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1. Introduction
In a seminal paper published in 1992, the Union of Concerned Scientists along with
1700 independent scientists and almost all living Nobel Prize recipients, issued a
warning that humanity was quickly exceeding earth’s ecosystems beyond its capacity
to support the web of life1. The authors, considered experts in their fields, expressed
scientifically rooted concerns about irreversible damage to earth’s ozone, freshwater
availability, marine life depletion, ocean dead zones, forest loss, biodiversity
destruction, climate change, and continued human population growth. The scientists
implore humanity to cut greenhouse gas emissions, phase out fossil fuels, reduce
deforestation and reverse the trend of collapsing biodiversity. Of the many actions to
mitigate global warming, NASA outlined a vision for an environmentally compatible
air transport system through the Advanced Air Transport Technology (AATT)
program2. The AATT program seeks to support early-stage exploration and initial
development of technology to support fixed wing transport aircraft with revolutionary
energy efficiency and environmental compatibility. The future goal of aircraft design
is known to be long, thin, high-aspect-ratio wings3, which are naturally less stiff and
more susceptible to dangerous vibrations than the common thick, heavy and stiff wings
of current transport aircraft. If not controlled, these dangerous vibrations, known as
flutter, can result in complete failure of crucial structural systems and even total loss of
an aircraft4. The past 40 years of flutter suppression research has focused on control
surface actuation4–6, but no published work is available for flutter suppression via a
distributed propulsion system. Distributed propulsion can replace a large turbofan or
turboprop engine with a number of smaller electric motors distributed evenly along the
span of a wing to increase cruise efficiency by up to 500%7. Traditionally, distributed
propulsion systems mount all motors at a specific angle and distance relative to the
leading edge for maximum efficiency. However, the motors could be mounted at a
slight angle relative to the chord line creating a component of thrust normal to the chord
line. This component of thrust could potentially be used in a flutter suppression
controller. This research involving numerical simulation and experimental testing
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presents an investigation into the potential of distributed propulsion for flutter
suppression.

2. Literature Review
2.1 Aeroelasticity
Aeroelasticity is a field of study concerned with the interaction of inertial, structural
and aerodynamic forces. Flutter is an aeroelastic phenomenon where self-excited
oscillations of a flexible structure occur due to energy transfer from the free stream4.
When the aerodynamic damping becomes negative and larger in magnitude than the
systems structural damping, oscillations become divergent and the flexible body
unstable to the point of structural failure8. The velocity at which divergent oscillations
occur is termed the flutter velocity. Aeroservoelasticity expands the field of study to
include contributions of a control force which may stabilize the system above the flutter
velocity6. Given the complex nature of aeroelasticity, and expensive cost of breaking
wind tunnel models, many researchers turn to less expensive two-dimensional pitch
and plunge experimental models that provide qualitatively similar results to higherorder fully flexible elastic bodies with bending and torsion modes8. Two-dimensional
models can be constrained such that displacements may not exceed a certain value to
prevent structural damage of the experimental model, allowing a variety of test
conditions to be examined. In such models, a pitch displacement is defined as rotation
about any axis normal to the plane of Figure 1. Plunge displacement is defined as a
translation within the plane of Figure 1 along an axis normal to the chord line.

Figure 1. Definition of pitch and plunge degrees-of-freedom8.
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O’Neil and Strganac9 created a unique wind tunnel experimental apparatus to study
flutter of a rigid wing supported by non-linear springs with cubic stiffness and motion
permitted only in pitch and plunge. The apparatus is intended to reflect the continuous
nonlinearities of structural systems with spring hardening and softening. Predictions
for the system are made with nonlinear equations of motion derived by Lagrangian
mechanics and the unsteady aerodynamic theory of Theodorsen10. Unsteady
aerodynamic theory relies on Theodorsens function, C(k), which is a function of
reduced frequency, and is set to unity in their predictions due to the low reduced
frequency of the experimental setup. Results show good agreement between predicted
and measured aeroelastic response at several wind speeds and stiffness settings. Results
show that setting Theodorsens function equal to unity is valid under certain conditions.
Experimental results are in good agreement with analytical predictions in the region of
transition from stable to unstable responses and associated limit cycle oscillations.
Block and Strganac expand the work of O’Neil, using the same apparatus with the
addition of a control surface and an active control system to expand the stable flight
region past the observed open-loop flutter velocity6. Equations of motion derived by
O’Neil are improved with the Jones approximation11 to Theodorsens function. Good
results of flutter velocity, frequency and amplitude for both open-loop and closed-loop
tests are shown. Differences between predictions and experimental results are
attributed to difficulty modeling structural damping, and the presence of a servo motor
used to actuate the trailing edge in the flow field.
Horikawa and Dowell12 used proportional gain feedback control with gains derived
from a root locus plot. They used steady-state aerodynamics and a two degree-offreedom structural model to evaluate each feedback strategy. Control of the trailing
edge is defined by proportional gains from one of the four structural variables.
The cutting edge of aeroelasticity research is the X-56A Multi-Utility Technology
Testbed (MUTT) which is a joint venture between Lockheed Martin Skunk Works, the
Air Force Research Laboratory, and NASA’s Armstrong Flight Research Center. The
remotely piloted aircraft has an aspect ratio of 14, and wingspan of 27.8 feet, with a
modular wing design that allows multiple wing stiffness and payload configurations to
be tested, including a joined wing design13.
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Figure 2. The X-56A MUTT aircraft14.
The X-56A has successfully demonstrated flutter suppression with both modern and
classical controllers15.

2.2 Distributed Propulsion
As early as 1924, aircraft designers have considered multiple engines distributed along
the wing of an aircraft to increase performance, with an early focus on takeoff and
landing performance 16. Recent improvements in electric motors and energy storage17,
and a push for greener aircraft to reduce environmental impact of general aviation
aircraft18, drove researchers at NASA to investigate distributed electric propulsion
(DEP) in the Leading Edge Asynchronous Propulsion Technology (LEAPTech)
project. The focus of DEP systems for modern aircraft is to reduce wing area for
increased cruise performance (less drag, and higher speed for maximum lift-to-drag
ratio7) without sacrificing low speed performance required for take-off and landing.
Low speed performance of the reduced wing area is achieved by increasing the dynamic
pressure across the wing due to the high velocity air from the distributed propulsion
system19. Much of the current research in DEP is in support of the NASA Scalable
Convergent Electric Propulsion Technology Operations Research (SCEPTOR) project
which is developing the X-57 Maxwell aircraft.

