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BOItDERED TRIMGLES 

1. INTRODUCTION 

The purpose of this paper is to consider some properties of the 

triangle. We will consider first the properties of the triangle 

obtained by constructing triangles on the sides of a given triangle. 

Next we will consider the triangle formed by corresponding sides of 

triangles each having a vertex coincident with a vertex of the given 

triangle. Finally, we will consider some properties of the various 

triangles formed by bordering a given triangle by squares. 

In this paper we will use a system of complex coordinates. The 

points in the plane will be designated by capital letters and their 

affixes by the corresponding lower case letters. Numbers known to be 

real will be designated by Greek letters. Using this system we may 

write the affix of any point in the plane in terms of the affixes of 

any other two points of the plane in the following manner: 

c = r'a + rb, 

where r' I - r and r is the complex number keie, e being the angle 

from AB to AC, and k the ratio kO/AB. By AC we mean the directed 

length from point A to point C. 
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2. THE DIRECT PROBLEM 

Upon the sides of a given triangle A1A2A3 let us construct 

triangles B1A2A3, B2A3A1, B3A1A2, of fixed shapes. In this section we 

will consider sorne properties of triangle B1B2B3. The points B1, B2, 

B3 have affixes given by 

b1 = rja2 + r1a3, 

(1) b2 = ra3 + r2a1, 

b3 = ra1 + r3a2. 

These equations may be solved for the r's, giving 

(b1 - a2)/(a3 - a2), rj (b1 - a3)/(a2 - a3), 

(2) r2 (b2 - a3)/(a1 - a3), r = (b2 - a1)/(a3 - al), 

r3(b3-a1)/(a2-a1),r(b3-a2)/(a1-a2). 

LEL21A 21. Â necessary and sufficient condition that triangles 

Q1Q2Q3 and C1C2C3 be directly similar is that 

q1 C1 i 

q2 C2 i = O. 

q3 C3 i 

It is evident that a necessary and sufficient condition that the 

triangles be directly similar is that a homology exist which transforms 

QiQ2 into C1C2 and Q2Q3 into C2C3. Thus, if the triangles are directly 

similar, there exists a constant k such that 
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Then 

q2 q1 C2 - c1) q3- q2 -k(c3- c2). 

q1 c1 i q1 i 

D q2 C2 i = q2-q1 c2-c1 O 

q3 C3 i q3-q2 C3C2 O 

q1 e1 i 

k(c2-c1) c2-c1 O = O. 

k(c3-c2) c3-c2 O 

Conversely, if D O, there exists a constant k such that 

and the triangles are directly similar. 

THEOREM 2.2. 
2!i 

the sides of an arbitrarily chosen triangle 

A1AA3 triangles B1A2A3, B2A3A1, B3A1A2, of fixed shapes, be 

constructed, a necessary and sufficient condition that triangle B1B2B3 

directly similar to a given triangle C1C2C3, no matter what triangle 

A1A2A chosen, is that a point i) exist such that triangles B1AA3, 

B2A3A1, B3A1A2 are directly similar respectively to triangles DC3C2, 

DC1C3, DC2C1. (14, p.32) 

Substituting in D of lemma 2.1 the values for the b's given in (1) 

we have 
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r1a3 + rja2 c1 i 

D = r2a1 + ra3 c2 i = o, 

r3a2 + ra1 C3 i 

as the condition that triangle B132B3 be directly similar to triangle 
C1C2C3. Expanding we have 

D = c3( r2a1 + ra3) - c2( r3a2 + ra1) - 03( r1a3 + rja2) 

+ c1(r3a2 + ra1)+ c2(r1a3 + rja2) - c1(r2a1 + ra3) = O. 

Since this must be true for all triangles A1A2A3, we may equate the coef- 
ficients of the a's to zero, obtaining 

r2(c3 - e1) + r(c1 - c2) O, 

r3(c1 - c2) + xc - e3) O, 

r1(c2 - e3) + r(c3 - c1) O. 

