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In this thesis an attempt was made to collect, work out,
and put in a general form, for practical use, & mumber of
Fourier's series.

The investigation was limited to functions of one indepen-
dent variable, and since the series were intended for practical
use, all proofs of theorems were omitted. Only the theory
needed to work out the results wasg explained.

The first part of the thesis was built around twelve
series, called FPundamental Forms, consisting of six sine series,
(A), and six cosine series, (B). Each series with its corres-
2:§ding function wes defined for a given interval. By repeated

tegrations new series and their functions were derived from
the original forms. Forty-eight series make up this group.

The name of the next group-—series derived from the funda~-
mental forms by a change of the independent variable—tells
how they were obtained. Only eighteen are listed, but a large
number could be buillt up by the methods used there.

Several series iiven in miscellaneous groups were found
by differentiating given series and their functions. In
general, however, the derived series will not converge as
rapidly as the §1ven series; so the mumber obtained this
manner was small corpared with the number obtained by repeated
integrations.

To obtain the series representing functions defined by
Joined polynomial segments, a first degree function defined
for a partlcular interval was taken. The coefficients
(ug, fn, and by) were worked out, and the Fourier's series
obtained. The function was then raised to higher degrees and
the corresponding series found for each of the resulting
functions. There are twenty series of this kind.



The miscellaneous series are listed in the follo order:
(1) Series for pelynomial functions; (2) Series representing
functions whose graphs are broken lines; (3) Series represented
by P bolic, exponential, trigonometric, and logari e
functions.

Drawings and graphs accompany each group.

To check the Fourier's series derived from the fundamental
forms by repeated integrations, tables which show the degree of
approximation of each of the series to its function were developed.
These epproximation tables also show how rapidly the rate of
convergence Incréases with each successive integration. Data
glom tghe“ tables were used to plot the graphs found throughout

e thesis.

Numerical tebles, one to ten, ineclusive, were worked out
for the groups derived from the fundamental forms and later were
used in obteining the series for other groups. TVWhenever a
cosine gerles of the above groups was integrated and the sub-
stitution of the limits made, an infinite series appeared as
part of the left member of the equation. The numbers of
Bernoulli and Euler (Table, number eleven) were used to obtain
the numerical values of these infinite series. Formulas for
deriv a few of them were found in Dwight's Tables of
Integrals, but the general formulas were developed for several
groups not found there. (See Numerical Tables, Number 12).

Tables of Integrals, one to eight, were obtained early,
and used constantly in finding many of the series. These tables
have advantages over other mtegrai tables. For example, the
powers of n are included in each term of the expression for a
given integral. Also the results when n = 0, and when n is
odd or even ere given separately., The integral

| /:xk“"nxax,

cos

was evaluated for different intervals by assigning values to
a :nd&b, and lettix‘gg and p range through all the values from
Q » LA R O L
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FOURIER'S SERIES FOR PRACTICAL USE
INTRCDUCTION

In this theslis an attempt was made'to collect, work
out, and put in a standard form for practical use a number
of Fourier's Series.

A trigonometrical series a, + (&, cos x + by sin x)

+ (ap cos 2% + by sin 2x) 4+ ...... 1s said to be a Fourier's
Series, if the constants 24, 815 855 b1's bg ¢..... satisfy

the equations

T
ao-"é‘il‘][ f(X) dx,

&

1
G [i f(x) cos nx dx

I\v

n 35

b

- ii f(x) sin nx dx

]
A=

and the Fourier's Serles is sald to correspond to the
function £(x). [The sine and cosine series being regarded

as particular cases which arise when

f(-x) = - £(x) (odd function), or
f(-x) = f£(x) (even function)
respect 1ve1y.]

To determine the coefficients, let us assume the
possibility of expanding f(x) throughout the interval
-fT < X <71 in a Fourier's Series, and let us also assume

that the series may be integrated term by term. Let



1) f£(x) = a0 + (a5 cos x + by sin x)
4+ (ap, cos 2x + by 8in 2x) + ......
Integrate both sides of equation (1) with respect to x
from -x to m. The left-hand side becomes
[: f(x) ax.
On the right-hand every term disappears except the

first, which gives 2mwa,. Hence

2) a8, = %E-!i f(x) dx.

Next multiply both sides of equation (1) by cos nx,
where n i1s any integer, and integrate with respect to x
over the same interval. Then on the right slde we have

terms of the following types:
8¢ fcos nx dx, ap fcos“ nx 4x, &, fcos mxX COS nx dx,
bn_/sin nx cos nx dx, bp fsin mx cos nx dx,

m being any integer except n. It 1s clear, that on
integrating and substituting the limits -n and mn, every
one of these terms will vanish except the second. It
gives apmt. The left side gives

s
f f(x) cos nx éx,
d’t

therefore

Al

3) ay = fnf(x) cos nx dx.
-



Similarly, by multiplying both sides of (1) by sin

nx and integrating between the same limits, it can be

shown that
g%
4) bp== f £(x) sin nx ax.
-

If the interval O < x < 2% is taken instead of the
above interval, the only difference in the formulas for
the coefficients is that the limits of integration are
from 0 to 2x.

In many important cases the sum of the Fourler's
Series which corresponds to f(x) is equal to f(x); but
if the function is arbitrary, there is no reason to assume
that the series should converge at all in the interval
-t < X <T, nor if 1t does converge at a point, is there
any reason to assume that its sum for that value of x
should be f(x). With limitations on f(x), Dirichlet gave
a rigorous proof of the statement that it 1is possible to
expand f(x) in a series of the type of equation (1). 1In
this proof the sum of n terms of the series 1s taken, and
it is shown that when n becomes infinitely great, the sum
approaches f(x), provided that f(x) is single-valued and
finite and has only a finite number of discontinuities
and turning values in the interval -t < x ¢ w. This gives
the condition on which the expansion of f(x) in a Fourier's

Series is possible. If there are no discontinuities in
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£(x), the series is equal to f(x) between -w and m. At a
discontinuity in f(x) the value of the series is the mean
of the values of f(x) on both sides of the discontinuity.
At -t and ® the value of the series is the mean of the
values of f(x) at these two points.

It is not necessary that f(x) should have the same
mathematical expression throughout the range. For example,
it may consist of several different and disconnected
straight lines.

A Fourier's Series can always be integrated term by
term, but cannot in general be differentiated term by term.
For since a Fourier's Series converges only because the
coefficients of successive terms decrease, it is obvious
that differentiation must either destroy this rate of
convergence or make it less rapid. It is also obvious
that integration increases the rate of convergence.

This investigation was limited to functions of one
independent varileble; that is, to functions whose graphs
may be represented by straight lines or curves, and whose
integrals are represented by the areas under the curves.

Since the serles here collected were intended for
practical use by technical students, all proofs of the
theorems were omitted. These proofs may be found in all
standard texts bn Fourier's Series. Only the theory needed

to work out the results 1ls explained. The writer hopes



that some of these series may be of use to students of
mathematical physics for solving problems of vibrating
strings or particles, where the motion is simple harmonlc.

Fourier's theorem shows that the composition of com-
mensurate simple harmonic motions of suitable amplitudes
and phases is able to produce a finite periodic motion of
any form. The theorem also shows how to determine the
amplitudes and phases of the components required to pro-
duce any given resultant. In other words, it shows how
to analyze any given periodic motion, however complicated,
into the simple harmonic components of which 1t may be
made up. [?or a particular example see p. 86, "Sound",
by Barton.]

As fer as known, no previous collection of Fourier's
Series has been made. A collection of integrals, "Fourier's
Integrals for Practical Application", has been compiled
by Campbell and Foster of the American Telephone and
Telegraph Company. They have worked on thls for a pericd
of several years, and have a much larger and better
systematized collection of the integrals than was attempted
to be made here for the series.

The general problem of Fourier's Series is an old
one and many famous mathematicians have contributed to its
development.

The question of the possibility of the expansion of
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an arbitrary function of x in a trigonometrical series of
sines and cosines of multiples of x arose about 1750 in
connection with the problem of the vibration of strings.
The theory of these vibrations reduces to the solution of
the differential equation

2
92X = 8% 22 | (Wave equation in one dimension)
at Ix

Solutions in the functional form
v = o(x + at) + o(x - at)

were first obtained by d'Alembert and Euler.

"The principel difference between them lay in the
fact that d'Alembert supposed the initial form of the
string to be given by a single analytical expression,
while Euler regarded it as lying along any arbitrary
continuous curve, different parts of which might be gilven
by different analytical expressions". (6:2)

Bernoullli gave the solution, when the string starts
from rest, in the form of a trigonometrilical series

v = Ay 8in x cos at 4+ A; 8in 2x cos at + ......

He asserted that since this solution was perfectly general
that it must contain the solutions of Euler and d'Alembert.
LaGrange then entered the debate and proposed to

examine the problem by means of his "finite number of

pafticles stretched on a weightless string". A few changes



;

in the solution of his problem would have given the devel-
opment of the function in a sine series, and the coeffi-
clents would then have teken the definite Integral forms
of the Fouriler Coefficients; but La Grange did not take
this step.

About the same time (1757), however, while studying
the problem of the expansion of the reciprocal of the
distance between two planets expressed in a series of
cosines of multiples of the angle between the radii,
Clairant gave his results in a form which practically con-
tained these coefficients. Euler in a paper published in
1793 multiplied both sides of the equation

f(x) = ag +# 281 COS X 4 285 CO8 2X + eeeeee
by cos nx and integrated the series term by term between

the limits 0 and M, and found that
__1_]"‘
en = 3% . f(x) cos nx dx.

Fourier while working on the problems connected with
the Mathematical Theory of the Conduction of Heat about
1807, in a number of special cases verified that a function
f(x) given in the interval -m < X < T, can be expressed as
the sum of the series

ao +(ay cos x + br sin x) + (az cos 2x + by sin 2x)+..

where 2o, an, and b, are the coefficients given on page one.



He mede no claim to the discovery of the values of the
coefficients, but was the first to apply them to the rep-
resentation of an entirely arbitrary function, in the
sense in which the sum was then understood; and the first
to see that, when a function is defined for a glven range
of the variasble, its value 6utside that range is in no way
determined.

Following Fourier, other writers on the "Theory of
Heat", Poisson, Cauchy, and Dirichlet, made use of the
trigonometrical series. A brief sumary of the position
as left by Dirichlet is as follows.

"When the function f£(x) is bounded in the interval
(-m, I), and this interval can be broken up into a finite
number of partial intervals in each of which f£(x) is
monotonic, the Fourier's Serles converges at every point
within the interval to

1/2 [f(x +0) + £(x - 0)], and at the end points to

1/2 [£(-t + 0) + £(x - 0)]." (619)

These sufficient conditions, and their extension to
the unbounded function, cover most of the cases that are
likely to be required in the application of Fourier's
Series to the solution of the differential equations of
mathematical physics.

Next we find Riemann giving his attention to this
subject. His aim was to find a necessary and sufficient



condition which the arbitrary function must satisfy so
that, at a point x in the interval, the corresponding
Fourier's Series shall converge to f(x). He was not able
to solve this question. However, in the study of the
problem he found that the concept of the definite integral
(Cauchy's) should be widened, and the Riemann Integral we
owe to his study of Fourier's Serles.

A fundemental theorem proved by Riemann deals with

the Fourier's Constants

1
T lr f(x) cos nxdx.

He showed that for any bounded and integrable function
f(x) these constants tend to zero as n tends to infinity.
And this holds also for the integral

jb £(x) 312 nx ax.

cos

This theorem shows that if f(x) is bounded and integrable
in (-x, x),-.th‘e‘ convergence of 1lts Fouriler's Series at a
point in (-7, m) depends only on the behavior of f(x) in
the neighborhood of that point. (11:476)

In 1875 P. du BoisOReymond proved that if a trigo-
nometrical series converges in the interval -t ¢ X < =
to £(x), where f(x) is integrable, the series must be
the Fourier's Series for f(x).

After the announcement by Stokes and Seidel (1847-48)

of the idea of uniform convergence, the nature of the



10
convergence of a Fourier's Series recelved greater attention.
For some time it had been known that the series were, in
general only conditionally convergent, 1f at all; and that
their convergence depended upon the presence of positive
and negative terms. At that time 1t was thought that
term by term integration would only be permissible of the
series converged uniformly. Later it was found that a
Fourier Series could be integrated term by term even if
the series itself did not converge.

Dini, Lipschitz, and Jordan continued the study of
the convergence of the series during the '80's. They:
found that if a Fourier's Series for f(x) is not conver-
gent, it may converge when one or other of the methods
of swmation applied to divergent series 1s used.

In 1904 Fejer discovered the theorem that, when the
series is summed by the method of arithmetical means, its
sum 1is

1/2 [£(x + 0) + £(x - 0)]

- -

at every point in (-m, m) at which f(x ¥ 0) exist, the
only condition attached to f(x) being that, if bounded,
i1t shall be integrable in the interval -t < X < T, and

if unbounded, that i
T
/L f(x) dx shall be absolutely
-1
convergent.
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Since 1905 the unity, symmetry and completeness of
the theory for Fourier's Series has been improved. Much
of this improvement has been due to the new definition of
the definite integral given by Lebesque and published in
1902. The progress made in recent years lies in the
field of the specialist; and in no department of pure
mathematlics has greater activity been shown than in the
theory of trigonometrical series. Lebesque, Fejer,
Hobson, Carslaw, Littlewood, and W. H. Young are import-
ant contributors.

Particular cases of Fouriler's Serles are usually
studied by means of one of the two following methods.

First, the series may be given and it may be required
to find the function corresponding to the series for a
given interval.

Second, the function may be known for a given inter-
val and it may be required to find a Fourier Series which
will converge to the function in that interval.

The first part of this thesis is built around twelve
series, called Fundamental Forms, consisting of six sine
series (A) and six cosine series (B). Each series was
defined for a given interval and the function correspond-
ing to it was found. Each of the fundamental forms is a
series that may be summed directly. By repeated integra-

tions seven new series and their corresponding functions
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were derived (in theory) from each of the original forms.
However, number four of the A forms was found to be a log-
arithmic function, and all of the B forms except number
four were also found to be logarithmic functions. Since
the integration of these functions could only be expressed
as double, triple, and higher integrals, it was not thought
worth while to work them out. The other six fundamental
forms gave forty-two new series. The lists of these follow
that of the fundamental forms. The limits of integration
were usually taken from zero to x, from x to m, or from
X to ®/2. When a cosine series was integrated and the
substitution of the limits made, it was found that an
infinite series appeared as part of the left member of
the equation. In many cases the numerical values of each
of the infinite series was obtained by means of the numbers
of Bernoulli and Euler. (See Numerical Tables, Number 11}.
Transposing this number to the right member of the equation
gave a polynomial function for each of the series. Poly-
nomial functions were also obtained for each of the sine
gseries.

Formulas for several groups of these infinite series
could not be found in tables. This made two integrations
necessary in order to find the values of such series. For
example, it was often possible to integrate from x to /2
and make use of the values of infinite series already
found or that could be derived from formulas given in
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Dwight's Table of Integrals. As this integration was more
difficult than that from zero to x, it was thought worth
while, for future use, to work out formulas for obtaining
all the infinite series needed for the integration of
these forms from zero to x. Thus each Fourler Serles was
integrated from x to w}&. The value of the infinite series
substituted into the equation gave a polynomial function
for the value of the Fourier Series. Next, the same serles
was integrated from zero to x and a polynomial function
plus the unknowniinfinite serlies obtained. These two
polynomial expressions were equated to each other and the
value of the unknown infinite series found. After three
or four of the series were obtained, the general formula
for deriving the group was written down. Numerical
Tables, Number 12, contains the infinite series found in
this way.

To check the Fourier Series derived from the funda-
mental forms by repeated integrations, tables which show
the degree of approximation of each of the series to its
corresponding function were developed. These approxima-
tion tables also show how rapidly the rate of convergence
increases with each successive integration. Data from
these tables were used to plot a graph for each of the
first four functions of each group. (The graphs appear on

the page opposite each group of series). The graphs of
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functions five and seven are practically the same as that
of three, while those of six and eight are about like that
of four. For that reason the last four were not plotted.

The name of the next group - Series derived from the
fundamental forms by a change of the independent variable -
explains how this group was obtained. While only eighteen
different series are listed in the group, an infinite num-
ber could be bullt up by the methods explained therse.
Series 17 is often used in Applied Mathematics, for in-
stance in the problem of the plucked string. (See Lord
Rayleigh's Theory of Sound, Art. 127}.

