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The High Temperature Lattice Test Reactor

Washington,

operates at temperatures up to 1000 °C.

power requires

a 384

at Richland,

(1-ITLTCR)

Its

low nuclear

kilowatt electrical heating system, that

divided into four circuits, to attain the high temperatures
ten -foot cube of moderating graphite.

This thesis describes

is

in the

the

design and evaluation of an algorithm for digital computer control
of the heating system.

Design specifications for the algorithm were:

(1)

limited

computer memory was available; (2) the ranges for the manipulated
variables were limited and were different;

(3)

the temperature

differences throughout the reactor were to be small; (4) the response was to be non- oscillatory;

(5)

there should be a small steady-

state error; and (6) it was necessary to compensate for nonlinear ities,
of

The distributed nature of the heating system,

inputs and outputs,

its multitude

and its non-linearity over the operating

range formed a process that was extremely difficult to describe

without directly measuring the transfer function.

Since the com-

pletion of the control program had to coincide with the completion
of the reactor, the design of the algorithm could not wait until

direct measurements on the system were made.
A preliminary analysis of the reactor heating system showed
that the design specifications could be met by using a discrete

approximation to a continuous proportio
as

::.J.-

plus -integral controller

the framework around which to design the algorithm.

The ex-

tensive logic and calculation power of the digital control computer

provided the means to extend the basic form of the algorithm to meet
the design specifications.

A hybrid computer simulation of the

heating system was designed for verifying the algorithm and for
refining it to compensate for the interactions between circuits
of the heating system.
a

Important features of the simulation were:

program to optimize the control parameters by a "hill- climbing"

method; and an operating program that allowed extensive changes in
the digital portion of the simulation program while it was running.

After the reactor was constructed, transfer functions for the
heating system were obtained by step function tests to complete the

hybrid simulation.

In addition to amplitude scaling,

time scaling

by a factor of 3000 was necessary to obtain reasonable problem

solution times for the control system.

Extensive tests with the

simulation showed that the first five design specifications were
met, and that the system was stable.

Extensive testing with the

real system, which may take months to complete,

is

required to

verify that the sixth specification will be met.

However operating

experience has shown that the feature of the algorithm to meet this
specification will be necessary.

General conclusions,

that became

obvious during the research on this thesis problem, were:

simulation

should be considered as a primary tool for the practical solution
of complex design problems; and more development

effort will be

required to make advanced control concepts applicable to practical
problems.
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A COMPUTER CONTROL ALGORITHM
FOR A NUCLEAR REACTOR SUPPORT SYSTEM

INTRODUCTION

I.

1

The High Temperature Lattice Test Reactor

reactor with two unique features:

(1)

a

(HTLTR)

is a

384 kilowatt heating system

which can raise the reactor's temperature to 1000 °C; and (2)
digital computer which aids reactor operations.
is

nuclear

controlled by the computer algorithm developed

a

The heating system
in this thesis.

With heater elements and thermocouples distributed throughout the
ten -foot cube of neutron moderating graphite, the nonlinear, multi -

variable, process presented problems in its identification, and in
the design and evaluation of the algorithm.
In the realm of process control,

the term "identification problem"

refers to the experimental determination of the input -output relationships for a black box (Zadeh,

1956).

Identifying the heater system

characteristics proved extremely difficult, because of its complexity
and the restrictions placed on the experiments that could

The design method was,

in turn,

identification problems.

be performed.

strongly effected by the severe

The system identification problem and its

solution are covered in the second and fourth chapters.
A variety of design methods are available to the engineer, and
the choice of a particular method does not depend on the process if
it is

well defined.

For the heating system,

the solution to the

1Operated for the United States Atomic Energy Commission by
Battelle Memorial Institute, Pacific Northwest Laboratory, Richland,
Washington.
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identification problem directly effected the design method.

The

design method and the resulting algorithm are developed in chapter
two.

The necessary tools for refining the algorithm are developed

in chapter three and applied

in chapter

four.

Conclusions in chapter five about the effectiveness of the control
algorithm are based on simulations and measurements on the real system.

This evaluation will show how well the design objectives were met.
The remainder of this Introduction presents an overall view of
the reactor facility with the heating and computer systems emphasized.

DESCRIPTION OF THE REACTOR FACILITY
The High Temperature Lattice Test Reactor (HTLTR)

at Richland,

Washington will be used to perform fundamental nuclear studies at
temperatures exceeding those in any reactor of similar type in the
world (Brown and Heineman,

1963).

of the test reactor facility.

Figure

1

is a

cut.a -way drawing

In the center of the figure

reactor, a ten foot cube of graphite.

The heaters,

is the

control rods,

and fuel elements are in a horizontal position, and the safety rods

are in a vertical position,

The horizontal heaters will raise the

reactor temperature to 10000 Centigrade.

The reactor has an in-

sulated steel enclosure that traps an envelope of nitrogen (supplied
by the gas system)

test temperatures.
to

to

keep the graphite from burning at the high

The gas system, which also supplies nitrogen

cool the reactor at the end of a particular test, is shown

beneath the reactor floor.

At the right is the control room, which

houses the control computer, analog safety circuit, data recording
and displaying consoles and the interface between the computer and
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Figure 1.

High Temperature Lattice Test Reactor,

4

the process actuators and transducers.

An exhaust stack for the

gas vented from the reactor and a neutron measuring facility are

at the left.

The ventilation system on the roof of the reactor

room is not monitored by the computer.
The ten foot cube of graphite, which forms the reactor, rests
on insulation supported by the water- cooled cement floor of the

reactor room.

More insulation is placed six inches from the top

and sides and two feet from the front and back of the reactor.
The surrounding steel shell supports the insulation and acts as a

container to hold the nitrogen atmosphere.

A five foot square

test cores which may be removed, runs the length of the reactor.

Figure

2

helps in visualizing the size of the test reactor.

Two

and one -half feet of graphite are under and on each side of the
mens but the test core and the top two and one -half feet of gra-

phite were not placed at the time the picture was taken.

The pat-

tern of holes that can be seen on each side of the men is continued throughout the whole reactor and contain the heater elements,

control reds, and fuel elements.

Figures

3

and 4 show front and

rack views,, respectively, of the completed reactor.

viewed through the ten -by -ten

foot:

The front is

front door, while the back is

viewed through the six-by-six foot back door.

The graphite bus bars

for the top, side, bottom, and core, which are labeled in Figures
and 4, are connected to separate electrical circuits.

element has one end connected to

a bus

A heater

bar and the other to the

3
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reactor, which forms a common ground.

The elements are self support-

ing for the ten feet between their ends and so are insulated from

the graphite reactor along their length,

DESCRIPTION OF THE HEATING SYSTEM
An important system in HTLTR requiring feedback control is the
reactor heating system.

Busses for the four electrical circuits

comprising the heating system were shown in Figures
of

the top and bottom busses

3

and 4.

Each

supply four graphite heater elements in

parallel, and each of the side and core busses supply eight heater
elements,

A maximum of 64

kilowatts may be supplied to each of the

four element groups and 128 kilowatts to the eight element groups,

Saturable reactors in the heater circuits can be used to vary heater
power from near zero to near 100 per cent of the available power,
The total of 384 kilowatts of electrical power is approximately
200 times the nuclear power generated by this reactor.

Figure

5

shows a graphite heating element before it is inserted

into one of the holes in the graphite stack which forms the reactor.

One ern

of=

each of the heaters is grounded to the graphite stack

while the other end is connected to its respective bus bare
foot.

heater

is

Each ten

suspended in one of the holes bored the length of the

reactor and held in this position by mechanical clamps, which form
electrical contacts with the ends of the heater.

The thermocouples,

which measure the temperature of the graphite reactor, must also be
included in the heating system,

Four thermocouples are distributed

GR 'PHITE
H EATER

1'

Figure 5.

Graphite heater being inserted into reactor.

o
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near each of the top and bottom heater groups, and eight thermocouples
are distributed near the side group.

All experiments will be conducted

with the core, so there are 16 thermocouples near the core heater
elements.
The subject of this thesis is the development of the control

algorithm which will be used by the digital control computer to
produce the desired reactor temperature with the heating system.
The computer must control the electrical input to the heaters (and
thus the heat

input to the reactor), so that a desired operating

temperature is reached in

a

minimum amount of time and then main-

tained with the minimum fluctuation.

The temperature must be uniform

throughout the experimentally important test core.
DESCRIPTION OF THE COMPUTER SYSTEM
The computer system for the HTLTR facility has the three functions
of recording,

indicating and controlling.

One of the important

reasons for computer control of processes is that the computer can
eliminate the drudgery of recording process information from indicating
dials onto data sheets and the task of examining and storing strip
chart records.

The computer in the HTLTR facility allows the operator

to request typewriter logs of selected process variables

for immediate

access records and magnetic tape logs for historical, computer -

retrievable, records.

The computer continuously displays on a three -

color video tube the current values of process variables that are

important for routine operation.

In addition to the values of process

variables, their colors indicate if the values are normal (green) off-

11

normal (red), or if they have recently returned to normal from off normal values

(blue),

At HTLTR the computer controls variables, that are not in the

nuclear system, directly rather than indirectly through supervisory
Supervisory control could always be added

control.

necessary.

if

Direct control can be explained with Figure

shows a process and a control computer,
be controlled are converted

to

became

it
6,

which

The process variables to

voltages by transducers.

The process

inputs are manipulated by actuaters which are moved by control

signals from the process controller.
of an analog-to-digital

A process computer

consists

converter, a digital data processor, digital-

to-analog converters and analog nulse -to- continuous level converters

(holding devices).

Because of the complexity of an analog -to-

digital converter, there is usually only one that is sequentially

connected to each of the outputs from the variable transducers.
Using the current variable values and the desired values (setpoints),
the data processor executes an algorithm to generate a control

There

is

generally one algorithm that

memory space.

is

signal.

time-shared to conserve

The digir.al -co- analog converters and holding devices

are usually combined to provide continuous

control signals to the

The most common type of converter is the zero-

process actuators.

order hold, which converts the analog pulse to a step of the same
shows a concept that has developed

amplitude,

Figure

few years.

To be sure,

6

in the

last

sampled-data theory was developed more than

PROCESS

----°--°®

DIGITAL PROCESS COMPUTER

-

1

DAC AND
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SET
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111
-----.I

ANALOG
TO

4

`

CONTROLLER

DIGITAL
CONVERTER

O

1

DAC AND
ZERO -ORDER
HOLD

ERROR
CONTROL
ALGORITHM

- - -- - Figure

6.

4-44:

Direct digital control of

a

process.

J

13
a

decade ago (Barker, 1952; Bergen and Ragazzini,

1954; Jury,, 1956),

but the application of direct control has only been possible with
the advent of high speed computers.

The first patent application in computer control was made

September 30,

1954, by Exner and Scarbrough (1954)

April, 1960.

In the patent claim, Exner and Scarbrough used the

and awarded in

computer to calculate the setpoint for an analog controller (super-

visory control).

The reason for this was, at the time of their

invention, computers were too slow for direct control
1965).

Table

I

(That was...

compares the speeds of machines available to Exner

and Scarbrough with the machine used for control of HTLTR (Serrell,
et al,

1962 and Digital Equipment Corporation,

1965).

In less than

ten years the machine speeds have increased by factors of 20 to

200 for addition and 45 to 20,000 for multiplication.

Computers and their interfaces,

as well as plant managers,

have evolved to the point where direct control is being considered
for application in new plants.

design

is

Practical

sampled -data system

an important field for study and development.

14

Table I.

Speeds of computers introduced
a decade ago and recently.

Year
Introduced

Add time
(Microseconds)

1951

500

2500

IBM 701

1952

60

456

IBM 650

1954

800

200,000

DEC PDP-7

1963

3

Computer
Univac

I

5

Multiply time
(Microseconds)

10

15

II.

PRELIMINARY IDENTIFICATION AND DESIGN

The HTLTR heating system had to be analyzed in order to define
the control algorithm.

The purpose of the analysis was to find the

conflicts between the desired response and the natural response of
the system.

The control algorithm might have been able to compensate

for unwanted responses, or some aspects of the response criteria

might have been proved impossible to achieve.
The identification of the plant for analysis and design pros
ceeded in two steps.

In the preliminary phase (covered in this

chapter), enough information about the plant had to be defined
to determine the general form of

was necessary,

the control algorithm.

This

because the control system had to be operable as

soon as the reactor was constructed,

(The design of the control

system was begun almost a year before construction was completed.)
Ie the second phase

identifcatioo

of

(covered in chapter four), a more detailed

the controlled system could be made.

The 'et.

ficaton. of the validity of the general algorithm and any
refinements
of

t1.0

It

could proceed by using measured charate..risics

the constructed reactor,

The algorithm also had to be designed in two steps, which

c7irresoud to the two identitiation steps,
crleatification

Since the first

step resulted in general knowledge

of the heating

system, the corresponding design produced a general algorithm.
The second part of this chapter describes this general

algorithm,

16

which meets all the design criteria.
of verification and refinement

is

The second design step

described in chapter four,

SYSTEM IDENTIFICATION
This section of the chapter describes the heating system in
general terms in order to provide a foundation for the preliminary
design, which is discussed later in the chapter.

In addition to

the preliminary identification of the system from physical

considera-

tions, experiments for direct measurement of the system are outlined.

The results of these experiments (which were completed after reactor

construction and after preliminary design of the control algorithm)
are presented and evaluated in chapter four.

System Identification from Physical Considerations
The Introduction described the general features of the heating
system.

Four separate electrical circuits supply electrical

energy

to heater elements imbedded in the graphite moderator of the nuclear

reactor.

Saturable reactors in each electrical circuit continuously

control the electrical power over a range that is approximately
100 per cent of the total available power.

The saturable reactors

are controlled from the computer by signals whose values are deter-

mined from readings of thermocouples, which are imbedded in the

graphite reactor.
The two parts of Figure 72 depict the approximate locations of

2Vitro Engineering Company, "Pile Penetrations Coordinate
Dimensions ", blueprint number H -3- 25190, revision 3. Richland,
Washington.
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the heater elements and the thermocouples.

Part (a) is a three -

dimensional view of the graphite reactor with one heater element
from each heater circuit shown in broken lines.

The heater elements

extend from the front to the rear face of the reactor.

The locations

of the remaining elements in each circuit are marked with circles on

the front face, and those elements common to a circuit are connected
by solid lines.

The sixteen thermocouples which are assigned to the

top, side and bottom circuits are distributed in the reactor

in

two planes which are labeled A and B in part (a) of Figure 7.

sixteen thermocouples

The

assigned to the core are distributed on planes

A and B, as well as, on two planes, which are parallel to A and B
and midway between A and the front face and B and the rear face.

This shows the three -dimensional distribution of the thermocouples.

However, there is no way to control the temperature distribution
from the front to the rear face, because the heater elements extend

Therefore, control can be considered in two

in this direction.

dimensions only.

Since there is only two dimensional control,

the thermocouple distribution will be considered initially in
two dimensions also.

Part (b) of Figure

illustrates the two -dimensional view of

7

the reactor, the heating elements and the thermocouples.

This view

shows quite clearly the four heater circuits, with individual elements

depicted as solid circles.

There is not individual control of each

element, but energy to all elements in a circuit is manipulated
under computer control.

In this view,

the fact that the thermo-

18
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couples (depicted as crosses) are distributed in two planes (or
The temperature gradient from the front

four planes) is ignored.

to the rear face cannot be changed by

to the heater elements.

manipulating the energy input

Since the insulation cannot be perfect,

elementary heat transfer considerations (Sear and Zemansky, 1955)
require heat loss from all six faces of the graphite cube.
Development of

a

suitable description in terms of transfer

functions could be based on the view of Figure

7,

part

(b).

Tran-

sient temperature effects propogate through the reactor graphite, so

temperature changes must be described in terms of time and distance.
A suitable model for a distributed circuit is a lumped circuit, and
the same idea can be applied to heat conduction in graphite (Karplus,
1958).

Karplus suggests dividing the whole reactor into smaller

blocks, whose sizes depend on the desired degree of accuracy in

approximation.
then sigge

_

tr

This is illustrated in part

(a)

of Figure 8.

He

replacing the blocks with nodes, which have capaci-

tance to ground representing the heat storage property of the blocks.
The final step is connecting the nodes with resistors, which represent resistance to heat flow.

Part

circuit equivalent of part (a).

(b) of

Figure

This model

(part

8

is

(b))

the electrical

illustrates

the difficulty of obtaining a transfer function relating

input and the temperature of a thermocouple.
can be described in terns of first order

number of functions for even

description quite complex.

a

the heat

Although an R -C network

transfer functions, the

very coarse model make the over -all

20
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There are several additional features that increase the difficulty of the identification proble;e,

the heat transfer and electri-

cal conduction characteristics of graphite change widely over the

operating temperature range of 20°C to 1000°C (Ubbelohde and Lewis,
More than one type of graphite will be used in the construct

1960),

tion of the moderator stack, and different types of graphite have

different thermal characteristics,3

As was seen in Figure 3,

the

graphite stack has many perforations that destroy its homogeneity<
At high temperatures,

the heat lost by radiation may become notice-

able, and the heating may then become self regulating.

4

This

self- regulation will not be so noticeable at lower temperatures,

where the radiation losses will be small and the

ml4es losses due to conduction.

insulation midi

After the graphite stack is heated

once, expansion will change the physical structure and probably
change the snck's thermal characteristics,'

Donald F", Materials Departments Battelle Memorial
Northwest Laboratory, Personal :oA1Gi:.: c:at:on.
1, 1966,
Richland, Washington, Mairc
Liai:Pr,

Pb.cifiT;

4
A
Oì.

the

Self-relaing when an incremental increase
-(:..roces.:3
input given an 1.1romentaI output change (Z:tegiec and Nichols,

'Oakes, Thomas j,, Reactor Physics Department, Battelle
Northwest Laboratory, Personal
1.4tutts', Pecifi
Rlobiand, Washington, April 1, 1967
mmunicaCA.on,
,
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Although graphite characteristics change when
to radiation (Nightingale, 1962),

it

is

exposed

this will not be a significant

problem in HTLTR because of its low nuclear operating level.

The

complexity of the physical structure precludes a mathematical
analysis of the heating system.

Instead, an experimental approach

must be used
System Identification By Direct Measurement
Experimental determination of system properties by direct
measurement has been acceptable approach to the identification

problem for feedback control applications in servomechanisms
(Nixon, 1953) and process control (Buckley, 1964).

The desired

transfer function relating the input to the output of the unknown

process

is

obtained by recording the manipulated input and the out-

put and then relating them by suitable mathematical analysis.

Possible identification procedures are:

frequency response testing,

test function response testing and using ordinary operating records

(Grabbe, Ramo, and Woolridge,

1961).

Descriptions of these methods

by Buckley and Grabbe, Ramo and Woolridge will be reviewed.

these methods require a linear system.
linear over its whole operating range,

If the

it

small variations about an operating point.

is

All

system is not

assumed linear for
For complete identi-

fication, the operating point, or points, must be specified.

FREQUENCY RESPONSE TESTING.

Frequency response testing has

proven to be the standard method in servomechanism analysis by

which other methods are judged.

A sinusoid of varying frequency

is

applied at the input, and a corresponding sinusoid is measured at the
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output of the unknown system.

The gain and phase changes between

the input and output are then used to characterize the system.

For

process control, this method may suffer from two disadvantages:

(1)

In order to cover a wide frequency range (three or four decades) a

large input signal may be required.

operate out of its linear range.

This may cause the process to

(2)

For slow processes, long

testing periods may be necessary to obtain data.

This takes the

process out of operation and requires it to remain in

a

steady

condition for a long time.
TEST FUNCTION RESPONSE TESTING.

rectangular pulse, or triangular pulse
process, and the output is recorded,
to be large

A test function such as a step,
is

applied at the input to the

If a pulse

in order to get a response, and

operation of the process,

is used,

it

may have

thus cause nonlinear

Step function testing has given good re-

sults for a number of years, but it is not as accurate as frequency

response testing.

There exists a large body of literature for inter-

preting step function results, so this is a distinct advalage for
this testing method.

A few of the clearer reports on step function

testing have been written by Buckley (1964), Grabbe, Ramo and

Woolridge (1961), Caldwell, Coon and Zoss (1959)9 Smith and Murrill
(1966)

and Ziegler and Nichols (1942).

described continuous systems.

Ail

reports to date have

However, this should not preclude

the use of the results for sampled -data systems

interval can be made small enough,

if the

sampling
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IDENTIFICATION FROM OPERATING RECORDS.

The advantage of this

method is the process is not unduly disturbed with sinusoids or step
This method shows great promise, but is not as fully

functions.

developed as the other

methods.

One of the well known applications

uses extensive statistical operations (Goodman and Reswick, 1956).

These could be performed with

a

digital computer, but there was no

time to program the control computer for this function, nor produce
a data format

that was compatible with the computer services's read -

in peripherals.

SELECTED IDENTIFICATION METHOD.

The step response test was

chosen for identifying the heating system.

The advantages of this

method are (1) the step function input is easy to generate --much
easier than a variable frequency sine wave;
output is easy to record;

(3)

(2)

the response at the

the step test is shorter than the

frequency response test, so the process is disturbed for a shorter
time (This is an important point, since the process time constants

may be hours

(Brown and Heineman,

1963).);

(4)

cf literature describing step function testing.

there is a large body
A major disadvantage

for step testing is its inaccuracy compared to frequency response

testing.

Since the process to be identified is so non -linear, it is

unlikely that it will be completely identified over its complete

operating range.

The non -linearities will have to be approximated

with segmented straight
method is not justified.

lines, so a highly accurate identification
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ALGORITHM DESIGN
It

is

important to realize that there was an additional con-

straint in the design of this algorithm that does not exist in
theoretical synthesis problems.

The algorithm had to be designed and

programmed so that its completion coincided with the completion of
the heating system.

This meant that the design had to be based on

general rules and had to fit a broad application area, because the

process was not completely characterized.

For this reason, consider-

able effort was spent to justify the design method and the unique
features of the control algorithm.

Preliminary design of the algorithm proceeded in four steps:
(1)

the design method was chosen;

(2)

the specifications for the

heater system and certain general requirements for control systems
were compiled into a specific list of design criteria;

(3)

features

cf the control algorithm were chosen to meet the design criteria;

and

(Li)

a

computer program was written to implement the algorithms

Design Method
The three general approaches that could be taken in the design
of an algorithm for sampled -data control are:

control, (2) z- transform techniques
ques.

