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GADA-RAY ATI'EIWATIOK FACTORS J'<B AlfGULAB CmmELATIO• 
AKD AKGULAR DISTRIB111'IOJI IIBASUJlEIIBirrS 

IMTBODOOTIOM 

The experiment to be described is inti•ately 

associated with both angular distribution and ancular 

correlatioA experi..nts and it will be useful to discuss 

distribution aDd correlation functions. In manJ nuclear 

pheno.ena, it is of interest to deteraine the angular 

distribution of particles e•itted by a source, or the 

directional correlation between pairs of particles e•itted 

by a source. In nuclear theory, the distribution and 

correlation functions which describe these effects can be 

calculated. 

It is often convenient to represent such functiooa, 

called W(&), in ter.a of Legendre polJno.ial expansions 

(4, p. 610) 

W(Q) • 
•
L (1) 

n•o 

where, for angular distribution functions, Q is the angle 

between a particular direction in space and the propagation 

direction of the particles under consideration, and for 

angular correlation functions 1a the angle between 

propagation directions of the coincident particles under 

consideration. W(Q) is tbe probab1litJ per unit solid 

anale of the emission at anale 8 of a particle of one 
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particular enersy. 

Thia fora of W(Q) is not, however, conducive to the 

direct expert.ental detenination of the conatants o( n 

aince that would re•uire a detector havina di..nsion in 

only one direction. Therefore W(9) is altered ao as to 

fit a physically realizable situation; that is, a aathe­

aatical process is impoaed upon W(9) such that the result 

will correspond to a quantity that is aeaaurable, and 

further, thia result contain• the various ~n' thus 

enabl~ng their experiaental deteraination. This operation 

on W(Q), diacuaaed in more detail below, results in a 

function ilQT differing fro. W(e) in that each term is 

aultiplied by a quant1t7 QJ that is, 
m 

(2)~ - L Qn ~n Pn (coa 8) • 
n•O 

The significance of Q will present itself in the aathe­
n 

aat1cal development of ltif. 

Consider firat a sinal• cylindrical reston of space, 

aucb aa region 2 F1cure 1, syaaetrically located about 

the angle e and aubtendiag a total solid ancle w2 with 

reapect to the origin tosether with a source of partielea 

located at the origin. Let E2( &, +) be the :fraction of 

theae particles enterins reston 2 at ansles 6 and ; that 

are detected by the resion so that the total nuaber 

detected per aeeond ia 
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Figure I. Geometrt of the detectora. 
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c2 (G) • J2 ~ W( ~ ) t 2 ( S , 9 ) dw2 

- 1: tmiT ) E ( 6 , + ) dw • 
(3) 

2 2 2 

Part1cular1z1q the property €2 of reston 2 to a fon 

( 1 - e- ~ x2< ~ • +>) , corresponding to the fraction of sa­

rays of a particular enercy absorbed by actual scintilla­

tion crystals, where ~ is the absorption coefficient of 

the region for this energy, and changing variable• results 

in 
~ ~ ~:&(8)

) ) (1 - e ) a1n8dBd+ 
0 -; 

where 8 is the angle between the asia of the region and the 

direction of the , ...a rays. It is taportant to note that 

this integral is a function only of the propertiea and 

diaenaions of the crystal and s .,_cifically not a function 

of Q. This being so, equation (1) indicates that c2(G) 

is different from wtaT only by a constant aultiplier. 

Thus an ezperiaental countina rate would be proportional 

to ltlf which, it will be seen, explicitly contains 

W(Q) . 

It is now neceaaarJ to evaluate l{§f. Froa (3) 

~ 

SoW( & ) (1 - •- ~s(B)) ain8d8
wtaT­ (~ - 'br:(8) 

) (1 - e ) sin8d8 
0 

which beca.es upon inserttna (1) 
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) L c< P (coa h) (1- .- t-x(8)) 8iD8dB 
o n•O n nltlr- • 

)'¥ (1 - .- cx(B >) siD8dB 
0 

Integrals of the fon 

In • o(n sr Pn (cos S) (1 - e- cz(B)) s1D8d8 
0 

aay be slaplified by •ubatitution of the Legendre 

polyna.ial addition theorea (2, p. 109) 

Pn (COB b) • Pn (c0118) Pn (COBB) • 

ITif then becoaea 

• 
ltiJT • L Jn/J0 cxn Pn (cos 8), (n • 0,2,4)

n•O 

where 

Jn • )"6Pn (c088) (1 - e- cx(B)) a1D.8d8. (4) 
0 

The Qn of equation (2) for &DgUlar distribution experiments 

then are 

Qn • Jn/Jo• 

Thu•, a knowledge of Qn aake• it poasible to connect an 

exper1Hntally determined distribution using finite sized 

detectors with the idealized distribution function. It ia 

usually the latter which ia associated with phy•ical theory. 

