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BORDERED TRIANGLES
1. INTRODUCTION

The purpose of this paper is to consider some properties of the
triangle. We will consider first the properties of the triangle
obtained by constructing triangles on the sides of a given triangle.
Next we will consider the triangle formed by corresponding sides of
triangles each having a vertex coincident with a vertex of the given
triangle, Finally, we will consider some properties of the various
triangles formed by bordering a given triangle by squares.

In this paper we will use a system of complex coordinates. The
points in the plane will be designated by capital letters and their
affixes by the corresponding lower case letters. Numbers known to be
real will be designated by Greek letters. Using this system we may
write the affix of any point in the plane in terms of the affixes of
any other two points of the plane in the following manner:

¢ =rla +rb,

where r' =1 - r and r is the complex number kel® , @ being the angle
from AB to AC, and k the ratio AC/AB. By AC we mean the directed
length from point A to point C.



2, THE DIRECT PROBLEM

Upon the sides of a given triangle A1A2A3 let us construct
triangles BlA2A3, BZABAI’ B3A3_Ag, of fixed shapes. In this section we
will consider some properties of triangle BIBZB3. The points By, By,
B3 have affixes given by

by = riay + nyay,
(1) bz = 1"513 + Toly,
by = ";'1 + ryap.
These equations may be solved for the r's, giving
Ty = (by - 3)/(a3 - ap), ] = (by - a3)/(a; - ay),
(2) ry = (b = a3)/(ay - a3), rp = (by = a;)/(ag - &),
vy = (b = 3))/(8; - 1), 3 = (by = 85)/(ay - a,).

LEMMA 2.1, A necessary and sufficient condition that trisnglea
Q1Q2Q3 and 016203 gc; direct]l similar is that

Y W A
. P

It is evident that a necessary and sufficient condition that the
triangles be directly similar is that a homology exist which transforms
Q1Q into CyCp and QQ3 into CxC. Thus, if the triangles are directly
similar, there exists a constant k such that



qz-ql=k(°2-°1) and Q3"12=k(°3'°2)-

Then
, o TH % . G
BT 1M %" W W 6
q3 c4 1 3% c3-02 0
9 e 1
= |k(eg=ey) ©ep=ey O | = O,
k(e3-c2) eqcy; O

Conversely, if D = 0, there exists a constant k such that

5§ Ay " Meg ~wy) Wl quag ey - %)
and the triangles are directly similar,

THEOREM 2.2. If on the sides of an arbitrarily chosen triagg_lﬁ

Ayhphy triangles Byiphy, Bpighy, Byhyhp, of fixed shapes, be
constructed, a necessary and sufficient condition that triangle ByBoB3
be directly similar to a given triangle C1C5C35 no matter what triangle
Ayhphgis chosen, is that a point D exist such that triangles B,AyAs,
BaAzhy, ByhyAp are directly similar respectively to triangles DCiCp,
DC;C3, DC2C1. (L, P.532)

Substituting in D of lemma 2.1 the values for the b's given in (1)

we have



rag+ng, e 1
>=lmb ooy o 1|0,
rqa, + ";‘1 ey 1
as the condition that triangle ByByB; be directly similar to triangle
C1C503. Expanding we have

D = e3(rpay + raa3)~ cp(ryay + rizy) - ey(ryay + mys,)
+ °1(r3’2 + r§a1)+ °2(r1‘3 ks ”i‘i) - cl(rzal + r.:,aB) = Q0.
Since this must be true for all triangles A1&2A3 s We may equate the coef-
ficients of the a's to zero, cbtaining

x'i,(c3 ~cq) + r;(cl -cy) =0,

ryle; = e3) + (e, = ¢3) =0,

ry(ep = e3) ¥ rp(e3 = ¢;) = 0.
Solutions of these for the r's are

ry = (d = e3)/(ez - e3),

Ty = (d =~ c3)/(e3~e),

ry = (d = e3)/(ey = e3),

where d is an arbitrary complex number. Substituting in these equations
the values of the r's found in (2) we obtain, :

(by = @3)/(a3 - 83) = (d = ¢3)/(e; = ¢3),
(3) (bz " a3)/(51 - ‘3) =(d=- ""1)/("3 - el)s
(by = 8y)/(ap = a7) = (d = ep)/(cy ~ ep).
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These are conditions that triangles 813213 ’ BzABAI’ BBA1A2 be directly
similar to tri‘ﬂglﬂs DABAa P DA]_AB, DA2A1.