Solutions of these for the r's are 
r1 (d - c3)/(c2 - C3), 

r2 (d - c1)/(c3 - 

r3 (d - c2)/(c1 - c2), 

where d is an arbitrary complex number. Substituting in these equations 

the values of the r' s found in (2) we obtain, 

(b1 _ a)/(a3 - a2) (d - c3)/(c2 - e3), 

(3) (b2 - a3)/(a1 - a3) (d - c1)/(c3 - e1), 

(b3 - a1)/(a2 - a1) (d - c2)/(c1 - e2). 
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These are conditions that triangles B1A2A3, B2A3A1, B3A1A2 be directly 

similar to triangles BA3A2, DA1A3, DA2A1. 

COROLLARY 2.3. If, on the sides of an arbitrarily chosen triangle 

A1A2A3, similar triangles B1A2A3, B2A3A1, B3A1A2 of fixed shapes be 

constructed, a necessary and sufficient condition that triangle B1B2B3 

be equilateral for any triangle A1A2A3 is that triangles B1A2A3, 

B2A3A1, B3Ä1A2 be 1200 isosceles with vertex angles at B1, 82, B3. 

If triangle B113283 is equilateral and the bordering triangles are 

similar, then the point 1) of theorem 2.2 must be the centroid of 

triangle C1C2C3. Consequently, the bordering triangles must be 1200 

isosceles. Conversely, if the bordering triangles are 1200 isoscelea, 

triangle B1132B3 must be equilateral. For now 

r1r2r3re',r' , 

whence, setting t e1W3, 

t(b3 - b1) (a1 -a2)t i- (a2 - a3)rt 

= (ai - a2)r + (a2 - a3)(r - 

(a3- a2) + r(a1- a3) 

= b2 - b1. 

COROLLARY 2.b. If, on the sides of triangle A1A2A3, triangles 

B1AA3, BA3A1, B3A1A, of fixed shapes be constructed, a necessary and 

suîficient condition that points B2 , B3 be coimear for any triangle 

A1A2A3 ! that 



4 B1AA3 = BA1A3, 

4 B43A = B3AA1, 

9B3A1Á2 = .«B1A3A2. (1, p.32) 

Here, by ABC, we mean the directed angle from line AB to line BC, 

that is, the positive angle through which line AB must be rotated to 

coincide with line BC. It follows that directed angles are equivalent 

if they differ by any integral multiple of . (2, p.12) 

If points B1, B2, B3 are to be collinear, then points C1, C2, C3 

must be collinear, and 

DC1C3 

(DC2C1 = CDC2C3, 

DC3C2 = 4:DC3C1. 

But, by similarity of triangles, we have 

4B1A2A3 = DC3C2 ¿DC3C1 4I3A1A3, 

4: B2A3A1 = 4z DC1C3 = 4 DC1C2 = 4B3A2A1, 

B3A1A2 = 4JDC2C1 = dDC2C3 iB1A3A2. 

The converse readily follows by reversing the above argument. 

have 

If we consider the point D collinear with points C1, C2, C3, w 

COROLlARY 2.5. Three points B1, B2, B3 on the sides of a triangle 

A1A2A3 collinear if and only if 

(B1A2/131A3) ( B2Ay"B2A1) ( B3A1/B3A2 ) i. 



This is the theorem of Menelaus (2, p.]J47). The proof follows 

from the similarity of triangles, for 

B1A2/B1A3 = DC3/DC2, 

B2Ay'B2A1 DC1/DC3, 

B3A1/B3A2 = DC2/DC1, 

whence 
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(B1A2/B1A3)(B2Ay"B2A1)(B3A1/B3A2) = (DC3/DC2)(DC1/DC3)(DC2/DC1) = 1. 

The converse is readily established. 

Let us now consider the condition that the lines A1B1, A2B2, A3B3 

be concurrent. The equations of the lines may be vritten 

(i - - (a1 - b1) + a1î1- 1b1 = O, 

- b2)z - (a2 - b2) + a22- ¡2b2 = O, 

(3-E3)z-(a3-b3)+a3E3-3b3O. 

Without loss of generality we may take 

Then 

a1a, a2 =0, a31. 

b1.r1,b2r+r2a, b3ra. 

The condition that the lines be concurrent is that 

r1-a ¡r1-a1 

+ r + r2a O O. 