An angular correlation function W(8) aay in a like 

manner be altered to give a tunetion ~ proportional to 

the coincident counting rate (4, p. 611) for two gamma­

ray& defined as 
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where cl and (2 are the abaorption coefficient• of 

reciou 1 and 2, z1 and B2 are the eneqie• of the ca--a­
ray• conaidered in resion 1 and 2 re•pectivelJ, and the 

other par...ter• are indicated in Wisure 1. The Qn, 

evaluated analoaou•lJ, becoaea 

Qn • Jn(l) Jn(2)/JO(l) Jo(2) 

where J (1) refer• to detector 1, •o that n 

J (1) ­n 

and •i•ilarly for Jn(2), J
0 

(1), and J 0 (2). For identical 

detectors at a ca..on •ource di•tance and eDer&ie• •uch 

2 
~ • (Jn/3o> • 

Coaaider a cylindrical acintillation crystal, 

optically coupled to a photo.ultiplier tube which in turn 

i• coupled to an electrical pul•e countinc device, in 

the viciDitJ of a ...-a-ray eaittiac point •ource •uch 

that the axi• of the CJliDder extend• throuch the •ource 

and tbe half ancl• •ubtended bJ the front face of the 

recion i• ~ (Wicur• 1). In particular, conaider only 

tbot~e sa-a-raJ• that •n•t in a beaa, or pencil, at an 

ancle 8 fro. the axi• and whose enercJ i• between B1 and 
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• 1 + AB1• J'or small AB1 (aull meaning that for any 

Bi in the range A&1 , t(E1) and c(B1 + AB1) are 

different fro. c<•i> by not .ore than aa.e nuaber whoae 

aaanitude will be diacuaaed later), the nuaber of pulaea, 

C( B, • 1>, recorded in a given time due only to suaa­
rays within AB

1 
and within the pencil at aqle B ia 

approxtaately proportiooal to the term 

- 't(B )x(B)
1(1 - e ) 

ot the intearal Jn(B ). With an experi..ntally obtained
1

pencil and energy •electing device, then, one ia able 

to find a nuaber proportional to Jn(B ) by recordiq the 
1

nuaber of pulaea tor a given tiae t at •everal value• ot
1 

8 between zero and ) , aDd eitber nuaerica11J o:r 

graphically integrating the result; that is, equation (4) 

beca.es 

J (E ) • It ( If C(8 ~ ) P (C088i) ainsidB (5)
n 1 ) i 1 n i 

0 

where C (ai,Bl) is the nuaber of pul•e• recorded in t 1 
and It~· a quantity in part dependent on t • The deaired1
ratio then beco.ea 

(6) 

J 0 (B1) sC(Bi,B1) aiDB1dBi 
0 

Thia indicates that an experiment can be d..igned to 

determine the ~ at any energy which will give a re•ult 
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that can be co.pared with the theoretically calculated 

values. 

The integrals Ju(J (a • 2,4) haYe been calculated 
0 

(3, p. 719) froa the fora of Jn given in equation (4) 

using theoretical values of c. These calculattoas were 

speeiflcally for a 1.5 tach di...ter cylindrical •ai(Tl) 

crystal for several source distances, crystal heights, and 

samaa-raya of Yar1ous enersiea rans1Qg fro. o.os to 5 

Mev. Some of these calculationa are shown in Pigure 5. 

These calculated ratios were teated experi..ntally 

(1, p. 43) over a limited range from the form of J given
0 

in equation (5) • The present experillent baa as 1ta 

purpose the esperiaental •valuation of the ratios J 0 /J0 

over an extended range. 
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A pencil of aaaaa-rays was obtained (aa indicated on 

Fiaure 2) by .ountina a lead brick of suitable di•enaion 

in front of a radioactive source. The brick bad a 

cylindrical cavity of approsi•ately one •illiaeter 

diameter penetrating it and was mounted so that it could 

rotate about an axis perpendicular to and aoina throuah 

both the axis of the cavity and the crystal. 'The point of 

intersection of these three ases was then the apex of 

the angle 8. The distance frc. that point to the center 

of tbe cryatal face is called the source distance h. The 

actual source waa placed apprazimately 15 centimeters 

behind that point to prOYide a well colU..ted pencil. 

