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The Fractal Structure of Surface Water Waves

near Breaking

Chapter 1

Introduction

The study of fractals and chaotic systems is a fairly recent topic in the field of
mathematics. Great mathematicians of the past: Karl Weierstrass, Georg Can-
tor, Guiseppe Peano, David Hilbert, Helge von Koch, Waclaw Sierpinski, Gaston
Julia and Felix Hausdorff to name a few, already considered ideas that are now
related to the notion of fractals. However, fractals were regarded as exceptional
objects or 'mathematical monsters’ until quite recently, see [Peit, 1992]. Despite
this early development, fractal geometry did not become popular until after the
sixties when Benoit B. Mandelbrot founded this new branch of mathematics. It
did not happen earlier partly due to philosophical reasons (people were convinced
that natural processes were smooth), and partly because technology was not suffi-
ciently advanced (the early computers were not powerful enough to carry out the

numerically intensive calculations necessary to compute fractal structures). Tech-



nological developments have made it possible to discover the beauty and fascination
of fractals.

The typical way in which we visualize a fractal is as a complex, geometrical
pattern. Despite its complexity, it is surprising that the mathematical equations
behind it are usually very simple. This phenomenon of complexity resulting from
simplicity is common throughout fractal geometry and chaos theory.

Some of the computer images of fractals resemble patterns arising in nature
and therefore encouraged the task of finding fractal images which look 'natural’.
Success in this area is another reason why fractals are so fascinating. One realized
that, for instance, ferns, trees, coast lines, clouds and mountains possess a fractal
structure.

The problem of bringing order into chaos is an age old human endeavor.
Johannes Kepler attempted to model our solar system and discovered for himself
the complexity involved in such a task.

The study of chaotic patterns is part of the field of ’strongly’ nonlinear
systems or systems far from equilibrium. In physics, one such ’strongly’ nonlinear
system is a fluid in turbulent motion. Although we might not find chaotic systems
in all problems that contain fluids in turbulent motion, the presence of it strongly
suggests that we examine the problem from the fractal perspective. In this thesis
we will consider surface water waves just before they break and show that they
exhibit a fractal structure.

The notion of fractal structure we use here is not equivalent to self-similarity



(which is used for Cantor sets, von Koch curves and Julia sets), but rather describes
roughness. A ‘rough’ surface will not be of dimension 2 as any other ‘usual’ (or
smooth) surface would be, but rather of a non-integer dimension between 2 and 3.
A sufficient condition for a set to be a fractal is for it to have a non-integer dimen-
sion. Several ways of finding the dimension of curves or areas will be described in
this paper.
The fractal objects we investigate in this thesis are surface water waves.

To describe the dynamics of waves mathematically, one begins with the basic
equations of fluid dynamics of non-viscous fluids. Very often when the behavior
of water waves is considered, the condition of surface tension is excluded. In
this thesis, while making other customary simplifications, we shall include the
condition of surface tension. Under the boundary conditions of free surfaces, we
shall reach a differential equation that represents the dynamics of breaking surface
water waves. In order to analyze this equation, we will break it up into multiple
cases according to different physical conditions. Then with the sine curve as the
initial condition, we shall show that the solutions for some of these cases develop
into highly irregular, non-differentiable curves. The fractal dimension of these
curves leads to the conclusion that, under certain conditions, surface water waves
possess a fractal surface structure.
The present thesis is divided in four parts:

1. Chapter 2 describes the basic notions and mathematical descriptions of water

waves.



2. Chapter 3 presents the basic ideas and definitions of fractals, along with a
discussion of several well-known fractals that promote understanding of the
notion ’fractal’. Furthermore, we introduce several ways of determining the

fractal dimension of a set.

3. The results of Chapter 2 are analyzed in Chapter 4 under different conditions.
We shall obtain several equations which will be solved either analytically or
numerically and are then simulated. Two of these cases possess a rough

surface.

4. In the last part, one of these rough surfaces will be determined to be fractal

by using the methods introduced in chapter 3 of finding the fractal dimension.



Chapter 2

Waves

There exist two principle ways to describe continuum processes. One uses the
Lagrangian, the other one the Eulerian approach. Lagrange’s method is based on
four independent variables, which are time ¢ and the spatial variables zg, yo, zo of
a particle in a reference position, e.g. position at time ¢t = 0. The position as well
as the pressure and density at time ¢ are described using the paths of individual
fluid particles in reference to the position g, yo and zo. This method is useful if
one wants to study the characteristic properties of solid bodies. In Euler’s method,
the four independent variables are time ¢ and the spatial coordinates z,y, 2. One
uses the velocity (and acceleration) field in the region occupied by a fluid at a
given moment, to describe the velocity v, pressure p and density p, which will then
be functions of z,y,z and ¢t. In our case, the Eulerian approach is much more
applicable.

For notational convenience, we shall write a variable z = (21, x2, z3), if it is clear

from the context that we talk about three dimensions.




2.1 Conservation of Mass

The mass m of a fluid that occupies a volume V is given by the formula

m = /Vg dz, (2.1)

where ¢ = p(z,t), p > 0 is the density of the fluid.
The principle of conservation of mass states:
The mass of a fluid in a material volume V does not change as V moves

with the fluid,

or alternatively:

The rate of change of mass in a fixed volume V is equal to the mass flux
through its surface,

which is expressed by the following equation:

—d%/vgda::—/sg(v-n)dS.

Using the divergence theorem, we get:

/V o; dox = ——/Vdiv(gv)dm
/V [o: + div(pv)]dz = 0.

Since V is arbitrary,

0: + div(gv) = 0. (2.2)




2.2 Navier-Stokes’ Equations

The totality of the forces that act on a fluid are pressure, gravity and friction. We
get the equation:

oa = —Vp— g9 + pAv, (2.3)

where p is pressure, g is the acceleration of gravity, ¢ is density, p is viscosity and
a is acceleration.
To get an explicit formula for the acceleration a, we first calculate the coordinates

of a:

_d
T dt

a

dv; % Ovidr  Ovidy  Ovidz

i 5t " Bwdi | Dydt | Bzdi
Bvi 81)1' 6’0{ 8v,~

= 5;+a—wv1+a—yv2+azv3
81;,-
= 5 + (vV);
_dv_ Ov _Ov lv|?
=a dt—5—5+(vV)v—E+V2 + rotv X v. (2.4)

Inserting this in equation (2.3), we get the important Navier-Stokes’ equations

in the form:

Jdv

e + o(vV)v = —=Vp — pg + pAv. (2.5)

The fluid may have specific properties, which lead to further conditions:

e inviscid fluid = g = 0.

An inviscid fluid is also called an ’ideal’ fluid. The Navier-Stokes’ equations




reduce to the Euler equations:

Ov

o5 + o(vV)v = —Vp— og.

e incompressible fluid = p = const.

Equation (2.2) implies now, that
dive = 0, (2.6)
which is known as the continuity condition.

e irrotationality = rotv = 0.
An irrotational fluid is always inviscid. Equation (2.4) and equation (2.5)
imply therefore:
v |v|?
— V— = —-Vp—pg. 2.7
05 TV p—og (2.7)
The rotation of v being zero in a closed region {2 implies that there exists a function

¢ : 8 — R such that Vi = v, where ¢ is called the velocity potential. Using this

in equation (2.7), we get:

(Vo) |Vip|?
= —Vp— og.
0=, + oV 5 p— 09

Since the gravitational acceleration has only a component in the z-direction, we

note that pg = V(pgz), and hence:

0 Vol|?
V(aa—f+g| ;Pl +p+092z) =0
0 Vol?
i+9|—f|—+p+ 09z = ¢, (2.8)

Py 2



where ¢ is an arbitrary function of t.
This equation is called Bernoulli equation. ¢(¢) can be taken to equal zero, since
we can always replace ¢ by ¥ + 07! fj ¢(7)dr in calculating velocities. If we use

V¢ = v in equation (2.6), we obtain the well-known Laplace equation:

Ap = 0.

2.3 Boundary Conditions at a Free Surface

Let z = h(z,y,t) describe the surface S(t). We assume |Vh|? # 0. The surface
must satisfy several conditions: The velocity of a point (z,y, z) on the surface in

the direction of the surface normal is given by:

hy
(ho® + hy? + h.7)

T
2

A particle of fluid at the same point of the surface at that instant has a velocity
component in the direction of the surface normal given by:

uhy + vhy + wh,
(he? + hy? + h2)?

Uy =

Since S(t) is a boundary surface, there can be no transfer of matter across the

surface, which motivates the equation

_dn

O_dt

= hy + uhy + vhy + wh,.
The last equation implies the following:

whg + vhy + wh, = —h,.

o



10

In addition to the above, there are further dynamical conditions to be satisfied at a

surface. Considering a fluid with surface tension, we have to assume the following:

The effect of surface tension as one passes through the interface is to produce a

discontinuity in the normal stress proportional to the mean curvature « of the

boundary surface:

[pl = o,

(2.9)

where o is a constant. In the case of two-dimensional motion, the curvature is

given by:

_ h.’vx
T

K

2.4 Mathematical Description of a Wave

The kinetic energy of a water volume is described by the following integral:

1
Eiin = = Vol|idz,
k 29 V(t)| @l dz

(2.10)

where ¢ is the velocity potential introduced in section 2.2 for an irrotational fluid.

