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1. OPTIMUM EQUALIZATION AND
SYNCHRONIZATION OF BROADBAND
MULTI-CARRIER SYSTEMS

1.1 Introduction

With rapidly increasing demand for high speed data transmission in information
highways, many new communication techniques has been emerged to support reliable
data transmission over the media. Various transmission techniques have been proposed
to facilitate the communication among users in applications ranging from internet access
to cellular network. The choice of one over another depends on the application and
performance requirements for the specific system in use.

Among these methods, multi-carrier modulation (MCM) has become a viable com-
munication scheme for high speed data transmission over band-limited channels due to its
high bandwidth efficiency [1]. The application of multi-carrier (MC) systems varies from
high speed modems for asynchronous digital subscriber lines (ADSL) to digital audio and
video broadcast (DAB/DVB) and wireless transceivers [2, 3, 4, 5].

The topic of efficient MC equalization and synchronization has recently received
much attention in the area of digital communication [6, 7, 8, 9]. The purpose of this
research 1s to optimize the performance of MCM systems in terms of computational com-

plexity and system performance.

1.2 Motivation

Currently, there are two major trends for equalization of MC systems, namely mini-
mum mean square error (MMSE) and maximum geometrical signal to noise ratio approach.

MMSE equalization of MC systems has received special attention during recent
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years [27]. Due to its robust performance, this approach has become a dominant tech-
nique for equalization of MC systems in many practical systems. Despite its efficient
performance, the computational complexity of MMSE method puts a burden in realiza-
tion of this scheme for real time applications . In other words, the existing limitations in
the processing resources of digital signal processing blocks present a major drawback in
real-time realization of MMSE equalizers. Thus, it is desirable to develop efficient signal
processing algorithms which provide a balance between computational complexity and
performance of such schemes.

On the other hand, optimum equalization of MC systems is a new developed subject
which is far from being mature as evidenced by small number of publications devoted to
this subject. Although the mathematics and theory of MMSE equalization approach
have provided a framework for analysis of such scheme, analysis of maximum capacity
equalization remains a challenge in this field. More specifically, the existing theory with
this respect fails to provide a unified solid foundation for analysis of such scheme. It
is known that equalization of MC systems based on maximum capacity criterion results
in a considerable data rate improvement in MC systems. However, this improvement is
achieved at expense of solving a highly complex constrained optimization problem. One
major concern, in this respect, is the lack of a closed form expression or even an iterative
search approach for obtaining the optimal solution of the above problem.

Another interesting challenge in the area of MC systems is in the timing and fre-
quency synchronization of such systems. Since these two problems, timing and offset
frequency synchronization, directly affect the performance of MC systems by deteriorat-
ing the orthogonality among subcarriers, it is imperative to have efficient methods to
estimate and eventually compensate these impairments in the system.

Throughout this thesis, an attempt has been made to address a few of these chal-
lenges, and solutions have been proposed to overcome some of these problems. It should
also be mentioned that there are still many questions in this field requiring further research

work.



1.3 Thesis Outline

This thesis deals with optimum equalization and synchronization of MC systems.
Specifically, a framework for analysis of maximum capacity equalization of MC system is
proposed. Furthermore, a new family of optimum estimators is developed utilizing the
key concept of cyclic prefix.

In Chapter 2 we begin with a detailed description of the single carrier modulation
and address its limitation for data transmission over bandlimited channels. Motivated
by this shortcoming, we discuss the concept of parallel channel and explain how this
approach can benefit data communication in achieving higher data rates. To make this
thesis self-contained a brief overview of MC equalization and synchronization methods are
also presented in Chapter 2. Analysis of this chapter provides a foundation for deriving
novel equalization and synchronization methods in subsequent chapters.

The thesis is then divided into two parts. Part 1 covering Chapters 3 and 4 deals
with equalization of MC systems while Part 2, covering Chapter 5, addresses the synchro-
nization issue in MC systems.

Chapter 3 describes a new algorithm for computationally efficient equalization of
multicarrier systems over time dispersive static channels. This efficient algorithm allows
the equalizer to obtain near optimum solution through estimating the extreme eigenvector
of a Hessian matrix. As an application, it is applied to equalization of discrete multi-tone
systems. We conclude the chapter with a comparison between complexity and performance
of the proposed algorithm against standard equalization methods.

Chapter 4 uses a geometrical method to provide a mathematical framework for
analysis of optimum equalization of MC systems. As a result, a new efficient iterative
algorithm for maximum capacity equalization of MCM is presented. Due to the versatility
of this approach, it is then generalized to two main subclasses of equalizers namely, unit
tap (decision feedback) and linear phase filters.

