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SIMPLICIAL BUNDLES AND THE HOMOLOGY
STRUCTURE OF SUBMERSIONS

INTRODUCTION

Since the objects of study of this dissertation are submersions,
we shall begin with a brief introduction to this topic. By a submer-
. . w
sion we shall understand a surjective C - map f:X — Y between
paracompact differentiable manifolds, with dim X > dim Y, whose
differential has everywhere maximal rank. For each y ¢ Y, £ (y)

constitutes a regularly imbedded submanifold of X, with
. -1 . .
dimf (y) = dim X -dim Y

(referred to as the codimension of the submersion). Each such sub-

manifold is known as a fiber of the submersion.

If X is compact, or more generally, if each fiber is compact,
it follows from a result of Ehresmann [ 1], that f:X — Y may be
viewed as the projection of a fiber bundle, which implies in particu-
lar, that each fiber is then homeomorphic to a standard fiber F.
Obviously an extensive theory already exists for that case. It is
known, moreover, that the topological structures of X, Y, and F,
as measured by means of homology groups, are related by an E
spectral sequence which converges to H*(X) and whose E2 term is

given by the formula:



EX T H_(Y; H (F)).
Pq b q

However, if the fibers are permitted to be noncompact, the submer-
sion will in general fail to be a fiber bundle, and in this case the
topological structure of the fibers may vary from point to point. In
1967 J. W. Smith began to investigate the question as to whether in
this more general setting there exist relationships between the topo-
logical structures of X, Y and of the various fibers, and he found
that in the case of codimension 1 a fairly extensive theory can be
developed. One of the most striking results which was obtained is
the following generalization of the classical Thom-Gysin sequence
for sphere bundles [5].

Theorem. Let f:X - Y }ﬁgﬁ orientable submersion o_f codi-

mension 1 whose fibers are path-connected, and let U denote the set

of all y ¢ Y such that fnl(y) is compact. There exists an exact se-

guence

- HX)—~-H((Y)—H (U=~ H (X)—
q q

relating the homology groups. In the case where the submersion is

a fiber bundle the above sequence reduces to the classical Thom-
Gysin sequence of a circle bundle, which may be regarded as an
immediate consequence of the Serre spectral sequence for fiber
bundles. The question naturally arises therefore whether the Serre

spectral sequence can be generalized to the case of an arbitrary



submersion, with its EZ term given in terms of an appropriate
homology, which now must of necessity involve local coefficients,
Such a homology theory has indeed been extensively developed by
Sekino [4], based on the concept of a simplicial bundle, previously
introduced by Smith [6], which is a combinatorial device by which a
submersion may be approximated.

Given a simplicial complex K, a simplicial bundle over K is a

function which assigns to each simplex 0¢ K a commutative triangle

%

|0| X Fymmmmm——— E

where EO" FO_ are topological spaces, <I>0_ is a homeomorphism and

T is the natural projection, subject to the condition that for T < 0,

-1
)y C P, (x) forall x e |T|. Setting E = v E; (the topo-
0eK
logical sum) there is a projection p:E — IKI The connection be-

tween simplicial bundles and submersions is given by the following

approximation theorem.

Theorem 3.1. Given a submersion f:X — Y and a compact

subset C ( X, there exists a simplicial bundle over K with

CC ECX, f(0)C |[K|] C Y and p-=f{|E.

This suggests that a submersion may be viewed as the direct



limit of an approximating system of simplicial bundles, and more-
over, that construction of a spectral sequence for a submersion may
be accomplished in terms of a direct limit of spectral sequences
associated with simplicial bundles., The present dissertation consti-
tutes a direct approach leading to the realization of this program.

In the first chapter the homology of a simplicial bundle is de-
fined. Let p:E — IK, be a simplicial bundle. The inclusions

p(}l(x) C p,l—_l(x) given for all pairs 0, T e¢ K with T < 0 induce

fiber injections iO_:FO_ - FT satisfying the homotopy transitivity
o LW T A~ Lw . .
condition i T ° g T ig for w < T < 0. Taking singular

homology of the fibers with coefficients in some group G, we obtain

an algebraic structure

T
R

known (see [4]) as a local coefficient system for the simplicial com-

plex K, Define

Cp(K;Hq(F;G)) = ® o) Hp(lol, [0]) ® Hq(FG;G)
0 K

where K(p)

denotes the set of p-simplexes of K. A boundary opera-
tor

8:Cp(K;Hq(F;G)) - Cp_l(K;Hq(F;G))

is defined on generators by the formula



where GE:H (Jo|, |o)) — H

p p-1
sition
1o, o b1,
H (|0], |o]) = H (|KY], |K
ol o] = H (L P
, -1
{JT'}
PR - (AP
H - ,
p—1(|K | | ) ~ 1. kPl p-l
9y
~ =TT

Here KP denotes the p-skeleton of K, the inclusion map, 9, the

o
connecting homomorphism of the exact sequence of the triple (IKPI,

]Kp_ll, le-2|), 9 the direct sum projection and

. -1 -
@ m (T Th o oE(RPTHL RPTE)

{;
- p-1
T € K(p 1)

T S

R |

a direct sum representation.

The homology H*(K; H*(F;G)) of the resulting chain complex is
defined to be the homology of the simplicial bundle.

In Chapter 2 we define the spectral sequence of a simplicial
bundle and evaluate its EZ term. Let p:E — IKI be a simplicial

bundle and set Ep = uo_ . KP EO_

for p> 0 and Ep= ¢ for

p < 0. Then {Ep} constitutes an increasing filtration of E, and



consequently one has the following (see Spanier [8]).

Theorem 2.1. For singular homology with any coefficient

1 ~
group G there is a convergent E spectral sequence with El =

H (E ,E ;
p p p-l

0
Ep 2), and E  isomorphic to the bigraded group associated to the

G), dl the boundary operator of the triple (Ep, Ep 1’

filtration of H, (E;G) defined by

FpH*(E;G) = im[H (EP;G) — H, (E;G)].

o,
brd

1
The problem of identifying the E term of the spectral sequence thus

reduces to the problem of computing the groups Hn(Ep, Ep_l;G).
The following theorem will be proved in Chapter 2.
Theorem 2.5. There exists an isomorphism
:C (K;H (F;G)) — H E ,E ; G
b:C (GH (FG) ~ H_ (B, E_;G)
given by the composition of isomorphisms
Dug
H (|0],|0])®H (F_;G) — H ol |0])x F_;
@(p) p(l L0 & q(FG ) @p) p+q((| L1o]) Fy:G)
0« K 0e¢ K
@QO'* {10-*}
- H E L E ;G -~ H E E ;G),
® (p) p+q( o o ) p+q( p p-1 )
0ec¢K
where E - = p_l(ld'l), p' is the homology cross product, & is
T e T Po ;= Oy

induced by the homeomorphisms of the simplicial bundle and {'10_ }



is an inclusion induced direct sum representation.

2
The decisive step in the evaluation of the E~ terms, and the one
involving the greatest technical difficulties encountered in the disser-
tation, may now be stated in terms of the following.

Theorem 2.6. The diagram

Y 1

C (KH (F;G) — E
P q joge
1

o] d

Y 1

C K;H (F;G)) — E

o1 (KH_(F5G)) bl q

commutes.
The main theorem on the spectral sequence of simplicial
bundles is obtained as an immediate consequence:

MAIN THEOREM. Given a simplicial bundle p:E — IK] there

. 1
exists a convergent E~ spectral sequence such that

EZ 2 H (KH (F;G))
pPg- b q

00
and E is isomorphic to the bigraded group associated to the filtra-

tion of H:,:(E;G) defined by

F H,(EiG) = im[H,(E_;G) = H,(E;G)].