(1)

direct- digital-

and (3) state- variable

techni-

The term direct -digital- control techniques may seem redundant,

since the control algorithms for sampled data systems are executed by
a

is

digital computer for direct control of a process.

However, there

ample evidence in the control literature to justify the use of the
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term for describing an approach to controller synthesis.6

These

three approaches were examined and the first one was chosen as the

most likely to yield results consistent with the general design
criteria.

DIRECT- DIGITAL -CONTROL TECHNIQUES.

This design method might be

termed a practical engineering approach and was developed as an

extension of the methods and instruments used by process engineers
who were required to get a plant operating with analog controllers.

Most of the pioneer computer controlled plants used the computer as a
direct substitute for the more conventional analog controllers
(Gomolak,

1964).

Many of the early reports on computer installa-

tions were concerned with how their performance compared with analog

control (Bernard and Wujkowski, 1965).

Although computer installations

and their evaluation reports occurred when there was a good body of z-

transform theory developed,7 analog controller terms were used to describe the control algorithms.

6

These authors, writing in popular periodicals concerned with
process control, apply the phrase "direct- digital- control" (or DDC)
to the design approach described in this thesis as "Direct- digitalcontrol techniques "; Davies (1967), Mosler, Koppel and Coughanowr
(1966), Belz, Kirk and Radcliffe (1965), Gupta and Ross (1964),
Gomolak (1964) and Morley and Cundall, (1965).
7

'Morley and Cundall (1965) and Bernard and Wujkowski (1965)
wrote two of the many computer control installation evaluations
However, Barker (1952)
that began appearing in the early 1960's.
and Bergen and Ragazzini (1954) and others started reporting
developments in z- transform theory in the early 1950's.
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The two major reasons for using analog terms were probably to

gain operator acceptance and to permit evaluation by direct comparison with analog control.

Whatever the reasons, descriptions of com-

puter controlled industrial processes generally contained the terms
"direct -digital -control" and "one-, two -, or three -mode controller
algorithms ",
two -, or three

In "classical" process control theory, one -,

-

mode controllers are proportional, proportional -plus -integral (or
more

infrequently,

proportional -plus derivative)

and proportional-

plus- integral-plus -derivative controllers (PID), respectively.

The

PID analog controller may be described in the time domain as cal-

culating the manipulated variable according to the following equation
(Goff,

1966),
m(t) m KpB[e(t) +

where,

e(t)
m(t)

KPB
TI

TD

=

c
=
=
=

,f

áat)

.J,

(1)

feedback error,
manipulated variable,
proportional gain,
integral time constant,
derivative time constant.

For direct -digital -control,
is

e(t) dt + TD

the

integrodifferential equation (1)

generally approximated by an equation similar to the following

difference equation (Davies, 1967),
n

mn = KPB
where,

[ec.i

+

TI

;T + TD(...21eln

ljj

(2)

y

T

= feedback error at the nth sampling
' sampling interval,

mn

, manipulated variable at nth sampling

en

instant,
instant.

Since there were generally many loops to be controlled, the algorithm
(2)

was time shared:
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The direct -digital- control technique for computer control
One control algorithm

algorithm design can be summarized as follows.
of the form (2)

is time

feedback control.

shared among all the plant loops requiring

The constants Kp}l, T1 and TD are selected so that

the controlled response matches as closely as possible the specified

process response criteria.
Z- TRANSFORM TECHNIQUES.

This design method can be considered

the "classical" approach to sampled -data design (Tou,

1965).

Whereas

continuous systems are analyzed with Laplace transforms, sampled data systems are analyzed with ..transforms.

The transform methods

allow the engineer to treat complex processes with block diagram
Given an input - output transfer function for the process

notation.

to be controlled, and criteria for the form of the output, a con-

Here is

troller can be designed (Slaughter, 1964).

will also be found in the state -variable method:

a

problem that

a mathematical

model of the plant in terms of transfer functions must be available
in order to synthesize a controller.

This is an insurmountable

drawback when the plant is unknown.

Transform methods are used later as
the technique of analysis by simulation,

standard by which to judge

a

In this connection fun-

damental rules of z- transform analysis are presented in Appendix A.
STATE -VARIABLE TECHNIQUES.

design is

a

This technique for control system

general method with broad application.

Although the con-

cepts are not difficult, they require an understanding of simulation

diagrams and matrix theory

An intuitive definition of the state of

a discrete system (sampled -data system)

is:

"the minimum amount of
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information about the system which is necessary to determine both the

output and the future states of the system,
known" (DeRusso, Rqy, and Close,

1965).

if

the input

function is

Using state variables, a

mathematical model of a system can be described using two sets of
difference equations.

One set of first order equations defines the

state variables at time kT + T in terms of the state variables
and the inputs at the time kT, where T is the sampling interval.

The other set defines the process outputs at time kT in terms of
the state variables and the inputs at time kT.

The state variable

technique is the most general design method for multi -variable
systems, but requires a complete knowledge of all the state
variables.

For a complex system there are a large number of state

variables which result in vectors and matrices of high order.
The state -variable controller design technique suffers the

major drawback of requiring a completely defined model for synthesis.

Also its generality makes it complex.

With a control

computer of limited memory capacity, not enough memory would be
available to justify this design approach.
JUSTIFICATION OF DESIGN APPROACH.

The major justification for

the choice of the direct -digital- control approach was time.

Since

the controller design proceeded concurrently with construction of

the reactor,

the exact descriptions required

by the z- transform and

state -variable methods could not be obtained until after the con-

troller design should have been completed.

In direct -digital -control

the controller constants may be determined after the control

loon is
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closed by trial and error or by analytical means.

There have been

many successful computer control applications reported that have used
For example, the Foxboro Company and the Dow Chemical

this method.

Company cooperated at

a

chemical installation (Bernard and Wujkowski,

1965), and Ferranti Ltd. had a successful

(Morley and Cundall,

installation in Europe

Another important reason for choosing

1965).

this method was that the literature implied that the algorithms were

short and could be readily time shared.

Equation

(2)

is a

position algorithm; a control calculation

could also be performed with an incremental algorithm.

A position

algorithm calculates the actual value of the manipulated variable
for each sampling period.

An increment algorithm calculates the

change in the manipulated variable over the previous value and this
is

added to the previous value.

An example of a successful installa-

tion using the position algorithm is described by Woodley (1965).

Davies (1967) claims that the increment algorithm is the better of
the two, however the example used to prove his contention shows that

proportional control is lost with a constant error.
tage for the increment algorithm exists

has an intrinsic integration

if

the

The main advan-

controlled process

that could sum the increments.

this feature was not available

in the plant under

Since

discussion here,

the position algorithm was chosen for further development.

With many heater elements and thermocouples the heating system
was truly

a

multivariable process.

Design methods for multipole

processes are reviewed in the following paragraphs and their appli-
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cability

is

discussed.

The design method for this process was fixed

with this final evaluation.
There were 24 heating elements in the heating system (four in
each of the top and bottom circuits, and eight in each of the core
and side circuits) and 32 thermocouples

bottom circuits,

(four in each of the top and

eight in the side circuit and 16 in the core circuit).

Since the heater elements could not be individually controlled, there
were four inputs, or manipulated variables, corresponding to the four

heater circuits.

The thermocouples were in groups close to their res-

pective heater circuits, so if each thermocouple group was considered
as an output,

there were four outputs for the system,

Evaluation of recent8 papers on multivariable design revealed
some similar points.

Every method required extensive matrix opera-

tions with the plant transfer functions to obtain the controller

equations and decoupling matrices, which made the inputs noninteracting.

While these operations were simple with the 2x2 systems used

in most of the examples, they would become unwieldy

actual 4x4 heating system.

(at best) with the

As with all synthesis methods, the exact

nature of the plant was assumed known.

The fact that plants are

often not well known was recognized by Van Ness, Boyle and Smod
(1965)

in their development of a rather complex method of determining

the sensitivity of the controller to variations in the system charac-

teristics.

8The papers that were examined were recent, except for the ten
(Freeman, 1955), (Thiede
year old paper, which was referenced often:
and Stubberud, 1965) and (Morgan, 1966)~
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There is a vast amount of matrix calculations with a 4x4 system
which requires 16 controller expressions and 16 decoupling expressions.
Even with numerical methods, analysis with matrices of z- transforms is

Appendix

quite complex.

C

is

an example of analysis of a single loop

by z- transforms and shows the work required with them.

This work

would be multiplied by more than 32 in the multivariable system, because of the matrix operations.
to design the system,

it would be

However, if this was the only way

necessary to perform the calcu-

lations or some approximation to them.

Analysis of these several synthesis problems showed that they
were all quite general in that there were few constraints on the
relationships between the several outputs.

For example, in the

general case, one controlled variable could be temperature, and

another pressure.
same

In the HTLTR heating system, all inputs were the

type and all outputs were the same type,

In his

example of

the application of multivariable design methods, Zolkind

(1967) said

that matrices with dominant diagonal terms required little decoupling.
in the limit,

if

all off diagonal terms are zero,, then the feedback

loops are non- interacting,

The closeness of the thermocouples to

their respective heaters made the major transfer function dominant
to all other coupling

terms.

An additional argument that reduced

the need for generality resulted if one considered the major upset
to the system as a set point change.

would change simultaneously

In this case all setpoints

(and be equal) for the heating system,

since there was only one setpoint for the reactor temperature.

Even
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with disturbances as abrupt as setpoint changes, multivariable systems

with dominant diagonals in the transfer matrix and non -interacting control are stable (Zolkind, 1967).

Therefore, it was decided that non -

interacting, feedback, control of the heating system should give
stable control.

Non - interacting control would not prove as optimum as

multivariable control, but should give stable control in this case.
Performance Criteria
Two classes of criteria must be considered in the design of
control system:

(1)

a

those applicable to the specific system and (2)

those which have broad application and must be considered for every

Loth types of design requirements are listed below, and then

system..

the methods of meeting
1TL:T't

1,,S ED

Y:FECI

them are detailed in following paragraphs,

:'IC..TIO.

These general criteria for reactor

heating control were developed in the course of extensive discussions

with the people who designed the reactor and associated equipment as
well

those who would eventually use it.

r.s

tant section of the reactor was
It is

The experimentally impor-

the tive- by- live -.by -ten foot cent core.

in this core where fuel loading patterns were

to he varied for

testing and where nuclear flux levels and the temperature were important.

The heat system requirements
(1)

;were:

The computer fast memory was limited,

so the program for the

control algorithm was to Le the smallest possible
(2)

to do the job.

The plant input in the form of electrical power to the hea.

hers had to be between zero and the maximum transformer ratings,

For the core and side heater banks this was 128 kilowatts and for
the top and bottom heater banks this was 64 kilowatts.
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(3)

This was because

The reactor had to heat up uniformly.

graphite changes size with changes in temperature.

Therefore,

uneven heating could cause the graphite moderator blocks to crack.
(4)

There had to be no hot spots in the reactor test core

during a nuclear experiment.

That is, the core was to have a

uniform temperature distribution.
(5)

A selected operating temperature had to be reached in

minimum time with no overshoot.

a

Setpoint changes would be a

few degrees to several hundreds of degrees.
(6)

The operating temperature had to be maintained at the

selected temperature, and deviations from this temperature
were to be minimized.
(7)

Thermal resistance and capacitance of graphite vary widely

with temperature.

That is, the system was nonlinear, so the

controller had to compensate for this.
GElllER:.L

be considered

CONTROL REQUIREMENTS.

General problem areas that must

in any sampled -data system are:

(1) plant descrip

tion, (2) controller adjustment, (3) sampling period and (4) noise.

Although these topics overlap, the division is made to simplify
the following discussion of the general control problems,

\ solution

to these problems for the heating system are presented following a

detailed discussion of these four general problems.
The plant description greatly determined the structure of the

control algorithm.
the

If

the frequency response was accurately known,

frequency domain design techniques could have been used to choose

35

the controller characteristics.

Since only general statements could

be made about the plant at the beginning of this design, a general

method had to be used to determine what control parameters to use.

Controller adjustment becomes quite important when the system
can be only approximately defined, as the heating system.

The

controller parameters must be adjustable online in order to take
advantage of the increased knowledge about the operating system.
Control adjustment could be greatly simplified if the parameters
could be changed independently of one another.
it may be

As described later,

necessary to eliminate one of the controller parameters

altogether.

In this case,

it

is

important to choose the correct

parameters to retain.
The sampling period affects the control results in three ways:
(1)

the sampling period must be high enough to obtain all necessary

process information; (2)

the high frequencies above the sampling

frequency are aliased into the sampling frequency band; and (3)
the computer must perform all required calculations within the

sampling period.
Suskind (1957) discusses the first two sampling problems
quite thoroughly.

The sampling theorem states that if the

highest frequency in a process is
be at least

1 /2f

f,

then the sampling rate must

in order to reconstruct the process description.

The sampling theorem puts a lower limit on the sampling rate. lr
there is noise present with significant frequency components above
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the sampling frequency, then these are aliased into the process

That is, sampling will translate frequency com-

frequency band.

ponents from a higher band into the band containing the lower
This is a very important problem and

frequency process components.
must be clearly recognized.

Although it may not be intuitively

obvious, this is a result of the fact that sampling is (frequency)
folding and not filtering.

Another problem to consider when choosing the sampling frequency is the effect on the computer.

The control calculations

must not be executed so often that the computer is loaded and unable
to perform its other functions.

Noise may arise external to, or internal to, the computer system.
A related problems aliasing, was already discussed under the topic
of

sampling

period.

The noise which is external to the computer,

may be controllable or uncontrollable.

Controllable noise is a

disturbance that modes the process output from the;etpoint, and
can be

..toted with a change

in the process

input.

Uncon-

trollable noise has no effect on the process, but just on the signal

representing this process output.

A familiar example of this type of

noise is the 60 dz signal from a power line.
back controller

i

The purpose of the feed-

to reduce the controllable noise.

Uncontrollable

noise must be filtered by analog means external to the computer, or
by digital means within the computer.

Noise that occurs in the computer arises in one, or all, of
the fell swing ways:

at the analog -to- digital converter,

during
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computation, and at the digital -to- analog converter.

Although it

occurs in different ways, the noise is fundamentally due to quantization.

One way to reduce this noise is to use more bits to represent

the continuous signal or perform calculations.

If the computer hard-

ware is fixed, this solution is not possible.

Algorithm Description
The control algorithm was designed by satisfying the seven
HTLTR based specifications and the four general control requirements.

Any conflicts that arose had to be resolved so that the more important criteria were satisfied,.

The seven HTLTR requirements,

in

order of their importance, were:
(1)

the final program had to have as few instructions as

possible;
(2)

The ranges of the manipulated and controlled variables

were limited;
(3)

the four heating circuits had to raise the graphite temper-

ature uniformly throughout the reactor;
(4)

the experiment core had to have a small temperature gradient;

(5)

the desired operating temperature had to be achieved in the

smallest possible time with no overshoot;
(6)

the operating temperature had to be maintained once it was

achieved;
(7)

system nonlinearities had to be compensated.
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The four general control problems in order of inportance were:
(1)

the controller form had to give stable operation;

(2)

parameters had to be adjustable;

(3)

a

(4)

the effects of noise on the controller had to be reduced.

best sampling period had to be chosen;

An attempt was made to satisfy all conditions, and any conflicts
were resolved in favor of the more important conditions.
In the developments

statements about combinations of the three

possible analog modes (proportional, integral and derivative) were
assumed to apply to the similar modes in direct digital control.
The reason for this was that several reports of computer control

applications and of experimental evaluations showed the action
of the analog and digital

implementations to be equivalent.9

The direct -digital control technique for design requires the
use of all or part of equation (2)

for the control calculations.

The most obvious choice to satisfy the first HTLTR condition was
to eliminate all modes but proportional control.
i;as

of a

However, Eckman

shown that proportional control alone cannot give stable control

process that is not self -regulating (Eckman, 1945).

simplest

form for the controller was not useable.

Thus, the

The next simplest

controller form was proportional -plus - integral or proportional-

plus-derivative.

'Only a few of the many references that could be listed are:
(Bernard and Wujkowski, 1965), (Morley and Cundall, 1965), and
(Gupta and Ross, 1964) .
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There were three major disadvantages to the derivative mode,
First, a controller with derivative action gives a discontinuous

output for a setpoint change.

This occurs at a setpoint change

because the error, which is a function of time, has a step dis-

The derivative of the discontinuity produces a large

continuity.

change in the controller signal, and the control algorithm must
also include a method for reducing this change.

Any method for

reducing the size of the derivative would require mure program
words.

The second disadvantage is quite similar to the first, but

results from high frequency noise:

noise in the error signal,

the derivative action amplifies

The third disadvantage

is that the

derivative mode does not reduce the proportional offset in the
steady state.

Proportional offset is the difference between the

setpoint value and the controlled variable,
If the
it had

control algorithm was to be simpler than equation (2),

to have only

the proportional

and integral modes,

Com-

puter control studies have shown that controllers with proportional and integral control give good results (Gupta and
1964).

Equation

(3)

Ross

shows the continuous version, and equation (4)

shows the sampled -data version of a proportional -plus- integral controller,

The

complicated

final general form of the algorithm was much more

than this,

in order to

satisfy all the

d -sign.

specifications
m(t) j KpLe(t) + Klf e(t) dtl

where,

,

(3)

Kp . proportional constant,
K1 = integral constant (the reciprocal of T1 from (1)),
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m(t)

and e(t)

are defined as in (1),

mn = KpLen + K1

e1T]

(4)

,

iEl

Kp and KI are defined as in (3),
mn, en and T are defined as in (2),

where,

Equation

(4)

has been used previously to describe the discrete

approximation to equation (3) (Beiz, Kirk, and Radcliffe, 1965 and
Bernard and Cashen,

When linear

1964).

techniques are used with nonlinear systems, only

small changes about an operation point are considered.

For small

changes, any real process is approximately linear, and linear

techniques may be used for analysis (Buckley, 1964).

has been

It

mentioned that the proportional -plus - integral controller was used
This is true for small changes, but a large

because it was stable.

change over the nonlinear characteristics could make the system

unstable,

Although the

overshoot requirement will be mentioned

again in a succeeding paragraph,
connection,

it

was also important in this

Grabbe, Ramo and Woolridge (1961)

show that for large

process changes, the integral mode could cause overshoot.
tuitive argument will explain this point,

When there

positive error, the integral term increases.
until the error becomes negative.

meter

is too

If the

is

An ina large

It cannot decrease

integral control para-

large, the measured variable will be forced toward

its setpoint at too large a velocity and overshoot

it.

With pro-

portional control alone, the measured variable can be kept from

reaching the setpoint

if

the gain

is small

enough.

Since the

proportional parameter is always smaller with integral than without
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it,

underdamped proportional plus- integral control should give under--

damped proportional control
1956).

the integral term is removed (Coon,

if

The heater control algorithm allowed the operator to select

only proportional

control when he made a setpoint change that was

more than ten per cent of full scale,
emphasizes the versatility of

a

for example,

(This feature

computer in a control system- -.tt

operator had to give just one command to change the nature of the
control program,)
The limited ranges of the manipulated and controlled variables
are often ignored in z- transform analysis, and seldom discussed in

papers on direct -digital control.

formulations.

This problem has two different

Not only are the variables limited in range, but the

ranges of input (manipulated) and output (measured) variables are
different because they are measured in different units.

Also, the

manipulated variables may have different ranges wish the samc unis.
This is clearly the case in HTLTR, where two ranges are 64 kilowatts
and two are 128 kilowatts.

When memory size

is

a

problem, similar

mathematical routines are programmed as Subroutines
different parameters.
level

otih

h,cd with

This is fairly simple to implement in

a

high

language like FORTRAN, but requires much programming skill to

perform in assembly language programming,

(Because of the limited

memory size, all programming was done in assembly language, which is
different: from machine

language only to the extent that variables may

be given mnemonic descriptions,)

Since the maximum output power

for the top and bottom heater banks was different than the power
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from the core and side banks, a normalized calculation was used.

Also,

the thermocouple temperature readings were normalized so that the input to the control program and the calculations in the program were

performed with real numbers in the range zero to one

The manipulated

variable was very easily normalized to the maximum top and bottom
powers of 64 kilowatts or the side and core powers of 128 kilowatts.
The controlled variable, or the temperature of the graphite moderator,

was a different problem.
A reasonable lower limit for the temperature was zero degrees

Centigrade, but there didn't seem to be
to the

temperature,

a

clearly defined upper limit

The upper limit was not clearly defined

since

the graphite stack could act as a non -self -regulating process,

How-

ever, the thermocouples that measure the temperature had a useable

range up to 1200° C (Knowlton, 1957), (Baumeister,

1958),

Also,,

the

maximum operating temperature was initially set at 1000° C, with
possible future temperatures to 1200° C (Brown and Heineman, 3.963),
Therefore, the range for the controlled temperature was chosen as
0° C to 1200° C,

Ail the data advanced through the algorithm as numbers in the
range zero to one

The controlled variable and setpoint were normal-

ized and then used in the control calculations to produce a normalized

manipulated variable (heater kilowatts), also in the range zero to
one,

Rather than output the answer as kilowatts of power, the algo-

rithm converted the answer to an eight bit binary number (with all
eight bits equivalent to one), that produced a control signal from

43

the digital -to- analog converter.

The control signal then varied the

heater power.
It has been stated that all numbers in the control calculations

were in the normalized range of zero to one.

A whole computer word,

with one bit for the sign, was considered (plus or minus) one

The

algorithm contained a term that approximated the integration of the
feedback error.

If an error was sustained

for a long enough time,

then the integral could have been greater than one.

In order to

eliminate the possibility of the control calculations generating a
number larger than one, or less than zero (the lower limit of the

normalized control signal), a clamping routine was included in the
program for the algorithm.

No matter hoW long a positive error was

sustained (a positive error means the measured variable is less than
the set point), the integral term could not become larger than one

Also, for a large positive error and a large proportional constant.,
the proportional term could not become larger than one

At the other

end of the controller range, no calculated controller signal
less than zero..

drives

Consider a linear amplifier;

if

an

input signal

out of its linear range and into saturation.,

it

recover instantaneously.

could be

In cannot

Since linear amplifiers are used in analog

controllers, they can be driven into saturation and not recover

immediately when the input signal changes.