5

Figure 3. Rendering of X-57 Maxwell aircraft20.
The X-57 Maxwell has 18 electric motors distributed spanwise along the leading edge
to create the augmented lift for low speed performance, with propellers that fold into
the nacelle for cruise21,22. Two larger electric motors are mounted on each wing tip, and
rotate opposite to the direction of the shedding vortex, to provide propulsion for cruise.
Borer et al.7 describe the SCEPTOR project and all phases of development to turn a
standard Tecnam P2006T into the X-57 Maxwell including testing phases of both the
cruise DEP and high-lift DEP systems. Commentary from subject matter experts
regarding aircraft component design of the X-57 aircraft is presented and increased
performance claims are justified by results from several analysis teams for subsystems
of the X-57 aircraft.
Stoll et al.23 describe Navier-Stokes aeropropulsive simulations on various wing and
propeller configurations at takeoff and landing to investigate the effect of several
design variables for the propeller and wing on augmented maximum lift. The
simulations were repeated at cruise conditions to ensure each simulated wing propeller
design did not incur a large drag penalty. With a 30% chord fowler flap, the effective
maximum lift coefficient at takeoff is increased from 3.4 to 5.2 with the distributed
propulsion system. Repeating the simulation at cruise conditions shows an increase in
maximum lift-to-drag ratio from 11 up to 20.
Experimental results of a full scale test in which the distributed propulsion wing
designed for the X-57 was attached to a semi-truck and drove at its designed stall speed
were compared to computational fluid dynamics (CFD) predictions24. Predictions using
higher-order aerodynamic codes STAR-CCM+, FUN3D RANS and VSPAERO were
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made and include effects from the truck, support structure, wing, distributed propulsion
system and ground plane. Results from testing at speeds most close to the design stall
speed, a maximum effective coefficient of lift of 4.3 is predicted, matching
experimental results within 10%.
Hoover et al.25 analyze whirl flutter stability of the X-57 DEP system through two
multibody dynamic simulations with CAMRADII and Dymore, both of which have
been previously used to study whirlflutter26–28. Results from both simulations are in
good agreement for propeller thrust, propeller power, and natural frequencies of the X57 wing. CAMRADII results indicate a whirl flutter instability, which was solved with
a redesign to stiffen the pylon mount. After the redesign, all vibration modes of the X57 wing are shown to be stable up to 500 knots, well above the flight envelope of the
X-57 aircraft.

3. Numerical Model and Experimental Setup
3.1 Introduction
This section details the numerical model and all subsystems of the experimental setup
designed to evaluate different flutter suppression controllers. As is common in
experimental flutter suppression research 6,8,9,29, a simplified model of flutter based on
a two-degrees-of-freedom model is used. This simplified model, using a rigid wing
supported by pitch and plunge springs, provides qualitatively similar results to the
flutter characteristics of a fully flexible, three-dimensional wing with bending and
torsional modes. A flexible mount, like the Pitch And Plunge Apparatus (PAPA)
mount developed by NASA8, was designed to allow different wing configurations to
be tested.
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Figure 4. Upstream view of the PAPA mount in the NASA Langley wind tunnel8.
Affixed to the flexible mount is a semi-wing, assumed to be rigid, with four electric
motors distributed along the span. The wing is designed to have bending and torsion
stiffness significantly greater than the flexible mount to support the assumption of its
rigidity.

3.2 Numerical Model
To design a physical flutter suppression controller, a numerical model combining the
systems structural dynamics, aerodynamics and actuator dynamics was first developed.
In developing the model, some assumptions about the system were made6,8,10,11:
•

The wing remains rigid during all motion.

•

Motion is constrained to only pitch and plunge.

•

Stiffness remains linear for both dimensions.

•

Viscous damping is the only source of structural damping and remains linear.

•

Theodorsens function10, C(k), may be set equal to 1 for quasi-steady
aerodynamics.
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•

The DEP system has a rise time of zero seconds and propeller thrust is only a
function of throttle setting.

Experimental assessment of these assumptions, whenever applicable, are presented in
Chapter 4.
3.2.1 Flexible Mount
The flexible mount is composed of five beams with fixed-fixed boundary conditions to
create planar motion. The result of the entire flexible mount assembly is a single beam
with a fixed-fixed boundary condition, where the elastic deflection slope is zero at both
ends, as shown in Figure 5.

Figure 5. Fixed-fixed boundary conditions of a single beam.
Four beams of solid, round cross sections are mounted in a circular pattern, at a distance
R from the shear center of the assembly. The end of each beam is threaded and inserted
15 mm into a solid aluminum endplate to create the fixed-fixed boundary condition.
Thread lock and two jam nuts are used to prevent the end of each rod from unscrewing
during operation.
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Figure 6. Cross section of the flexible mount.
Because the four beams are fixed-fixed, the plate is restricted from rotating about xaxis or y-axis (roll and yaw), as shown in Figure 7. These rotation loads are converted
to axial compression and tension of the rods, which result in deflections significantly
smaller than the bending deflection and therefore are considered negligible.

X

Pitch

Roll
Yaw

Z

Y

Figure 7. CAD rendering of the rigid wing affixed to the flexible mount.
Since all four rods are round, the stiffness in both x and y translation is equal, but only
displacements in y (plunge) are desirable. A fifth beam, termed the drag strut, is added
to the assembly to increase stiffness in the x-direction with minimal contribution to
stiffness in y and about z. The drag strut is a solid, rectangular cross section with fixed-
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fixed end conditions positioned at the center of the assembly. The y-translation stiffness
(plunge stiffness) of the mount can be determined by the theory of superposition and
beam bending equation shown in equation 130.
𝐾𝑌,𝑅𝑂𝐷 =

𝑃 12𝐸𝐼
= 3
𝑌
𝐿

(1)

Where KY,ROD is the translational stiffness of a single beam, E is the Young’s modulus,
I is the section area-moment-of-inertia, and L is the length of the beam. The total
translation stiffness of the assembly can be obtained through superposition of all 5
beams, as shown in equation 2.
𝐾𝑌,𝑇𝑂𝑇𝐴𝐿 = 4𝐾𝑌,𝑅𝑂𝐷 + 𝐾𝑌,𝐷𝑅𝐴𝐺 𝑆𝑇𝑅𝑈𝑇

(2)

Rotational stiffness about z (pitch stiffness) of the mount is determined by
acknowledging that each beam must rotate through a given angle, θ, for which the entire
mount rotates, plus the four round rods translate a distance Rθ. The torsional stiffness
of each beam is given by equation 3.
𝐾θ,ROD =

𝑇 𝐺𝐽
=
θ
𝐿

(3)

Where G is the beam shear modulus and J is the section polar moment of inertia. The
total rotational stiffness of the assembly is again obtained through superposition of all
5 beams, including rotational stiffness and bending stiffness of the round rods.
𝐾θ,TOTAL = 4(𝐾θ,ROD + 𝑅 2 𝐾𝑌,𝑅𝑂𝐷 ) + 𝐾θ,DRAG STRUT

(4)

All five beams have an overall length of 530 mm, the four round rods have a diameter
of 4.7 mm (3/16”) and are made of 17-4 PH stainless steel heat treated to a yield
strength of 1,170 MPa. The drag strut has a thickness of 3.2 mm (1/8”), width of 12.7
mm (0.5”) and is made of 6061-T6 aluminum. For the given mount geometry and
material selection, contour plots of factor of safety using Von Mises failure criteria
were generated to determine allowable mount deflection limits. The contour plots
include static loads from the mass of the flexible mount and rigid wing.

Pitch displacement, deg

11

Plunge displacement, mm

Pitch displacement, deg

Figure 8. Factor of safety contour for the four round rods (σYield=1,170 MPa).

Plunge displacement, mm
Figure 9. Factor of safety contour for the drag strut (σYield=270 MPa).
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The contour plots show safe operating range of the flexible mount based on deflection
in pitch and plunge. For a known deflection, the factor of safety for both the drag strut
and rod can be checked to prevent damage to the flexible mount. Figure 8 shows the
influence of rod bending due to pitch rotation, as the contour lines become angled with
increasing plunge displacement. Comparing Figure 8 to Figure 9 shows the drag strut
is likely to fail before the rods, a beneficial result of the design as replacing the drag
strut is much cheaper and easier than replacing one or all rods.