Chapter 5 uses the concept of cyclic prefix for estimation of symbol timing error and

carrier frequency offset in MCM. Using probability distribution function of the received
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data, a likelihood function for characterizing the effect of synchronization parameters in
MC received symbol is presented. Based on this result, a ML estimator for joint estimation
of synchronization parameters is derived. We then apply the concept of sufficient statistic
to obtain a minimum variance unbiased estimation of carrier frequencty offset. To remove
the effect of probability distribution function on the performance of the estimator, a mo-
ment estimator for this purpose is also proposed. As an application, the proposed methods
are applied for synchronization of orthogonal frequency division modulation scheme.

Finally, Chapter 6 presents conclusions and considerations for further research work

in this area.



2. BACKGROUND AND STATE-OF-THE-ART

To make this thesis self-contained, a brief introduction to the basic principles of
MC system is given in this chapter. A background theory for analyzing single-carrier and
multi-carrier modulation schemes is presented in section 2.1. Sections 2.2 and 2.3, provide
an overview of the state-of-the-art equalization and synchronization techniques for MCM

respectively.

2.1 Theoretical Background

This section provides an overview of single-carrier and multi-carrier modulation
schemes. Section 2.1.1 addresses the single carrier modulation and its limitation in data
transmission over bandlimited channels. The concept of parallel channel and channel

partitioning methods are thoroughly investigated in sections 2.1.2 to 2.1.6.

2.1.1 Single Carrier Modulation

Capacity of band-limited Gaussian channel was first introduced and analyzed by
Shannon in his original paper on information theory. In this paper, he showed that the
maximum number of information units that can be transmitted over a band-limited noisy

channel with bandwidth (W) can be obtained from

P

where P and N are the signal and noise power respectively. Intuitively, this number
represents the maximum number of information units (bits) that can be transmitted per
channel use, such that the probability of error event remains arbitrarily small (but not
zero). In using the above equation, the frequency response of the channel over the entire

bandwidth(W) is assumed to be flat. However, most practical communication channels,
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such as twisted pair wire lines, exhibit a nonflat frequency response which results in a
considerable data rate loss in data transmission [10].

A typical example is the copper phone line where the bandwidth is limited to 3300
Hertz . Assuming a typical signal to noise ratio of 25 dB, the capacity of this channel
is limitted to 33000 bits per second. In practice, there are other factors such as cross
talk, interference, echos, and non-flat frequency response which must be compensated for
in order to achieve this capacity. Among the limitations imposed on the channel, non-
flat frequency response is known to be the dominant factor in reducing the effective data
rate of transmission system. Conceptually, spectrally shaped channels cause intersymbol
interference (ISI) which eventually increases the noise power in detecting the data.

Equalization is the process of compensating a channel with non-flat frequency re-
sponse into a frequency independent flat spectrum channel. In the time domain, the
function of equalizer can be viewed as a system which conditions the channel in order to
enforce the channel impulse response into a discrete impulse function. The system which
performs this operation is known as equalizer. In many practical systems, equalization is
performed by an appropriate filtering operation at the receiver.

Depending on the characteristic of the equalization system, several criteria can be
considered for choosing the coefficient of the equalizer. Zero forcing (ZF) and minimum
mean square error (MMSE) equalization are the most common schemes which are widely
used for in practical systems [11]. In ZF scheme, equalizer taps are set such that the
frequency response of the equalizer becomes the inverse of channel spectrum. Thus the
frequency response of the overall system becomes flat, and there would be no ISI in the
system. However, the effectiveness of this approach is limited to the class of minimum
phase channels, where the existence of stable inverse systems is guarantied [12]. Also,
it is known that ZF equalizers may result in considerable noise enhancement around
singularities of the equalizer spectrum(poles of the transfer function).

In MMSE equalization, a set of previously received data and detected symbols are
weighted by the equalizer taps to minimize the estimation error introduced by the noise

and ISI [13]. To assure stability, the mean square error is used as a global function for
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minimization purposes. In doing so, a set of feedback and feedforward filters are used at the
receiver. MMSE equalization has the advantage of analytical tractability and mitigation
of the noise-enhancement problem of the zero-forcing criterion. However, complexity of
this approach is exponentially proportional to the effective memory of the channel impulse
response.

Complexity of the equalizer is directly proportional to the effective memory of the
channel. Consequently, as the effective length of channel impulse response increases, the
complexity of these approaches becomes considerably high. Consequently, high bandwidth
data transmission schemes require sophisticated equalization techniques along with highly
complex equalizers. Thus, none of the standard equalization methods can be used as an
effective technique for mitigating the ISI in these scenarios .