In the last chapter the spectral sequence of a submersion is

obtained. As a first step in that direction, the following full



approximation theorem is proved.

Theorem 3.2. Let f: X —Y be a submersion. Then there ﬁ

a sequence sp:sE - ISKI of simplicial bundles such that

(1) Given C (C X compact there exists a positive integer s

such that C C SE, f(c) C ISK] and sp = f sE

(2) For s < t, SE C tE and there exists a nonnegative integer

n such that Ile C tK where rle denotes the nth barycentric subdi-

As a consequence of this theorem we obtain a direct system
{sEr, sdr} of spectral sequences indexed by the directed set J of
positive integers and we define {Er(f), dr}, the spectral sequence of
the submersion f:X — Y, to be the direct limit of this system.

We show that the EZ term of the spectral sequence of a sub-
mersion is isomorphic to the homology H*(Y;H*(f ;G)) of a submer-
sion defined in [4] as a direct limit of a suitable system of homol-
ogy groups of simplicial bundles, The E”term is then shown to be
isomorphic to the bigraded group associated with a suitably defined

filtration FH%(X;G) of HJ<(X;G). Thus we obtain the main theorem

on the spectral sequence of a submersion.

MAIN THEOREM. Let £f:X — Y b_eg._ submersion. There _13

1
a convergent E spectral sequence such that

2 ~
E f) = H (Y;H (f ;G
Pq() P( CJ(Y N



9

and Eoo(f) isomorphic to the bigraded group associated to the filtra-

tion FH*(X;G) of H,(X;G).

Symbols and Notations

We shall use the following symbols and notations: Let K

denote a simplicial complex. Then

K® = p-skeleton of K

K(p) = the set of p-simplexes of K

"K = the nth barycentric subdivision of K
o = a p-simplex

) = the open simplex of O

]0'] = the closed space of O

IO'I = the union of all proper faces of O

]0'] = the union of all faces of 0 of dimension < p - 1.
¢ = the empty set

0 = the empty function, trivial group etc.
Z = the group of integers

X = homeomorphism

= = isomorphism

~ = homotopy

1 = the identity morphism

G = an arbitrary coefficient group
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I. THE HOMOLOGY OF A SIMPLICIAL BUNDLE

1-1. Simplicial Bundles

Let K be a finite simplicial complex. Suppose there is given
a function & which assigns to each simplex 0¢ K a commutative

triangle
q)O'

|o| x F i - E
i) /po
|0 |

where FO_ and EO_ are topological spaces, IO'I is the underlying

space of 0, m _ is the natural projection, Py is a continuous sur-

o

jection, and <I>0_ is a homeomorphism.

Assume the following descending face condition:

-1 -
If T< 0 then for each x ¢ ITI, po_ (x) C p,l,1 (x), and thus

by (IT) C E_.

The function @ shall be called a simplicial bundle over K, or more

precisely, a descending simplicial bundle over K (in contrast to the
"ascending'' simplicial bundle considered by Smith in [6]).

EO_ shall be referred to as the total space over 0 and Py as

a projection., The spaces FO_ shall be called the fibers of the bundle,

o -1 -
For each x ¢ !0'] the restriction of <I>0_ to po.l(x) determines a

. -1 -1
homeomorphism Py (x) ~ FO_ » Pg (x) shall be called a fiber over x.




11
We shall refer to IKI as the base space of the bundle, Define
E = w E_ (the topological sum) and observe that there is deter-

0 K 7
mined a well-defined function p:E — [KI We shall call E the total

space of the bundle and often denote a simplicial bundle by the func-

tional notation

E —~ [K]|

where p shall be called the projection of the bundle,
If T< 0, by the descending face condition, there exists a

composition

L @,",1
-1
[Tl x Fg e UThCEL — ITxFL

Let Tr}T:ITI X F’T - F’T denote the natural projection, and for

T
ach . C e . : .
each x ¢ I’TI , define the injection 10’,x FO' F’T by the formula

T o -1
IO-,X(Y) - TTT o QT o Qo'(x’ Y)°

T . L
We refer to 10',x as a fiber injection from FO' to F’T'

The following properties of the fiber injections have been

established in [4].

T T
(1) If b,c e |T| gy = lg o

(2) f T< 0 <p, ce |0, and b,d ¢ |T| then the fiber

. . LT .0 . . .
injections i 7.b’ lp e and 1’; d satisfy the homotopy transitivity

condition
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From condition (1) it follows that the induced homomorphisms

T .
(i O',x)*'H*(FO"G) H*(FT,G)
agree for all x ¢ I’TI This common homomorphism shall be de-
noted by
'T . —_— .
i O_.H*(FG,G) H*(FT,G).

If T< 0 < p condition (2) implies that the induced homo-

LT

T . -
morphisms i __, i , and i satisfy the transitivity condition.
a° p P

1-2. The Homology of a Simplicial Bundle

Let K denote a finite simplicial complex and assume that:

(1) For each simplex 0 ¢ K, there is given an abelian group

—

(2) If T < 0 there is given a homomorphism W;_ :GO. G’T'
. T g
(3) If T< 0 < p then the homomorphisms W wp and

T
w satisfy the transitivity condition
p

The system of groups and homomorphisms

-
G = {Gcr’wcr}cr,'rg K
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constitutes a local coefficient system for the complex K as defined

by Sekino in [4].

Lemma 1.2.1

The inclusions j.: (|0, [0]) C (|&P|,|K"7"|) induce a
direct-sum representation

- 2 | -1
g, o @ H (Ol ]o]) ¥ H (|K°], [&777])
ES
0¢ K(p)
where K(p)ﬁ the set of p-simplexes of K.
The lemma is a consequence of lemma 2, p. 474 of

Proof.
Spanier [8] applied to the trivial fibration 1:|K| — |K|. /

For each (¢ K(p) we define a projection

ag H (KL K ~ 5 ([0, |6])

to be the following composition

. -1

{J >:<} . qo- .

—_ H gl, |0 - H agl,|0
® H (0], o)) LUl o]

H (KPR 2
e K(p)

where 9y is the direct-sum projection,
Let 8, denote the connecting homomorphism of the exact se-

quence of the triple (le l , le-l l , IKP-Z |) and consider the following

diagram:
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H (0] 16 ]) H (7], ]T)

. T : : .
Define € g :Hp(lO'I, ]O'I) - Hp_l(]’Tl, I’Tl) to be the composition

Lemma 1.2.2

Let T<0< p and let aerH([p],]p']) then

g
qm—‘
(o]
_qu
D
1
g

qu o a* (Z jo;< o CJ'O-)(a* o Jp >':(a'))
Te kP

. . .41 .
= g0 8, () EETALIEEAREAENC)
0 K

_1(

o8, liglolig} (9, 0 (a)
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il
o
w
2.
=}
)
o

\IQD
o]
@

1]
o
=

T .
Let G = {GO., w 0_}0_’ Te K be a local coefficient system for K,

Define

C(KG) = ® H(0],]0))® G
P P )
GEK(p)

and define E'):Cp(K;G) — Cp_l(K;G) on the 0 -component of Cp(K;G)

by the formula

T< 0O

where a e Hp(lol,lol) and c¢ Gg.