3.2.2 Rigid Wing
The rigid wing has a NACA 0018 airfoil section, with chord length 135 mm and span
of 675 mm. Four brushless motors are evenly distributed along the span of the semiwing. Each motor is mounted at an angle of 7.5° relative to the chord line. Half of the
motors are pitched up; half are pitched down. The wing has a metal frame, with balsa
ribs and a balsa skin to create the airfoil shape. A 3D printed nacelle provides
aerodynamic fairing for each motor. The metal frame has a I beam main spar at 30%
chord, and a 6.35 mm (0.25”) round aft spar at 80% chord. Both beams are mounted to
the root chord and connected at four locations by spar links. The metal frame has
bending stiffness of 4632 N/m and torsional stiffness of 71.4 Nm/rad and is designed
to be stiffer than the flexible mount.
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Figure 10. Rendering of rigid wing metal structure.
An equation of motion for the system is obtained by combining rigid body dynamics
of a wing with pitch and plunge degrees-of-freedom with unsteady aerodynamic theory
of Theodorsen and a control force from the distributed propulsion system.

KY

Kθ

Figure 11. Aeroelastic rigid wing with a distributed propulsion system.
Where TU and TD are thrust up and down from the distributed propulsion system, 𝛾 is
the angle the electric motors are mounted at relative to the chord line, L and M are
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unsteady aerodynamic lift and moment forces, KY and Kθ are stiffness in plunge and
pitch from the flexible mount, y and θ are plunge and pitch elastic displacements, xf is
the distance between the electric motors and shear center of the flexible mount, x g is
the distance between the center-of-gravity (c.g.) of the rigid wing and shear center of
the flexible mount, b is the semi-chord and ab is the distance from the 50% chord to
the shear center of the flexible mount.
Rigid body dynamics of the wing can be derived through Lagrangian mechanics31,
which first requires the kinetic energy (KE) and potential energy (PE) of the system be
defined. The Lagrangian of the system is given by equation 5.
𝐿 = 𝐾𝐸 − 𝑃𝐸

(5)

The rigid body dynamics are then calculated by equation 6.
𝜕𝐿
𝑑 𝜕𝐿
−
=0
𝜕𝒓𝑘 𝑑𝑡 𝜕𝒓̇ 𝑘

(6)

Kinetic energy of the system, given by equation 7, is defined through two generalized
coordinates: pitch and plunge (θ and y).
𝐾𝐸 =

1
1
⃑⃑⃑⃑⃑
𝑚(𝑟⃑̇ · 𝑟⃑̇) + 𝐼𝐻
2
2 𝑔

(7)

The position of the center of mass of the wing with respect to the elastic axis in
equilibrium is given in equation 8. Plunge displacements are given as y, and pitch
displacements are given as θ.
𝑟⃑ = 〈𝑥𝑎 𝑐𝑜𝑠(𝜃), 𝑦 + 𝑥𝑎 𝑠𝑖𝑛(𝜃), 0〉

(8)

The derivative of equation 8 with respect to time yields equation 9.
𝑟⃑̇ = 〈−𝑥𝑎 𝜃̇ sin(𝜃) , 𝑦̇ + 𝑥𝑎 𝜃̇ cos(𝜃) , 0〉

(9)

Taking the dot product of equation 9 with itself yields:
𝑟⃑̇ · 𝑟⃑̇ = 𝑥𝑎2 𝜃̇ 2 (𝑠𝑖𝑛2 (𝜃) + 𝑐𝑜𝑠 2 (𝜃)) + 𝑦̇ 2 + 2𝑦̇ 𝜃̇cos(𝜃)

(10)

Linearizing equation 10 about the equilibrium position with a first order Taylor series
expansion with cos(θ)≈1 yields equation 11.
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𝑟⃑̇ · 𝑟⃑̇ = 𝑥𝑎2 𝜃̇ 2 + 𝑦̇ 2 + 2𝑦̇ 𝜃̇

(11)

Kinetic energy of the system can now be defined in equation 12:
𝐾𝐸 =

1
1
𝑚(𝑥𝑎2 𝜃̇ 2 + 𝑦̇ 2 + 2𝑦̇ 𝜃̇) + 𝐼𝑔 𝜃̇ 2
2
2

(12)

Potential energy of the system is given by equation 13:
𝑃𝐸 =

1
(𝐾 𝑦 2 + 𝐾𝜃 𝜃 2 )
2 𝑦

(13)

Non-conservative forces acting on the system, C, modeled as viscous damping are
given in equation 14.
𝐶=

1
(𝐶 𝑦̇ 2 + 𝐶𝜃 𝜃̇ 2 )
2 𝑦

(14)

Substituting equations 12, 13 and 14 into equation 6 yields the equation of motion for
a rigid wing with pitch and plunge degrees of freedom, which matches the equation
found in literature11.
𝑚
[𝑚𝑥

𝑎

𝑚𝑥𝑎
𝐶𝑦
𝑦̈
]
[
]
+
[
2
𝑚𝑥𝑎 + 𝐼𝑔 𝜃̈
0

0 𝑦̇
𝐾𝑦
][ ]+ [
𝐶𝜃 𝜃̇
0

0 𝑦
][ ] = 0
𝐾𝜃 𝜃

(15)

Aerodynamic forces are modeled by the unsteady aerodynamic theory of Theodorsen,
which are derived for a flat plate with a small amplitude of sinusoidal motion10.
Theodorsens theory is a widely accepted approach to predict flutter velocity and
frequency6,32, and it provides results that closely agree with results from the doublet
lattice method for unswept wings33.
𝐿(𝑡) = 𝜋𝜌𝑏 2 (𝑦̈ + 𝑈∞ 𝜃̇ 2 − 𝑏𝑎𝜃̈) + 2𝜋𝜌𝑈∞ 𝐶(𝑘)𝑏(𝑦̇ + 𝑈∞ 𝜃
+ 𝑏(1⁄2 − 𝑎)𝜃̇ )

(16)

𝑀(𝑡) = 𝜋𝜌𝑏 3 (−𝑎𝑦̈ + (1⁄2 − 𝑎)𝑈∞ 𝜃̇ + (1⁄8 − 𝑎2 )𝑏𝜃̈)
+ 2𝜋𝜌𝑈∞ 𝐶(𝑘)𝑏 2 (1⁄2 + 𝑎)(𝑦̇ + 𝑈∞ 𝜃 + 𝑏(1⁄2 − 𝑎)𝜃̇)

(17)

Where b is the semichord, a is a nondimensional distance between the midchord and
elastic axis (based on the semichord), and C(k) is Theodorsens function which depends
on the reduced frequency, k. Approximations of Theodorsens function are well defined
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in literature6,10,11, however for all numerical results in this work it is set to unity.
Consequences of this decision are discussed in section 4.3.2.

Figure 12. Derivation of TControl thrust force vector.
A control force, 𝑇𝐶𝑜𝑛𝑡𝑟𝑜𝑙 , acting on the rigid body in the direction of pitch and plunge
is created by mounting the distributed propulsion system at an angle relative to the
chord line. The control force is derived through trigonometry of the 𝑇𝑈 (thrust up) and
𝑇𝐷 (thrust down) forces shown in Figure 12. The component of thrust normal, to the
chord line is used as a control force given in equation 18.
𝑇𝐶𝑜𝑛𝑡𝑟𝑜𝑙 (𝑢) = [

𝑇𝐶𝑜𝑛𝑡𝑟𝑜𝑙,𝑃𝑙𝑢𝑛𝑔𝑒
cos(𝜃)
] = 2𝛽sin(𝛾) [ 𝑥 ] 𝑢
𝑇𝐶𝑜𝑛𝑡𝑟𝑜𝑙,𝑃𝑖𝑡𝑐ℎ
𝑓

(18)