' New series may also be found from given Fourier Series
by differentiation. However, in general, the derived
series will not converge as raplidly as the given series.
For example, take equation 8, Form I A. Differentiate
this equation with respect to x, subtract the value of the

infinite series, i;, from the right member of the equa-

A
n=1 ,
tion, reduce to lowest terms, divide both members of the
equation by minus one, and obtain series 7 of the group.
Similarly, by repeated differentiations and the subtrac-~

tion of the numerical values for the infinite series

nzl-i;k » from the right members of the equations which
are equal to the cosine series, we obtain each of the
equations in succession and finally arrive at equation 1

of the group.
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Several series listed in miscellaneous groups were
found by differentiating given series and functions. The
number obtained in this menner, however, is small compared
with the number formed by repeated integrations. But a
large number of new series might be built up by this method,
if we were not interested in obtaining rapidly converging
series. (After differentiating a few times, the series
may diverge).

In the example given above, subtracting the numerical
values of the infinite series each time kept the coeffi-
cients small, and the rate of convergence of the series
while less rapid than the original series in each case, is
not destroyed. Since differentiating causes the coeffi-
cients to become larger, in general, it either destroys
the rate of convergence or makes it less rapid.

All the rest of the series listed were formed by
method two. In the first group - Series representing
functions defined by polynomial segments - the functions
were jolned functions. That is, they consisted of a cer-
tain algebralc expression for one part of an interval and
the same or a different function (depending on whether the
serlies to be found was to be a cosine or sine series) for
the other part of the interval. For example, a first
degree function, defined for a particular interval, was
taken. The coefficients, ao, an, and b, (See page one of

introduction) were worked out and the series obtained.
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The function was then raised to the second, third, and
higher degrees and the Fourler's Series found for each of
the resulting functions. In general, as the degree of the
function increased, if three or four or more of its deri-
vatives were continuous in the interval, the Fourier series
converged rapidly to the value of the function. 8ix sine
series (A), six cosine series (B), and eight cosine series
(C) with the functions from which each was derived make up
the first group. The approximation tables show that as
the degree of the function increases, the rate of conver-
gence of the series to the function also increases quite
rapidly. A graph of each of the functions (A) and (B) is
found on the page opposite the list of series.

Integral tables 1-8 were worked out and used in inte-
grating the functions of this and following groups. The
same series (differing only in coefficients) occurred so
often that Numerical Tables, No. 4 - No. 10 were made to
save time in working out the approximations.

The remaining series are listed in the following
order: miscellaneous series whose functions are polynom-
ial and broken line segments, and miscellaneous series
whose functions represent hyperbolic, exponential, trigo-
nometric, and logarithmic functions. Drawings and graphs

accompany each group.



FUNDAMENTAL FORMS - A

Seriles which can be summed directly.

> Jy fl -:‘; sin nx = 1/2(1z-x), 0< X <™.

F\N

n-—

T

n
II A. n§'1 sn = -1/2x, 0<xX <X
-3']’\ ﬁi\o\\’lw\\}ﬂr
TITA. 2 STMZALIE = 1/4x, O<x<n
- o - T
15 g WAk 9 0 & g - 1/2 log(sec x + tan x), =< x <L
n (2n-1)
VA ZARIE = /4 - 1/2x, O<x<ms
\
- E~_0 T =
v a3 (0 Psin(en)x
. . = - - n
i (2n) 1/%°%, <X <12L




I B.

II B.

III B.

IV B.

v B.

VI B.
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FUNDAMENTAL FORMS - B

Series which can be summed directly.

e S R ‘
s - cos\mc /\103()2\5111 1//2 x), O0<x<m.
T P T
3 (-1)%o0s nx = - lo g(2 cos 1/2x), O<x<m
1k
"?L- T _/ [T
g»- o ~. =i/2 log (cot 1/2 x), 0<x<1;
n=1 (2n-1) / \ : 4
-ml\\ /,g 0 2\7 Y
% {-1)%cos (Bn-1)X = _ 1 /gy, - n/2< /2
n=1 2n-1 ‘ ’ T X< .
=3 - o yf 3/;?
s 9N .' : ; ‘ ot
nglicoszﬁn = - 1/2 log(2 sin x), O<x¢x
= \\_,//o \V/ﬂ \\// U
3 -1 A ' ‘ |
n=1 gn = - 1/2 log (2 cos x), -%<x I

A

X
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n=1 c08 nx

IA. 2 ;
1. i L gin nx = 1/2(n-x), 0<x <™.

n= n
2., ¥ 1 cos nx = i (2;;;"-6;::4-51:‘)

per X 12 ;
S. i’; l,, sin nx = Lz- (2z’x-3xx"+x“)

n=y B
4. n_z;_f n* cos nx = 720(83(*-601’1:"-0-601:::’-15:")

5. ﬁ'_. %r sin nx %—2-6-(81:"1:-20;:’3::’4-15“‘-51:')

"
e B — (321 -168n*x2+210n2x*-126mx% +21x°
6. nz=1‘ e ©0s nx 30240
e 1 PR (32;:°x-561:"x”+42x"x'-21-xx3+5x")
= 87 | 30240
RO T8 Gt (128n°-64om°x'+5eogfx*-280x’xe+1zoux7-15x°

n= B° 1,209,600
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LIST OF FOURIER SERIES OF TYPE 32 (-1)%sin nx

I A,
10 Z_‘ n Sinnx="2,o<X<1t
n=,
-1 )2 2_.2
2. 3 n1 cosnx=-35-i:21-
n=y
® -1\ . 2
n=1 n 12

e | & .4 2.2_15.4
. § 5L oo oy = ZIx®430r°x%-15x%

5. Z. !-I !n S e _7E‘;+1m2§3-§za

n=y n® 720

-1)8 : 4.3 .ac.
6. § L=1) o5 ng = =31x8+147x%x2-1067%x*421x8

n=1 ne 30240
v, § LW 0 o = =31n®x+49n4x®-21% %x5 43x7

n=y' n7 30240

o -1\ e 8 2. P 2.6
8. 3 SOl xx = Ta°+ 8 9 1 2x6-15x°

n=,' ne 1,209,600
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sin(2n-1)x
LIST OF FOURIER SERIES OF TYPE n§1——l—_—1(2n-1)‘ cos(2n-1)x

III A.
1. » &in(@n-1)x _ 1, Siix iia
n:]; (211'1 ) &
5. » Sos(2n-1)x _ x®-2xx
" n=y (2n-1)% 8
e gin(2n-1)x _,g}:;;_
S. n? (2n-1)

cos(2n=1)x . w*-6x2x>+amx®
4. z 96

g - o tx-Or 2xB jrx s
5. % glaﬂ%a.%f&__:;sznas_zns_
n=1i (211'1 ) 6

6. § Sos(En-ils . go-gptxf4orixt-pe
n=1 (2n'1)0
L ® gin(2n-1)x _ - 318x=-51*x3+312%5 —1x8

nﬁ, (2n-1)7 2880

oS (g ; !E 713 -gim 8;3‘*,79: :zi..? %‘ﬁ ﬂz‘r
8' n=f (2n=-1)® 161,280



N

o

bt

T




3.

LIST OF FOURIER SERIES OF TYPE 3 -—+— Sin(2n)x

n=y (2n)¥ cos(2n)x

(2n)® 24
gin(@n)x _ z-3xx®+2x3
(2n)® 24
cos(2n)x _ n*-3 2460rx®-30x*
(2n)* 1440

(2n)s 1440

cog!an !z = 6 = 2+1 - a
(2n)e 60,480

8in(@n)x . mex-Tx*x%+ -217 %6 $6X7
(2n)7 60,480

cos(2n)x - 1°-20mSx®+70n *x*~1407°x°+120%x" -30x°

(2n)® 2,419,200

22
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o (o1 )2
LIST OF FOURIER SERIES OF TYFE 32 sin(2n)x

n=y(2n)¥ cos(2n)x

VI A.
® (-1)% sin(2n)x - "X . _L_x.T
Y ) <x <%
2. i 1:l12—99§L2213-= ;:E:ilgiz
n=1  (2n)? 48
3 i-‘-—l-)———w - . = —E3x+4x>
ey (2n)® 48
2 ."_nn (i e TR
" nsr (2n)* 11520
s = (-1)% g —Tx*x+40x 2x3 -48%8
s (2n)° 11520
6. 3 {=1)® cos(2n)x _ —31x®+588x*x®~1680n%x*4154455
n=1 | (en)® 1,935,360
7. § {=3) sin(en)x - —31mSx+196rm*x®-356x°x% +192x7
n='  (2n)7 1,935,360
» n
g, 3 {=i) cos(2n)x -
n=1 (2n)®

—127x° 424808 x2-7840m*x4+8 & -3340%8
309,657,600
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o (=1)2 cos(2n-1)x
LIST OF FOURIER SERIES OF TYPE 3 f;i%;;g oimg g ol

v B. ~ :
© n
9, 2 {=1)cos(@n-1)x- _Z _Z% . T
b (2n-1) £ -3 2
% é (-1)"sin(2n-1)x _ _ zx
it (2n-1)® 4
3. 3 {1)7cos(Zn-1)x - -x®#dnx?
s (2n-1)3 32
A = )Psin(2n=-1)x - 3O x+inx®
Ay (2n-1)* 96

N (2n-1)% 1536

i .i (-1 )nm;(gn_! )x - —25x%x+40m%x%-167x®
TS (2n-1)8 7680

(=1)"cos(2n-1)x - —61n7+300%%x"%-240n%x*+64nx®
(2n-1)7 184,320

(2n-1)8 %

— 42757 X 470085 ° 336K 55 46477
1,290,240

7.

=P8

(49
= M8
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FOURIER'S SERIES DERIVED FROM THE FUNDAMENTAL
FORMS, A AND B, BY A CHANGE OF THE INDEPENDENT VARIABLE

I. Fourier's Series derived from I B

14 ? ggg__z;_(z_-_g_)_ z - % log [4 sin® %-(x-a)}, O<x<2n

2.'p 22 s %) = . %— log [4 gin® %—(x-&-o:)], 0<«x <21
s 4

Valid for all values of X, except X = +@, 2x+Crees s
Now add and subtract 1 and 2 and obtain

S § ggs__n_x_n_c_q_s_gg = - %- log [4(cosx-cosa)€| s 0<x<2x,

™ 31
4, 3 & PN nd - +i*1og sin 2(““), O<x <2x

sin® %-(x-a-)

Valid for all values of X except x = €, 2XtA, 0000

ITI. Series derived from II B
s (-1)%cos nx cos na _ _ 1L -
5. 3 w3 log 4(cosx+cosalf , 0< x<2r

n

.30 8 i
6. g 1 cosn cos =-%log cos j(x a) § .l

cog™® %(x-&cn)
Valid except for x = x#0, IM*CLye cocee
III. Fourier's Seriles derived from I A and II A.
- % ﬂ@._ﬁ_(_xﬂ_l =+ %’ [}t-(x'ﬂ!)], 0< x+a< 21
O0<<m
g 3 slnn(x-a) - 1 Et-(x-o:)], 0« xogic Bx
1
O<a<«x,

e - (&), 0<x.x

9 § (-llnsin n(x+a) &
>
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10. 3 R = - (%ﬁ),o<x<x
% n
® gin nx cos ng -
#11, 3 & EPAAN = plal,
1
®#12. i w& = g(x),
ey n
Where f(x) = - % x; if 0<x<a f£(x) = %(n-x) if
s(i) %(x-a) and g(x) = %'o: C<X <™

f(a) = gla) = Z(‘n:-zo:)

The‘ values outside the range x = 0 to x = & are

given by the relations
f(-x) = - £(x), gl(=x) = g(x).
# Formulas 11 and 12 are very important. By assign-
ing various values to @ special serles may be obtained.

For 'example, when @ = 1, 11 becomes

® (=1)Bs1
13. 3
T n

£f(x) = - %'Jt, - < X<t Fundamental
-. Form II A.

Similarly when a = L 12 takes the form

2
@ (o1\B i : Funda-
14. 3 £Lo S - gx = - -}gt, %<x<% mental
1 (2n-1) Form IV B.

If we integrate 11 and determine the constant of
integration we get
S

r 2 cosnxcosng-1las % S
15. f - = 4—1—(@—1:) 1% if0o=x=a
= %ﬁ”-fi-(x-x)s -]1:—21” if ¢ = x = x.

These 'results remain valid from -¢ to +¢ and from

+0 to 2x-a respectively.
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Similarly we find

o (-1)2 cog_no =
16. 2 n,
- L%+ (a®x?), - (x-a) ® x = (x-a)
- bgrd (amx)® 4 (xm)? (-a) = x = (x4a)

By integrating similarly the series of 12 and
determining the constent of integration, we find
that when ( 0 @ =) 12 gives

#17. 3 8l px slp ng - ;z(-x-a), w®x=¢
£y n
o la(’t"x), é = 21!-02

# Series 17 is often used in Applled Mathematics,
for instance in the problem of the plucked string.
(Lord Rayleigh's Theory of Sound, Art. 127).

The graph of 17 is given below.

PN o

: -2 ! ﬂ[\:ﬂ/ ik
!
i

The series

e (-1)%os(2n-1)x - 1 (X2 = e
18. P dx(f--z), %«z xS ix IV B3
can be summed by writing (5m-x) for x in
1 (2n-1) ‘ IIT A 3
é— (T2x4+mx®) 2 x =0,
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SERIES REPRESENTING FUNCTIONS DEFINED
BY POLYNOMIAL SEGMENTS

o (_431
A. Sine Series of Type Z“Ln%%;;—sin nx.
n=1

1. f(x) = x, O<x<m,

=Xy = X< X <0.

8§ =-2% (-21)" sin nx, - < x< 7.
n=in

x(x’-x”), 0<x<m,

2. i)

-x(n®-x%), =x<x<0.

S = -12 z _(_13__ sin nx, =g< X<T.

'71;":: - 1Qgg’x’+3x’, O<x_<7c
- *x + 10x*x* - 3 x*, -x <x <0.

8= -720 % ( J_.) sin nx, =x <X <7
n=1 nu

S. f£ix)

4. f(x) = 3x7 - 211:31:‘ + 491["::’“ - Slxsx, O<x<x
= -3x7 4+ 21m2x% - 49n*x® + 31wex, -w<x<O0

: ) n
“ -
S = 30240 2 '(—LL‘

7 sin nx, ="M< xX<=*™
n=i

5. f£(x) iKY = e Lo O<x<m,

-x(n® -x")’B - M<X<T.
gt z (-1)® (15%'— —49) sin nx, = T<X<X.

6. f(x) = x(t B s O<x<1t,

= -x(n® - x®)%, - x<x<O0.

@ 2
s =n£1(-1)n(9—6%§'- 10270) sin nx, = L<xX<™

28
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SERIES REPRESENTING FUNCTIONS DEFINED
BY POLYNOMIAL SEGMENTS

@ n
s ix3)
Cosine Series of Type o ok co8 nx

£(x)

8

£(x)

£(x)

£(x)

£(x)

£(x)

n

H

(’t -xz),'-'ﬂ:‘x<‘ﬂ.

2
2—;—- 21-(—1-)-— €08 nx, - L< xX<«<=X.
n=1 n®

(x® - x*)?, = w<x<x.

&
s 482 -‘—l';-;;cos nx, = T<x<%X,

x® - 5m%* + Vn‘x" - <X<T.

S%F + 1440 5-(:}-)-— CO8S NX, = T<KX<KT
=1

né

3x8-28n2x8408 ¥*x*-124t8x2, ~W <X T
4 i

8 ke i ‘
..12%1_-2419203; %~ cos nx, - W< XX
n=1

(® - x®)%, -~ gx<x<m.

8 w® 2 } .
&? + z‘(-l)n(g%- - -1—4io-) CO8 NX; = W< X< T

(x® - x")" - X< X<T.

l%%— +z (-1)n( __.ggg) COS NX, - A< X< X
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1.

2.

S

4.

5.
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SERIES REPRESENTING FUNCTIONS DEFINED
BY POLYNOMIAL SEGMENTS

Serlies of Type Z %-? s otec.

f(x) =

£(x)

£(x)

£(x)

£(x)

(x - x), Q<x<1r,

«{n - x), W< x<O0.

iz__s.iz.a:ux

- <K<,
? n=1 (2n-1)® ’ v

1['*" - 3nx® + 2x%, 0<x<m
= L,
m ——%—-’-.’t<x<o.
< )
+ 38 3 coslen-l)x

n*n=1 (2n-1)*%

I\)P” }

“M<X <T.

F

1[5 5:—--#1 0<x<1:,

:P:

s ;
. §L+1,-1t<x<0.

_+¢¢% B, s,

m+&z__§z_, 0<x<1t,

JINS

i s
) - 4 .
- 6x°x - 8xx’ jm.. RS =N
‘lt
+ 48 3 cos(@n-1)x cos(2n)x _ '
5 un_, (2n-1)* i n,ﬁl 7 R e

(x - x)% O<x<m,

(‘l = x)s: -x <X <0.