1 - . - ra ? - ra 



Since this imist be an identity in a we may equate the coefficients 

of a2, a2, a, and a to zero, obtaining 

1(2r - + r(r2 - r2) O, 

l(2r3 + r2) -r(1r2 + i) O, 

+ r2) - r3(nlr2 + r2) + + r2) -r(r12 + r) = O, 

-r) + r(r -r) = 

Suppose one of' the r's is real, say r1. Then from (I we have 

rl(r2 -r) + r(rir -r) rl(r2 -r)(1 -r) O. 

If none of the r's = 0,1, then r and r2 is real, and from (1)i 

r1(r2r3 
1'21'3) 

= O, 

whence r , and r3 is real. Equations (L)2 and (t)3 reduce to 

r1r2r3 = rjrr. 

Since all the r's are real, the B's lie on the sides of triangle A1A2A3, 

and the r's are the ratios 

r1 A2B1/A2A3, 

rj A3B./AA2, 

r2 A3B2/ A3A1, 

r A1B2/ A1A3, 

t , t 

and the relation r1r2r3 r1r2r3 becomes 

r3 A1By"A1A2, 

r ABy'A2A1, 

(B1A2/B1A3)(B2A/sA1)(B3A1/B3A2) = -i. 

Suppose none of the rt is real. Then from (h) we have 



-rr3)/(r - r2). 

Since the right member is equal to its own conjugate, it follows that 

the left member is a real number. That is 

i - 
r3 p3r1 , ,O real. 

quations (1)i and (h))3 become 

- r1r2 + r2 - r2 = O, 

and 

- r + rr 
- 

= 

or 

t---t 
t -s- r2r1 = r2r1 and r2r3 = r2r3. 

Hence the products j2 and must be real, whence 

and 

rj = (2j/r2i2)2 = fi 1r2 , 

,a 
real, 

= (/r3i3 )3 = 2r3 fi 2 real. 

Now writing the ris in terms of the a's and b's we have 

(b1 - a3)/(a2 - a3) °l(2 a3)/(a1 - a3), 

(b2 a1)/(a3 - a1) i°23 ¡)/( - 

(b3 a)/(al - ) /Ô3°)l - )/(3 

These are conditions that 
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4Z A2A3B1 = - A1A3B2, 

4A3A1B2 = - A2A1B3, 

4A1A2B3 = - 4A3A2B1. 

Thus we have the f ofloing theorem. (1, p. 3L) 

THEOREM 2.6. If, on the sides of an arbitrarily chosen triangle 

A1A2A3, triangles B1A2A3, B2A3A1, B3A1A2, of fixed shapes, are 

constructed, then a necessary and sufficient condition that 

A2B2, A3B3 be concurrent, no matter what triangle A1A2A3 is chosen, is 

(a) if Bi, B2, B3 lie on the sides A2A3, A3A1, A1A2 of triangle 

A1A2A3, 

(B1A2/B1A3) (B2A3/s2A1) (B3A1/B3A2) = -1; 

(b) otherwise, 

A2A3B1 + 4A1A3B2 = 

4 A3A1B2 + ( A2A1B3 O, 

A1A2B3 + A3A2B1 = O. 

Note that part (a) is the wefl known theorem of Ceva ( 2,p.11i7). 

THEOREM 2.7. borderin triangles are directly similar to 

2!?.! 
another, then the centroids of triangles A1A2A3 and B1B2B3 

coincide. 

For 

3g b1 + b2 + b3 

= (r'a2 + ra3) + (r'a3 + ra1) + (r'a1 + ra2) 

= (r + r')(a1 + a2 + a3) = 3ga. 
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The special case where the bordering triangles are flat (the B's 

falling on the sides of triangle A1A2A3), is very old, appearing in 

Book VIII of Pappus's Collection. The general case was considered by 

Brocard, and numerous treatments of it have been given. 

THEOREM 2.8. If the bordering triangles are directy similar to 

another, then a necessary and sufficient condition for the centroids 

.2.: bordering triangles to form an equilateral triangle , no matter 

triangle A1A2A3 is chosen , is that the bordering triangles 
themselves be equilateral. 