An alternative approach for coping this problem is the MCM [14]. In MCM, the
channel spectrum is partitioned into a large number of orthogonal , parallel, and approxi-
mately memoryless channels. The number of input bits assigned to different subchannels
are different, and depends on the signal to noise ratio in each subchannel. In the fol-
lowing section, the problem of optimum bit allocation for parallel channels is thoroughly

analyzed.

2.1.2 Parallel Channel and Water-filling

Consider a set of k independent Gaussian channels, with a common power constraint.
We intend to distribute the transmit power (P) among the subchannels([ p, P, --- P, ])
so as to maximize the overall capacity of the system. Also, it is assumed that con-
tribution of the additive noise to the subchannels can be represented by the vector
(N, Ny --- N, ]). A typical example of this scenario is the the set of k parallel
QAM modulation schemes, where each subchannel can be treated as an AWGN channel
with no memory as shown in Figure 2.1. To satisfy the power constraint, the optimization

is performed subject to the constraint Z F; = P. By generalizing the concept of capacity

)
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Figure 2.1: Parallel Gaussian Channel

given in section 2.1.1 to MCM, the overall capacity of the composite system can be written
as a function of the individual power allocated to each channel. Therefore, the Lagrangian

functional for the above constraint problem can be expressed as

k
1+—4mw > P) (2.2)

1
J(P17P27" 7 5
=1

H'M»

By taking the derivative of the Lagrangian with respect to each P;, and setting it
to zero, the optimum solution can be obtained from

1

1
— >\ = .
IR A (23)

or

Pi =V - Nz (24)
Since P;’s must satisfy the non-negativity constraint, it might not be always possible to

find a solution of this form. Therefore Kuhn-Tucker condition can be applied to verify

that the solution
P=(v—-Ny)* (2.5)



is the assignment that maximizes capacity, where v is chosen so that
> (w-N)T=P (2.6)

This solution is illustrated graphically in figure 2.2. The vertical levels indicate the
noise levels in the various channels. As signal power is increased from zero, we allot the
power to the channels with the lowest noise. When the available power is increased still
further, some of the power is put into noisier channels. The process by which the power
is distributed among the various bins is identical to the way in which water distributes
itself in a vessel. Hence this is sometimes referred to as water-filling [15]. The water filling
property is the principle theory of data rate maximization in high speed data transmission.
While the water-filling energy allocation will indeed yield the optimal solution, it is often
difficult to compute and tacitly assumes infinite granularity in constellation size, which is
not realizable. One known finite-granularity multicarrier loading algorithm is the Hughes-
Hartogs algorithm [16]. However, this algorithm is very slow for high speed applications,
such as ADSL environment, where a large number of bits will be contained in each DMT
symbol. A low complexity loading algorithm was also proposed in [17]. The key point in
this approach is to distribute the rate among the subchannels according to the channel
capacity. This approach maximizes the capacity for a given signal power. However, there
are some applications in practice where the objective is to transmit a fixed data rate with
a fixed power at the lowest error rate.

In [18, 19], authors use the maximum rate loading criteria to allocate bits among
the subcarriers.

Channel partitioning technique has received a special attention during the recent
years [20]. As a result, several forms of MCM have been developed depending on the choice
of the modulating and demodulating vectors. In the following chapter, we recapitulate
the general theory of channel partitioning and provide a unified framework for analyzing

such systems.
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Channel 1 Channel 2 Channel 3

Figure 2.2: Typical Water-Filling Distribution

2.1.3 Vector Space Approach

Consider a block of N information symbols which is used for data transmission.
By virtue of vector space concept, this N-tuple vector can be represented as a linear

combination of N orthogonal basis functions as
N
Q;k(t) = anﬁbn(t) (2-7)
n=1

Consequently, a succession of such transmission with symbol period of T can be repre-

sented as

N
o(t) =) ) Tnkdn(t —kT) (28)

k n=1
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Figure 2.3: Block diagram of MMSE Filter

Considering this function as an input to a channel with impulse response h(t) , the received
signal at the output of channel can be represented as a linear convolution according to

N N
y(t) = h(t)+z(t) = Y Y Tadult —KT) ¥ h(t) = Y Tna(t) (2.9)

k n=1 n=1

In order to detect the modulated vector, a set of N matched filters matched to pulse
responses ¢, (t) are used at the receiver. Thus, the maximum likelihood estimate of the
transmitted signal can be obtained by maximizing the signal to noise ratio at the output

of each filter. In doing so, there are N? describing functions

 palt) #p(=)
a0 = o T Tiponl 0

that characterize the modulation and demodulation process. Consequently, the above
modulation scheme can be viewed as a multiple-input/multiple-output system in which
the discrete-time I/O transfer function can be viewed as an NxN time-varying matrix Q

where the entries of the matrix have the following representation

Qx[m,n] = g[m,n](kt) (2.11)

To avoid ISI in data transmission, the characteristic matrix Q should satisfy the
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Nyquist condition

where I is the identity matrix. There are different ways for selecting the basis functions
to satisfy the equation 2.12. A nonoptimum choice of these functions would remove
the orthogonality among the describing functions. This phenomena can be viewed as
the orthogonality distortion caused by nonideal transmit pulse shapes in PAM or QAM
transmission. In the following section, we investigate an optimum set of basis functions

which result in an ISI-free data transmission.