COROLLARY 2.3. If, on the sides of an arbitrarily chosen triangle

s smemcem | mrwsavetn | aobeen  swse

A1A2A3, similar triangles B]_A233, 82A3A1, 33A1A2 of fixed shapes be
constructed, 2 necessary and sufficient condition that triagg]_.g 513253
be equilateral for any triangle A1A2A3 is that triangles 811213 5

Byhishy; Byhyp be 120° isosceles with vertex angles at By, By, Bs.
If triangle B3BpB3 is equilateral and the bordering triangles are

similar, then the point D of theorem 2.2 must be the centroid of
triangle Cy0pC3. Consequently, the bordering triangleé mst be 120°
isosceles. Conversely, if the bordering triangles are 120° isosceles,
triangle ByBpB3 must be equilateral. For now

ims

rI=m=r3=rse ’313;,
whence, setting t=eiv/3,

t(bB -b) = (g ~ a)Ft + (ap - ag)rt
=(a; - ag)r + (a3 ~ a3)(r - T)
= 'i-'(a3 - ap) + r(a; - a3)
= by = by.

COROLLARY 2.L. 1If, on the sides of triamgle AjAyAq, triangles
31A2A3’ 82A3A,_, BBAI.AZ’ of fixed shapes be constructed, a necessary and
sufficient condition that points By, Bp, By be collinear for any triangle

bylphy is that




4ByAghs = € Bohjhs,
¥ Bohaly = £B3hah,
¥Byhjdp = 4BjAsdp. (L, p.532)

Here, by ABC, we mean the directed angle from line AB to line BC,
that is, the positive angle through which line AB must be rotated to
coincide with line BC, It follows that directed angles are equivalent
if they differ by any integral multiple of . (2, p.12)

If points By, By, By are to be coll;near, then points Cys Cp, 03
must be collinear, and

¥DCyC5 = +DC;Cp,
4DCyCy = LDCyC3,
4DC5Cp = 4DC40;.

But, by similarity of triangles, we have

4 ByAghy = & DC3C; = 4DC4C; = & BphyAg,
4 Bodghy = €DC3C3 = € DC3Cp = &B3hohy,
‘BBAIAZ = ‘.DCzCl = 4DCzc3 e 43113&2.

The converse readily follows by reversing the above argument.

If we consider the point D collinear with points Cys G2, C3, we
have

AjAgA3 are collinear if and only if

(B1A2/ByA3)(BoA3/Boay ) (B3hy/Badp) = 1.



This is the theorem of Menelaus (2, p.147). The proof follows
from the similarity of triangles, for

ByAp/Byh3 = DC3/DCy,
BpA3/Boky = DICy/0C3,
B3hy/B3Ay = DCp/DCy
whence
(ByAp/ByA3)(BaA3/Boky ) (B /B3Ap) = (DCy/DCy)(DCy/DC3)(DC/DCy) = 1.

The converse is readily established.

Let us now consider the condition that the lines 4By, ABo, A3B5
be concurrent. The equations of the lines may be written

(31 = By)z = (83 = by)z + 835~ Fjby = 0,
(8 = Bp)z = (ap = bp)Z + aghy~ azb, = 0,
(By=Byin = (ay = W) + adyr By = 0

Without loss of generality we may take

a; =a, ap =0, ;331.

by =1y, by =13 + rpa, b3 = raa.

