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Nonlinear Free Boundary Problems Arising From Melting

Processes

1. Introduction

In describing change of phase processes (for example,
evaporation, freezing, melting, dissolution, etc.), one is
frequently faced with a boundary wvalue problem for the
heat equation in a domain whose boundary is unknown but
which must be determined together with the solution of the
differential equations. These phase changes are assumed
to take place at some specified temperature and pressure.
Such problems are often referred to as Stefan problems.

In this thesis, we shall consider a Stefan problem
for parabolic equations in two spatial dimensions and in
time. We shall be given an initial condition and an
additional condition on the free boundary; namely, the
equation for the conservation of energy. We shall think
of one phase as occupying a given domain in the xy-plane
at the time t>0 with a prescribed initial temperature at
time 2zero and a prescribed flux on the boundary of the
domain. We need to determine the temperature of the
domain and the location of the free boundary at time t,
that is, we shall find the temperature of this phase and
the location of the interface between the two phases. The
typical problem involves +the melting of 1ice and for

simplicity we shall +think of +that problem in the
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discussion below. In the melting of ice the interface

moves relatively slowly so we can solve the equations on a

fixed rectangular grid using finite difference
approximations. To track the melting front along grid
lines, we will use spline interpolation between grid
points. The melting front moves in the direction of the

normal to the boundary and depends on the flux condition
on the boundary which is occupied at time t. The melting-
point of ice means the temperature at which ice is in
equilibrium with the adjacent water under the existing
pressure. It varies with the pressure and with the purity
of the water, both of which are neglected here. The
melting temperature differs from point to point, so some
portions of a mass of ice melt at a temperature slightly
under 0°C, while others require a temperature slightly
over 0°C to liquefy them. The consequence is that such a
mass will have some of its parts solid and some of its
parts liquid. Thus, it is possible that there will not be
a sharp boundary between the liquid and the solid phases,
but rather a small region where the phases

coexist (see Fig. 1.1).

In our case, if we drop hot water onto a single block
of ice, then it melts and breaks up into several small ice

islands. At that +time the 1ice and water interface
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(melting front) will not move until all the ice islands

have been completely converted into water. There will be
a waiting time before melting front moves. We call that
stage a ”mushy region”. In the mushy region, we need to

refine our time steps and the mesh points 1if it is
necessary. Physically, the mushy region is a thin region
and we shall assume that the ice/water front is sharp so

that it is determined locally by a function.

The governing equations of the physical situation are
derived in section 2.1 and a complete statement of the
problem is given in section 2.2. The literature survey is

done in section 2.3.

In the third chapter, we will prove existence and
uniqueness theorems for weak solution and discuss
variational inequalities. As part of the proof of the

existence of a weak solution, we will find some a priori
properties of the difference approximation which we will
need later in our convergence proofs in Chapter 4.

The fourth chapter deals with a numerical method. A
finite difference algorithm is used to get the numerical
solution of the temperature of the domain at time t and
the normal derivative by a difference quotient is used to
find the free boundary. Also, we will give convergence

proofs of the difference schemes.
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Finally, in Chapter 5, we will solve an example using
a numerical procedure which is discussed in Chapter 4 and

present the results of the location of the front.






2. Physical Description

2.1. Statement of the Physical Problem

The phenomenon of melting is very important in
industrial processes such as the casting of metals in

foundries , arc welding and the melting of ice.

We shall consider a thin block of 1ice occupying a
domain -0 < X < o and -0 < y < o, and drop hot water
onto the ice. As the ice starts to melt, the boundary
between the water and ice moves. Let us focus our
attention on a domain which is occupied by the water and

the interface between the water and ice.

The density and pressure of both phases, liquid and
solid, are assumed to be the same in the neighborhood of
the interface and the liquid remains stationary so that
heat is transferred through it only by conduction. We
assume that the temperature distribution of the hot water
depends on space variables and the temperature
distribution of the ice is everywhere 0°C and no internal
pressures build up. So we shall deal with the one-phase
Stefan problem. The ice will begin to melt and for every
time t > O water will occupy a certain domain. When a
body of ice having the shape Fig. 2.1 keeps growing, the

interface AB and CD may coincide. Then in the next moment
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the whole joint boundary will disappear and we will have
an ice island. So the free boundary wvaries in a
discontinuous manner and the mushy region starts. This
process will continue until the total energy available to
the system goes to zero. This energy depends upon the
temperature. Our problem is to find the temperature of
the domain and the free boundary at any time t > O.
Another problem, which is of great importance in soil
science, involves the study of water invading a dry
medium. We shall think of a homogeneous, dry, porous
medium which is assumed to consist of a large soil slab so
that physical properties are determined by two wvariables.
As time passes, the incompressible liquid, in this case,
water, will flow toward areas of lower pressure. The
unknown boundary, which is called the free boundary, is
the wetting front. Let us suppose that the initial
distribution of the moisture is known as a function of the
space variables. For time t > 0, the free boundary is
determined by the water flux that is a prescribed function
of time. The problem is to find the moisture distribution
and the location of the wetting front at any later time

t > 0.






2.2. Statement of the Problem

In the previous section the problem we discussed a
change of phase problem in two spatial variables, x and vy,
and time t. If we think of this problem as the melting
ice problem and denote the water temperature which depends
on x , ¥ and t by u, then this problem can be formulated

as follows.

Problem 1. Find a function u=u(x,y,t) and a domain
Qp = lJ Grx {7} with boundary 09,, the free boundary,
0<r<t
such that
uy = alu in Q¢, t >0 (2.1)
u(x, y, 0) = ¢(x,y) on G, t =0 (2.2)

u(x,y,t)=f(x, y, t) = 0 on 0Q¢, t > 0 (2.3)

fe + v-Vf =0 on 92, t 20 (2.4)
where a is thermal diffusivity. Without any real loss of
generality we will take a=1. Gy will denote a bounded

domain at time t > O in two dimensional Euclidean space,
RZ, G, denotes its closure and 0Gg its free boundary.
v is the velocity at the position (x,y) at the time t.
The operator A is <called the Laplace operator (i.e.
Au:iz—+—a—2—), V:(—a— —Q-) is the gradient operator and u

ax?  y? ox ’ 8y t
is the partial derivative of u with respect to t. In
general, partial derivatives with respect to the time and

spatial variables will be denoted by subscripts. Finally,

f and ¢ are assumed to be given functions.
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2.3. Literature Survey

There have been many developments in the theory and
applications of free boundary value problems. The
historical development is summarized in L. I. Rubinstein
[43] and 1. I. Kolodner [33]. Important developments in
the study of the free boundary problems have been achieved
using by a variational approach which seeks the solution
in some ”weak” sense. Variational approaches of free
boundary wvalue problems are to be found in C. M. Elliott
and J. R. Ockendon (1982), A. Friedman (1982),
D. Kinderlehrer and G. Stampacchia (1980), D. G. Wilson
and Solomon and P. T. Boggs (1977), and J. R. Ockendon and
W. R. Hodgkins (1975). Because of the large literature,
we will discuss only those papers related to our work.
The method mentioned in this thesis is based on the theory
introduced by S. Kamin [29] and further developed by
A. Friedman [20] for several dimensional Stefan éroblems.

In [21], Friedman considered the case when the
temperature at the boundary is prescribed and water is
present at the beginning. His method was a modification
of the method of successive approximations. Lazaridis
[37] developed a numerical technique with which to treat
heat-transfer problems involving a change of phase for the

multidimensional problem. But he did not give any proofs
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for existence and uniqueness and only calculated the
location of the interface. In [47], Peckover and Turland
considered a wide rectangular block of a solid which is
heated on its top horizontal surface and cooled on its
horizontal bottom surface. The 1local stability of the
horizontal interface plane (melting front) is studied when
the front between the solid phase and the liquid phase is
stationary. They considered both semi-infinite media and
layers of finite depth.

In [38], G. H. Meyer used an enthalpy transformation
for some multidimensional problems and absorption of the
phase transition process into the diffusion equation. If
this transformation is not applicable, he used a locally
one-dimensional Gauss-Seidel type front tracking method
coupled with invariant imbedding.

In concluding this survey, we mention the work of
Fasano and Primicerio in [12] -~ [16]. They gave a
detailed discussion for change of phase processes in one
spatial dimension with the aim of giving an outline of the
main features of the mathematical problems related to such
phenomena. Moreover, they gave an example and proved the
well-posedness of the problem in the classical sense and
obtained a better understanding of the typical behaviour

of systems with non-uniform melting temperatures.
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3. Mathematical Background

3.1 Reduction of the classical problem to a generalized one

Let Gt be a bounded domain in R? , whose boundary
consists of the surface 8G;. For any t, 0 <t << T,
let. Q. = |J Grx{r}.

0<r<t

If the ice phase is known to be at temperature 0°C (or
very nearly so), then we can assume the temperature of
the ice to be 0 and u(x,y,t) to be the temperature of the
water. This resulting problem is called the one-phase
Stefan problem, which we formulated in +the previous
section as follows.