When the HTLTR digital

controller was in "saturation" and the input signal changed

_,n

a

direction to reduce the saturation, it recovered instantaneously.
Thus,

if

a

positive,

sustained, error forced the integral value to
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one, as soon as the error became negative,

that is, there was over-

shoot, the integral value would begin decreasing

from one.

The third requirement of the heater controller was that the

temperature of the four reactor sectors (top, side, bottom and core)
be raised uniformly.

The graphite rods used for the heater elements

were not selected for identical electrical characteristics.

Also,

the method for fastening them into the bus bars and stack did not

allow uniform contacting.

For these reasons, the electrical loads of

the heater banks were not identical,

amounts of heat energy.

and they produced different

It was reasoned

that the greatest imbalance

in temperatures would occur when the pile temperature was quite

different from the setpoint, and the controllers requested maximum
power to the heater circuits.

The basic control. algorithm was

modified so that the maximum outputs to the four separate heater banks
could be clamped by the operator to produce equal heating in the banks.
Thus, as long as the controllers requested maximum output,

the four

reactor heat zones would heat up uniformly.
A small

temperature gradient means

a

nearly constant temperature.

This fourth requirement was the most difficult one to meet.

It was

assumed that the heater elements would be much hotter than the

surrounding graphite in order to transfer heat through the pile.
if

the value of temperature was considered as the height of a moun-

tain (00

C

being sea level),

then there would be "mountains" of temp-

erature immediately around each heater element.

If the core heaters

were on, then these hot spots would produce temperature gradients in
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the experiment core.

If the

insulation on the end was very good,

then once an operating temperature was reached, the core heaters

could be turned off, and only the top, side and bottom heaters would
be required

to make up heat losses.

If a

significant amount of heat

was lost through the ends of the pile, then the core temperatures

would be depressed.

As a result of discussions with the reactor

designers, the algorithm was designed so that the core heater bank
would be automatically turned off when the desired operating tem-

perature was reached,

In the model, this turn -off feature was pro-

grammed so that it could be suppressed in order to evaluate the

alternative of using the core heater to make up losses also.
The fifth criterion of minimum response time and no overshoot
was restricted primarily by the overshoot requirement.

overshoot of 50

or approximately four per cent of

Al

maximum

full scale, was

allowable, but this was negligible compared to many control systems,
becau:sc the system was nonlinear over

sponse time varied.
its

i7,est

its operating range, its re-

Thus, the controller had to be adjusted so that

oscillatory reaponse gave no overshoot,

or gave a response

that would be critically damped for a second order system.

Meeting

this criteria was done by following the seventh HTLTR criterion and
the second general design principle; these will be discussed later,
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A term that

is

common in process control is offset, which means

that the value of the measured variable in the steady-state is not
equal to the set point.

The integral mode that was retained with

the proportional mode should eliminate the offset and meet the sixth

design criterion,

This can be seen by examination of equation (4).

Note that if the integral mode parameter, KI (or integral parameter)
is zero,

the controller output becomes zero for zero error,

If the

output becomes zero, then losses could not be made up and there
would be an error again,
a

The addition of the integral mode

insured

controller output even when the error was zero.
The seventh requirement of compensating for system non

linearities and the fifth requirement were closely related.

mentioned,when discussing the fifth requirement,
of the system caused variations

in the response

As

the nonlinearity

time.

If

the con-

troller parameters were fixed, then there would be only one operating

temperature where the response to

a

setpoint change would occur in

minimum time interval with no overshoot.

a

At any other operating

temperature the response would either be too slow, or have too large
an overshoot,

Another program in the computer shut off the heater

power, when the temperature overshoot was greater than four per cent
of full scale,

so

the overshoot criterion was more

minimum response time criterion.
to

Therefore,

if

important than the

there was no attempt

compensate for the heater system nonlinearities,

the controller

parameters had to be adjusted for critically damped response at one
temperature and overdamped response at every other temperature,
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A very common method of approximation of a curved line is with
straight line segments.

Two straight line segments give a more

accurate approximation than one and, in general, the more straight
line segments used, the more accurate the approximation.

The pri-

mary criterion of small program size was a major restriction, so
two temperature ranges were chosen.

The logic capability of the

digital computer was used to determine which of the two sets of controller parameters to use.

There was one set of parameters for the

first temperature range of 0 °C to 400 °C.

(The most likely minimum

temperature was approximately 20 °C, or the building ambient temperature.)

For most of this low temperature range the heat losses due

to radiation would small.

The second set of controller parameters

was for the temperature range of 400 °C to 1000 °C, where heat losses

due to radiation would be greater than in the lower range.

The

choice of the parameter set was determined by calculating the average

temperature with all the thermocouples.

Then the average temperature

was compared against the break temperature (400° C) to select the

proper set of parameters.
The problem of choosing a controller form that would give as
stable control as possible was covered previously.

It was shown that

the proportional -plus- integral control approximation can give stable

control for processes that are not self -regulating.
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One of the general control requirements was a wide range of

parameter adjustment.

The general form of the control equation was

chosen to yield stable operation.
over which operation was stable,
In order

However, there was a wide range
but was too slow or too oscillatory.

to find the correct operating controller

parameters, these
A typical range

parameters had to have a wide range of adjustment.
for the proportional term in an analog controller

is

.2

to

10;

the

range for the digital proportional gain parameter was ,01 to 100.
The range for the digital integral parameter was from 10`3 to one,

which was a much larger range than could be found in analog controllers.

The full computer word used for the control calculations

gave a precision for the calculations that was better than one part
in 10 *5.

The third general criterion was the choice of the best sampling;
In the preliminary discussion, it was shown that the sampling

rate.

rate had to be chosen on the basis of process time constants, the

noise frequencies
a

and the computer calculation load.

fourth consideration in choosing the sampling rate was the speed

of the input multiplexer,.
it

In addition,

was

a

Although this is not normally considered,

necessary factor for HTLTR and should generally be considered.

Since the exact required sampling rate could not be determined
until the reactor was constructed, general knowledge of the reactor
time constant would have to be used for determining a reasonable

range for the sampling interval.

Brown and Heineman (1963) estimated
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the reactor could be heated to

1000 °C in 120 hours,

This showed that

the process time constant could be very large, and that the sampling

interval might also have to be large (Goff,

1966).

This could place

an upper bound of the sampling interval of a few hours.

The noise frequencies put a lower limit on the sampling interval.

Previous discussion of aliasing has shown that the sampling frequency
has to be at least two times the highest significant frequency in the
input spectrum.

The smallest timed interval available

to time sampling

intervals was 0.1 second, which meant that the highest

noise frequency that could be tolerated was five Hz.

in the computer

With 384 kilo-

watts of electrical power on the heaters, 60 Hz noise was sure to be
a problem.

Since there was no way to sample fast enough to prevent

aliasing and then use digital filtering, an analog filter had to be
used.

All the programs in the system program, in which the heater control program was included had to be executed within 0,1 seconde

The

load on the computer could he eased by making the sampling interval
for the heater control

program longer than 0,1 second,

The rate at

which the computer drove the input multiplexer for the ADC was
approximately 100 analog points per second.
the 100 analog signals attached

second.

to

This meant that each of

the multiplexer was sampled every

Thus, the multiplexer speed determined the smallest sampling

interval for the thermocouple readings.

When these four factors were

considered to determine the sampling interval for the control algorithm,
the possible range became one second to a few

hours

For this reason,

50
the sampling range was made variable over this wide range

and could

be fixed, after the plant identification was much more exact.

The choice of the smallest value for the sampling interval,

which was not based on the process characteristics but on control
hardware limitations, introduced again the question of noise.

Noise

was the fourth general factor that was introduced as important to
consider in process control.

When

it

was shown that analog filter-

ing might be necessary because of 60 Hz noise, five Hz was mentioned
as the highest frequency that could be tolerated without aliasing.

Because of the second scanning speed, the highest noise frequency
that could be tolerated was moved down to 0.5 Hz, and the effect of
the analog filter had to be reappraised.

Frequencies, which were

appreciably below 60 Hz, were hard to filter because of the size of

components required.

Thus, with a minimum sampling interval of one

second, the possibility of noise from aliasing was reintroduced.
It was decided that

averaging,

it might be possible to reduce noise by

We recall that there were 16 thermocouples in the vicinity

of the core, eight by the side heaters and four each near the top and

bottom heaters.

Thus, the temperature of a section of the reactor

associated with a particular heater bank could be found from averaging
four, or more, thermocouple readings.

This averaging would reduce

noise that was present in the temperature reading, as can be shown
by the following development.
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Assume that the noise is additive, and that the true temperature
and noise can be represented by equation (5),
ti m

where,

t.

ai + xi

(5)

' temperature reading from one thermocouple,

ai s true temperature reading

xi = random variable with mean e. and variance Q.

We find the average by summing n temperature readings and dividing
by n

.

We will assume that the noise signals are independent ran-

dom variables with identical distributions.

Then, the average can

be written as equation (6),

n

n
t

where,

= n

i.l

ai

1
íEx

+ n

(6)

9

1

= the average temperature.

t

The mean and variance for the average noise signal are calculated in

equations (7) and (8),
E(n il
,E

i

ñ

il

n
Var(n iEl xi) = Var(1E1
n

E(xi) =

4)

ñ

n

=iEl Var

n)

ñ=

= jA

(7)
2

n

=

6

2
.

(8)

Equations (7) and (8) were developed from definitions by Feller (1957)
and Parzen (1960),

Equation (7) shows that averaging does not change

the mean for identically distributed,

independent, random variables,

Therefore, if the noise has zero mean, which is often the case, the

mean of the true temperature is the same as the mean of the noisy
temperature.

equation (8).

The more important point about the average is shown by
Here, the variance of the average is divided by the

number of temperature readings.

This means that there will be less

"spread" of the temperature readings, or that the noise will be reduced,

52

The averaging in HTLTR was accomplished over the distributed system.
In a previous section of this chapter the identification proceeded

under the assumption of only two dimensions, because of the inability
to control the temperature along the axes of the heater rods.

Any

variation along the rod could be compensated to some extent by the
average.

Averaging did not increase the length of the control pro-

gram, because temperature averages were required in another program
for logging purposes.

These averages were sampled by the control

program.
The noise that has just been discussed originated external to
the computer.

Internal noise has been mentioned as originating

because of quantization.

Rather complete analyses of the effects of

quantization have been performed by three different authors with the
obvious conclusion that more bits reduce the noise.

All three develop

their topics with special examples, but they do have some general
results.

Bertram (1958) and Slaughter (1964) use essentially the

sane method to develop a linear upper bound on closed -loop error due
to quantization.

Knowles (1965) has used a different method and has

developed logarithmic charts for errors due to quantization.

His

charts show that quantization to eight bits gives negligible error.

The number of bits of quantization at different points in a typical
loop of the heating system is shown in Table II.
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Table II.

Quantization levels in a typical
heating system loop.

Digital Device

Number of bits for
Quantization

Analog -to- digital converter (ADC)

11

Computer word length

18

Digital -to- analog converter (DAC)

Although Knowles' development was for

8

a

particular sampled -data system,

his results can be used to show the trend of the errors.
of bits

The number

in the ADC and DAC could not be increased by programming, so

care was taken to not decrease the number.

If the

calculations used

the full computer word, then this one source of error could be elimi-

nated.
bit)

Thus, as was discussed earlier, all 18 bits (including a sign

were used for the calculations.

Since the ADC quantization

occured at the input, this noise would be decreased by the averaging
technique that has been discussed.

The noise caused by the course

quantization of the DAC will probably cause the measured variable to
drift.
A final noise consideration

circuits.

the noise in the computer's logic

Although one would not normally consider this type noise

in a control

system.

is

program, it might be a consideration for the heating

When all heater circuits were turned full on, their combined

load was 384 kilowatts.

Under certain conditions,

for example, a

temperature overshoot, another program in the system program could

request the control program to shut off the heater power by opening
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the heater circuit electrical breakers.

Such a transient caused by

the sudden loss of 384 kilowatts could be coupled into the computer.

For this reason,

the heater control program decreased the heater

load to zero before opening the breakers,

Computer Program For The Algorithm
The algorithm has been completely described in the previous

section by enumerating the procedure for satisfying each point of the
design criteria,

This algorithm was used to construct a flow chart

from which the program was coded,

A complete description of the

algorithm will not be repeated, but enough detail will be given to
relate the flow chart (program) and the algorithm,
ing the flow chart,

the control program's relation

software package for HTLTR will be explained,
program

is an

programs in

a

Before describto the

complete

The heater control

application program, one of the three main types of
real -time process control system program,

PROCESS COMPUTER PROGRAMS,

A digital

system program for real-

time data acquisition and process control consists of executive

routines, functional routines (application programs), and interrupt
service routines,
The executive routines schedule and time the execution of the

functional routines, or application programs,

Their organization

is

such that even though their coding is fixed, flexibility is provided
to grant request (interrupts)

that are not required on a periodic basis,

When their execution is started by the executive routines, the
functional routines, or application programs, perform the actual
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services required of the process computer system.

The application

programs are basic operations which are complete and well-defined.
The use of application programs, such as the heater control program,

can provide a variety of services.
The interrupt service routines are special purpose programs of

varying complexity and for unique applications.

These service

routines are executed in response to an interrupt to the computer, and
once started are completed before control

executive routines.

is

again given to the

A typical interrupt service routine updates the

elapsed timers whenever a clock pulse interrupts the computer.
All three types of programs form an integrated system that must
be designed to provide the most efficient use of the computer

time.

Efficient use of the computer has two requirements: (1) each program

must be executed within its assigned sampling interval; and (2) each
program must be written with the minimum number of computer operations.
CONTROL PROGRAM DESCRIPTION.

the software of a process computer.

There are many possible designs for
In the one

for HTLTR, all appli-

cation programs were continually executed in a closed cycle,
is,

That

after all programs had been executed, control was transferred

back to the first program in the cycle, and all were executed again.

The rate at which the programs were executed was approximately 60

times a second.
the interrupt

Since many application programs were timed, one of

service routines described above accurately measured

elapsed time intervals in units of 0.1 second.
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Figure 9, the flow chart for the control algorithm, will be
used to show the programming details,

In the following description

each block of the diagram will be referred to by its number,
The predicate of block

executed only
with

a

if the

1

allows the control calculation to be

elapsed timer used by the control program agrees

sampling interval set by the facility operator.

If

the re-

quired interval has elapsed, the control program sets to zero the internal timer, which again begins to measure a time interval.
the

interval between control calculations

lation (see equation (4)),

this

is

Since

used in each calcu-

interval must be accurately known,

The integral approximation does not require equal

intervals, but

they were chosen, because it is fairly easy to measure equal

n

tervals with a stable pulse oscillator tied to an interrupt,
The facility operator may select either proportional-plus-

integral control (which will also be called the "regulate" function,,

or just proportional control (which will also be called the "change"

function).

The blocks

involved

in the choice of the regulate or

change

function are numbered two through eight and fourteen through sixteen.

Blocks 14 through 16 actually remove, or provide the integral term,
The complex function of blocks two through eight will be discussed

after the removal or addition of the integral term is discussed,
If the

operator requests the regulate function, the logic flows

from block 14 to 15, where the integral term is calculated according
to

equation (4),

is used for

the

If the change

function is requested, a zero value

incremental value of the integral term

As seen in
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equation (4), the incremental value is added to the sum of all the
previous incremental values.

With proportional control only, zero is

continually summed so that there is no changed in the control
signal due to the integral term.
The functions performed by blocks two through eight are also

based on a regulate or change request.

The facility operator will

not request the regulate mode unless the reactor temperature is

within approximately 100 °C of the setpoint, because of the danger of
overshoot, which was discussed previously.

It was stated that the

core heater would be shut off to maintain a slowly changing (or, preferably,

constant) gradient in the experimental core.

The logic de-

picted in these blocks selects core heat, or not, depending on the

operator's selection of the change function, or not,

If the experi-

mental evaluation of the control program shows that the temp-

erature gradient can be made smaller by not turning off the core
heaters, then a program bypass could be made that will direct the
logic flow from block one to block nine.
In blocks 9,

10 and

earity of the reactor,

11,

the program compensates for the nonlin

The predicate of block

9

is

performed by

comparing the average reactor temperature (a variable)
constant temperature "breakpoint ",

against a

At temperatures below the break-

point one set of control parameters is used, while above the break-

point a second set of parameters are used
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The instructions diagrammed by blocks one through eleven are

executed just once per sampling interval.

However, the instructions

of blocks twelve through twenty are shared for each control calculations.

The control signal for each heater bank is generated with

these instructions.

Except for blocks 14, 159 16 and 189 this section

of the block diagram could be related to the simplified sampled -data

system of Figure Al in Appendix A.

Notice that there is not a

physical sampling switch, but the timed entry permitted by block
one and the error calculation of block twelve provide an equivalent

sampling switch,
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III,

I-IYÚHI

ll

SIMULATION OF HTLTR

In chapter two the preliminary steps for identifying the heating

system and designing its control algorithm were developed_
out

in the Introduction,

As pointed

the evaluation of the algorithm and the final

choice of the control parameters could be done only after the reactor
was constructed,

However, the number of experiments with the actual

reactor would be limited due to the slowness of the heating system and
the time limitation on the experiments.

(Nuclear experiments have pri-

ority over others, and these other experiments

have to be "worked in"

when the schedule allows it)
It was decided to use

the limited amount of

time that was avail-

able for experimenting with the reactor heating system, for identifying
the reactor,

that is

for obtaining input-output transfer functions,

Once the transfer functions were obtained, the heating system and its

computer control system could be modeled on

a

hybrid computer,

Eval-

uation tests and control parameter refinement could then proceed on the
model without interterring with the operation of the real system.

The use of a hybrid computer simulation as a tool for control

system design is justified in this chapter.

After this, the descrip-

tion of the hybrid model of the heating system is presented

Although

considerable efícrt and time were involved in developing the complete
hybrid program package,

the main emphasis

is

tem and optimization programs in the model,
of

placed on the heating sysThe theoretical devcloTcLent

the control parameter optimization program is not unique with the
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author, but this seems to be the first time that the necessary

background information for writing

a

"hill- climbing" program has

been collected in one place,

SIMULATION FOR ANALYSIS AND DESIGN

Although

it may not be

of control problems,

generally recognized, numerical solutions

such as those obtained through simulation, can

be supported by a mathematical development that is not possible with

The following paragraphs discuss the difference

emperical solutions.

between emperical and numerical solutions, and the relationship between
numerical solutions and simulations,

When discussing complex problems and their solutions, it

is

impor-

tant to recognize the essential difference between emperical and numerical solutions.

An emperical formula is found by fitting formulas to

experimental observations.

While many worthwhile engineering advances

have been achieved with emperical methods,10 they often do not rest on
solid analytical foundations..

When emperical methods are the only means

available to obtain a solution to a particular problem, the solution

is

often difficult to extend to similar problems without extensive experi-

mental observation.

Numerical solutions are required when analytical

expressions become too complex to offer closed form solutions,,

As con-

trasted to emperical solutions, numerical solutions do have an analytical foundation,,

10:1

classical example is the controller tuning equations developed

by Ziegler and Nichols

(1942)..
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t,

of a

common type of numerical solution is obtained with a simulation

complex system,.

The simulation of a system is an operating version

of a model of the system (Jacobsen,

1966)4

It seems that simulation

has not had the proper recognition it deserves for solving complex

control problems.

Too often theoreticians have sought the tidiness of

closed form solutions to such an extent that their results could only
be applied to simple problems with no real world counterparts,

On the

other hand, control system designers have often been portrayed as

"tweakers" who achieve a stable system more often by blind luck

than

by adherence to recognized control design principles.

Simulation is a numerical tool with results that can be based on
analytical techniques.

Appendices A,

Band

C have been designed

show the usefulness of simulation in control studies.

to

The classical

z- transform method for treating sampled -data systems, and two simulation

techniques (digital computer and hybrid computer) were used for obtaining the response of a single -loop feedback control

system,

Appendix

C

shows that even a simple system gives a complex transform, which yields
the time response only through numerical methods.

The solution of the

same problem with a simulation was obtained by reading time responses

directly from the operating model.

The same understanding of the

problem was obtained with both methods, but the simulation was much
easier to do.

These appendices clearly show that equivalent results can

be obtained with simulation and transform analysis.

As chapter two has

shown, the heater system control problem was quite complex.

Since the

problem was so complex, simulation seemed the only tool that would
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yield a reasonable solution in a reasonable time.
THE HTLTR SIMULATION

When a continuous two-mode controller
back control

is

part of a single feed-

loop, its parameters (proportional and integral gains)

are adjusted for optimum response after it is connected into the loop.
This adjustment, which is called "tuning"

(Murrill and Smith, 1966), is

also done in direct digital control applications.

For multivariable

systems, tuning is a difficult and time consuming procedure.
The hybrid computer simulation modeled the heating system, the

functions of the digital computer that controls the heating system, and
the optimizing program.

Refinement and evaluation of the control algo-

rithm were done with the computer model.
is

below;

the computation with the model

The description of the model
is

discussed in chapter four

The hybrid computer described in Appendix B was used for all work.

Programs for the digital portion of the hybrid computer were of
three distinct types:
trol

(1) hybrid computer operating

programs to con -

the operating mode or react to the operating mode of the analog

computer, to provide the computer- engineer interaction that is vital for
hybris;.

computation, and to provide real -time operation;

system and controller models; and (3) evaluation and
grams.

(2)

heater

optimization pro-

The flow chart in Figure 10 shows these digital programs for

the simulation, and they are discussed later.

The

integrators,

ampli-

fiers and potentiometers in the analog part of the hybrid were used
to model

delays

the continuous part of the heater system model

which were modeled on the digital part).

(except for

STOP
REAL -TIME
CLOCK

N

COMPUTE MODE?

INIT.IALIZE

r

IC MODE?

CLOCK
INTERRUPT

Figure 1Oa.

ACCEPT DATA
FROM INPUT
SWITCHES

PERFORM DUTIES
RELATED TO
OTHER MODES

UPDATE
TIME
COUNTER

_

SAMPLE
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-y

Flow chart for hybrid simulation

OUTPUT
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1
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2)®

f
¡'''
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\

FIRST TIME HERE?