Taking the derivative of equation (2.10), we find:

d d (1 9
L lkin — 15 d
dt Ei dt (2 140) Vel x)

1 dp
- VoVo,d —/ Vo225,
Q/;/(t) PV P m+29 S(t)| #l on

The first integral in (2.11) can be transformed using Green’s identity:

Jw

u—.
s On

/qu—}—/ VuVw =
14 14

(2.11)
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Therefore, we obtain:

d e 1 Oy
L Bpin = — Apd / 248 4 = / 27245,
dt " Q/I;'(t)(tOt par + e S(t) P on 5+ 2? 5(t) Vel on

Since water can be assumed to be irrotational and incompressible, Ap = 0 and we

obtain:

d 1 e
2 By = 1 2) 9% 4s. .
=B Q/S(t) (got+2|w| ~2as (2.12)

The Bernoulli equation (2.8) and equation (2.12) imply therefore:

d 1 Oy
2 Bin = - 2) 7e .
dr* Q/S(t) (Sot t 2|ch! ands (2.13)
Dy
= — h) —-dS. 2.14
S(t)(p+@g )an (2.14)

The above equation is true for the surface of any volume element, so it is also true
for the water surface. At the interface of water and air, the pressure p becomes the
pressure difference [p] of water pressure p,, and air pressure p,. The air pressure
is approximately zero. Therefore [p] = p,. At the water surface, we have the
equality of water pressure and surface tension. Combining the equation for surface

tension (2.9) and equation (2.14), we get:

d dy
— b, = — —dS. 2.1
thkm /S(t) (oK — ogh) andS (2.15)

If we consider now the time derivative of the work W, we find % = F - velocity.

The velocity is the time derivative of h(z(t),t), therefore we obtain:

Ohdz _ 1+ oihe,

d
Zh(a(t),1) = he+ -

dt
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dz

where vy = fli—f. The derivative 22

is the drift in the x-direction which we set equal

to vh. Using this result, we find that the derivative of work is represented by the

following:
dw .
o = F - velocity
= F(hi+ vhhy)
I
= A hh;) —dS. 2.16
/S(t) (he + vhhe) on (2.16)

Conservation of energy implies that the time derivatives of the kinetic energy and

the work have to be equal:

Oy Oy
— ogh) Z2ds = hhy) 22ds. 2.1
/S o (o= eoh) GrdS = [ X (ht vhhy) EdS (2.17)

This equality holds for every surface, therefore we have to have equality of the

coefficients of g—i and obtain:
ok — ggh = X (hy + vhh).
Division by A gives us the general equation:
he + vhh, = o1k — p1gh,
which alters in two dimensions to:

hi + vhh, = oy — 01gh. (2.18)

hl‘l‘
(L+ h2)7
In order to give a mathematical description of a wave, we used a plausibility argu-
ment. The rigorous derivation of equation (2.18) is a statistical argument at a mi-

croscopic level which is then averaged. One can find discussions of the strict deriva-

tions in [Krug, 1991], [Baus, 1981], [Wall, 1979], [Kawa, 1982-1], [Kawa, 1982-2],
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(Buff, 1965] and [Dieh, 1980]. Our derivation was not given at a microscopic level,
rather at a macroscopic, to promote understanding and give a motivation why the

equation is true.



Chapter 3

Fractals

The word fractal was first introduced by Benoit B. Mandelbrot in his fundamental
essay: Fractals and turbulence: attractors and dispersion [Mand, 1977a]. It is
derived from the Latin ’fractus’ (meaning ’broken’) to describe objects that were
too irregular to fit into a traditional geometric setting. Since then many different
definitions of fractals have been used. The characteristic properties of fractals we
are considering are the following.

Properties: Let the set F be a fractal. Then
e I has a fine structure, i.e. detail on arbitrarily small scales.

e I' is too irregular to be described in traditional geometrical language, both
locally and globally, i.e. near each of its points are a large number of other

points, separated by gaps of varying length.

e Many fractals have some degree of self-similarity, either approximate or sta-

tistical.
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o Classical geometry or calculus cannot be used to describe fractals, so one has
to find alternative techniques. One of these techniques is to find the fractal
dimension, which can be defined in several different ways, as one can see in

section 3.2.

o Usually the fractal dimension of F (defined in some way) is greater than its
topological dimension. This means that the size of I is not quantified by the

usual measures, such as length.

e In most cases of interest, F is defined in a recursive manner, although it has

an intricate detailed structure.

We will now focus on the construction of some examples of fractal sets and prove

for some of them why they are considered to be a fractal set.

3.1 Examples of Fractals

3.1.1 The Cantor Set

The most important ’early’ fractal is the Cantor set, which is also known as
the Cantor dust, the Cantor space or the Cantor discontinuum. Georg Cantor
(1845-1918), a German mathematician at the University of Halle, first published
his set in 1883. The set is visually less appealing than most other fractal sets, and
being so peculiar and pathological, it is taken for granted that it cannot be used

for any immediate natural interpretation. The basic middle third Cantor set is the
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Figure 1. Initial steps of the construction of the Cantor set.

infinite number of points in [0,1], which have a base-3 expansion z = 3~ a;377 with

a; = 0 or 2 for all 5. Therefore the set contains the following numbers:

0, 1, 1/3, 2/3, 1/9, 2/9, 7/9, 8/9, ...

The classical construction that makes it easier to imagine the set is shown in
figure 1. We start with the interval [0, 1] and take away the open (middle third)
interval (1/3, 2/3). The next step will take away the middle third of the two
remaining closed intervals. In the following step we remove the middle thirds
of the now four remaining intervals. The Cantor set is the set of points that
remains after doing the procedure of removing the middle third infinitely often.
The endpoints of all the closed intervals that appear throughout the construction

are elements of the Cantor set.
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3.1.2 The Von-Koch Curve

Helge von Koch, a Swedish mathematician, introduced in 1904 what is now called

the von-Koch curve. The geometric construction can be seen in figures 2, 3, 4 and 5.

Figure 2. First step of the construction of the von-Koch curve.

/\

Figure 3. Second step of the construction of the von-Koch curve.

As with the Cantor set, the von-Koch curve is also constructed recursively. We
start with a straight line, partition it into three equal parts, then replace the middle
part by an equilateral triangle and take away its base. The von-Koch curve is the
curve that is obtained after doing this construction step infinitely often. The curve
is everywhere continuous, but nowhere differentiable. It contains no straight lines

or segments which are smooth. The complexity of the curve reminds much more of



Figure 4. Third step of the construction of the von-Koch curve.

Figure 5. Seventh step of the construction of the von-Koch curve.

18
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Figure 6. The snowflake curve obtained from three von-Koch curves.

the complexity one would see in a natural coastline, folds within folds within folds.
Fitting together three suitably rotated copies of the von-Koch curve produces the

so-called snowflake curve or the Koch island, which is shown in figure 6.

3.1.3 Julia and Mandelbrot Sets

Much of the theory of Julia sets was developed at the beginning of the twentieth
century by the French mathematician Gaston Julia. Since, in this time, he did not
have the tools of modern technology, his results did not seem and especially look
as impressive as they do today, when the sets are made visible with the help of
a computer. Benoit B. Mandelbrot, a Polish mathematician, made the Julia sets
popular again. Today his work has become one of the most fascinating areas in
mathematics.

As with many fractals, Julia sets are derived from a simple process, that very
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often leads to highly intricate sets. Consider functions f : C — C, where f is a

polynomial of degree n > 2 with complex coefficients:
f(2) = ap + a1z + az2® + ... + az 2"
Let f* be the k-fold composition fo fo...o f.
Definition 1
The escape set is defined to be the set of all points z, for which f*(z) is unbounded
(— o0) as k approaches infinity.
The prisoner set contains all points z that are not in the escape set.

The Julia set J is the boundary between the sets of points which iterate to 0 and
those which iterate to oo, i.e. the boundary between the escape and the prisoner

set.

The Julia set is non-empty, compact and usually of fractal structure.
The most often used family of functions, when dealing with Julia sets, are the
quadratic ones:
fo(2) =22 +c,
which are usually used in the following iterative form:

2
Zny1=2zn-+c, n=0,1,2,...

In order to determine in an experiment whether a specific z, approaches infinity,
we need a boundary value r that allows us to conclude: |z,| > r implies that z is

an element of the escape set.
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Definition 2 The value r(c) = max{|c|,2} is called the threshold radius.

Lemma 3.1 If z; ezceeds r(c) in absolute value, then the iteration process for

z — 2%+ ¢ escapes to infinity.

Proof: Let ¢ be a fixed parameter, so r(c) = max{|c|,2}. Now assume |z| > |c|
and |z| > 2. There exists a small positive number € > 0 such that |z| = 2 + €.

Using the triangle inequality for complex numbers, we get:
22| = |22 +c—c| < |22+ | + .
This equation implies now:

2%+ > |2 =]

= (l| =1l
= (1 + €)|Z|1
50 |2n41] = |22 + ¢| > (1 +¢€)|2a]. Therefore, after one iteration the absolute value

will increase at least by (1 +¢€), after k iterations, it will have increased by at least

(1 + ¢)*. Hence the absolute values tend to infinity. ]
In figure 7, we show the Julia set for a quadratic function.

Definition 3 The Mandelbrot set M is the set of parameters ¢ for which the

Julia set of f. is connected:

M = {ce C: J(f.) is connected}

-



Figure 7. The Julia set
A fact that makes it easier to determine whether a point ¢ belongs to the Mandel-
brot set is the following:
Fact: The prisoner set P, is connected if and only if the critical orbit 0 — ¢ —
c* + ¢ — ... is bounded.
A more detailed discussion about this fact can be found in [Peit, 1992]. The above

fact allows us to give an alternative definition of the Mandelbrot set.

Definition 4 (alternative) The Mandelbrot set M is the set of ¢ for which

0—=c—c2+c— ... remains bounded:
M={ceC:0—c—c*+c— .. remains bounded }

The Mandelbrot set itself is connected. In figure 8, we show one of the most

popular representations of the Mandelbrot set.
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Figure 8. The Mandelbrot set

3.1.4 Strange Attractors

In the discussion of chaos in dynamical systems of two or more dimensions, we find
that the notion of strange attractors is of importance. Strange attractors occur in
dissipative dynamical systems, i.e. systems with some sort of friction. Until re-
cently, scientists believed that the long term behavior of dissipative systems would
always run into simple patterns of motion such as a rest point or a limit cycle.
But scientists discovered that the long term behavior sometimes moves randomly,
but always remains close to a certain set - the attractor. If this set has a fractal
structure, we call it fractal attractor or strange attractor.