Consider the following system of equations for u:

Uy = uxx + Uyy for (x, y) € @, 0<t < T (3.1)
u(x, y, 0) = ¢(x, y) for (x, y)e€ G, t =0 (3.2)
u(x,y,t)=f(x, y, t) = 0. on 00, t >0 (3.3)
fy + vV £ =0 on 99Q,, t 20 (3.4)
where v is the velocity at the position (x,y) at the time
t, and f(x,y,t) is a C' function in Q; such that

aGt:’{(stst)e Qtlf(xs)’st) =0}, Vf(x,y,t) # 0 on aGt!

u(x,y,t) > 0 on Q. ﬁ; is closure of Q.. The function
d(x,y) is the initial data for u(x,y,t) and
00, = |J 06, 0 < T < oo,
0<t<T :

is the ”free boundary”.
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The classical, one-phase Stefan problem consists in
determining a solution of (3.1) - (3.4).
Definition. A bounded, measurable function, u, in Qt is

called a generalized solution of (3.1)-(3.4) if
T

/ / (A€ + u & )dx dy dr  +
0  Gr

+ /. §(x,y,0) u(x,y,0)dx dy = O (3.5)
Go
holds for any function § € Cg% _;). By Cg%ﬁ;) we denote
the class of functions, ¢, which are infinitely often
differentiable on Q. and which vanish in a neighborhood of
the boundary of ﬁ;- Such functions are said to have
compact support.
Theorem 1. A classical solution of (3.1)-(3.4) in Qg is
also a generalized solution of (3.1)-(3.4) in Q.
Proof. Let us assume u is a classical solution of
(3.1)—(3.4). We multiply both sides of (3.1) by ¢, move
the left hand side of (3.1) to right hand side in equation
(3.1), and integrate over LJ Grx {r}. Upon applying the
0<r<T

Gauss divergence theorem and using the fact that u=0 on

0Gr, we get after integrating by parts,

T
‘/ /. ( &€ Au — € up) dx dy dr
0  Gr



14

T
=/ / [{div(f Vu)— V&-Vu}—€ uy | dx dy dr
o”’a

T

T
-_=_/ / {div(u V€) —u AE }+ fuy] dxdydr
e

T

Next an application of the Reynolds’ transport theorem

yields (see [26] Chapter 1)

T
=/ / u A¢ dx dy dr
0 G,

T
=T
- /. ué(x,y,r)dx dy |T 41/ /. u €y dx dy dr
G, 7=0 0 "G,

T
==/ / (ubé + u & )dx dy dr +

+/. E(x,y,0)u(x,y,0)dx dy =0.
Go

Here v is the exterior unit normal to 0Gj. This equation
implies the assertion.

Theorem 2. Suppose u € CLI(Qt) is a generalized solution of
(3.1)—-(3.4) in Qg - Assume that there exist a
continuously differentiable function, & in ﬁ;j satisfying
re) = {(x, y, t) €Q | @(x, ¥y, t) =0}, V @#0 on I'(t),

and & > 0 in Qt'

Assume that u, V u are continuous in LJ Grx{r} and
0<r<T
du . . .
Au, 5t are continuous in LJ G,x{r}. Then u is a
0<r<T

classical solution of (3.1)-(3.4).
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Proof. Let u be a weak solution satisfying the assumption
of theorem 2. Taking ¢ in equation (3.5) with compact
support in the neighborhood of a point (x,¥,8),
where (x,y,s)€I'(s), in other words, (=0 on I'(t) and

£(x,y,T) =0, we have
T

O=/ / (uAé + u & )dx dy dr +
0 G,

+/ E(x,y,0)u(x,y,0)dx dy
Go

T
=// (u A6 + u &) dx dy dr +
0’ G,

+/ {(x,y,O)u(x,y,O)dx dy—/ {(x,y,T)u(x,y,T)dx dy
Gy Go

T T
=/ / u A¢ dx dy dr+/ / u &rdx dy dr
O GT O GT

—[/ £(x,y,TYu(x,y,T)dx dy—/ €(x,y,0)u(x,y,0)dx dy]
Go Go

T T

=/ / u Af dx dy dr+/ / u é,dx dy dr
0 Gr 0 Gr

=T

_/ u (X,y,7)E(x,y,7) dx dy| _

G, =

T T
=/ / u Af dx dy dr——/ / ur £ dx dy dr
0 Gy 0 G;

T T
=/ / [div(uV¢) — Vu - V¢] dx dy dr——/ / ur £dx dy dr
0 Gr 0 Gr
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T T
== / / (Vu - V€ +ur§) dx dy dr +/ / div(éVu)dx dy dr
0’ G, 0’ a,

T
=/ / [div(§Vu) =Vu - V€ — u,r £ ] dx dy dr
0 G,

T
=// (§ Au — £ uy) dx dy dr.

We conclude that
T
/ / (6 Au — € uy) dx dy dr = 0 for arbitrary ¢,
0 G,
whence, Au = ug .

This 1is 1local, so choose €€ Cgo(ﬁg) Then all boundary

terms vanish. So f(x,y,t) =0 on 9892, and we have uy = Au in

Q-

Since u(x,y,t) = 0 = f(x,y,t) on 80,, t 2> 0. Taking
derivative with respect to t, we get fy = 0 and Vf = 0 on
0y .

Hence,

'ft+Vu-V'f=OonaQt,

and we see that equation (3.4) holds.
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3.2 Existence and uniqueness theorems.

Let ax = Ay = h, at = k. We cover the region
{(x,y) € R®, 0 < t < T} by a rectangular network by means
of lines tp = nk, x; = ih, y; = jh where i, j run through
all the integer and n is an integer lying in the interval
[o, E]. The lattice points of the net have coordinates
that are multiples of h and we take T to be a multiple of
k. Then

Ry(h) = { (x,y) €R® | (x,y) = (ih,jh), i, j: integers}

denotes the rectangular network of mesh points.

Let

T = R ) T

If (x,y) € Ry(h), the points (x,y)*he;xhe;, will be called
the neighbors of (x,y), where e, = (1,0) and e, = (0, 1).
The set of points in G;(h) which have at least one
neighbor 1lying outside G;(h), that is the boundary of

G¢(h), will be denoted by 8Gg(h). Set Gt(h)::ég(h)—aGt(h).

Now let t, = nk and define the sets
Q. (h) = Gg(h) x {t=tn| n =1, ... yN1,
St(h) = 6Gt(h) x { t=tp| n =1, ... s N},
and

Op(h) = Qg(h) U Sg(h) U {Qg(h) x (t = 0)}.

where N will be a fixed integer and k = %.
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We replace the problem (3.1) - (3.4) by a difference
scheme. To do that, we define the difference operators.
U(x+h,y,t) - U(x,y,t) _

DY U(x,y,t) = - = DX U} ;.

U(X9Y9t) - U(x—h9Y9t)

Dx U(x9)’9t) = h ’

_ U(x,y+h,t) — U(x,y,t)
= I ,

DY U(x,y,t)

D, U(x,y,t) =

U(X9Y9t) - U(x,y—h,t)
h ’

U(x,y,t+k) — U(x,y,t
D} U(x,y,t) = JC0yutH0) = U0GLY.0)

U(x+h,y,t) — 2 U(x,y,t) + U(x-h,y,t)
h? ’

D¥ DX U(x,y,t) =

U(x,y+h,t) - 2 U(x,y,t) + U(x,y-h,t)
h? ’

Dy Dy U(x,y,t) =

U(x+h,y,t) = Ul::ll+1,‘j'

We now seek a function, U(x,y,t), defined on ﬁ;(h)

satisfying
D€ a(U(x,y,t)) = D; Dx U(x,y,t) + D; Dy U(x,y,t)
for (x,y,t)€ Qt(h) (3.6)
U(x,y,t) = P(x,y,t)=0, (X9Y9t) € St(h) (3.7)

U(x,y,0) = ¢(x,vy), (x,y) € Gg(h) (3.8)



19

where we take U(x,y,0) to be zero for (x,y) € 8Gy(h) and
set ¢(x,y) equal to zero for (x,y) € 3Gy (h) when we deal
with the difference equations. In general, a(U(x,y,t)) is
a function of U(x,y,t), in our case, a(U(x,y,t)) is equal
to U(x,y,t).

From now on we assume that h has been chosen to be
very small and certainly 1less than or equal to the
diameter dy of Gy so that Gi(h) is not empty. If A is the
number of mesh points in Gg(h), (3.6) represents a
nonlinear system of equations in A unknowns for each tp
We shall be dealing with functions which vanish on 6G_(h)
or with the product of such a function and another
function defined on G;(h). It will be convenient to think
of these functions as being defined on all of Ry (h) by
simply assigning them the value zero in Ry(h) — Gi(h).
Lemma 1. At every mesh point lying in Q.(h), there exists
k< gy, and pu

a solution U? to equation (3.6) where

!.j h2
depends on
CO =(er:a)5€G0 { |¢(xs}’)|s|¢’(xs)’st)l} and a(u), but
(xs}’st)est(h)
is independent of h, k, Xis Yo and tp.
. n - ~
In this CaseslUi’J‘ISCh “(x":afjeGo {lo(xsy) |5 ¥ (x,y,t) |},

(xs}’st)est(h)
where J(x,y,t) is a continuous function which will take on
the value #¥(x,y,t) over Si(h) and has 3 continuous

. . . b
derivatives in Qt C Qt'
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Remark. It is clear that Ch — Cy as h — 0. Let us
consider h to be so small that Ch < CO + 1 is true.