The condition that the lines be concurrent is that

neE  mes in-a
'r'éi-?{i ry + roa o = 0,
e Tl

' 1
s r3a : 3 r3a r.a r3l.
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Since this must be an identity in a we may equate the coefficients

of a3, 32, aa, and a to zero, obtaining

'51(521‘3 - rz'x'"i) + r5(22 -Tp) =0,
W _1"'1(?21’3 + 1) - 1'3(-1:11'2 + ;é) = 0y
rl(F{,rg +71p) - ?3(513'2 +T) + iﬁ(rg"% +Tp) = ri(rl'fz - ré) = 0,
i:l(';é e ré) + r;(‘flré >~ r::fé) = 0.
Suppose one of the r's is real, say ry. Then from (h)hm have
rl('i"é - ré) + ré(rlré - rl?é) = rl('ié - ré)(l - rs) = 0,
If none of the r's = 0,1, then T = rp and rp is real, and from (L)
] s R
rl(r2r3 - r2r3) 0,
whence rs B i-';, and r3 is real, Equations (h)2 and (h)3 reduce to
r)Tory = rirérs.

Since all the r's are real, the B's lie on the sides of triangle A1A2A3,

and the r's are the ratios

Ty = 4B Aghy,  Tp = AgBp/ Aghy, T3 = AyBy/Mdy,
vy = AB/Aghy,  Tp = MBy/ Ajhs, T3 = AgByfiohy,

and the relation ryrpry = rirérg becomes

(ByAo/ByA3) (ByAy/Bohy )(Bohy/Byhy) = -1,

Suppose none of the r's is real, Then from (L); we have



rYF = (For3 - mT/(F; - 7).

Since the right member is equal to its own conjugate, it follows that
the left member is a real number, That is

T3 =p3FL 5 p3 real.
Equations (k); and (L)), become

Ty = TyT, + T, = T, = 0,

-t s f o

] L
rz-x‘2+r;r2~r3r2=0,

e e =i
rzrl rzrl and r2r3 rzr3.

Hence the products 'i-'i'r"'z and ;5;3 must be real, whence
R e -
= (3R /r0)% = p 1% 5 oy veal,

r2' = (?é?a/rf3)?3 = /"2'1'" s p o real,
Now writing the r's in terms of the a's and b's we have
(by = a3)/(ap - a3) = p3(bp = 33)/(F; - 35),

(by = ay)/(a3 - ay) = P2B3 - 8))/(3, ~ &),
(b3 = 85)/(a) = a5) = o5(B; - 3,)/(35 - 3,).

These are conditions %hat
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K Aph48y = = LAyA4B,,
{Azﬂ.lﬁz e d AZA].BB’
¢A1A253 s (AM.

Thus we have the following theorem. (', p.53k)

Siiyhgs LIS Nidghys Bilatss 304y, oF S50 NS, Xre

constructed, then a necessary and sufficient condition that A;B,,

A232 » ABBB be cencurrent, no matter what triangle A1A2A3 is chosen, is
(a) if By, Bp, By lie on the sides Aph3, Aghy, Ajhp of triangle
Ayhoh3s

(ByAp/ByA3)(BoA3/Boky ) (Byhy/Bahy) = <13

(b) otherwise,

€ Aoh48) + 441448, = 0,
AAshyBy + L ApMB3 = 0,
«AyAsBs + AshsB) = O,

Note that part (a) is the well known theorem of Ceva (2,p.147).

THEOREM 2.7. If the bordering triangles are directly similar to
one another, then the centroids of triangles A1A2A3 and 313233

coincide.
For
g, = b + by + by
= (rlap + ra3) + (r'aB + ra)) + (r'a; + rap)
=(r+r')(a +ay +ajz) = 3g,.



k&

The special case where the bordering triangles are flat (the B's
falling on the sides of triangle A1A253), is very old, appearing in
Book VIII of Pappus's Collection. The general case was considered by
Brocard, and numerous treatments of it have been given.