We will now introduce several attractors. The first example is the Hénon attrac-

tor, for which we use a ’stretching and folding’ transformation - the Hénon map
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Figure 9. The Hénon attractor for a = 1.4 and b = 0.3.
f: R? - RZ

f(z,y) = (y + 1 — az’,bz),

where @ and b are constants. Hénon used the values ¢ = 1.4 and b = 0.3,
[Heno, 1976]. For these values, we show the Hénon attractor in figure 9. Numerical
estimates give a box dimension of about 1.26, see section 3.2.2 and [Falc, 1990].

The second example is the Lorenz attractor. Lorenz tried to describe thermal con-
vection. His model does not only describe the motion of some viscous fluid, but
also contains information about the distribution of heat. When fluid is heated
from below, it rises. Once it reaches the surface, it cools and sinks. This result
can be modeled with parallel rotating cylindrical rolls. Lorenz used the continuity
equation, the Navier-Stokes equation from fluid dynamics and the heat conduction

equation to come up with a description of one of these rolls. After approximating

-
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and simplifying, he stated what are now known as the Lorenz equations:

dz

a oy — )
dy  _ _
il T —Yy — T2
d

;l::— = zy — bz,

where the variables and constants represent the following:

I

the rate of rotation of the cylinder,

the difference in temperature at opposite sides of the cylinder,
the deviation from a linear vertical temperature gradient,

the Prandtl number,

a control parameter representing the fixed temperature difference
between the bottom and the top of the system,

a constant depending on the width-to-height ratio of the layer.

Figure 10 shows a Lorenz attractor.

3.2 Dimensions

One of the most important tools, so far, to determine whether or not a set has a

fractal structure, is its dimension. There are many different definitions of dimen-

sion which will give varying results, but they all contain information about the

geometric properties of a set and they provide us with a description of how much

space is filled by a set. Not all of these definitions are generally applicable.




Figure 10. The Lorenz attractor.



27

3.2.1 Hausdorff Dimension

The notion of Hausdorff dimension is the most important concept in defining di-
mensions in a fractal setting. Mandelbrot defined a fractal as a set whose Hausdorff
dimension is strictly greater than its topological dimension. The topological di-
mension of a set is always an integer and is 0 if it is totally disconnected, 1 if each
point has arbitrarily small neighborhoods with boundary of dimension 0, and so
on. The Hausdorff dimension has the advantage of being defined for any set and is
mathematically convenient since it provides us with a measure-theoretic approach
to the problem of finding the dimension of curves and surfaces. Let us have a closer

look at this dimension.

Definition 5 In a metric space (X, p), the distance p from a point to a set and
the distance between two sets are defined as follows: Let x € X and let E,F C X,

then:
p(z, E) = inf {p(z,y) : y € E},

p(E,F) = inf {p(z,y): z € E,y € F}.

Definition 6 The diameter of U, U C R" (U #0) is defined to be:

diam U = sup {p(z,y) : z,y € U}.

Definition 7 Let {U;} be a countable (or finite) collection of sets of diameter at
most § that cover F, i.e. F C U2, U; with 0 < diam U; < 6, for all i. Then {U;}

s a 6-cover of F.
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Suppose (R", p) is a metric space, s > 0 and § > 0. Since we are interested in

measures of Borel sets, we let F' be a Borel set. If FF C R", let

Hi(F) = inf {i(diam U;)? : {U;} is a é-cover of F} (3.1)

i=1
with the convention that the infimum of an empty set of real numbers is infinite.
Thus, we look at all covers of F' by sets of diameters at most é and seek to minimize
the sum of the s** powers of the diameters. As § decreases, the infimum is taken
over a smaller family of coverings of F', so that H3(F') increases, and so approaches

a limit as § — 0. The quantity
H(F) = %ir%Hg(F) (3.2)

is called the s-dimensional Hausdorff measure of F'. Hausdorff measures gen-
eralize the familiar notions of length, area and volume.

For subsets of R", n-dimensional Hausdorff measure is, up to a constant multiple,
just n-dimensional Lebesgue measure, see e.g. [Foll, 1984].

If F is a Borel subset of R™, then H"(F) = ¢,m,(F'), where m,,(F') is the Lebesgue
measure of F' and ¢, = 7% /I'(2 + 1) is the volume of an n-dimensional ball of ra-
dius 1. For specific n’s we get the following:

If F' is a finite number of points:

0: HO(F) = ¢ vol®(F) = vol’(F) = number of points of F.

n

If F is a smooth curve:

1:HF) = ¢, vol'(F) = 2 vol'(F) = length of F'.

n

If I is a smooth surface:
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n=2:H*(F)=c; vol*(F) = 7 area(F).

If F is a 3-dimensional volume:

n

3: H3(F) = c3 vol’(F) = % volume(F).

Equation (3.1) implies that H§(F') is non-increasing in s for all F' and for all 6 less
than 1. This statement together with equation (3.2) implies that H*(F) is also

non-increasing. If ¢t > s and {U;} is a é-cover of F', we have:

diam U; < ¢
(diam U;)~* < §'°

(diam U;)! < (diam U;)°6"°

Y (diam U;)" < 67 (diam U;)°

1=1 =1

inf ) (diam U;)' < & *inf ) _(diam U;)®

=1 =1

HU(F) < 6*H3(F).
Let 6 — 0. If H*(F) < oo , then H!(F) = 0 for t > s. Thus a graph of H*(F)
versus s shows that there is a critical value of s at which H*(F) jumps from

oo to 0, as one can see in figure 11. This value is called Hausdorff dimension of

F, denoted by:

dimpy (F) = inf{s: H*(F) = 0} = sup{s : H*(F) = o0},
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A
o0
] s
Figure 11. An illustration of the Hausdorft dimension.
so that
( 00 if s < dimgy(F)
H(F)=1q 0 if s > dimg (F)
c if s = dimg(F'), where 0 < ¢ < co.

Simple example: Let F' be a ball with radius 1 in R*. Then:

HYF) = 2length(F) = oo,
H*(F) = = area(F) = oo,
3 4r
H(F) = 5 volume(F') < oo,
HYF) = ¢4 vol*(F)=0.
Therefore, dimy(F') = 3 with H*(F) = oo if s < 3 and H*(F) =0if s > 3.
In the next example, we will show how one finds the dimension of the Cantor set

using the Hausdorff dimension.
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Example: Let F' be the middle third Cantor set, introduced in section 3.1.1. If
= %?—)g% =.6309, then dimy(F) = s and 1/2 < H*(F) < 1.

Proof: Recall that after the k** construction step, the set Ej is a collection of

2F intervals of length 37%. If we let k go to infinity, we obtain the Cantor set F,

le. F'=limg_ Ey.

Let {U;} be the covering of F' consisting of the 2* intervals of length 37*. Since

§ = 37F and (diam U;) = |U;|, we can write:

Hy(F) = inf{d (diam U;)* : {U;} is a 6-cover of F'}

i=1
s(F) < Y (U
=1
Sk(F) < 2Fghs,

Using the assumption s = izgg, we find:

H3-x(F) < 1.
Letting ¢ go to zero, we obtain:

H(F) = lim Hy(F) = lim H3-(F) < 1.

5—0

Now, to prove that H*(F') > 1/2, it suffices to show that

MUy >1/2=3"¢ (3.3)

2

for any cover cover {U;} of F.
We assume, without loss of generality, that the {U;} are intervals, and by expand-

ing them slightly, we need only verify (3.3) if {U;} is a finite collection of closed
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subintervals in [0, 1].

For each U;, we will choose k to be the integer such that
3-(+) < U] < 37%, (3.4)

Therefore, U; can intersect at most one of the intervals that determine Ej (since
they are separated by a distance of at least 37%). If j > k, then by construction,
U; intersects at most 2% = 293=2F < 293°|U;|* of the intervals, using (3.4). If we
choose j large enough, so that 3=U+1) < |U;|, for all U;, then {U;} intersects all
27 intervals of length 377. Counting the intervals gives 2/ < 37, 273%|U;|*, which
reduces to (3.3). We have shown that 1/2 < H*(F) < 1,if s = %ﬁ%- This implies
that for s < i—f;g%, HE(F) = oo and for s > %32%’ H:(F) = 0. Thus dimgyg(F) = }fg%,

which is non-integer and therefore fractal. [

3.2.2 Box Counting Dimension

The box-counting dimension is one of the most widely used dimensions, since it is
easily applicable. Other names for the box-counting dimension are 'Kolmogorov
entropy’, ’entropy dimension’, ’capacity dimension’, ‘'metric dimension’, "logarith-

mic density’ and ’information dimension’.

Definition 8 Let F' be any nonempty bounded subset of R", then the lower and

upper box-counting dimension of F', respectively, are defined as:

: . log No(F)
dimp(F) = harfl_{gfj@(s_’
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dimp(F) = lim sup lo_gw-
§—0 _10g6

If these are equal, then the common value is called the box-counting dimension
of F':

, . log Ns(F)
dimp(F) = g5

b

where Ns(F) is any of the following:

the smallest number of closed balls of radius é§ that cover F';

the smallest number of cubes of side § that cover F;

the number of §-mesh cubes that intersect F';

the smallest number of sets of diameter at most é that cover F';
the largest number of disjoint balls of radius & with centers in F'.

In practice one adopts the definition most convenient for a particular application.
An equivalent definition of box-counting dimension of a rather different form can

be introduced, starting out from the following.

Definition 9 The é-parallel body Fs of F is
Fs={zeR":|z—y| < ¢ for somey € F},

i.e. the set of points within distance 6 of F'.

We consider now the rate at which the n-dimensional volume of Fj shrinks as 6 — 0.

If F is a single point in R®, then the *ball-like’ volume of F equals vol(Fs) = 76>
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If F is a segment of length [ in R3, then the ’sausage-like’ volume of Fs equals
vol(Fs) = 7wl If F is a flat set of area a in R3, then the volume of Fj equals
vol(Fs) ~ 2a6. In each case, we get vol(Fs) ~ ¢67°, where s is the dimension of

F and ¢ a constant.

Definition 10 Let F' be a subset of R™. If for some s, 6 "vol"(Fs) tends to a
positive finite limit as § — 0, we define F as s-dimensional and the limiting value

as the s-dimensional content of F'.

The s-dimensional content has a restricted usage. Since it is not a measure, it is

not necessarily additive on disjoint sets.