2.1.4 Modal Modulation

Given an impulse response h(t) the corresponding autocorrelation function can be

defined as
r(t) = h(t) x h* (1) (2.13)

The set of corresponding eigenfunctions for this function is defined as functions ¢, ()

which satisfy the following relationship

~T/2
/ r(t=T)pn(T) = padn(t)dr (2.14)
T/2
-T/2
[ sosme = b (2.15)
T/2

One way of selecting the basis functions is to assign each basis function to a eigen-
function of the channel autocorrelation function. The block diagram of such system is

depicted in Figure 2.4. Using this assumption, we can express the received signal () as
r(t) = h(t) x z(t) + n(t) (2.16)

where n(t) is the additive white Gaussian noise with power of % The channel matched

filter (h*(T — t)) output is given by

N
y(t) = zalr(t) * n(t)] +Alt) (2.17)
n=1
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Figure 2.4: Block diagram of MMSE Filter

where 7(t) is the response of channel matched filter to the input noise n(t). Through

equation 2.14, the above expression can be written as

N
y(t) = anpn¢n(t) + 'ﬁ(t) (2.18)
n=1

The receiver matched filters (1 (¢),02(¢) ;- -, $1(t)) consist of N filters each matched to
the corresponding eigenfunction. Therefore, the sampled noise output at the output of

receiver matched filter has the following form

T/2
iy = / n(t — 7)u(t)dt (2.19)

-T/2
and the autocorrelation of this sequence can be written as

N

E[’ﬁz’ﬁ;] = p,-(S,-]— E

(2.20)

Thus, this particular choice of basis functions partitions the channel into a set of N
independent subchannels to which the results of water-filling property can be applied.
However, this particular selection requires prior knowledge of channel impulse response

and may vary from one channel to another. Such functions would be difficult to implement
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exactly in practice. In the next section, we address a particular technique which provides

an efficient partitioning method which is independent of channel impulse response.

2.1.5 Discrete-time Channel Partitioning

Consider a communication channel in which impulse response can be modeled as a
FIR filter h = {ho, h1, ---, hy}. For a block of Ny received samples, the discrete-time

input/output relation of channel can be cast in matrix form as follows

[ yivp -1 [alo) A - R 0 o o | [xv—1]]
y[Nys — 2] _ 0 A[0] h[1] --- h[v] 0 x[N — 2]
yl0] | 0 -0 A[0] -+ hlo—1] A[v] | | x[-v]

or more compactly,

y=Hx+n (2.21)

where y, x and n are the vectors of output, input and noise respectively. The Nx(N + v)

matrix has a singular value decomposition (SVD) of
P=F [ AP Ony ]M (2.22)

where the matrices F and M are unitary matrices (F*F = Iy and M*M = Iy,,) of
size Nx N and (N + v)x (N + v) respectively. If the input vector is generated carefully

according to

*

x=M [ Xno1 Xn—2 § Xo 0 100 (2.23)
then the modulated signal can be perfectly reconstructed at the receiver as
Y =F*F [ A Ony ] M*Mx +F*n=AX + N (2.24)

Therefore equalization at the receiving end can be performed efficiently using hadamard

division operation. This operation is known as frequency domain equalization (FEQ) in
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MC systems. The main disadvantage of this scheme is in the relatively high overhead
associated with computing SVD. However, as is explained in subsequent section, an ap-
propriate coding technique can be applied prior to transmitting data over channel in order

to reduce the complexity of SVD.

2.1.6 Channel Partitioning For Discrete Multitone Systems

Discrete multitone(DMT) system is a special case of vector coding which provides
a reduced complexity channel partitioning through adding some restriction to the data.
This scheme, forces the transmit symbol to have z_; = zy_x for £k = [1,---,v]. Such
repeating of the last v samples at the beginning of the symbol is called cyclic prefix.