Where 𝛾 is the angle between the chord line and centerline of the motor, 𝛽 is the slope
of thrust as a function of throttle for a single electric motor, 𝑥𝑓 is the distance between
the elastic axis and motor, and u is the throttle setting of the motors. The 2 in equation
18 comes from the fact that there are two motors facing upward and two facing
downward. Equation 18 is linearized about the equilibrium position (θ=0, y=0) with a
first order Taylor series approximation, cos(θ) ≈ 1. Throttle setting, u, may vary
between ±100% and, where +100% corresponds to zero throttle of upward pitched
motors, and full throttle of downward pitched motors. The total equation of motion for
the system is obtained by setting equation 15 equal to the sum of equations 16, 17 and
18.
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𝑚
[𝑚𝑥
𝑎

𝑚𝑥𝑎
𝐶𝑦
𝑦̈
𝑚𝑥𝑎2 + 𝐼𝑔 ] [𝜃̈] + [ 0
= [

0 𝑦̇
𝐾𝑦
][ ] + [
𝐶𝜃 𝜃̇
0

0 𝑦
][ ]
𝐾𝜃 𝜃

(19)

1
−𝐿(𝑡)
] + 2 𝛽sin(𝛾) [𝑥 ] 𝑢
𝑀(𝑡)
𝑓

The unsteady aerodynamic forces may all be written as a function of position, velocity
and acceleration, and bringing them to the left-hand side of equation 19.
([

⋱
⋮
⋱
⋮
𝑦̈
⋱ ⋮
⋱ ⋮
𝑦̇
]−[
]) [ ] + ([
]−[
]) [ ]
… 𝑀𝑠
… 𝐶𝑆
⋯ 𝑀𝐴 𝜃̈
⋯ 𝐶𝐴 𝜃̇
⋱
+ ([
…

⋮
⋱
]−[
𝐾𝑆
⋯

(20)

1
⋮
𝑦
]) [ ] = 2 𝛽sin(𝛾) [𝑥 ] 𝑢
𝐾𝐴 𝜃
𝑓

Where the subscript “S” indicates contributions from structural forces in equation 15,
and subscript “A” indicated contributions from aerodynamic forces from equations 16
and 17.
3.2.3 State-Space Control System
A full state regulator with a luenberger observer was designed to control flutter velocity
thus to expand the stable flight envelope of the system. The state-space controller uses
a set of first-order differential equations to describe the system34.
𝑋̇ = 𝐴𝑋 + 𝐵𝑢

(21)

𝑌 = 𝐶𝑋 + 𝐷𝑢

(22)

Where 𝑋̇ is the derivative with respect to time of the system state X. A is the state
matrix function of the systems aerodynamic and structural properties, B is the input
matrix which describes the influence of the distributed propulsion system, Y is the
output vector, C is the measurement matrix and D is the feed forward matrix. Since
there is no feedforward term in equation 22, D is set to 0. As expected from equation
20, the four system states are pitch, plunge and their derivatives.
𝜃
̇
𝑋 = [𝜃
𝑦]
𝑦̇

(23)
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A and B are derived from equation 20. The system can be shown to be observable by
only measuring pitch velocity, which can be easily obtained from a gyroscope. The
measurement matrix, C, is defined as such.
𝐶 = [0 1 0

0]

(24)

The system is shown to be controllable, so feedback gains are derived from the optimal
control theory of linear-quadratic regulator (LQR), which minimize a quadratic cost
function, g(x,u)34, of a linear system.
𝑔(𝑥, 𝑢) = 𝑋 𝑇 𝑄𝑋 + 𝑢𝑇 𝑅𝑢

(25)

Where Q and R describe how much each state and input should contribute to the overall
cost of the system. The control input (throttle position) can be constrained between
±100% by manipulating Q and R and simulating the systems response.
3.2.4 Results: Numerical Predictions
Numerical predictions of flutter velocity of each design iteration were made using the
equations described above. All inertial properties were estimated from a SolidWorks
3D model of the test rig. Estimates for damping ratio come from experimental results
of the NASA PAPA mount8 and the throttle thrust curve parameter, β, is estimated from
manufacturer motor-propeller specifications. A block diagram overview of the
experimental setup is shown below in Figure 13.

Figure 13. Block diagram overview of the experimental setup.
Numerical predictions showed flutter velocity was within the operating wind speed of
the OSU low-speed wind tunnel, so design moved forward to controller design and
manufacturing.
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Figure 14. Open-loop response at free stream velocity of 5 m/s.
Control gains were derived using the built in LQR algorithm in MATLAB and
simulating the controller response verified the control input was constrained between
±100. Since only angular velocity would be measured from the controller, the closedloop response was simulated to include dynamics from the luenberger observer.

Figure 15. Closed-loop response at free stream velocity of 5 m/s.
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Results of simulating the controller show it can successfully suppress flutter at the
unstable open-loop free stream velocity while keeping the control input (throttle)
within ±100.

3.3 Experimental Setup
Experiments were run in three phases: 1) load cell testing, 2) ground vibration testing
and 3) wind tunnel testing. Load cell testing was done to evaluate performance of the
JR3 load cell before collecting experimental data. Ground vibration testing in the lab
was performed to characterize propulsion and structural properties of the system such
as: propeller thrust, flexible mount stiffness, natural frequency, damping ratio, free
vibration response and forced vibration response. Wind tunnel testing at the Oregon
State University (OSU) low-speed wind tunnel was done in two phases: 1) static wind
tunnel testing and 2) dynamic wind tunnel testing. Static wind tunnel testing measured
static aerodynamic coefficients of the wing (with no flexible mount). Dynamic wind
tunnel testing (with the flexible mount) allowed observation of the systems response to
changes in wind speed, angle of attack and differing initial conditions.
3.3.1 Load Cell Testing Setup
Three tests were run on the JR3 load cell: 1) calibration testing, 2) hysteresis testing
and 3) simulated wind tunnel testing. Calibration testing evaluated the accuracy of
measurement for the load cell under loading of a single axis. Hysteresis testing was
done to address concerns of hysteresis in measured loads. Simulated wind tunnel testing
was done to evaluate accuracy of the load cell in simulated wind tunnel loading
conditions. For all three sets of tests, the load cell was sampled at a frequency of 200
Hz for 1 second during each loading condition. The average of all 200 measurements
for that load condition was taken as the measured value for that data point. The load
cell was only zeroed once for each test after the appropriate fixture was connected.
During calibration testing, the calibration masses given in Table 1 were applied to a
single axis of the load cell. These masses represent loads that encompass the range of
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expected forces during all experiments. Each mass was applied 10 times, and the order
which they were applied was randomized.
Table 1. Calibration masses used in calibration testing.
Mass ID Mass [g]
1

100

2

500

3

1,000

4

1,500

5

1,750

6

2,000

7

2,250

8

2,500

9

2,750

10

3,000

During hysteresis testing, calibration masses were applied in ascending order from no
load up to 3,450 g then removed in descending order. Table 2 below shows applied
calibration masses used for hysteresis testing.
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Table 2. Calibration masses used in hysteresis testing
Mass ID Applied Mass [g]
1

0

2

500

3

1,500

4

1,700

5

1,900

6

2,100

7

2,200

8

2,300

9

2,400

10

3,400

11

3,450

The same fixtures and test setups were used for both calibration testing and hysteresis
testing. The JR3 load cell was affixed to a level table and a fixture secured to the load
cell to support the calibration masses. While testing load cell normal force axis (x and
y-axis of Figure 16), the fixture shown in Figure 16 below was used. A digital protractor
was used to ensure the test fixture and load cell test axis were level within 0.1°. Marks
on the test fixture defined approximate location of each mass, so the loading conditions
could be replicated for the 10 repetitions of each mass.
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JR3 Load Cell

y-axis

z-axis

x-axis

Normal Force Test Fixture
Figure 16. Test setup for calibration and hysteresis testing of normal force axis.
During axial force testing (z-axis of Figure 16) the load cell was mounted vertically to
the level table, and a flat plate secured to the load cell face. The load cell face and plate
were verified to be level with the same digital protractor.