The affixes g1, g2, g3 of the centroids of the triangles B1AA3, 
B2A3A1, B3Á1A2 are given by 

Therefore 

3g1 = a(r' + 1) + a3(r + 1), 

3g2 a3(r' + 1) a1(r + 1), 

3g3 = a1(r' + 1) + a2(r + 1). 

3(g2 - g1) = a1(r + 1) -a(r' + 1) + a3(r' - r), 
3(g3 - g1) = a1(r' + 1) - a2(r' - r) - a3(r + 1). 

In order that triangle G1G2G3 be equilateral it is necessary and 

sufficient that 
ill/3 g2-g1e (g3-g1), 

or, equating coefficients of a1, a, a3 on the two sides of the equation, 

that 
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ilT/3 r+1e (r'+l), 

r' + i eTV3 (r' - r), 

r - r' e'W3 (r + 1). 

Solving any of these three equations for r gives r = 

This theorem is weil known and is intimately associated vdth the 

Fermat-Torricelli problem and the geometry of the isogonic centers of 

a triangle (2, pp.218-222). 
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3. THE INVERSE PROBLEM 

The question now arises: Being given triangle B1B2B3, under what 

conditions does there exist a triangle A1A2A3 which is bordered by 

triangles B1A2A3, B2A3A1, B3A1A2 of fixed shapes? The special case 

where triangle B1B2B3 is equilateral was proposed as early as 1869 

by Lemoine, and a number of solutions and discussions of this case 

have been given (1, p.109). In this section will develop some 

theorems related to the general inverse problem. 

From (1) we may obtain the following expressions for the affixes 

of the A's: 

a1 (-rr3b1 + r3r1b2 + rrb3)/(r1r2r3 + rrr), 

() a2 (rrb1 -rr1b2 + r1r2b3)/(r1r2r3 + rrr), 

a3 (r2r3b1 + rrjb2 - rjr2b3)/(r1r2r3 + rjrr). 

THEOREM 3.1. Suppose triangle B1BB3 is such that there exists 

: 

solution triangle A1A2A3 which is bordered by triangles B1A2A3, 

B2A3A1, B3AA2 of fixed shapes. If on the sides of triangle 51B2B3 

triangles C1133B2, C281B3, C3B2B1 are constructed directly similar to 

triangles B1A2A3, B2A3A1, B3A1A2, then triangle C1C2C3 will be 

directly similar to triangle A1A2A3. 

The affix of C1 is given by 

C1 = r-jb3 + r,b2 

= r(ra,L + r3a2) + r1(ra3 + r2a1) 

a1(rjr + r1r2) + a2rjr3 + a3r1r. 
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Similarly, 

= a1r2r + a2(rrj + r2r3) + a3rr1 

and 

c3 = a1rr2 + a2r3rj + a3(rr + r3r1). 

Therefore 

cl - C2 = a1(rjr + r1r2 -r2r) -a2(rrj + r2r3 - rjr3) 

= (a1 - a2) (r1r2r3 + rjrr). 

Similarly, 

c3 - c1 (a3 - a1)(r1r2r3 + rjrr). 

Thus triangle C1C2C3 is directly similar to triangle A1A2A3. 

THEiORE& 3.2. A necessary and sufficient condition that triangle 

A1A2A3 be directly similar to a given triangle D1D2D3, no matter what 

triangle B1B2B3 is chosen, is that a point F exist such that triangles 

B1A2A3, B2A3A1, B3A1A2 are directly similar t.o triangles FD2D3, Fi)3])1, 

]P2' 

From theorem 3.1 we have triangle C1C2C3 directly similar to 

triangle A1A2A3, and from theorem 2.2, a necessary and sufficient 

condition that triangle C1c2c3 be directly similar to triangle l23' 
no matter vhat triangle B1B2B3 is chosen, is that a point F exist such 

that triangles C1BB2 , C2131B3 , CB2B1 are directly similar to triangles 

F])2])3, PD3])1, FD1D2. But triangles C1B3B2, C2BB3, C3B2B1 are directly 

similar to triangles B1A2A3, B2A3A1, B3A1A2. Thus triangles B1A2A3, 



B2A3A1, B3A1A2 are directly similar to triangles FD2D3, FD3D1, FD1D2. 