THEOREM 2,8, If the bordering triangles are directly similar to

one another, then a necessary and sufficient condition for the centroids

of the bordering triangles to form an equilateral triangle, no matter
what triangle AjApA3 is chosen, is that the bordering triangles
themselves be equilateral.

The affixes gy, gp, g3 of the centroids of the triangles B]_A2&3,
BoAgAy, B3AjAp are given by

38y = ay(rt +1) +a3(r +1),
3g, = 33(1-’ +1) +a(r + 1),
383 = a3(rt +1) +ay(r +1).
Therefore
ez = g)) =a(r + 1) = ay(r' +1) + ay(s* = r),
3(e3 = gy) = a;(r! +1) = ap(r* = r) = ay(r +1).

In order that triangle 616263 be equilateral it is necessary and
sufficient that

B ~8 = eiﬂ/B (83 - 81)s

or, equating coefficients of a;, ap, a3 on the two sides of the equation,
that



i11/3

r+l=¢g (»* +1),
r +1=‘1TV3 (r* - &),

r -t =elW3 (r +1).

Solving any of these three equations for r gives r = cﬂr/ 3.
This theorem is well known and is intimately associated with the

Fermat~Torricelli problem and the geometry of the isogonic centers of
a triangle (2, pp.218-222),
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3. THE INVERSE PROBLEM

The question now arises: Being given triangle 813233, under what
conditions does there exist a triangle A1A2A3 which is bordered by
triangles ByAgAy, BpAgdy, ByhyAy of fixed shapes? The special case
where triangle B1BgBs is equilateral was proposed as early as 1869
by Lemoine, and a number of solutions and discussions of this case
have been given (1, p.109). In this section we will develop some
theorems related to the general inverse problem.

From (1) we may obtain the following expressions for the affixes
of the A's:

2 = (-1-2 g + r3r 'r'bB)/(r rory + r'rér;),
(5) 8 * (rpr 3"1 1 + TyToby (ryryry + mympry),
a3 = (rpraby + rjriby = r1r2b3)/(r1r2r3 + r1r2r3).

THEOREM 3.1. Suppose triangle ByByB4 is such that there exists

2 solution triangle AjApAs which is bordered by triangles Byishs,
BpAshy, ByAAy of Pixed shapes. If on the sides of triangle ByB,B,
triangles C;B4B,, CoByB3, C4B,B; are constructed directly similar to
Iriangles ByApA3, BpA3hy, ByAjdp, then triangle €)CC3 will be
directly similar to triangle Ajiphs.

The affix of Cj is given by

ey = rib3 + ribp
r (r;al + r3a2) + "1(’"‘."‘3 + Tpaq)
= ay(ryry + ry7p) + apriry + agryr.



Similarly,

ey = ‘1’2’5 + ag(ryry + rory) + agriry
and

©3 = 8yT3Tp + apryr) + aylry) + myny).
Therefore

e =¢cp = ‘1("5?3 + Ty - rzré) -~ az(réri + rory - rirB)
= (31 = a5)(ryrpry + rymyry).
Similarly,
ey~ = (a3 - 11)(r1r2r3 + rir;_r;).
Thus triangle C1CoC3 is directly similar to triangle Ay AoAs.

THEOREM 3.2. A necessary and sufficient condition that triangle
d4phy be directly similar to a given triangle DyDyD;, no matter what
triangle ByByBj is chosen, is that a point F exist such that triangles
Bydghs, BpAghy, B3k, are directly similar to triangles FD,Dy, FD5Dy,
FD1D;.

From theorem 3.1 we have triangle 016203 directly similar to

triangle A112A3 » and from theorem 2.2, a necessary and sufficient
condition that triangle C1C2C3 be directly similar to triangle D152D3,
no matter what triangle 313233 is chosen, is that a point F exist such
that triangles C1B3By, CpByBj, C3ByB, are directly similar to triangles
FDpD3s FD3Dy, FD)Dy. But triangles C)ByB,, CpByBs, CB,B; are directly
similar to triangles BjAphs, BpAshy, Byhyhy. Thus triangles Bydphs,
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Bo3hy , B3hyAy are directly similar to triangles FDoD3, FD3Dy, FDyDjp.