_(g_(g_rl_)_gco + 6 3 ‘g___%z_osn y M<X<W.
In~1 n=1
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SERIES REPRESENTING FUNCTIONS DEFINED
BY POLYNOMIAL SEGMENTS

C. Series of Type ¥ 20s(2n-1)x
il (2n-1)==k

-

s._ 3.2 &
6. f(x) = i +2 . 4x7, 0<X <™,
5. 'a 2_ .:g s_ : 4_4x5 [ 6
= -T<X<KU.,

[¢/]
)
cﬂrL
]
, ‘E
B
'_].l_ M8
]
:
B
'
(Y
]
GE
+
0
N
o .
|48
bE

n=1
= 3.5, 2,6 ] 8

7. £(x) = : 2 ? O< X< T,

Vo 4.2 3.3 _ & _ o 8 .6 : '

= - ? -r<«x<0.

s:ﬁgzi-ﬂ?ﬂgc_%%}a _&0_5@78_(2.?&
T = {7
n=~3
+480EZ4'0‘Q§11£: < X< T
n=1i.

5.2 s_ 3.4 2.8 _zr-v8

n=1 n=1 a®



s

11
R 4
1
Irs
11
11
n
£ = 3
==
e
=== SSR
11
11
il
T m
11

iC e 407

L

-
-~

P

I eed
uss

B A




5.

MISCELLANEOUS SERIES FOR POLYNOMIAL FUNCTIONS

Sine Series

£(x)

£(x)

£f(x)

£(x)

f(x)

£(x)

x5 O<x_<§

(r=x),

4 2

%<x <T.

sin(2n-1)%¢ 2 (- 1155 i DS

n=1 (2n-1)%® n-‘-

x(m-x)(2n-x)(n4x), - T <X <™.

" 8 - r 58 :
2.7 (2n-1 pZe = (2n)¥ ? MLE<X

xs’ O(X(‘Jt. .

T

i

12

| 48
o
an '

- B

n1

1

(1: -x)3

1
Tar

s "X<Xx<0.

) sin NX, = <X <.

c s

3 (-1)“(‘-— 5%) sin nx, b

(1t-x) s, 0<x <1, (See graph on mﬁpage)

32
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MISCELLANEOUS SERIES FOR POLYNOMIAL FUNCTIONS

A. 8Sine Serles

. £(x)

S

2x 4 1, = i<x<w. (See graph on m&)age)

w -a\R i
1+4z,ﬁ-(-u- sin nx, - W< xX<7x.
n=2y 2

33



B.

4.

5.

7.

MISCELLANEOUS SERIES FOR POLYNOMIAL FUNCTIONS

Cosine Series.

£(x)
S

£(x)

£(x)

£(x)

£(x)

£(x)

£(x)

-
—

x2%, O<cx< ™.

: i 4
Ef..,i -(—*-l—- cos nx, O0<x<=®
$ guz- B

x®, - 6<x <C.
e® , 46% % (-1)® mmx _-
= 4 3 cos sy = C<X<Coe
3 In=1' n c

x%, 0<x<™m

3 . 4. n‘- “ { n
2* 813 .(__2.,1_"1 . 29 (=1)"cos(2n~
& *x Eﬁl n ¥ s 4n§=1' 2n-1

- %(x-x)a, 0<X<T

2 o
- .3 -11-008 nx, 0<x<%®.
12 - n
v n=1
i
(%-x)',0§x=1.
\ i’ :
AS ‘_8.
L-%.z'_lﬁ,ggg.%ma, 0<x<l.

2/5n - 23 SOBIE, o xcn

z.—.
1=y

('Jt"X)‘, O<x«™m

& X : £
I , gy 3 SORIE _ 49 F SOSIX | 0<zer,
n=1 n n=1 n

|

34
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C.
1.

2.
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MISCELLANEOUS SERIES FOR POLYNOMIAL FUNCTIONS

Sine and Cosine Series\.

£(x)

£(x)

£(x)

£(x)

f(x)

£(x)

x2, 0<x< 27.

gg__+4zcos;g

n=1i

n=i

X + x®, =x<x<n. (See graph

2n

4 Z M'O<x<21c

following this 1list)

™ PR ¢!
T2- 43 cosmx ., 3 (Alanmx goqoq,

n=x

%194'%1:’, -® X T

£ _n _n
§3+2z -(—1-,).—c<>sm':-2"2.,%1
: n= n=i

n=1

=-%x’ +-g-x'+3x+1, - <X<T.

]

L
(%-—4—1)4-62

o [iath
=1'( 1) cgs nx

(See gréph on épposite page)

P
) (g-ﬂ --ﬁ-s) sin nx,

< X<TN.

-22 f 1)n(L+§-;s) sin nx,

Wiy Sx® + x,

GZ'LT)'G

[ Fl our-h
m’lcn

x2+3x+1',"

(L+1)+4z
n=

-t <

- E< X< 'K

08 nx -22 ( l)n(

M<X<KT

X<

+--—)sinnx,

M<X<<Te.

-(-—%—cosnx-az-(—-)—sinnx
1

"'ln
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MISCELLANEQOUS SERIES FOR POLYNOMIAL FUNCTIONS
G. Sine and Cosine Series.

7. £(x) = 3= (1 - x)® + $x - x)%, O=x =x,

-l (43?4 Ln +x)%, - x=x=0.

-

S=1{~§+z°°s +z(%— —-5) sin nx, =t sXx =7.
'y

8. f(x) 8x% - 16X, = < X< X

S = QL- + 322 -(---L cos nx + 322 - 1)%sin nx, -w<x<™
n=1 . n=1

]

90 f(X) zxa - 4X'+ 6x =- 12, - N<X<T.

,s=-4(L+3)-1ez -(—-L)-cosnx

-3 ()RR 12 | 24 o ny,
n=1

" <X,

2 - 6x% 4 11X - 6, = T< X <T.

10. f(x) = x

8 = - 2(x®+3) - 247:;;‘—-%%3 cos nx
- (_1)11(&'___2. ) kg

n=1

1.7 1ix) X% 4+ 2x% - 5x - 6, = T<X<T,.

-(&‘-6)*'82 -('—%-—cosn.x
n—:

-3 (_l)n(u ) sin nx,
n=1

w»
|

- M<X<W»



1.

3.

SERIES REPRESENTING FUNCTIONS WHOSE
GRAPHS ARE BROKEN LINES

Sine Series.

also £(0) = f(x) =

37

0, £3) =% £(x) = -

f(x) =1, 0<x<=m f(‘)
4= - |
5 -%Z 2n-1 L - 0 g N =%
n=y '
O< x«7
f(x) = ¢, 0<x<w, where ¢ is any constant.
_ 4c = sin(2n-1)x .
. nzf.., Bty - oA
f(x) = 1, 0< x<12:,
=0, %<x<x. 2 X i
o~ sin 2(2n-
’ [ “(2n-1) 2(211-1};';] O<xex
£(x) =0, 05x<%; f(%t) = -}iz
(o} % X
2 %, %<X<‘I§ f(x) = 0.
_=» 8
s z) =-3.';vz ’ O<x<%1t
=0 ’ %m<x<%x~,o % ir X

s =y &8nlnx o xcx. n=1,2,4,5,7,8,11,13,....

Terms are zero when n is a multiple of three.
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SERIES REPRESENTING FUNCTIONS WHOSE
GRAPHS ARE BROKEN LINES

A. Sine Series. (Cont.) } |
6-.f(x) =l1[x’ o‘x-z} l
JX x
= Zfr(m:-x), 2:;::1:. Ol
§ Ly
S = - i F) 0<x<1t

n='1v 21’1 1 =2 4’“)

¥, fix) =1, 0cx<) 5

Ro

o pa

s=§M, 0<x<1.
(2n-1) )

8. f(x) = x, 0< x< &,

1
i
)
)
: |
' =0, F<x<n 0 T "

] n an
‘I‘Er_._'l 2n-1)% n=1 2n)=2
9. f(x) = =7 - x, ~m<x<5%, f@
= X - <X < g’:

]
=
'
8
i ]
A
>4
A
A
i
O
3

"T<X<T.
=y 2n-1)= ’
$ |
100 f(X) = Xy, = C< X <C. '
l
: |
sg=23 (1T, mx g 5 g

‘ani n c |

|

|

1




A. 8Sine S
11. £(x) =
s =
12. f(x) =
s =
13. f(x) =

1]
il

39

SERIES REPRESENTING FUNCTIONS WHOSE
GRAPHS ARE BROKEN LINES

eries. (Cont.)

X 0<x<'2°‘ s

- Ll %(1!(0.

® J.a\D
'%3'%1_31112%; (See Fig. 9 )

s

X, O<x<m,

X = 2, T< X <21,

n=1

C, O<x<%,

0, %<X<gm:

- cﬂ<x<21t

14. f£(x) =E—, O0< X <™.

#»

i_-_—
%

e .
r

- .y
’-221—'3‘;)—811‘1132!5 O<x< 21

g-c-‘%‘%sin nx, O<x<2rn.

o
4@
C
(s} }f e 3_2: X
~C
t®
il ] }ﬁ' T X
O<x<m. (See fundamental forms.)

O<x<®,

49

(See fundamental forms.)
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SERIES REPRESENTING FUNCTIONS WHOSE
GRAPHS ARE BROKEN LINES

A. Sine Series. (Cont.)
16. £(x) = * - x, 0O<x <1.

40

2
s=1% %sin BMZ, 0.x<1.
n=1
17. £(x) = gz-, 0=x é%, 1o
@ 21
e » i
| ]
! 5 L 4 e
= %(ﬂ-x), 32521::1. 3 % =3

s=5g sin (2n-1)n sin(2n-1)x
n=r (2n-1)%

s 0O x=x.



SERIES REPRESENTING FUNCTIONS WHOSE
GRAPHS ARE BROKEN LINES

B. Cosine Series.

1. 2%}
S
2. I'ix)
S
S, £(x)
S
i #1%)
S
5. f(x)
S

41

)
X, O<x<1m s t )
" ' \
X _4%2 cos(2n~- 4
2 ‘In‘z’_' (2n-1)* ‘“GF r 0 - Fig
0<x<1[.
X, O<x<g~, 9
t |
(‘K"X), %( X<T. M
-7 =% o -r/r{ ™ ¥
T _ 2% cos 2(2n~-
£ V2 Gty 0<x<x.
G
1, O<x<§~
x
0, %<x<l. o T
—-—i 2n1 ’ 0<x<*,
40
Xy Q< x<§ :

c 4c
2-;:72 %acos = O<x<c.



6. £(x)

7. £(x)
£(%)

£ix)

8. rix)

9. f(x)

]

i

i

SERIES REPRESENTING FUNCTIONS WHOSE

GRAPHS ARE BROKEN LINES

;i-xx, 0= <g, i
i—*x( -x), %4;: . m
ES %z
5 g%ﬁ%%%?%‘§’°<x<*
o,Oéxég,
e :
%-, %< xZqx. 0 %
3 n
%_5 (-1) %ﬂa, B piiy
i o
O, 3< x<%m, g ?3 .ﬁg’
X <3
5 B3
o '3"\( n
gﬂ_'n cos nx’ n-15711 15,..00
3 n=1 Tara =0, “F;r‘)”% e ol w,.‘.llﬂ:.k
|
- 2(x-), 12L<x<1:. ° % I
z a.,,Z cos(2n-1)x _ [LE
g™~ 5n§1 (2n-1)% 2 S (Pt

O<x<= .

i

42



10.°

11

12.

43
SERIES REPRESENTING FUNCTIONS WHOSE
GRAPHS ARE BROKEN LINES

Cosine Series (Cont.)

o
oo S ol BV D
!
i
=x -8 a9 S
o1 3
- 3 1 cos on=-
8% 2 T 1 i
4 g{@
I
£(t) = %ﬁt, 0>t 7%, |
k( ) {
il T ’ 2 0 . ’t t
8k = cos(2n-1)Wk }
0y 2 cos(2n- o
8S=%k - E';nt (3n-1)% * O<t<T. (wr = 2%)
¥ -3
yq Ty
y - &
-3z
NS
Tox-2-%.  .y= 2(xm), Lex<n
2K
2
i |
Sk 4P | cos(2n=-1)x _ & cos 2(2n-1 }
bl R né-l- (2n-1)% % Ei 2,21 2(2n-1) ®

“X <X



C.

1.
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SERIES REPRESENTING FUNCTIONS WHOSE
GRAPHS ARE BROKEN LINES

Sine and Cosine Series.

f(x) =0, - t<xZ0,

1+

1

T
A
M
o
A
9]
A
A

n
- % 2'(;%)— sin nx, O<x< 1.

|
|
PRl =D, ~gsrx<0, :
=x, 0<x<T. "
=T j ™ ¥ P
S-'I g_[’fcos nlx*-).‘.-‘-—-l—x-sinnx] -T <X<Te
16 :
b=l {
f(x) = x, =g<x<0, :
L l‘"" o y’. ao ¥

O, Q< ::.4122’

{
; ” |
= ot E < |

X 2° 2<X<'I- |
|
|
|

8= [w 90—?2—(-2!1—!14{—3)*?- + z cos (2n)x

+ 3 ‘—571—-———— + =207 sin(2n-1)x
n=: 2(2n-1) (2n-1)2

b _.521:_.
3 = (2m)*®

sin (2n)x| t<x<m.
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SERIES REPRESENTING FUNCTIONS WHOSE
GRAPHS ARE BROKEN LINES

C. 8Sine and Cosine Series

4. (Cont).
 BeE | - - X = Xx
Te+1= Yk Xk+l= Xk
g = (EER) (el = g) ("°) % Ko, % U0
(%41 = X3)
y=Ax+B’ whereA.:u
e+l =~ Xk
and B = Skl = X4l
X4l T g
= i[5 ¢ ;
8 = T IMeMe(xicin) + (Wiaq4mc) (xpan~ xyc)
* sz * Vw1 ) (K = Ziea1) + Trap(n = 3pqp)
44 :
+ o= | (esin nxp)+(yy4q8in nxpyy - ¥sin n x))
+(Tie4p81n DXy o=Tiesq 810 DXy )+ (=yieyp8in xpy0)

"’;';; lj(yk‘) cosnxk-cosma
Zk41

) Yk) COS NXp41 - cos,nxk]
e+l 2% '

+(Te42 Tkeal ) [cos NXp 40~ COS nxkﬂ:l
Tie42 "X+

+(ﬂf—'-"3———) cos nr - cos nxk..,g]
T X2
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MISCELLANEOUS SERIES FOR EXPONENTIAL,
HYPERBOLIC, TRIGONOMETRIC, AND LOGARITHMIC FUNCTIONS

A. Sine Series.

1. £(x) = sinh x, = m<X <%, (See graph on bppdéite'pagé)
: . = ’ ; >
g=-—L8lnh T :inh g {=1)n sin nx ?n*.s LI, - g< x <7,
n=1 .
1'.£(x) = —X— ginh Xy, "< X<T.
. sinh : ,
R n T i
s=-gg{dl nslanx . . 7
2. f(x) = €%, 0<x <x. \
D (2n-12 T '
S ==L3 1 +€ sin (2n-1)x
“[n=1' 14 (2n-1)z(» ) ( )
\ ‘“‘ ;
- -
+n:z__i, T 5E (1 -€F) sin (2n)x.
O<«<X <m.
‘ ¥ PR g )
3. f(x) = cosh x, O<x<m. (See graph a@and of 1ist)
s =&y dJ2a-d (1 + cosh 1) sin (2n-1)x

b .—;; 1 + (2!1"1)2.

L. : s
+n§1 -(39-)———1—1 5 (2n)3(1 cosh 1:? sin (2n)x

Q<X <.

4. £(x) =€%, owx<¢ec.
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MISCELLANEQUS SERIES FOR EXPONENTIAL,
HYPERBOLIC, TRIGONOMETRIC, AND LOGARITHMIC FUNCTIONS

A. Sine Series.

4. (Cont). -
Gy .(.2_:1_-'._).(_1,.:*.&_). -
8 = or 3 i a4n ?L(._n__l_lzs.

1102472 (2n-1 )"

5 P ()
+ 5 € )y ot 29—*;—&] , 0<x <.

S. f(x)

S=2,1B"§ji£‘g;', 0« x <2x.
a™ 4. n

- o

6. f£(x)
g =4 ; sin(2n)x

‘mn—l (211)’ = 1,

CO8 X, = M< X<« T

"'J[<X<1t-

7. f(x) = sinmx, - T <X<™.