Proof. Let us prove lemma 1 using mathematical induction.
We assume lemma 1 is true for tp and prove that it is also

true for t, .. Rewrite equation (3.6). Then

n+1 n n n n
a(Ui,j) —a(Ui,j) _ U- '_2 U' . +Ui—1

i+, 1,] 5 J
k - h?
un . —2 Uy . Ul .
+ i,j+1 1,) i,j-1 (39)

h2
Multiply both sides of equation (3.9) by k and add a(U? j)

to obtain

n+1, _ n k n n n
aUi]3) = alUi, ) + 5 Wiga 5 +Uio1,5 +U5 54
+U} 5 1 — 4 U} ) =g} ; (3.10)

1
laUiTH 1 = 18} ;1 < la@u] I +8FE U}

J h? |

J

A

a(Cq +1) -1-8}12k Cy,

That is,
(- Ch ~1) — 8C, ¥ < g? . <a(Cy +1) + 8 C, ¥
a 0 h 2z = €i,j = 0 h j2

If g is sufficiently small and ﬁ% < p, then

a(- Cy -1) — 8 Cy 5 > a( - Cy —2) and
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a(co+1)+schh%<a(co+2).

Therefore, a(-C, -2) < g g < a(Cy+2) .
Consequently, a(Un+1) = g" . has a solution vt and
s J 1, 1,
|U?+3| < Gy + 2. In this case p depends on Cjy and a(U)
b

Now let us prove |Un+1l < Cp for sufficiently small u. Ve

prove the contrapositive. Assume, to obtain a

contradiction, that we have found (x;, yj) for which
n+1 .

(U ,jl > G is true.

Since a(Un+1) —a(U? ) 2 1(Cy +2) (U“+1 ~ U ) (see [291),

n+1 n n
n(Cy +2) (U} - Ui,j)< hg(U1+1 5 FU 1,3
n n n
+ U i, 541 + Ui,j-l -4 U. ,J)

Moreover,

n+1 n
n(CO +2)U < h2(U1+1 3 +LI -1,
n n
+ U J+1+U1J1)

+UT 51 n(Co +2) - 2§ (3.11)

1(Cq +2)(1 =8) _ 1(Sg+2)
4

Choose fB>0 such that p < 7

(3.12)
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Substituting equation (3.12) into (3.11) and using the

induction assumption, we get

1
n(Cq +2)U?fj < 17(Cqy +2) Cy-
Therefore,

n+1
Uiy < Ch,
because of 5(Cy +2) >0.

This is a contradiction, so

n+1
Uii £ Cno
and the proof of the lemma is complete. An immediate

consequence of the proof is

Corollary 1. At every mesh point of Qi (h)

[U?’j[ < Cy + 1.
Lemma 2. For X <« , the following estimates hold:
hz S F#
yntl_yn |
k-h? Y (_1’%& 32 < Ko (3.13)
Qe (h)
u? ~Un . ut oL o =ut
k-h? Z ( 1+19].:]1 1,) )2 + k-h? Z ( 19.]'*‘}]; 1,J )2
Q. (h) Qg (h)

<K, (3.14)

where in the summation z: is taken over values of the
Qg (h)
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U; 3 such that at least one of the mesh points (xi,yj),
b

(xi+1,yj), and (xi,yj+1) lies in Q¢ (h). Ky and K; are

constants independent of h and k.

Proof. Let Q. (0<x<xg; 0Ly<y,; O0<t<T) denote the interior

mesh points and let 2—;—0 = M, , %/19 = M,, where M;, M, are
integers. Assume v(x,y,t) = g%. We determine mesh points
belonging to Q.(h) = Q; as a function 7? 5 as follows. On

b

n+1 n

n Yi,i T Yi,j N
71,5 = 2 ” 2 where n < N-1 and 19,5 = ¥(ih,jh,Nk)

b b
(i =0, ... M, j =10, ... , M). Inside Qi, we will
set 7? ;0= ¥(ih, jh, nk). The following estimates are

b

justified making use of the fact that v(x,y,t) is twice

continuously differentiable with respect to x, y, and t.

71.] J— n—l . . . .
l 1,] 719.]' _l7(1h’.]h9nk) "'7(1h9.]h9(n“1)k)| -Igll < K
k - k —lat! = 2
(1 <i <M -1,1<j<M-1,1 <n<N) (3.15)
Similarly,
4B . =R
|2Hd 1eJ) <k, (0 <n <N, i=0, i=zM —-1) (3.16)
71.-1 . -—7{1 .
|2t 1)) <k, (0 < n <N, § =0, M, —1) (3.17)
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)13y <k,
(0 <n <N, 1 < i <M —1) (3.18)
n n n
i —27s o+ .
PEERLL ;;J 1,01/ < K, (0 < n <N, 1< j <M, —1)(3.19)

where K, is a positive constant.

Multiply both sides of equation (3.9) by

Un+1 _ yn

h2k 1) 1.0 _ n | and sum over i, j, and n from 1
k 719.]

to Mj—1, from 1 to M;—1, and from O to N-1, respectively,
we obtain
Mzl Mp-1 N3 a (Ut - a(ul 5 Uittt - un
b

2 is.] 19.] 19.]
h'k . : k k

M-1 My-1 N3 a(U9+1) - a(U% )

— h% Y =l = (4] 9

i=1 j=1 n=0 ’

M,-1  M,-1 - n+1 n .
o ™ i: N-1 , vt - v .

i1 =1 n=o k 1o

n n n n n n
[Ui+1,j - 2 Uy 5+ U g ; s Ui,;+1 —2 Ui ;5 +Ui,3—1]
h? h?

a(U) - a(V)
U

Using the fact that —V

> 1n(C) where
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C=max {|U], [V|} and [U} j|5Cb+-1, the first summation in
b
the expression will be estimated by

M-1 M,-1 _ n+ly no
S, = n 1 2 %Zf a(Ul,J) a(Ul,J)

1=1 j=1 n=0

n+1 n
Yi,i = Yi,j
k

M;-1  M,-1 N-1 pptl _ yn | yntl un .
i, i, i, i,
> n(Co +1)(h’k) 37 e L
i= j=1 n=0
M-1 Mp-1  Nog o Rt _ogn
= n(Cqy +1)(h%k) Y [ =3 —=3 7. (3.21)
i=1 j=1 n=0
For the 2nd sum in equation (3.20), we sum by parts
and get
M,-1 M,-1 - n+ly n o
S, = — hk 1 S N a(Ul’J) a(Ul J) (7% )
i=1 j=1 n=0 tod
- - +1 +1 n+1
Cop E M N o et 4 TS e UETD)
1i=1 j=1 n=0 k
Yot Mt N N 0 0
~ La) A p - aw? peld, )l
fpec] ic1 ’ ’ ’ ’
Mi-1  My-1  No1 4% . — n-1
b} 1’
= h’k % a(U?,J-)
i=1 j=1 n=1
Mat Mt N N-1 0 0
2 -
- h & j—l[ a(Ui,j)( 7i,j) - a(Ui,j)(7i,j)]' (3.22)

Hence, [|S,] < K; by equation (3.15).



If we apply summation by parts to S;, we will have

M;-1 M,-1 pN-1 yhtl _ yn |
1 1
D DD D D (e 1 Hlis F5 s

yn .- 2 U8R . 4 um

( i+1,j ;-s.] 1'1sj)]
h
M-2  M,-1 - n n = yhtl n .
= h?k < & N=1 (U1+13J > 1,] )( i+1,] i+1,j
: h
i=0 j=1 n=0
n
Tivl,; )
M;-1  M,-1 N-1 Ul-H'l- S G LU
i i
—~h?k Z ' [( s J " s J 7?,3')
i=1 j=1 n=0
n n
Jivtg - Ui
h2
M-1  M,-1 _ n n gn+l oo
= h’k L Z N=1 (U1+1,J , Ul,J )(U1+1,J - U1+1,J
: h
1=0 j=1 n=0
n
7i+1,3)
M;-1  No1  UR yn yotl _ yn
2 My, 3 M-1,3 My, J My, J
— h’k ) ZO ( ) = 1 ’ )( 19 " 1
J: n=
n
7M1,J)
Mi-1  Mp-1 N-1 yotl o oyn
i i
— h?k [( sJ sJ 7?,3)
1=1 j=1 n=0
un . n
+1
( 1 s J 1,] )]

26
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M,~1 M,-1 _ n n n+1 n
—h2k : Z N=d1 (U1+1,J Ul,J X i+1,] i+1,j
= —
1=0 j=1 n=0
n+l _ .
n Uisj Uis.] + n )
Tit+1, ] 71,35
Mo-1 _ n+l _ n
- k 2 N=d [ (Un yhn )(UM1sJ UM1sJ _ 7n )
i n=0 Mis) Mi-1,) k Mis)
Un+1 yn
- 0,J 0,j _ .n n n
( 70 J) (Ul,_] UO J)]
Hence,
M;-1 M,-1 - n n n+1 n
Sy= h2k : ¢ N=4 (U1+1s.] 1,) X i+1, i+1,)
2
1=0 j=1 n=0 h
yntl oo
n n _ 1) 1,3
“Vi+1,5 t 7L K ) (3.23)

because of the boundary conditions

1 1
Un+ o Un ' Un+ _ Un
n — M;,J M, J

v . and
M,,j k

N .
70’j‘— k s

where n < N —1.