With cyclic prefix, the input/output channel description can be cast in the following form

— h[0] A[1] --- h[v] O 0
- . 0 A[0] R[] --- h[v] . 0 - -
y[Ny 1] L . x[N ~1]
0 .. .. .. .. .. 0
Nf—2 x|N -2
v ! Mol o 0 0w o wwen] g V=2
hlv] 0 -~ 0 A[0] hlv —1]
ylo) ] : U - - - : | X0
h(1}] --- A] 0 - 0 h[0] |
i (2.25)
or in compact form
y=Hx+n (2.26)

Due to the circular characteristic of the channel description matrix, it can be decomposed

into products of Fourier matrices and a diagonal matrix as
H=UAU" (2.27)

In the above equation, U is the Fourier matrix, and A is a diagonal matrix, in which the
diagonal elements are the Ny-point DFT of the first row of matrix H, where N 7 is the

size of matrix H. Due to the unitary characteristic of matrix U A, (UU* = U*U = I)
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the decoding and encoding procedure can be performed efficiently using FFT and IFFT

transform as follows

Y=Uy=UHx+n=AUx+1 (2.28)
Therefore if the input signal is chosen to satisfy
x =U'X (2.29)
then the demodulated vector at the receiver can be represented as
Y=AX+n (2.30)

in which n = U*n.

Figures 2.5 and 2.6 depict the block diagram of DMT transmitter and receiver
respectively. From the above equation, it this clear that appending cyclic prefix to the
modulated symbol provides an efficient way for computing the singular values of the
channel description matrix. Using the circular characteristic of the channel description
matrix, the SVD operation can be performed with N¢logs N operations (FFT operation).
Due to the additional restriction of cyclic prefix, performance of the DMT systems is always
upper-bounded by the performance of vector coding. When Ny >> v, the difference
between DMT and VC would be small. However, in twisted pair wirelines, this assumption
is violated and extra processing is needed to enforce the highly time dispersive channel
into relatively short channel. This operation, known as impulse response shortening, is

the topic of the following section [21, 22]

2.2 Overview of Equalization Methods

In this section we address the impulse response shortening problem and recapitulate
the existing methods for training the time domain equalizer (TEQ) for DMT systems.
According to the previous discussion on channel partitioning, TEQ plays an important rule

in performance of DMT systems. As long as the TEQ effectively shortens the channel, the
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Figure 2.5: Block diagram of DMT transmitter
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Figure 2.6: Block diagram of DMT receiver

system is free from ISI, which in turn guarantees that the system is free from intercarrier
interference (ICI).

Equalization of multicarrier was originally discussed by Weinstein and Ebbert [23].
However, the proposed approach only encounters the distortion due to the cochannel
interference and completely ignores the interchannel interference. Equalization of MC
signal that has passed through a distorting channel was first addressed by Hirosaki [24].

Pioneering efforts for practical equalization of MC systems were started by Chow et.
al. [25]. In this paper, authors characterize the channel by a rational transfer function in

a(z)

the form of ﬂ where a(z) and p(z) are the polynomial of finite degree (FIR). In addition,
p(z

the equalizer is set to p(z), the numerator of the transfer function. Consequently, the
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equalized channel was characterized by the FIR filter a(z). Due to the high computational
complexity involved with the channel identification procedure, this method is inefficient
for channels with relatively high memory. Soon after, an LMS-like adaptive algorithm
was proposed by Chow et. al. which facilitated the training procedure for setting the
TEQ taps. A salient feature of this algorithm is that it jointly adapts the decision delay
and equalizer coefficients in each iteration. However, as stated by the authors later,
the algorithm exhibits anomalous behaviour such as increasing the number of iterations.
Although it is adhoc and not globally convergent, this approach is considered as the
most practical scheme for setting the equalizer in many practical systems. Later, in a
complementary paper, authors proposed a DFE-like filtering technique and formulated
the problem into a quadratic optimization problem [26]. It was shown in this paper, that
the DFE may not necessarily result in minimum mean square error and in optimizing
the performance of TEQ various causality scenarios have to be considered . Later, the
challenge for removing these imperfections resulted in a comprehensive paper by Al-Dharir
and Cioffi, wherein a solid framework for analyzing the MMSE equalization was proposed
[27]. Fundamentally, this approach provides the optimum setting for a finite length input
aided equalizer by minimizing the MSE between the equalized channel impulse response
and a target impulse response (TIR). Also, this approach devises a search procedure for
computing the optimum delay associated with TIR which outperforms the previous search
technique proposed for this purpose [26]. Due to the high relevancy of this subject to the
material developed in chapters 3 and 4, this theory is thoroughly investigated in section
2.2.1.