`

,,

\-J
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REAL -TIME
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---

-

EXECUTE
DELAY
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--10

EXECUTE
CONTROL
PROGRAM

(
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Figure IOb.

[

}---4.1

SET-UP TO OUTPUT
EVALUATION
RESULTS

Flow chart for hybrid simulation (Part

PERFORM
OPTIMIZATION
OPERATIONS

2

of 2),
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Hybrid Computer Operating Programs
The hybrid computer operating programs have no direct effect on
the heating system model.

However, programs of this type are essential

in a large simulation.

One of the operating programs reacted to the analog computer mode,
or forced it to a particular mode.

The three analog computer. modes that

were used for this simulation were "COMPUTE ", "IC ", and "POT -SET ",

Solution of the problem proceeded, when the analog computer was in the
COMPUTE mode.

The IC mode was entered to restore the simulation to its

initial condition, or state.

The POT -SET mode was used for equipment

adjustments and parameter changes that could not be done in either of
the other modes.

The different modes could be entered by manually

selecting the appropriate mode with the analog computer control panel,
or the digital portion could automatically select modes.

For example,

the start of an optimizing sequence was signalled by setting a flag via

and then manually se-

the operating switches on the digital computer,

lecting the COMPUTE mode on the analog computer,

After this manual

sequence of operations, the digital computer automatically sequenced
between the IC mode and the COMPUTE mode until the control parameter

range previously specified had been searched,

At any time during the

automatic search, the computer could be halted by manually selecting
the POT-SET mode,

Another operating program allowed parameter changes and changes
in flag states

via the digital computer

input switches,

This was to

permit changes in delay times or controller parameters without having

()P,

to reassemble the digital

computer program or to stop the computer.

Various flags, that were tested by the digital programs,

manually set.

could be

For example, simulated heater outputs could be manually

adjusted with the input switches, after the "manual -or automatic"
controller mode flag had been set or reset.

This ability to enter data

into the simulated control program was necessary to reproduce the ad-

justments that were available in the actual control program..

The opti-

mization program had flags whose states selected an "evaluation" or an

"optimization" mode.

In the evaluation mode,

the performance criterion for a single,

the computer evaluated

fixed,

length of time and then

typed out the values for the four criteria values (corresponding
the top, side, bottom and core system divisions).

modes
the

to

In the optimization

the computer generated the evaluation data but also typed out

best set of values for a particular test.11

An output program in the group of operating programs controlled
the teletype attached to the hybrid.

Messages that were generated by

various computer programs were output by a single routine that operated
during the computer's free time.

This program kept the teletype oper-

cting at its maximum speed, while all other computer functions were

performed,
During the compute mode, real -time operation was essential to maintain fixed sampling intervals for the controllers

and the delays.

All

11The optimization program is discussed more fully later in the
chapter. These examples are given to illustrate the wide range of adjustments that were available to the engineer while the computer was
operating.
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the timed programs in the simulation were executed at least every ten

milliseconds, the interval between clock interrupts (Part
10).

At

a

1

of Figure

clock interrupt, control jumped to the interrupt operating

program for the short time (compared to the ten millisecond interval)
required to execute it.

In order to obtain a wide range for elapsed

time measurements, two time interval

and 0.1 second.

counters were used:

0.01 second

Any of the simulation programs could use either timing

interval.

Heating System and Controller Models

Since the simulation of the heating system was begun before the
actual transfer functions were experimentally determined, a somewhat

arbitrary, but reasonable, division of the simulation was made between
the analog and digital portions

of the hybrid computer,

The analog

portion of the simulation will be described in the next chapter.

heating system

is a

The

distributed system, so pure time delays were

Delays were the only part of the continuous heating system

needed.

that were digitally simulated.

The essential features of the control

algorithm, that was programmed on the HTLTR control computer, were

copied directly in the digital portion of the hybrid.
DIGITAL DELAYS.
verters

There were 12 sets of analog -to- digital con-

(ADC's) and digital -to analog converters (DAC's) that shared

a common subroutine.

input ADC

A continuous signal

was delayed,

from the output DAC.

that was sampled by the

inverted and sent back as a continuous signal

The delay mechanism was different than the brute -

force method of physically transferring the sampled signal through a
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number of memory locations.

Instead, a method was used that saved

machine time compared to the transfer method.

An input and an output

pointer were used to find the location in which to deposit the current

sample and from which to output the delayed sample.

These two point-

ers moved back and forth over the storage table in the way that a

ring counter cycles through its states in

a

fixed pattern,

The

sampling interval was variable from 0.01 second to 10 seconds in steps

From one to 128 samples could be stored before

of 0.01 second.

delayed output was produced.
larity for any delay unit,
selecting
interval.

a

a

In order to maintain a

a

small granu-

particular delay was achieved by

large number of storage locations and a small sampling
An inverting delay was programmed, because the integrators

and inverters on the analog computer invert their input signals.

CONTROLLER MODEL.

The program that implements the control algo-

rithm at HTLTR arms many alarms that could automatically shut off the
heaters.

For example,

if

cooling water to the current transformers,

which supply the bus bars, stopped, the heaters would shut off.

Fea-

tures like this, which were not directly based on the operation of

heating system as
troller model.

overshoot of 50°

a

control

However,
C

the

system, were not implemented in the con-

the alarm feature that detected a temperature

was included

in the model.

For experiments the

amount of allowable overshoot was made variable in the model.

All

the features for the algorithm that are described in chapter two were

included in the hybrid simulation,
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Evaluation and Optimization rro«rams
The evaluation and optimization programs were separate programs,
but had some degree of

interaction.

The performance criterion could

be evaluated without optimizing, but evaluation was

optimization,

Also,

required for

the simulation program could be operated without

evaluating the performance criterion.

..titer

the form of the perform-

ance criterion was chosen, its evaluation was programmed directly.

Therefore the emphasis in the following paragraphs is placed

in obtain-

ing a definition for a suitable performance criterion and in developing
a

suitable optimization method.
GRADIENT METHODS FOR DYNAMIC OPTIMIZATION.

material is abstracted from

Most of the following

paper by helcey (1964)

a

e

its

used in this

discussion, optimization of the closed loop control system means the

selection
)C.t,z

_

al

l

rEe`

_v

of

m

controller parameters that give the best response,

sc produces a maximum or minimum of

.:,,

it

well defined o,7':

The control and heating system form a dynamic sys-

criterion

tem (that

a

The

is

described in terms of differential and difference

equ:.t`crs), and therefore the optimality criterion changes with cime.

Optimization with gradient methods requires the following

,?

conditions'

the criterion is evaluated over fixed time intervals during which

tne parameters are constant; and

function of the parameters.
on ordinary calculus

(2)

the

is a

Optimization by gradient methods is based

Whereas

if

the parameters were allowed to vary

at the same tire the criterion varied,

hare to be used,.

optimality criterion

the calculus of variations

The choice of a criterion and the procedure for

.

ould
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finding an extreme value for it are covered in the following paragraphs,

With gradient methods, a fundamental

Performance Criterion.

requirement for the optimization criterion is that it is
the parameters.

In order to insure this relation,

a

function of

the criterion is

evaluated for a fixed length of time during which the parameters are
constant.

We will assume that the criterion is a function of the

parameters, pl, P2,
or simply f.

*°

,

pn, and can be written as f(F1,

At the end of an evaluation interval,

f

P2,

.

°'

,

Pn),

must be a real

number which can be used as a guide to decide if the maximum or minimum
is
a

being approached.

In order that

f

be this guide,

it must represent

distance between the actual process response and the ideal, or

optimum, response.12

The function

perties in order to qualify as an
(1)

If a

must satisfy the following pro-

optimization criterion:

set of parameters is found that gives the optimum

process response,
(2)

f

then

f

must be zero.

For any set of parameters other than the optimum set,

f

must be greater than zero,.
(3)

If

two plant responses and their associated parameters are

Oven, either one may be defined
the other is not ideal.

as the ideal response, and then

The ideal plant response may be asso-

l2Por physical reasons, the optimum controller process response
might not be attainable.
In this case, "optimum" parameter values
would give the smallest f attainable.
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dated with

the "optimum" controller parameters,

and the non-

Assume that

ideal response with the "sub- optimal" parameters.
f

-

is calculated with the first response as "ideal ",

and then

No matter which is defined as the

with the second as "ideal "..

ideal response, the two values of the function, f, will be equal;

Let three different responses, with three different sets of

(4)

parameters be obtained, and refer to the responses as number
number two and number three.

ones,

Define the symbol f(i,j,) as the

value of the criterion when response number

i

is

considered ideal

and the parameter set is used that gives the response numbered j.

The function

f

must be so defined that f(1,2)

d

f(1,3) + f(2,3),13

These properties can be summerized by stating that the criterion function,
í;

is an

Also,

ordinary function of the parameters.

are not optimum,

it

the parameters

the response will deviate from the ideal, and the ideal

response would give a zero criterion function.
The criterion function for the HTLTR heating system must have the

A criteria for optimization that has been used

above four properties.

extensively is the integral of the product of the absolute value
feedback error and time, or the

T'lAE

(Graham and Lathrop,

of

1953).

the

The

ITAL will be defined, and the tact, that it has the required proper is

.,.

will

he

responses for

shown
a

L

igure 11 illustrates the

typical process loop.

It is

ideal and the actual

assumed that the step

input amplitude is normalized to unity, and the process has unity gain.

13.íh,,

phis is the familiar triangular inequality

(Churchill, 1948).
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Step input
NORMALIZED
RESPONSE

1

11-a

/

Process response = c(t)

\N--

ti
TIME (ARBITRARY UNITS)

Figure 11.

Ideal and actual process responses.

For this particular process the response has an

s ®shaped

curve

If

the process could respond instantaneously, the output would be a step

The error is defined as the difference between the

like the input.

plant response c(t) and the ideal output.
and the error is 1-a.

defined as

in

At time t1

,

c(t1) = a,

Using the notation of Figure 11, the ITAE is

equation (9),
T

T

ITAU =

o

I1

-c(t)Í

t

Notice that the integration

dt =

of

)e(t)lt dt

performed over

is

a

(9)

.

fixed time interval,

to T, and the control parameters are held constant during

0

uation of the intergral.

the eval-

When Graham and Lathrop (1953) introduced

they also showed that it was superior to several other

this criteria,

14

forms using the same definition of error,-

necessarily desireable, or possible, to prove that the

It is not

ILH: criteria is the best for this application.

However, it is

a

14

The other forms of criteria they considered were:
t,

T

1

cJ

e(t)dt,

íß.J

t

e(t) dt,

o,(

z
e

T

(t) dt,

and of

Ie(t)t dt,

where e(t) =
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reasonable one, and it

is

easy to implement on a hybrid computer.

Now,

it must be shown to have the four properties that a metric function

required to have.

is

First, if the actual response was equal to the ideal

response, the error would be zero, and so the criterion would be zero.
Second,

the existance of any error will make the criterion non -zero,

since all elements in it are positive.
the error is used,

Since the absolute value of

the ITAE criterion has the third property.

These

first three properties have shown that the ITAE criterion is a metric,
or it measures the distance between the actual

the ideal response.

Since the criterion

satisfies the fourth point.

is

a

process response and

"length ", it clearly

This last argument shows that the four

properties given by Bekey (1964) are redundant to some extent, because
the fourth preperty follows from the other three,

The ITAE is a function of the parameters, since its value changes

with changes in parameter values.

Thus,

it has all

the properties

necessary for an optimizinL criterion and can be used in
method for optimization.

a

gradient

The choice of a particular gradient method

for parameter optimization will now be discussed.

Parameter Adjustment.

An intuitive statement

of the gradient

method of optimization will help in visualizing the problem.

Assume

that we have the simple case of two parameters and a single criterion,
the ITAE.

The object is to minimize the ITAE.

If we consider a three

dimensional picture of the criterion as a function of the two parameters,

it

appears as a surface with peaks and valleys.

The object of

the optimization is to find the lowest point in this "terrain map ".

A
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typical "terrain" can be illustrated with the contour map of Figure 12.

Notice that the contours are drawn in 0.1 unit steps of the criterion
from

1

down to 0.3.

The optimization problem is solved, when the coor-

dinates in terms of
12.

and

oC

(3

are found for the lowest point in Figure

Bekey (1964) gives a good analogy between the optimization problem

and a man walking down the valley to its lowest point:

on a clear day,

there is no problem reaching the lowest point; however,

if

the area is

completely shrouded in fog, the man has to reach the bottom using

a

systematic scheme, that is quite close to that used by a computer.
There are many ways of finding a minimum, and continuing the
analogy, they are nothing more than finding the lowest point in the

contour by choosing different paths.

A common method of finding the

minimum is by following the path of instantaneous steepest descent;
this has given this method of optimization its name of "gradient"
method,.

A major fault with this method of choosing the path of steep-

est descent is shown with the profile of Figure 13,

might have been obtained by selecting a fixed
varying

of

along it.

creases until

As

0(= ài

strictly the path of
is found

,

o(

is

increased from
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o(0,

from Figure 12 and
the criteria de.

where it starts increasing.

steepest

This profile

By following

descent, the local minimum at w =ái

instead of the true minimum at o(ao(Z

.

With the method of

steepest descent, there must also be a method for perturbing the
parameters after

a

minimum

is

found.

The method actually used for automatically choosing the control

parameters for minimum ITAE (integral of the product of time and the
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0(1

o(

figure 12.

(An:j'f»RY

3

UNITS)

Typical optimization
criterion surface.
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OPTIMIZATION
CRITERIA
(NORMALIZED)

a,
c(

Figure 13.

(ARBITRARY UNITS)

Profile of contour showing
local and true minima.

absolute value of the feedback error) is

a

one -parameter search method.

This method can be explained by using, again, the "contour" map of

Figure 12.

The procedure is logically simple, and for this reason

was chosen for implementation on the digital portion of a hybrid
computers,

15

In step one,

(3

the criteria is minimum (for

marked by triangle one.

(30

ß

® 13 0) at c( -

In step two,

range; the criteria is minimum (for

point marked by triangle two.

15The

Appendix B,

and 0( is scanned over its range;

0(

o(

m

m0(1
o(,

)

oK

,

and
at

(3

or at the point
is varied over its

( YßI

,

or at the

Each parameter is varied sequentially

hybrid computer used is described quite thoroughly in
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in this manner, until

values

O =0(3and

the minimum criterion is found at parameter

(3 =AL

For most cases, this method will skip over

.

local minima and find the true minimum, because the choice of a mini-

mum value for the criterion is not made until the criterion is scanned

over the whole range of a parameter.

methods,

a

However, as with all gradient

certain type of local minimum can stop the automatic

scanning before

a

true minimum is found.

Figure 14 shows another contour of an optimization criterion
that has an inverted ridge, whose lowest point is along the broken
line labelled °a=.

Because of this inverted ridge, the one parameter

search method (if used with no additional logic) is completely unsatisfactory as an optimization method (Wilde, 1964).

In order to un-

derstand this, the one parameter search method will be applied to the
figure,.

First, set

/_"S'.0

The minimum occurs at
its

(

and vary

=o(;

.

(X

to find a minimum for this case,

Now hold d fixed at

range to find the minimum at

(3,-,1,3,

and

0(=0(I

the automatic minimization procedure halts at

which

is

r

a,

.

,,-c(,

not the true minimum but a local minimum.

and vary

(3

over

One can see that

and

/3 =731

The only way to

start the automatic search is to perturb one of the parameters in the

direction of the decreasing criterion.

In general, an inverted ridge

will not develop at an edge of the contour, so each parameter must be

perturbed by adding and subtracting a unit parameter value from those
values giving the local minimum.

The optimization,

or performance criterion, and the automatic

parameter adjustment method have been selected for the problem

of

l3(ARBITRJ',RY UNITS)
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a

üf (ARL ITR.`dRY

Figure 14.

LTIITS)

Optimization criterion surface
showing local minima.
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Although this

optimizing she controllers for the heating system.

general development used two parameters for clarity, the actual control

system has nine interacting parameters.

Optimization Program for the Hybrid Computer.
parameters for the heating system are:

The nine

interacting

the sampling interval,

proportional gains and four integral gains.

four

As has been explained, the

time constants for the heating system (due to the large mass of

graphite) are large, and consequently the controller sampling interval
can be chosen as small compared to the time constants without loading
the computer.
a

Therefore, the sampling interval was not considered as

parameter that affected the optimization.
Two features of the optimization program, that was written for the

hybrid simulation, made it different from the usual hill climbing
program,

First, the controlled variable was not to have an overshoot.

If there was one

then the performance criterion was not to be accepted,

whatever its value.

Second, the ITAE was defined in the literature for

one controlled variable, not four interacting variables

as

in the

heater system.
The three parts of Figure 15 comprise the flow chart for the

optimization program.
if

The last predicate in Part

1

of the figure

tests

there is an overshoot in any of the four controlled variables (the

average thermocouple temperatures).

If

this is the case, then all control

parameters which are used during the evaluation interval that had the

overshoot are rejected.

Although there were four heater groups and corresponding thermo-

Y

FIRST TIME?

LITER

i'

INITIALIZE
CONTROL
PARAMETER

INITIALIZE
TO STORE
EVALUATIONS

-'

N

STORE ITAE
AND CONTROL
PARAMETERS

MORE PARAMETER
CHANGES?

INCREMENT
VARIABLE
PARAMETER

REQUEST
COMPUTE
MODE

RETURN

i^J

-

RESET WORSE,
IMPROVE AND
BEST FLAGS

Figure 15a.

INITIALIZE FOR
COMPARISON OF
EVALUATIONS

Flow chart of optimization routine (Part

N

OVERSHOOT?

1

of

3),

SET

WORSE
FLAG

WORSE EVALUATION?

SET

IMPROVE
FLAG

SAVE THIS
GROUP OF ITAE's
AS BEST

Figure 15b.

Flow chart of optimization routine (Part

2

of 3),

SET BEST
GROUP
FLAG

co

--No°

RESET
IMPROVE
FLAG

--10

RESET
WORSE
FLAG

BEST GROUP
FLAG SET?

-------

Figure 15c.

OUTPUT
BEST ITAE
GROUP

MORE ITAE GROUPS?

lei

REQUEST
POTSET
MODE

ETURN

EXCHANGE
FIXED AND VARIABLE
PARAMETERS

Flow chart of optimization routine (Part

3

of 3).

r)

couple

.sets

in the

5

heating system, there was interaction between each

heater bank and other thermocouple sets not assigned to

it,

A per-

formance criterion, the ITAE, was calculated for each thermocouple

group with a step function equal to the common setpoint as the ideal
response.

The interaction was ignored when calculating the ITAE's,

but was considered when evaluating them in the optimization program.
To account for the

interaction, the ITAE's for all four heater

banks were treated as one group.

The first two lines in Part

of

1

the flowchart show the collection of the ITAE values as a group.

Either the proportional or the integral gain was fixed, and the other

While the computer was

was stepped over a selected range of values,

running, the starting value and the step size for each of the eight
parameters could be selected with input switches,

Any number of

steps for scanning a range of parameter values could also be chosen

with the input switches,

After one parameter (proportional gain or

integral gain) was scanned over its range for all four heater banks,
the scanning process was stopped and the resulting performance

Lua
g

<

The search for improved

were searched for the smallest values.

performance starts at the last line of Part

cri

1

and continues through

the other parts of the figure,

For example, assume that five sets of ITAE values were calculated

before they were compared.
top heater bans,
the core,

There would be five ITAE values for the

five for the side,

five for the bottom, and five for

Each of these five groups of ITAE values would also have

one overshoot flag associated with it,

If an

overshoot was detected
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in any of

the four banks, the flag for the group would be set.

If

the flag was set for a group, the group was rejected as unsatisfactory.

If

the overshoot flag was not set,

then the group of four ITAE

values was compared against the others.

At the start of the comparison, the first group of evaluations
without an overshoot was taken as the best set.

Each evaluation as a

group was compared one by one to find an improvement.

ment was found, the improve flag was set.
evaluation, neither flag was set.
the first three lines of Part

2

If an improve-

If there was no change in the

The above logic is diagrammed in

of Figure 15.

At this point in the

program, each of the four ITAE values in a set was compared with those
in another set.

The last line of Part

improved set of ITAE values.

2

diagrams the selection of an

Note that the new set of ITAE's was im-

proved over the previous best set if at least one heater bank evaluation improved, and none was worse, out of the group of four evaluations.

An improved set of ITAE values was stored as the new "best"

values.

In the case of

the example of

five parameter changes, all

five groups would be compared to determine the best group of values
out of

the five.

Part

3

of

the figure shows that the best group of values was typed

on the typewriter and then the next operation was automatically selected.
If the proportional gain had been varied for the five

ample,

it

steps in the ex-

would be held fixed and the integral gain stepped over its

range during the next five steps.

However,

if

there had been no im-

provement in the last sequence of parameter changes, the optimization

program would shut itself off and force the analog computer to the POT-
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SET mode.

Along with the four ITAE values, the four pairs of control-

ler parameters (the proportional and integral gains),

that produced

the ITAE values, were also typed.

When experimental values are compared in magnitude, some statement about the uncertainty in the values should be
the ITAE computation, that are important

tainty, will be defined.

made

Features of

to this discussion of uncer-

The four ITAE values for the heater circuits

are quite easily computed by the digital part of the hybrids.

The lar-

gest value the ITAE can attain is referred to as "full scale" and is
17

bits long (not counting the sign bit).

If

full scale is taken as

100 per cent, then each of the least significant bits represents one

part in 131 071, or approximately .001 per cent of full scale.

finite word

If the

length was the only source of error in the computation,

then repetitive ITAE calculations with the same system would be repro-

ducible within :=.001 per cent of full scale,

Actual computer runs

resulted in repeated ITAE values that differed by much greater than
this value.
error,

No one factor clearly contributed the major part of the

but the error seemed to be an accumulation of many errors.

In order to definitely decide if

one ITAE was different from a

second, their difference would have to be greater than any possible
error introduced by the simulation.

Appendix D shows how the uncer-

tainty band around a computed ITAE value was found.
bands as a function of the magnitude of
in Table DIIa.

The sizes of the

the ITAE calculation are listed

This table from the Appendix is reproduced as Table III

on the following page.
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Table III.

Sampled means and tolerance
intervals for ITAL. calculations.