9 clearly determines a function Cp(K;G) —- C K;QG)

p-l(

Lemma 1.2.3

9 is a homomorphism and {Cp(K;G), 9} is a chain complex.

Proof. In order to show that & is a homomorphism it suffices
to show that 9 is component wise a homomorphism. Let 0

Hp(lO’l, ]0']) be a generator and a,b ¢ GO"



5(F ® (a + b)) E: e;w)® w;m+b)

T< 0

) ) ® (Wi + w o)
T< O

1

) O ® Wi @ + () @ W)
T< O

) L@ wi@ ) (L) ® wo)
T< 0 T< 0

83(0® a) + 8(0F ®b)

Suppose T < 0< p and let a ¢ Hp+1(|p|,|b|) and c ¢ Gp.

[8(a & c)]

g shall denote the 0-component of 8(a & c)

o([2a ® )lg) = ole] a) © w (e))
[8(ep0(a)® Wg)]T: 6’1(;' o eg(a) & w’g. o w(:;(c)
0

6306m)®wﬁd
p p

[0 ® eN]y = ) cp o @)@ wl (e

ge kP

= { E T oo ea(a)} ®WT (c)
@ ° P P
0e K'P

16
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0 ® W:(C) by lemma 1.2.2

= 0

Thus [8(8(a & C))]’T = 0 forall Te K<p-1). Therefore 88 = 0. //

We define the homologz o_f K with coefficients E the local coef-

ficient system G to be the homology of the above chain complex.

Let p:E — IKI be a simplicial bundle, let G be an arbitrary

group and let GO' = H*<FO';G) for each 0e¢ K. If T < 0 let wg:

'T . — .
GO' G’T be iy .H* (FO.,G) H*(FT,G). We observe that
{H*(FO_;G), 1’;} is a local coefficient system for K. The resulting

chain complex {Cp(K;H*(F;G)), Bp} we define to be the chain com-

plex of the simplicial bundle. The homology of this chain complex is

defined to be the homology of the simplicial bundle, and we shall de-

note this group by Hyu(K;H«(F;G)).
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II. THE SPECTRAL SEQUENCE OF A SIMPLICIAL BUNDLE

Let p:E — ,K, be a simplicial bundle and define

E = W/ E

0—’
PgexP

where KP denotes the p-skeleton of K, for p > 0 and let Ep =@ if

p < 0. Then Ep CE , SO {Ep} is an increasing filtration of E.

p+l

Furthermore, E | = @, upEp = E, and E = Em where m = dim K.

-1
Our starting point will be the following classical result [ see Spanier

[8], page 473, theorem 1].

Theorem 2.1, Let p:E — ,K, be a simplicial bundle. For

singular homology with any coefficient group G there is a convergent

1
G), d the boundary

1 1 ~
E spectral sequence with EY = H (E ,E ;
£ 4 Pq p+q p’ p-l
operator of the triple (Ep, Ep-l’ Ep 2), and Eoo isomorphic to the bi-

graded group associated to the filtration of H, (E; G) defined by

FPH*(E;G) = im[H*(Ep;G)—' H,(E;G)]. /

Our aim shall be to evaluate the EZ term of the given spectral
sequence by identifying the El chain complex with the chain complex
Cp(K; Hq(F; G)) attached to the simplicial bundle. The first step in
this identification is effected by the following lemma, corresponding

to Spanier ([8], page 474 lemma 2) .
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Lemma 2.2

)

. . . -1 -1 2
The inclusion maps 10_:(p (IO'I), P (IO' l)) C (Ep, Ep-l

induce a direct-sum representation

. -1 -1,z
ligh: @ wH e (oh.p (0N HE,E )

b ; g
Te K<p)

where o denotes the simplicial complex consisting of all proper

faces _<_)_f_ ag.

(p)

Proof. For each 0¢ K let e . be a p-cell contained in the

)
interior of IO'I and let gO’ = eqg - éo.. There exists a deformation
retraction ro_:(IO'l - go_) — IO' l Let 56_1 denote the restriction of
&1 to p'1<lol -2 ). Then &_o(r.X 1_ )o P, <lol )—~
g ) ) g ) Fg 0' g

p&l( l 4 ]) determines a deformation retraction which extends by the

inclusion to a deformation retraction ?Gzppl(IO'l - 80) —-p (]d’l).

The ?0_ combine to give a deformation retraction

-1o0
r(E - v e )) — E
<p p (e4 p

-1
Te K<p)

Thus the inclusions

e o, p ) C e o), p (o] - &)

and

[e)
(ELE ) C (E Ey- v P (es)
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are homotepy equivalences, There is a commutative diagram in-

duced by inclusion maps

ig )

-1 -1,
® H e (oh.p (0 — H(ELE )

e kP o
} }
-1 -1 o -1 0
@GSK@)Hn@ (oD, p 0] - 80 ~H (E_E_- P € 4))
T 0 ¢ Kp
® H(p e ) p e ) — H( U p (e )T v p e )
Te K(p) n g g n 1) (p) g

7e kP Oe K

in which the vertical maps are isomorphisms, the top two because
they are induced by homotopy equivalences and the bottom two be-
cause they are induced by suitable excision maps. Since e is dis-

joint from e if 0 # p, the bottom map is an isomorphism because

it is induced by a chain isomorphism. /

Lemma 2.3

For O ¢ K(p) the inclusion map

igitpy (|01, ey (161 C ([0 ]),5 (|G ])

induces an isomorphism

fie

i -1 16 -1 -1 .

Proof. Let e be a p-cell contained in the interior of IO'I

There is a commutative diagram induced by inclusion maps
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H (p (|0]), pg (1G] —— H (g (J0]), pg (0] - &)

¢

H o ' (|o]), p (0 —— H e (o], (0] - &)

The top map is an isomorphism since p&l( l O'I) is a deformaticn re-
tract of p(_)_l( I O'I - g) and the bottom map is an isomorphism since
-1, - -1
P (IO’I) is a deformation retract of p (IO'I - g). Since the closure
-1, -1, . . . . . -1 0
of p (IO'I) - po_ (IUI) is contained in the interior of p (IO'I - e)
the vertical map to the right is induced by a suitable excision map

and hence is an isomorphism. /

Lemma 2.4

Assume O ¢ K<p) then there exists an isomorphism

%:Hpuol, |15]) ® H_ (F5iG) —>Hp+q(l0l X Fg., 10| x F ;iG)

where pb. is the homology cross product.

Proof. In the relative Kinneth theorem (Spanier [8], theorem
10, p. 235), take X = |0|, A= |0|, Y=F  and B = . Since
{¢, IO'I X FO_} is an excisive couple in IO'I X FO' , there is a short

exact sequence
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1

. ko .
0 = [H(|T],[0]) ® HF 5, ¢:G)]  — H (|T],|0])x (F,9)G)

—~ [H(|T],]|0]) * H(F0_,¢;G)]n_1 - 0

Since H( | 0) l ) IO' ]) is free the torsion product vanishes and the follow-

ing isomorphism is obtained

t

. SR 1) .
0 — [H(|O],|0]) ® H(Fy, ;G —~ H (|0],[0]) % (Fg,)G) —~o.