COROLLARY 3.3. A necessary and sufficient condition that points 

A1, A2, A3 be collinear is that B1A3A2 = 4B2A3A1, B2A1A3 = 

B3A1A2, ¿B3A2A1 = 4B1A2A3. 

Since triangles B1A2A3, B2A3A1, B3A1A2 are directly similar to 

triangles FD2D3, Fi)3])1, F])1])2, corresponding angles must be equal. 

But, for D1, D3 to be collinear, it is necessary and sufficient 

that 4FD3D2 = FD3D1, FD1D3 = FD1D2, and tFD2D1 4.FD2D3. 

This proves the corollary. 

If triangles B1A2A3, B2A3A1, B3A1A2 are similar isosceles triangles, 

of fixed shape, with vertices at B1, B2, B3. then the affixes of A's 

are given by 

a1 (-i r2b2 + 2b3)/(r + 

(6) a2 (i2b1 - rb2 r2b3)k3 -- 

a3 (r2b1 + 2b2 - r1b3)/(r3 + 

where r (1 + i tan,ß )12, ,B being the base angle of the bordering 

isosceles triangles. 

fffl = ± 300, then r = (1V3) 
±ir/6 

e ,and 

r3 + = (/9)(e±12 + eW2) O, 

and the denominators in (6) vanish. The numerators will also vanish 
if and only if (considering the numerator of (6)i, for example) 

O = 3(-rb1 + r2b2 + j2b3) 

= -b1 + e±jlT/3 b2 + b3 

"(b2 _ b3) - (b1 - b3), = e- 
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that is, if and only if triangle B1B2B3 is equilateral. Thus we have 

the following theorem. 

ThEOREM 3.I.. If triangles B1A2A3, 132A3A1, B3A1A2 are isosceles 

triangles with base angles equal to 300, then there exists a solution 

triangle A1A2A3 if and only if triangle ß1B2B3 is equilateral, in 
which case there exists an infinite number of solutions. (3, p.9) 

In the rest of this section the bordered triangles will be con- 

sidered as exteriorly constructed, unless explicit mention is made tot 

contrary. If the bordering triangles are similar isosceles arid 

r3 + 0, a necessary condition that a solution exist is that the 

area of A1A2A3, in this order be negative, where we take B1B2B3 

negative. This can be written 

a1 ¡ 1 

a2 ¡ 1 <0. 

a3 a3 i 

Substituting the values for the a's in terms of the b's, we have 

-b1r + b2r2 + b32 -b1r + b2r2 + r2 i 

-1i(& + r3)2A' i b1!r - rPb2 + r2b3 ir2 b2' + b3r2 i 

b1r + b2i - b3r P2 + 2r2 - b31'T i 

.Ii(r2) +b2(r2-2) +b3(2+r) -i(r-') +ì2(2r) +3(r2+r) 
a 

b1(i2-r) -b2(r42) +b3(r2+r) 1(r2__r)_ (ñ+r) +b3(r2+i) 

= i(rE(bi-b2 + 

+ b2-b1)(3-2)-(b3-b2 )(2-i)J + i2(b3-b2 )(3-1)+(b2-b1) (2-i)]J 

If we denote by B the area of triangle B1BB2 and by k1, k and k3 the 
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lengths of the sides, 

+ _r3)2 i[-12Br2/i + r(1213,/i -lk) + (-2B/i + k/2)3 

= -l2Br2 + l2Br - 2B + i(T - 

= B(3t2 + 1) + t where t = tartfl. 

THEOREÌA 3.. Lt the bordering triangles are similar isosceles 

triangles, a necessary condition that a solution triangle A1A2A3 exist 

is that B( 3t2 + 1) + (t/ ¿k ( Q. 

COROLLARY 3.6. If triangle B1ß2B3 is a right triangle and the 

bordering triangles are right isosceles triangles, there exists no 

solution triangle A1A2A3. 

For B = ab/2, t i and our condition is 1ab/2 + (a2 + b2 + c2)/240, 

l4ab + c2(O,which is impossible. 

