬁ'l] St2, 14,5 €2, %y, -144, 3

C6,-14i,3 | = h

ZOosh[ ’32':;121'3' ] Sj.rh[ n"l*j;%"ld’j ] St2,-141,5 2,yy,-144,3

hel, -1+1,3

( zsm[%d] Sm[&ﬁz"-'%’ﬁd ] 2,13 S22 3
S5, -144,3 H

NN EOERE DU DR NEL I WE
28irh| 2\/:;J]s:m[ 12'3/—2 23] S, 1043 Syptets3 |

hel, -1+,3

¥3,-1+i,3 . , 141,962, 144
[ 2Cos| 2\7;1'3] Sirh{ -3 lzjﬁ #01| Sty, 11,3 @2o.-1k3
B, -14,3 | = h

Y3,—1 i,9 s Y31—]- .Ql-l i,3
20061‘{ 2 ;l"] Smh[ i2'3/_2 e ] St2, 1443 ez,w'-hirj\

hé,, 1.1,3

[ o5 ¥3,-1+d, 3 Sirh E,—hi,jiz,—lﬂ}j Sto 14i4 €2 sy m1ud A
Smh[ 242 ] [ 22 ] 2,-1+1,3 =2, %7, -1+4,]
C,-144,3 h

3 7‘3,—1 i, ] nr"l i .QI_I 1,3
2sinh| 2\/:21'3] Sirh| 12'3_2 3| Sy, 15 Sy 1441 |

hey,1.4,3




Tt _Jh =

2y+ 2y-
2 Sirh|[ 5 Yl,lr-l+j] C2,1,-1+3 St2,1,-1+3 €2,%y,1,-1+3 Stz,1,-1+3 01,0,1,-1+9 €2, 59,1, 143 i
h h
St2,i,—1+j bl,l,i,—1+j €2,%y,1,-1+j _ St2,i,—1+j b1,2,i,—1+j €2,xy,1,-1+j R
2h 2h
28inh[; vi1] 2458t 13 @2 L3 Sta,s, 3P0 @amits | St 3L LS ) .
h h 2h
St2,1,5 b1,2,1,§ €2,%9,1,3 Sinh[% ¥2,1,-1+3] ©3,1,-1+5 St2,1, -1 ¥2,1,-1+3 €2,3y, 1,143
2h h
COSh['E Y2,1,—1+3] C4,1,-1+3 St2,1,-1+3 ¥2,1,-1+5 €2,yy,1,-1+3 St2,1,-109 10,1, 1,-1+3 €2,yy,1, 143 i
h h
35t2,1, -1+ 10,2, 4,1 €2y, 4,103 | 2862,4,-1510,3,5, 143 @2,yy 1oy Sta,s,-10350,4,5,-103 €24y, 1,145
h h 5h
{ ZC°Sh[ ek e ] Sinh[ Bttt Audecle ] St2,1,-1+3 €2,%y,1,-1+3
2y2 L)
C6,1,-1+3 h -
¥3,1,-1s3 ] s D 10507 i 1.s
2 Cosh[ Beteed | sipn[ B AATLLA | sty 5 105 e yp1,-109 |
242 242
+
hey,i, 145

I Y i S N Bttt

h

Cs, 4, -1+3

\

2 Sinh[—lya'i"_l*' ] Sinh[ —j—in’i”lz‘ Je_;l -1+ ] St2,1,-1+j €2,yy, 1,1+ )

242

héy,1,-145

{ 2%&[%1] Smh[%l] St2,1,-1+j €2,xy,1,-1+3

€8, 1,-1+3 h -

ZCosh[ Yaéf/,_zhj ] Smh[w] St2,1,-103 €2, 33,1, 10§ \

242
h6s,1,-1.3 J

+

/ Zslnh[%l] Smh[L"lz*j\/%z—l’l‘l] St2,1,-1+j €2,x%y,1,-1+j

C7,1,~1+j h -

2s1nh[”_3é%i] SM[LA;%] Sta,1 143 2,51, -103 |

hey,i, ~1+j



97

. 1 . . . .
S.mh[—z Y2,43] G315 St2, 43 V2, LI €2,

+

h
CbSh[—z Y2,4.3) G445 St2, 1,3 V2, 1,3 €2, 4.5 , St2usboris 2w
h h

3Stzigboaigeawis  2SRasbosiiwiy  Staiskeiieawis
+ - + 04,3

h h 5h

3,4 3, 3,

2o [ 1.: Sirh| loJeleJ] Sto,1,3 € 2oosh[ "3 [73'1'36“4] Stai3 2w |
- + +

h hén, 5,5

[ 2Smh[ 2 | sion “’i;j/e_;"i'j] St2,1,3 €209,

C5,4,3 h -

ZSmh[ ¥3,4,3 ] [ “3,1.3'/951,1'.3' ] St2,5,5 €25 \

+CB, 4,3
héy,4,5

{ 2Cb§1[ 3343 ] [ 73’1'3 92’1'3 ] St2,4,5€2,%7,4,3 20031[ B ] [ 73,1,3/952,i.j ] St2,1,5 €2,3,4,3 )
+

IZSmh[ ] Smh[wﬁ] St2,4,5€2,%v,4,3

€43 h -

2s::h[ 3,45 ] Smh[ ‘3'1;3'/2“'3' ] Stz,1,5 €243 |

h62,4,3

NOTE: Appendices A, B, and C are included to illustrate the complexity of the

linear equations in expansion coefficients am, and c;. Some equations are omitted

for brevity.