Taking n = p+tq and recalling the definition of the tensor product

chain complex one obtains

H(|o|, |0 H(F._, 6;:G = H(|0], |G H.(F ., ;G
[H(|0].|0]) @ H(F;, ¢ )]p+q i+j6:9p+q oL 10h @ {Fgs #iG)

Since H(|0],|0]) = 0 if i#p
(BUIO][0]) © HEG 9G], = H (O], [0])) ® H (FgG)

where the pair (Fo_, ¢) is identified with F Also by the definition

0— .

of the product of topological pairs

H o|,|0]) x (F.,¢);G) = H 0| x F_,|0| x F_;
g T 10D % (Fp9)iG) pigtl O X Fgo [0] X FpiG)
Thus the following isomorphism is obtained

wgiH (IO 10D @ H (FpiG) ~ H | ([0] x Fg, [0] x FiG). /
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1
We summarize the identification of qu in the following theorem,

).

-1 )
Let E5 = py (|0

Theorem 2.5,

1 .
: = , |10 ;G
E ® B (0], [0]) ® H_(F;G)

Pq .
0¢ K<p)

where the isomorphism is given by the following composition of iso-

morphisms:

. Dy :
@ Hp(]G],]G])@ H (FpG) — @ Hp+q(](TIXF0_,I(TI><FO_;G)

Te K<'p) Te K<p)

® &g 0,
-~ *® H (E_,E:;G) — H  (E,E ;G)
(py PTa 00 ptq p’ p-l’ Pq

0eK

i
=

Here {'10_ } 1_§ inclusion induced, <I>0. li induced bl the homeomorph-

;
e
% *

ism of pairs

35:(|0]x F,|0] x Fo) = (E;,Eq),

and pb_ is the homology cross product,

Proof, Throughout we use the fact that a direct sum of iso-
morphisms is again an isomorphism. Lemma 2.4 gives the first
identification, 2 is induced by a homeomorphism of pairs and is

thus an isomorphism, lemmas 2.2 and 2,3 combined give the next

identification, and theorem 1.2 gives the final identification. /
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1 1
In order to identify the chain complex (E,d )} it remains to
identify the differential d 1. By the definition of the product of topo-

logical pairs (|0, [0]) X (Fy.9) = (|0] x F, |6] x Fy). Thus

Hp+q(|0] X FO_,IGI X FU;G) = Hp+q((lo|,|o]) X FG;G)

and we may regard
: : ] ;G) — yE L
®_ :H +q(|0] X FG,I(TI X FgiG) Hp+q(E0 e

0;:: P

as an isomorphism

q"[,pr+q((lol’ |0]) % Fy3G) —~ Hp+q(EU,Ed;G).
Define
H (|0], |0 H(F;G)~H (E,E ;G
berH (0], [0) ® H(FiG) ~ H_, (E_E__;G)
to be the following composition:
. b ) CDU:::
H ({0}, |0 H (F_;G) —H ol,|00) X F_;G —
ST 0D @1 (7piG) TH_, ([0],]6]) x FyiG)
iO_:‘,:
Hp+q(E0_,Ed_;G) — Hp+ (Ep, p_l;G).
Define
: H 0',,(3" H (F_;G) — H E E ;G
b @ H(OL]|T)® H (FpG) =~ H (B )

Te K(p)

to be the composition:
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. ®p
® H(0]|0]) ® H(FG) ~7 @ = (0],]0])xFGG)
7 e kP 7e kP
@CDO.* . {ia*}
- E;.E;:G) — H E ,E ;G).
g kP p+( ) p+q( p’ p-l )

Observe that pb_ (a ®c) =ax c is the homology cross product. Also

observe that | is precisely the isomorphism under which we identify

1
pq

E with

H (|0, |0 H (F_;G).
@(p) LU 1) ® H(Fg:G)
0 K

1
The identification of d will be completed once the following theorem

is established.

Theorem 2.6. The following diagram is commutative

: y
® HOL|0) ® H (Fg:G) ~ H (B LE_:G)

O'QK(p)
9 al
©) (], ITI)®HFG)¢H E E _:G
* (p-1) o1 q ptq-1Fp-1 Fp-2iY
TeK

where the boundary operator d1'§2 the right is the boundary operator

of the triple (E , E , E )
—— ——— p p-l" p-2
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The proof of the above theorem will conclude the identification
of d1 with the boundary operator of the chain complex of the simpli-
cial bundle pE —- IK] . For theorem 2.1 identifies Ejlbq with

] :
(E ;G) and d with the boundary operator of the triple

H ,E
ptq p p-l
(E E ). Also theorem 2.5 identifies H (E

’E ] G’
p p-1""p-2 ptq )

JE
p p-l

under the composition of isomorphisms which determine §, with

H (|0],]|0 H (F_;G).
® o p(l .]0]H) & q( )
O K

The above theorem identifies the boundary operator of the triple

(E ,E ) with the boundary operator of the chain complex

, E
p p-1" p-2
{Cp(K;Hq(F:G)), 8} which is the chain complex of the simplicial

bundle. The proof of theorem 2. 6 will depend upon the following key

lemma.

Lemma 2.7

Let ¢ K‘-(P) and T be a (p-1) - face of 0. Let x e ITI and

define @ = B [|T] % F;. Then i_

ol

LT _
o ¢>T*o (1T>< 10_’X ) =

*

G) -~ H,(E__,E__;G).

H>!<((IT]’ ITI)XF p_l’ p_z’

: iO'* o ((I)O"T)* :

0’
Proof. Since homotopic maps induce the same homomorphism

'

on homology it suffices to show

. % - . .
1To <I>To(1 i )~ i_o & Define



p:(ITL [ThxFg — ([T, [THXxFq

by the formula

pe,y) = (x,ig ().

First it will be shown that the following diagram commutes:

(T IThx Fy — (T Thx F
2l 1

-1 -1 - j .

(pg UTheg (T C  (EL, E)

where j is an inclusion, Let (x,Vy) ¢ ITI X FO'

T
2.0 pix,y) = <I>T<x, lcr,xw))
= <I>T(x, n,r o & o jo <I>O.(x,y))

1]
<I>T(X, ML o o)

where <I>O_(x,y) = 2z, whence j o <I>O_(x,y) = j{z) = z. Thus

= ' 1
¢>T o p (x,Yy) ¢>T (x, T (x,v')
where

®_(z) = (x,y').

Thus

27
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= 'y = = 3
<I>,_r o p (x,V) @T(x,y) z j o <I>O_ (x,v).

Next we demonstrate p ~ 1, X iT for x_« ,’Tl For each
- 7T O',xO 0

x ¢ |T| there exists a canonical homotopy [ see Sekino [4] page 39]

LT
H iy ~

iT
x VX 0,x’

More precisely, HX:F X I— F’T is defined by identifying I with

)

the line segment joining x, to x and setting

0

-1
= 1
Hx(y,t) ™. © <f[>,_r o <I>O.(y,t).

We may then define the desired homotopy

H(| T T x Egx 1= (| T] [T x Fy

by the formula

Hix,y,t) = (x,H (y,t).
H(x,y,0) = (x,H (y,0))

= (xig L ()

(o]

_ T

= <1ITI X IO',XOHX’Y)'
H(x,y,1) = (xH (y,1))

T
= (x,lo_,x(y))

- P <X’Y)-



Thus H establishes a homotopy between p and IITIX iﬂg_ % -

0
By commutativity of the preceding diagram we have:

j o QO',’T: <I>,_r o p.

Thus

1To jo @U’T=1T_o <I>To P .