Mean ITAE values
(% of full scale)

Tolerance Intervals
(V.,

of full scale)

4.110

.039

9.409

.094

15.408

.053

23,919

.041

34.917

.140

49,666

.215

70.707

.325

All values are stated as per cent of full scale of the ITAE.

If a

group of ITAE values were approximately 35 per cent of full scale,
then those differing in magnitude by more than .14 per cent of
full scale could be assummed to be different.

89

IV,

EXPERIMENTAL RESULTS

Considerable time elapsed between the preliminary identification and design, that was described in chapter two, and the ex-

periments which are described in this chapter.

Whereas

the pre-

liminary analysis was done before the reactor was constructed, the
actual step function testing was performed on the completed reactor

heating system,

The experiments on the real heating system and the

experiments with its hybrid model are discussed here.

SYSTEM IDENTIFICATION
This section continues with the discussion of the identifi-

cation problem that was introduced in chapter two:

obtaining the

dynamic description of a black box in terms of its input- output

transfer function (or functions, in the case of the heating system).
The topics covered are the experimental procedure for step -function

testing and the test results.
Design of the Step Function Test

Conceptually,

a

step function test is simple.

Time domain

results are used to determine the input -output transfer function
(in

the frequency domain).

This requires defining an input and an

output, and recognizing the Laplace Transform that corresponds to
the transient response of the step input.
of the

Figure 16

input and output for a step response test.

is

an example

The Laplace trans-

forms for the input, M(s), and the output, C(s), are related by the

transfer function

,

G(s), as,

full scale)
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m(t)
a

H
R1

TIME (ARBITRARY UNITS
(a)

Step input.

a

C(t)
Ka

TIME (I,RLITï ARY UNITS)
(b)

Figure 16.

Response to step input.

Relation of input and output in
step response test.
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C(s)

= M(s) G(s)

(9)

.

Equation (9) can be rewritten to express the transfer function as,

G(s) ® C(s)
M(s)

(10)

The output, c(t), is described in terms of an exponential,

c(t)

d Ka(1- e -t

/T)

where T is the time constant.

(11)

From equation (11), the Laplace

transform for the output is,

C(s) ,

____...Kä _..

(12)

s(sTI-1)

Since the input is a step function of magnitude a, its transform is,
M(s) .

á

(13)

s

The input- output transfer function is then the ratio of the output

and input transforms,

G(s)

In general,

s
C(s
Ka
a
a s(sT+l)
M(s)

K
sT+1

(14)

the output will not be as simple as that depicted in

Figure 16, but the simplest possible form should be used (Buckley,
1964).
The above discussion

implied three assumptions that are gen-

erally made when analyzing control systems.

First, zero initial

conditions were assumed; that is, the derivative at time zero was

assumed zero.

assumption

is

Second, the system was assumed linear.

This latter

required before the Laplace transform may be used.

For non -linear systems, changes are assumed small enough that the
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linearity assumption is still valid.

The third assumption is that

incremental changes from some reference have been made.

In this

context, the concept of "zero initial conditions" should be more
aptly termed steady -state conditions.

This last assumption ties in

quite closely with the second one, if the system is non-linear.
It was assumed that any changes were small enough that the system

response might be assumed linear.
The control algorithm "considered" the heating system in terms
of its

inputs and its outputs.

From the analysis of chapter two, the

inputs to the system were the heater powers while the outputs were
the thermocouple readings.

As was seen in the design section of

chapter two, the averages of groups of thermocouples were considered
the system outputs.

based on their location in the pile, the heater

banks were referred to as the top, side, bottom and core heaters.

The group of thermocouples associated with each heater bank was

assumed to indicate the output (in terms of temperature) of that
heater bank.

While thermocouple groups were chosen because of

their proximity to heater banks, the distributed nature of the

',actor ceuscd all thermocouple groups to be affected by the power

produced in any one heater bank.
In the experimental determination

of the response at the

thermo-

couples to a step input of power, steady -state conditions had to be

achieved before the step input could be applied.

By the time of the

experiment, operating experience showed that achieving a constant

temperature above ambient temperature would require extensive manual
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adjusting of the heater power.

Since the mass of the reactor made

it a slow system, most of the time allotted for response testing

could be taken in trying to achieve an initial steady -state.

Operating data also indicated that once the reactor was heated above
ambient, and the heater power turned off, heat losses were suffi-

cient to maintain an approximately constant temperature drop.
The experimental procedure for obtaining the transforms was

composed of four steps:

(1)

manually adjust the heaters to achieve

the temperature that defines the operating point;

(2)

remove the

heater power and obtain "steady- state" (a constant temperature drop);
time "zero ", apply a step power input to one heater bank

(3) at

while maintaining zero power input to the other heater banks;
sample the temperature at all thermocouple groups.
were repeated for each of the four heater banks.

(4)

These steps

Although manual

control was not included in chapter two as a design specification
for the control algorithm,
the
:-

o

quire

avera.s:s

by

m containing
tine

for testing purposes it was

the algorithm.

included

x:

Safety requirements also

inclusion of periodic temperature logs of the four

t-et.rlCOrl.c:tL12es.

These two features, that were programmed

the author, made the experimental procedure

easy to implement.

Matrix Notation
Since there were four inputs that could affect four outputs,
there were sixteen transfer functions that had to be identified.

Matrix notation was used to simplify the discussion of the many
parts of the system.

Equations

(15) through (18) are the input -
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output transform relationships.
CT(s) = GTT(s) MT(s) + GTS(s) MS(s)
+ GTB(s) MB(s)

CS(s) =GST (s) MT

s)

(15)

,

+ GSS(s) MS(s)

+ GSB(s) MB(s)

CB(s) e GBT(s) MT(s) +
+

+ GTC(s) MC(s)

+ GSC(s) MC(s)

(16)

,

GBS(s) MS(s)

(17)

GBB(s) MB(s) + GBC(s) mc(s)

CC(s) = GCT(s) MT(s) + GCS(s) MS(s)
+ GCB(s) MB(s)

where T, S, B and

C

+ GCC(s) MC(s)

(18)

,

denote "top ", "side ", "bottom" and "core ",

respectively; Ci(s) is the Laplace transform of the time response
of

the average temperature of thermocouple group

i

(i

= T,S,B,C);

Mi(s) is the Laplace transform of the input power to heater

j

(j

T,S,B,C); and Gij(s) is the input- output transform relating the
output, Ci(s), and the input, Mi(s).
If the vectors, C(s) and M(s), and the matrix, G(s), are defined

as equations

(19), (20) and (21) respectively,

then equation (15)

through (18) can be written as the single matrix equation (22),

C(s)

_

CT(s)CS(s)
CB(s)

(19)

LCC(s).

(s)
M(s) =

(s)

MB(s)
MC(S)

(20)
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G(s) =

GTT(s)
GST(s)
GBT(s)
GCT(s)

GTS(s)
GSB(s)
GBS(s)

GCS(s)

GTB(s)
GSB(s)
GBB(s)
GCB(S)

GTC(s)
GSC(s)
GBC(s)
GCC(S)

(21)

.

C(s) = G(s) M(s)

(22)

The elements of equation (21) can be further clarified by referring
to Table IV where each of the sixteen transfer functions that were
to be determined in the step function test are listed.

Results of the Step Function Tests
Steady -state for the heating system was no electrical power to
the heaters.

Under this condition the heat losses produced an

approximately linear temperature decline.

Any temperature changes

that were caused by the step change

in power to a heater bank were

referenced to the temperature drop.

Step responses were modified

to reflect the steady -state

LOSS CURVES.

condition before they were analyzed,

Operating logs were available that listed average

temperatures as a function of time for the two operating regions
of

the tests.

Loss rates were found for the tops sides bottom, and

core thermocouple groups at approximately 130 °C and 210 °C.

The tom -

no :ature data was collected for approximately five hours for each

operating point and was remarkably linear.

Tables V and VI list

the slopes of the straight lines that were fitted to the linear

portion of the data with a least squares technique (Kenney, 1948).

Figure 17 is a loss curve for the core and is typical of the eight
curves that were used.

There are several features of the curve that

are typical of the data collected at HTLTR.

First, notice the time
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Table IV.

Symbol

Input- output transfer functions
for the heating system .

Thermocouple Group
Considered as the
Output

Heater Bank
Considered as
the Input

GTT(s)

TOP

TOP

GTS ( s )

TOP

SIDE

GTB(s)

TOP

BOTTOM

GTC(s)

TOP

CORE

GST(s)

SIDE

TOP

GSS ( s )

SIDE

SIDE

GSB(s)

SIDE

BOTTOM

GSC(s)

SIDE

CORE

GTC(s)

BOTTOM

TOP

GBS(s)

BOTTOM

SIDE

GBB(s)

BOTTOM

BOTTOM

GBC(s)

BOTTOM

CORE

GCT(s)

CORE

TOP

GCS(s)

CORE

SIDE

GCB(s)

CORE

BOTTOM

GCC(s)

CORE

CORE
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Table V.

Decrease rate for thermocouple
groups at 130 °C.

Thermocouple Groups
Top
Side
Bottom
Core

Table VI.

Rate
-.0129 °C /minute
-.0151 °C /minute
-.0150 °C /minute
- .0116 °C /minute

Decrease rate for thermocouple
groups at 210 °C.

Thermocouple Groups
Top
Side
bottom
Core

Rate
-

.0207 °C /minute
.0208 °C /minute
.0205 °C /minute

-.0198 °C /minute

intervals involved; the curve for the figure extends over 490 minutes
or approximately six hours.

For this time interval, the complete

curve spans a temperature range of less than five degrees Centigrade.

Second, the temperature values change in increments of 0.8 °C.
though this is less than 0.1% of the full temperature range,

particularly noticeable at this low operating temperature.

Even
it is

.. 11

calculations in the control computer were performed with fixed -point
arithmetic,

In order to cover the wide temperature range without

overflow in the arithmetic unit, averages were calculated with this
much truncation error.

Third, time zero on the curve corresponds

to the time at which the heater banks were turned off.

i

",pproximately

three hours elapsed between this time and when steady -state was

achieved,
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These features of the heating system and the control computer
meant that experiments would take a long time to perform

and could

have considerable error in the results.

MEASURED TRANSFER FUNCTIONS.

Data to determine the last 12

transfer functions in the list of Table IV were obtained at the same

operating temperature of apporximately 130 °C.

Data for the first

four transfer functions had to be obtained at a higher temperature,

because of the restriction of limited experimental time.

The pro-

cedure for obtaining all the tranfer functions at the common oper-

ating temperature of 130°C will be discussed in the following paragraphs.
A typical response to a step input is shown in Figure 18.

This

shows the average temperature of the core thermocouples, when the

power to the core heater bank was switched from zero to
watts at time zero.

peratures.

405

kilo-

The solid marks are the actual recorded tem-

Since the heating system could be considered linear

over this small operating region, the effects on the temperature

averages due to the heat input and due to the heat losses were
linearly combined.

Therefore, the effect on the temperature average

due to the heat input from the heaters was found by subtracting
the effect due to the heat losses.

The result of subtracting a

temperature drop is a temperature increase.

The open circles in

Figure 18 show the compensated temperature response to the step
power input.
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Figure 18.

Typical response to step input.
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Figure 18 depicts a response consisting of a delay of 13 minutes
plus a ramp with a slope of .077 °C per minute.

This is an ideal

example of a process that is not self -regulating.

The transfer

function relating the temperature at the core thermocouples to the
power from the core heater bank can be expressed in terms of a
pure delay and a pure integration.

All of the other 15 transfer

functions were modeled using these same types of elements,
The transfer function for the example was not completed by
just stating the types of elements it was composed of.

The ramp in

the figure was produced by a step input of 40.5 kilowatts, or 32

per cent of the Local power available from the core heater bank.

Equation (23)

is the

time response of the input in terms of a

fraction of full scale.

That is

a step

of 128 kilowatts, or full

scale, would be 3.125 times equation (23)a.
m(t)

were

= 0,32U(t),

(23)

m(t) has units of "fraction of full scale ", and U(t) is a

unit step,

The

I.a

lace transform
N(s)

I`:.

:, ,.

terms

for equation (23)

= 0,32/s

is

equation (24),
(24)

ert the output slope of 0.077 °C per minute to a slope in
per cent of the full scale of the output temperature,

the

slope had to be divided by 1200 °C (the full scale value selected
ira

chapter two) and multiplied by 100.

Ignoring the delay for the

moment, the expression for the output ramp is given in equation (25),
c(t)

. 6,39 x 10-3t

,

(25)
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where c(t) has units of per cent of full scale per minute, and

t

of minutes.

has time units

The Laplace transform for equation (25) is equation (26),
C(s) s 6.39 x 10 -3/s2

(26)

,

The transfer function relating output transform, C(s), and the input
transform, M(s), is given in equation (27),

e .02

Gt (s)

t

(27)

M(s)

The delay term may be included by multiplying equation (27) by the

transform of a pure delay of 13 minutes to obtain equation (28),

02 e

G(s) = e-13 Gt(s)

-13s
(28)

s

The five steps,

that were performed to obtain each of the 16

entries in the matrix of equation (21), are:

(1)

the loss effects

were removed to obtain the true output response; (2) the response
was approximated with a pure delay and a ramp;

normalized to
to units

a

fraction of

of per cent of full

a

unit step;

(4)

(3)

the input was

the output was normalized

scale; and (5) a transfer function was

obtained,.

The five -step procedure was modified to some extent, when

transfer functions relating the top heater circuit to the thermocouple groups were obtained,

The reactor schedule allowed time for

obtaining the input - output responses for three heater circuits at
the 130°C operating point and responses

the 210 °C operating point.

for two heater circuits at

The side, bottom and core heater cir-
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cults were tested at the lower temperature;
at the higher temperature.

the top and core circuits

The differences between the core respon-

ses at the two different temperatures were used to extrapolate from

the higher temperature results and obtain the lower temperature

Table VII lists all 16 entries to the transfer function

results,

matrix of equation (21).

Time domain units for the output signal

are "per cent of full scale per minute", where full scale is 1200°C,

SYSTEM SIMULATION
The simulation of the heating system was the tool for performing
the job of evaluating the control algorithm.

had been identified at one operating level,
on the hybrid,

its model was programmed

This amounted to selecting the proper delays in the

digital computer and "patching"

analog computer.

After the real system

With

is control algorithm,

a

the continuous circuits on the

suitable model of the continuous plant and

the control algorithm was evaluated by direct

simulation.
Heatin-, System Model

Descri-

Table VII describes the real heating system
uncrions had to be
fni

mane; rio

times sled

to obtain a meaning-

model of the system,

AMPLITUDE SCALING,
because
Ali

and

These transfer

it

Ampiude

scaling for the model was simple,

had been completed in the design of the control algorithm,

power units core considered in terms of a fraction of full

available

power in a heater circuit,

One hundred volts to the

analog computer represented 100 per cent of full heater power

if

it
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Table VII.

Symbolic
Matrix Entry

GTT(s)

Entries for the transfer function matrix.

Laplace Transform Expressions
Real System

Model

e46 s

e-'32s(1.115)/s

(.0223)/s

GTS(s)

.0104/s

.522/s

.0031/s

.156/s

GTg(s)
GTC(s)

GST(s)

e-227s(,0049)/s

Gss(s)

e-5s

GS8(s)

e`°

GSO(s)

(.0172)/s

9
'

s

e-10

s

e-.75s (.245)/s
e-.12s

(.862)/s

(.0028)/s

e4 94s

(.141)/s

(.0052)/s

.20s

(.259)/s

Gg;(s)
GBS(s)

e-5s

(.0076)/s

e-10s (.375)1,

GBB(s)

ells

(.0134)/s

e-.22s

ea14s
GBC ( s )

(.0091)/s

e-.28s

GCT(s)

.0009/s

.042/s

GCS(s)

.0006/s

.032/s

G; (s)

GCC(s)

e-37s
e-13s

(.0016)/s
(.0200)/s

(.668)/s
(.

%

)/s
J

e-.74s (.081)/s
e..`26s(1.000)/s
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was an input to a particular transfer function equivalent.

hundred volts at the output of

a

One

transfer function equivalent re-

presented 100 per cent of the temperature range in the heating

Maximum possible temperature in the real system was defined

system.
as 1200 °C

in chapter two.

TIME SCALING.

The simulation was used to evaluate the control

algorithm, because it would save time in two ways:

(1)

experiments

on the heating system would not have to be worked into the tight

operating schedule for the HTLTR;

(2)

the simulation could be time -

scaled to operate faster than real time

and allow many more ex-

periments to be performed in a given time.

An additional reason for

operating the model at faster than real time was that drifts in the
analog computer circuits would introduce inaccuracies

into the

solution if it required too much time.

While the real system time units were minutes and hours, the
model operated most efficiently with time units of seconds.
entries
real

The

in the first column of Table VII show that delays in the

system ranged from five to forty -seven minutes and the slopes

of the ramps ranged from 0.0006 to 0.0223 per cent

per minute.

!i

"ball park" figure for a reasonable solution time for a hybrid problem is 30 seconds, during which a reasonable change in the problem

variables should occur.
of a

These considerations led to the selection

time scale for the model of 3000 to 1.

That is, one second of

hybrid computer time was equivalent to 3000 seconds of real time.
scaling of the pure delays was straight -forward,

The

but the scaling for
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the integrator gains was somewhat complex.
An,

example of the scaling for the time delays will show the

procedure.

The first delay in column one of Table VII

or 960 seconds of real time.

is

16

minutes

Since model time was 3000 times faster

than real time, the equivalent model delay for 960 seconds was
960 _ 3000, or 0.32 seconds.

Each of the real system delays in

Table VII were converted to model delays to obtain the delay entries
in the second column of

the table.

Consider the first value for the ramp slope in column one of
Table VII.

For 100 per cent power into the top heater circuit,

the average temperature of the top thermocouple group changed at

the rate of .0223 per cent of full scale per minute.

In terms of

real system seconds, the per cent of full scale rate was 0.0223
60 per second.

Since model time and real time differed by 3000,

the corresponding per cent of

3000

x.

full scale rate for the model was

0,0223 = 60, or 1.115 per second.

in terms of the model will make

A physical description

this clear.

The gain of an inte-

grator had to be adjusted so that if a constant 100 volts (100 per
cent of heater power) was placed at the input,

the output would

change at the rate of 1.115 volts per second (1.115 per cent of the

temperature range per second)®

The end result of the time scaling

for the slopes was to multiply each entry in column one of Table VII
by 50 to obtain

table,

the time scaled slopes in the second column of the
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The four model components not appearing in Table VII are the
loss components, which were subtractive.

crease

to

That is, while a power

the core heaters caused temperature

four thermocouple groups,

increases at all

the loss component caused a temperature

drop at a particular group.

The previous discussion of the identi-

fication experiment indicated that the temperature dropped at a

constant rate.

Therefore, the physical action could be simulated

by an integrator with a constant input.

The time -scaled loss rates

for the model, which were obtained in the same manner as the other

model rates, are listed in Table VIII.

Table VIII.

Loss rates for heat system model.

Thermocouple Group

Loss Rate (% per second)

Top

-.0538

Side

-,0629

Bottom

ti

Core

-.0483

-.0625

ANALOG SIMULATION DIAGRAM.

Once the amplitude and time scaling

were completed, the continuous model could be "patched", or wired
on the analog problem board,
a

routine manner:

if the

The integrator gains were found in

integrator gain was one and the input

was 100 volts, then the output would be a ramp that changed at a
rate of 100 volts per second;

therefore, to obtain a ramp with a

slope of 1.115 volts per second,

was 0.011154

for example,

the integrator gain
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The method for implementing the model losses was a unique

feature of the analog portion of the problem.

Losses occurred in

the real system only if the temperature was above ambient.

The

"negative power" was switched into the integrator for a particular

thermocouple group with a differential relay when the temperature
went above ambient.

One input to the relay was a constant reference

signal that represented the ambient temperature, and the other was
the temperature at a thermocouple group.

Figure 19 is the simulation

diagram from which the problem was wired.
Model Characteristics

Scaled transferfunctions

that resulted from the step function

test made up the heater system models so the model had these charac-

teristics of the real system.

As

a

further verification of the

model, its response when the core controller output was set to zero

was compared against the real system's response to removal of power
from the core heaters.

Also, to achieve some understanding of the

extent of the interaction in the system, the model response was

examined as the different components of Figure 19 were connected.
The

etpoint for all cases was 20 per cent of full value.
CORE HEAT REMOVAL.

The preliminary identification

of the heat-

ing system (chapter two) gave the result that the core of

the

reactor would maintain the achieved temperature, when the power to
the core heaters was removed.

It was concluded that the other

heaters would supply enough heat to the core while maintaining the

achieved temperature in their sections of the reactor.

There was
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no opportunity to test this conclusion with a controlled experiment,
but design tests indicated that it was erroneous.16

Even though

the core was adjacent to heated parts of the reactor on four sides,

heat transfer was not sufficient to make up the heat lost from the
ends of the core.

After removal of core heater power, the core

temperature dropped at a constant rate that was approximately 0.1
per cent per second in equivalent model units.

When the core controller output was set to zero in the model,
the same phenomenon of a temperature drop with a constant rate

was observed.

As seen in Figure

20a, for the model, this rate was

approximately 0.05 per cent per second.

Thus, the rates at which

the temperature dropped were roughly equivalent in the model and
the real system.
t'vei,'

In FI

,

The dynamics shown in Figure 20 agree

with what one
'e

the -yore

;could

expect from the data in Table VII.17

20a the output from the bottom controller increased when

eater controller was shut off; from Table VII, one sees

that the ratio of the ramps from
Ü.t

1

z :,

qualita-

or 0.68.

Gm (s)

and GBB(s) is 0.0091

In Figure 20b the output of the top controller

changed little when the core controller was turned off; from

"Clark, Robert G., Reactor Physics Department, Battelle
Memorial Institute, Pacific Northwest Laboratory, Private Communication, September 30, 1967.
17This is an example of the importance of a simulation as an
Gird to visualization.
Although Table VII has the necessary infor
?ahlen to deduce the results of Figure 20, the facts are much clearer
after viewing the response of the simulation.
-.