COROLLARY 3.3. A necessary and sufficient condition that points
Ay, Ap, A3 be collinear is that { BjAshy = <Bphshy, {BphiAy =
4B3iAz, and Byhaly = 4ByAzAs.

Since triangles ByAjAz, ByAghy, BahyAy are directly similar to
triangles FD293, FD3D1, FD1Dp, corresponding angles must be equal.
But, for Dy, Dp, D3 to be collinear, it is necessary and sufficient
that {FDyD, = LFDD;, FDyD3 = 4FDD,, and 4FD,Dy) = <4FD,Ds.
This proves the corollary.

If triangles BjApA3, BpA3Ay, B3AjAp are similar isosceles triangles,
of fixed shape, with vertices at By, By, By, then the affixes of A's
are given by
a; = (=riby + rzbz + ?2b3)/(r3 + 53),
(6) 8, = () - 1, + rPo ) + ),
a3 = (%) + 7, - riby)/(r3 + ),

where r = (1 + i tanB)/2, B being the base angle of the bordering
isosceles triangles.
ILA =+ 30°, then r = (Y3/3)e*™%, ang
3 + 13 = (13/9)(272 + H2) = g,
and the denominators in (6) vanish. The numerators will also vanish
if and only if (considering the numerator of (6)1, for example)

0 = 3(=rfby + rby + Fbs)

=-b1+eii”/3 by + o /3 b,

= e™3(p, - b3) - (b, - by),
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that is, if and only if triangle B1BpB3 is equilateral. Thus we have
the following theorem.

THEOREM 3.h. If triangles ByAphy, Bphshy, Byhyhp are isosceles
triangles with base angles equal to 30°, then there exists a solution
triangle AyAphs if and only if triangle ByB,Bj is equilateral, in
which case there exists an infinite number of solutiomns. (3, p.9)

In the rest of this section the bordered triangles will be con~
sidered as exteriorly constructed, unless explicit mention is made to the
contrary. If the bordering triangles are similar isosceles and
r> + ¥3 # 0, a necessary condition that a solution exist is that the
area of AjApA3, in this order be negative, where we take ByBgB3
negative, This can be written

a) "1 1
-Ar=¢ 5 1| <o.
33 33 :

Substituting the values for the a's in terms of the b's, we have
-blﬂ+b2r2+b3§2 -glr;-kl-)a;z-bg)rz
“W(F3 + r3)20 = 1| byF2 - Fop + ¥Pby  Dyr? - Borf + 33;2
byr? + b2 - by By + B - ¥ 1
by (rP47F) +by(rPF2) +b3(FPrF) By (FhrF) +Dp(F2-r2) + By(rPrF)
E J by (FPr?) = bp(rFHF?) +by(rP1F) By (rP-F2) - Bp(rFer?) +B3(FP4r¥)
= 3{r2[(by-b3)(Bp-57 ) #(b1-b3) (b3-52)] + ¥F[(ba=by ) (5351 )=(b3=by ) (Bz=57 )
+ (gby )(ByBp)=(030) (BB )] + ¥ [(b3-0) (B35 ) +(bprby ) (55 ) } -

| :fndenotebynmmaofmaﬁglealsﬁaxﬁbykl,kz'andk3tm
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lengths of the sides,

(P + )2 = 1[12m2/1 + (128/4 - T kD) + (-28/4 + £ i3/2)]
= =12Br® + 12Br = 28 + i(} - )Lk}
=B(3t? +1) + t$14/2 where t = tang.

THEOREM 3.5. If the bordering triangles are similar isosceles

triangles, a necessary condition that a solution triangle AjAjA3 exist
is that B(3t2 + 1) +(t/9 11§ <o.

COROLLARY 3.6. If triangle B1BoB3 is a right triangle and the
bordering triangles are right isosceles triangles, there exists no

solution triangle AjAgAs.