8 = ;2':- sin mnig;zln:fi - 1t—< X <.
8. f(x) = sin p. x5 O<"x<'~'};, [If u is a fractionJ
s="—i~§—3-g—‘zz {=1)7sin nx, R
e | n=1 n° ="
9. Ifr £(x) =% sin x, 02525,
=2, Soxs
then when . 0= X<ﬁ,

f£(x) =’i-sinx + 8y + Sy + 8

where Sy = $ (-Li%n sin (2n)x,

“n=1 (2n)%-1



MISCELLANEOUS SERIES FOR EXPONENTIAL,
HYPERBOLIC, TRIGONOMETRIC, AND LOGARITHMIC FUNCTIONS

A. 8Sine Series.

9. (cont).
5, = $ singgn-llg,
n=1 (2n-1)

S, = s &8in 2(2n-1)x
¥ o (Am-l)

48
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MISCELLANEOUS SERIES FOR EXPONENTIAL,
HYPERBOLIC, TRIGONOMETRIC, AND LOGARITHMIC FUNCTIONS

B. Cosine Series.

1. f(x) = cosh X, = T< X< Te

2

: ] ; :
e P n
g=2sinhx [:1 +3 =1) co - %< X<,

1! £(x) = -~ " cosh X, =~ T<X<T.

sinh ©
1 n - -
" 1 {-1) cos nx
S=2 +3 ol Bl ¢ TR
[2 a4 BT :I
2. f(x) =%, 0<x<m.
s=2 gf-ﬂ- + 2 Qi:l-.._ cos(2n)x
T & ¥(En)"
- gfﬂ———- cos(2n-1)x s @x x<1;.
n=1i 1+(2n-1)2
3. ix) =ek"_!, O<«x <™.

s = 2K (ek"-l)[z

L +zx._u__rz] e b

1 k® 4+ n®

4. f£(x) sinh x, O<x«<T.

g =|cosh m-1 +2 cosh x-1) cos(2n
- n_1 1 + (2n)3

¥ .
o (cosh x+1) cos(2n-1 )g],

n=1 1 4+ (2n-1)%2

s Vi P&



10.

HYPERBOLIC, TRIGONOMETRIC, AND LOGARITHMIC FUNCTIONS

MISCELLANEOUS SERIES FOR EXPONENTIAL,

Cosine Series.(Cont)

{x)

£(x)

£(x)

£(x)

f(x)

£ix)

ex, < x =<8,
c I
€ -1 Lz 8= ____ cos(en X
ge [ 2 p=, c2r2(2n)2 i%a)
ﬂ
-3 %41
n=1 ©

1 -
S NERER - =1 cos 5

sin 2, O <X <7,

sin x, -w<x <0,

3 b

e 2
® |2 =% (2n)® -1
COS MX, = T<X<T.

2 4 3 _;(-1 cos - '
x 8in m[ Sm n§1' g } - T<X <™.

X 83n x, 0<x«<%,
_" n -

. . TN
1-908%, o3 (sl cosnx o x.q,

2 n:2 nz - 1

cos UX, O< x<m. (If b 1s a fraction).

2 sin ur [__]_.___ + g_vf-l}ncos gz}

Mgy vue vroemen 3 g .
3 4% (2n1) cos(2n 1):{] 2 0ex< 8

50



B. Cosine
11. £(x) =
S =
12. f£(x) =
8 =
13. rix) =
8 =

(See fundamental forms for these and other

MISCELLANEOQOUS SERIES FOR EXPONENTIAL,
HYPERBOLIC, TRIGONOMETRIC, AND LOGARITHMIC FUNCTIONS

Series (Cont)
(t-x) sin x, O< X <™.

. :
cos X -z"—;—i——l—-, 0< X< TX.

WP ps

+$

L Lo

log (2 sin %x), O<x<m.
\ .
-§ S08IX o.x.x
ey

log(2 cos -1-'x), 0Sx<«m.

-3 .(.__)._M, S W

n=1

logarithmic series.)

51
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MISCELLANEOUS SERIES FOR EXPONENTIAL,

HYPERBOLIC, TRIGONOMETRIC, AND LOGARITHMIC FUNCTIONS

Sine and Cosine Series.

. Mz

S

£(x)

k)

£(x)

= ex’ - T<X<®w. (See graph 6pp\o's',:‘1.>te 'thié: page)

=Z_§_inb_i{_+z L.L..iﬂ.-zi-l.)m&i_g._nl]

™ o n=1 1 + n® n=1i 1 4+ n=®
: ) ; X
“Femma O TmeI<x e
1 n 9
=[%+z,,;(-‘i)——@-‘f’—;r-‘i-z -« s34 ], Tt <X<T
n=1 l1 +n n=: l1 +n

= e‘x, = t<Xx. (See graph at end of list).

&.&i_am_i[_+zL_L_c_o_e__¥_+z_(_L_M]

T = n=1 a=1 1 + n®
"= MT<X<T»
g _ :
281nhx€ MT< X <.

[ 3(:.;.)._<zo_s__n_x. i;l_ﬁn._gln_ys]
2 nrl 1+ n®

n—1 1 + n®

=N eX <R
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APPROXIMATIONS OF SERIES TO FUNCTIONS

IA : :
1. £(x) = %(x-x), 0<X <T.
. .
S=2'%sin nx, 0<x<m.
1
X £(x) Sg (£(x) - 8,)
o° 1.57079 0 1.57079
30 1.30898 1.40317 0.09419
45 1.17809 1.03371 0.14438
60 1.04719 1.14129 0.09410
90 0.78539 0.72381 0.06158
120 0.52359 0.49179 0.03180
135 0.39269 0.36705 0.02564
150 0.26179 0.32063 0.05884
180 0 0 0
2. £(x) = 72(2x® - 6nx + 3x%), O<x <1.
S = 3 %3 cos nx, O<«x <7,
1
] £(x) 8¢ (£(x) - 8y)
0° 1.,64493 1.52740 0.11753
30 0,89101 0.87189 0.01912
45 0.56545 0.56781 0.00236
60 0.27416 0.28280 0.00864
90 -0.20561 -0.19965 0.00596
120 -0.54830 -0.55538 0.00%708
135 -0.86824 -0.66157 0.00667
150 -0.75391 -0.75555 0.00164
180 -0.82246 -0.81562 0.00684




APPROXIMATIONS OF SERIES TO FUNCTIONS

54

IA
3. £(x) = T%'(zm”x-s-mx*-bx’), 0<x<m
q
8= ; %5- 8in nx, O<X <™.
0 i
x f(x) Se (£(x) - Sq
0° 0 0 0
30 0.65791 0.65967 0.00176
45 0.84782 0.84596 0.00186
60 0.95697 0.95804 0.00107
90 0.96894 0.96806 0.00088
120 0.76559 0.76522 0.00037
135 0.60560 0.60520 0.00040
150 0.41871 0.41949 0.000%78
180 0 0 0

4., £(x) = ﬁ%(&n*-amﬁxzwomx“‘—wx*), O< x<x.

S =2,%; c08 NX, 0 <X <%,

|

X £(x) Zq (£(x) - 85)
0° 1.08232 1.08176 0.00056
30 0.89285 0.89269 0.00016
45 0.69389 0.69388 0.00001
60 0.45598 0.45611 0.00013
90 -0.05918 -0.05913 0.00005
120 -0.52110 -0.52121 0.00011
135 -0.70127 =-0.70120 0.00007
150 -0.83583 -0.83587 0.00004
180 -0.94703 -0.94694 0.00009




APPROXIMATIONS OF SERIES TO FUNCTIONS

55

IA
- 2,5 % _Z-5
5. £(x) = QL‘AEQL'%E:.M, e
1
S=§; %lrsin nx, 0<x<=x.
o
x £(x) Se (£({x) - 8g)
0° 0 0 0
30 0.53209 0.53211 0.00002
45 0.74088 0.74087 0.00001
60 0.89202 0.89203 0.00001
90 0.99615 0.99615 0.00000
120 - 0.83956 0.83957 0.00001
135 0.67864 0.67863 - 0.00001
150 0.47638 0.47635 0.00003
180 0 0 0
2 2.,.% S
6. £(x) = 52n8-1681 x%2100%%%-126x421x° o, x . 1.
S=§;—-cosnx O< x«<m
1 né % !
x £(x) Se (£(x) - 8y)
0° 1.01733 1.01731 0.00002
30 0.87362 0.87365 0.00003
45 0.70585 0.70586 0.00001
60 0.49074 0.49075 0.00001
20 -0.01539 -0.01540 0.00001
120 =0,50656 ~0.50657 0.00001
135 -0.70639 -0.70634 0.00005
150 -0.85827 -0.85831 0.00004
180 -0.98554 -0, 98555 0.00001
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APPROXIMATIONS OF SERIES TO FUNCTIONS

IA
= 32x8x-56m*x2+4212x% -21nxS43XT o x < s
7. £ix) == 30240 3
S = § %1-.;- sin nx, O<«x<=x.
T {

x £(x) Se (£(x) - 84)
0° 0 0 0

30 0.5072%7 0.50728 0.00001
45 0.71522 0.71522 0.00000
60 0.87272 0.87273 0.00001
90 0.99955 0.99955 0.00000
120 0.85930 0.85932 0.00002
135 0.69962 0.69962 0.00000
150 0.4936%7 0.49364 0.00003
180 0 0 0

y 1209600
S = E %;- cos nx, O0<x < .

X f(x) Se (£(x) = 85)
0° 1.00407 1.00406 0.00001
30 0.86796 0.86797 0.00001
45 0.70698 0.70699 0.00001
60 0.49788 0.49789 0.00001
90 -0.00388 -0.00389 0.00001
120 -0.50179 -0.50180 0.00001
135 -0.70699 ~eagsLe! 0.00002
150 -0.86405 -0.86408 0.00003
180 -0.99622 -0.99624 0.00002
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APPROXIMATIONS OF SERIES TO FUNCTIONS

TIVA
1. f(x) = - -125 s O<x<m,
- n
sS=2 -(:-%I-L 8in nx, O<x <%,
x
X £(x) 8e (£(x) - 85)
o° 0 0 0
30 -0.26179 -0.32064 0.05885
45 -0.39269 -0.36705 0.02564
60 -0.52359 -0.49180 0.03179
20 -0.78539 -0.72382 0.06157
120 -1.04719 -1.14130 0.09411
135 -1.17809 -1.033%71 0.14438
150 -1.30898 -1.40318 0.09420
180 -1.57079 0 1.57079
2 2
2. P(x) = Mlz s O< X<
=3 {-1) cos nx c:s O<x<m.
A 4
5
x £(x) S (£(x) - So))|
0° -0.82246 -0.81562 0.00684
30 -0.75392 -0.75555 0.00163
45 -0.66825 -0.66157 0.00668
60 -0.54831 -0.55538 0.00%70%7
90 -0.20562 -0.19965 0.0059%7
120 +0.27414 +0.28280 0.00866
136 +0.56541 +0.56781 0.00240
150 +0.89094 +0.87189 0.01905
180 +1.,64493 +1.52740 0.11753




APPROXIMATIONS OF SERIES TO FUNCTIONS
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II A
3. £(x) = x2x% 0<X <Tx.

0 12 E]

S =£ -(—'—1.._,'-)3 sin nx, 0<xX <«.
g

x £(x) Se (£(x) - 85)
- 0 0 0

30 -0.4186%7 -0.41948 0.00081
45 -0.60558 -0.60521 0.00037
60 -0.76558 -0.76523 0.00035
90 -0.96894 -0.96804 0.00090
120 -0.95698 -0.95803 0.00105
135 -0.84783 -0.84595 0.00188
150 -0.65796 -0.65968 0.00172
180 0 0 0
4. ﬂx)=3ﬁdﬂ%§?iiﬂﬁ,0<x<m.

S = 3 -(—"-1;)2 cos nx, O<x<«<=«.
2. R

x £(x) Sy (£(x) - 8y)
0° -0.94703 -0.94694 0.00009
30 -0.83585 -0.83587 0.00002
45 -0.70129 -0.70120 0.00009
60 -0.52112 -0.52121 0.00009
90 -0.05919 -0.05913 0.00006
120 4+0.45596 +0.45611 0.00015
135 +0.69387 +0.69388 0.00001
150 +0.890282 +0.89269 0.00013
180 +1.08232 +1.08176 0.00056




APPROXIMATIONS OF SERIES TO FUNCTIONS
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13-4
7 x2x3 - 3x8 :
ETIPRY
S Z:-L-Lg—sin nx, O<x «<x«.
2 n
x £(x) Se (£(x) - Sg)
0° 0 0 0
30 =0.47634 -0.47635 0.00001
45 - -0.67862 -0.67863 0.00001
60 -0.83956 -0.83957 0.00001
90 -0.99615 -0.99615 0.00000
120 -0.89202 -0.89203 0.00001
135 -0.74088 -0.74087 0.00001
150 -0.53213 -0.53211 0.00002
180 0 0 0
6. plx) = —SlES+14Tr4x*-105n2x*421x8 | o< x <.
1 n
s=% -(—-1—)— Cos nx, 0<X< .
1 ns
x £(x) Sy (£(x) - 8)
0° -0.98554 -0.98555 0.00001
30 -0.85829 -0.85831 ' 0.00002
45 -0.70633 -0.70634 0.00001
60 -0.50656 -0.50657 0.00001
90 -0.01539 -0.01540 0.00001
120 +0.49074 +0.49075 0.00001
135 +0.70585 +0.70586 0.00001
150 +0.87362 +0.87365 0.00003
180 +1.01733 +1.01731 0.00002




APPROXIMATIONS OF SERIES TO FUNCTIONS
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II A =0 - : ¢
— = 31x8x+49r *x3-21n2x543x7 o< x <1
Y oix) 30240 >
] n ' 1
S=2x =10 sin nx, O<«<xX <™«
% n?
x £(x) Se (£(x) - Sg)
0° 0 0 .. 0
30 -0.49363 -0.49364 0.00001
45 -0.69962 -0.69961 0.00001
60 -0.85930 -0.85931 0.00001
90 -0.99955 -0.99955 0.00000
120 -0.87272 -0.87273 0.00001
135 -0.71522 -0.71522 0.00000
150 -0.50727 -0.50728 0.00001
180 0 0 0
Y D 12778 +620r *x 2-490n #x 4+140n 2x8-15x%, 0 < x <™
1,209,600
& -1\
Ss=32 .%;eL)_ cos nx, O<x<«<r .
x f(x) 8, (£(x) - Sp)
0° -0.99622 -0.99624 0.00002
30 -0.86405 -0.86408 0.00003
45 -0.70699 -0.70701 0.00002
60 -0.50179 -0.50180 0.00001
90 -0.00388 -0.00389 0.00001
120 +0.49788 +0.49789 0.00001
135 +0.70698 +0.70699 0.00001
150 +0.86796 +0.86798 0.00002
180 +1.00407 +1.00405 0.00002
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III A
1. £(x) =%, O<xem
8=y SinZn-lsl s 0<Xe¢xs
2 2%
x £(x) S, (£(x) - 84)
0° 0.78539 0 0.78539
30 0.78539 0.86190 0.07651
45 0.78539 0.70038 0.08501
60 0.78539 0.81654 0.03115
90 0.78539 0.72380 0.06159
120 0.78539 0.81654 0.03115
135 0.78539 0.70038 0.08501
150 0.78539 0.86190 0.07651
180 0.78539 0 0.78539
2—
2. £(x) = ==8K&, oz <x.
= -1
g=3%¢%08 (Bn-1)X ¢ . x_p,
BB by b
X £(x) 8 (£(x) - 8
o° 1.23369 147161 0.06218
30 0.82247 0.81372 0.00875
45 0.61685 0.61469 0.00216
60 0.41123 0.41909 0.00786
90 0 0 0
120 -0.41122 -0.41909 0.00787
135 ~0.61683 -0.61469 0.00214
150 -0.82243 -0.81372 0.00871
180 -1.23369 -1.17151 0.06218




IIT A

By e ®
3. £(x) = L&sﬂll_..

b

0<x <x:e.