Rewrite (3.23) as

M,-1 M,-1 _ n .- ynr ., yntl o _ ynm X

S _ hzk : 2 N=1 U1+19.] Uls.] U1+15J U1+1s.]
3 = ( e X

i=0 j=1 n=0
n+1 n
U O )

M,-1 M,-1 - n . n

— Bk ; \ 1(U1+1’J 1o B, . =R )

i=0  j=1 n=0 h* TS T

(3.24)
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where
M;-1 M,-1 N-1 UR . | OLLI n+l n .
S5=h2k A . ( i+1,3 h2 1,)] )( i+1,] i+1,j
i= j:l n=
n+l _ .n
U i U
)
and
M,-1 M,-1 - n . n
S. - _ ik 1 2 Nl(U1+1,J Ul,‘J P )
© h? Titl,§ TV,

We simplify S5.

[0k% . — .
Let Vn R 1+19J Ul s J
1,] h

_ h? n+1,2 n 2 n+1 n 2
=% X X X T - ohy - of - vy
M;-1  M,-1 M-1 M,-1
— h? N 2 _ n? 0 2
- 2 Z (19.]) - _Q_E E (V19j)
i=0 j=1 i=0 j=1 |
-3 Vij; = Vi,
i=0 Jj=1 n=0
Mj-1  My-1 N ul
2 2
= b (—=+L.J —20 % — s, - s, (3.25)
1=0 j=1
Mj-1 M,-1 (0 X 0
. h? i+1,j i,j \2
with S = & ( )
7 2
i=0 j=1 h
and
M,~-1  M,-1 -
S _h? 1 2 N 1(V9+% yn )2
8 72 1,) i,y -
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Since the 1initial function agj(x,y) = a(up(x,y)) is
smooth,

1S-| < Ky.

We estimate the summation SB'

n+1 n 2 n+1 n 2
s . LWUs41,5 ~Via, 97 + U5 — V197
i=0 J=1 n=0
M-1 M,-1 nN_71 yRtl | n ) yntl un .
= k2 [(1+13J i+1, )2+(13Jk 1,) )2]
1i=0 j=1 n=0
M-1  M,-1 N-1 Un+1 - U
=k2 ( 1,) 1,5) )2 +
1=1 j=1 n=0
M.—-1 _ n+1' n
+ k2 3 N=1 (UMISJ " Ml!.] )2
j=1 n=0
M;-1M,-1 N_ n+l _ yn
+ k2 : ¢ N=d (Uls.] Uls.] )2
i=1 j=1 n=0
M. -1 _ n+1 n
+ k2 22 = (UOsJ UOsJ )2
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This implies that

My-1 N-1 yRtl _ oyn o yntl . .
+ k2 E [ ( 0,J 0,] )2 + ( M, 3 = M, J )2 ] (326)
j=1 n=0
k

Using the smoothness of ¥ (P) and % < pu, the latter two

summations of (3.26) tend to zero as h, k — 0.

In fact,
My-1 N-1 Un+1 _yn . n+l1 un
0,J 0,5 2 MisJ Misd 2
kZE E[ ’ s)+(1 1 )
j=1 n=0 k k

Mp-1 N-1 . _ -
= hz( hk-z) k E E { (¢(03Js(n+1)kl)( ¥(0,J,nk) )2 +

o (P (D10 = BOLGu0k) 2y ¢ e

Therefore,

M -1 M,-1 - Un+1 - U? i 2

2 2

Sg < Kgh +2kE . E 2y

1=1 J:]_ n=0

M,-1M,-1 _ Un+1 _ Un
=K h? + — 2K  p2ppcc, + 1) 1,542
5 h?p(Cy +1) Y §=3 ; Z:
2 2 p
< K5h + (CO 1) S,

However,

2u 1-4

where g > 0.

<

Hence, we will get



S
Sg < Kgh? + 1 (1=4) (3.27)
Next,
M-1 M,-1  N-1 UR n
86 = —hzk ( i+1,j Ula.] )(711 n )
i=0 Jj=1 n=0 h? 141,39 71,3
M;-1 M,-1 nN-1 n . n
— h?k E [« Ti+1,j i,] (UD )
i=0  j=1  n=0 h? 1+, )
.
i+1,]3 i
+ s h2 s J (U?,J)]
M;-1 M,-1  N-1 —4T n .
= h%k Ti,j + 71-19.] ( n )+
i=1 j=1 n=0 h? ted
M,-1 N-1 —+8 .
+ h’k ZE ™,5 t M-1,5 pn
2 Uy, . 5) +
j=1 n=0 h 1>J
M;-1 M,-1 N-1 n . n
+h%k s 71'*"19.] 1,J n
[ 3 (U o +
i=1 j=1 n=0 h 1o
n n
71 70
s J s J n
M-1 M,-1 N-1 4% . = no n
86= hzk E 71+1 s J 2 71 s J + 71—1 ,j (Un )
i=1 J=1 n=0 h? 1
Ma-1 N-1 -
—hk [ 7M19.] 7M1‘1 s J ( n )
J=1 n=0 h My
n n
1.5 ~ 70.3
- =3 2 g,y 1- (3.28)
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Sg is uniformly bounded for all h and k by equations
'(3.16) and equation (3.18). In other words,
ISgl < Kg-

Let us estimate the fourth sum in equation (3.20).

Then
Mi-1  M,-1 N-1 Un+1 - u?
—_ 2 1,) 1,3 _ _n
Sy = h%k & & & [ ( K 75,30
n n n
( i,j+1 2 Uisj +U13.]_1 ) ]
h2
M,-1 M,-1 _ n n
= h2k : ¢ Nz [ ( i,j+1 . UlsJ)
i=1 j=1 n=0 h
n+1 n n+1 n
( U15J+1 i,j+1 _ .n ++0 Uisj Uis.] )]
k i, 341 7i,j

— Al ; -y
713M2 U s Mg UlsMZ‘l )

1=1 n=0
yrtl _ gn
1,0 0
- = - 1,0 Wy - U ol (3.29)

The estimates for the y-coordinate are obtained in a
| OASTPRR §1 L.
. . . n 19J+1 1,
similar manner using W ;0= 5 ,
]

(3.17), and equation (3.19). We obtain

equation

S4= Sg *+ Sio

M—1M,—1 N - N |

_ 1,j+1 1,7 .2

= % > > (5 = )% =8S11= 512+ 510>
i=1 j=0

=n
[
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S,(1-58)
2 1
|Slll < K7, |812| < K8h+ —5 and |SlO|_<_ K9.

If we take all the estimates which we have obtained

and substitute them into equation (3.20), we will get

M;—1M,—1 gN uN
2 i+1 s
S+ B 1Y Y )2
i=0 j=1
M;—1M,—1 N uN
i,j41 i, 2
+ I 2%

Hence,
M;—1M,—1 N N
9 1 2 Uiiq U
s, + & | (el ta) )2
i=0 j=1
M—1M,—1 N | N
b +1 b
+Z ( 1,) r 1,)] )2 ]
i=1 j=0
< Kg+ Ky+ Ko+ (Kg + Kg)h? + Kg+ Kg = K (3.30)

Equation (3.13) will follow from last inequality and
equation (3.21). Let us note equation (3.30) will be
justified for any whole number N; < N, with the constant K
which may be chosen as one for all N; < N.

Therefore,



M,—1M,—1 ’?‘;1 : N ,  MmiMy—1 Ny - N
1 i i i
h2 [Z Z ( s.]h s J ) + ( s J r s J )2]
1i=0 j=1 i=1 j=0
< 2K

If we multiply this inequality by k and sum over N,
from O to N, we will get equation (3.14), which completes
the proof of lemma 2.

Theorem 3. Suppose the following conditions hold:

1) ao(x,y) = a(¢(x,y)) is continuously differentiable on
G;, P(x,y,t) is three times continuously differentiable
on the 9Q.

2) at t=0, ¥(x,y,t) = C, = constant

3) ¢(x,y) = C; near the surface 0Q,.

Then, there exists a generalized solution u(x,y,t) G\@(Qt)

of equation (3.6) on Qg which satisfies conditions (3.7)

and (3.8).

Remark. In our case, C; is zero.