114

SIGN'.L

100z

HMI

CONTROL

a

o
óU

o-

K-10
H

50-

H

PER CENT OF FULL SCALE

o

Kpg56

E

IN illa

A

1111111

AIr®i ®11
®1.111111111

111111111ThIMMIN111111111111

AMMEMEMEEMMMEMEN

o100-

w
x
ó

!

sa

TEMPERATURE

O

I

MUM

El

iMMENEMEMEEN
EIMMEREMENEMEAMII
MiliMEMERIMMINIIM
EMEMMEMMEMIE
iil1 11i111111111111111111; =WM
MINIM

CONTROL S I GNAL

K .

1

®111_

i....l
11111111111111111111IMEN

NMI

MEHEIMMIIIMMENEMNIENI

e.. .o...,.,

0-

50-

KI. 0
TEMPERATURE

®

+

MINIIIIIIMMININIMIIIIM1111111111111

rzt

AIM

H

MIME
1®®®®I ®®
®1111

0-

10 seconds

tR

INCREASING TIME
Figure 20a.

'--

Effects in heat system of
core power removal (Part 1 of 2)

115

100x
w

H
o

H

Z
o
U

H

o

oK .10
P

TEMPERATURE

100-'

Kpe56

BEM=
Eliummummins

.n

1
ummumummilommom

TEMPERATURE

0

á
H
O

111111111

o50-

á
-,
K1.

MINIM

0-

CONTROLLER

pH

PER CENT OF FULL SCìLE

KIm

50-

o

MMENAME

1111111
ammimmaninivor
010 seconds

tR

INCREASING TIME -1110%
Figure 20b.

Effects in heat system of
core power removal (Part 2 of 2).

116

Table VII.

The ratio of the ramps from GTC(s) and GTT(s)

0.0223, or 0.14.
the
is

(40031

is

The strong tie from the core to the bottom and

weak tie from the core to the top, while indicated in Table VII,
immediately visible in Figure 20.
EFFECTS OF INTERACTION.

In order to visualize the meaning of

the interaction terms listed

in Table VII,

the effects of progres-

sively adding components of the model were determined

Part a of

Figure 21 shows the response of a plant with the transfer function
G;h(s) and no interaction.

Parts

h

through h of Figure 21 show the

response of the bottom thermocouple group as the following inter-

action components were added:

part b- mGbs(s); part

part d-- GST(s); part ey- Gsi1(s); part

and part

-GTC(s).

f °- GSC(s);

c «MGi3C

),'

part g- -GTS(s);

The interaction is particularly noticeable in

parts

b,

model

(part c) the bottom controller could not stop the bottom tem-

c

and d in the figure.

With the addition of GI,C(s) to the

perature from overshooting, because of the large effect from the
ver,

core,

the addition of

T(s)
-

(part d) reduced the over-

shoot, be c =.rise additional "heat" from the side was decreased,
re

on

the side contribution decreased is the additional "heat"

from the top caused less output from the side and reduced its
L .ii,utc

The

cn

to the bottom,

The

cones

interactions among the various parts

of the model caused the bottom to respond faster than the response
of the non - interacting system (part a),.

This

interaction could not

have been predicted, but had to be observed after the reactor was

constructed.

r
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Controller Optimization
''r.om

the previous discussion of interaction in the model, one

can appreciate the difficulty of determining the final values of the

controller parameters by analytical methods.

Equally difficult was

the cut -and try method, that is commonly termed controller "tuning ",

While tuning is not difficult for

a

single mode controller,

very difficult for two or more modes.
gram,

it is

The automatic tuning pro-

that was described in chapter three, searched a much wider

range of parameter values in the amount of computer time used than

could have been done manually,
Two figures were chosen to illustrate the responses of all
four "temperature averages"

of the model and their

controller outputs during parameter optimization.

corresponding

Several optimi-

zation sequences had elapsed before the responses shown in the
figures were achieved.
Figure 22 shows the control signals and temperature averages
for scans with variable proportional gain and fixed integral gain,

and then variable integral gain and fixed proportional gain,

different evaluation intervals are depicted,

Eleven

First there is an

evaluation with arbitrary values for proportional gain and integral
gain to obtain the first response criterion for comparison.

In the

next five evaluation intervals the proportional gain was varied;
in the last five,

the integral gain was varied.

The optimizing

program fixed the proportional gain for each controller - tempera-
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ture pair for the last five evaluations at the best value from the

The last five evaluations of

previous set of five evaluations.

Figure 22 show that the range for the integral gain in the real

system was inadequate.
gain is 0.01.

In the figure the step size for the integral

Since the integral gain multiplies the sampling

interval in the control calculation,

it

must also be time scaled.

Thus, an integral gain of 0.01 in the model is equivalent to an

integral gain of 0.01 _ 3000, or
of ten smaller than the

system.

3

x 10-6.

This is almost a factor

integral gain that was available in the real

Figure 22 and other evaluations show the model to have a

larger error criterion, when the integral gain is 0.01, or greater.

Therefore, the optimum value for the integral gain was chosen as
zero for the evaluation sequence of the next figure.
Figure 23 shows the inputs and outputs for the top and side
in part a and the bottom and core

in part b.

was to obtain arbitrary values of ITAE
last five show variations

gain equal to zero.

The first evaluation

as a starting point,

in proportional gain with

and the

the integral

Table IX lists the proportional gains, that

were automatically selected for the controller for each evaluation,
and the ITAE that was obtained with each gain value.
the ITAE ranged from three to seven per cent of
ITAE value,

the largest possible

so the widest tolerance interval was 124.

was taken from Table D II
ITAE is 131 071.)

in the Appendix.

The values for

(This value

The largest possible

The optimization program chose the set of ITAE

values from the third evaluation as the best of five.
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Table IK.

Proportional gains for
evaluation sequence.

Controller and
Temperature Pair
Gain
ITAE

Tops

Side:

Bottom:

Core:

Gain
ITAE

Evaluation Number
1

2

4

3

5

7

9

11

13

15

4465

2945

3002

4319

4312

46
4443

48
4135

50
3949

52

54

3879

3817

Gain

5

7

9

11

13

ITAE

8697

4887

4599

5468

6916

56

58

64

7231

60
7195

62

7279

7173

7154

Gain
ITAE

Stability Investigations
The stability of the control system was studied by attempting
to force the simulation to an oscillatory state, or a state that

would give an unacceptable overshoot.
five per cent as unacceptable),

(The design criteria defined

Characteristics

of the control and

heating system models were changed in the attempt to find this
"worst case".

Unless otherwise noted, the setpoint for all tests

was 20 per cent of

full scale.

CONTROLLER MODEL CHANGES.

In the first attempt to find an

unstable condition, all the gains were increased from their optimum
values

(see Table IX)

to their maximum values of

100.

Part a of

Figure 24 shows that this produced overshoots, but they were all
less

than five per cent,

With the gains held at maximum, the

sampling interval was increased from 0,1 second, which was equivalent to Live minutes of real

time,

to 1.2

seconds, which was
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equivalent to one hour of real time.
parts a, b

and

respectively.

c

The sampling intervals for

of Figure 24 were 0.1,

Although part

c

0.4, and

1.2 seconds,

shows more overshoot than part a,

the overshoot was still less than five per cent.

HEAT SYSTEM MODEL CHANGES.

With the controller gains held at

100, all model delays were doubled and all integrator input gains

halved.

This corresponded to a temperature increase in the real

system.

No stability problems were encountered.

An attempt was made to formulate some general statement about
the effects on its stability of changes in the real system charac-

teristics.

The top and side major diagonal transfer functions were

separated from the system, and their controller gains set to 100.
There was no stability problem with the original transfer functions

given in Table VII, or new functions formed by doubling the delays
and halving the slopes.

Further changes made in the transfer func-

tions were converting the pure integrations

first order lags.
a non -interacting

shown in Table VII to

Figure 25 shows the results of these changes in
A value of lag was chosen that had

connection.

the same initial slope as the slope of the pure integration.

for the lags were 0,2,

1

and

5

Gains

for parts a, b and c of Figure 25.

Setpoints were 15 per cent for part a and 20 per cent for parts b
and c.

The maximum gain for the heater controllers was not able to

force these noninteracting control loops into unstable operation.
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V.

SUMMARY AND CONCLUSIONS

In this chapter the previous four chapters are summarized.

Conclusions are stated about the general design method, that
was used, and the results of the experimental evaluation of the

control algorithm for the heating system.
areas is outlined:

(1)

Future work in two

further work that could be done in the

specific area of the thesis subject, and (2) futher work that
could be done in related areas.

SUMMARY
The High Temperature Lattice Test Reactor (HTLTR) at Richland,

Washington,

was designed to operate at temperatures up to 1000 °C

and at nuclear powers up to 2000 watts,

Fuel elements and reac-

tivity control elements are dispersed in the parallel lattice of

holes that are bored into the ten -foot cube of moderating graphite,
The low nuclear power requires an electrical heating system, that

supplies 384 kilowatts (almost 200 times the nuclear power), to

attain the high temperature.

The heating system is divided into

four circuits, that can be individually controlled, and four groups
of thermocouples,

circuits.

that sense temperatures near the four heater

The individual heater elements in the circuits, which

are parallel along the ten -foot length of the reactor, are disper-

sed throughout the ten -by -ten foot lattice
A digital control computer

of holes

in the graphite.

aids an operator for nuclear operation

and directly controls non -nuclear subsystems of the reactor test

facility.

This thesis describes the development of

128
the algorithm for computer control of

the heating system.

The

control algorithm was designed to meet the operating specifications for the reactor heating system, was programmed for the

control computer, and was evaluated by experiments with the heating system and its model, which was programmed on a hybrid com-

puter.

Construction of the reactor and the design of the algorithm
were started simultaneously,

so that the programmed algorithm

would be on the control computer when construction was completed..
The distributed nature of the heating system, its multitude of
inputs and outputs, and its non -linearity over its operating

range

resulted in a process that was extremely difficult to

describe completely with differential equations.

Since the con-

trol program had to be completed when the reactor was completed,
the design of

itsalgorithm could not wait until direct measure-

ments on the system were made:

Therefore,

a

design method, which

could be used for the incompletely specified heater system, was
developed tor the control algorithm
The identification of the heating system, which was the

obtain n

of

input- output transfer functions, and the design of

the algorithm proceeded in two parts:

first, when the system

was incompletely specified, a general algorithm was designed to

meet the operating requirements and then programmed for the
c::ntrol computer; second, after construction,

measurements were

made on the completed system in order to refine the original
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general algorithm.

After careful analysis, a discrete approxi-

mation to a continuous proportional -plus -integral controller
was chosen as the framework around which to design the control

algorithm.

The digital computer allowed the inclusion in the

basic algorithm of extensive logic and calculational features
that would not have been reasonably possible to attain by other

methods.

A summary of

the requirements

that the control algo-

rithm had to satisfy follows in the order of their importance:
(1)

the control computer memory contained approximately 8000

which were allocated to all the programs used in the

words,

facility, so the size of the programmed algorithm was severely
limited;

(2)

the

inputs to the heating system were limited in

range, and different inputs had different ranges;

uniform

(3)

heating was required throughout the graphite reactor; (4) a zero
temperature
dition;

(5)

gradient throughout the reactor was the ideal con-

response to setpoint changes had to be fast, but

there could be no overshoot;

(6)

steady state deviation from

the set point was to be minimized;
the system had to be considered.

(7)

the nonlinearities of

In addition to the specific

requirements for HTLTR, there were general requirements relating
to the particular form of the plant transfer functions,

ler adjustments,

sampling interval and noise.

After

a

control-

mathema-

tical and logical description for the algorithm was devised,
it was

transferred into a program for the control computer.

A simulation of the heating system was designed to aid in
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the second part of the identification and design procedure.

The hybrid computer simulation was used to verify the algorithm

design and to aid in refining the resulting control program.
Three appendices were used to explain the importance of simulation for this type of application.

It was concluded that a

hybrid simulation could provide as much insight into a sampled data problem as provided by a complete analytical solution.
fact,

for multivariable problems of the magnitude presented in

the thesis,

tion.

In

simulation could be the only way to obtain any solu-

The model of the control program and the heating system

were programmed directly on the hybrid.

In addition to the pro-

grams for these items, hybrid computer programs provided operational aids for running problems and for automatically refining
the controller parameters.

Controller parameters were refined by using a "hill- climbing"
method of optimization..

This method was programmed to automa-

tically search the control parameter space until
of

a

combination

parameters was found that gave the best value for the per-

formance criterion,

Manual intervention was used to prevent the

selection of a local minimum rather than the absolute minimums
The performance criterion used was "the integral of the product
of

time and the absolute error ", or ITAE.

Because of the inter-

action in the multivariable system, the optimization program had to
select the best four interacting ITA E's.
In the first phase

of the identification problem, the heating
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system was described with four inputs and four outputs.
most general

In the

case, each input could affect each of the four

outputs, and 16 input- output transfer functions were required
to completely describe the heating system.

fer functions was

Each of the trans-

measured with step function tests, after the

reactor was completed.

In addition to the transfer functions,

loss terms were defined from operating data.

The measured trans-

fer functions were amplitude and time scaled to develop the

simulation diagram.

A time scale of 3000 to one was necessary

to achieve reasonable problem solution times.

The hybrid sim-

ulation was evaluated to determine its accuracy in reproducing
the real system, and then was used

control algorithm.

to refine and evaluate

the

Evaluation tests showed that most of the

design criteria were met, and that the control system was stable,,
CONCLUSIONS
el though the control algorithm was designed

for a specific

system, the solution to the specific problem revealed some general
?deers

with broad application.

These general conclusions and then

the conclusions about the heating system controller are discussed.

The

-,

_

.''n

Procedure

A method of control system design that

is

based on

a

aotn

oination of theoretical analysis and simulation is necessary for
poorly, or incompletely, defined systems, that are also complex.

The method used for the design of the heater control algorithm,

which consisted of logic and arithmetic modifications to a discrete
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approximation of

a

proportional -plus- integral controller, was

applicable because of the strongly dominant elements in the main
diagonal of the transfer function matrix (equation (21)).

This

method would apply to ether multivariable control problems with
the same features.

It was a valuable design method, because of

the vast amount of literature that was available on the contin-

uous version of the controller and the discrete approximation
to it.

This source of experience served as a base for the design

of the unique

algorithm described in the thesis.

Applications of sampled -data control theory to the real
world of nonlinear multivariable systems with incompletely defined characteristics is an important field for research.

development

The

in this thesis has pointed out the necessity of

applying the more general synthesis methods (z- transforms and
variables) for solving problems that may require more

state

powerful methods than were used in this thesis.
The simulation of the heater system saved time in the final

verification of the control system in two ways;
the model saved experimenting

time.

(1) Time scaling

The problem solutions were

3000 times faster in the model than in the real system.

(2) A

hybrid model of the complete system gave "hands -on" control of
the model parameters, and eliminated waiting for the return of

computer runs from some remote computer center.

When the effects

of changes in a parameter were desired, they were made with

delay:

little

This speed -up of experimenting time was further enhanced
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by the inclusion of a computer operating system that allowed the

changing of parameters almost instantaneously.

Engineers have generally accepted the use of digital computers as tools for scientific calculations and analog computers
for simulation of servo control systems.

Hybrid computers are

emerging as extremely useful tools for the simulation of sampled data and complex continuous systems.

The results of this thesis

show that a hybrid computer simulation should be the first tool

considered when faced with a complex design problem.
in the discussion of Figure 219

As explained

the simulation of the heater

control system gave an understanding of the dynamic response of
the system that could not be achieved in the same amount of

time by purely analytical means.

Satisfaction of Design Specification
An evaluation of the control algorithm was made by determining the extent to which it satisfied the design requirements
of chapter
1,

two.

The results of this evaluation are listed below.

Since the memory requirements were stringent, this was
a

major consideration in determining the form of the

algorithm.

The programming was done in machine language

to further conserve memory size.

control algorithm,

All the features of the

that are shown in Figure 9, were pro-

grammed with 300 (decimal) computer words,
2.

The use of two different heater powers

in the

time - shared

algorithm was accomplished by normalizing all calculations,
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Logic was added to the arithmetic routines to clamp the

results between zero and the maximum computer word size.
3.

The method of limiting the output power from a heater by
simply clamping its output would work at

perature.

a

specific tem-

Operating experience showed that, with a con-

stant control signal,

the power output

from a heater

circuit decreased as the reactor temperature increased.
thus, this clamping value should have been made variable

with temperature.
4.

The feature of the algorithm that shut off the core power
to maintain a constant

temperature at the core, did not

give the results that were expected from the preliminary
analysis.

Experiments with the model

(Figure 20a) and

operating experience showed that the core temperature was
not maintained at the set point with the core power shut
off.

However, Figure 20a also showed that only five per

cent of the maximum core power was required to maintain
the set point temperature.

Experiments with the real

system would have to be performed to see if this would

give tolerable temperature gradients.
5.

Figure 23 shows that controller parameters on the model

were chosen to give minimum ITAE values with negligible
overshoot.

model led to
it

The ITAE as a performance criterion for the
a

response that was fast (from Figure 23,

took 13 seconds of model time for the bottom tempera-
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ture to reach 20% of full scale), and yet had no over-

shoot.

When the controller gains were set to their max-

imum, the response time for the bottom decreased to

5

seconds (Figure 24a), but there was a two per cent overshoot.

Even though this was below the five per cent that

would have shut off the heaters, it was still unsatisOnce the temperature overshot the set point, it

factory.

had to decay back to the set point by natural losses.

Figure 24a shows that this decay process took 40 seconds
of model time to fall to within 0.5 per cent of

point.
6.

the set -

Forty seconds is equivalant to 33 hours in real time.

Because the optimum proportional gains for the interacting heating system were high enough, the steady state
errors were less than 0.5 per cent of full scale (Figure 23).
In the preliminary design, an integral gain was thought

needed to achieve this low

steady state error.

Evalua-

tion with the model showed that the integral term was not

necessary.

This was just as well,

because the range for

the real system was proven inadequate during the simulation

(Figure 22).
7.

The necessity for the compensation logic of Figure 9,
that corrects the controller parameters for temperature

changes, was not evaluated with the model.

However,

operating experience has shown the heating system charac-

teristics to be highly variable with temperature.

This
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feature will probably be necessary as larger temperature
changes are made under complete computer control.

The necessity of a wide range of control parameter adjustments and some consideration for noise were included in the dis-

cussion of general control requirements in chapter two.

Con-

ventional analog controllers have typical maximum proportional
gains of ten; the maximum proportional gain for the control

program was 100.

Since two of the optimized gains were 50 and

60 (Table IX), a typical gain would have been inadequate.

Al-

though the integral gain range was wide, it did not extend low
enough.

The integral gain could be extended lower with a simple

program change.

Since the steady state error was not objectional,

the integral term might prove unnecessary in the real system.

Averaging to reduce noise was not evaluated with
experiment.

a

controlled

During operation of the heating system, however,

the average temperature seemed to flucuate

less than the tem-

perature of a single thermocouple.
The optimization routine that was developed in chapter
three saved an appreciable amount of hybrid computer

tithe

by

automatically searching for optimum controller parameters.

The

controls that were put into the program allowed one to intervene
to modify the searching pattern, when engineering judgement

showed this was necessary.
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Future Work
Experiments with the real heating system in HTLTR should

continue to be performed to improve the accuracy of the model,
to extend the temperature range over which the model is appli-

cable, and to find optimum controller parameters for a wider

operating range.

Several step function tests, for example,

would have to be performed at one operating level in order to
make a reasonable statement about the tolerance in the model
components.

Identification experiments should be performed

over the complete operating range of the reactor in order to

determine the two sets of optimum controller parameter values
required by the control algorithm.

As has been pointed out in

chapter four, experiments with the real heating system require
long time periods, because of the system's slow response.

Therefore, the experiments that have been outlined above will

require many days to perform.

Also, the schedule of other,

higher priority, experiments would not allow the heating system

experiments to be performed in a continuous sequence.

Although

these experiments are conceptually simple, their execution will

require several months.
The method developed in chapter two for designing the control

algorithm seemed to be the only approach that would work for an
incompletely defined system.

The rather extensive literature

search that was conducted during the writing of the thesis
failed to reveal other methods that could have been applied.
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Clearly there is a need for extending the theoretical
procedures to problems of the real world.

synthesis

Analysis and synthesis

of control systems by z- transform techniques is an example of

a theoretical method that might prove useful for real problems.

The treatment of all but trivial

multivariable

systems quickly

becomes impossible with the manipulation techniques

described in textbooks (Kuo, 1963 and Tou, 1959).

program developed in Appendix A

is

that

are

The inversion

just one example of the

extensions, that are required of text book methods, to make
them useable for real problems.

State variable methods for

analysis and synthesis suffer this same failing.

The responsi-

blility for extending the theoretical design methods will remain
with the engineers who work in the real world.
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APPENDIX A

BASIC THEORY OF Z- TRANSFORMS

Important, fundamental equations from the theory of z- transforms
have been collected here to aid in discussing the analysis and synthesis of sampled -data controllers.

The equations and theorems are

proved in all of the referenced text books.

The computer program for

numerically inverting z- transforms was developed by the author.

The

final section of this appendix defines the relation between transfer

functions and difference equations which are derived during the analysis and synthesis of sampled -data systems.

FUNDAMENTAL PROPERTIES
In this discussion of z- transforms, all

assumed to be synchronized.

sampling switches are

Also, they open and close at

a

constant

rate

Figure Al depicts

a

sampled -data feedback control system.

The

digital computer supervises the sampling operations and generates a
control signal, m(t), under the direction of the control algorithm.
The continuous plant produces its output, c(r), in response to the
sample.' control signal

time

care

input, m*(t),

The continuous functions of

represented as e(t), for example, while the sampled

tions of time are represented as e *(t).

func-
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DIGITAL
COMPUTER

r(t)
1a

m(t)

/

mer(t)

c(t)

PLANT

b

Sampled -data system.

Figure Al.

If we assume that the sampling switch closes

instantaneously (in the

real world, the switch samples for a period such that the sampled

signal change is negligible), e*(t), the sampled signal, may be

represented as follows:

L e(nT) d(t-nT),

e*(t) _

(Al)

n=0
T = the sampling interval in time units,
(r(t -nT) = a unit impulse occuring at time to nT,
n = 0, 1, 2, ...

where,

The starred transform is defined as the ordinary Laplace transform
of the above equation, that

E *(s)

is,

-nTs
É e(nT)e

=

(A2)

n =0

The z- transform may then be derived from the starred transform by

setting

z

= ets or

s

= (1 /T) In z

= E(z) =

E*(s)
s

It is

to obtain,

= (1 /T)ln

z

É e(nT)z -n

(A3)

n =0

important to realize that this "ordinary" z- transform is valid

only at the sampling instants.
The Laplace transform, the starred transform, and the z- transform
are all used to analyze sampled -data systems.