3.2.3 Similarity Dimension

The property of self-similarity or scaling, as exemplified by the von-Koch curve,
the Cantor set, the Mandelbrot set, etc. is one of the central concepts of fractional
geometry. An object normally considered as one-dimensional can be divided into
N identical parts, each of which is scaled down by the ratio r = % Similarly, a
two dimensional object such as a square area in a plane can be divided into N
self-similar parts, each of which is scaled down by a factor r = \/—}—]—\7 So, in general,
a D-dimensional self-similar object can be divided into N smaller copies of itself,

each of which is scaled down by a factor r, where

1

g

NrP =1.

o=

1
N

r=—, N=



This now defines the fractal (similarity) dimension D:

log N
D=
log ;1;

The fractal dimension need not be an integer, which will be the most interesting

case when one talks about fractals. Fractals will not have an integer dimension.

Examples:

1. Von-Koch Curve: Any segment of the von-Koch curve is composed of 4 sub-
segments, each of which is scaled down by a factor 3 from the beginning
4

segment. Its fractal dimension is D = i‘ﬁ‘ﬁ% ~ 1.26. This non-integral dimen-

sion reflects the unusual properties of the curve.

2. Cantor Set: Any segment of the Cantor set is composed of 2 sub-segments,
each of which is scaled down by a factor  from the first segment. Its fractal

dimension is D = 982 ~ 63.
log3

The concept of fractal dimension can also be applied to statistically self-similar

objects, such as a coastline.



Chapter 4

Analysis of the Wave Equation

It was shown in the preceding chapter that the behavior of certain surface waves

is governed by the following equation:

hi + phh, = o (4.1)

__rr ohg
(ETEIE
In order to study the solutions to this partial differential equation under various
conditions, it is convenient to nondimensionalize it. Let

h=Hu, z=1L§ t=1Tr. (4.2)

Here u, ¢, 7 are dimensionless variables thought of as ’order one’ and H, L,T are
constants which give the typical dimension for the problem. Applying the trans-

formation (4.2) to (4.1), we get:

HT 'u, + pH L wug = o HL uge(1 + H L7 2u3) ™ — ggHu

U, + pHTL 'uug = oT L %uge(1 + HZL_2u§)_3/2 — ogT'u.
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Since H,L and T are typical constants, which means they are suitable to the

problem, we can choose them such that yHT L™ = 1. Then:
Uy + uve = o(pHL) Tuge(1 + H2L_2u§)_3/2 — ogL(pH) . (4.3)

Let ¢ = HL™', 6§ = o(pHL)™ = o(uel?)™! and § = pgL(pH) ™' = og(ue)~".
Applying these substitutions to (4.3), we obtain the wave equation represented in

the following form:
Uy + uue = Suge(1 + 52u§)_3/2 — nu. (4.4)

In order to solve this equation, it will be convenient to split it up into several cases,
representing certain conditions. Any of the parameters §, ¢ and 5, which constitute
physical properties, might be assumed to be small so that corresponding terms in
(4.4) can be ignored. This leads to six different cases, which we shall analyze

separately:

o Case a: 6,7 small, ¢ arbitrary = u, + uue = 0.

o Case b: ¢ small, ¢, arbitrary = u, + uug = —yu.

e Case c: ¢, small, § arbitrary = u, + uue = Sug.

e Case d: e small, 6,7 arbitrary = u, + vue = buge — nu.

e Case e: n small, €,6 arbitrary = u, + uue = duge(1 + 52u§)‘3/2.
o Case f: 6,7,¢ arbitrary => u, + uug = Suge(1 + e2u?) ™% — qu.
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Several cases look familiar (e.g. Burgers’ equation in case c¢) and we know that
the solution represents a smooth surface. Several authors, however, claim that
the solution to the wave equation is a "rough” (fractal) surface (e.g. [Stia, 1991],
[Hass, 1962], [Zakh, 1982]). Stiassnie [Stia, 1991] models the free-surface elevation,
neglecting the surface tension. He combines the linear model of Pierson and the
stochastic model of Hasselmann [Hass, 1962]. As a result, he finds an indication
of the possibility that the free surface of the ocean can become a fractal with di-
mension of about 2.3. In the one-dimensional case, the dimension would be about
1.3. In [Hass, 1962], Hasselmann uses a stochastic model to describe waves. The
energy flux in a gravity wave results from weak, non-linear couplings between the
spectral components. As the interactions are weak, it can be deduced from a
loose application of the Central Limit Theorem, that in the linear approximation
a wind-generated random sea is Gaussian. Hasselmann evaluates the energy flux,
using a perturbation method. In [Pier, 1955], it is also shown that we can model
the free-surface elevation by a multivariate Gaussian process. We shall show later
that the solution to cases (e) and (f) is indeed a non-smooth surface.

Before we continue solving each case, we shall find it convenient to state the fol-

lowing four lemmas:

Lemma 4.1

—az? 1 X r—w?(4a)-1
e~ — / g wT—w (4a) dw
)

Viar
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Proof: An excellent discussion about this proof can be found in [Guen, 1988].

Lemma 4.2

!
i < i)
/]lnTIT dr -I-l{ +1+\nt|
Proof:
Jo (=t InT)dr ift<1

1
/ |In7|r"dr =

0
(= In7)dr + ff (=" InT)dr ft>1

Using partial integration, we find:

,

[ 1nrlrear - 4‘%HHWM+ﬁﬁﬂ”T fe<
0 L I ﬁandT + 5 " nt — fl Thdr ift 21
= e A {n+1 hlt} ifz <l
ar (e {imt—gg}} ez

If we consider the fact that 2 < 2t for all ¢t > 1, we find:

¢ A Inty ift<l
/ |In7|]7"dr < n+1 {n+1 }
0

Lot L fint} ift>1

= —— " _ Int|;.
n—l—lt n-l—l—f—lnl
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Lemma 4.3 Let o(x,t) = exp(—z [5 u(y,t)dy + u(t)), where § > 0. If u € Ly,

then 0 <m < |p| < M and
Illnp| <InD or |lne|<|InDt|,
where D is a constant and t is fized.
Proof: To find the upper bound on |p|, we will consider the absolute value
[z, 1)] = [0/ 20k
Since t is fixed, N = |e*(®)|, therefore:
lo(z,)] < Nel=/@9) g ww)dl,
The exponential function is strictly increasing, therefore we obtain:

o, t)] < NeMCOE 1wl

< NIty

Since u is a function of Ly, the integral in the exponent is bounded:
lp(z, )] < M.

There exists a positive lower bound for ¢, since the exponential function is strictly
increasing:
(o) = Net/E); vt

> N~/ [5 lu(v.)ldy
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The integral in the exponent being bounded implies that the right hand side of the

equation above is strictly larger than zero. Therefore, for fixed ¢ > 0:
0<m< <M< or 0 <mt << Mt<oo.
Let In D = max{|lnm|,|1In M|} or |In Dt| = max{|Inmt|, |In Mt|}, then:

[Ine| <InD or |lng| < |lnDt|

Another helpful fact is that the fundamental solution of the heat equation is nor-

malized:

Lemma 4.4

/_O:O k(z,t)de =1,

where k(z,t) = Ti;;exp(—j—:) is the fundamental solution of the heat equation.

Proof: A proof of this lemma can be found in most probability books.

4.1 Case a: u; +uu, =0

This partial differential equation, which is the case where 6 = 0 in Burgers’

equation, can be solved using the method of characteristics:

dz . Yoy
oW lew (t) = u(z(t),1).
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Since we know that u is constant along characteristics, we can conclude that z’(t)
is also constant along the characteristic lines. Therefore the characteristics have
to be straight lines. Given the profile of the initial condition u¢(z) = u(z,0), we
shall be able to determine the shape of the characteristics. If u{(z) is not larger
than or equal to 0 for all x, then shockwaves will appear. The shock velocity will
be %(ul + u,), where u; and u, are the values of u on the left and right hand side
of the shock, respectively. Since we consider waves, the case where ugy(z) is larger
than or equal to 0 for all x will never appear. Therefore shockwaves will always
occur.

Example: Let us consider the above case of Burgers’ equation, with the initial

condition u(z,0) = sin(z):

1

o

0.6 w

0.4’—

o.2-

= °r

-0.2

-0.4

-o.6}

1

0.8l

i ) ] 2 4 3
x

Figure 12. Initial condition for u; 4- uu, =0

Since the first derivative of this initial condition is not larger than or equal to 0 for
all z, we get crossing characteristic lines, as one can see in figure 13. The crossing
characteristics indicate that a shock wave should appear. Figure 14 shows the
solution of u; + uu, = 0. As expected, an almost vertical line appears, indicating

where the shockwave would be.



-0.2
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-0.8

O.BT—
0.6f
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0.2r

Figure 13. Characteristics of u; + ut, =0

0.8 !
0.6f
041

0.2f

— T

Figure 14. Shock wave at { =1
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4.2 Case b: u; +uu, = —nu

This partial differential equation is the damped Burgers’ equation with § = 0.

Analogously to case a, we will solve it using the method of characteristics. Let

dt dz du
—=1 — =u, = (4.5)

We solve the three ordinary differential equations in (4.5), and determine the con-
stants using the initial condition u(z,0) = f(z), which we parametrize as zq¢(s) = s,
to(s) = 0 and wo(s) = f(s).

l.t=7+4+c¢

Using the initial condition (7 = 0), we find ¢ = 0. Therefore:

t=r. (4.6)
du
2. —=—

dr e
By separating variables, we find:

du = —ndr

u

u = Ce ™.

Using the initial condition, we determine ug(s) = C' = f(s). Therefore:

u= f(s)e™™. (4.7)

dx

If we substitute the result we found in (4.7) for u, we get:

= f(s)e™".

T8



Applying the method of separating variables and integrating, we find:
1 s
z=—=f(s)e”" + K
n
To find the constant K, we use the initial condition:

ts) = ~2f(s)+ K(s) =

1
= K(s) = s-l-;f(s)

Therefore,

L -nT l s)+ s )
P =~ 4 () + 5 (4.5)

The solution of u; + uu, = —nu is now represented by the following system of

equations, which contains (4.6), (4.7) and (4.8):

u = f(s)e™
1 )
r = ;f(s) (1 —e ) + s.