Proof. Let us introduce a G, such that within the

parallelepiped, { ih<x<(i+1)h, jh<y<(j+1)h, nk< t< (n+1)k},

it is given by ﬁh(x,y,t) = U?,j' uh* denotes the function
which is linear over x, y, and t in ih<x<(i+1)h;

Jh<y £ (j+1)h; nk<t< (n+l1)k and which coincides with U?,j'

It is «clear that uh* is continuous and has a first

generalized derivative. From inequalities (3.13), (3.14),

corollary 1, and smoothness of function %(x,y,t),

||uh*|]w% (g < K,, holds.
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Let {h;} and {k;} denote subsequences of {h} and {k}

k
which tend to zero as | — . In this case h21 < p.
l
where g—;, I;llg’ and RN; are integers. From the inequality
above, a subsequence uhs* exists with +the following

properties:
A) {uhs*} converges weakly in the norm of Wé(Qt)
to a function u(x,y,t) € Wi(Q¢).
B) {uhs*} converges strongly to u(x,y,t) in the norm of
L, (2¢)-
Hence it follows that the 1limit function u(x,y,t)
satisfies the boundary conditions in x = 0, x = M;, y= 0,
and y = M, in the sense that
N

/ [u(h,0,t) — %(0,0,t)]2dt — 0 as h — 0,
0

N
/ [u(O,h,t) — %(0,0,t)]2 dt — 0 as h — O,
0

N
/ [u(xo—h,yo,t) - z/)(xo,yo,t)]2 dt — 0 as h — 0,
0]

N
/ [u(xg,yg—h,t) - 1,b(x0,y0,1:)]2 dt — 0 as h — O.
0
The sequence {fihs} converges to the 1limit function

u(x,y,t) in L2(Qt). Consequently, there exists a sequence

which converges to u(x,y,t) almost everywhere. There is
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a subsequence of this sequence, denoted again by {ﬁhs},
which converges to u(x,y,t) almost everywhere. From the
uniform boundness of +the ﬁhs, we obtain +the uniform
boundness of a(ﬁhs) and from this we get the weak
compactness of {a(ﬁhs)} in Ly(Q¢) - Therefore, there
exists a sequence, {a(ﬁhl)}, which converges weakly to a
function b(x,y,t) € L,(Q. ). We prove that

b(x,y,t) = a(u(x,y,t)). (3.31)

Let Ei be the set of +those points of Qf in which

u;<u< ugg is true, where u, is a constant. Over the

interval (ujsuziq)s a(u) will be continuously

differentiable. Hence, a(d;, ) converges to a(u) almost
l

everywhere on E. because {ﬁh} converges to u(x,y,t) almost
everywhere on Ei‘ Therefore, equation (3.31) will be true
almost everywhere on E;. We next prove equation (3.31) to
be true for the set Di which consists of points of Qp in
which u equals to uj. We must prove that a(ui + 0) >
b(x,y,t) > a(u; — 0) for D;. We prove the contrapositive.
Assume, to obtain a contradiction, we have found an ¢ > O,
Fy; C Di, and meas(F;) > O such that b(x,y,t) < a(u;-0) -
is true for an ¢> 0 on Fi. At almost all points P € Fi
ﬁhS(P) converges to wu;. Consequently, at each point P
where K 5 is sufficiently large (K;g depends on Py,

a(ﬁhl(P)) > a(u; — 0) — ¢ for I> K;j3. For any w we will

be able to find a number KO such that
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meas(R[a(ﬁhI)<a.(uO — 0) — ¢]) <w where R C F; and [ >K,.

Hence,

//[ a(ﬁhl) — a(u; — 0) + ¢ dx dy > — Aw where I > K, and
i
A is a positive constant.

If we let | tend to o, we find that

//[ b(x,y,t) - a'(ui — 0) + € dx dy > — Aw.

F;

Since w is arbitrary, we have

.//i b(x,y,t) — a(u; — 0) + ¢ dx dy 2 0,

i
which contradicts the fact that b(x,y,t)< a(u;—0)—¢ on F..
Hence b(x,y,t) 2> a(u;-0). Similarly, we <can prove
b(x,y,t) < a(ui + 0) for Di'

We now prove that u(x,y,t) is our desired generalized
solution. Since |uh*| < Gy + 1, Ju(x,y,t)| < Cy +1.
Therefore, all we need to do is show +that u(x,y,t)
satisfies the integral identity (3.5) for any twice
continuously differentiable function ¢€¢(x,y,t) equal to
zero on 8Q. Let us multiply both sides of equations
(3.9) by hzkf?,j, where {?,j = ¢(ih,jh,nk), and then sum
over i, j, and n from 1 to M;—-1, from 1 to M,—1, and from

0 to N—1, respectively. We find
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h?k — €2 5) -
i=1 j=1 n=0
M-1 Mp-1 N2 Ut 2 UY . +UY
12 i+1,3 1,] i-1,j n
bk Y [(td - L G
i=1 j=1 n=0
1055 2 u? +U?
19J+1 1,J 19.]‘1 n —
+( h? )(Ei,j)] Y
We now transform this identity making use of

summation by parts and the fact that ((x,y,t) equals to

zero on 0Q, to obtain

My-1  Mp-1 N ¢D —gn-l
1, 1
~h’k > (=2 Na (U] )=
i=1 j=1 n=1
M;-1  M,-1 0 0
= h? X > aUy PG p +
i=1 j=1

-1 M,-1 N-1 (&% -0 Ut -u? Y
+h2k E E E i+1,5 l,th i+1,] 1,) +
i=0 j=0 n=0

M,-1 -1 (€% . 9 =Uij
+h%k ¥ 3 Nz:l (61,J+1 61,.];(21,.3"’1 1. = 0.

If we make use of the notation and definitions which

we introduced above, we can rewrite this last equality as

follows:
T+k M: M, M,-1 M,-1

-[ ] / a () (35) ax dy de - h? a(s;, 0
k “"h™h i=1  j=1
T M,
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In this equality we pass to the limits: h—0, k—0

where h and k run through subsequences {h;} and {kl}'

The piecewise constant sequences of Tfunctions {T}’
i J 9 o€ 9
{ B }, and { } converge ?trongly to ==, & and v in
o Al 445 du
L, () - a(uh) s TR and -}~ converge weakly to a(u) , x’
and %, respectively. (see [29]) Because of the
smoothness of the initial function ao(x,y) = a(¢(x,y)), we

have

M;~-1 M,-
h* ; Z (¢1 _] 1 _]) —’/ / 13 a(¢(X,Y)) dx dy

:/Ozjolfa,o(x,y) dx dy.

Therefore, we get

/// a(u)gh dx dy dt —/// §§§§+g-;§§1dxdydt
Q
M2 1
+/ / £(x,y,0) ao(x,y) dx dy = 0. (3.33)
0O O

By the smoothness of ¢ and the fact that u € W%(Qt) s

S~
S~
S~
SHIY
Xic
21
+
Q|
2

8¢
gy | dx dy dt

o T M, o ‘
= u = dydt -—/ / u = dydt+
/ / Ix | x=M, Y 0 0 ox Ix::O
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T M 5 T M 5
+/ /u5§| dxdt -/ /ua—§| dxdt—
07’0 y=M, 0’0 y=0
2 2
—/// u(g—%-’ra—g)dxdydt
ox Oy
Qt
T du du 8¢ d%¢
08, Qp

2 2
=—/// u(g;(%+g—y%)dxdydt. (3.34)
Qt

If we substitute equation (3.34) into equatibn (3.33), we

obtain
2 2
/// a(u)(g—f:dxdydt+/// uw ( £8 4+ 28y ax ay at
ox Oy
Q, Q,
My, My
-+/ ‘/ E(x,y,0) ao(x,y) dx dy = 0.
0O O

This completes the proof of theorem 3.
Theorem 4. Suppose the assumptions of theorem 3 hold.
Then there exists a unique, generalized solution of
equation (3.6) which satisfies conditions (3.7) and (3.8).
Proof. Assume that u, v are two generalized solutions of
equation (3.6). Substitute both solutions into the
equation (3.5) (definition of a generalized solution) and

subtract the resulting equation to get

/// [(u-v) &8¢ +(a(u) = a(v)) g—%] dx dy dt
Q

t

=/// (a(u)—a(v))(g—f: + ﬁ%(v) Af) dx dy dt=0, (3.35)
Qt
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for €€ Cg(ﬁ;) and £=0 on 0Qy and t = T.

Let

e(x,y,t) = u(x,y,t)—vi(x,y,t)

Ta(u(x,y,t) —a(v(x,y,t)) if u(x,y,t) #v(x,y.,t)

e(x,y,t) = 0 if u(x,y,t) = v(x,y,t), (3.36)
then e(x,y,t) is a measurable function on Qg .

Using the fact that ELE%:;EiXQ > n(Mg)

%
where My = sup {|u|, |v|}, we obtain
0 < e(x,y,t) < 1 if u v
(x,y,t) TCP) #
e(x,y,t) = 0 if u = v. (3.37)

Hence, e(x,y,t) is a bounded measurable function on Q.
We now approximate e by a sequence of smooth functions
{en(x,y,t)} which converges to e(x,y,t) in measure on
L,(Qy) (see 29), that is, choose a sequence such that

0 < e_n(anat) < 1

W(Mo)
and
_— 1
e — € < 5
" n“Lz(Qt) = n
Set en(x,y,t) = &g(x,y,t) + %
This implies that
1 1
L < e < 14 — , 3.38
n = r=n = W(Mo) ( )

and "en_eHL2(Qt) < "en —~ €n "Lz(Qt) +"é—n - ean(Qt)

1
< % + % (meas(Qt))z-ﬁ 0 as n — . (3.39)
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Furthermore,

eﬂhre < minle 1en-el; 2
“ L an) o) L2(9,)

: ;
< n( % + % (meas(Q¢)) ) = 1 + (meas(Qy)) .

From the last inequality and the triangle inequality,

we have

1, -l ===
L*(Qy) L*(2¢)
1 1
< (1 + (meas(Qt))z) + (meas(Qt))2 = K,

where K is a constant and does not depend on n.

Let us consider the sequence of problems

666—1? + e Aép = @ on Qg (3.40)
&n = 0 on Qg (3.41)
énle=y =0 on G (3.42)

for any & € C? (—ﬁg).
It is not difficult to show that  there exists a
fn(x,y,t) € C? (ﬁ;), which satisfies the equations (3.40)
—(3.42) (see [29]).