The voltage pulae output of the photoaultiplier 

underwent two stages of linear aaplif1cat1on, the 

linearity being desirable in that the pul8e height would 

be proportional to the sa-aa-ra7 enera7 for eaae of ener17 

selection. 

Energr selection was accoaplished with a pulse height 

analyzer after the pulse ..plification stage. Jn/J was 
0 

determined at three source distances h (b-5,7,10 centi­

•eters) for five different eneraies rangiag fro. 0.1 Mev. 

to 0.8 llev. It was previously mentioned that the ten 
- 't (E1)x(8) 

(1 - e ) calla for the absorption coefficient 

at a particular energy, say B1 , whereas expe:rillentally the 
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total counts accepted by the analyzer due to gamm&-raya 

in the eneqy raqe ~ B were uaed which therefore
1 

introduces an expert.ental error which decreases with 

decreasing AB1 aDd of course i• small at uy circWDStance 

provided 'D't/ 'l)B i• uall in tbe eneru re~ion AE1• The 

actual extent AB of the enersy spectl'\lll of a euama-ray
n 

with na.inal energy E accepted by the analyzer ia
0 

indicated on the energy di•tribution curve far a typical 

source by the vertical lines AA on Pigure 4. Tbe decision 

to bracket a complete energy peak was a compromise due to 

several factors. It would seem desirable to choose a 

llll&ller il B IIUCh a• ia indicated by the vertic&1 linea 
n 

BB on :Pigure 4 • but uDder IIUCh conditiona a small shift of 

the energy peak relative to the bracketing liD88 will 

cbaqe the counting rate for reuou not of intere•t in 

thi• experi..nt; i.e. a new unde•irable variable beco..a 

pro.inent. It wa• found tbat the energy peak •hi:ftins 

relative to the •inlaua and aaxi.ua ener&J ..ttinaa of 

the pulae heiibt analyzer was significant and warranted 

choa~~iq both aettina• such that the Yertical line• were 

in reaiona of enerey where the countiq rate was nearly 

conetant tbua •in1•1zina the effect of this objectionable 

yariable. Another alternative was to set the linea at 

the top of tbe peak (linea CC :rieur• 4) where the 

counting rate approaches coutancy but in doiq ao, the 
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countina rate for a aiven source atrenath ia reduced 

•any-fold, thua increasinc the ti•e neceaaary to perform 

the experblent for a fi.lled experi..ntal accuracy. Upon 

chooaina the total eneru peak u c1 •n, the proble• of 

drifting wu not fully elt.inated but was kept under 

aurveillance while taking data, for e:u.ple, bJ period­

icallJ aettina the eneru ranae minimu. to a atandard 

point B on the apectrua where ?JC/ ~B << -1 and the
8 

eneraJ ranee maxiiiUII to a value INch that all detected 

photou of energy areater than B
8 

were rec~ded. Then 

only if the counting rate reaained conatant within the 

atatiatical fluctuation wu the data accepted. 

Coupled to the output of the linear ..plifier was 

an ot~eill0110ope which insured aaaiut overdrivina the 

linear ..plifier and thereby getting nonlinear a•plifica­

tion. 

Pive different aourcea were used to obtain five 

eneray peaka. Bach ia Uated below with ita correspond­

ina ener&J and half-life. 

Table I 

lource Bneru of peak Half-life 
in llev 

Ce 141 0.14 33 daya-203 0.28 47 days
Sn 113 0.39 119 day a 

64Cu 0.51 12.8 houra
95Zr 0.75 65 daya 
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64ODly for eu was the half-life of 8Uch duration 

that correction for decay ,.. aade before calculating J • 
n 

Tbe aource atrengtbe Yaried over a ranae fro. 1 to 

10 aillicuries. For a011e the counting rate was of 

sufficient ..gnttude that correctione for dead t1ae of 

the ayataa were neceaaary. 

Qn were deteraioed for different ac1ntillat1on 

crystal• of the aaae naatnal apecificationa 1n identical 

aea.etriea aDd no iaportant difference• were obaerved. 

The J 
0 

were calculated by araphically intearatina 

the plot of C(B1) P (coas1) atns1 as a function of s 10 

typically illustrated in Fiaure 3 where C(B1) ia the 

countina rate (corrected for backaround) recorded with 

the aaama-ray b ... at angle s 1• Por all energiea and 

aouroe di8tances coa.aidered, the J were calculated twice n 

uaiDI independent data; that ia, upon recordlnl the 

countiq rate from a1 • 0 through a1 • ~, the crystal 

waa rotated about ita uta through aQie aqle and 

c (Bi) recorded apin, and J ,.. calculated fraa each ••t 
0 

of data. The final naluatlon of Jn/J taken waa the 
0 

averaae of the two deterainationa. 
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BBSULTS 

The ezperi•ental re•ulta are li•ted in Table II below 

and are ca.pared araphically with tbe Stanford and Rivers 

(3, p. 719) calculationa in. Piaure 5. 