Figure 17. Test setup for calibration and hysteresis testing of axial force axis.
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During simulated wind tunnel loading conditions, the lift force, thrust force, rolling
moment and yawing moment were simulated. An aluminum bar 50 cm long was
secured to the load cell to facilitate simulated wind tunnel loading with calibration
masses. A calibration mass hung vertically at 47.31 cm from the load cell center
simulated lift force and rolling moment. A pulley located level with the aluminum bar
allowed another calibration mass to be suspended from the bar 45.72 cm from the load
cell center to generate a yawing moment and thrust force.

Figure 18. Test setup for simulated wind tunnel testing with lift and thrust forces
applied.
Calibration masses applied during simulated wind tunnel loading are given in Table 3
below. These masses represent expected lift and thrust/drag forces of an early revision
of the rigid wing and distributed propulsion system. The final revision of the rigid wing
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used in all experiments had a maximum lift and thrust value less than the maximum
shown in Table 3.
Table 3. Calibration masses used in simulated wind tunnel loading testing.
Lift Axis Mass [g]

Thrust Axis Mass [g]

1,500

1,900

2,500

4,00

1,700

2,700

1,900

2,200

1,200

100

1,100

2,400

2,300

2,100

150

900

500

1,600

2,100

1,400

1,100

500

Some of the mass in Table 3 generate a torque on the JR3 load cell which exceeds the
standard measurement range provided by the manufacturer. The load cell is tolerant of
torques up to 48 N·m before permanent damage is of concern, so testing slightly above
8 N·m provided insight into performance outside of the standard measurement range
and if experimental data later collected must be limited. Although the load cell is tested
outside of its standard measurement range in simulated wind tunnel loading testing, all
other experiments maintain loading within the standard measurement range of the load
cell.

3.3.2 Ground Vibration Setup
Measurements for ground vibration testing were made through an inertial measurement
unit (IMU), visual image correlation (VIC) system, and JR3 6-axis load cell. The MPU
6050 IMU combines a 3-axis accelerometer and 3-axis gyroscope onto one chip,
providing linear acceleration between ±2g and angular velocity between ±250º/sec. The
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MPU 6050 has an onboard 16 bit analog-to-digital converter (ADC) for each axis,
providing accelerometer sensitivity of 16384 LSB/g and gyroscope sensitivity of 131
LSB/º/s. Given the numerical predictions of the system, the MPU 6050 provides
adequate resolution and range of measurement. Mounted on the root chord, offset from
the shear center of the mount along the chord line, the IMU provides acceleration in a
coordinate frame attached to the root chord. The VIC system was developed by
researchers at the University of South Carolina35,36, and has been extensively used in
wind tunnel testing for shape and stress analysis of micro air vechiles37–40 because of
its accuracy and contactless measurement. Displacement of the test specimen is
captured by the stereoscopic camera system tracking a randomly distributed speckle
pattern applied to the surface of the specimen.

Figure 19. Ground vibration setup in the lab.
Displacements are mathematically processed by finding the region in the displaced
image that maximizes the normalized cross-correlated score with respect to a small
subset of the image. These displacements are all calculated relative to a reference image
taken when the system is at equilibrium with no external load applied. Calibration of
the stereoscopic camera system is performed by capturing images of a specific
calibration target with a pattern of known dimensions. For all VIC measurements,
images are acquired at 200 frames per second, well above the anticipated Nyquist
frequency of the experimental model.
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Figure 20. VIC random speckle pattern applied to the root chord of the wing.
Once the images are processed by the VIC software, a coordinate system
transformation is defined to estimate displacements in the direction of the pitch and
plunge generalized coordinates.
Stiffness of the flexible mount was measured under load from 200g, 400g and 500g
calibration masses. Plunge stiffness was measured by applying the load at the shear
center of the mount, and pitch stiffness was measured by applying load at a hole in the
test rig 184 mm offset from the shear center. VIC measurements of displacement were
used to calculate stiffness. At each calibration mass, 10 measurements were taken, and
a 95% confidence interval calculated to estimate true displacement to calculate
stiffness.
Thrust of the electric motors was measured using a 6-axis JR3 load cell capable of
measuring forces between ±100 N with resolution 0.013 N for the x-axis and y-axis
and up to ±200 N with resolution 0.025 N for the z-axis. Moments between ±8 N·m
can be measured for all axis with a resolution of 0.0010 N·m. A more in-depth
evaluation of the JR3 load cell is described in section 4.1. The JR3 load cell was
mounted to an aluminum arm affixed to a table. A 3D printed mount attached the
electric motor to the load cell.
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Y

X
Z
Figure 21. Thrust measurement setup.
The electric motor was powered by a DC power supply, and the throttle controlled
through an electronic speed controller (ESC) which received a pulse-width-modulation
(PWM) signal from an Arduino microcontroller. The Arduino was programmed before
each run to set the motor to a specific throttle position. Measurements from the JR3
load cell were collected by a computer running a LabView script to record voltage
measurements from all six axis. The LabView script was programed to allow zeroing
the load cell and converting voltage to loads by the calibration matrix provided from
the manufacturer. The motor is an eMax 2280 kV brushless motor, with a 5 x 4.5 x 3
propeller. At each throttle position, the JR3 load cell was sampled at 200 Hz for 3
seconds.
The control force, TCONTROL, of equation 18 does not consider any time delays of the
system and assumes a rise time of zero seconds. To evaluate this assumption, throttle
input was oscillated sinusoidally to compare experimental results with numerical
predictions. All tests oscillated throttle input between 25% throttle and 95% throttle at
frequencies between 1 Hz and 8 Hz according to equation 26.
𝑇ℎ𝑟𝑜𝑡𝑡𝑙𝑒 % = 60 + 35sin(2𝜋𝑓𝑡)

(26)

Where 𝑓 is the input throttle frequency in Hz, and 𝑡 is time in seconds. Measured thrust
was compared to numerical predictions given in equation 27. Equation 27 comes from
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assuming zero rise time for thrust, so thrust can be calculated simply by multiplying
the slope of thrust vs throttle position by throttle position.
𝑇ℎ𝑟𝑢𝑠𝑡 = 𝛽 ∗ 𝑇ℎ𝑟𝑜𝑡𝑡𝑙𝑒 = 𝛽(60 + 35 sin(2𝜋𝑓𝑡))

(27)

To sync output data from the load cell and input data from the Arduino code, a LabView
code was written to monitor a port on the data acquisition module for a 3.3V trigger
signal to begin recording load cell data. The Arduino code was designed to run the
motor at 60% throttle for one second before sending the 3.3V trigger signal. The code
waited one more second after sending the trigger signal before oscillating throttle input.
During free vibration testing, structural dynamic properties of the system such as
natural frequency and damping ratio were measured and compared to numerical
predictions in free vibration experiments. The system was measured in two
configurations: with an additional mass and without the additional mass. The additional
mass is used to shift the center of gravity away from the shear center to inertially couple
the pitch and plunge degrees of freedom, making the xa term nonzero. If the center of
gravity is in line with the shear center, then pitch and plunge are completely decoupled
in the absence of aerodynamic forces9. The additional mass is only removed to
decouple the two degrees of freedom to experimentally measure damping ratio for pitch
and plunge modes of vibration. To measure damping ratio, the additional mass is
removed, an initial condition is applied, and data is collected by the VIC system and
IMU. The damping ratio, 𝜁, was then estimated by a simplified variation of the
logarithmic decrement method41 appropriate for damping ratios much less than the
critical damping ratio (𝜁 ≪ 1).
𝑥
ln( 0⁄𝑥1 )
𝜁=
𝑛2𝜋

(28)

Where X0 and X1 are the amplitude of vibration peaks separated by n periods.
Experimentally measuring plunge damping ratio was performed with a 500 g
calibration mass applied at the shear center of the mount (with the additional mass
removed). Pitch damping was measured with a 500 g calibration mass applied 64 mm
offset from the shear center.
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Free vibration experiments were performed to measure the systems natural frequency
and to compare the free vibration response to numerical predictions. Initial conditions
were created with a 500 g calibration mass applied 184 mm offset from the shear center
of the flexible mount. Measurements from the VIC and IMU were collected.
Forced vibration experiments were performed to evaluate authority of the distributed
propulsion system. Thrust was oscillated at a frequency near the pitch and plunge
natural frequencies. Both upward pitched motors were given the same throttle input
signal, which only different from the downward pitched motors throttle input signal by
a 180° phase shift. An Arduino code was written to oscillate the thrust of all 4 motors
between 25% throttle and 95% throttle at a specified frequency (near the pitch or plunge

Throttle input, %

natural frequency).