Observing that i’T o j= io_ one obtains

But p ~ 'IITIX JO'x' Thus
70
i o ®_ o i o & o (1l X iﬂr )
T T Px= 7 T ks 0,%, "
Therefore
i_ o @ ~ i_ o &_ o (1 X iﬂr Yo [/
o o|T = 7T T | 7] 0,%,

Before proceeding with the proof of theorem 2.6, we cite for
the reader's convenience certain results from Spanier,

(1) Spanier, p. 235 #11.

Let f: (X,A) = (X', A") and g:(Y,B) = (Y',B') be maps and
let z ¢ Hp(X,A) and z' e Hq(Y,B). Then in the group

Hp+q((X',A') X (Y',B'")) we have

(fx g) (zXz2") = fzX gz

(2) Spanier, pp. 180-190,
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If (XI’AI) and (X ’AZ) are pairs in a space X, we say that

2
{(x

’Al)’ (XZ’A )} is an excisive couple of pairs if {XI’XZ} and

1 2

{AI’AZ} are both excisive couples of subsets,
If {(XI’AI)’ (XZ’AZ)} is an excisive couple of pairs, there is

an exact sequence of the form

O iy
—- X , A A - H (X_,A H (X_,A
H (X DXy A A 4y) XA @ H (X5, 4))
j:k 8*
-~ , A) —~ ...
Hq (X1 w X2 A1 w 2)

called the relative Mayer-Vietoris sequence of {(XI’AI)’ (XZ,AZ)}.

Also given the triple (X, A, B), {(X,B), (A, A)} is always an excisive
couple of pairs, and the relative Mayer-Vietoris sequence of
{(X,B), (A, A)} coincides with the homology sequence of the triple
(X, A, B).

(3) Spanier, p. 235 #15.

Let {(Xl,Al),‘(XZ,AZ)} be an excisive couple of pairs in X and

, A

2

let ze H (X, X
p 1 1

w AZ) and z' ¢ Hq(Y,B). For the connecting

homomorphism of the appropriate Mayer-Vietoris sequence we have

8*(z>< z') = 8*z>< z'

where z X z' is the homology cross product.

Proof of Theorem 2.7. It suffices to show ¢y o 8 = 8 o q;a

for each O¢ K(p). Let a ¢ Hp(lO'l,Id'I) and c ¢ Hq(FO.).
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b o da® c) “"‘Z eqla) ® ig(c))

i, }0®<I> 0®MT<2 (a)®1T<C

It

lir ) o @@T*Q eql@) X is(c))

i) » 2; (egla) X igle))

= Z i o <I>,r' <eg<a) X ig<c))-

3k sk
T
. . .. . LT LT
By the first property of the fiber injections i _ = (i ),
) (.T,xo %
where XO € I’TI Thus we may continue the calculation as:

. T LT
Y o 8a ® c) = Z 1,]_'< ) <I>,1_>'< (e5(a) X 10_(c))
p !
_ . T T
) p o O legle) X lig , )y(e)
p ; :
. T LT
= Z 1,1_' o (I)T* (ll,rl*(eo.(a)) X (10_’x )* (c))
3¢ ! 0
T
In the first result from Spanier cited above, take X = X' = }"TI,
A=A"=|T], Y= '=F_, B=B'=¢, f=1,_ :(|T|,|T
| T] Fo, Y'=F_ ¢ IT,(l LITh
T
(]Tl I’Tl) and g—10_’XO FO. FT'
Since GTT(a)s H ([T[ |T|) and c ¢ H (F ;G), i



32

Ho ol IT]) x F_iG) we have
LT T _ T LT
(7] X tg,y s legl@) X ©) = 1p) (egl@) X (g, ), (€)
Thus
bo o@®e) = ) iy o & <1,T,*<eg<a>> X (g RIS
p :
} LT T
- E I’T‘ o @T o (ll,_rl X 10',x )*(eo_(a;) X c¢)
sk s 0
T
Also by lemma 2.7
o d(a®c) = E IT. o @T*o (ll,_rl X ig’xO) (eo.(a) X c)
p ,\

%

= E io_ o (QO"’T)* (eg(a) X c)
T

Next we compute anO.(a ¥ c). View 0 as a simplicial complex

and let 0' denote the (p-2) - skeleton of 0 and define Eo_ =

_1 .o
pg (1O]).
First it is to be observed that by naturality of the connecting

homomorphism of a triple the following diagram commutes,

iy
H (E_,E_:;G) - H E ,E
ptq 0 O p+q( p p-l

;G)



where we are considering the triples (E _,E , E )} and
& P p’ p-1""p-2
(EO_,EO_,EO_) and where 10. and 10_ are inclusions

Thus

1
[ ]
o]
-

9o qu.(a®c) '0_ o <I>0_ (a X c)

3 sk

= i X .
10_080<I>0_(a c)

e e
b3 3R

Recall that (|0, [0]) X F = (o] x F |

p p

0| x Fg). Thus

H +q((|0|,|d|) X FgiG) = H_ (]0] % Foo [0] X F5G).
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Again by naturality of the connecting homomorphisms of a triple we

have the following commutative diagram.

%
Ho, (0] X Fp, [0] X FpiG) —H_| (E;,E55G)
0 )
: y “6,
Ho oo (01X B [F] X FpiG) =~ H (B, ByG)

where ®: is induced by &

0-* )

(Eo_,Eb_,Eb:) and (IO'I X FO" IO'I X FO" ]O'l X Fo.). Thus
9 o qu_(a.@C) = i(-I o 0 o <I>0_ (a X ¢)

sk sk

= i* o ®* o 9d(a X c).

and the triples under consideration are
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In the second result from Spanier take X = IO'I, B = ,O'I,
A = (Ib:l) then {(IO’I, ld-l)’”b:l’ ]O'I)} is an excisive couple of pairs
and the associated relative Mayer-Vietoris sequence reduces tc the
exact sequence of the triple (IO' | ) IO' l ) IO'I) and the connecting homo-
morphisms coincide., In the third result from Spanier take Y = FO"

= 10|, A, =A_=|0|. Then in

B =0, x1=|(r|,x2

H (0], ]0]) x FyiG) = H (|0] x Fg, | 0] X FysG)

ptg-1 p+qg-1

we have 8, (z X z') = 8,z X z' where the second 0, is the connecting

). Adapting this to the

homomorphism of the triple (IO' l , IO' l , IO'

present situation one obtains:

9 o qu_(a X c) = '16_ o <I>d_ o 8(a X c)
= id_ o <I>d_"(8*(a)>< c).

3 4

To establish commutativity we must compare

z i% ° (%5 'r)=:<<6;<a) X c)

and T

id_ o <I>6_\"(a*(a)>< c).

Let j({r:(l’l’l, ITI) C (Id’l, IO'I) denote the inclusion and consider the

following commutative diagram,



)

ol T N L
(pG<ITH,pG<ITH)

by functoriality we obtain the commutative diagram:

Horq-1UTE T Fpd)

g

G % 1_),
T FO_.

Hp+q_1<<lol, |0]) % FgiG)

Hp+q-1 <Ed" Eb:;G)

From this it follows that:

iy 0 (8], (e 1(a) X ©)

N

n

(

QUIT)*

Hp+q-1

io

E
Hp+q-1 <Ep-l p-2

; G)

) legla) X <)

35

(05 (1T, By (| T1):6)



Whence:

g]

Zi% o (85 ].), (e q(a) X <)

T

)

0
*o <J’Tl'<>< :

H(Fy)

K]
q’@ (JT

b3 b3

Z 10.;':
T

i o @dki iy o egla)x )
-,

s %

o) e;_r(a) X c)

0 T
. 3 X
o ‘I)Oi,_ G T, o eo.(a) c)

i) T
. ) . %
10_* o) ¢>0_* (Z JT., o) eo.(a) c)
pu !
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e gla) x <)

. (1)

Consider the following commutative diagram:

. a* . .e
H (|o], |0 H al, |0
Lol 1o o1l o)
J Jg
0-* 0;}:
p p-1,," O p-1 p-2
H K], |K _— H K , | K
p<| [, | p_1<| [ [
J'O;'< q}
T
G| L Em (7LD
H (|0}, ,
p<| Lo 1o]) p-1

where jo_ and jd’ are inclusion maps.