We can transform these three equations into:

u = f(s)e™

1 g
v o= fle){l—e P+

and graph them using the initial condition f(z) = sinz, as shown in figures 15
and 16.

Starting with the sine curve at ¢ = 0, the solution flattens out as ¢ gets larger.

-



Figure 15. Wavefort = 0tot =3

Figure 16. Wave for t = 0 tot = 10
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4.3 Case c: u; + uuy, = du,,
In this section, we will consider the standard Burgers’ equation:
U + UUy = OUyyg.

This can be written in form of a conservation law, where we have a time derivative

on one side of the equality, and a space derivative on the other side.

1

In order to solve this conservation law, we use the following substitution, suggested
in [Hopf, 1950]:
_ P _
u=~26— = —26(ln|p|)z, (4.10)
@
where § > 0.

Substituting (4.10) into (4.9), we get:

2 2
—26(lng)y; = |—262 (fﬂ —_ ﬁ) — 252%—)
(In ) ( - o2 o).

Pz
& —(lny)y = [-6—] .
( ‘P)t ( o )x

We will integrate both sides with respect to the x-variable, which leads to:

23 Pz
—— = —f— —c(t
" ” (%)
& ¢ = 8o+ c(t)p. (4.11)

After these transformations, we obtain a partial differential equation that appears

easier to solve than (4.9), especially because it reminds us of the heat equation.
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If we let ¢ = pexp [ cdt, the last term in the equation (4.11) will vanish. This

results in the heat equation:
01 = 6pa. (4.12)

We now have to solve the following restated problem:

sot - 6%01*3; == 0, —0o << OO, t > 0, (4:.13)

¢(z,0) = f(w), —o00 < = < 00,

There exist several different ways to solve the heat equation. It turns out that in
our case, the most convenient method is the one using Fourier transforms. Recall

that a sufficiently well-behaved function has a Fourier transform:

A * iw
G(w) = [ emp(a)de.
—00
The inverse Fourier transform is given by:

o(z) 1/°° €9 5 () dov. (4.14)

:2—7‘—-_00

To write the heat equation using the Fourier transform of ¢, we multiply equa-

tion (4.14) by e“*, and integrate over x from —oo to co:

/oo e“T(p; — 6pgz)dz = 0.

Assuming ., — 0 as £ — Fo00, we obtain:

o0

0 = %/_o:o e pdr +5w2/ e“Todz

—00

= @t(w’ t) + 6“)2()2((“)’ t)‘
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The problem stated in (4.14) is therefore equivalent to:

P = —6u’p, (w,0) = f(w), (4.15)

which is an ordinary differential equation, solvable using separation of variables:

do
ip = —fwidt
¥

L,a — Ce—&uzt.

To find the constant C, we use the initial condition given in (4.15):

¢ = flw)e . (4.16)

We now found a solution of the heat equation, which contains the Fourier transform
of ¢. To find a solution for our original ¢, we apply the inverse Fourier transform,

given in (4.14) to equation (4.16) and obtain the following:

1 Rl —iwr—dw
elet) =5 [ fw)er s o,

Now we have to apply (4.14) to f(w), which gives us:

oz, t) = % /_o:o g iwn—butt (/_0; ei“’yf(y)dy> dw. (4.17)

Changing the order of integration, we find:

o(z,t) = 217r /oo (/_O:o e‘iw(z_y)_5w2tdw> f(y) dy. (4.18)

Lemma 4.1 gives the solution of the 'inner’ integral and we find that the explicit
solution of the heat equation is the following:

_(e=p)?

o) = < [~ ) dy (419)
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Figure 17. Solution of u; + uty = 6Uzy

where f(y) is the initial condition.
As in the examples before, our initial condition is a sine curve. In this case the

developing surface smoothes out for large t.
4.4 Case d: u; + uu, = duyz, — Nu
In this section, we will consider the damped Burgers’ equation:

s + Uty = SUgy — NU. (4.20)

In order to solve equation (4.20), we use the same method as in case c. We will

transform parts of equation (4.20) into a conservation law. We then get:

U = OUgy — Uy — NU

1
& u = (buy— 5”2)95 — Nu. (4.21)




51
Following [Hopf, 1950], we use the substitution
u= —25% = —26(In ), (4.22)
in order to solve (4.21). Substituting (4.22) in equation (4.21), we find:

2 2
~26(In )y = —252(-‘@—&)—252&) + 2n6(In o),
(lng)us ( e )+ 20ding)

& ~(Ing)y = (——6%:—984—771ng0> .

Integrating this equality with respect to z, we get:

S LR ) .. +nlne + c(t)
® 1%
& 01~ 6prr = —nlnpe — c(t)e. (4.23)
Let
Q(z,t) = —nlnpp — c(t)p, (4.24)
then we obtain:
ot — 6pze = Q(z,1). (4.25)

We have found an equation that looks very similar to the heat equation. To solve
this partial differential equation, we will use the fundamental solution of the heat
equation:

v(y,7) = k(z —y,6(t — 7)), (4.26)
where k(z,t) = '\7‘%——;26)(1) (—%), and the property of v, that v; + év,; = 0, which

allows us to write (4.25) as:

vQ = v(p, — 690yy) + (v, + &)yy)

-
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(v)r + 6(vyyp + Vypy — VyPy — VPyy )y
= (vp)r + 6(pvy — vy )y (4.27)
Integrating both sides of equation (4.27) from — R <y < Rand 0 <7 <t —¢

results in:

R t—e R t—e
/ / vQdrdy = / wlé‘sdy+5/ (pvy — viy)|Zp dr
-RJo -R 0
R
= [ (Ko = y,60)p(yt - ¢) = k(e =y, 6t)o(v, 0))dy
t—e
+6 [ (pv, = vgy)[p dr. (4.28)
0
Assuming ¢ and ¢, satisfy the growth estimates |pl, |¢.] < 2M exp(uz?) and

using the fact that |v(z,t)| and |v,(z,t)| tend to zero as + — oo, we find that

(v, — v, )|Er approaches zero as B — oco. Therefore,
t—e
| (oo, = vi) Prdr = 0 s |B| — oo
0
and equation (4.28) can be written as:

R t—e R Rk 6 d
[ [ vQdrdy = [ ke —y,6e)ely,t— ey — [ k(z =y, 80)(y, 0)dy.

Now we let € go to zero and R go to infinity and obtain:

00 1 o0
/ / vQdrdy = lirrol k(z —y,0e)po(y,t —e)dy
—0 JO e—

—oQ

— /_o:o k(z —y,6t)p(y,0)dy. (4.29)

One of the basic properties of the fundamental solution of the heat equation, as

for example shown in [Guen, 1988] is:

wolim [ ke =y at) @)y = f(zo).

-
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This property transforms (4.29) into:

00 t o0
/_ . /0 vQdrdy = (x,e%l_rf(‘x,o) /_ . k(z —y,be)p(y,t —¢)dy
- /_ k(z —y,6t)p(y,0)dy

= o(@t)= [ k(e =y, 8)p(y, 0)dy. (4.30)

Therefore, using the definitions of v and @, given in (4.26) and (4.24),respectively,

we get:

e@t) = [ Ke—y,600(,00dy

—|—/_(: /ot k(z —y,6(t — 7)) (—nlnpe — c(t)p)drdy.  (4.31)

We now found an implicitly defined solution of equation (4.20). For this solution,

we will now prove existence and uniqueness with the following theorem.

Theorem 4.1 There exists a unique solution of

elat) = [ k(o —y,6t)e(y, 0)dy

_f_/_‘: /Ot k(z —y,6(t — 7))(—ne(y, 7) Inp(y, 7))drdy

[T [ ke = y.8( = ) —clrpl,))drdy,

where

Proof: The proof of this theorem is shown in Appendix A.
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In order to illustrate these results, let us take the initial condition u(z,0) = sinz
and graph several iterations. The graph of the first iteration ug(z,t) was shown
in the last section as figure 17. The second and third iterations (uy,uy) are shown
in figure 18 and figure 19, respectively. We did not compute further iterations
since the difference between u;(z,t) and uy(z,t) is already very small, as shown
in figure 20, which raises the expectation that uy(z,t) did already converge very

well.

Figure 18. Second iteration: ui(z,t)

In figure 19, we see that the solution smoothes out and does not lead to a

rough surface.
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Figure 19. Third iteration: us(z,1)

0.04+
0.02

Figure 20. Difference between the second and the third iteration
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4.5 Case e: u; + uty = Sug,(1 + c2u?)=3/2

We shall first transform this equation into a conservation law. It is obvious that
one can write the left hand side of the equation as u; + uu, = (u); + (%)m It can
be shown that the right hand side is equal to §(us(1 + €?u2)~'/2),. The equation

in the form of a conservation law is

a9.._90 2, 9v-1/2 _ L 2)
50 = 5 (w1 + )2 = u?). (4.32)

This cannot be solved analytically, but the following figure 21 shows a speculative

numerical solution using Fast Fourier transforms and the Runge-Kutta method.

Using numerical methods, we will transform (4.32) into an equation, where the

derivative of u with respect to ¢ is equal to a function of u:

du
= f(u). (4.33)

In order to find this function f, we will use Fourier series and Fast Fourier trans-
forms. Note that we are considering periodic initial conditions. Hence, we can

write u as a Fourier series with period L:

u(g)= Y, @, (4.34)
where p, = 2rnL™!.
To find a numerical solution, we will need the discrete form of (4.34):

IN-1
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Figure 21. Speculative solution of u; + utty = 8uge(1 + e2u2)~3/2




a8

where j = —%N,...,%N—l.

Note: IN is absent due to periodicity. Given the a,’s, the u;’s can be found
using Fast Fourier transforms, and vice versa, given the u;’s, the a,’s can be
computed with the inverse Fast Fourier transform. Therefore, we will be able to
find the coefficients of the Fourier representation of our initial condition. These

coefficients, on the other hand, will give us the derivative of u, which is:

D=
=

-1

/

w(z;) = (ipinan e,

g

N+1

n=-—

=

Set a_ iy = 0, otherwise an unwanted imaginary component is introduced. The
quantities (iuna,) are called eigenvalues of w. With this information, we found the

quantity in parenthesis on the right hand side of (4.32). Set

1
v(z) = bug(1 + e2ul)™1/2 — iuz.