Pulsed transfer func-

tions for sampled -data systems are derived using these three concepts,
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and a block diagram "algebra ", which is similar to that for contin-

uous systems.

The major difference between the block diagram algebra

for sampled and continuous systems is the rule for tandem continuous

systems.

The following will show this difference in the two algebras,

while describing the sampled -data algebra.
Consider the part between points a and
Al.

b of

the system in Figure

We wish to find the pulsed transfer function, D(z)] for the com-

puter algorithm that relates the sampled computer output, m *(t), to
the sampled input,

e

*(t).

The z- transform equation showing this

relation is:
M(z) = D(z) E(z).

Assuming

a

(A4)

Laplace transform for the algorithm of D(s), we can relate

the transforms of m(t) and e*(t) as follows:
C(s) = M *(s) G(s).

(A5)

The following two equations show how starred transforms and z- transforms are obtained from
C *(s)

=

(A5):

M *(s) G *(s),

(A6)

C(z) = M(z) G(z).

(A7)

Equation (A7) was obtained using the defining equation, (A3).
tandem, as in Figure A2, the overall

If two continuous systems are in

pulse transfer function is obtained with the following equations:
G1G2(s) = G1(s) G2(s)
G1G2 *(s) =
C *(s)

=

,

(G1(s) G2(s)) *.

M *(s) G1G2 *(s),

C(z) = M(z) G1G2(z).

(A8)
(A9)

(A10)

(All)
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m(t)

---

m*(t)

Figure A2.

If all

G1(s)

G2(s)

c(t)

,-- c*(t)

Tandem continuous systems with sampling.

the Laplace transforms for tandem continuous systems are com-

bined before the Laplace transforms are converted to starred transforms, then equations (A5), (A6) and (A7) may be used to obtain
z- transforms.

Using the above definitions, the z- transforms describing the

sampled -data system of Figure Al. may be obtained.

First we obtain the

Laplace and starred transforms for the error, e(t),
E(s) - R(s) -C(s),
E*(s)

- R *(s)- C *(s).

(Al2)
(A13)

We then obtain the Laplace transforms for the control signal, m(t),
and the plant output, c(t), which lead to the starred transforms,
M(s) - E*(s)D(s),

M*(s) -

E *(s)D *(s),

C(s) = M *(s)G(s),
C *(s)

a

M *(s)C (s),

(A14)
(A15)
(A16)
(A17)

If we want the z- transform of the process output, c(t), we substitute

(A13) into (A15)
C *(s)

and (A15) into (A17) to obtain (A18),

: (R*(s)- C *(s))D *(s)G*(s).

(A18)

Since (All, is all in terms of starred transforms, the z- transform
for the output may be written as the implicit equation (A19),
C(z) Q R(z)D(z)G(z)- C(z)D(z)G(z).

(A19)
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The z- transform, C(z), for the process output may then be written in
terms of the z- transform for the input, R(z), and the pulse transfer

functions for the control algorithm, D(z), and the process, G(z),

C(z)

Q

R(z)D(z)G(z)
1

(A20)

+ D-(z)G(z)

The discussion in the previous paragraphs was abstracted from

Kuo (1963).
If a sampled -data system can be put

into the configuration of

Figure Al, then the z- transform of the process output can be
immediately written as equation (A20).
Just as summing junctions may be moved in the block diagrams for

continuous systems, summing junctions and sampling switches may be

moved in block diagrams for sampled -data systems.

This may be illus-

trated with the two parts of Figure A3, which are equivalent.
r(t)

e(t)

+

r(t)

e(t)

+

e*(t)

*(t)

c(t)
/c

c(t)

b.

a.

Figure A3.

Equivalent sampled -data systems.

Equations (A21) and (A22) refer to part a, Figure A3, while equations
(A23) and (A24) refer to part b.

starred transform of

e *(t),

(A22) and (A24), are identical,

E(s) - R *(s)- C *(s),
E*(s)

Note that the expressions for the

- R *(s)-C *(s),

(A21)
(A22)
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E(s) = R(s)-C(s)

E*(s)

=

(A23)

,

R*(s)-C*(s)

(A24)

.

Thus, the configuration of Figure Al is quite general, and C(z) may

be found from R(z), G(z) and D(z).

There are three practical ways of evaluating z- transforms directly
from the expressions for the time functions that are valuable to the

control engineer:

using the definition, equation

(1)

using tables.

the Laplace transform, and (3)
be briefly reviewed.

(2)

using

These three methods will

Equation (A3) is repeated as a definition.
-n

A

G(z) = nE0 g(nT)z

where,

(A3),

(A25)

,

g(t) = a time function,

g(nT) = the function g(t) evaluated at the
discrete instants of time, 0, T, 2T,
nT,

...

...

,

.

This method is valuable when g(t) quickly decays to zero, or when
the infinite series can be expressed in closed form.

A method of wider application uses the following equation,
G(z) =

where,

[residues

k

of
1 -z

G(x) = G(s)'s =x

,

Laurent expansion of F(s) about
E

n=

-

a

n

(s -b)n

d

formula:

1948)).

a -1

(A26)

e

and sk = a pole of G(s).

(The residue of a function F(s) at

F(s) =

G(x)
at x = sk],
-1 Tx

b.

.

s

= b is the

coefficient a

in the

That is, it is the value of a -lin:

The residue may be found using the

k -1

sib (k-1): dsk -1

{(s -b)k f(s)1

,

(Churchill,

The expression G(s) is the Laplace transform of the time
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function, g(t).

This method requires that the Laplace transform be

found, so the process must be linear and constant with time.

The third method for evaluating z- transforms is with tables.
Extensive tables have been compiled by Tou (1959), Kuo (1963) and
Barker (1952), to name a

few,;

It is generally necessary to find the time function corresponding
to a z- transform, and this is termed inverting the z- transform.

The

two most straightforward methods of obtaining inverses are with tables

and by long division.

The inverse of an ordinary z- transform gives a

time function that is valid only at integer multiples of the sampling

intervals.

The inverses given in the tables are usually the simplest

inverses.
In order to invert by long division, the z- transform is written
as a ratio

of polynomials in z.

The denominator polynomial is then

divided into the numerator polynomial to obtain an infinite series in
powers of z-1.

The coefficient of z-n is the value of the related

time function at the nth sampling instant, t - nT.

Although this

would be very tedious to do manually, a simple digital computer
program was developed to make this a fairly simple procedure.

This

numerical inversion method is described in the next section.

NUMERICAL INVERSION
This program will evaluate inverses of ordinary or modified ztransforms.

The ordinary z- transform as used for the analysis in

Appendix C, will be stressed.

Jenkins (1967) has developed a recur-

sive form for inverting a z- transform, which follows, and then is
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restated in somewhat different form.
in terms of

This latter form was interpreted

inversion by long division, and a FORTRAN program for

evaluating it was written.
A z- transform can be written as the ratio of two polynomials in z,
alzn-1 + ... + an_lz

a0zn +

F(z)

b0zn + blzn
The inverse of F(z)

+

j

= o,

1,

an

(A27)

... + bn_lz + bn

is a function of

sampling interval and

.}.

2,

f(jT), where T is the

time,

Y.;

Jenkins writes his recursive

.

form for the inverse as:
ai

f(jT)

°°

bjf(0)

-

bj_1

f(T)

-

...

-

b1fL(j-1)T1

(A28)

b0

where,

a.

=

0,

bj

= 0

for j> n.

Jenkins' form, equation (A28), can be related to the method of

inversion by long division, which was described in a previous para-

graph of this appendix.

Write f(jT) as fj, and write the results of

the long division in steps.

step, as follows:

step

gives the response at
etc.

t

1

A power of z`1 will be obtained at each

gives the time response at

= T;

step

3

t

= 0; step

gives the response at

Also the remainder, Rj, for each step

j

t

will be given.

2

= 2T;

The few

steps in Table AI will suffice to show the relationship between
Jenkins' method and the method of long division,

From the first few

terms in the table and the pattern that has emerged, one can see
that the method of long division and Jenkins'

form are similar.
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Table
Step
Number
1

AI,..

Time Response and remainder by long division.

Time Response

Remainder

f0 = a0/b0

R1 = (a1-b1f0)an-1

-F

+ (a3-b3f0)zn-3

+

...

R2 = (a2,..b1f l-b2 f0)zn-2

fl = (al-bif0)/b0

2

(a2-b2f0)zn-2

+ (a3-b2f1-b3f0)zn-3 + ...
f2 =

3

(a2-blfi-b2f0)/b0

R3 = (a3-bif2-b2f1-b3f0)zn-3
+

eee

The following notational changes from Jenkins' form were made to

simplify the computer program.

Let G(J) = f((J -1)T), and write the

numerator, (A29), and denominator,

(A30), as follows:

A(1)zn + A(2)zn -1 + A(3)zn -2 +,.. + A(n)z + A(n +l),

(A29)

B(1)zn + B(2)zn -1 + B(3)zn`2 + ..p + B(n)z + B(n +l).

(A30)

The time responses at successive sampling intervals are written below:
f(0)

= G(1)

f(T) = G(2)

= A(1) /B(1),

(A31)

_ (- B(2)G(1) + A(2)) /B(1),

(A32)

f(2T) = G(3) _

(-

f(JT) = G(J +1) _

ó(2)G(2) -ó(3)G(1) +A(3)) /B(1),

(A33)

>B(2)G(J)- I3(3)G(J -1)...
-B(J +l)G(1) +A(J +1)) /B(1)..

(A34)

(

For modified z- transforms the A's and B's would be functions of m,
the variable delay parameter, instead of constants.

The control computer on which this program was developed has

magnetic tape system called "-:icrotape ".

a

The system program for

using this tape system makes it possible to store on magnetic tape
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the necessary programs for writing,

compiling, and debugging iORTRAN

Since the FORTRAN. programs are also stored on magnetic

programs,

tape, there is no need for handling data in the form of paper tape or

cards

(Digital Equipment Corporation,
in Figure A4,

is listed

1964).

The main program, which

evaluates inverses by calling a subroutine

that assigns values to the A's and B's.

For every different inverse

the subroutine is rewritten on the magnetic tape.

TRANSFER FUNCTIONS AND DIFFERENCE EQUATIONS
A transfer function, which is written as a ratio of two polynomials in z, may be used to describe a digital computer algorithm.
This will be explained by developing the relation between z- transfer

functions and difference equations, which are the language of the
As in equation (A4), we will let D(z) be the transfer

computer.

function of the control algorithm (the digital compensator), and M(z)
and E(z) be the transforms of the output and input signals, respectively.

The transfer function, D(z), may be written as the ratio of

two polynomials in z.

D(z)

m

M(z
E(z)

_ Ci

Equation (A35) is similar to equation (A27),
+ ci -lz +

di +d1 -1z+

... + clzi"1 +c0zi

(A35)

... +d1z1 -1 +d0zi

The desired computer program calculates an output signal at the nth

sampling instant using the input at the nth instant, as well as a

number of previous inputs and outputs.
trated in equation (A36),

This calculation may be illus-
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INVERT Z.-TRANSFORM
C

DEFINE NUMERATOR AS

C
C

N( Z)=A( 1)-cZAM +A(2) *Zt(M- 1) +A(3) *Zt(M- 2) +...
+A(M) *Z +A(M +1)

C

DEFINE DENOMINATOR AS FOLLOWS

C

+M +í3(2);:z (M -1) +t (3) Zt(M -2) +...
t(Z) =B(1)
+B (M) * Z+B (ICI +1)

C

C

C
C

FELL,..;.

C(N*T)=G(N4-1)

DIMENSION A(11),b(11)
DIMENSION G(51)
NUMBERS MUST BE IN FORM S.XXXXXXESYY
OR CONTAIN EXPLICIT DECIMAL POINT

C
C

N =M+

C

CALL GMOD(A,B,N,XM)
XM=0.
F(0) =G(1)

1

G(1) =A(1) /B(1)
C

C

1

2
3

C

4
5

C
C
C

START OF DO LOOP
DO 6 I =2,51
SUMI=040
START OF DO LOOP
DO 3 J =2,1

1

2

IF(N -J) 2,1,1
BX =B(J)

GO TO 3
BX =0,0
SUMI=SUMI- BX *G(I +1 -J)
END OF DO LOOP 2
IF(N -I) 5,4,4
AX =A(I)
GO Toy 6
AX =0.0
G(I)=(SUMI +AX) /B(1)
END OF DO LOOP 1
OUTPUT TIME RESPONSE
START OF WRITE DO LOOP
DO 30 I =1, 13
J =4 *(I --1) +1

30
C

200

G(J),G(J +1),G(J+2),G(J +3)
WRITE 2,200,
END OF WRITE DO LOOP
FORMAT (4E12.5)
END

Figure A4.

Program for inverting z- transform,
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m(nT)

-bim

¿

go

bl
0

-bkm

[(n-1)T]

b2m L(n-2)T]

-

-

...

l

+ a0e(nT)

[(n-k)T]

+ ale L(n-1)T] + ... + ake [(n-k)T]

(A36)

1

If the same number of samples for the input and output are not avail-

able, some coefficients will be zero.
for a real system.

However,

b0 must not be zero

(If b0 were zero, then future samples of the error

would be used in the calculation and the present output would have the
index n -1..

Since physical systems can not predict, b0 must be non-

zero (Bergen and Ragazzini,

1954)0

Given equation (A35), we would like to write equation (A36)
directly.

Recalling the derivation of the z- transform, we see that

multiplication by

z -1,

in the transform domain,

time delay in the time domain.

Also,

z

is equivalent

to a

is equivalent to a time advance.

This relationship between the transform and time domains can be illustrated with Figure A5.

Part (a) of Figure AS shows a section of the

sampled signal, m *(t), although the transform, M(z), holds for all
t30 (at the sampling instants),.
is delayed by T time units

The transform for m *(t -T)
T

In part (b),

(T = one

the same time function

sampling period) to form m *(t -T).

in terms of M(z)

is

z'1M(z).

Each delay by

time units corresponds to a single power of z'1 in the transform

domain.
We can clear (A35)
to obtain (A37)..

of fractions and multiply

through by z'1
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dlzriM(z) + dldlz-i+1M(z)

+

...

+dlz"1D1(z) + doM(z) _

ciz`i;(z)

cie1z

±

+clzylE(z)

+

"i

lE(z) +

,

(A37)

c0E(z)

The time domain equation that corresponds to (A37)

dom *(t) + dlm *(t -T) +

.

is

(A38),

..

+di-lm''°(t-iT+T) + dim*(t-iT)

a

coe *(t) + cle*(t-T) + ...

+ci-le*(tWiT+T) + cie*(t-iT))

(A38)

where, as usual, the star indicates values at the sampling instants.

Equation (A38) holds for any value of
T,

the sampling interval, and in particular for

of Figure A5,
at

that is an integer multiple of

t

t

m*(nT), is marked.

the sample,

t

m *(t) at

t

t

t

= (n -3)T,

equation (A38) for m(nT), where

o

(a)

(n -1)T.

Similarly,

= nT for parts (c) and (d) correspond to samples

= (n -2)T mand

m(nT) _ 'dJ°

In part

The sample from part (b),

= nT, corresponds to a sample of m *(t) at t =

the samples at

= nT.

t

respectively.

= nT,

of

We will solve

to form equation (A39),

-..--

[dimL(n_l)T]_._di1mL(n.i+l)Ti

-dimL(n -i)T] + coe(nT)
+

ci

eL(n -1)T] +

..,,

+

ci

eL(n -i)T1

(A39)
}

Equation
e*(t),

(,,39)

contains the current, and

and the output, m *(t).

i

past samples,

of both

input,

These samples would be stored in the

computer's memory and updated each sampling interval, after the current
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value of the output, m *(t), was calculated.

Using this development, we can state an orderly procedure for
obtaining a computer algorithm from a transfer function.
1.

The transfer function will be a ratio of two polynomials
in z,

2.

ci + ci-iz +

... + clzi-1 + cozi

di + di_lz +

... + dlzi -1 + dozi

Multiply the numerator and denominator by z-1,

ciz-i + ci-lz-i+l + ... + clz-1 + co
.

diz-i + di®lz-i+1 + ... + diz-1
3.

+ do

Using the coefficients from step 2, write down the difference

equation, equation (A39).

Some coefficients may be zero,

because their associated powers of

An example will be given in Appendix

C

z -1

will be missing.

to illustrate the simplicity

of obtaining a difference equation from a transfer function, or vice

versa.
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APPENDIX

B

SIMULATION OF SAMPLED -DATA SYSTEMS
Two natural ways of simulating sampled -data systems are with a
hybrid computer and with a digital computer that has a simulation
language compiler.
evaluated.

These two approaches are discussed and then

The evaluation explains why a hybrid simulation was

chosen for development of the control algorithm.

DEFINITION
A simulation of a process is a system which is an operating
This model is

version of a model of the process (Jacobson, 1966).

generally a mathematical description of the process.

The phrase

"operating version" used by Jacobson can be clarified by defining
the operating system as an analog of the process.

All dependent

variables and their derivatives in the process correspond to variables
and derivatives of the model, and corresponding functions are related
in a well- defined manner.

Thus when a certain function is known in

one system, the corresponding function in the other can be determined

from it (Karplus, 1958).
lation is well known.

The importance of analog computers in simu-

Somewhat newer simulation tools are the hybrid

computer and digital computer simulation languages.
HYBRID COMPUTERS IN SIMULATION

A hybrid computer is a system that contains the same type devices
as are found in analog and digital computers.

In fact, most of the

hybrid computers in use today probably were fabricated by linking a
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digital and an analog computer together with an interface consisting
of analog -to- digital and digital -to- analog signal converters,

control lines (Truitt,

1964).

and

Hybrid computers have their main

application in the simulation of large, complex, systems or processes.
They are an important tool for simulation because they combine the
well ..knpwn advantages of analog computers with the digital computer

advantages of control logic, constant memory, and high precision digital
arithmetic.

Hybrid computers are expecially valuable for simulating

computer control of continuous processes.

In this case,

the analog

portion simulates the continuous process to be controlled, and the
digital computer and converters simulate the process control computer

system.
HYBRID USED FOR THESIS.

The hybrid computer used for the majority

of simulation required for this research is a digital

interfaced to an analog computer.

computer that is

(The hybrid computer is operated by

Battelle Memorial Institute, Pacific Northwest Laboratory, Richland,
Washington, for the Atomic Energy Commission.)

Although neither com-

puter was designed to be part of a hybrid facility, the resulting system
has proven to be quite satisfactory.

hybrid facility.

Tables BI and BII describe the

The Ease 1132 analog computer is included because it

can be patched to the Ease 2133 by using the 80 trunk lines mentioned in

Table BI.

Because of the slower relays in the Ease 1132, the two analog

computers may be tied together only if integrators are not used in the
Ease 1132.

Since the time delays are continuously available on the

Ease 1132, the slower relays cause

no problem.

Table BI.

Item

Summary description of analog computers.

Beckman /Ease 2133

Beckman /Ease 1132

72
48
- -40

84
24
36
24
--

240

100

24

24

Multipliers

32

16

Function generators

12

8

Comparators

16

16
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Total number of amplifiers:
Integrators
Summers
Inverters
Buffers

Potentiometers:
Servo -set
Hand-set

Approximate time to
change modes
Additional features:

1

millisecond

Full iterative capability;
Automatic, tape -controlled,
potset;
Plug in digital logic;

20 milliseconds

Eight hardwired Pade
approximation time
delays

80 trunklines allow interconnecting the two computers

Manufacturer:

Beckman Instruments, Inc.
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Table BII.

Summary description of digital
computer and digital -analog interface.

Computer
Model - Digital Equipment Corporation PDP -7
Word Size - 18 bits
Memory Size - 8K words
Cycle time - 1.75 microseconds
Peripherals - 24K word, parallel access, drum
Card reader
Dectape (a slow speed magnetic tape
system manufactured by Digital
Equipment Corporation)
Model KSR 35 Teletype (heavyduty)
High speed paper type punch
High speed paper tape reader

Digital -Analog Interface
Control logic - Digital Equipment Corporation Flipchips
Analog -to- digital converter -Manufacturer - Adage, Inc,
Word length - 13 bits plus sign
Conversion rate - 85 KHz for full 14 bit word
Number of channels - 16 (24 eventually)
Digital -to- analog converter -Manufacturer - Adage, Inc.
Word length - 13 bits plus sign bit
Number of channels - 24
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DIGITAL COMPUTERS IN SIMULATION
The term "digital simulation" is applied to many different
types of simulations in which a digital computer is employed.

The

type simulation that is meant here is that which uses a digital

computer simulation language to provide the same differential equation
solving ability as an analog computer (Clancy and Fineberg, 1965).
The analog computer -like function is necessary to simulate control
systems because of the continuous nature of the plant.

Some simu-

lation languages for sampled -data systems handle discrete systems
only, and are not satisfactory for control system analysis

(Karafin,

1965).

A good example of a digital simulation language that is

MIMIC.

useful for simulating sampled-data control systems is MIMIC
and Petersen,

(Sansom

MIMIC, which is an extension of MIDAS, is con-

1967).

sidered one of the better simulator languages (Clancy and Fineberg,
1965).

Besides the normal analog computer functions, it has functions

characteristic of

a

hybrid computer which can be used to simulate

sampled -data systems.
able with MIMIC.

Table BIII lists

a

few of the functions avail-

There are many other functions available that were

not listed in the table.

MIMIC programs may be written in the same

way that analog computer programs are patched.
or

A diagram may be used,

the program statements may be written directly from the differential

One important point that the engineer must remember is:

equations.

integrators and summers have no sign inversions in MIMIC.

program is

a

The MIMIC

translator, because it translates block diagram state-
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Table BIII.

Major functions available in MIMIC

Addition, Subtraction, Multiplication
Arithmetic:
Integration, Summer, Inverter,
Analog Computer:
Limiter.
Hybrid: Zero.order hold, Flip -flop
First order transfer function, Time delay,
Special:
Boolean variables
FORTRAN: Free use of FORTRAN and arithmetic symbols

ments to FORTRAN statements.

The program is quite large, so it can

only be run in a large computer center.