TABLa II 

Bneray 
(Mev) 

J~Jo J4/Jo 

n 
centi­ 5 7 10 5 7 10 
••ters 

0.14 0.9095 0.9475 0.9791 o. 7283 0 . 8396 0 . 9177 

0.28 0.9217 0.9MO 0.9777 0 . 7606 0.8579 0.9242 

0.39 0.9308 0.9560 0.9814 0.7760 0.8654 0.9339 

0.51 0.9258 0.9550 0.9829 0.7766 0.8630 0.9313 

0.75• 0.9305 0.9559 0.9815 0.7790 0.8684 0.9247 

•(0.75 Mev 1• the approxi•ate ..an of three peak•
unre•olvable with tbe apparatua used.) 

The aareeaent between the ezperi..ntal reaulta and 

the calculationa appear to be sufficiently aood in apite 

of tbe fact that the detectina device accepted a ranae of 

a....-ray eneraiea ao that the attenuatioD coefficient• 

of Stanford and Rivera can be uaed with acintillation 

detector• of cylindrical aeo.etry over the approzi.ate 

eztended ranee of eneraiea fro. 0.10 Mev to 3.00 Mev. 



Figure &. Attenuation focton venus energr 
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UltCDTAIBTY CALCULATIOlf8 

The ratioa Jn/J0 , aa indicated above, are the average 

of two calculation&, here diatinsuiabed by the aecond 

aubacripta ao that 

The uncertainty in thia •uantity ia 1
2 

4(J/Jo) • 1/2 ( [ A(Jnl"ol)]\ [A<"..l"o2)r ) 
where t 

2 
A(Jill/J ol) • "nl/Jol ( ( C..Jnl/Jnl) + (l>.Jo1/J01) j' 

and •i•ilarly tor A(J~J02). Approxiaationa •ucb a• 

63nl/Jnl • AJol/Jol - AJo1/3n1 - AJo~"o2 
ai•plifJ the uncertaintJ to 

~(Jn/Jo) • 6 "ol/Jol 

where J ol i• the area uDCler the cune typified in Fisun 3 

and ~J01 i• the uncertainty of the area. The uncertainty 

cau••• con•idered were 

1) uncertaintJ in the recorded countina rate due to 

•tati•tical fluctuation, 

2) inability to viaually fit the beet curYe to the 

point•, and 

3) error• of araphical intearation. 

Let ci be the total nuaber of pulaea counted at 

aqle Bi and B the backpoound count •o that the ordinate 
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plotted in ~iaure 3 ia 

- (ci - B) Pn (coa 8i) ain8i•K1 

Witb tbe uncertainty in 8i aa zero, tbe uncertainty in 

•t i• 

where ~ci and ~B are tbe uncertainties of ci and B. 

Since the a..ma-ray eaiaaiona are randa. theae uncertain­

tie• equal tbe aquare root of the total count ao tbat 

A•i - j ci + B • 

AJ
0 

was then evaluated by sraphiDC both Mi and 

Mi + ~•i aa a function of 8i aDd findine tbe difference 

in their arapbical integration. Bzcept for energiea 0 .39 

Mev and 0.01 Mev, A(Jn/J ) was nealigible in coaparison
0 

to uncertainties arising fro. other causes. Tbe 

uncertainties found for 0.39 Mev and 0.51 are approsi..tely 

0.007 and 0.003 reapectively. 

Uocertaintiea due to error• of curve fittina were 

found relatively neali&ible. 

Tbe largeat error• ar~e in graphical intearation but 

are conveniently all nearly e•ual aince the ar&Pha 

(Figure 3) were forced to have approsi..tely e•ual 

diHnaiona. The uncertaintJ, /J.J , waa detenained by
0 

araphicallJ intearating tbe .... curve aeveral ti..a and 

applying the relation 
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Thi• uncertainty 1• approziaatelJ o.ooe. 
The approz1aate total uncertaint1e• are li•ted in 

Table III below and included in Ficure 5. 

TABLE III 

BnersJ /lJO(lleY) 

0.14 0.006 

0.28 0.006 

0 . 39 0.009 

0.51 0.007 

0.76 o.ooe 