To find the derivative of v with respect to x, we use the Fast Fourier transform
again in order to obtain the coefficients of the Fourier series representation of v.
As before, we can find the coefficients of the Fourier series representation of the
derivative, and using the inverse Fast Fourier transform, we will find the actual

derivative. Now, we transformed our problem into one of the form:

du
it = f(u).

This form of our original equation can be solved numerically, using the Runge
Kutta method.

Singularities in the solution to this equation develop quickly and are exacubated by
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numerical inaccuracies. Consequently the Fourier transform becomes less trustwor-
thy. The many singularities in the solution surface, however, indicate the physical
behavior of the surface tension collapsing and a wave breaking open which in turn
would enable water particles to leave the fluid body. This indicates that the sur-
face shown in figure 21 does seem to represent the physical behavior of the onset
of a breaking water surface. The onset of the roughness is being measured by the
fact that the wave is tending toward being bounded by a fractal curve. A partial
differential equation, however, may not be viewed as an appropriate tool to mathe-
matically model breaking fluid surfaces and an alternate formulation is needed. It
may be possible to introduce a suitable concept of a generalized solution to handle
the case when singularities begin to appear, but such an appropriate concept is not
clear at this time. We will therefore consider figure 21 as a speculative solution,
showing a very rough surface behavior, which is what we expected to see in at

least one of the cases of our wave equation.

4.6 Case f: u; + uu, = buy(1+ 5%%)‘3/2 —nu

This partial differential equation is the damped form of case e. Again we will not
be able to solve it analytically, but using the same methods as in case e, we will
obtain a numerical solution, which is shown in the following figure 22.

As expected, we note that the solution behaves more moderately than the one in

figure 21, but it still shows a somewhat rough surface.
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Chapter 5

Fractal Structure of Waves near their Breaking

Point

In the preceding chapter, we found that in cases e and f of the wave equation,
the wave surface starts to become very rough. In order to determine whether we
have fractal surfaces, we will consider cross-sectional cuts of the wave at certain
time steps. To measure the irregularity/roughness, we will use the box-counting
method which was discussed in section 3.2.

Recall that, if we let F' be a graph, then the box-counting dimension is defined to

be

. T logNg(F)
dims(F) = iy =

9

where Ns(F') is, in our case, the smallest number of squares of length é covering F'.
In order to find this limit, we use several grids of decreasing values of §, count the
boxes that cover F, respectively, and then fit a linear (a + b6) and an exponential
(exp(a+b6)) model to these counts in order to predict the limit (6 = 0). To justify

the use of the box-counting method, we determined the dimensions of a linear, a



quadratic and a sine curve, which should be close to 1 if the box-counting method
is valid. In the appendix, we show a table with the number of boxes covering F' for
different é’s, and the dimensions of the three different curves calculated according
to the linear model fit. The exponential model was not found to fit the data
significantly better than the linear model. Therefore the simpler (linear) model is
used for predicting the dimensions. Using the linear model, we get the following

dimensions:

e Linear curve: 1.10319 + 0.01308296 = dimg(F') ~ 1.10319,

e Quadratic curve: 1.16182 4 0.01916296 = dimp(F') ~ 1.16182,

e Sine curve: 1.14817 4 0.02150576 = dimp(F') ~ 1.14817.

The true dimension in all three cases equals 1. The reason why the box-counting
method does not achieve this value exactly is, that the measuring (counting) pro-
cess is limited by a smallest box size greater than zero, at which the human eye
cannot distinguish boxes any more. This creates a source of variation which leads
to inaccurate dimensions.

The dimension of the surface shown in figure 21 is determined by taking cross-
sectional cuts at time steps M dt, where dt 1s taken to be 0.02 and M = 0, 50, 100,
150, 200, 256. For M = 0 we get a sine curve, whose dimension is already known.
The resulting dimensions according to the other time steps mentioned above are

shown in the following table:
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M | time step | dimp(F)
0 0| 1.14817
50 1| 1.42240
100 2| 1.60361
150 3| 1.56929
200 4| 1.63834
256 5.12 | 1.64056

Table 1. Resulting dimensions for the time steps

We note that the dimensions for the curves corresponding to the surface at the
time points # 0 above are significantly higher than the dimension for time = 0.
This leads to the conclusion that these curves possess a fractal dimension in the
plane. Moreover, the surface itself has a fractal dimension in space. In contrast,
the dimension for an ocean wave and a wave in a wave tank was calculated to be

1.7 in [Gill, 1991].
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Appendix A

Existence and Uniqueness Proof of Theorem 4.1

Theorem 4.1 There exists a unique solution of

o(z,t) = /_Z k(z —y,6t)p(y,0)dy
# [ [ ko = 9,8 = 7)) (-nply. ) I ply, ) drdy

[T [ k== ) (el )l rdy,  (AD)

where

2

1
———,__47rt exp (—E)

Proof: For ease of notation, we will sometimes write k instead of k(z—y, 6(t—7)).

k(z,t) = (A.2)

The initial condition ¢(z,0) equals f(z). Set sup,|f(y)| = M. Since ¢(z,0) =
exp{—55 f u(z,0)dz} and the initial condition for u is usually either a sine or a
cosine function or a linear combination of both, we may assume that ¢(z,0) is

bounded. Also set

sup le(t)| = C. (A.3)

-
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EXISTENCE: Let us define a sequence of functions {¢(z,t)} successively by:

po(z,t) = /_O; k(z —y,68t)f(y)dy (A.4)
p1(z,t) = wolz,t)

t /_o; /Ot k(z — y,8(t — 7))(—neo(y, T) In go(y, 7))drdy

s [T [ b =800 = ) (el)goly,7)drdy (A5
e2(z,t) = o(z,t)

+ /.O:O /Ot k(z —y,8(t — 7)) (=n¢1(y, 7) In @1 (y, 7))drdy

+ /_‘: /Ot k(z —y,6(t — 7)) (—c(m)er(y, 7))drdy

Pu(z,t) = @olz,t)
+ /_o:o /ot k(e —y,6(t — 7)) (=n¢n-1(y,7) Inpn_1(y, 7))drdy

+ /_o:o /ot k(z — y, 8(t — 7))(—c(T)pn-1(y, 7))drdy.

Using the fact that |f| has an upper bound and applying lemma 4.4 to equa-

tion (A.4), we find:

[eole, O < M [ k(e — y,8t)dy = M. (A.6)

We have to prove now that {¢,(z,¢)} converges uniformly, and the limit ¢(z,%) of

the sequence {¢,(z,t)} is a solution of (A.1). For uniform convergence, we have
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to show that |p.(z,t) — ¢m(z,t)| tends to zero as n and m go to infinity. To
obtain an expression for |, (z,t) — pm(z,t)|, we will try to find upper bounds on

|on(2,t) — pn-1(z,t)| for all n. Let n =1, then:

) = ool < [ [ 1k = 5,6 = )lInllgoly, 7l n oy, 7)ldrdy

7 [ et = v, = )l lly, 7 ldrdy

According to the bounds on ¢y given in (A.6) and on |¢(7)| given in (A.3), we

obtain:

er(@t) = gole, 0 < [ [ ke =6t = T)linlM | 1n poly, ldrdy

[} t
+ [T [ka - 9,8 = m)iCMdrdy.

Since |po| < M, we can apply lemma 4.3 and therefore find the bound In D for

In o. Now,

[e o]

le1(z,t) — @o(z,t)] < /Ot ((InIMlnD + CM)/ |k(z —y,6(t — T))|dy> dr.

— 00

Using lemma 4.4, we get:

11
[er(e,t) = gole, )| < [ (MM InD +CM)dr
= (p|MInD + CM)t

= M, (A7)

where M1 = [p|Mln D + CM.

Let n = 2, then:

eate )~ et = |7 [ ka8t - ey, 1) ngaly, rdrdy
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- _o:o Ot k(z —y,8(t — 7))neo(y, 7) Inpo(y, T)drdy
47 [ ke .80 = el )en(y, 7)drdy
[T [ ke 60 = 7))elr)euly, Ty

Applying the mean value theorem to ¢In ¢, we find:

00 i
ea@t) =@l < [ [lklinlleroly, )l Inenly,7) + Lldrdy

(oS} t
+ [ [ rlle(r)llgsaly, Dldrdy,

where ¢1(y,7) — @o(y,7) = ¢1,0(y,7) and @11 € [po, 1] for fixed y and 7.

The results found in inequality (A.7), the bound on |¢(7)| in (A.3) and the triangle

inequality result in:

00 t
ea(et) = (@)l < [ [CIkliniMir| oy, 7)ldrdy

o t [ i
+ / / k||| Myrdrdy + / / |k|C Myrdrdy.
—o0 JO —o0 JO

The inequality (A.6) assures that g is bounded. Therefore inequality (A.7) implies
that ¢; is also bounded. Assume ¢ > g for fixed z,t, then @11 < ¢1. Therefore
11 is bounded. If 1 < g, then @13 < o. We will get the same result, namely

that 1, is bounded. Hence we can apply lemma 4.3 and get:

00 t
ea(a, ) =@t < [ [kl —y,6(t = )lIn|Myr| In(Drr)ldrdy
o) t
[ [ k(@ =y, 6t = )lin| Mardrdy

) t
+/_OO/0 k(e — y, 8(t — 7))|C Myrdrdy.
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Changing the order of integration and applying lemma 4.4, we get:

t t
oz, t) = (e, t) < [ InlMariin(Dinldr + [ (inl + C)Mirdr.