We will show that [¢én]| < K; for a constant K; which
does not depend on n.
Let

tn = &n e ~ % (¢ > 0, any constant). (3.43)

Putting (3.43) into (3.40) and multiplying both sides of

(3.40) by eft, we get
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8&n — —
If €, has a positive maximum at an arbitrary point P € Qf s
then

Y — —

%n <0, AR < 0, & > 0

where

This implies that
| ¢ &GP | < | @ T .
Furthermore,
Imax Eq(P) | < ¢ [@ e |.
Let us multiply both sides of equation (3.40) by A¢p

and integrate on Qi, we get

/// en (Aén ) 2dx dy dt+/// %ﬁ—t—“Aﬁndx dy dt
Q 2
=/// en (Afp )2dx dy dt — /// %(Vﬁn)zdx dy dt
Q g
=/// en (Aén )2dx dy dt + // (an)zdx dy
Q Gg

=/// A£n<1>dxdyd1:=/// én AP dx dy dt,
Qq g

since & = 0O on 6Qt.

N

NI

Therefore,

/// en(L€n)2dx dy dt < /// fn A% dx dy dt < K, (3.44)
@ Q

t t
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where K, is a constant which does not depend on n.

Substitute ¢ = ¢, into equation (3.35) and use equation

(3.40). We get

0 = ///Qt (a(w) — a8 + e agn) dx dy dt
=///9t(a(U) —a()) (&R 1 entén +(e - en) Ofn) dx dy dt
=///Qt (a(u) ~ a(v)) & dx dy dt +

+///Qt (a(u) — a(v)) (e — en) Afy dx dy dt
=///Qt (a(u) ~ a(v)) & dx dy dt + Jg

where

Iy = ///Q (a(u) — a(v))(e — en) Afn dx dy dt.
t

If we prove that JO —+ 0 as n — o, then

/// (a(u)-a(v)) ® dx dy dt = O.
2y

JO is estimated as follows.

Let

le/// |le — epl||Aén] dx dy dt.
Q¢

This implies that
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1 2/// (Y& +{en) |V& —{ enl||Lén| dx dy dt.
Qt

=[[] ie 1v& ~{enlin6nl dx ay at +
Q

t
+/// & |V& —{ enl|Atn] dx dy dt (3.45)
Qt
= Jg + Jg
where
3o =[[[ @ 1Ne —{emlis6al ax ay dt
Qt
and

J3=/// V& |V —{enllAén| dx dy dt.
Q

t

We first estimate J2.

Using (3.44) and the Schwarz inequality, we obtain

Jo < V& —{&q| Nen & ¢nl
L*(Q) L?(9)
1
< ﬂ‘fé —Jen| K;) — 0asn — . (3.486)

L2(9)

Since both {&} and {en} converge to e in measure, |ep
converges to <Y€ in measure.

It remains to estimate Jg-

Given an ¢ > 0, let Ef = {(x,y¥,t) € Q.| |{€n —VE€| > ¢}.

Because ey — e in measure, for any § > 0 there exists an
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M = M(¢,6) such that meas(Ey) < § if n > M.

Setting Fy = Q. — E. and using (3.37) and (3.38)

JSZ/// (€ |¥& —{en||Atn| dx dy dt +
E
t

+[[[ 1% ~enila6) ax ay at
Fg

< Gy + 1)%///E Ve |Abn| dx dy dt
t
+e/// \& |Aéy| dx dy dt
Fe
< (#o) + 1)%///Et % {&n |Aén| dx dy dt

+e///F £ @& a6l dx dy dt
t

Next an application of the Schwarz inequality yields

1
< (A= + 17 |{en A& £l S +
7(Mo) L?(Eg) ‘re_an(Et)
e '
o] Wea & nl s
L?*(Fg) t
< K3 I‘ % + Ky €
L?(E¢)

1
51<3{/// & dx dy dt }* 4+ K, ¢
Et
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s

1
< Kg n é% rz (meas (Ey)) + Ky e.
L*(Ey)
Therefore,
1
Jg < K5 5% + Ky ¢ - 0asn — o, (3.47)
where
1
Kg = (i~ + 1)? |{én & &nl
3 M n n bl
Ky = | & [fen & €l ,
or L2 (Fy)
L®(Fy) , t
and
;
_ e
Kg = Kqg uﬁ“z .
L*(Ey)

K3, K4 and K5 are constants which are independent of n.
Substituting (3.46) and (3.47) into (3.45) leads to
J1 — 0 as n — oo.

Consequently,

[]]  @-am) o axay ae = o. (3.48)
Qt

for any & € Cg%ﬁ;).

We have proved (3.48) for any @ € C3(0;). Now let @
be any function in Lz(ﬁz) and construct a sequence of
functions &, in Cg%ﬁ;) such thatn¢ - ¢i“ — 0.

L?(Q4)

Then (3.48) holds for ¢, € Lz(ﬁz). Hence the equality
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holds also for ® € L*(Qy).
From equation (3.48), we get
a(u) = a(v).
This implies that u = v.
Th;s we have proven theorem 4.
The proof of the regularity of the solutions of
parabolic systems of partial differential equations 1is

found in [24] and [36].
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4. Numerical Method

4.1 Finite difference algorithms

In this chapter we shall give a numerical scheme and a
proof for the convergence of the algorithm approximating
solutions to the our problems which are given in 2.2.

Let v(x,y) = (v;(x,y), v,(x,y)) be the interior unit normal
to 8Gy at the point (x,y). This is a change in notation
from Chapter 3, but it is more convenient here to use the
interior normal. Then the exterior unit normal 1is the
negative of the interior unit normal to 060Gy at a certain

1

point. If h €R?, let |h|= (h,> + hf)i. Then under suitable
conditions on f , ¢, and Gt’ we will show +that the
difference schemes constructed below converge in the
maximum norm to the solution'(2.1) — (2.4) like O(|lh| +
k) as |h|, k — O, where h;, h,, and k are the grid
increments for the variables x, y, and t respectively.

The convergence proofs are simple but need the

following assumption on the domain Gt’ which we shall

refer to from now as the assumptions (A) and (B).

Assumption (A). Let Gy be such that the solution to
(2.1) - (2.4) exists. With the exception of at most a
finite number of points, 0Gy is continuously
differentiable. Denote by 6Gé the set of points in 8Gy

where 0Gi is continuously differentiable. For (x,y) G@Gé,
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construct the straight line originating in (x,y) in the
direction of the interior normal v(x,y) and denote this
line by L, (x,y). Let S (x,y) = {(x’,y?) €R? L, (x,y) N
(Geg\ (x,¥))}. We now assume , for each (x,y) € 0G] ,

there exists an (x”,y”) €S;(x,y) such that

§(x,y) = inf (x,y) — (x?,¥?) |
’ (x7,y?)€SgGxy) )
=] (x,y) — (x?,¥”)| and further there exists a number
§ > 0 such that inf §(x,y) = 6 > 0. (see Fig. 4.1
(<3 €46, (x,¥) ( g )

Figure 4.1. The Sketch of é(x,y).

One can easily verify that if 0Gy is twice continuously |
differentiable, then Gg satisfies assumption (A).
Furthermore +the »usual” domains arising 1in practice
satisfy assumption (A) and so do our domains.

Assumption (B): Let T > O be a real number. We denote
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the closed interval 0 < t < T by [0,T]. We shall assume
that the known functions f(x,y,t) and ¢(x,y) are defined
and continuous on the closed sets Gy x [0,T] and CB

respectively, where 86G¢ x [0,T] is the topological product

of 0Gy with [0,T], etc.. 1In addition to requiring that Gy
satisfy assumption (A), we assume that Gy is everywhere
at least once continuously differentiable. Finally, we
assume that f , ¢, and 8Gy are constructed so that the
solutions u(x,y,t) to (2.1) — (2.4) , exist, are uniquely
determined, and are three times continuously

differentiable with respect to the space variables and
twice with respect to the t variable. More precise
statements on the assumptions on f, ¢, and G guaranteeing
the existence and uniqueness of solutions to (2.1) -
(2.4), having the required differentiability properties
may be found in Friedman {22] and Il’in, Kalashnikov, and
Oleinik [28]. As usual, place a rectangular grid on the
three dimensional space (x,y,t) with grid spacing h; in
the x variable, h, in the y variable and k in the t
variable. Let G¢(h) be the set of grid points in the open
set Gy corresponding to the <cross-section of time
t = th = nk. Denote by 68G{(h) the set of points where
either an x, or a y, or both an x and a y grid line
intersects §G; (see Fig. 4.2).

Let Gg(h) = Gg(h) U 8G¢(h).
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Assume Rh,kz{(x,y,t)l (x,y)€Gy(h), t=ty, n=1, ... ,N}

and

Sh,k :{(x,y,t)l (x,y) EaGt(h) s t=tn, , n=1, ... ,N}.

Gy ={© | @ :Grid pointsin G, )

0 Gt (h) ={ @ | @ : Grid line intersects either an x, or a y, or
both an x and y}

Figure 4.2. The Sketch of G¢(h) and 0G4 (h) .