THEOREM ;3.7. 
: 

bordering triangles are isosceles, two of 

which directly and one of which is inversely similar to a given 

triangle, then quadrilateral A1BB1B, B1 being the vertex of the 

inversely similar triangle, will be a parallelogram. (3, p.1) 

Suppose B1 is the vertex of the inversely similar triangle. Then 

a1 - b2 = b3 -b, a1 - b3 b2 - b1 is a condition that A1B2B1B3 be 

a parallelogram. The affixes of the B's may be written 

b1 ra2 + 

b2 a3 + ra1 

b3 a1 ra2 
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a1-b2a1(l-r) -a3(a1-a3) 

b3-b1(a1-a3) a1-b2 

a1-b3r(a1-a2) b2-b1 

thus the theorem. 

THEOREM 3.8. A necessary condition that a solution triangle 

i\1A2A3 exist fOr triang i23 is that 

(r ( k - k - k ) i/2 + 2BJ - 1r [(k - 4 - k ) 1/2 - 2BJ 

+ r2j[(k - k - 4)i/2 + 2 - 2rjC(k - k -k)i/2 - 2BJ 

+ Pr3[(k -k - 4)1/2 + 2BJ -r3k - k -k)i/2 - 2BJ 

- Iß7/(r1r2r3 + rjrr)(1ï2P3 + O. 

here B is the area of triangle B1B382 and k1, k2, and k3 are the 

lengths of the sides. In order that a solution triangle A1A2A3 exist, 

A, the area of triangle A1A3A2 must be positive. e may write 

a1 a1 1 

-AEi/L a2 a2 1 O 

a3 a3 i 

a1 - a 

a2 - a3 

= i 
-b1r3 + b2(rj-r) + b3rj 

b1(r-r3) - b2r 

a1 - a3 

a2 - a3 

'1'3 '2('1"3) 

1(-3) - b2r3 + 3r2 

By a straightforward expansion of this determinant we arrive at 

theorem 38. 
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COROLLARY 3.9. If the bordering triangles are isosceles 

triangles of fixed shapes, a necessary condition that a solution 
triangle A1A2A3 exist for any triangle B1B2B3 is that 
{r1(B + ik) + r3B + ik) + r3(14B + i4) - ljB(r1r2 + r1r3 + r2r3) 
- iiIk + 1B1/(r1r2r3 + rr2r3)2 < 

For, if the triangles are isosceles, = rj, r, r3 = 

and from theorem 3.9, 

= i[1r+ry-i] {(k-4-k)/2-2B/i] + [r1+r2-1Ic-k-k/2 
-2B/i] + [r2+r3-iI {( k-k-4)/2-2B/i + 14B [rjr2 + r1r3 + r2xj/i 
-LIB/il/(rir2r3 + 

+IB(r,r2 +r2r3 +r1r3) +1(14+ i4 + k +14B/i)J/2 (r1r2r3+123)2. 



1. TRIANGLES BORDERED BY SQUARES 

Suppose on the sides of a given triangle ABC we construct 

squares .ABA2A1, BCB2B1, and CAC2C1 externally and squares ABAjA3, 

BCBjB3, and CACC3 internally. The centers of the externally described 

squares will he designated by A', B', and C', and those of the 

internally described squares by A", B", and C". The affixes of these 

points are given by 

(1) a1(l-i)a+ib 

2 -ia + (1 + i)b 

a' (l-i)a + (l+i)b /2 

b1 (1 - i)b + ic 

b2 -ib + (1 + i)c 

b' (l-i)b + (].+i)c /2 

cl = (1 - i)c + la 

C2 = -j.c + (1 + i)a 

C' = (l-i)c + (l+i)a /2 

a3 (1 + i)a - ib 

a la + (1 - l)b 

a" (l+i)a + (l-l)b /2 

b3 (1 + i)b - ic 

b ib + (1 - i)c 

b" (l+i)b + (l-i)c /2 

C3 = (1 + i)c - la 

ch ic + (1 - i)a 

C" = (l+i)c + (l-i)a /2 

THEORE!I ti.l. The centroids of triangles ABÇ A181C1, A2B2C2, 

A3B3C3, ABCj, A'B'C', and A"B"C" coincide. 