The laws of the logarithm and the triangle inequality lead to the next estimate:

¢ ¢
lp2(z,t) — p1(z,t)| < |77|M1|1nD1|/0 TdT+|'I7|M1/0 |In7|rdr

+My(ln) +€) [ “rdr. (A.8)

The first and the third integral in equation (A.8) can be easily solved. In order
to solve the second integral, we will use lemma 4.2, which we stated earlier. This

leads us to the following:
1 , 1 1 )
[ealest) —er(e,)] < M (lnlltn il + 1l + OV + 5lnl (5 +[1ne] ) &

The absolute value of Int¢ has different functions as bounds, depending on ¢ being

larger or smaller than 1:

t iHt>1
Int| < (A.9)

=12 it < 1.

This fact gives two different results for |¢2(z,t) — ¢1(z, 1))

Fort>1:
1 1 , 1 .
[ea(e,) = pra, )] < My (InllinDal + lnl + 5ol +C ) &+ SInlbst
1

3 1
= oM (Inlll Dl + Slnl + C) € + Slalde

1 1
= —At’+ =-Bt®
2 +2 ’
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where A = My (|gl|1n Dy| + 2[y| + C) and B = [n|Mi.

Since t3 > t2 for all ¢ greater than or equal to 1, we find:

1
lp2(z,t) — @1(z, )] < §(A+B)1t3

1
= —M2t3,
2

where My = A+ B =M, (I’?”lHD1| 4+ %IUH‘C)-
Fort<1.:

1. . 1 1 ,
(eala.t) — (e, )] < M (nllnDil + ol + 3 lnl + C) € + Sl M

1., 3 1 '
= M (Wl Ds| + inl+ € ) £ 4 S nlbie*?

1 1
= AP+ -Bt?
AT+ 551

where A = |§|M, and B = M, (|77H1nD1| + 2|n] + C).
Since ¢3/2 > t2 for all t less than or equal to 1, we find:

loa(z,t) — pr(z,t)| < —;-(A-{- B)3?

1.

where My = A+ B = M; (Inl|ln D] + || + C).
Therefore, we get:

My (|p||lnDy| + 2p|+C )3 ift>1
lpa(@,1) — o (z, 1)) < 1t (il Dul + £l + ) (A.10)

LM; (Inlltn Dy| + 3ol +C) £2/7 it <1.

Now, we will prove the general claim.
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Claim A.1 For all n > 0, the absolute value of the difference of v, and @,—1 will

satisfy the following inequality:

1 2n—1 :
I t 3 sy Mat ift>1 Al
on(, )—‘Pn—l(xat)I— (A. )
T M ift <,

where M, = M,,_4 ((2 + 27—711—_1—)) 7] + |7 In(Dyp-1) + C)

and M, = M, _, ((2+ 325) Il + 7| In(Dz1) + C).

Proof: By induction. Let n = 2 in (A.11), and compare it to equation (A.10),
then one realizes, that the claim is already proven for n = 2. We will assume that

it holds for n. Then:

o] t
(enn(et) = a0 = | [ [k enly,7) lngaly,7) drdy
0 i
—/_00/0 kn ¢na(y,7) Inon-a(y,7) drdy
[le] t
[ [ kem) galur) drdy

[T [ el pualnr) dr]

Applying the mean value theorem to ¢ 1n ¢, we find:

o0 t
ensa(@t) = eale ) < [ [ IklInllgnnns (v, 7)1 @un(y, ) + Lidrdy

[ [ I lonn-s(y, Dldrdy,

where @ (Y, 7) — ©n-1(Y,T) = Onn-1(y,7) and pn, € [Pn_1, Py} for fixed y and 7.
The assumption that the claim holds for n, the bound on |¢(7)| in (A.3) and the

triangle inequality lead us to the next result, where we will consider different cases
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for t > 1 and for t < 1.

First let t > 1:

00 t 1 _
lni1(z,t) — palz, )] < / / |&l|n] mMnTgn ' 1n @nn(y, 7)|dTdy
+/ / |&]]n] 1 ) M, drdy

-I-/_oo/ |k|C ————= > T(n = 1)1 M, 7 Ydrdy.

Using the same reasoning as we used for the case of n = 2, we find that ¢,, is

bounded. This implies that we can apply lemma 4.3 and get:

[ens(@8) = (a0 < [ [kl gy ) 72 In(D, ) drdy
7 [ il 5= gy Mer Ny

2n—1
i /lkICin 3y Mar™ " drdy,

Changing the order of integration and applying lemma 4.4, we find:

fona@t) = eule0) < [ bl _) w2 In(D,r)|dr

A4ﬁ 2n—1d
+/0 '"lzn—l(n—l)! Ter
1

i
2n-1
+/0 iy =M™

The laws of logarithm and the triangle inequality lead to the next estimate:

1 Y an—1
lont1(z,t) — @n(z,t)| < mMn(|ln(Dn)||ﬂ|+|ﬂ|+C)/oT dr

I3
+ M, |n| / 72771 1n(7)|dr.
0

1
2n—1(p — 1)!




73

In order to solve the last integral above, we will use lemma 4.2, which we stated

earlier. The other integral can be integrated in a straightforward manner.

1 1 5,
[ensa(@8) = en(e,t)] S g5y M (D)l + Inl + ) 5
1 1 1
—_ M, —-t2”<—— 1t>.
+ 2n-1(p — 1)! Il 2n 2n +[Int]

The inequality stated in (A.9) provides a bound on the logarithm function. There-

fore, we obtain the following:

1 1 L
- S — in
[on (@) = enle, ] < g M (IIH(Dn)Iln|+IUI+C+In|2n> o
1
t2n+1

Since t2"*! > 27 for t > 1, we get:

1 n
(enna(e,8) = gale, 0] S 5= Mo (11Dl + Il + C + bl + Inl) 77

1
27(n)!
1

N 2”(n)!M <<2+ )|77| + [n]|1n(Dx,)] -I-C) 2n+1)-1

Comparing this with the definition for M, ; in claim A.1, we realize that we found:

1 1)
|[ont1(2,t) — @n(z,t)] < () Mt {21

This is exactly the expression we claimed to get for |pny1(2,t) —@nlz,t)|, if ¢ > 1.

We will now consider the case for £ < 1:

2”13

lont1(z,t) — pa(z,t)| < / /I ||17| 7t O2| o, (y, T)| drdy
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on— 1 3 "
g AL P2 gy

L=

As before, @, is bounded. Using lemma 4.3, we get:

M r(n+1)/2 drdy.

2n~1 3
o) = a0l < [ [l T+ |1n(D,r)| drdy
+ / / k| Inl +2)" M, 702 drdy
n—1
+/ / |k| C 2 3 72 drdy,

After changing the order of integration and applying lemma 4.4, we find:

2n 1 3 "
lont1(z,t) = @n(z, )] / |77| (n+2) M, F(n+1)/2 |In(D, )| dr
2"‘1 3
Fnt1)/2 g
2” 1 3
F(n+D/2 g7
+/ ¢ (n+2)! M, T

The next estimate follows from the laws of logarithm and the triangle inequality:

A L t
[pnaa(e,t) = nle O] < gy ML (Do)l + Inl +©) o+

i I
ooy Me [ 7+ ()] d.

The solution of the last integral is given by lemma 4.2:

on=1 3 .,
foura(e0) = a0 < T M (D)l + 11l +€) g 10+
on-1 3l 2 2
M {(nt3)/2 (—— ] t) .
oo Ml g i

Applying the inequality given in (A.9), we find the following estimate:

213! 2 ln!) 2 (n+3)/2

fpana(art) —palont)] < oM (11Dl + Il + O+

n+3 n+3
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n—1

+(n+2) o Il +3

Since ${"+2/2 > 1(+3)/2 for ¢ < 1, we get:

o3l |7
w1 (2,1) — on(z,t — 2 ¢(n+2)/2
|on1(2,t) — en(z,1)] (n+3)!Mn (Iln( w)lInl + 20| + C' + +3)
2" 3! M, 2
= ——— ({2 ——) In(D,, C) ¢ t/2,
e (2 s ol sl +

Comparing the quantity in parentheses above with the definition of M, +1 in

claim A.1, we realize that:

1.
Ison+1($at)_90n(xat)| < 2_nMn+1t'

This is exactly the expression, we claimed to get for |@n1(z,t) —@n(z,t)],if t < 1.

Since we now found the bounds for |p, — ¢n_1|, we will address the problem
to prove that |, — @n| tends to zero as n and m tend to infinity. For n > m, we

obtain by the triangle inequality:

‘Son(xvt) - Som(wat)l < |99n(wat) - (Pn—l(wat)l + |90n—1($at) - gon-Z(w)t)l +-
+‘30m+1($7t) - Som(w7t)‘

= zn: lpi(e,t) — piza(z, )|

t=m+1

T leile,t) — pia(m 1))

i=m+1

IA
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In order to apply claim A.1, we need to consider the two cases:

Case 1: t > 1:

|90n(37,t) - ('Pm(w,t)| < E — 1 Mz_tQi—l
t=m+1 2 2 - 1)

After factoring out all the common factors, we obtain:

1 m
|90n($’t)_90m(w’t)| < 9m ( 2 +122] m—}-]) Mm+1+y tZJ

The right side of the last inequality tends to zero as n,m — oo, provided that the

infinite sum converges.

Claim A.2

0

2 5 m 1)

M, 12 < oo,
= m+]) m+1+7

Proof: To show that the infinite series 3°32, a;, where a; = 2%(%%), |

converges, we will use the ratio test. Consider:
(m)! Mynyayy t20FD 29 (m 4 j)!
241 (m A+ j + 1)V (m)! Mgy 8%

M2y 12 l
2 Myyay (m+j+1)

Gj+1
aj

lim

j—00

= lim
j—00

= lim ‘
j—00

Applying the definition of M, stated in claim A.1, we get:

2
P L7TEY . Miy14; ((2 + rz(mi—lﬂ)) Inl + [nln Dpngat; + C) t
i=oo | a; i—00 2 Mpy14j (m+35+1)
— b ((2 + —2(m-:l+j)) [n] + |nln Dyt + C’) %2
j—oo 2(m+j+1)

= 0.
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Since the limit is less than 1, the ratio test proves that claim A.2 is true.

We will now consider the case, where ¢t < 1.