Although efficient and mathematically solid, MMSE equalization has a high com-
putational complexity which puts a burden in its application for real time systems. To
remove this impediment, a few fast versions of this approach were proposed in [28, 29].
In this approach, a periodic input signal is used for training the equalizer. Due to this
periodicity, the autocorrelation matrix of the received vector appear to be circulant and
therefore its inverse can be obtained efficiently using DFT operation. Also note that the

proposed method imposes the unit tap constraint on the equalizer. There is also a recent
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interest in application of multirate filter banks for impulse response shortening problem
[30]. Recently, the topic of optimum equalization of multicarrier systems has received
special attention by many researchers. Al-Dhahir et. al., showed that although MMSE
equalization is the most popular equalization technique due to its tractability and adapt-
ability, it does not optimize the criterion in conjunction with DMT systems [7, 8]. Having
established this property, a new criterion was proposed and the optimum equalization of
DMT systems was formulated as a constrained optimization problem. This subject is the
topic of section 2.2.2. In the next section we reformulate the MMSE equalization problem

and consider various approaches in setting the equalizer taps.

2.2.1 MMSE Equalization

The optimum setting of MMSE-DFE equalizers for ML detection have already been
investigated in many papers [27], [31]. In order to provide a sufficient background for the
following chapters, we recapitulate the theory of MMSE equalization.

Consider an additive Gaussian noise channel in which the received signal y(t) is

constructed by modulating a series of input symbols z; by a channel response h(t),

y(t) = > zph(t—nT) +n(t) (2.31)

n=-—oo

in which {z;} is a sequence of iid zero mean random variables with power o2. The noise
n(t) is assumed to be zero mean Gaussian and independent of the input sequence. The
channel response represents the combined effect of the transmit and receive filter as well as
channel impulse response. By resorting to the concept of fractionally spaced equalization,
the input/output relation for the discrete time equivalent channel can be represented in

the following form
=00
Yi = Z bz + ny (2.32)
l=-

where the output, input and noise vectors are defined as

Yi = [y[k-i—l—l/M] ylk+1-2/M] - ylk]



hy = [h[k+1—1/M] hlk +1—2/M]

n; = [n[k—}—l——l/M] nlk +1—-2/M]

20
hlk] }
]

In the above expressions, the sequence of samples y([k], A[k] and n[k] are obtained through

periodic sampling of the functions y(t), h(t) and n(t) with period of T/M respectively. The

use of vector channel impulse response coefficients assumes a poly-phase representation

of the channel. In other words, hy is an M-dimensional column vector that contains M

phases of the kth symbol period and M is the oversampling factor.

Consider a block of Ny output samples. Successive using of equation 2.31 provides

a set of difference equation in a matrix form as following

H
= X, + N (2.33)
Xi-A S
[ by by h, 0 0 ]
H = . Bo 0 (2.34)
i hy h; - h, |
S = [O(Nb+1,A) Lvgv1,m0+1) 0(N,,+1,Nf+v_1vb_1)] (2.35)
(2.36)
where,
Xi-a | Te-a Tr-ao Tk-A-N, } (2.37)
Xk Tp Tg-y Tk-A-Nj—vt1 ] (2.38)
Ni oMy mp o, ] (2:39)
Y ] Ye Yi-1 YZ—Nf+1 ] (2.40)

As shown in Figure (2.7), MMSE equalizer consists of two filters, a fractionally

spaced feedforward filter w with M N taps, also known as time domain equalizer (TEQ),
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Figure 2.7: Block diagram of MMSE Filter

and a symbol spaced feedback filter with N, + 1 taps, known as target impulse response
(TIR). For a given value of filter lengths N, and Ny the objective is to compute the M Ny
coefficients of the feedforward equalizer, w, and the N, + 1 taps of the feedback filter b
such that the mean square of the error sequence ey = zx — ¢ is minimized. In doing so,

we compute the residual error according to
e = wW'Y,—-b*X;_a (2.41)
in which w and b are the vectors of feedforward and feedback filter coeflicients respectively,
b* = [bo by - bNbJ
w= [ Wy Wy o WNeM J
Therefore the mean square error can be represented as

E[eg] = b*RIZ‘b - b*Rzyw + W*Ryyw - W*Ryzb

In the above expression, Ry 2 E[ X¢-aY;] =R}, , Res = B[ X4 aX]_4), Ry 2

E[ Y:Y}] . By invoking the orthogonality principle ( b*R;, = w*Ry, ), the mean square

error can be written in the form of



22

E[e’] = b*R,,b (2.42)

in which

R,, =R,z —RyyR Rys (2.43)

Equation 2.42 is in the form of quadratic function which can be minimized using standard

Newton’s method. In order to avoid converging to the trivial solution an additional

constraint is imposed on the Feedback filter.