From this diagram it follo

ws that:



9, © Jo;: - Jd'* o 9,
Thus
t — 1 s .
Ar © B © To. 9r ° g
Hence
Z ) "r() _ Z 0 ,
J,.‘;(Oeo_a = J,_noq,_ro.]
T ' T i

37

G .4l ,
= ZJT °© q o0 {JT*} o js o 9, (a)
_ .

1

sic

1

Thus we may conclude the relation:

a*(a) = z J(,TT o eg(a).

Thus T

e e e
3 b3 3

is o @ (8,(a) X c) = is o @G(z
T

Comparing (1) and (2) we obtain:

e sk s
T

{jqr} o {j”r } o

ig o 9,(a)

bl

Hp_1<[0|,l(r|) o 9, (a)

0 T
JT* o eo.(a) X c)

(8, (a) X c)
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Thus ¢y o 8 = 8 o qJG and this concludes the proof of theorem

2.6,/

We may summarize this chapter in the following theorem.

MAIN THEOREM. Given a simplicial bundle p:E — ,K] and

1
G an arbitrary group. There exists a convergent E  spectral se-

quence such that

2
P9

E H (K;H (F;G))
p q

and Eoo isomorphic to the bigraded group associated to the filtration

of H_(E;G) defined by

F H (E;G) = im[H_(E ;G) — H_(E;G)].
p b2d b3 p b
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III. THE SPECTRAL SEQUENCE OF A SUBMERSION

In this chapter we define the spectral sequence of a submer-
. 2 00 . . .
sion and evaluate the E~ and E terms. A simplicial bundle

p:E — ,K, is said to approximate a submersion f:X — Y with re-

spect to a compact subset CC X provided C C E C X,

£(C) C |K|] C Y and p = f|E. The proof of the basic approximation
theorem, theorem 3.1, rests upon the following tubular neighborhcod

theorem which is proved in [7].

TUBULAR NEIGHBORHOOD THEOREM

Let f:X — Y be a submersion and let y ¢ Y. Given a compact

H

subset C (C X and a compact neighborhood F C £ y) of

-1
C ~f (y) there exists a tubular neighborhood

0:DX F - V

where D is a neighborhood of y ¢ Y, V (C X and 6 is a homeo-

morphism such that

(1) f o & =7 (where m:D X F — D is the natural projection).

(2) 8(y,x) = x forall x¢ F.
(3) Cr\f_l(D)C V.

The basic approximation theorem may be formulated as follows.

Theorem 3.1. Let f:X — Y be a submersion and let C C X

be compact. Let M be a simplicial complex which triangulates Y,
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i.e. assume without loss of generality (by [3]) that Y= |[M|. Then

there exists a simplicial bundle p:E — IKI which approximates f

with respect to C and such that K is a barycentric subdivision of a

subcomplex N of M.,
Proof. Let N be the smallest subcomplex of M such that
INI ) f(C). Since f(C) is compact N is a finite simplicial com-

plex. For every vy ¢ INI, let FY be a nonempty compact neighbor-

hood of f_l(y) ~ C in f—l(y). By the tubular neighborhood theorem

there exist tubular neighborhoods 6 :D_ X F_— V_ such that
Yy v y y
CcCnm f_l(Dy) C Vy' By the compactness of INI one obtains a finite

family V Vr of these neighborhoods which cover C. The set

RRRE

{Dl, ..., D} forms an open covering of INI Let LO be a bary-
T

centric subdivision of N subordinate to this covering. Thus there

exists a function j which associates to every m-simplex O¢ LO

(where m = dim LO) a tubular neighborhood

such that IO'I C D,

3oy In this way we obtain a collection of tubular

neighborhoods

{6 :D X F -V jel }
m m S m

where Im indexes the set of m-simplexes of LO. Define a subset

-1
CO' C X by CO' =V ~ f (|O]) and let CO denote the union of

j(0)
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the CO' as 0 ranges over all m-simplexes of L Clearly

0
c C CO and C_ is compact, For every v e ILI(;]_II let F;r be a

b

0

y) nC_ in f-l(y). By the

nonempty compact neighborhood of f 0

tubular neighborhood theorem there exist tubular neighborhoods

6':D!' X F' — V' such that C r\f_l(D') C v'. By the com-
y v y y 0 y y

pactness of ILI(:]_I | one obtains a finite family V'l, cens V:s of these
- -1 -1
neighborhoods which cover Col ILI(;] 1| = CO ~ 1 (]Lrg] ]). The
-1
set {D'l, cees D:s} forms an open covering of ILI(:] | Let L1 be a

s -1 . . .
barycentric subdivision of ngl subordinate to this covering. Thus
there exists a function j' which associates to every (m-1)-simplex

Oe¢ L1 a tubular neighborhood

such that IO'I C D!, In this way we obtain a collection of

j"ay
tubular neighborhoods

{e :D X F -V lie I }
gl gmtl o gmrd g1 m-1
J J J J
where Im—l indexes the set of (m-1)-simplexes of Ll. Define a
-1
- !
compact subset CO' C X by CO' Vj'(O') ~ f (IO'I) and let C1

denote the union of the CO' as 0 ranges over all (m-1)~-simplexes
. -1 m-1
of Ll. Clearly C1 is compact and CO 1 (|L0 l) C Cl'

Repeat this construction with C1 replacing CO and |Lr1n_2| replac-

m—lI

ing ILO The construction will now involve a suitable barycentric
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subdivision L2 of Lrln—Z and will furnish a compact set C2 such that

C. m f_l(lLrln_Zl) C C2 and a collection of tubular neighborhoods

1

{e :D X F -V | jel }
g2 gmte g2 g2 m -2
J J J J
where Im—Z indexes the set of (m-2)-simplexes of L2. Continuing

in this manner one obtains a finite sequence Co, C .,C_ of com-
m

10

pact subsets whose union C contains C and such that

-1 m-k-1
Cp ™ (L hCC
for k=0,1,...,m-1. Also one obtains collections of tubular neigh-
borhoods
{6 .:D . xF ., -V . |jeL}
R i o g} '
J J J J
where Ii’ i=m,m-1,..., 0, indexes the set of i-simplexes of L ..
m-i

Let K be a barycentric subdivision of L0 such that L C Ko (i.e.
m
each Li admits a barycentric subdivision sLi such that sLi C K).