APPROXIMATIONS OF SERIES TO FUNCTIONS
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® -1
g =y 8in (@n-1)X o x_q.
§ (en-1)®
x £(x) 8, (£(x) - 8)
0° 0 0 0
30 0.53829 0.53958 0.00129
45 0.72670 0.72558 0.00112
60 0.86128 0.86163 0.00035
90 0.96894 0.96806 0.00088
120 0.86128 0.86163 0.00035
135 0.72672 0.72558 0.00114
150 0.53833 0.53958 0.00125
180 0 0 0
& 2 2 g
4, £(x) =T "X "Hdn X QK OB
; 96 -
(2n-1)5
8 = X cOSs
(2n-1)*
x £(x) Se (£(x) = Sy
0° 1.01467 1.01435 0.00032
30 0.86435 0.86428 0.00007
45 0.69759 0.69754 0.00005
60 0.48855 0.48866 0.00011
90 0 0 0
120 -0.48853 -0.48866 0.00013
135 -0.69757 -0.69754 0.00003
150 -0.86432 -0.86428 0.00004
180 -1.01467 -1.01435 0.00032




APPROXIMATIONS OF SERIES TO FUNCTIONS

III A
(x) = T-X=2R2xP4xx2
) = <
5. f(x 06 ’ <X<KT
- 3 sin(2n-1)x
S % (2n-1)8 °’ 0< x<™m.
x £{x} Sg (£(z) - 8,)
0° 0 0 0
30 0.50421 0.50424 0.00003
45 0.70975 0.70975 0.00000
60 0.86578 0.86580 0.00002
90 0.99615 0.99615 0.00000
120 0.86579 0.86580 0.00001
135 0.70977 0.70975 0.00002
150 0.50426 0.50424 0.00002
180 0 0 0
g ﬁ’_mzz gxazt_&; -]
6. £f(x) = .5 ;60 X O<x<xm.
= o c08(2n-1
S "% (21’1"1 € ? O<x«<x.
x f(x) Se (£(x) - Sy)
0° 1.00144 1.00143 0.00001
30 0.86596 0.86598 0.00002
45 0.70609 0.70610 0.00001
60 0.49866 0.49866 0.00000
90 0 0 0
120 -0.49866 -0.49866 0.00000
135 -0.70609 -0.70610 0.00001
150 -0.86596 -0.86598 0.00002
180 -1.00143 -1.00143 0.00000
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IIT A
7. £(x) = Sxex-Su*x°+5m2x31x® o< x <.
2880
8 = > sin(2n-1)x 0<X <.
21:’ (2n-1)7 i

x £(x) Se (£(x) - 8g)
0° 0 0 0

30 0.50045 0.50045 0.00000
45 0.70741 0.70743 0.00002
60 0.86600 0.86603 0.00003
90 0.99954 0.99955 0.00001
120 0.86601 0.86603 0.00002
135 0.70741 0.70743 0.00002
150 0.50045 0.50045 0.,00000
180 0 0 0

8. f(x) = LIRIzDerOxZeiOn i t-00n B0 sonx?

sy O<x <.

161,280
g =g cos(@n=1)x . x q.
1 (2n-1)%

X f£(x) Se (£(x) - 8g)
0° 1.00014 1.00015 0.00001
30 0.86602 0.86603 0.00001
45 0.70699 0.70700 0.00001
60 0.49985 0.49985 0.00000
20 0 0 6]
120 -0.49985 -0.49985 0.00000
135 -C.70699 -0.70700 0.00001
150 -0.86602 -0.86603 0.00001
180 -1.00015 -1.00015 0.00000
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V A
e f(X) =E-;§c" 0< X<
s - z .s—i-'_n_(&l-l&, 0< X Ko
s (2n)
x f(x) Se (£(x) - 8g)
o° 0.78539 0 0.78539
30 0.52360 0.5412%7 0.0176%7
45 0.39270 0.33333 0.05937
60 0.26180 0.32475 0.06295
90 0 0 0
120 -C.26179 -0.32475 0.06296
1356 -0.39268 -0.33333 0.05935
150 -0.5235%7 -0.54127 0.01%770
180 -0.78539 0 0.78539
i ,EB_&E ﬁ 2
2- f(X) bioed . 24+ & s 0 <X <T.
2 coslgn
8= O<x«<x:.
® Gy C
X £(x) Se (£(x) - So)
0° +0.41123 +0.35589 0.05534
30 +0.06854 +0.05817 0.01037
45 -0.05139 -0.04688 0.00451
90 -0.20561 -0.19965 0.00596
120 -0.13707 -0.13629 0.00078
135 -0.05141 -0.04688 0.00453
150 +0.06851 +0.0581%7 0.01034
180 +0.41123 +0.35589 0.05534
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VA
3. f(x) = xzx-satx"-l-zx*, O<X<T.
e
8= ; §l§i§21£5 O<x<«m.
“{en)*
X f£(x) Sq (£(x) - 8g)
0° 0 0 0
30 0.11962 0.12010 0.00048
45 0.12111 0.1203%7 0.00074
60 0.09569 0.09640 0.00071
90 0 0 0
120 ~-0.09569 -C.09640 0.00071
135 -0.12111 -0.12037 0.00074
150 -0.11962 -0.12010 0.00048
180 0 0 0
4, f(x) = g-“‘-agx“x:;zoggxs-;‘mx’, Oc s.cn
S = 5 _<:_9_§_(_2£)_;, O<x<x.
T (2n)*
x £(x) Se (£(x) - 8y)
0° +0.06764 +0.06741 0.00023
30 +0.02849 +0.02841 0.00008
45 -0.00369 -0.00366 0.00003
60 -0.03256 -0.03255 0.00001
90 -0.05918 -0.05913 0.00005
120 -0.03256 -0.03255 0.00001
135 -0.00369 -0.00366 0.00003
150 +0.02849 +0.02841 0.00008
180 +0.06764 +0.06741 0.00023
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VA
5. £(x) = x*x-10n®x%+15mx*-6x% o x o x.
] 1440
3=5% 8_1_11_(22.13.’ $id
1 (2n)s
x £(x) Sg (£(x) - 8g)
0° 0 0 0
30 0.0278%7 0.02789 0.00002
45 0.03112 0.03112 0.00000
60 0.02623 0.02623 0.00000
90 0 0 0
120 -0.02623 -0.02623 0.00000
135 -0.03112 -0.03112 0.00000
150 -0.0278%7 -0.02789 0.00002
180 0 0 0
_ & -2171 *x2+105r2x *-1267 x5 +42x8 et
. - 1{0
6. f(x) 60,480 ’ <
s =3 9_9_3_(2.1.1.).3., 0< X <.
1 (2n)se
x £(x) Se. (£(x) - 8)
0° +0.01589 +0.01588 0.00001
30 +0.00766 +0.00767 0.00001
45 -0.00024 -0.00024 0.00000
60 -0.00791 -0.00791 0.00000
90 -0.01539 -0.01542 0.00003
120 -0.00791 -0.00791 0.00000
135 -0.00024 -0.,00024 0.00000
150 +0.00766 +0.00767 0.00001
180 +0.01589 4+0.01588 0.00001




APPROXIMATIONS OF SERIES TO FUNCTIONS

VA
e 25 . 5 i
7. £(x) = O X - *x°421 *x5 -2IxXO+6XT o x L .
S =3 M(Zn‘?? y B¢ X W,
b &

x £(x) g (£(x) - Sg)
0° 0 0 0

30 0.00681 0.00681 0.00000
45 0.00%780 0.00781 0.00001
60 0.00671 0.00671 0.00000
90 0 0 0

120 -0.00671 -0.00671 0.00000
135 -0.00780 -0.00781 0.00001
150 -0.00681 -0.00681 0.00000
180 0 0 0

8 -20r 8x 24701 *x *~140% *x6+120wx7 ~30%%
8. flx) = E—20r°x7470r “x -3 40m "X "+1200X7=50%" 5 5 .
(x) 2,419,200 ' *
8 =% _-L—)—cc();nig x’ O<«ex<x:.
3

X f£(x) So (£(x) - Sg)
0° +0.00392 +0.00391 0.00001
30 +0.00194 +0.00194 0.00000
45 -0,00001 -0,00001 0.00000
60 -0.00196 -0.00196 0.00000
920 -0.00389 -0.00390 0.00001
120 -0.00196 -0.00196 0.00000
135 -0.00001 -0.00001 0.00000
150 +0.00194 +0.00194 0.00000
180 +0.00391 +0.00391 0.00000
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VI A
1.fh)=-§,-%<x<%
8 = E .('_lﬁg_i_m RN WD
1 (2n) 2’ 2
X £(x) Sy (£(x) - Sg)
-90° 0 0 0
-60 +0.52359 +0.54127 0.01768
-45 +0.39269 +0.33333 0.05936
-30 +0.26179 +0.32475 0.06296
0 0 0 0
30 -0.26179 -0.32475 0.06296
45 -0.39269 -0.33333 0.05936
60 -0.52359 -0.54127 0.01768
90 0 0 0
o (" )n ( )Z &
dist g - amale Tk
X £(x) Se (£(x) - 8g)
-90° +0.41122 +0.35589 0.05533
-60 +0.06853 +0.05817 0.01036
-45 -0.05140 -0.04688 0.00452
~-30 -0.1370% -0.13629 0.00078
0 -0.20561 -0.19965 0.00596
30 -0.13707 -0.13629 0.00078
45 -0.05140 -0.04688 0.00452
60 +0.06853 +0.05817 0.01036
90 +0.41122 +0.35589 0.05533
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VI A
o oilEiY o
3. £(x) puat R A
_ 2 (-1)%sin(en o
S E‘ (2n)® 5 g <'§
x £(x) Se (£(x) - Sg)
-90 0 0o 0
-60 +0.11962 +0.12009 0.00047
=45 +0.12111 +0.12038 0.00073
=30 +0.09569 +0.09641 0.00072
0 i 0 0
30 -0.09569 -0.00641 0.00072
45 -0.12111 -0.12038 0.00073
60 -0.11962 -0.12009 0.00047
90 0 0 0
4, £(x) = = 73:4'120!1‘“1!"-240x", -
_ 11520 . .
- o (-1)%cos(2n)x _ T £ .
S z‘ (zn)‘ ’ 2<x<2
X £(x) Se (£(x) - S)
-90 +0.06744 +0.06741 0.00003
-60 +0.02849 +0.02841 0.00008
-45 -0.00370 -0.00366 0.00004
=30 -0.03257 -0.03255 0.00002
o} -0.05918 -0.05913 0.00005
30 -0.0325%7 -0.03255 0.00002
45 -0.00370 -0.00366 0.00004
60 +0,02849 +0,02841 0.00008
90 +0.06744 +0,06741 0.00003
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VI A
. O
5. £(x) =~ TRAx+40k%x”-48%"  _ T, x (X,
, 11520 2 2
_ = (-1)8sin(2 T T
s = ?1 .(_-)——————(.—E—)-E - < °
% (2n)® : 2 ‘2

x £(x) R (£(x) - 85) |
-90 0 0 0
-860 +0.02787 +0,02789 0.00002
-45 +0.03112 +0.03112 - 0.00000
-30 +0.02623 +0.02623 0.00000

0 0 0 0

30 -0.02623 -0.02623 0.00000

45 -0.03112 -0.03112 0.00000

60 -0.02787 -0.02789 0.00002

90 0 0 0

- - 8458 2-1680K*x%+13 SRS 3 T,
6. rix) 1,935,360 ’ <X <3
n
< (-1)"cos(2n
8= .(_.__)_._.__(.._..)5. L 1< X <1.
Z a3 )

X £(x) S (£(x) - So)
-90 +0.01589 +0.01588 0.00001
-60 +0.00766 +0.00767 0.00001
-45 -0.00024 -0.00024 0.00000
=30 -0.00791 -0.00791 0.00000

0 -0.01539 -0.01540 0.00001

30 -0.00791 -0.00791 0.00000

45 -0.00024 -0.00024 0.00000

60 +0.00766 +0.00767 9.00001

90 +0.01589 +0.01588 0.00001
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VI A
- ~_31x8x+1967 *x®-3361“x% +192x7 T T
> - - < X
7. £(x) 1,935,360 AAEE Rk
i » -1)2 2n T T
S =3 G I
1 (2n)7 i 2 < 2
% f£(x) Sq (£(x) - 84)
-90 0 0 0
-60 +0.00681 +0.00681 0.00000
-45 +0.00780 +0.00781 0.00001
-30 +0.00671 +0.006%71 0.00000
0] 0 0 0
30 -0.00671 -0.00671 0.00000
45 -0.00780 -0.00781 0.00001
60 -0.00681 -0.00681 0.00000
90 0 0 0
s J 2. % 2 A
8. £(x) = 1277 +248018 x 2 -7840r *x *+896 Ox *x6 -3840x° ;
309,657,600
s, n 2 A - %w<x<{%
g=3% {zilooalenlx L ., X
~ (2n)® 2 2
% £(x) 8e (£(x) - Ss)
-90 +0.,00392 +0.,00392 0.00000
-60 +0.00194 +0.00195 0.00001
-45 -0.00001 =0.00001 0.00000
-30 -0.00196 -0.00196 0.00000
0 -0.00389 -0.00389 0.00000
30 -0.00196 -0.00196 0.,00000
45 -0.00001 -0,00001 0.00000
60 +0.00194 +0.00195 0.00001
90 +0.00392 0.00000

+0.00392
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IV B
1. £(x) = —E;, - %<x<£
1 n
g = (-1) cos(2n-1)x . Eex<k
: (2n-1) G
X £(x) Se (£(x) - So)
-90° -0.78539 0 0.78539
-80 -0.78539 - -0.86191 0.07652
-45 -0.78539 -0.70038 0.08501
-30 -0,78539 -0.81654 0.03115
0 -0.78539 -0.72382 0.06157
45 -0.78539 -0.70038 0.08501
60 -0.78539 -0.86191 0.07652
90 -0.78539 0 0.78539
2. f(x) = -%, -%<x<g-
® n
" (=1)"sin(2n-1)x T T
8 =32 8 oy R B
+  (2n-1)2 T 2
x £(x) . 35 (r(x) -~ 8g)
-90 +1.23369 +1.17151 0.06218
-60 +0.82246 +0.81372 0.00874
-45 +0.61684 +0.61470 0.00214
-30 +0.41122 +0.41909 0.0078%7
0 0 0 0
30 -0.41122 -0.41909 0.0078%7
45 -0.61684 -0.61470 0.00214
60 -0.82246 -0.81372 0.00874
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IV B
3. £(x) = -—’ﬁigg, - %<x<%.
g = -1)"cos(2n-1 wEiin.
(2n-1)8® 2 2
x £(x) Se (£(x) - 8o)
-90 0 0 0
-60 -0.53830 -0.53958 0.00128
=45 -0.72671 -0.72558 0.00113
-30 -0.86128 -0.86163 0.00035
0 -0.96894 -0.96806 0.00088
30 -0.86128 -0.86163 0.00035
45 -0.72671 -0.72558 0.00113
60 -0.53830 -0.53958 0.00128
90 0 0 0
4. £(x) = ’_ﬂﬁlﬁ’ = S<xi<%
= 3 {=1)%sin(2n-1)x _1 T
S Al (;ii‘j’: 1)x §<x<n
x £(x) Se (£(x) - 84)
=90 +1.0148%7 +1.01435 0.00032
-60 +0.86434 +0.86429 0.00005
=45 +0.69758 +0.69775 0.00017
~-30 +0.48854 +0.48866 0.00012
0 0 0 0
30 -0.48854 -0.48866 0.00012
45 -0.69758 -0.69775 0.0001%7
60 -0.86434 -0.86429 0.00005
90 -1.0146%7 -1.01435 0.00032




APPROXIMATIONS OF SERIES TO FUNCTIONS

75

IV B
o 8+2 3xz._ &
B: I x) = .._@I_.ﬂ.__..lﬁtZ_ - m< x<X
( 1536 e 2
@ (-1)%cos(2n- T T
= o <
RS T
: £(x) s (£(x) - So)|
-90 0 0 0
-60 -0.50423 -0.50425 0.00002
-45 -0.70976 -0.70975 0.00001
-30 -0.86579 -0.86581 0.00002
0 -0.99615 -0.99616 0.00001
30 -0.86579 -0.86581 0.00002
45 -0.70976 -0.70975 0.00001
60 -0.50423 -0.50425 0.00002
90 0 0 0
- 25n%x+40m°x°- . =
6. flx) = S9N x40 X -167X~ _ L
jx) 7680 I
w n
s=z{=t)sinCn-l)x _z .
? (211"'1)6 > 2( <
x £(x) s (£(x) - Sg)
-90 +1.00144 +1.00143 0.00001
-60 +0.86595 +0.86598 0.00003
-45 +0,70608 +0.70611 0.00003
-30 +0.49865 +0.49866 0.00001
0 0 0 0
30 -0.49865 -0.49866 0.00001
45 -0.70608 -0.70611 0.00003
60 -0.86595 -0.86598 0.00003
90 -1.00144 -1.,00143 0.00001
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IV B ! . ! ! ! ;
= ~_61l77+300x5x%-240n°x%+64rx® _ @, _ T
it i 184,320 % ekt
= n
s=3 (-1)"cos(2n-1)x _ T
x f(x) S (£(x) - 8p)
-90 0 0 o}
-60 -0.50046 -0.50045 0.00001
-45 -0.70742 -0.70743 0.00001
~-30 -0.86604 -0.86603 0.00002
0 -0.99954 -0.99956 0.00001
30 -0.86604 -0.86603 0.00001
45 -0.70742 -0.70743 0.00001
60 -0.50046 -0.50045 0.00001
20 o} 0 0
= s_
8. £(x) = 42717 x+700n % x 7 -556m *x° +64%x7  _ %<x<g_
] 1,290,240
) n
8 = g -1 S -1 , = E<X<E
1 (2n-1)8 2 2
X £(x) S (£(x) - 8g)
-90 +1.00014 +1.00015 0.00001
-60 +0.86601 +0.86603 0.00002
-45 +0.70698 +0.70701 0.00003
-30 +0.49983 +0.49985 0.00002
0 0 Q. 0
30 -0.49983 -0.49985 0.00002
45 -0.70698 -0,.70701 0.00003
60 -0.86601 -0.86603 0.00002
90 -1.00014 -1.00015 0.00001




i 4

APPROXIMATIONS OF SERIES TO FUNCTIONS
- POLYNOMIAL SEGMENTS

A

1. 500x) = %, 0<x <™,

=X, ~€<X<0.
8= -Zg%ﬁsinnx, - M<X<T

X £(x)* Sg* (£(x) - 8g)