Case 2: t < 1:
n(et) —pn(@ D] < 30 A g
n\vy — ©m\T, = T ANl
i=m+1 (i +2)!

Factoring out the common factors, we obtain:

om 3l &% (m 4 3)! ,
(m_|_3|5_,; (m+7)! Mm+1+]t1/

len(z,t) = Pm(z,1)]

Assuming that the infinite series converges, we can conclude that the right side of

the inequality tends to zero as n,m — oo.

Claim A.3
= 2‘7 (m+3)! ' 12
;WMm_H_I_jt/ < 0.
]:

Proof: We will show the convergence of this sequence, using the ratio test:

Lim |5+ — 2 +1) (m +3)! M’rln+2+ U2 (m + j)!
i=o0 | ay i=oo | (m+j+1)12 (m+3)! My, ti/?
1
= lim 2 Mm+2+y 2
Jmreo (m +7+ 1) +1+.7

Recall the definition of M, stated in claim A.1:

/ 2
Mosass = Morass (24 = ) W+ D)+ €).
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This leads to the following:

lim Y] = him 2Mm+m((2+——m+i+,)In|+|n||1n(Dm+1+j)|+c) $1/2
Izl I (m4+Jj+1) My
im [ 222 (|2 2 In(D C
T s|mti+1) (( +m) In] + 9] In(Dmi145)] + )
= 0.

Since the right hand sides of case 1 and case 2 both tend to zero as n,m — oo,
{@n(z,t)} converges uniformly to a function ¢(z,t). Therefore ¢(z,t) is continu-
ous. To prove that ¢(z,t) is a solution, we use the following fact: If the sequence
of functions {p,(z,t)} converges uniformly and ¢,(z,t) is continuous in the given

domain, then:

lim/ /cpn(y, drdy_/ / (lim @n(z,t))drdy.
n—00 0 n—oo

Hence we obtain:

o(z,t) = lim pnp(z,i)

n—oo

= gOo(:IZ,t)

+3im [ [ ke =y, 6= 7)(=npaly, ) I paly, 7))drdy

n—o0 J_

+ lim /oo /t k(z —y,6(t — 7))(—c(m)enly, 7))drdy

n—o0 J_on Jo

= 900($7t)

+ /°° /Ot k(z —y,6(t—1)) JLIEO(—nwn(y, 7)Inp,(y,7))drdy

— 00

+ / oo /Ot k(@ —y,8(t — 7)) lim (—e(7)pn(y, 7))drdy

— 00
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= SOO(w’t)

+ /_‘: /Ot k(z —y,6(t — 7)) (—ne(y, ) Ine(y, 7) — c(7)e(y, 7))drdy

= [ ke =y, 81y

+/_°:o /Ot k(z —y,8(t — ) (—nely, ) Ine(y, 7) — c(7)p(y, 7))drdy.

Therefore ¢(z,t) is a solution of (A.1).

UNIQUENESS: Assume there exist two solutions ¢ and ¢, of equation (A.1). If
@1 and ¢, satisfy equation (A.1), then they also satisfy equation (4.25) and we

obtain:

Pit — 59019:9: = Q(:I?,t), 901(:570) = f(:l?)

P2 = 0pr, = Qz,1),  ¢2(2,0) = f(2).
Subtracting these two equations, we need to solve the following problem:
(p1—@2)t — (1 — ¥2)zz = 0 and o1(z,0) — p2(x,0) = 0.
Let ¥ = 1 — g, then:
Y —6Pe =0 and  ¥(z,0)=0. (A.12)

Equation (A.12) is the heat equation, which we solved already in section 4.3 and

the solution is given by equation (4.19):
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where 9 (z,0) is the initial condition. In our case the initial condition ¢(z,0) = 0.
Since the integral of zero equals zero, we note that |¢)(z,t)] = 0. This implies
that @1 = @2. Therefore equation (A.1) has a unique solution and the proof is

complete. [



Appendix B

Dimensions of a Linear, a Quadratic and a Sine

Curve

B.1 Linear Curve

! : : |
W SR T NN TR M N WP
(] 1 2 3 st 5 6 7

Figure 23. Linear curve

The linear fit program employed indicated that the best linear fit to our data

obtained by counting boxes covered by the linear curve at various box lengths was

dime(F) ~ 1.10319 + 0.01308296. Thus dimp (F) = lims_o 2672 = 1.10319.




LINEAR CURVE
box dimension § in dm | number of boxes N5 | —In Ns/In é
.08 21 1.2054
.07 24 1.1951
.06 28 1.1844
.05 33 1.1672
.04 42 1.1612
.03 o4 1.1376

Table 2. Box counts for the linear curve

(1n N) /(1n delta)

1

poRoR R

. 221
1.2t
.18}
.16}
.14t
.12t

delta/mm

Figure 24. Linear fit and extrapolation for the linear curve
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B2 Quadratic Curve

25

201

151

Figure 25. Quadratic curve

QUADRATIC CURVE
box dimension é§ in dm | number of boxes N5 | —In Ns/Iné
.08 28 1.3193
.07 30 1.2790
.06 37 1.2835
.05 45 1.2707
\ .04 54 1.2392
J .03 70 1.2116

Table 3. Box counts for the quadratic curve
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- (1n N)/ (1n delta)

1.325
1.3}
1.275¢
1.25¢
1.225¢

delta/mm
1.175

Figure 26. Linear fit and extrapolation for the quadratic curve

The linear fit program employed indicated that the best linear fit to our data ob-
tained by counting boxes covered by the quadratic curve at various box lengths was

dimp(F) ~ 1.16182 + 0.01916296. Thus dimp(F) = lims_o 25ME) — 1.16182.

—logé



B.3 Sine curve

Figure 27. Sine curve

SINE CURVE
box dimension § in dm | number of boxes N5 | —In Ns/Iné
.08 27 1.3049
.07 32 1.3033
.06 38 1.2929
.05 45 1.2707
.04 50 1.2153
.03 70 1.2116

Table 4. Box counts for the sine curve
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— (1In N)/(1ln delta)

delta/mm

Figure 28. Linear fit and extrapolation for the sine curve

The linear fit program employed indicated that the best linear fit to our data
obtained by counting boxes covered by the sine curve at various box lengths was

dimp(F) ~ 114817 + 0.02150576. Thus dimp(F) = lims_o 524 = 1.14817.
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Appendix C

Dimensions of Cross-Sectional Cuts at Certain

Time Periods

1.5 : . -
n i
0.5} i
of ]
-0.5( 4
r ]

136 60 40 26 ) 20 40 80 80

Figure 29. Cross-sectional cut at M = 50

The linear fit program employed indicated that the best linear fit to our data
obtained by counting boxes covered by the curve shown in figure 29 at various box

lengths was dimp(F) ~ 1.42240 + 0.01411435. Thus dimp(F') = lims_o log No(F)

—logé

1.42240.




CROSS-SECTIONAL CUT AT M = 50
box dimension 6 in dm | number of boxes N5 | —In Ns/Iné
.08 47 1.5243
.07 60 1.5397
.06 70 1.5101
.05 86 1.4869
04 111 1.4631
.03 177 1.4761

Table 5. Box counts for the cut at M = 50

(In N)/(1ln delta)

[

.54}
.52t

=

.48¢F
.46}
.44t
.42

PR R

delta/mm

Figure 30. Linear fit and extrapolation for the cut at M = 50
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Figure 31. Cross-sectional cut at M = 100
CROSS-SECTIONAL CUT AT M = 100
box dimension § in dm | number of boxes N5 | —In Ng/Iné
.08 66 1.6588
.07 82 1.6571
.06 101 1.6404
.05 134 1.6349
04 192 1.6333
.03 299 1.6257

Table 6. Box counts for the cut at M = 100
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- (In W)/ (In delta)
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Figure 32. Linear fit and extrapolation for the cut at M = 100

The linear fit programm employed indicated that the best linear fit to our data
obtained by counting boxes covered by the curve shown in figure 31 at various box

lengths was dimp (F) ~ 1.60361+0.006925716. Thus dimp(F) = lims_o 282 =

—logé

1.60361.
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Figure 33. Cross-sectional cut at M = 150
CROSS-SECTIONAL CUT AT M = 150

box dimension § in dm | number of boxes N5 | —In Ns/In é

.08 68 1.6706

.07 78 1.6383

.06 98 1.6297

.05 127 1.6170

.04 189 1.6284

.03 274 1.6008

Table 7. Box counts for the cut at M = 150
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Figure 34. Linear fit and extrapolation for the cut at M = 150

The linear fit program employed indicated that the best linear fit to our data
obtained by counting boxes covered by the curve shown in figure 33 at various box
lengths was dimp(F) & 1.56929 + 0.01118296. Thus dimp(F) = lims_o 26ME) =

—logé

1.56929.
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Figure 35. Cross-sectional cut at M = 200
CROSS-SECTIONAL CUT AT M = 200

box dimension § in dm | number of boxes N5 | —In Ng/Iné

.08 78 1.7249
.07 89 1.6879
.06 115 1.6865
.05 155 1.6835
.04 219 1.6742
.03 350 1.6706

Table 8. Box counts for the cut at M = 200
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Figure 36. Linear fit and extrapolation for the cut at M = 200

The linear fit programm employed indicated that the best linear fit to our data
obtained by counting boxes covered by the curve shown in figure 35 at various box
lengths was dimp(F) & 1.63834+0.009017146. Thus dimp(F) = lims_o 28520 =

—logé

1.63834.
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Figure 37. Cross-sectional cut at M = 256
CROSS-SECTIONAL CUT AT M = 256

box dimension é in dm | number of boxes Ns | —In Ns/Iné

.08 83 1.7495

.07 96 1.7165

.06 126 1.7190

.05 162 1.6983

.04 230 1.6894

03 365 1.6825

Table 9. Box counts for the cut at M = 256
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Figure 38. Linear fit and extrapolation for the cut at M = 256

The linear fit program employed indicated that the best linear fit to our data
obtained by counting boxes covered by the curve shown in figure 37 at various box

lengths was dimg(F) ~ 1.64056 + 0.01247716. Thus dimp(F) = lims_o 262E) =

s
log

1.64056.