1-

Unit Tap Constraint (UTC)

In this approach, ith element of the feedback filter b is forced to unity. This condition
is imposed through adding the constraint 1 — uib = 0 to the original optimization
problem, in which u; is the 7’th unit vector. In light of this fact, the optimization

problem is formulated as,

b = arg ngn b*R,,b + A(1 — uib) (2.44)

Using Lagrange functional, the optimum vector bgy,; which provides the global min-

imum of the above function can be obtained from

and the minimum mean square error is accordingly found from

MSEyrc = R—_fl(—_) (2.46)

zly\h?

Unity Energy Constraint (UEC)

In this approach, feedback filter satisfies the unit energy constraint. This condition
is satisfied through adding the unit energy constraint to the optimization problem

which results in a objective function as follows,

b = arg ngn b*R,,b + A(1 — b*b) (2.47)
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Similarly, the optimum vector boy; which provides the global minimum solution of

the above objective function is the form of

b*R,yb

2.48
b*b (2.48)

b = arg min
& b

The solution to this problem is the eigenvector corresponding to the minimum eigen-

value of matrix R Therefore, the minimum mean square error obtained from

zly-

using this approach would be the minimum eigenvalue of matrix R, as
MSEygc = Amin(Rx|y) (249)

Thus, the optimum solution may be obtained from inverting the Hessian matrix

R, followed by applying power iteration algorithm. A close look at equation 2.48

zly
reveals that the MMSE-UEC problem can be viewed as minimizing the Rayleigh

quotient of matrix R Later, we will use this property to obtain a fast algorithm

zly*

for computing a near optimum solution for MMSE-UEC approach.

In both approaches, the optimum equalizer settings for the feedforward filter w is obtained

from solving Wiener-Hopf equation as

W= R_!R,b (2.50)

This unified approach requires one-time inversion of an M N;-dimensional matrix
R, to compute R;},. For the special case where the input spectrum has a white spectrum
with twosided power spectral density of o2, the cross correlation matrices Ry and Ry,

can be directly obtained from the channel description matrix as

Rzy = E[ Xk__AY,:] = E[ Xpa(Hg X + Nk)*]

= E[Xi_aX*H;] = E[Xp_a[X; X;_, X;]H] =S H*

wherein the vectors X,, X, and the matrix S is defined as

* pu—
X, = [ﬂfk Tk—1 " Tk-A+1
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* —
X; = |:1'k—A—Nb—1 Tk—A-Ny—-2 - xk—N,—u+1J
S = [0N6+1,A In,+1,Ny+1 0N,,+1,s]

In the above expression, A is the decision delay involved with the feedback filter
and s 2 Ny + v — Ny — 1. Matrices I, 0 and R, represent the identity, zero, and
noise autocorrelation matrices, respectively. Using the new expression for crosscorrelation

matrices, the Hessian matrix R, for the white input sequence would be in the form of,

A * * — * * -
Ra = 021y, 41 — 03S*H'R,JHS* = 021y, 41 — 0sHAR,JHa (2.51)

where Ha 2 HS*. From the above expression one can conclude that changing the decision
delay would result in different objective functions which changes the MSE. Therefore, the
optimum value for the parameter A is obtained from performing exhaustive search on all
values of A = 0,1,---, Ny + v and selecting the one which provides the minimum value of
the objective function given in 2.51. It can be shown that the MMSE error under UEC
results in a lower value in comparison to the MSE provided by UTC approach [27].

Figure 2.8 shows the result of the MMSE approach for both UTC and UEC con-
straints on a typical twisted pair wireline, namely 9K ft 26 AW G channel.

Although the problem of finding optimum setting of coefficients in FIR MMSE-
DFE has been addressed thoroughly, this technique is still not attractive for real time

applications due to the following reasons

e Computational complexity
Due to the fairly complex matrix operations associated with this MMSE equalization
approach, , this scheme is still not attractive for real time applications. In Chapter
3 we propose an efficient technique which removes this impediment in practical

realization of this technique.

e Suboptimum performance
The MMSE equalization method obtains the setting of the equalizer by minimizing

the mean square error in impulse response shortening . However, it is known that
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kft 26 AWG DSL,Nb=5,Nt=120

—Unit Energy Constraint

- Unity- Tap Constraint

Output SNR

Figure 2.8: Comparison between MMSE-UEC and MMSE-UTC equalization approach for
9Kft 26 gauge AWGN channel

this criterion does not result in the best system performance in conjunction with MC
systems. In other words, the capacity obtained from using the MMSE equalization
approach may not necessarily result in maximum data rate for MC system. The
problem of optimum equalization of DMT system is the subject of the following

section.