O? e R 0 o

30 0.05236 0.06413 Q.0117'7
45 0.0’7854 0;07541 0.00513

60 0.10472 0.09836 0.00636

90 0.15708 Q.144'76 0.0125 2
120 0.20944 0.22826 0.01882
155 0.23562 0.20674 0.02888
150 0.26180 0.20864 0.05316
180 0.31416 0 0.31416

(*Original function and series divided by 10 in every case.)
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APPROXIMATIONS OF SERIES TO FUNCTIONS
- POLYNOMIAL SEGMENTS

2, f(x) = x(x2%-x2), Q<xom

=—X(‘]t‘2"xz) s '«( X QO.

o BoayR " '
123 -(—1'-%—- sin nx, - t<X<cx.
1 n

g =
x £(x) Sg¥ (£(x) - 8g)
0° Y 0 0
30 0.05024 0.0505% Q.QOOlO
45 0.0726%7 O.Q7265 0.00004
60 0.0918% 0.09183 0.00004
90 0.11627 0.11616 0.00011

120 0.11484 0.11496 0.00012

135 0.10174 0.10151 0.00023

150 0.07896 0.07916 0.00020

180 0 0 0

- :
(Toriginal function and series divided by 100 in every case)



A

3., £(x) = '71!:*}: - 10_)1;'2:8 + 3x%, O0<x<:,

=-Tr%x 4 1012x® - 3x%, -w< x <O.

APPROXIMATIONS OF SERIES TO FUNCTIONS
-~ POLYNOMIAL SEGMENTS
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8 = -720;{ -(-'-1-32 8in nx, - wt<x<x.
R

x £ix)" i (£(x) - 8)
0° 0 0 0

30 0.34297 0.34297 0.00000
45 0.48861 0.48861 0.00000
60 0.60448 0.60449 0.00001
90 0.71723 0.71723 0.00000
120 0.64227 0.64226 0.00001
155 Q.§5§4§ 0.53343 0.00002
150 0.38314 0.38312 0.00002
180 0 0 .0

(*Original function and series divided by 1,000 in every

case.)
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A & L i
4. £(x) = 3x7 - 21n2x% + 4%r*x® - 31xéx, 0< x <m.
==3x7 4+ 21n2x% - 491 *x® + 3Inéx,w <X <™.
850 ot LA v ) LR %
1. n?
x £(x)* 5 (£(x) ~ 8g)
0° 0 0 o
30 0.14928 0.14928 0.00000
45 0.21156 0.21156 0.00000
60 0.25985 0.25985 0.00000
90 0.30226 0.30226 0.00000
120 0.26391 0.26391 0.00000
135 0.21629 0.21628 0.00001
150 0.15341 0.15340 0.00001
180 0 0 0

(*Original function and series divided by 100,000 in each

case.)
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APPROXIMATIONS OF SERIES TO FUNCTIONS
- POLYNOMIAL SEGMENTS

A _ -
5. f(x) = x(n=®-x®)%2, O0<x <m,

=-x(K®-x%)2%, < x<7W.

e . i
Ly 2

S=3 (_1)n(1$_ - -2—‘;‘1-9-) sin nx, - t< X <™.
1

x £(x)* Se (£(x) - Sq)
0° 0 0 0

30 0.48208 0.48082 0.00126
45 9.67240 0.67300 O.QQQGQ
60 0.80597 0.80657 0.00060
90 0.86068 0.86209 0.00141
120 0.62968 0.62801 0.00167
135 0.43932 0.44222 0.002QQ
150 0.23812 0.23539 0.00273
180 0 0 ¢}
(*Original function and serles divided by 100 in each case)



APPROXIMATIONS OF SERIES TO FUNCTIONS
- POLYNOMIAL SEGMENTS

A -
6. f£(x) = x(x”-xz)", 0< X <%,

Zex (12-x2)2,-r< x < 0.

O) 8in nx, = T<X <Te.

s = ; (_1)n(9§g[z & 100§
S n° n7?

x £(x) Se (£(x) - 85)
0° 0 0 0

30 0.46258 0.46257 0.00001
45 0.62215 0.62218 0.00003
60 0.70708 0.70708 0.00000
90 0.63709 0.63714 0.00005
120 0.34526 0.34531 0.00005
135 0.18970 0.18982 0.00012
150 0.07182 0.07174 0.00008
180 0 0 0

(*original function and series divided by 100 in each

case.)
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APPROXIMATIONS OF SERIES TO FUNCTIONS
- POLYNOMIAL SEGMENTS

B 3 g
1. £(x) = (n® - x®), - w<x <7,
s=3§3-4é%§cos nx, = T< X<*.
x £(x)* So* (£(x) - So)
o° 0.98696 0.98422 0.00274
30 0.95954 0.96019 0.00065
45 0.92528 0.92260 0.00268
60 0.87730 0.88012 0.00282
90 0.74022 0.73783 0.00259
120 Q.54852 0.54485 Q.Q0547
135 0.43181 0.43085 0.00096
150 0.30159 0.30922 0.00%763
180 6 0.04701 0.04701

(*Original function and series divided by 10 in every case)



APPROXIMATIONS OF SERIES TO FUNCTIONS
- POLYNOMIAL SEGMENTS
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B . .
2. f(x) = ‘(1;2 - x2)%, - t<ex<T,
=--8-IL:-48 ;i:%‘% COS NX, = M<X<Te.
15 T B
x £(x)* 8o ¥ (£(x) - 85)
0 0.97409 0.97404 0.00QO5
30 0.92072 0.92073 0.00001
45 0.85613 0.85609 0.00004
60 0.76965 0.76969 0.00004
90 0.54793 0.54790 0.00QOS
120 0.30065 0.30058 0.00007
135 0.18646 0.18645 0.00001
150 0.09096 0.09102 0.00006
180 0 0.00269 0.00269

(*Original function and series divided by 100 in every

case.)



APPROXIMATIONS OF SERIES TO FUNCTIONS
-~ POLYNOMTAL SEGMENTS
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B ~
3. £(x) = x® - 5%* + T*x®, - mox<m.
8= Slz° 14405"-:1—)—?-008 nx, = t<«<Xx<%,
21 1 ns

x £(x)* ol (£(x) - 8)

0° 0 0 0

30 0.01832 0.01832 0.00000
45 0.04021 0.04021 0.00000

60 0.06897 0.06897 0.0000Q

90 0.13970 0.13970 0.00000
120 0.21258 0.21259 0.00001
135 0.24356 0.24356 0.00000
150 0.26773 0.26772 0.00001
180 0.28842 0.28842 0.00000

(foriginal function and series divided by 10,000 in each

case.)
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APPROXIMATIONS OF SERIES TO FUNCTIONS
- POLYNOMIAL SEGMENTS

B
4, f(x) = 3x® - 28r2x% + 98y %x*% = 12416x2%, -gw<x <.
" £ S PR : ,
S = —5&71-—--2419202‘.'(—:3—005 nxX, - T<X<T.
i &
#* W*
b f(x) 8, (f(x) - 8)
0° 0 o} 0
30 0.03198 0.03197 0.00001
45 0.06996 0.0899Y% 0.00001
60 0.11962 0.11961 0.00001
90 .0.2400%7 0.24007 0.00000
120 0.36145 0.36145 0.00000
135 0.41204 0.41204 0.00000
150 0.45098 0.45098 0.00000
180 0.48391 0.48391 0.00000

(Foriginal function and series divided by 1,000,000 in

each case.)



APPROXIMATIONS OF SERIES TO FUNCTIONS

- POLYNOMIAL SEGMENTS
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B J
8. £(x) = (x® - x%)%; -~ %< x<x. |
S = lgg& + % (-l)n(g%§i - 1%%9) cos nNX, - T<X <M.

x £(x)* Se" (£(x) - 8o)
0° 0.96139 0.96147 0.00008
30 0.88348 0.88349 0.00001
45 0.79216 0.79225 0.00009
60 0.67521 0.67511 0.00010
90 0.40559 0.40564 0.00005
120 0.16485 0.16497 0.00012
135 0.08051 0.08049 0.00002
150 0.02743 0.02724 0.00019
180 0 -0.00049 0.00049

(*Original function and series divided by 1000 in each

case.)



APPROXIMATIONS OF SERIES TO FUNCTIONS
- POLYNOMIAL SEGMENTS
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B .
6. f(x) = ('mzf x®)¢, -g2x <7,
- <X <KT.
X £(x)¥ Se l(f(x) - 8y)
0° 0.94885 0.94885 0.00000
30 0.84773 0.84773 0.00000
45 0.73297 0.73294 0.00003
60 0.59236 0.59236 0.00000
9 030022 0.30020 0.00002.
120 0.09039 0.09039 0.00000
135 0.03477 0.03471 0.00006
150 0.00827 0.00830 0.00003
180 0 -0.00004 0.00004

(*Original function and series divided by 10,000 in each

case. )
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APPROXIMATIONS OF SERIES TO FUNCTIONS
- POLYNOMIAL SEGMENTS

C
1. £(x) = (x - x), O<x<m,
e (x - x), - T< x<0.
S'—'%*'%g, w?z——-(-%-ly%l, - T<X<T.

2 £(x)¥ 8% l2(x) - 8ol
0° 0.31416 0.30624 0.00792
30 0.26180 0.26069 0.00111
45 0.23562 0.23534 0.00028
60 0.20944 0.21044 0.00100
90 0.15708 0.15708 0.00000
120 0.104%72 0.10372 0.00100
135 0.07854 0.07881 0.0002%7
150 0.05236 0.0534%7 0.00111
180 0 0.00792 0.00792

(*Original function and series divided by 10 in each case)
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APPROXTMATIONS OF SERIES TO FUNCTIONS
- POLYNOMIAL SEGMENTS

c
2. £(x) = T 3"{ - & - AR
=2’ - Smx® - a, -r< x <0,
T

X £(x)* " g £z}~ 39|
0° 0.98696 0.98680 0.00016
30 0.91392 0.91382 0.00010
45 0.83275 0.83272 0.00003
60 0.73108 0.73114 0.00006
90 0.49348 0.49348 0.00000
120 0.25588 0.25582 0.00006
135 0.15422 0.15424 0.00002
150 0.07312 0.07314 0.00002
180 0 0.00016 0.00016

(*Original function and series divided by 10 in each case)



APPROXIMATIONS OF SERIES TO FUNCTIONS
- POLYNOMIAL SEGMENTS
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C
3. £(x) = -2—%': - g"_y:; + 1, O<«x<m,
3 2
=i-g§t'3'-n +1, =t<x <0
8= %+1t8n2:;c—?§'f{_2_—?§%)z', T<X<T

x £(x)* s [f(x) - 8o
0° 1.00000 0.99983 0.00017
30 0.92592 0.92588 | 0.00004
45 0.84375 0.84372 0.00003
60 0.74074 0.74079 0.00005
90 0.50000 0.50000 0.00000
120 0.25926 0.25921 0.00005
155 0.15625 0.15628 0.00003
150 0.07408 0.07412 0.00004
180 0 0.00017 0.00017

. (*original function and series divided by 100 in each

case.)



APPROXTIMATIONS OF SERIES TO FUNCTIONS
- POLYNOMIAL SEGMENTS

c " 1 ] .
. £lx) = Koo G s 0rx® = 35t Ocxex,
=E_;JﬂﬁLiémﬁ;Lﬁﬁ,-!Lx<n
8 = cos(Zn 11; cos§2naz
“nrl (2n-1 x nr1 (2n
S M<X<T

% £(x)* g |r(x) - 5|
0° 0.31006 0.30990 0.00016
30 0.26915 0.26910 0.00005
45 0.22891 0.22892 0.00001
60 0.18374 0.18377 0.00003
20 0.09690 0.09692 0.00002
120 0.03445 0.03444 0.00001
135 0.01576 0.01577 0.00001
150 0.00503 0.00499 0.00004
180 0 -0.00006 0.00006

(®original function and series divided by 100 in each

case.)
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APPROXIMATIONS OF SERIES TO FUNCTIONS
- POLYNOMIAL SEGMENTS

Cc
5. £(x) = (m - 3 O<x <m
= f('n: - x)%, =g <x<O0.
s=ﬁ-gi;_99-ﬂ-gll%lR+ex;; CO8 DX, —x< X <T.
4 Tn=1 (2n-1 n=1 I

x £(x)* So" 'f(x) £ Sg‘
0? Q.51096 0.28859 0.02;47
30 0.17944 0.17584 0.00360
45 0.13081 0.13126 0.00045
60 0.09187 0.09349 0.00162
QQ 0.038"76 0.03988 0.00112
120 0.01148 0.01016 0.00132
155 0.00485 0.00610 0.00125
150 0.00144 0.00115 0.00031
180 0 0.00127 0.00127

(Yoriginal function and series divided by 100.)



APPROXIMATTIONS OF SERIES TO FUNCTIONS

- POLYNOMIAL SEGMENTS
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c
6. f(x) = 1;5-101;°x3+2019933-15x§x‘+4x5, 0<x <.
= 1t_5-101t°x?-20m2x°-151tx"-4x‘, -t <X <0,
s=5-1%0F soplailn, iz s
: - MT<X <X,

. £(x) s, l2(x) - s ]
0° 0.97409 0. 97277 0.00132
30 0.78293 0.78250 0.00043
45 0.61642 0.61638 0.00004
60 0.44897 0.44928 0.00031
90 0.18265 0.18278 0.00013
120 0.04410 0.04387 0.00023
135 0.01522 0.01544 0.00022
150 0.00326 0.00326 0.00000
180 0 0.01914 0.01914




APPROXIMATIONS OF SERIES TO FUNCTIONS
- POLYNOMIAL SEGMENTS
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C
7. £f(x) = x -;§n‘xz1&9m3;3:2§z35£!2235_;§&i, 0< X <T,
_gnf._éigggcos n-i _zg_o_o_"z' cos(2n)x
7 T p=y (2n-1)% (2n)e
+ 4807 E,,QQQE%E ]
x £(x)* %" lf(X) - Sg'
0? 0.30602 0.30522 Q}OQOBO
30 0.22547 0.22519 0.00028
45 0.16339 0.16337 0.00002
60 0.10746 0.10765 0.00019
90 0.03347 0.03361 0.00014
120 0.00546 0.00530 0.00016
135 0.00142 0.00156 0.00014
150 0.00020 0.00020 0.00000
180 0 0.00016 0.00016

(#0riginal function and series divided by 1000 in each

case.)
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¢ : \ : , : .
8. f(x) = L7-2in°x 2470w #x ®~105T°x 4847 *x % -352x8 +6x7
'K >
: o Fh g
= I7-211: x -70n*x°-105: x*-84mzx3-55nx°-ax7
T
-Tt<XcO.
s l&.zﬁﬁLz cos(2n-1)x _ 50160 » COS_NX
n=1 (2n-1)% n=1 n®
+ 840p® 3 S08 nx
n=1 n*
X £(x)¥ 8, f(x) - S
0° 0.96138 0.95733 0.00405
30 0.64727 0.64228 0.00499
45 0.42777 . 0.42778 0.00001
60 0.258321 0.25426 0.001058
90 0.06009 0.06100 0.00091
120 0.00659 0.00566 0.00093
135 0.00129 0.00191 0.00062
150 0.00125 0.00023 0.00102
180 0 0.00081 0.00081

(*original function and series divided by 1000 in each

case.)
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NUMERICAL TABLES

Multiple Values of cosine X.
Multiple Values of sine x.
Exponential and Hyperbolic Functions.

Multiple Powers of X.