3g = a + b + e, 

3g1(l-i)(a+b+c)+i(a+b+c)-3g, 

3g2 -i(a +b + e) + (1 + i)(a +b + e) 3g, 

3g3(l+i)(a+b +c) -i(a+b+c) 3g, 
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3gi(a+b +c) +(1- i)(a+b +c) 3g, 

3g' (1-i)(a+b+c)+(1+i)(a+b+c)/23g, 

3g" (1+i)(a+b+c)±(1-i)(a+b+c)/23g. 

THEOREi .2. The areas of the triangles are given 

= 14 ' + k/14 43 = 4 = 144 - Lk/14, 4' 4 + 1. 

4" = A - where k1, k2, and k3 are the lengths of the sides and 

A1 2' are the areas of triangles ACB, A1C1B1, A2C2B2, 

A'C'B' , ATCtBII 

(1-i)a + ib (l+i) -i i 

-14&1/i E -)4A2/i (1-i)b + ic (i+i)t -i i 

(1-i)c + ja (1+i) -i i 

By the laws of addition of determinants, 

a i a bi 
LL 41/i E (1+i ) (l-i ) b i -i( 1-i ) b i 

e i C i 

b 1 

+ i C i 

a i 

b1 
+ C 1 

a1 
-14 = -i6 4/i + i : , 4 = 14A + I 

(1+i)a - ib (1-i) + i i 

-1443/i E -14414/i E (l+i)b - Ic (i-i) + j i 

(1+i)c - ia (i-i) + i i 
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aal a i 

/i E (l+i) (l-i) b i + i( 1+1) b i 

C i C i 

b ¡1 b i 

-1(1-i) c i + c i 
a i a ¡1 

_1443/i = -84/i * iZk -1/i - b4/ì 

43 = = b4 - 

(l-i)a + (i+i)b (l+i) + (i-i) i 
-) 4'/i = i/1. (i-i)b + (i+i)c (i+i) + (i-i) i 

(i-i)c + (i-i-i)a (l+i)Z + (i-i) i 

a ¡ i a i 

-i6'/i = (i+i)(].-i) b i + (i-i)2 b i 

C i C ¡ i 

b i b i 

+ (1+1)2 i + (i+i)(i-i) a 

a i a ¡1 
¿1 i = 4/2 + k/8 +4/2 4 + I.k/8. 

(l+i)a + (i-i)b (i-i) + (i+i) i 

-h4/i = 1J14 (1+i)b + (l-i)c (i-i) + (i+i) i 

(i+i)c + (l-i)a (i-i) + (ii) i 
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a ¡1 a bi 
_164t/i = (1+i)(i-i) b i + (1+1)2 b i 

C 3. C ¡1 
b ¡1 b i 

+ (l-.i)2 i + (1+i)(1-i) c i 

a i a ¡1 

ThEOREM Ii.3. The sums of the squares of the lengths of the 

principal diagonals A'B", B'C", C'A", of the hexagon A'A"B'B"C'C" 

formed the centers of the squares is equal to twice the sum of the 

squares of the lengths of the sides of triangle ABC. 

a' - b" = (l-i)(a-c) ' 
- " (i+i)(-) 

b' - c" (l-i)(b-a) ' - " = (1+i)(-) 

c' - a" (1-i)(c-b) ' 
- 

(a' -b'1)(' ") + (b' -c")(' s») + (e' -a")(' - ¡tt) 

(l-i)(l+i) (a-c)(--) + (b-a)(&-) + (c-b)(-) 

2 



2 

LITßRATURE CITED 

1. Fry, Thornton J. Problems for solution, E-170. American 
mathematical monthly 12:145, 193, and 13:1O8-UO, 
1936. 

2. Johnson, Roger A. 1odern geìetry. Cambridge, Massachusetts, 
Houghton, 1929. 319p. 

3. Rosenbaum, Joseph. Unpublished manuscript. 

I. Wang, Yung-Chow. Some properties of the triangle. American 
mathematical monthly, 148 : 3O-S3. 19tl. 