EVALUATION OF SIMULATION METHODS

Six criterion have been chosen for evaluating hybrid and all
digital simulation methods.

In particular, MIMIC

is used in the

evaluation, because it is typical of the digital simulation languages.
Table BIV.

briefly compares the two methods.

Table BIV.

Comparison of MIMIC and hybrid simulations.

Evaluation Criterion

Hybrid

MIMIC

Amplitude scaling

Not required

Required

Time scaling

Required

Required

Accuracy

Better than .01%

Less than .01%

Dynamic range

No practical

"Hands on"
problem control

Not possible

Possible

Expense

High

Low

limit

100 volts

In general, MIMIC is superior to a hybrid facility with respect
to amplitude scaling, accuracy, and dynamic

range.

All these advan-

tages result from the use of a large computer with floating point
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arithmetic,

For the particular problem of the algorithm design, these

do not apply.

The process and controller are considered to have a

range of 0 to 100 per cent of full scale, so amplitude scaling and a
large dynamic range are not needed.

A large number of significant

figures is not necessary, because the identification of the process
was done with less accuracy than 1% of full scale.

Hybrid simulation, in general, is less ecpensive than digital

simulation for two reasons.

The first reason is that the hybrid

installation is usually much smaller than the digital installation,
and thus rents for less per hour.

The second reason for lower cost

with the hybrid Is the engineer's direct involvement

("hands on"

problem control) with the problem to speed up its solution.
change the problem parameters as the solution progresses.

He may

When an

evaluation such as this one clearly shows the superiority of hybrid
over digital simulation, the digital simulation may still be used as
a

problem check.

in his

This would give the engineer additional confidence

results.

Hybrid computers are valuable in large problems, because they
often allow extensive sections of the analog portion to be time shared

(Sanathanon, et al, 1966),

A particular example of this is the time

delays used to simulate the HTLTR heating system.

One subroutine

was time shared to provide twelve individually adjustable time delays.

This same feature

is

available only to a limited extent with MIMIC

and DSL /90, two of the newest and most general digital simulation

languages (Sansom and Petersen,

1967) and (Syn and Linebarger,

1966).
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APPENDIX

C

ANALYSIS OF A SAMPLED -DATA CONTROL SYSTEM
A feedback, sampled -data, control

system was evaluated in

order to compare the results when using z- transform analysis, hybrid

simulation and all digital simulation.

The digital controller was

similar to a continuous, proportional -plus- integral, controller with
the

integration approximated by

a

rectangular summation.

As inte-

gration adds phase lag in a continuous system, and thus decreases the

stability of a control system, which includes a self -regulating process, it also decreases the stability of a sampled -data system.

This

numerical example shows the decreased stability, which must be accepted
in trade for the smaller steady -state error.

PROBLEM DEFINITION
The control system which was analyzed is depicted in Figure Al
(repeated here as Figure C1) from Appendix A.

The z- transform of the

process output, which is in terms of the reference signal transform,
the controller transfer function, and the process transfer function,
is

shown in equation (A20), also from Appendix A.

Equation (A20)

will be repeated here as equation (C1),
C(z) = R(z)D(z)G(z)
1
+ D(z)G(z)

r t)

+

e(t)

/e*(t)

Figure Cl.

(Ci)
DIGITAL
COMPUTER

m(t)

Sampled -data system.

m'ti(t)10 PLANT

c t)
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Equation (C1) was used for the z- transform analysis, and Figure Cl
was used for the two simulation methods.

The time function, c(t), was determined for all three cases.
c *(t),

In the z- transform case,

the sampled signal, was found.

How-

ever, with this simple system, the sampled points may be connected

with a low order, smooth, curve.

If

the output were completely

unknown, then the modified z- transform could be used to obtain the
complete time function.
ANALYSIS WITH Z- TRANSFORMS
Each of the terms, R(z), D(z) and G(z), in equation (C1) was
derived and then plugged into the equation to obtain C(z).

The inverse

of C(z) was obtained with the author's program, which was described
in Appendix A.

A common approximation for real plant transfer

PLANT TRANSFORM.

functions is an exponential decay in cascade with a pure time lag.

Equation (C2) is the Laplace transform of this approximation.

Gs (s)

where,

m

Ke

-std

Ts

+

a (K /t) e
s

1

+

°s Td

(C2)

,

1/T

K ® process gain in normalized units,
a time lag in time units,
T- dominant time constant.

Yd

Time delays must be expressed in terms of the sampling interval, T.

Therefore,¿

d will

td a (j
where,

j

is an

+

be expressed as

°)T

in equation

(C3)

,

integer and 0-

(C3),

1.
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The zero -order hold, that converts the pulsed output from the digital

controller to an analog signal, was included as part of the plant.
Tou (1959), who has a good discussion of hold circuits, gives

equation (C4) as the Laplace transform of a zero order hold,
-sT
H(s) = 1-e

,

(c4)

s

Combining (C2) and (C4) we obtain the transform of the plant and hold
circuit combination as equation (C5),
-s(j+A)T(1-e-sT)

K

G(s) = Gl(s)H(s)

(c 5)

s(s + 1/r)

From a table (Kou 1963), we obtain the z-transform in equation (C6),
-The
-(j +o+l)T
)z
(1 -e
-"
T /r
(z-1) (z -e
)

-(j+A)T
(z

G(z) = K

CONTROLLER TRANSFORM.

.

A discrete approximation

(C6)

to a propor-

tional-plus-integral controller has the form of equation (C7),

m

n

= K

p-

e.T]

en + KI
ill

i

(C7)

.

subtracting the manipulated variable at the (n-1) st sampling
,

r:y

interval from that of the nth sampling interval, and simplifying,
we obtain equation (CS),
m0

-t,1

= eil(Kp + KpKIT)-Kpen_i

(CS)

.

The following steps show how (CS) was obtained:
n
mn-n'n-1 =

p[en + K1

il

eiT]

_K[e1

_ K,en-Kpen.i + KpKienT
= (K

P +

KpKI T) e n -K p e n-1

n-I
+ K1

eiT]
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Equations (A35) and (A39) in Appendix A showed how to obtain a

difference equation from a transfer function.

Now we can apply the

procedure in reverse to obtain a transfer function.

From (C8),

the difference equation, we can write (C9), the transfer function

for the digital controller,

z

D(z)

-

E(z)

(KP+ KPK1T) Z-Kp
z-1

REFERENCE SIGNAL TRANSFORM.

(C9)

In process control, the reference

signal is a constant called the setpoint (Buckley, 1964).

Therefore,

r(t) may be expressed as the step function, aU(t), where "a" is a

The transform for r(t) is equation (C10),

constant.

R(z) - a

z

(C10)

z-1

OUTPUT TRANSFORM.

The transform of the plant output can be

written by substituting equations (C6), (C9) and (C10) into equation
(C1),

C(z) z

a

z-1

(C11)

(K +K K )z-K P K
r

1+(KP+KpK1T)z-Kr K

(z-(,i+a)T-z-(j+o+l)
)

(z-1) (z-e-t

(z-(j+o)T-z-(j+o+l)T)

z-1

(1-e-

Th
)z

r)

(1-e T/r)z

(z-1) (z-e-Tr)

In order to simplify the algebra involved in transforming (C11) to
the time domain, we will work with the special case of Table CI.

This special case will be carried through in each of the three

different analysis methods.

With the values from Table CI, and
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(C11) may be simplified to equation (C12),

algebraic manipulation,
C(z) e A z
B(z)

(C12)

9

A(z)

where,

Kp

K

9

(1-e-.1/20)

(1+1(1)z-

-g- (1-e-1/20)z

-

B(z) =

and,

z5-(2+e-1/20)z4 +

(2e-1/20+1)z3

+(Kp(1-e-1/20)(1+K1)-e-1/20)z2 -

Kp(1-e-1/20)(1+(1+KI))z

+Kp(l.-e-1/20)

Table

CIS,

Model parameter values`
Value

Parameter

r

2

seconds

T

1

second

K

1

(no units)

1í

of full

rd

Plots of
._

i

c(t)

urns C3

ANALYSIS
LYSIS

i5'Y

and

versus

20 seconds

scale

time with different K1 values are shown

in

C4.

DIGITAL SIMULATION

The simulation program, MIMIC, which is discussed in Appendix B,
was used for the simulation of the control

system.

Although MIMIC
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is
a

claimed to be useful for sampled -data simulations, there is not
sample block available.

is a sample and hold

The closest approximation in the language

block, which combines the functions of a sampling

switch and a zero order hold circuit.

The Boolean operations that

are available make it possible to generate signals to time the

switching action.
Normally, it would be possible to write the MIMIC statements

directly from the block diagram of Figure Cl, and the transfer functions of equations (C5) and (C9).

However, because of the lack of a

sampling block, a new controller equation had to be developed with a

transfer function that was equivalent to (C9).

The development

is

instructive and gives some insight into writing a digital simulation

with the MIMIC language.
CONTROLLER TRANSFORM FOR DIGITAL SIMULATION.

The necessary

equations for this development are the difference equation, (C8),
and its transform, (C9).

With the difference equation, we will

develop a block diagram from which a MIMIC program may be written.
The block diagram will be shown to have a z- transform identical to
(C9),

In Figure C2, the blocks

labelled "b" and "Kp" are multi-

plication constants; those labelled "TDL" are time delays with delays
of T time units; and the block labelled "ZOH" is a zero order hold

circuit.
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__
TDL

TDL

r(t)

.:.e

(t)

eir(tw

ZOH

xl(t) -.o

b

x (t)

P

x4(t)

- x3(t)

+

+

p

+

x6(t)

5(t),,
SIj

m(t)

c(t)

Figure C2,

Detailed block diagram for controller.

Figure C2 was drawn directly from the difference equations (C8)
Now,
is

the z- transform of this controller will be derived.

The output

the sum of x5(t) and x6(t), with the following transform equation,
(C13)

M(s) = x6(s) + X5(s).

Since x6(t) is the delayed output, its transform is,
°Ts
x6(s) = M(s)e
in terms of x4(s),

The transform of x5(s),

is,

x5(s) = Kpx4(s)

The transform of x4(t) can be written in terms of_x2(s) and x3(s),
x4(s) Q x2(s)

x3(s).

-

Since x2(s) and x3(s) can be written in terms of xl(s), x4(s) is
x4(s) a bxl(s)

d

xl(s)e °Ts

Equation (C13) may now be written in terms of M(s), the transform of
the output, and xl(s),

M(s) = M(s)e -Ts + Kpxl(s)(b -e °Ts)
This equation can be written as a ratio of M(s) to xl(s) to obtain
the transfer function,
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M(s)
(s
xl T;)

KD(bne°'Ts)
Ts
l _e"

= D(s) .

)

The transform for a zero order hold circuit is given by equation
(C4), so M(s) may be expressed in terms of E*(s)9 the transform of

the sampled signal,

M(s) s E*(s)1_eTs

D(s)

,

and the starred transform, M*(s), has the form,
e-Ts

M*(s) =

D(s)]*

.

s

By substituting the equivalent expression for D(s) in the above

equation, we obtain,

-

1meoTs
M*(s) = E*(s) L---

K

(b-e"Ts)
I
10e-Ts

ors.

LKemTs)]*

MLs

e

E*(s)

L

s

The z- transfer function relating the controller output and input,
can be obtained from tables (Kuo,

M(z)

®

E(z)

K (bdz`1)
p

1963),

z

zrl

By letting b e KIT + 1, we obtain the controller transfer function of

equation (C14),

(KIT+1) z-1
M(z) ®
K
z-1
p
E(z)

(C14)
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Since (C14) is identical to (C9), a simulation that is programmed
from Figure C2 should give the same results as the z- transform
analysis.

DIGITAL SIMULATION RESULTS.

The MIMIC language is quite powerful,

but it is also difficult to implement.

The version of MIMIC which was

available at the time of this work had several "bugs"

that gave

erroneous results when Boolean expressions were used.

For this

reason, the simplest problem, with proportional control, only, was
run.

The good results obtained for this case which are shown in

Figure C3, show that a "debugged" MIMIC program should give results
that are equivalent to z- transform analysis,

ANALYSIS BY HYBRID SIMULATION
The hybrid computer, which is described in Appendix B, was used
to give a third solution of the example problem.

was quite straight- forward to implement.

The hybrid solution

The continuous plant was

simulated with the analog computers, and the digital computer provided
the sampled -data controller simulation, as well as, sampling and

logic control.

Appendix

B

One of the continuous delay approximations described in

was used to simulate the delay in the plant.

The results

from the hybrid simulation are also shown in Figures C3 and C4.

EVALUATION OF SIMULATION AND TRANSFORM SOLUTIONS
The plots of results, Figures C3 and C4, show the agreement

between the three analysis methods.

Figure C3 depicts the plant

response with proportional control, while Figure C4 depicts the
plant response with proportional -plus- integral control.

The initial
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condition was zero and the setpoint was 0.5.

The response was

normalized so that full scale corresponded to one.

The differences of

the simulation results from the z- transform results do not show up

clearly in the plots.

Tables CII and CIII compare output response

values and show the maximum errors that were detected,

COMPARISON OF DATA,

The errors in Table CII are negligible.

Although the errors in Table CIII are not large for an analog solution,
most of the error can be explained in two ways.

The first, and

largest source of error results from picking values off an ink chart.
The second source of error was in the delay,

Notice that the largest

error occurred at the point where the slope of the curve was largest,

Slight changes in the delay time could change the amplitude response

considerably.

This example points out the necessity of carefully

adjusting the length of the analog delay.

In the heating system

simulation, digital delays were used, so this problem was not

encountered.
BEST ANALYSIS METHOD.

Karplus' (1958) description of an

engineering problem bears repeating here.

He states that the aim

of an engineering analysis or synthesis problem is not mathematical

description, but specific answers within a specified accuracy at a

minimum cost.

Simulation and z- transform theory are tools that are

available to the engineer to help solve his problems.
A mathematical representation of a system has the advantage
that the variation of parameters which strongly effect the response

may be studied.

However, analysis with z- transforms becomes more

TableCll.

Time

0
1
2
3
4

5
6
7

8
9

10
11
12
13
14
15

Z- transform

Comparison of z- transform analysis and
simulation for proportional control.

Digital Simulation

Error (% of
full scale)

Hybrid Simulation

Error (% of
full scale)

0
0

0

0

0

0

0

0

0

0

.0975
.1903
.2796
.3437
.3872
.4112
.4216
.4231
.4197
.4145
.4093
.4050
.4020

0

.088
.190
.276
.342
.380
.407
.418
.421
.419
.414
.408
.414
.401

0
0
0

0

.0975
.1903
.2786
.3435
.3872
.4115
.4219
.4234
.4200
.4147
.4095
.4051
.4020

0

-.1
-.02
0

+.03
+.03
+.03
+.02
+.02
+.02
+.01
0

0

+.95
+.03
+.26
+.15
+.72
+.45
+.39
+.24
+.1
+.07
+.15
+.11
+.1

rij

TableClll.

Comparison of z- transform analysis and
simulation for proportional -plus -integral
control.

Time
0
1
2

3

4
5
6
7

8
9

10
11
12
13
14
15

Z- transform

Hybrid Simulation

Error (% of full scale)

0

0

0

0

0

0

0

0

.1170
.2479
.3919
.5209
.6280
.7060
.7542
.7741
.7699
.7465
.7097
.6649
.6173

.083
.230
.373
.495
.605
.685
.735
.765
.767
.747
.712
.672
.623

0

+3.4
+1.8
+1.0
+2.6
+2.3
+2.1
+1.9
+ .9

+

.3

0

-

.2

- .7
- .6
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difficult as a system becomes more complicated.

Although the disad-

vantage of defining inverses only at the sampling intervals is overcome
by using modified z- transforms,

the modified transforms of complex

systems are very difficult to evaluate.

Possibly the major disad-

vantage of the transform method is in treating non- linearities that
are commonly found in physical plants.

For example, the output of a

digital controller can be no larger than the discrete -to- continuous
signal converter word length.

Simulations of real processes can have nonlinearities that are
generated either with electronic circuits or by digital computer
programs.

Plant simulations allow the engineer to get an intuitive

grasp of the actual plant operation.

A major disadvantage with either

hybrid or all digital simulations is the difficulty of collecting the
large amount of data required for parameter variation studies.

The main criterion for deciding on one of the methods should
be:

which

is the

cheapest way to get an answer to the problem.

With

this approach, we can see the necessity of having both tools available

and using whichever is right for a particular job.
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APPENDIX D

TOLERANCE LIMITS FOR ITAE VALUES
Repeated calculations of the ITAE (integral of the product of
time and the absolute value of the error) for the same hybrid computer

simulation gave different values.

The cause of the mechanism that

produced the seemingly random fluctuations was unknown.

Since repeated

calculations with the same control parameters gave different ITAE values,
it was important

to know how to distinguish between random fluctuations

and actual differences caused by parameter changes.

The following

three sections of the Appendix describe the statistical tests that

were required to evaluate the extent of the fluctuations, and to
calculate tolerance limits on the computed ITAE values.
A CENTRAL LIMIT THEOREM

The most common and widely documented statistical tests involve

normally distributed random data,
tribution of nature,
of a central

While it is not the underlying dis-

the normal distribution occurs frequently because

limit theorem.

This central limit theorem states that the

mean of n independent (or slightly dependent) observations of a random

variable has a distribution that approaches a normal distribution under
the following conditions:

(1)

the observations may be from a particular

distribution, or up to n different distributions, (2) the means and
variances for the distributions are finite and are of the same order
of magnitude, and

(3)

the normal distribution approximation becomes

better as n increases, or holds for small n if the individual distri-
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bution(s) of the observations are approximately normally distributed (Hahn and Shapiro,

1967),

Hahn and Shapiro (1967) further state that when a random variable

represents the total effect of a large number of independent causes
(none of which is dominant), the central limit theorem implies that
the random variable will probably be normally distributed.

Tests of

the hypothesis of a normal distribution are common, because of the

widespread use of the normal approximation.

If the calculations

be assummed to be observations from a normal distribution,

could

then the

tolerance limits for the calculations could be easily made.
TEST FOR NORMALITY

The following description for a statistical test of a distributional assumption is abstracted from Hahn and Shapiro (1967),
This testing procedure permits one ro reject a model as inadequate,
but it does not prove that a model is correct.

The following steps

are taken to test an assumptions

calculated from the observed data.

Step 1.

A test statistic

Step 2.

The probability of obtaining the calculated test
statistic:

Step

3

is

assuming the selected model is correct,

is

determined.,

If

the probability of obtaining the test statistic is

low (usually less than

,1

or .05), one concludes that

the assumed model does not provide an adequate repre-

sentation.

If the probability associated with the

test statistic is not low;

then the data provide no
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evidence that the assumed model is inadequate.
A test for normality, called the "W test ", is an effective test
for data with less than 20 samples

(Shapiro and Wilk, 1965).

Since

the number of samples at each ITAE level was 16 for this particular
test, the W test proved effective.

Shapiro and Wilk (1965) give two

tables, and detailed instructions for obtaining the test statistic.

One table gives the coefficients that are required in the calculation,
and the second table gives the percentage points for the test statistic.

Assuming

a

random sample of size n, x1, x2,

...

,

xn,

the five

steps for applying the W test follow:

Step

1.

Order the observations to obtain an ordered sample,

<

y1

Step 2.

-

y2

-

n

2

_ iEl
_

yn

n

2

(yirÿ)

= iEl

(x..;01-

n

where,

3

""'

Compute

s

Step

-

Y

ñ

E

xi

=

l
yi
ñ ï2,1
it

For even n, that is, n = 2k, compute
k

=
f'

i1.

an= i+1(yn= ii-1"yi )

where the values of an,i +l are given in Table

5,

page 603, of Shapiro and Wilk (1965).

Step 4.

Compute W = b2/s2 (the test statistic).

Step

Use the percentage points of the distribution of W

5.

from Table 6, page 605, of the reference.

Samll values
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of W indicate non -normality.

The above steps were carried out with a digital computer for seven
sets of samples of size 16 at different mean values of the ITAE.

Table DI relates mean values of the ITAE, calculated values of the
test statistic, and comparisons of the calculated W and W percentage

points.

Except for two sets of data, there was not adequate basis

to reject the normal distribution.

Therefore, the random variable

that represented a calculated ITAE value was assumed to be normally

distributed.

Table DI.

W statistic values for different mean ITAE values.

Mean ITAE Values
(% of full scale)

Calculated Values for
W (test statistic)

Comparison to W
Percentage Points

6-4110

.922

>.1

9.109

.929

>.1

35.1'),0

.921

>.1.

23.919

.947

Nai
._

3/.917

.735

<.01

/9,(356

.918

>.1

70.-07

.795

<.01

TOLERANCE LIMITS
With the assumption of normality, tolerance limits for the ITAE

calculations could be determined rather easily.

Since samples were

taken at several ITAE ranges, tolerance limits for each range were

determined.

Tolerance limits are the end points, or values, of the
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random variable that span a fixed percentage of the population dis-

tribution with a specified confidence.
a procedure for finding the

Dixon and Massey (1957) have

tolerance limits of the form R ± Ks where

K is determined so that the limits will include a proportion P of the

population with confidence Y.

The symbols x and s2 are the estimated

mean and variance, respectively, or,
n
_
x _

1

IT

E
1..1

x1

n

j

and

s2 =

The value of .9 was chosen for both P and Y.

ñ

1

E

i=1

is the

1

The means and vari-

ances and the tolerance intervals were calculated.
val

(x._7)2

A tolerance inter-

difference between the upper and lower tolerance limits.

Table DII shows tolerance intervals, that were chosen from Dixon and

Massey's table, for seven different samples of ITAE values.

Table DII.

Sample means and tolerance
intervals for ITAE calculations.

Mean ITAE Values
(% of full scale)

Tolerance Intervals

%

of full scale)

4.1.10

.039

9.409

.094

15.480

.053

23.919

.041

34.917

.140

49.666

.215

70.707

.325
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In the optimization program,

obtaining their difference.

two ITAE values were compared by

If the absolute value of this difference

was larger than the tolerance interval selected from Table DII, then
the

two values were accepted as being different.

The comparison was

done automatically, but the engineer had to supply the tolerance
interval for a particular range of ITAE values.
do this was to select the largest

range of ITAE values.

A simple way to

tolerance interval for an expected