Time, s
Figure 22. Throttle input for 3.1 Hz forced vibration test.
Throttle was oscillated from 25% up to 95% to generate near the maximum thrust and
displacement, resulting in a predicted maximum net force of 0.64 N normal to the chord
line.
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3.3.3 Wind Tunnel Setup
All wind tunnel testing was carried out in the OSU low speed wind tunnel. The closedloop wind tunnel has a test section of 1.5 m (width) x 1.3 m (height) and can operate at
wind speeds between 1 m/s and 18 m/s42. Wind tunnel flow velocity is measured by a
pitot tube installed ahead of the test model and connected to a pressure transducer with
a resolution of 0.05 mmH2O. Air temperature was measured by a J-type thermocouple
mounted next to the pitot tube inside the test area.
Two types of wind tunnel tests were run: 1) static and 2) dynamic. For static testing,
only static aerodynamic coefficients of the wing (with no propellers) were measured
during angle-of-attack (AoA) sweeps at different Reynolds numbers with the JR3 load
cell. Dynamic tests observed the response of the wing (affixed to the flexible mount)
to different initial conditions, AoA and wind speeds.
During static testing, an aluminum test fixture connected the JR3 load cell to a servo
motor with an optical encoder to control AoA. The wing was mounted to the JR3 load
cell by another rigid aluminum fixture. For all wind tunnel testing, a fairing and splitter
plate were used to reduce aerodynamic forces generated by the load cell or flexible
mount, as is common for wind tunnel testing of such a system 43–45.

Splitter plate

fairing

Figure 23. Static wind tunnel test setup with fairing and splitter plate installed.
During static wind tunnel testing, a LabView code was used to control wind speed,
AoA, and collect data from all the sensors. The flow of data for the LabView through
the experimental setup is shown in Figure 24.
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AoA

JR3 Load
Cell

CL, CD, Cm,
Cy, Cn, Cl,
U∞, q∞
Pressure

Figure 24. The flow of data from sensors to output for static wind tunnel testing.
During dynamic wind tunnel testing, only wind speed and dynamic pressure were
recorded. An initial condition in pitch and plunge was created by suspending a mass on
a string offset from the shear center of the mount. The string passed through the wind
tunnel floor and cut once the desired flow speed was reached. Two bars, termed
arresting bars, were installed on the splitter plate fixture to prevent excessive deflection
of the flexible mount which may cause structural failure as defined by a factor of safety
less than 1 in Figures 8 and 9.

Arresting Bars

Figure 25. Dynamic wind tunnel test setup.
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3.2.3 Experimental Design
All ground vibration and wind tunnel testing experiments were designed to test each
section of the experimental setup shown in Figure 13. Ground vibration and wind
tunnel testing are summarized in a visual format below.

Figure 26. Overview of ground vibration testing.
Arrows in Figure 26 indicate which subsystems of the experimental rig participate in
each test. For example, Stiffness testing was done with just the flexible mount (no rigid
wing or distributed propulsion system), but damping ratio testing was run with the rigid
wing affixed to the flexible mount.

Figure 27. Overview of wind tunnel testing.
Due to time constraints and damage to the flexible mount incurred during wind tunnel
testing, the flutter controller was never implemented or tested on the experimental
setup.

34

4. Experimental Results
4.1 Load Cell Evaluation
Results from all load cell testing in the conditions described in section 3.2.1 are
presented. The load cell shows good performance with little measured error in
calibration testing, with the largest measured error of 0.7 N being on the y-axis.
Hysteresis testing results show that concern of hysteresis is only slightly warranted for
the x-axis, but not on the y-axis or z-axis. Within the specified measurement range, the
load cell performs adequately for simulated load cell testing with the largest error seen
on the z-axis, manifesting itself as a potential issue in drag measurements during static
aerodynamic coefficient testing. Outside of the specified measurement range, errors in
the torque measurement increase drastically. Results from all tests show the load cell
is fit to accurately measure thrust of the motors and static aerodynamic coefficients
with the expectation that the largest error should be anticipated in the drag axis.
4.1.1 JR3 Calibration Testing
Results from the calibration testing shown good performance of the JR3 load cell for
variable force loading of a single axis. Z-axis showed the best performance, with the
least amount of error between applied and measured load. All axis showed a trend of
increasing error as applied load increased, with the y-axis having the most error of
about 0.7 N (0.2% error) at an applied mass of 3,000 g. As load increased on the given
test axis, measured load on the remaining two axes also increased despite no load being
applied in that direction. Given the geometry of the test fixture, the load cell
experiences both force along the test axis, and torque about the horizontal axis. This
loading scenario means the measured load along the non-test axes could be a result of
the load along the test axis, the moment applied, or both. Regardless of the source of
this measured load along the non-test axes, the magnitude was small enough that it did
not cause concern for experiments moving forward with the load cell but is important
to note for future measurements.

X-axis measured error, N

JR3 x-axis measured load, N
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X-axis applied load, N

X-axis applied load, N

JR3 y-axis measured load,
Nc

Y-axis measured error, N

Figure 28. X-axis applied load vs measured load (left) & applied load vs error (right).

Y-axis applied load, N

Y-axis applied load, N

Z-axis measured error, N

JR3 z-axis measured load, N

Figure 29. Y-axis applied load vs measured load (left) & applied load vs error (right).

Z-axis applied load, N

Z-axis applied load, N

Figure 30. Z-axis applied load vs measured load (left) & applied load vs error (right).
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4.1.2 JR3 Hysteresis Testing
Hysteresis tests showed a low concern for hysteresis effects is justified in the load cell
for the range of tested values. The x-axis showed the most concern for hysteresis, but
with a very small magnitude (a maximum difference measured in load of about 0.5 N
at 0 applied load). Maximum error for the y-axis was 0.0187 N at 500 g applied load

JR3 x-axis measured load, N

and maximum error for the z-axis was 0.0162 N at 0 applied load.

Applied x-axis load, N
Figure 31. X-axis hysteresis test results.

JR3 y-axis measured load, N
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Applied y-axis load, N
Figure 32. Y-axis hysteresis test results.