Let 0 ¢ K and consider the following sequence

k| = |1, D |1 D...DL_| C [&°].

ol

There exists a largest index i such that IO'I C lLil. Also there
exists p > 0 such that pLi C K for all i. Since O pLi there

exists O ¢ Li such that IO'I C IEI By the maximality of i
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dim 0 = m-i, for otherwise ]0'] C Li+1' Thus there exists a

unique pair of integers (i, j) such that IO'] C IO';I for some j ¢ Ii°

Set
E_=V . N ||
o ol
J
F = F
o ol
J

& _:|0]| x F; — Ej to be the restriction of Go_i to |0] x Fo_.i_.
j j
:E_ — |0]| tobe fIEO_. ’

The following diagram commutes by property 1 of the tubular

neighborhood theorem

‘Do
|0 x Fy —

A f

Next suppose T < 0; then there exists a unique pair of inte-

gers (p,q) such that |T| C |0'p| for some q ¢ I . Itis clear that

. i 1 mkl
p > i, where IO'] C ]O'jl, and since Ckr\ f (]Lk ' C Ck+1’

-1
E; nf (|]ThC E.. Also

E = uEGDC
Oe k

and |K| D f(c). Thus we obtain a simplicial bundle satisfying the
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conditions of the theorem. /
We are now able to state and prove the full approximation
theorem.

Theorem 3.2. Let f:X — Y be a submersion. Then there i_s_

— —

a sequence sp: SE - ISKI of simplicial bundles such that

(1) Given C (C X compact there exists a positive integer s

such that P! SE - ISKI approximates f with respect to C.

(2) For s < t, SE C tE and there exists a nonnegative integer

n such that "k C K.

Proof. Without loss of generality we assume X to be connect-
ed. X admits a complete Riemannian metric [2]. Let x ¢ X and
for s=1,2,..., let Cs denote the closed ball in X centered at x.

Each C is compact and C C C , moreover, w C = X. Let
s s s+1 s s

cCX be compact then C is bounded thus C C Cs for some s. By

theorem 3.1 there exists a simplicial bundle E — K[ which

1P M
n

approximates f with respect to C1 and 1K = N1 for n, > 0, where

N1 is the smallest subcomplex of M such that |N1| D f(Cl). Con-

sider 1E u C2 which is compact; then by theorem 3. 1, there exists

a simplicial bundle 2p:ZE —- IZKI which approximates f with respect

n

2
t E = y
o) 1 u C2 and such that 2K N2 for n2 > nl, where N2 is

the smallest subcomplex of M such that IN D) f(lE u CZ). Since

|

£C ) C £(C,), #(C ) C £(;E v C,) and thus [N | C IN,|. Con-

tinuing in this manner we obtain for each C a simplicial bundle
S
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Sp:SE - ]SKI approximating f with respect to s-lE W CS and such

Dg

that SK = NS for nS > n , Where NS is the smallest subcom-

s-1

plex of M such that INSI D) f(s_ E v CS). Let C C X be com-

1
pact; then CC CS C SE (C X for some s. Moreover,

f(C) C £(C)) C f(,,EvC) Cy

and Sp =f SE. Thus Sp:SE - ISKI approximates f with respect

to C. For s<t, E C ,E by construction and taking n=n - n_

we obtain I;K C 1:K. Thus we obtain a sequence of simplicial bundles
satisfying the conditions of the theorem. /

We are now in a position to construct a direct system of spec-
tral sequences (over the directed set of natural numbers J). Thus,
let Sp:SE - ISKI denote a sequence of simplicial bundles satisfy-
ing the conditions of theorem 3.2. Then, for each s ¢ J, we obtain
a spectral sequence {SEr, Sdr} associated with Sp:SE - ISK!
satisfying the conditions of the main theorem on the spectral se-
quence of a simplicial bundle, For s < t, the inclusion

| x| C |

tKI preserves skeleta and therefore the inclusion

j: SE C tE is a filtration-preserving map. Hence j induces a homo-

S

. t t
morphism ¢r: E" - 'E" of spectral sequences, One readily veri-
s d y

fies that

s_r s.r t r
({°e™, "), TeT),

forms a direct system of spectral sequences indexed by the directed
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set J. Define

lim r
E'f) = — °E
se J
and
r lim s T
d = -
se J

Next we verify that {Er(f), dr} is a spectral sequence.

Theorem 3. 3. {Er(f), dr} is a spectral sequence.

Proof. The following diagram commutes since the projections

t r .
S¢> are homomorphisms of spectral sequences.

t r
sEr s¢ tEr
sdr tdr
t r -
—S-f—» t
sEr Er

Thus the differentials ~d’ determine an endomorphism of the direct
system {SEr, ts¢r}s <t and hence d’ is defined. Since

54T o %dT=0 forall se J, d o d° =0 and thus E (f) is a bi-
graded group and d’ is a differential of bidegree (-r, r-1). Again,

. t. r . .
since ¢ is a homomorphism of spectral sequences, we have the
s

following commutative diagram:
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t r-1
sEr—l s¢ tEr—l
Il
it Coh, |
H(°E") — u'eh

where the vertical morphisms are the isomorphisms of the respec-

tive spectral sequences. Thus

lim s_r. ~ lim s_r-1
H = >
se J (E) se J
Hence
lim

r s_r

H(E = - E
€)= H( T "E)
hrn s T

n
=
=

Thus {Er(f), dr} is a spectral sequence., //

We now direct our attention to the evaluation of Ez(f). In order
to do this we shall require various results obtained in [4]. Let
p:E — IKI and ﬁ:f - ,RI be simplicial bundles such that g CK

and E C E. Then there exists a chain map

&:C (K;H (F;G)) — C (K;H (F; G))
b q p q

defined on generators by the formula
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-~

2(0 ® c) = £(0) ® jlc)

where 0 is a generator of Hp(|0'|, IO'I), Ce Hq(FO_), j: FO_ C FO_
is inclusion, and {: Cp(K) - Cp(nK) is the subdivision chain map.
Let "K denote the nth barycentric subdivision of the simplicial com-
plex K. Let p:E — |K| be a simplicial bundle {Eo_,po_,tfbo_, FO'}O'e "
then for each T e "K there are two possibilities

(1) Te¢K i.e., T is a vertexof K

(2) T 4 K and therefore, |’TIC IO'I where O is the unique

o o
simplex of K such that I’Tl C I0'|

If (1) is the case, we have spaces and maps E’T’ p,_r, <I>T and
FT. If (2) is the case, we define
E_=p. (|Th CE
T g g
Pr = PglEEp ~[T]
Fr = Fg
&, = <I>0.H’T| X F.: T|x F.~E_

Thus one obtains the family

{ET’ pT’ éTs FT}T ¢ nK

which is called the canonical nth subdivision of p:E — IKI and shall

be denoted by p:nE — InKl It is shown in [4] that p:nE —~ |nK|
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is a simplicial bundle,

Theorem 3.4. Let Sp:sE - |SK| be a sequence of simplicial

bundles as given by theorem 3.2. If s <t then the following diagram

commutes:

1
C ( K;H ( F;G)) Y. sp
s"'q's Pq
¢>t t 1
s s®pq

7 t_1
C (K;H (F;G)) — E
pt qt pq
Proof. In order to simplify notation let p:E — IKI denote
sp:sE - ISKI and p:E — |K| denote tp:tE - ItKI It clearly suf-
fices to show that the diagram is component wise commutative. Con-

sider the following diagram

Hp(pl, 10]) ® H_(FjiG) "o Hp+q((|0|, |0]) x FiG)
k, ® 1 o 1),
N
H([0] [P0 @ u (rpie) = By (0] 01T )
(p1®1 {2 x 1)
‘ .C)t? H (7], [ThxF.G)
12 ) T TH @B 0= By v T T
@ 1Q i) @ x i),
) _ @uek , _
&1y B TH TR EHELD T &) el TR ERS
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. .0 . . . .
Here j, Jro and k are inclusion maps. This diagram commutes by
.0 (-1
the naturality of the homology cross product. Also {JT } "o k*: ¢,

and thus the composition

@107 o ({i7 ' ®Nok,®1)

t
coincides with <I>s.