Now let (x,y) € G¢(h). Let O < pu, A, p, 0 < 1 be four
numbers depending on (x,y) such that the points
(x+phy, ), (x=Ahy, ¥), (x,y+phy), (x,y-ch;) are in Gg(h).
We assume W(x, y,t) to be a function defined on Eh,k‘ Then
for (x,y,t) € R’h,k we define the difference operators
(see Fig. 4.3).

Ah W (x,y,t) = a W(x+ph;, y, t) +8 W(x=XAh;, y, t)

+7W(x, y+phy, t) 40 W(x, y—och,, t)+wW(x ,y, t), (4.1)



where a = 2 / h2(u) +42), B = 2 / h2(ur +12),
y =2 / h22(pa + p2), 6 =2 / h22(pa +02), and
w = -2 / hlz,u/\ -2 / hzzpa, and

Dt W(x,y,t) = W(x,y,t) — W(x,y,t -k)] / k

x+uh1,y¢)

{\ (
t;%h1; ”h?
G h

N

(x,y-ch 5 ,t)

Figure 4.3. The Grid on Gg(h).
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(4.2)
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If W(x,y,t) is three times continuously differentiable

with respect to x, y and twice with respect to t in

Gy x [0,T], then AW — AW = 0(|h]), |h] — O,

and DW — W, = 0(k), k - 0 for (x,y,t) € Rh,k'
We now turn to the problem of replacing the normal
derivative by a difference quotient. Let L,(x,y) denote
the line lying in G U{(x,y)}, which originates in
(x,y)€0G, and proceeds along the interior normal vu.
There are several cases to consider.
Case 1. Let (x,y) €0Gi(h) and suppose L,(x,y) lies on a
grid line, either an x or a y grid line (see Figure 4.4).
Denote the grid point on Ly(x,y) closest to (x,y) by
(x’,y’) and set
D,W(x,y,t)

= [W(x>,y7,t) — W(x,y,t)] / | (x7,y7) = (x,y)]. (4.3)

* (x,y)

1

(x}y)

o]

Figure 4.4. The Point (x’,y’) of Case 1.
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Case 2. Let (x,y) € 0G¢(h) and suppose L,(x,y) intersects
a grid line, either an x or a y grid line (see Fig. 4.5)
at a point (¢,n) where |(x,y)—(¢(,n)|<|h|, and where ({,n)
lies between a point (x?,y?) €Ge(h) and a point
(x”,y”)e Gi(h) on the x or y grid line as the case may be.
Define W({,n,t) by interpolating linearly between
W(x’,y’,t) and W(x”,y”,t) and then set

Dy, W(x,y,t)

= [ W(,n,t) — W(x,y,t)] / | (&) — (x,¥)]. (4.4)

Figure 4.5. The Point ({,n) of Case 2.
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Case 3. Let x=(x,y) € 0G4 (h) and suppose Ly(x,y)
intersects a point (x’,y’)e G¢(h), (see Figure 4.6),
| (x,y) — (x’,¥’)]| < |h|. Then set

DVW(X,y,t)

= [ W(x’,y’,t) — W(x,y,t)] /o(x?,y7) = (x,¥) |~ (4.5)

Figure 4.6. The Point (x’,y’) of Case 3.

It is a consequence of assumption (A) that for |h]
chosen sufficiently small, only these cases need to be
considered in replacing +the normal derivative by a
difference quotient and at least one of these cases does
occur. From now on we assume that |h| has been chosen
sufficiently small so that D, W(x,y,t) is well-defined.
If W(x,y,t) is a solution to (2.1) - (2.4) having the
required differentiability properties, then for

(x,y,t)e Sh,k

W (x,y,t) _

D,W(x,y,t) 50

0Clb[), [h| — O.

The finite difference schemes for approximating solutions

to (2.1) — (2.4) may be formulated as follows. We seek a
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function, U(x,y,t) for each t, defined for (x,y,t) Eﬁh K
b

such that

D U(x,y, t) = 8, U(x,y,t), (x,y,t) € Ry k » (4.6)
U(x,y, 0) = ¢(x,y), (x,y) € Gy (h), (4.7)
f(x,y, t) = 0 for (x,y) € Sy 1 (4.8)

fe(x, t) 4+ Dy U(x, t)- » = 0 on (x,y)ESh,k. (4.9)

We shall show that for each h, k the solution U(x,y,t) to
the problem (4.6) — (4.9) exists and is uniquely defined.
Then we show that the family {U} converges to u as
lh|, k — O, where u is the solution to (2.1) — (2.4).
Theorem 5. The solutions to the difference scheme (4.6) -
(4.9) converge weakly to the solution of problem (2.1) -
(2.4).

Proof. Let (x,y,t) be an arbitrary point where (x,y) € R?

and 0< t < T. Let (x’,y’,t’) and (x”,y”,t”) be mesh
points satisfying x’< x < X7, y’< y <y”, let t be such
that t’> <t <t”, and define the function U(x,y,t;h) by
interpolating linearly between U(x’,y?,t7) and

U(x”,y”,t”). Finally, let r= ﬁ% be fixed. Rewrite (3.14)
using D: U(x,y,t) and D; U(x,y,t) (the notation is given
on page 18) and replace U(x,y,t) by U(x,y,t;h). Then the
summations over €. (h) on the left hand side in (3.14)
become integrals of U(x,y,t;h) taken over R? x (0,t”).
(In fact, the integrals are over Gi», since the U(x,y,t;h)

vanish outside G.»).
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From this point on, we proceed in a manner similar to
. . . +
that given in [28]. The functions D, U(x,y,t;h) and

+
Dy U(x,y,t;h) are uniformly bounded in l?(Gt) and for any

t, in LZ(Qt) since DI U(x,y,t) and D; U(x,y,t) are
uniformly bounded (see lemma 2). Consequently, we can
choose subsequences {U (x,y,t;hl)}‘f':ol, {D:U(x,y,t;hl)}?__fl and
{D; U(x,y,t;hl)}}ﬁl » hp > h1+1 — 0 as |-, r constant,
which converge weakly to functions u(x,y,t) € LZ(Qt),
ux (x,y,t) € LZ(Qt), and uy(x,y,t) € LZ(Qt).

As in [28], we <can conclude that ux(x,y,t) and
uy(x,y,t) are the generalized derivatives of u(x,y,t),
i.e. ux = gH and uy, = gﬂ. The limit function u e&lﬂ(ﬂt)

x y
satisfies the integral identity (3.5), and using the fact
that ¢(x,y) > 0, u(x,y,0) = ¢(x,y). The assertion that u
satisfies (3.5) 1is proven by multiplying (3.6) by a
function ¢ € Cg)(ﬂt), £(x,y,T) = O which is continuously
differentiable, summing the resulting equality by parts,
multiplying by hjk and then letting h — 0 with r held
constant to obtain (3.5). Therefore, we conclude that the
limit function, u(x,y,t), of U(x,y,t;}”) satisfies the
problem (2.1) — (2.4) in the sense of (3.5). Since from
any subfamily of the family lJ(x,y,t;}”), we can TfTind a
weakly convergent subsequence converging to a solution to

(2.1) —-(2.4) and since solutions to (2.1) —(2.4) are

unique, we can conclude that the whole family U(x,y,t;h)




59

converges weakly to the unique solution to (2.1) -(2.4)

like O(|h| +k). This completes the proof of theorem 5.
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5. Example

In this chapter, we solve a given problem using the
finite difference method on uniform spatial grid points
for all time steps. A complete set of flow charts
illustrating +the sequence of calculation by finite
difference methods can be found in Appendix. As a model
problem let us consider the following free boundary value

problem. (see Fig. 5.1)

uy = Au in Gg, t > 0. (5.1)
u(x,y,0) = e4—x2—y2 — &3 on Go (5.2)
u(x,y,t)=f(x,y,t) = 0 on 892 , t 20 (5.38)
fo 4+ Vu - Vf = 0 on 99 , t > O (5.4)
fU(o,y,t) =0, 0 <y < f(0,y,%) (5.5)
%(X,O,t) =0, 0 <x < f(x,0,t) (5.6)

Figure 5.1. Test Problem.
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Let us set

h;= nh%+1 , Tor a fixed integer nhl > 1
_ 1 . .

h,= Thori for a fixed integer nh2 > 1

k = % , fTor a fixed integer N > 1

X = ih, , 1 =1, ... , nhl 4+ 2

vy = jh, , j =1, , nh2 4+ 2

th = nk , n = 0, ... , N.
Ul]:-l,j = U(Xi,yj,tn).

where k stands for the time increment and h; and h, are

increments of xX-axis and y-axis, respectively.
Choose several points on x?+y?=1 obtained by
uniformly incrementing the angle (see Figure 5.2). Then

solve the differential equation (5.4) by approximating the
normal derivative with a difference quotient at chosen
points and using the Euler method. In this way, we can
find the location of the front at the new time step. Once
we Tind the boundary, we will approximate the domain
temperature using the appropriate difference replacement
for the heat equation at the new time step. Calculate the
midpoints of the front at the new time step and solve the
equation (5.4) on those midpoints again (see Fig 5.3).
These steps will give us a new free boundary. Repeat this

procedure. We will get the free boundary and the domain
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temperature at each +time step. As we identify the
boundary, the points of intersection of the boundary with
the grid lines or mesh points lie between the numerically
computed front (see Fig 5.4), we will interbolate the
front on those points using a 1-dimensional linear spline
(see Fig. 5.5). We use two methods to calculate the

domain temperature.