For B = ab/2, t =1 and our condition is ksb/2 + (a + b2 + ¢2)/240,
Lsb + ¢® {0, which is impossible.

THEOREM 3.7. If the bordering triangles are isosceles, two of
whichmdimcﬂgandmeg_{which}gimrue&sﬁnihr&gg&m

triangle, then gquadrilateral AiBjBin,‘ B; being the vertex of the
inversely similar triangle, will be a parallelogram. (3, p.lL)
Suppose Bl is the vertex of the inversely similar triangle. Then
8 =by =b3=Dby, a3 -~ b3 =bp - by is a condition that A)B,BBs be
a parallelogram. The affixes of the B's may be written
by =ray + h3
by = TFag + ray

by = Ta; + ra;




al—bzzal(l-r)-’ia3=§(al-33)
by = by =F(a - a3) =& - by
M =-by=risg~a) =by -

thus the theorem,

THEOREM 3.8. A necessary condition that a solution triangle
AjAohq exist for any triangle ByByB4 is that

(7005 - 15 - 1)1/2 + 28) - Fyry [0 - 15 - 1)a/2 - 28]
+ r.‘,?i[(kg -1 - k8)i/2 + 28 - ’izrj_[(k% - 12 - K8)i/2 - 25
+ For3l0 - 14 - B)i/2 + 28) - s [ - 1 - 1B)a/2 - 28]
= LB}/ (ryrors + Tyrprd) (F7,F; + FF,FP O,
Here B is the area of triangle ByB,B, and k), kp, and ky are the

lengths of the sides. In order that a solution triangle AjAgA4 exist,

A, the area of triangle AIABAZ must be positive. We may write

81 ay 1
-A=i/h |a, a3 1| <o

‘1 - 33 al - :3
a -a3 8-
. [roumy * bp(ry~r3) + byry  =ByFy + By(FyF3) + Byfy

-bA = i

By a straightforward expansion of this determinant we arrive at

theorem 3.8.
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COROLLARY 3.9. If the bordering triangles are isosceles
triangles of fixed shapes, 2 necessary condition that a solution
riangle AyApA3 exist for any triangle B;B,B; is that
{ry(1 + 0d) + r3(B + 0B) + ry(1B + 115) = UB(ryry + ryry + rpry)
- 31232 + 18]} /(xyzyrs + BFF)2 < 0

For, if the triangles are isosceles, ¥} = r], To = r3, Py = ré

and from theorem 3.9,

+i = 1{[ryrr31] [(03-1548)/2-28/1] + (g N [03namid) /2
~28/1] + [rprrs1][0G-3-B)/2-28/4] + 1Blryry + ryry + mym)s
~B/1}/(ryryry + FF,F)2

+ha = [-q(lm + ik%) - ro(LB + ﬂ:%) - ry(LB + 1k§)

HB(ryrp 413+ ryry) +108 +13 414 +18/1) /2 (myrpry+ FyFyFy)2.
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L. TRIANGLES BORDERED BY SQUARES

Suppose on the sides of a given triangle ABC we construct
squares ABAsAy, BCBpBy, and CACyCy externally and squares ABAhA3,
BCB)B3, and CAC)C3 internally. The centers of the externally described
squares will be designated by A', B', and C', and those of the
internally described squares by A", B", and C". The affixes of these
points are given by

(1) a3 =(1~-1i)a +ib a3=(1+1)a-ib

.2=-1,;+(1+:1)b lhﬂia-l»(l-i)b
at = (l=i)a + (1+#i)b /2 a® = (1+i)a + (1-i)b /2
by =(1L~i)b + ie by=(1+1)b - ic
b2=~1b+(1+1)c bh=1b+(1-1)e
b' = (1-i)b + (1+i)e /2 bt = (1+i)b + (1-i)c /2
e =(1~-1i)ec +1ia c3=(1+1)c-ia
c2=-ic+(1+s.)a chzic-l-(l-i)a
et = (l-i)e + (1+i)a /2 e" = (1l#i)e + (1-i)a /2

THEOREM L.1. The centroids of triangles ABG A1B1Cy, AoBoCo,

AByC3, 4)B)C),, A'B'C', and A"B"C" coincide.