1 sin nx
nk coOS nx

n 1 sin nx
(-1) oK ¢OS nx

___1___ sin(2n-1)x
(2n-1)% cos(2n-1)x

sin(2n)x

(2n)k cos(2n)x

(-1)2 1 _ sin(2n)x
(2n)k cos(2n)x

(-1)2 1 cos(2n-1)x
(g l)k sin(2n-1)x

Bernoulll's Numbers = By
Euler's Numbers -~
Factorial Numbers - nl!

HMC HME HMO HMEO FMO HMo

Infinite Series.

o



NUMERICAL TABLES

_ TABLE 1. MULTIPLE VALUES OF COSINE x
X cos X cos 2x cos 3% cos 4x cos 5X cos 6x cos 7x cos 8x
0° o” 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000
10 . 98481 . 93969 .86603 76604 .64279 .50000 . 34202 .17365
20 . 93969 .76604 . 50000 .17365 - .17365 - .50000 - .76604 - .93969
30 n/6 .86603 .50000 - 0 --.50000 - .86603 -1.00000 - .86603 - .50000
40 .76604 .17365 50000 -~ .93969 - .93969 - .50000 .17365 . 76604
45 w/4 70711 0 - 70711 -1.00000 -~ ,70711 0 70711 1.00000
50 .64279 - 17365 - .86603 - .93969 - .34202 «50000 . 98481 76604
60 /3 .50000 - .50000 -1.00000 - .50000 .50000 1.00000 .50000 - .50000
70 .34202 - .76604 - .86603 .17365 . 98481 .50000 - .64279 - ,93969
80 17365 - .93969 - .50000 .76604 .76604 - .50000 - .93969 .17365
90 m/2 0 -1.00000 0 1.00000 0 -1.00000 0 1.00000
100 - .17365 - .93969 .50000 .76604 - .76604 - .50000 « 93969 17365
110 =~ 34202 - .76604 86603 173656 - .98481 .50000 .64279 - .93969
120 2¢/3 - .50000 - .50000 1.00000 - .50000 =~ .50000 1.00000 - .50000 - .50000
130 - 64279 - .173656 86603 - .93969 . 354202 .50000 - .98481 76604
135 31/4 - .70711 0 .70711 -1.00000 70711 0 - 70711 1.00000
150 51/6 - .86603 .50000 0 - .50000 .86603 -1.00000 .86603 - .50000
160 - .93969 .76604 - .50000 .17365 .17365 - .50000 .76604 - .93969
170 - .98481 .93969 - .86603 .76604 - .64279 .50000 -~ .34202 .17365
180 = -1.00000 1.00000 -1.00000 1.00000 =-1.00000 1.00000 -1.00000 1.00000

86



TABLE 2. MULTIPLE VALUES OF SINE x

x San % S ¥ Siw3X Senty RoEE P S o g Sinfx
0° oF 0 0 0 0 0 0 0 0
“10 .17365 « 34202 « 50000 «64279 76604 .86603 . 93969 .98481

20 34202 «64279 .86603 . 98481 . 98481 . 86603 . 64279 . 34202

30 /6 .50000 .86603 1.00000 .86603 . 50000 0 - .50000 - .86603

40 «64279 . 98481 .86603 34202 - .34202 - .86603 - .98481 -~ .64279
45 ,/4 7071 1.00000 70711 0 - ,70711 -1.00000 - ,70711 0

50 . 76604 . 98481 .50000 - .34202 - .93969 - .86603 - .17365 . .64279
60 /3 .86603 .86603 0 - .86603 - .86603 0 .86603 .86603
70 . 93969 .64279 - 50000 - .98481 - ,17365 « 86603 76604 - ,34202
80 .98481 .34202 - ,86603 - .64279 .64279 .86603 - .34202 - ,98481

90 m/2 1.00000 0 -1.00000 0o 1.00000 0 -1.00000 0

100 .98481 - .34202 - .86603 .64279 64279 - .,86603 - .34202 . 98481
110 .93969 - .64279 - .50000 .98481 - ,17365 - .86603 76604 . 54202
120 2n/3 .86603 - .86603 0 .86603 - .86603 0 .86603 - .86603
130 .76604 - ,98481 « 50000 .34202 - .93969 .86605 - .17365 - .64279
135 3w/4 .70711 -1.00000 .70711 o - + 30711 1.00000 - .70711 0

140 .64279 - .98481 .86603 - .34202 -~ .34202 .86603 - .98481 .64279
150 51/6 .50000 - .86603 1.00000 -~ .86603 .50000 0 - 50000 .86603
160 .34202 - .64279 .86603 - ,98481 .98481 - ,86603 64279 -~ 34202
170 173656 - .34202 .50000 - .64279 .76604 - .86603 93969 - ,98481
180 = o 0 o 0 0 0 0 0

66



TABLE 3. EXPONENTIAL AND HYPERBOLIC FUNCTIONS
e e’* sinh x cosh x tanh x ctnh x

0° oF 1.00000 1.00000 0.00000 1.00000 0 &

30 x/6 1.68809 0.59239 0.54786 1.14025 0.48047 2.08127
45 /4 2.19328 0.45594 0.86867 1.32461 0.65579 1.52487
60 /3 2,84965 0.35093 1.24937 1.60035 0.78068 1.28092
90 /2 4.81048 0.20788 2.30130 2.50918 0.91715 1.09033
120  2¢/3 8.12053 0.12300 3.99875 4.12175 0.97015 1.03075
135  3p/4 10.55072 0.09478 5.22797 5.32275 0.98219 1.01812
150  5¢/6 13.70820 0.07295 6.81746 6.88941 0.98955 1.01055
180 @ 23.14069 0.04321  11.54876  11.59195 0.99627 1.00373

00T



TABLE 4.

MULTIPLE POWERS OF x

X p - o x® xe x5 x8 X7 F

0 0 0 0 0 0o 0o 0o 0
/6 0.52359 0.27415 0.14354 0.07516 0.03935 0.02060 0.01079 0.00565
/4 0.78539 0.61684 - 0.48446 0.38049 0.290883 0.234"70 0.18433 0.14477
/3 1.04719 1.09661 1.14836 1.20255 1.25930 1.31873 1.38096 1.44613
/2 1.57079 2.46738 3.87574 6.08797 9.56292 15.02134 23.5953%7 37.0633%7
2rn/3 2.09438 4,.38643 9.18685 19.24075 40.29744 84.39815 176.76180 370.20638
3x/4 2.35617 5.55154 13.08037 30.81958 72.61617 171.09604 403.13136 949.84602
5m/6 2.61795 6.85366 17.94254 46.97267 122.97210 321.93481 842.80924 2206.43245
o 3.14159 9.86959 31.00621 97.40880 306.01851 961.38469 3020.27653 9488.47054

10T
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TABLE 5. 3 i iR A% &

n- cos nx, 0<xz 1 (k =1.......8

g‘-lﬁsi.n nx E%zcos nx g;ﬁ,sin nx g,-:-l,cos nx §_-:—lssin nx E%Gcos nx g.%,,sin nx ;,-:—lucos nx

p o & 1 : 1 ; = : y &
0 0 1.52740 0 1.08176 0 .1.01751 0 1.00406
%' 1.4031% 0.87189 0.65967 0.89269 0.53211 0.87365 0.50728 0.86797
% 1.03371 0.56781 0.84596 0.69388 0,7408%7 0.70586 0.71522 0.70699
% 1.14129 0.28280 0.95804 0.45611 0.89203 0.49075 0.87274 0.49789
g: 0.72381 0.19966 0.96806 -0.05913 0.99615 -0.01540 0.99955 -0.00389
j%% 0.49179 -0.55538 0.76522 -0.52121 0.8398%7 -0.50657 0.85931 -0.50180
é?i 0.36705 -0.66157 0.60520 -0.70120 0.67863 -0.70634 0.69962 -0.70701
-§% 0.32063 -0.755586 0.41949 -0.83587 0.47635 -0.85831 0.49364 ;0.86408
% 0 -0.81562 0 -0.94694 0 -0.98555 0 -0.99624

a0t



$(- 1)nsin nx
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TABLE 6. z k cos nx, 0<x<w(k=1.0....8)
X i(:l) sin nx Z( 1) cOos nx Z‘ 1)nsi.n nx z( i) cos nx
1 n 1 5 1 n
0 0 ~0.81562 0 -0.94694
/6 -0.32064 -0.7555 -0.41948 -0.83587
/4 -0.36705 -0.66157 -0.60521 -0.70120
/3 -0.49180 -0.55538 -0.76523 -0.52121
/2 -0.72382 -0.19965 -0.96804 -0.05913
2r/3 -1.14130 +0.28280 -0.95803 +0.45611
3n/4 -1.03371 +0.56781 -0.84595 +0.69388
5m/6 -1.40318 +0.87189 -0.65968 +0.89269
4 0 +1.52740 0 +1.08176
z i(:%)nsin nx 2(' )ncos nx 3 -l)nsin nx z( l)ncos nx
1 1 1
0 .0 -0.98555 0 -0.99624
/6 - -0.47635 -0.85831 -0.49364 -0.86408
/4 -0.67863 -0.70634 -0.69961 -0.70701
/3 -0.83957 -0.50657. -0.85931 -0.50180
/2 -0.99615 -0.01540 -0.99955 -0.00389
on/3 -0.89203 +0.49075 -0.87273 +0.49789
3mn/4 -0.74087 +0.70586 -0.71522 +0.70699
5r/6 0.53211 +0.87365 -0.50728 +0.86798
T 0 +1.01731 0 +1.00405




P
TABLE 7. %TEE:TTK

sin(2n-1)x
cos(2n-1)x,0<x<x (k= 1.....8)

IIT A
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% g8in(2n=1)x ig%gjgn-% X sin 2n-g % %cos gn-i X
T (2n-1 $ (2n-1) (2n-1) 7 (2n-1)
0 0 1.17151 0 1.01435
/e 0.86190 0.81372 0.53958 0.86428
/s 0.70038 0.61469 0.72558 0.69754
/s 0.81654 0.41909 0.86163 0.48866
/o 0.72380 0 0.96806 0
2n/s 0.81654 -0.41909 0.86163 -0.48866
3%/, 0.70038 -0.61469 0.72558 -0.69754
51/e 0.86190 -0.81372 0.53958 -0.86428
T 0 -1.17151 0 ' -1.01435
8sin(2n-1 8cos(2n-1)x gin(2n-1 8cos(2n-1
x feplenls gegslingls sl peppEiins
0 0 1.00143 0 1.00015
/e 0.50424 0.86598 0.50045 0.86603
/s 0.70975 0.70610 0.70743 0.70700
/s 0.86580 0.49866 0.86603 0.49985
7/ 0.99615 0 0.99955 0
27/ 0.86580 -0.49866 0.86603 -0.49985
S 0.70975 -0.'70610 0.70743 -0.70700
51/ 0.50424 0.86598 0.50045 -0.86603
7 0 -1.00143 0

-1.00015




V A

e B Z Fryd §§§§§§§§, Ocexcx (K=1.......8)

.x gsin§2n)x cos§2n2§ gsin§2n);g Ecosizn)x 58 2n gcosfznlz gsinfznlx, §‘cos(2n)x

s & Bn 1 ()% § (2nPW” P (2n)* T A(2n)% T (2n)* 7 (2n)7 T . iBn"
¢ o 0.35589 0 0.06741 0 0.01588 0 0.00391
n/e 0.54127 0.05817 0.12010 0.02841 0.02789 0.0076%7 0.00681 0.00194
m/; 0.33333 -0.04688 0.12037 -0.00366 0.03112 -0.00024 0.00781 -0.00001
w/g 0.32475 -0.13629 0.09640 -0.03255 0.02623 -0.00791 0.00671 -0.00196
ﬂ/; 0o -0.19965 o -0,05913 0 -0.01542 0 ‘ -0.00390
2m/3-0.52475 -0.13629 0.09640 -0.032856 -0.02623 -0.00791 -0.00671 -0.00196
31/;-0.35333 -0.04688 0.12037 -0.00366 -0,03112 -0.00024 -0.00%781 -0,00001
5n/e-0.54127 0.0581%7 0.12010 0.02841 -0.02789 0.00767 -0.00681 0.00194
L 0 0.35589 0 0.06741 o 0.01588 0 0.00391

SoT



VI A 106
-1)? sin(2n)x _ = T

TABLE 9. 3(2n)E cos(2n)x, ~ 2<%*<2 (k= 1......8)

i
n n n "
o 2(’1)3;?(2%25 §('1)cos!2n!3 5('1)sin§2n)x E(-l)cos 2n)X
1 2n 1 2nj" Yy (2n)® % 2n)*

-n/2
-/3
-1 /4

-n/6

0
/6
/4
/3
n/2

0
+0.54127
+0.35333
+0.32475

0
-0.32475
-0.33333
-0.54127

0

+0.35589
+0.05817
-0.04688
-0.13629
-0.19965
-0.13629
-0.04688
+0.05817
+0.35589

0
+0.12009
+0.12038
+0.09641

0
-0.09641
-0.12038
-0.12009

0

+0.06741
+0,02841
-0.00366
-0.03255
-0.05913
-0.035255
-0.00366
+0.02841
+0.06741

o n n n
g( 1)§%Qi%glz_§( 1)99%12%15 E( 1)sin§2n2x g('l)cos§2nl§
X 2a)® 5 2n)e ¢ 2n)7 3 2n)s

X
-r/2 0 +0.01588 0 +0.00392
-n/3  +0.02789 +0.00767 +0.00681 +0.00195
-n/4 +0.03112 -0.00024 +0.00781 -0.00001
-t/6 40.02623 -0.00791 +0.00671 -0.00196

0 0 -0.01540 0 -0.00389
/6 -0.02623 -0.00791 -0.00671 -0.00196
/4 -0.03112 -0.00024 -0.00781 -0.00001
/3 -0.02789 +0.00767 -0.00681 +0.00195
/2 +0.01588 0 +0.00392

0




-1)? cos(2n-1)x e

TABLE 10. % R shilen i)y Fexcs, (eot...08)  SIVB
¥ §‘"1>gos(gn-1); g('l)gin§2?—1)3 E("l)zosfgn-llz §('1)21n(2n-13
T 2n~-1) : 2n-1}% ) (2n-1)% X (2n-1)*
/2 0 +1.17151 0 +1.01435
/3 -0.86191 +0.81372 -0.53958 +0.86429
/4 -0.70038 +0.61470 -0.72558 +0.69775
/6 -0.81654 +0,41909 -0.86163 +0.48866
0 -0.72382 0 -0.96806 0
/6 -0.81654 ~0.41909 -0.86163 0, 48866
/4 -0.'70038 -0.61470 -0.72558 -0.69775
/3 -0.86191 -0.81372 -0.53958 -0.86429
/2 0 -1.17151 0 -1,01435

LOT



IV B
8 (-1)" cos(2n-1)x ¢

TABLE 10. 2 TN L3 (on-1)x, S<x<Z (k=1.....8) ?ont'd
x g(-l)gos(2n-1)§ g("l)gin(zn-1); ;"l)goggzn-1); g(‘l’ggngzn-z)g
% 2n-1)3 o) (2n-1)s 1 2n-1)7 . T ' (2n-1

/2 0 +1.00143 0 +1.00015
/3 -0.50425 +0,86598 -0.50045 +0.86603
/4 -0.70975 +0.70611 -0.70743 +0.70701
/6 -0.86581 +0.49866 -0.86603 +0,49985

0 -0.99616 0 -0.99956 0 :
/6 -0.86581 -C.49866 -0.86603 -0.49985
/4 ~0.70975 -0.70611 -0.70743 -0.70701
/3 -0.50425 -0.86598 -0.50045 -0.86603
/2 0 -1.00143 0 -1,00015

80T
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TABLE 11. Bernoulli's Numbers - Bp
Euler's Numbers - Ep
Factorial Numbers - n!
Bn Ey n!
By = % =1 0} =1
B, = = By =1 21 = 2
2T 30 1 - g
By = 3= E, = 5 31 = 6
Ll ‘
By = 35 By = 61 41 = 24
By = 2= E, = 1,385 51 = 120
Be = Soe5 E, = 50,521 61 = 720
By = % Es = 2,702,765 71 = 5040
By = 2817 Ey = 199,360,981 8! = 40320
g oo gl _,yn-1
En = &n-2)1217 En-y~ (n-4)147 En-, *----#(-1)
B = 2n (2n-1)1 - n-
N o=M(o#l 1) (2n-2)11! " (2n-4)133 D7=

5y S 1 (2n-1

B ol 9D 500 £ LR

)an'hu (-1)

*oooot(=1)

n=x



RS

w'.. .