Next consider the diagram:

q>0_
Hp+q((](T|,|(T|) X Fg;G) -~ Hp+q(E0,E(~T;G)
(kx 1), L,
[0}
n_.p-1 Os -1,,,n_.p-1
Ho 0L |70 hx Fa) = H (Egeg([T0] 1:G)
A
.0 4]
{Gx Dy {IT*}
. ®¢T>}<
H  (|TLIT]yx ;G — ® H (E_,E_.;G)
| 7| C o] P*a T |T|C o] P*¢ T 7
@ @ x j), ® m
®¢T>}< - —_
(J7],|THh x E.G)  — ® H_, (E_,E_.;G)
|T|Clo| P T |T|C | P* T T

o
Here 1, 1 _, and m are inclusion maps. The top two rectangles com-

mute by functoriality, since the corresponding diagrams on the space

level commute. Although the lower rectangle does not commute on
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the space level, it has been shown by J. W. Smith to be homotopy
commutative, which suffices.t Consider the diagram:

i
0;{:

H E_,E: ;G e (E , ;G)
p+q( g’ a ) p+tq p  p-l
1 n
sk sk
-1 ,,n_.p-1 10‘* n n
H E _, 1) ;G -_— H (E , E ;G)
piqEq P01 1G) piq Ep’ Epol
1)
1
{17*}
{IT*} n n
© H (E_,E»;G) — H (E, E_ ;G)
|T|C|o| P* T T ptq’ p p-l
®m r:‘:
o {17*} o
G) — H E E ;G)
p+q( p p-l

@ H (E,Ez;
+ T T
|TICla] P
Here n and r are inclusion maps and the diagram commutes since it

is inclusion induced,

Also
(E ,E .;G) = E!
p+qg p  p-l Pq
1
Ir o] nJ
£ b3 ¢pq
H (E.E ,;G6) = E!
ptq p p-l Pq

where r, o n, corresponds to ¢p .
S q
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From the above we conclude that the diagram

P 1
C (K;H (F;G)) L
p q pq
t t 1
% s%pq
¢ (K;H (F;G)) Y o
B Pq

commutes, //

In order to complete the identification of Ez(f), we summarize
below the definition of the homology of a submersion as given in [4].
Let f:X = Y be a submersion and let 8 denote the set of all simpli-
cial bundles p:E — IKI such that E C X, ,Kl CY, and p=£f|E. It
is shown in [ 4] that B forms a directed set, where p < p for
p,p e (B provided E C E. With each simplicial bundle in this
directed set there is associated its homology H*(K;H*(F;G)), and if

p < p there exists a homomorphism

e :H_ (KH, (F;G)) ~ H, (K H_(F;G)).

It is further shown in [ 4] that the set {H*(K; H, (F;G)); <I>*} forms a
direct system of homology groups. The homology H*(Y;H*(fy;G)) of
the submersion f: X — Y is defined to be the direct limit of this sys-
tem. We observe that the sequence of simplicial bundles guaranteed
by theorem 3.2 forms a cofinal set in B Thus the direct limit taken

over the directed set ﬁ is isomorphic to the direct limit of the
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sequence p: E — ISKI taken over the directed set J and hence
s s

_ lim
H (Y;H (f ;G)) = - H ( K;H ( F;G)).
p qy se J p s q s

As a consequence of theorem 3. 4 it follows that the following diagram

is commutative for s < t:

P s_2
H (KH(FG) — °E
p's ’ qs pq
t t 2
o
5 % s®pq
o,
H (KH(F;G) — 'E°
pt gt ’ Pq

Thus we have that , 1is an isomorphism of direct systems and hence

lim
g2 ¢ = -_ °g°
Pq sed Pq
- lim - K H
- s & J p<S ’ q<SF, G))
~ M g KH (F.G)
Cpe®B p g

H (Y;H (f ;
p< q<YG))

2 . ..
Thus the E~ term of the spectral sequence of a submersion is iso-

morphic to the homology of the submersion.

00
It remains to interpret the E term of the spectral sequence of
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a submersion. To this end let

{sp:sE - ISKI |se J}

be an approximating system of simplicial bundles for the submersion

f:X — Y as given by theorem 3.2 and consider the following diagram:

! j ! !

~F H(EG) ™ F H(EG) - ...— H(EQG)
p *'s p+l %'s s
i
s,
N FPH*(S+1E;G) - Fp+1 *(s+1E;G) - - H*(SHE;G)

The horizontal arrows are inclusions and the vertical arrows are in-
clusion induced and thus the diagram commutes. For every
P, {FpH"<( E;G);i } clearly forms a direct system indexed by J.

* 8 Sa.

Define

lim
F H (X;G) = - _F H ( E;G).
p * seJ P *¥'s

The j constitute a monomorphism of direct systems and therefore

determines a monomorphism

H_ (X; - F H ;
FH,(XG) o1 He(X:G)

of direct limits, Since SE = SE for p = dim K and
S
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lim
H(X:G) = (75 H(EG), {F H(XG)}

00
constitutes an increasing filtration of H*(X; G). Each °E is
naturally isomorphic to the bigraded group associated to the filtration
{Fp H*(SE;G)} of HJ{(SE;G), more explicitly, there exists a natural

isomorphism p

FH (E;G) 0
p_ptg's ~ S5

F H ( E;G) =

p-1 'p+q s

pq’

Equivalently, there is a short exact sequence

jp_l
B s_oo
0~ F H (E;G) — FH (EG)— E =0
p-1 p+g's P pPgs P9g

where P is the composition

FPHp+q(SE;G) P o

(E;G) —~ - "E__.
F_H E;

P pPtq's p-1p4qlsEr ) Pq

The inclusions is:sE - s+1E induce a homomorphism of short exact

sequences:

s+l __ o0
- F H E; —-— F H E; - E —
0 p-1 p+q(s+1 G) P p+q(s+1 G) P9 0
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Taking the direct limit of these short exact sequences we obtain a
short exact sequence:

lim ¢ o
- F X;G) - F H (X;G) -~ —_ "E_ — 0.
° p-lH*( ) P # %5 G) sedJ pg

Since each {SEr, Sdr} is a first quadrant spectral sequence and

therefore {Er(f), dr} is likewise a first quadrant spectral sequence,

§_% _ s_rT
we have E = qu for some r = r(p,q) and thus
Iim lim
-~ Sg® - T ST - ET (f) = E” (£).
s el Pq seld Pq pPq pPq

Therefore, we obtain the short exact sequence

0~ F H(X;G)—~ FH(X;G) ~ E_(f) = 0
p * Pq

and thus

F H (X; G)
P_pPtg

F H (X;G)°
p-1 p+tq

w ~

Thus we conclude that the E° term of the spectral sequence of a sub-
mersion is isomorphic to the bigraded group associated to the filtra-
tion of H*(X; G) defined above. We may now summarize this chapter
in the following main theorem on the spectral sequence of a submer-
sion,

MAIN THEOREM, Let f: X~ Y l_)_e;_a; submersion and let G

. . 1
be an arbitrary group. There is a convergent E spectral sequence
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such that

E fy = H sH (f
(f) p(Y q(YG))

and Eoo(f) isomorphic to the bigraded group associated to the filtra-

tion FH>,<(X;G) o_f H*(X;G).
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