Jg=a+b+e,
xlg(l-i)(a-i-b«l-c)+i(a+b*°)"38:
3g, =-i(a+b +c) + (L+1i)(a +b +e¢) = 3g,
g3=(L+i)(a+b+c)-i(a+b+e)=3g,
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g, =i(a+b+e)+(L-i)(a+b+e)=13g
"= (L-i)(a+b+e)+ (L +i)(a+b +c) /2=3g,
"= (L+i)(a+b+e)+(1-i)(a+b+e) /2=3g,

THEOREM L.2. The areas of the triangles are given by
A, =d,=L4a + TKE/, Ay=4) =44 - Tid/h, A' = A+ 113/8,
A" = A - 2k§/8, where kj, kp, and k3 are the lengths of the sides and
A, py, Ay, 4", A" are the areas of triangles ACB, A1CqB;, 4,C5By,
A'C'BY, AWCWBY,

(=i)a +ib (I#)a =-ib 1
-h.Ll/i = -hAz/:!. = |(1-i)b + ie (1+i)b =ic 1
(1-i)e + ia (I#i)e =ia 1

By the laws of addition of determinants,

& n .} = % X
-hA/i=(1H)(1-1) |® B 1] -i(2-1) |D €T 1
T R e % 1
B A& 3 5 2
+ 4 T T + oS s e
& <x 3 s 3 1

L A/i=-164/1 +1 XK, Ay =hA+TK/.

(1+4i)a - ib (A=i)a +ib 1
~h4y/i = -hd)/i= | (14 - ic (1=1)b + ic
(1+i)c - ia (I-=i)e +ia 1



-k A3/1 = (1+)(2-1)

- i(1-1i)

c

o'l @t

ol

o i

ol

+ i(1+#) |b

441 =-84/1 - 13K - h&/i - LA/i

A;=4) =ka-3iE/

(1=i)a + (1+i)b

-l A!/j_ = ]/h

(I=i)e + (1+i)a

=164 /i = (1+i)(1=1)

+ (1#)2

c

a

(1=i)b + (1+i)e

L8 B 1 |

o't @i

ol

B

1

(141)3 + (2=1i)B
(1+1)b + (1-i)e
(1+)e + (1~1)3

+ (1~1)2 |»

+ (1+i)(1~1)

A1 = A2+ 38 +A /2 = A + 3EE/8.

(1+i)a + (1-i)b

~hAv/i =1/l

(1+i)e + (1-i)a

(1+i)b + (1=i)e

(1~i)a + (1+i)b

(1-i)b + (1+i)E

(1-1)e + (1+i)a

c

A
3

1

o ol ot o1

el ol

1

1

o't

o] B ] |

Pt ol
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e | e W

-164v/i = (14)(1-1) |[» B 1| +@)® |p T 2
$-3 s TH e

T T > & 1

+(11)2 |e b 1 | + ()(1-1) |e © 1

a ¢ 1 a =%

THEOREM L.3. The sums of the squares of the lengths of the

principal diagonals A'B", B'C", C'A", of the hexagon A'AMB'BVC'CM

formed by the centers of the squares is equal to twice the sum of the

squares of the lengths of the sides of triangle ABC.

at = bt = (1~-i)(a-e) art - b* = (1+4i)(a-c)
bt = " = (1=i)(b=a) bt = & = (1+1)(b-3)
¢! = at = (1=i)(c-b) c! - ar = (1+i)(c-b)

(a* = bu)(a! = b") + (b? = en)(b' = c") + (e! = a*)(Gr - an)
= (1-1)(1+i) (a~c)(a~c) + (b~a)(5-a) + (e~b)(c-b)
=2 7id.
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