N evese I

H#idg HMg HMg

M3

Mg

8

HiMg M

M8

TABLE 12. INFINITE SERIES

l
P
T
1}
[1

- Bax® - _x2
2 12

TBam* _ Tx*
g4 720

_ 31BgmS _ _ 3ixe
720 30240

_127B,7® _ _ 127°
40320 1,209,600

_ Bymri(esktog)
(2k)!

110



I eeee i

' ecece I

HMdg

B8 HIMg HDMS

H Mg

H Mg HM§g HIMg Mg

Hidg

TABLE 12. INFINITE SERIES CONT'D

o
1
b 00w Sy O % TEIL
1 = OBgx® _ x®
(2n-1)% 4 8
D M) | o i
(2n-1)* 48 96

T SO o
{8n-1)® = 160 960

sl = 17Bgn® _ 17x°
(2n-1)® 2688 161,280

_1  _ Bem=f(e=ky)
(2n-1)=k 2(2k)!
A ® i

o o B XD
(2n)*= 4 24

= Bgx* _ x*

(2n)* 48 1440

Lo f O RS o X8
(2n)® ~ 1440 60480

s RO - i

(2n)® 80640 2,419,200

1 _ Brek [2.2%k-1- pak 4 ]
(2n) =k 2(2k)1

111



TABLE 12. INFINITE SERIES CONT'D

vIoa gl

i (2n)’k
n ;
: > "'1 . BI'K‘ = - T_t:
< § 2n)*= 8. 48
R et e
1 (2n)* 384 11520
s gL=1)" _ siBge _ _ 3ixe
. (2n)e 4€,080 1,935,360
Pt _amee 400
- 1 (2n)® 10,321,920 309,657,600
: X [ ok
o . n Bkom - 22 "1._1-]
(k) % .(_ll_z.k = S [ |
r (2n) 2%K=19 (o)) |
n
oW ¥ i:ll—-E~
f (2n_1)z +1
g ) R
1 .(__.)__. = - 2t . T —
% (en-1) 4 4 (1=0)
2 z .é.:l.)__r. = - 5'“: R -
xy (2n-1)° 52 32 L)
- i n
SZ‘S—L)——-z__z.Eﬂs_z-_sﬁ_ (k=2)
1 (2n-1)% 1536 1536
4 3 LT RS = - 8IX7 _ (y=3)
. 1 (2n-1)7 184,320 184,320
.‘ @ L n zk-l-.l.
(k)z ‘—ll_.____.: - EKK

1 (2n—1)”k+* 2§k+2(2k)!

112



4.

TABLES OF INTEGRALS

j xkcosnxd_x

113



Oa.
ob.
la.
1b.

2a.

2b'

da.

3b.

4a.,

4b.

Sa.

114

TABLES OF INTEGRALS

T
TABLE 1. ]oxk co8 nx dx

R
°o. A
o
O
&
B
&
Il

0

o
f cos nx dx = T,
4]

co8 nx dx

coOS nx éx

cos nx 4dx

cO0s nx dx

cOosS nx dx

¢c0sS nx dx

e R
T

e

1]

when n

=0

-2/n*, when n 1is odd

0O, when n is even

-2r

s, when n

=0

n?, when n is odd

+2

n®, when n is even

5— s Wwhen n

12
+ Hz,

0

]|

when n is odd

e’ when n is even

e dad
né
+3m

s When n

=0

-4x3 + 241, when n is odd

n=2

+4m> - 24w

n2

5

nﬁ

n’

s When n is even

%—, when n = 0

- 4 2

5;: + 63E - gﬁg, when n is odd
+51* - 60T when n is even

ng nﬁ



6a.

6b.

Te.

8a.

8b.

LR

' ¢08 nx dx

cos nx dx

cos nx 4x

co0s nx dx

fx‘x7 co0s nx dx
0

ff x° cos nx d4dx

T
f x® cos nx dx
0

col;:\‘

6
Emmmp—

6

-67o
nﬁé

s Wwhen n

ni

4 1207

0]

720m
né

115

s when n is oda

3
*%%i - ;%%E—-+ Z%gl, when n is even

7

7o when n = 0
-7gs |, 210m* _ 25201% . 10080

n= n* ne: i

when n 1s odd

*de 2i4 A 25§2““, when n is even
%1, when n = 0

[-en7 | 336m° _ 67203 , 40320m

n* n* ns R

—

s When n

+8m7 _ 33678

+

0

when n is odd

672013 _ 40320m
ne E 'nu' ?

when n is even



-3 k-5
s TS )j_-a)sr + Blc=t) (-2 ) (ic-8 ) (lc-4
ka. foxk cos nx dx = | (-1)" 5 ns

¥ k(k-l)(k-a)(g-sj(k-4)(k-§)(k-°)gk'v RO e
: n® .

+j-1);r-_ ki, if k 1is odd

o e |
ke _xg_m_&_-m_ k(=) (k=) (k=3 ) (k- )m’™
(-1) n‘“ ne
= : k(k-l)(k-a)(k-a)(k-@)(k-S)(k-e)nk"+......,......

Py

4+ 0, when k is even.

L ]
ka1

k - -
/ox cos nx dx L—k# s When n 0

[Change signs of all odd powers of x for interval -'n:exao]

oTT



117

T
TABLE 2. f xk sin nx dx
0

g e | when n 1s odd

O, when n is even

¢ i %, when n is odd
sin nx -
-%, when n is even
[ e B
’-tﬁ- - %5, when n is odd
sin nx dx S
2
E'ﬁ—, when n is even
S ,
'g— - %, when n 1is odd
sin nx dx S
3
[ﬁ— + %%, when n is even
ol »
g_ _ 1;21'.!;__ + -1%1-58-, when n is odd
8in nx dx S
“® 2
-%1- + 1ﬁ§ , when n is even
[ 5 s
T _ 2000 L 120R hen n 15 odd
sin nx dax = = .
5: 5
_‘J,x_g__ * ..Qi_gns - 12% yhen n 1s even
§ n
- 3 o
Sinnxax:”r‘i—-%b+36n -%—%—Q, when n 1is odd
6 b ’
i :-5%— - %, when n is even



: 4

esccsecnes (O

T
. foxV sin nx dx
7
. fox° sin nx dx

fx sin nx dx

Il

: i
n

B
n

+ 0,

fetL

|

5
il%_ "%%'d - 591;%91, when n is odd

"':'1— + A?.:!L —M— —-4—Qn, when n is even

] L] =
- §%i + lﬁ-f‘;gL = 20;‘3 + 80 40, when n is odd

n9

4
S6mS _ 1680m_ 1 == 20160rr s, when n is even

n3 n%
- . 3
* , k(k-1)x" "7~ k(1) (-2) (k-3)x
n n% n®
’ el
kk-l k"'2 k"5 k-4 k"5 k ® 008 00 09 0 s 080

n7
when k 1is odd.
- -l
- mk |, k=07 | k(ee1) (k-2) (e-3)r"
n nd n

TN |
+kk—1 k"'z k“3 k-4 k"5 00 e s e sevese
n?
k
+(-1)§ok

!, when k is even
k+1

[Change signs of all even powers of x for interval - n«x<0]

81T



Oa.

Ob.

la.

1b.

2a.

2b.

da.

3b.

4a.

4b.

cos

cos

cos

cos

cos

cos

' cOSs

cos

cos

" COs

119

X
=
TABLE 3. faxk cos nx dx

k5
1

&
i

&
I

&
I

&
I

&
1}

&
I

&
|

¥
(-1)8— . ;11-, when n is odd

0, when n 1is even

%, when n = 0

(-1)-%—1- ” }-!1-, when n is odd

n
% (-1)%® -1 , when n is even

L o
=2
g—, when n = 0
_pya=t 5
(-1)% {E-:—l 12—1—%, when n is odd

n
%z(-l)z, when n is even

7[5
YL when n = 0

[ (-5 - =
2% |8n n3/, when n is odd

& n
[(%1;“ %a‘)("l)g + -g—g,], when n is even

2

4

‘gz,whenn=0

B o 7 = 2 =
(-1)8— [11:'55 - %-5- + i—g}, when n is odd

- n
[ﬁz- gﬁ (-1)2, when n is even
2n n

— 3

5
%@-, when n =0



Sa.

5b.

6a.

6b.

7a.

8a.

8b.

' cos

cos

- COS8

cos

cos

cos

cos

cos

1]

2n
5m* _ 15w2, 120
l:(16n2 n* * "ne

8
38

L‘i-, when n = 0.

—

-y : ; 2
(-1)8— ['5—6- - A8RE , SOxT _ 720] , when n 1is odd.

64n 8nS

16n= n*

[5«8 _ 1573 , 360r
né

%%5’ when n = 0.

nS

n-l [g? 2175 . 105¢3
(-1)% [12811 S 16t "

n?7

n
(-1)2, when n is even

2-5%%&], when n 1is odd.

(7t _ 1051 . 6302 5040 2 . 5040
T - 1981 4 630 5020 ()% 4

64n= 8n*%

3%4—8_’ when n = 0.

e agiet {ogie . o TR 1055‘ E
(-1)%5 l:zsen 8n3 < n

7 8 >
['_7; 2imS _ 840m> _ 20:15»011:

16n® ~ 2n%*

9 s When n = 0
4608

n

——nb-]’ when n 1s even.

n
(-1)%, when n is even

¢

5‘%%: + 4——0%%-9], when n 1s odd.

08Tt



gt b e (k-1) (1/2)57° | k(k-1) (k-2) (k-3) (x/2)5""
ka. ‘foxk cos nx dx = e :

- k(k=-1)(k-2)(k=-3)(k-4) (k-
n7?

+‘...0.0...

g 4+ 0, when n is odd. (Sine Series).

—

P zc_(%z_ff__ - o) (o) (x/p) | te(iend) (ie-2) b(k-suk-tzx%)k'ﬁ

(k-1 ) (ke-2) (c-3) (k=4 ) (&-5) (k=6) (/2) 5 #0vsre.

i

L— /v\f
k4
+ ( 1)kf1 . k!, when k is odd; + 0, when k is even.
n
L When n 1s even. (Cosine Series).
14 £ K+t
k - |(r/2 =

127
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% x
TABLE 4. [ x* sin nx dx

—

0, when n is odd

sin nx dx = 1 n
o 5 [F-l)! - 1}', when n is even
= ]
n . -152, when n is odd
8in nx dx =
£ n
" (-1)%, when n is even
7 . &
(-1) ® . n®, when n is odd
sX® sin nx 4x =
-(33 -2 )(-1)% - %3 when n is even
4n nd ’ .
= n-t 532 _6_ -
(-1) % (4n® - n*), when n is ocld_1
gin nx dx =
s n
-‘%; - %%)‘-1)2, when n is even
—. Qi s 2 Sl
(-1) = (%55 - l%%—, when n is odd
sin nx dax =

)

|

=]

: 2 o4 2 24
(IS - 2 4 22)(-1)% 4 —%, when n
J: i o g even |
i B2 spe 1 120 §
(-1) (&= - lorZ

2 s ===), when n
sin nx dx = ién = e is odd
5 s g 2
- (= - §Eg + -Q§)(-1)5, when n
ks oen. AR is even |
W (1)2(%;— Lon= , 599%), when n
sin nx =

is odd
15r* 729 72
[(64n - S B I —n%’

when n is even




sin nx 4dx

sin nx d4dx

sin nx dx

T g
(-1) 7 (o - 1057% , 63017 _ 5020), 4¢ n 15 oad

17 2imw® | 105r3 _ 2520% n
N -t e )(-1)%, if n is even

5

= y .
(-1)B (5 . - B , 8407 _ 20180), 4r n 15 oad
ﬁ‘ . ﬁ 4 2
_{}(zssn'gna + lQﬁ}_ = QQﬁgz— » 40399)(-1)‘ 4 égg%é], if n is even
n-!

M
7

-k(k—i)(k—z)(k-s)gk—4)(k—5)(k-6)(n/é) S TR O e
M

+ 0, when n is odd.
(12 - @F ol N :
P k(k-1)(2) _ (k- k-2 - 2
n° n®

n

| k-8
. k(k-1)(k-2)(k-3)(k-4)(k—5)§%) Ty e e

L n"]
~ (-1)% . ki
& s 1f k 1s even; + 0, if k 18 odd.

When n is even.

(-0 [ete/e)e k(k-1) (k-2) (1/2)°"% 1(k-1) (k-2) (k-5) (k-2)8)
n2 me

e3aT



Qa. jfm cos
Ob. [fﬁ cos
21

la. fo« X cos

ib. fozth cos

2a. fzmx“cos
(1]

T
2b: X=2cos

0

2
3a. /o x5cos

3b. f?‘xﬂcos

2

4a. f; X*cos
21

4b. fo x*cos

2
.6a. fo x5cos

2m
5b. fo x5cos

21
6a., /0 x6cos

: 21
6b. / x8cos
0

&
1}

&
H

&
il

&

&
i

&
I

&
n

&
]

'gg-ﬁ-, when n = 0.

80m* 2401=

:%_wg, when n = 0.,

19235 _ 960m> . 1440x
n n* ns

7
= -]-'-2—%—, when n = 0,

 §

124



125
d * 2
Ta. /0 X7 cos nx dx = é&%%i - éﬁﬁgm“ * looﬁg

1[ "
b, /% X7 cos nx dx = 52K3, when n = 0.
°~

7 8 3
8a. jg x® cos nx dx = 19%%3_ - 19%221_ - §§%§Q&_ - §Q%§Q&
> 5121 °®
8b. 6 x® cos nx dx = 9 s when n = 0.
: “ - . k-3 s
k 5 k(ggg _ k(k-1) (k-2)(2r)
ka. 2 X" c08 nx dx = X ne®

k=5
k(k-1)(k-2)(k=-3) (k-4) (2

_ k(i-1) (e-2) (k-3) (k-4) (k-5) (22 ) 5% ..

S m® .
(-1)E 1
4 1= ey > when k 1s odd.
n

+ 0, if k is even.

on K+t
kb. f; xk cos nx dx = 13%%;——, when n = 0.



sin

sin

sin

sin

sin

sin

sin

sin

sin

sin

Qs
- e2n

n
- 4x2

n
- {ER ChTS].
. (lﬁﬂ.ﬁ_i&'ﬁ),

n Y
. (32X _ 160n° , 240%

ns n®

-(M-M,,,l_‘l_'iﬁmi
n n3 n°

. (l28z7 _ 1344r® | 67203 _
n n3’ nd

_(z_sﬁzi-m+z.6_&&m:-§_o.§4m£)
n nS n% n? t

(-1)"

—

" (gg)k , kte-1) (em)*°
n n®
_ k(1) (e-2) (1e-3) (2m) ™
n

126

100807 )
nv7

k_e
4 E(k-1) (k-2) (k-3) (k-4) (k-5) (2x). .

7
+ 0, if k is odd.

i 'E‘
-(—1-)—@?3—, if k is even.




Oa.
Ob.
la.

1b.

2b.
3a.
3b.

4a.

4b-'

Sa.

5b.

cos

cos

cos

cos

cos

cos

cos

" cos

cos

cos

cos

cos

&
i

&
I

&
i

&
]

&
i

0.
0, when n = 0.
(-1)" &

n=.

-
-215-, when n = 0.

0.

0,

(-1

when n = 0.

= )

s
-2—15t—-, when n = 0.,

0.

0,

when n = 0.



6a.

6b.

7a.

8a.

8b.

ka.

kb.

x6

x8

e
<

AR A;‘a A‘:Sa %A ™

!
5 ™
W

cos

cos

cos

cos

cos

cos

cos

cos

nx

nx

__g._l2 . _2%_2 3 4+ 1440x
(-1)[n_ i ieed nﬁ:l
2—",-;1, when n = 0.

0.

O, when n = 0.

(1" [L@él-—%ﬁsz +Eﬁé%-@%éﬂ]

n

e gl when n = O.

k-lw k=3 k=S |
- - kik=- - - k-
2(-1)" kr _ k(k 1Hkv22:g | (k=-1) (k 2)6{1{ 3) (k-4)x

T
_ E(k-1) (te-p) (1-3) (e=a) (ke=5) (e=6 )2~
n ® & 0 0 * 0 0000 00

when n 1s even.

=

0, when n is odd.
2 k41
—E;—l— , when n = 0, and k is even.

O, when n = 0, and k 1s odd.

83T



y ATy

T

A

T AT

A

A

T

1

Rty T P O P

AT

sin

sin

sin

sin

sin

sin

sin

sin

sin

129

TABLE 8. A gin nx dx
-1
nxdx=0.-_,
nx dx = (-l)n[-%ﬂ |:=0whenn=0]
nx dx = 0.
& o foani LT 10
nx dx = 0.
ix = - (-1) @2__4011:3*_2%
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