Applied z-axis load, N
Figure 33. Z-axis hysteresis test results.
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4.1.3 JR3 Simulated Wind Tunnel Loading
Results from simulated wind tunnel loading for the lift, thrust/drag, roll and yaw axis
are presented. Lift force is measured on the y-axis, thrust/drag force is measured along
the z-axis, roll is about the z-axis, and yaw is measured about the y-axis. These axes
are the orientation which the load cell would measure aerodynamic forces for an angle
of attack of 0° in the wind tunnel. A vertical red line on each plot indicates the standard
measurement range as specified by the manufacturer. The torque rating of 8 N·m for
each axis is exceeded to evaluate performance outside of the standard measurement
range without permanent damage to the load cell. On plots of force measurements, the
red line corresponds to loads which generate a torque above 8 N·m. Overall the load
cell performs well within its specified standard measurement range but beyond that
range error in the torque measurements drastically increase. Within the standard
measurement range, the most concerning results are in Figure 36 as the measured error
on the z-axis goes up to 1.5 N which indicates a large influence on errors in measuring

Measured error lift axis, N

Measured lift axis load, N

coefficient of drag for static aerodynamic wind tunnel testing.

Applied lift axis (y) load, N
Applied lift axis (y) load, N
Figure 34. Lift axis (y) measured loads (left) and measured error (right).

Measured error yaw axis, N·m

Measured yaw axis moment, N·m
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Applied yaw axis (y) moment, N·m

Applied yaw axis (y) moment, N·m

Applied thrust/ drag axis (z) load, N

Measured error thrust/drag axis, N

Measured thrust/drag axis load, N

Figure 35. Yaw axis (y) measured torque (left) and measured error (right).

Applied thrust/ drag axis (z) load, N

Measured error roll axis, N·m

Measured moment roll axis, N·m

Figure 36. Thrust/Drag axis (z) measured load (left) and measured error (right).

Applied roll axis (z) moment, N·m

Applied roll axis (z) moment, N·m

Figure 37. Roll axis (z) measured torque (left) and measured error (right).
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4.2 Ground Vibration Testing
This section details the results of ground vibration testing done in the lab to characterize
the systems structural properties. All tests were run in the conditions described in
section 3.3.2.
4.2.1 Static & Dynamic Thrust Testing
Static thrust of a single electric motor was measured in the absence of flow to estimate
the slope of thrust vs throttle, β. Results shown in Figure 38 show that the thrust curve

Thrust, N

can be approximated as linear with a slope of β = 0.0352 N/%.

Throttle setting, %
Figure 38. Static thrust testing results.
Results from dynamic thrust testing show agreement between measured and predicted
thrust varies with throttle frequency, with 4 Hz showing the best agreement. As throttle
frequency is increased the maximum measured thrust decreases and minimum
measured thrust increases despite the amplitude of predicted maximum and minimum
throttle remaining the same.

Thrust, N
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Thrust, N

Time, s
Figure 39. Measured and predicted dynamic thrust (throttle frequency 1 Hz).

Time, s
Figure 40. Measured and predicted dynamic thrust (throttle frequency 4 Hz).

Thrust, N
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Time, s
Figure 41. Measured and predicted dynamic thrust (throttle frequency 8 Hz).
Measured and predicted thrust appear to remain in phase for all tested throttle
frequencies. At low frequencies, the maximum measured thrust exceeds predicted
maximum thrust and minimum measured thrust is less than predicted minimum thrust
while at higher frequencies maximum measured thrust is less than maximum predicted
thrust and measure minimum thrust is near predicted minimum thrust. The least error
between measured and predicted thrust occurs at a throttle input of 4 Hz, with the
largest error occurring during minimum predicted thrust. Overall test results show the
quasi-static modeling of thrust used in the control system provides good representation
for phase of thrust, but not necessarily magnitude. It is shown that the model provides
the best results for throttle frequencies around 4 Hz.

4.2.2 Stiffness Testing
Pitch and plunge stiffness predictions were compared with experimental results. All
deflection measurements were made using the VIC setup described in section 3.3.2.
Stiffness is shown to remain linear across the range of tested values, but measured
stiffness is about 10% less than predicted. Error bars show the 95% confidence interval
for each measurement.

Measured plunge displacement, mm
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Applied load, N
Figure 42. Plunge displacement vs applied load.
Stiffness in the plunge direction is measured as 1460.1 N/m compared to the predicted

Measured pitch displacement, rad

stiffness of 1636.4 N/m, a total error of 10.7%.

Applied torque, N·m
Figure 43. Pitch displacement vs applied torque.
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Stiffness in the pitch direction is measured as 34.9 N·m/rad compared to the predicted
stiffness of 37.6 N·m/rad, a total error of 7.1%. Linear regression of both Figure 42 and
43 shows the stiffness in each direction remains linear with a R2 value of 0.999 each.
Table 4. Summary of stiffness testing results.
Predicted

Measured

% Error

37.6

34.9

7.1

1636.4

1460.1

10.7

Pitch, N·m/rad
Plunge, N/m

4.2.3 Damping Ratio Testing
VIC measurements shown in Figure 44 were processed to estimate damping from each
successive peak in both maximum displacement (red stars) and minimum displacement
(blue stars).
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Figure 44. Plunge displacement VIC measurements used to estimate plunge damping.
Equation 28 applied to all measurements taken in Figure 44 estimated a damping ratio
of 0.0015, with a standard deviation of 0.00025 from all 57 calculations. Repeating the
same approach to estimate plunge damping on acceleration values from the IMU
resulted in an estimated damping ratio of 0.0014 with a standard deviation of 0.00031.
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Predicting pitch displacement proved to be more difficult as the decaying motion
appeared to have inertial coupling present despite removing the additional mass. This
is assumed to be the result of discrepancy in mass and mass distribution between the
SolidWorks model and the manufactured assembly. According to the SolidWorks
model, without the additional mass the center of gravity and shear center are coincident,
but the inertial coupling present in pitch free vibration response suggests that is not the
case.

Pitch displacement, deg
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Time, s
Figure 45. Pitch displacement VIC measurements from damping ratio test.
Decaying pitch motion shown in Figure 45 shows signs of inertial coupling with plunge
vibration. Figure 46 shows a section of Figure 45 zoomed in to highlight the selected
peaks used to estimate pitch damping with equation 28.
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Figure 46. A few of the selected peaks used to estimate pitch damping.
The result of applying equation 28 to all the selected peaks resulted in an average
damping of 0.0025 and standard deviation of 0.0017. Repeating the same approach to
estimate pitch damping to angular velocity measurements from the IMU provided an
average damping ratio of 0.0013 with a standard deviation of 0.00021. NASA reported
a damping ratio of 0.001 for both pitch and plunge vibration of the PAPA mount8. Since
the flexible mount used in this research is a scaled down version of the PAPA mount
and the measured damping ratio for both pitch and plunge is near 0.001 using IMU
data, 0.001 was used moving forward as the estimate of damping ratio for pitch and
plunge of the mount.

4.2.4 Free Vibration Testing
Free vibration experiments measured the free vibration response of the system with the
additional mass attached and compare numerical predictions to experimental results.
Results from this experiment provided insight into how well the structural dynamics of
the system were modeled before continuing to wind tunnel testing with the unsteady
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aerodynamic forces present. The initial condition was a 500 g calibration mass

Pitch displacement, deg

Plunge displacement, mm

suspended by a string 184 mm offset from the shear center of the mount.

Time, s

Time, s

Figure 47. Free vibration numerical predictions compared to experimental results.
Natural frequency for pitch and plunge was evaluated with an FFT algorithm in matlab
applied to both the VIC and IMU data collected. Predictions of natural frequency were
made using the measured stiffness values (not predicted stiffness) and estimated mass
properties from the SolidWorks model.