2

Figure 5.2. The Graph of Starting Points on x% + y? =1.

Figure 5.3. The Graph of +the Midpoints of +the

boundaries.
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: both coordinates are known

: need to calculate x-coordinate
(case a)

: need to calculate y-coordinate
(case b)

Figure 5.4 The Graph of the Points of the Intersection

of the Boundary with the Grid Lines.

(xi, yj1)

case a (find x-coordinate)

case b (find y-coordinate)
Figure 5.5. A 1-dimensional Spline
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5.1. Forward difference in time

In this section, we use the forward difference for

the time derivative ug at the fixed time t = tp as
n+l _ n
W ikg T Y8 (5.7)
£ = " . .

Rewrite the right hand side of (5.1) as

Au = aUR + AUt

n n n
i1, i-1,5 T 7V 541 t Uy 51 + wU§ (5.8)

»J’
where a = 2 / h,2 (uA +u2), g =2/ h,2 (uA +A2),

v =2 / h2(pe + p2), 6 =2 / h,2(pec +02), and

w = —2 / h,2u\ —=2 / hy%p0.

(for more details, see Figure 4.3)

Multiply both sides of (5.7) and (5.8) by k and equate the

left hand sides to get after some rearranging

n+l _ 1n n n
+ C Uri‘,jJr1 + D Uri‘,j_1 + E Uri’,j, (5.9)

where A = ka, F = kB, C = ky, D = kf, E = kw,

0 < i< kf1(j), 0 < j < ifnp2.

Here, i, j, kf1(j), and ifnp2 are integers.

The equation (5.9) gives us the temperature distribution
in the domain at +the new +time ‘'step. Using these
temperature values and repeating the procedure, which we

discussed on page 61, we get the free boundary at each
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time step. Using this method with the initial temperature
of the domain given in equation (5.2) and the boundary
conditions (5.3) - (5.6), we calculate the free boundaries
as well as the temperature of the domain. The graphs of
the computer(CRAY X-MP/48) output of free boundaries are
listed in Figure 5.7 — 5.9.

If the exterior normal derivatives, -v, become
negative (see Fig. 5.6), using a 2-dimensional spline to
interpolate between the mesh points gives more accurate

approximations.

Figure 5.6. The Graph of the Possible Free Boundary



Figure 5.7.

1st Free Boundary for h;=h,=1.3e-2,

k=2.4e-5
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15T



1.1

0.1

|
™ w o =+ m ™
o o o o o o

Figure 5.8. 3rd Free Boundary for h;=h,=1.3e -2,

k=2.4e-5
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3RD



Figure 5.9. 5th Free Boundary for hj=h;=1.3e -2,

k=2.4e-5

5TH
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5.2. Backward difference in time

Let us use the backward difference for the time
derivative uy at the fixed time t = th+: and rewrite

equation (5.1) as follows:

Rty _ oyn o,
1,3 1,3 _ n-+1 n4+1 n+i n+1

where o = 2 / h,2(ur +42), B = 2 / h,2(ux +12),

y =2 / h2(po + p2), 8 =2 / hy%(ps +02), and

w = -2 / hZux =2 / h,%p0.

Multiply both sides of equation (5.10) by k and rearrange

the resulting equation. We find

n+1 n+i n+i
(1-E) U7, — A UL 5 = FUST 5 -
n+i n+i _ n
CUiTy, —DUT, =Y 5, (5.11)

where A = ka, F = kB, C = ky, D = kf#, E = kw,
0 < i < ksl(j), 0 < j < isnp2.
Here, i, j, ksl1(j), and isnp2 are integers.

The equation (5.11) represents a system of
isnp2 isnp2
> ks1(j) linear equations for 3 ks1(j)
j=1 j=1
unknowns of the form
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isnp2 isnp?2
where M is an ( 3 ks1(j) ) x ( 3 ks1(j) )
j=1 j=1
tridiagonal matrix with fringes and B is the temperature
vector known from previous time step. By solving the
system M x = B, we can get the values of UL which are

i,5’

the domain temperatures, at each point (ih;, jh,, (n+1)k).
Repeat the same procedures as in the forward difference
case to calculate the free boundaries. To store all the
information about M requires large memory spaces which is
not available at this time. - In the future, CRAY-2 or
SCS-40 might be available to handle this problem, but it
is very expensive. Further research needs to be done
using sparse matrix techniques with new computer structure

designs.
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Appendix

1. Flowchart Symbols

assignments or computations

input or output

conditions

start or stop

do loop

subprogram
(subroutine or function
statement)

connector

)

/ initialize index

\increment index

test ind

o>

/



. Flowchart of the Computer Program for the Finite Difference

Scheme(forward in time)

{

parameter(ngrd=200, itmax=10, nmid=61)

real lam, nu, an(50), xm(nmid), ym(nmid), slope(nmid),
nox(nmid), noy(nmid)

integer t, it, time, switch

character*3 ireply

common ud1{ngrd,ngrd,2), dh1, dh2, fx(nmid,itmax),
fy(nmid,itmax), bxs(ngrd,2), bys(ngrd,2),
bysl(50,2), bxsl(50,2)
common/blk1/kf1({ngrd), ks1(ngrd)
common/blk2/kf2(ngrd), ks2(ngrd)
common/blk3/kf11(50), ks11(50), kf21(50), ks2I(50)

$

external b, u, splp1, splp2, ucipi, ucip2, uclp1, ucdp2
ucdp2, ucbp1, ucbp2, sp2l, spil, sp1, sp2

'

call link{open files)

/read nh1, nh2, nt, it, nan ﬁ‘i

/ write nh1, nh2, nt, it, nan /

l 2
o ®
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O,

%yes?

false

iprint =0
switch =0

il | ">ngfd\ e >/ J=1 j > ngrd ><
/

no

Y

ud1(i,j,1)=0.0
ud1(i,j,2)=0.0

i

pi=4.0"atan(1.0)
dh1=1.0/real(nh1+1)
dh2=1.0/real(nh2+1)
delt=0.01/real(nt+1)
ck={dh1*dh1+dh2*dh2)/4.0

true
write -
unstable give me
different set

false




k=
_1— k>nan
k=k+1

Y

an(k)=pi*real(k-1)/real{2*(nan-1))
xm(k)=cos{an(k))
ym(k)=sin{an(k})
nox(K)=cos(an(k))
noy(k)=sin(antk))
slope(k)=noy(K)/nox(k)

Y
yes / k=2

k>nan-1
\ K=K +1

Y no

Yo /o nht + 1
N l=1-1 <2

no

Y

[ xi=real(l-1)*dht

1




yes

j=1

j>nh2 + 1

/
N

j=j+1

lno

y1=real(j-1)*dh2
yjl

=real(j)*dh2

false

td=xm(k) - x|
ra=tn/td

true
?

ra > slope(k)

/

false

y=ym(k)-slope(k)*td
h=sqgrt((ym(k)**2+td**2)
fx(k,1)=xm(k)+delt*u(xl,y)*nox(k)/h
fy(k,1)=ym(k)+delt*u(xl,y)*noy(k)/h

Y

tn=ym(k) - y1
|
|

x=xm(k)-tn/slope(k)
h=sqgrt((xm(k)-x)**2+tn**2
fx(k,1)=xm(k)+delt*u(x,y 1)*nox(k)/h
fy(k,1)=ym(k)+delt*u(x,y 1)*noy(k)’h

-

®



®

i>nht +2 >

~at

no [ |

!

-7

xi=real(i-1)*dh1

j=2 yes

/ j>nh2+2 \ :

\ j=1i+1 /
‘ no

yj=real(j-1)*dh2

'

true
- b(xi,yj)<0.0
Y
ud1(i,j,1)=u(xiyj) ud1(i,j,1)=0.0
> | |
Y
-~
ix>nh1+1 udi(ix,1,1)=ud1(ix,2,1)
\ iX=ix + 1
yes
L -
/ jy=2 no I
jy>nh2+1 —»] udi1(1,jy,1)=ud1(2,jy,1)
N\ =i+




fy(1,1)=0
(nan 1)
fy(nan

ud1(1,1,1)=ud1(1,2,1)
fx(1 1)_xm( )+deltud1(nh1+1,1,1)/dh1

n 1)_ym(nan)+delt*ud1(1 nh2+1,1)/dh2

L
[[ callprint ||

no

k =k +1

/ k =
\

no

Y

g a—

k> n-1\ .

fa
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calculate midpoints and slopes of normal vectors

0 true

false

calculate boundaries using
given circle

<




'

calculate x - range of free boundaries
calculate y - range of free boundaries

call spline

(using spline and calculate free boundaries of
given mesh points)

l

calculate u, A,p,c

and calculate the temperature of the
domain

using finite differences scheme

|

set the temperature
of axes

l

calculate the free boundaries of next time step
(If the point lies between mesh points, we

interpolate linearly.)

calculate the free boundaries on axes

true
@ // call print

(print the free boundaries

4

@ S E—— lpnnt =

4]
ot



reset the temperature of the domain, spline, and

all variables

switch = 3

false
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A
N=n+1 [—®
N=n-1 |—

|

call exit