Table 5. Free vibration natural frequency measurements.
Predicted
VIC
IMU
Pitch, Hz

7.65

7.46

7.40

Plunge, Hz

3.58

3.12

3.08

Plunge vibration amplitude has little difference between predicted and measured
response, but measured response quickly goes out of-phase with predicted. Error
between predicted and measured natural frequency shown in Table 5 for plunge is about
0.5 Hz, or 2 seconds, which is about how long it takes for predicted and measured
response to go in-phase again. Predicted pitch vibration shows a rapid decay of pitch
frequency to oscillation at the plunge frequency, contrary to the experimental
measurement. This characteristic suggests the true damping ratio for pitch is lower than
the 0.001 result from experimental measurement. Natural frequency predictions for
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pitch have less error than plunge, and measured response shows the largest errors
appear in the damping ratio and inertial coupling effects.
Overall, measurements from free vibration testing show a discrepancy between
numerical predictions and experimental measurements. Errors in natural frequency are
attributed to a difference in mass distribution and total mass between the SolidWorks
model and manufactured assembly. This difference is likely the result of manufacturing
errors in dimensions, as well as unmodeled sections on the manufactured wing such as
electrical wires, balsa skin, glue, and body filler (bondo) used to repair the 3D printed
nacelles.
4.2.5 Forced Vibration
Plunge forced vibration was tested at 3.1 Hz and pitch forced vibration was tested at
7.4 Hz. Measurements from the VIC system was sampled at 100 Hz. Numerical
predictions are not included in the plots as throttle input from the Arduino code was

Plunge displacement, mm

not correlated in time with measurements from the VIC system.

Time, s
Figure 48. Plunge displacement during forced vibration testing (3.1 Hz).

Pitch displacement, deg
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Time, s
Figure 49. Plunge displacement during forced vibration testing (7.2 Hz).
Maximum displacement for pitch and plunge was measured as 10.8 mm and 2.2°
respectively, after 8 seconds of forced vibration. Results suggest the system has
authority to generate displacements near the maximum operating limits of the flexible
mount and can provide adequate authority on the wing test rig.

4.3 Wind Tunnel Testing
This section details results of static and dynamic wind tunnel testing in the Oregon
State University low-speed wind tunnel to measure static aerodynamic coefficients and
evaluate numerical predictions of flutter velocity.
4.3.1 Static Aerodynamic Coefficients
Static aerodynamic coefficients of the NACA 0018 semi-wing were measured to
compare with published results of a NACA 0018 wing. Calibration of all wind tunnel
equipment used for testing was verified by comparing AoA sweeps of a flat plate with
published experimental data. AoA sweeps with the NACA 0018 semi-wing were run
at wind speeds between 10 m/s and 16 m/s corresponding to Reynolds numbers
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between 89,300 and 143,000 based on the wing chord length. All aerodynamic

Coefficient of lift

Coefficient of lift

coefficients have been normalized for effects of the OSU low speed wind tunnel46.

Angle of attack, deg

Coefficient of drag

Figure 50. Results from static aerodynamic testing of the NACA 0018 semi-wing.
Compared to a clean NACA 0018 wing, a higher coefficient of drag and lower
coefficient of lift, are to be expected given the effect of the motors, nacelles, and
fasteners protruding through the wing skin. Given this expectation, the measured
coefficients adequately match published results47. The results are nearly symmetric for
positive and negative angles of attack despite the additional nacelle geometry on the
wing, as is expected for a symmetric airfoil, which helps support the flat plate
assumption made in Theodorsens unsteady aerodynamic model used in this work.
4.3.2 Dynamic Wind Tunnel Testing
Dynamic wind tunnel tests with the rigid wing affixed to the flexible mount were run
to evaluate numerical predictions of flutter velocity at constant AoA. As shown in
section 3.2.4, the predicted flutter velocity was approximately 5 m/s when released
from rest and an initial condition of 3.3 mm plunge and 1.5° pitch. With those initial
conditions, tests were run at wind speeds up to 18 m/s and although large deflections
in pitch and plunge were observed, flutter was not reached. This discrepancy in flutter
velocity between numerical predictions and experimental results can be attributed to
the simplification of setting Theodorsens function, C(k), equal to unity. During the
described test, the end of the flexible mount attached to the wind tunnel wall was set to
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an AoA of zero degrees, so any angle of attack of the wing was purely derived from
elastic deflection of the flexible mount.
The last dynamic wind tunnel tests involved changing AoA of the end of the flexible
mount attached to the wind tunnel wall and slowly increasing airspeed until large pitch
or plunge deflections were observed or the elastic mount contacted the arresting bars.
At a flexible mount AoA of 13° and windspeed of 13.5 m/s, a consistent pitch
oscillatory motion was observed for 45 seconds before turning off the wind. At a
windspeed of 14.5 m/s, a steady motion in both pitch and plunge was observed, but not
divergent motion associated with the flutter velocity. It was at some point after this test
that the flexible mount experienced plastic deformation from incorrect position of the
arresting bars. At this point, the mount was disassembled, and all testing concluded.

5. Conclusions & Future Work
The divergent, self-excited oscillation of aircraft surfaces, termed flutter, is a
destructive phenomenon that affects all aircraft should they fly past their flutter
velocity. The future of efficient fixed wing transport aircraft will have light weight,
flexible, high aspect-ratio wings that are subject to flutter at low speeds, and therefore
will likely require a flutter suppression system. An experimental test rig for wind tunnel
testing and evaluation of active flutter suppression via distributed propulsion was
designed. Experimental results are compared to numerical predictions. The research
demonstrates a cost-effective solution for studying distributed propulsion in flutter
suppression through a simplified two degree-of-freedom model. The test rig is
composed of a rigid NACA 0018 semi-wing with a leading-edge distributed propulsion
system. Each electric motor is mounted at a different angle relative to the chord line,
providing a component of thrust normal to the chord line for active flutter suppression.
The rigid wing is affixed to a flexible mount, a scaled down version of NASAs’ PAPA
mount, which permits pitch and plunge vibration modes. Structural dynamic properties
of the wing-mount system are measured with VIC and an IMU mounted on the chord
line. Results show pitch and plunge stiffness are lower than predicted, and the mount
has low structural damping, a desirable feature for studying flutter. The distributed
electric propulsion system is shown to have enough authority to excite the structure
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near its natural frequencies and induce large oscillations in both pitch and plunge. Wind
tunnel tests show good agreement between measured static aerodynamic coefficients
of the NACA 0018 semi-wing and published results for Reynolds numbers between
89,300 and 143,000. Shake-down tests of the wing-mount system in the wind tunnel
allowed for observation of the systems dynamic response to aerodynamic forces. At
13° angle of attack and wind speeds of 13.5 m/s, consistent pitch oscillations are
observed. At 15° angle of attack and wind speed of 14.5 m/s, a steady motion in both
pitch and plunge directions was observed.
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Appendix
Appendix A & B State Matrices
𝑚
𝑀𝑆 = [𝑚𝑥
𝑎

𝑚𝑥𝑎
2𝜁𝜔𝑛,𝑌
]
;
𝐶
=
[
2
𝑠
𝑚𝑥𝑎 + 𝐼𝑔
0
−𝜋𝜌𝑏 2
𝑀𝐴 = [

𝜋𝜌𝑏 3 𝑎

0
𝐾
] ; 𝐾𝑠 = [ 𝑌
0
2𝜁𝜔𝑛,𝜃

0
]
𝐾𝜃

−𝜋𝜌𝑏 3 𝑎
1
];
𝜋𝜌𝑏 4 ( − 𝑎)
8

1
− (𝜋𝜌𝑏 2 𝑈∞ + 2𝜋𝜌𝐶(𝑘)𝑏 2 ( − 𝑎))
2
𝐶𝐴 =
1
1
2
3
2𝜋𝜌𝑈
𝐶(𝑘)𝑏
(
+
𝑎)
−𝜋𝜌𝑏
𝑈
(
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∞
∞
[
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2
2
2
0
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1
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2
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