2.2.2 Maximum Capacity Equalization

The problem of optimum equalization of MC systems is investigated in this section.
Consider a MC system consisting of N independent and equally spaced subchannels. By

virtue of equation 2.1, the capacity of the composite system can be expressed as

N
bpur = Y loga(1+

=1

SNR;

) (2.52)



26
wherein SN R; and I are the signal to noise ratio and coding gain of the 7’th subchannel
respectively. By factoring the log terms inside the sum expression, we can reformulate

equation 2.52 into the form

bour = Niogy(1 + 22 Fgeom) (2.53)

where the term SN Rgeon is the geometrical signal to noise ratio defined by

N
NR;
SNRyeom = I'( H(1+SFR) -1) (2.54)
=1

To simplify the analytical derivations, it is assumed that all the subchannels contribute
in the data transmission. In other words, all of the available bandwidth is assumed to be
used by the MC system. Neglecting the ”+1” and ”-1” terms in the above expressions,
the SN Rgeom can be approximated by
5 :
SNRyeom = |[J(SNR:) (2.55)
i=1
The noise power in each subchannel can be decomposed into two terms. The first
term is due to the residual error associated with the impulse response shortening problem
(mean square error) . The remainder is due to the AWGN introduced by channel and
receiver noise. Assuming the contribution of MSE resulted from impulse response short-
ening is negligible comparing to the AWGN term, the geometrical signal to noise ratio can

be reformulated as

i=1 Sn [Z]IWl,

where Sy[i], B; and W; are the noise power, DFT of filter b and DFT of filter w in i** bin
respectively. For fixed bandwidth,maximizing the achievable bit rate would be the same

as maximizing the SN Ryoom. Thus, the optimization problem can be formulated as

T Bl
(b, w] =arg1£1’%3c logg(m) (2.57)

To reduce the complexity of consecutive stages as follows
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Step 1 The optimum solution for TIR ise obtained from solving the following constraint

optimization problem

N
_ * 1
b = arg mgxglogb G'b (2.58)

where Gi 2 g'g’" , and g’ is the 5*" Fourier basis vector given by

*
. 2miN,

P A s 2w
gl = |: 1 e_]2T - e_] N
Step 2 The Wiener-Hopf equation given in 2.50 is used to obtain the optimum setting of

the TEQ.

The above optimization problem was originally proposed in [27]. In this paper, authors
used sequential quadratic programming (SQP) method in order to obtain the optimum
setting of the TEQ. However, no specific iterative method for equalizer training was pro-
posed for this problem. Motivated by this shortcoming, a new efficient iterative approach

for the above constraint optimization problem is developed in Chapter 4.

2.3 Overview of Synchronization Methods

The principle disadvantage of MC system is in its sensitivity to improper synchro-
nization environment introduced by nonideal receiver. More specifically, due to improper
sampling of the received signal, MC symbol is subject to the timing delay. Moreover, an
offset in the carrier frequency of demodulator at the receiving end may cause loss of or-
thogonality among subcarriers. These deleterious effects puts an impediment in realization
of MC systems for practical purposes.

Synchronization, is the process of adapting the receiver to the symbol timing error
and carrier frequency offset introduced by the channel delay and improper sampling op-
eration at the receiver. The effect of frequency offset on the performance of MC systems

was originally analyzed by Moose [32]. It was shown in this paper that the signal to noise
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ratio at the output of MC receiver is lower-bounded by

SNR> E. {sinme/(me)}?

= No 1+ 5947(E, /Ny) (sirme)? (2:59)

where E., N, and € are the signal power and noise power and carrier frequency offset
respectively. Pollet et. al. analyzed the sensitivity of MC system to carrier frequency
offset and provided an expression for computing the probability of error [33]. Eduardo
et. al. expanded this concept to OFDM communication and derived the BER for binary
OFDM systems.

Categorically, the previously proposed methods for synchronization of multicarrier
systems can be classified into two main subclasses, namely minimum mean square error
(MMSE) and ML estimators. In MMSE approach, estimator uses the side information
provided by the reference signal ( pilot tones ) in order to minimize a cost function
associated with the synchronization parameters [34, 35]. A salient feature of this approach
is that no probabilistic assumptions are made in regard to the data. Although MMSE
estimators usually result in a tractable (globally stable) and easy to implement realization,
no optimality criterion (probabilistic or statistical ) is associated with these estimators.
Also, since part of the transmitted information is allocated to the reference pilots, the
bandwidth efficiency of these methods is lower in comparison to the nonpilot schemes.

On the other hand, ML estimators provide the estimate of unknown parameter
subject to the minimum probability of error criterion [36], [37], [32]. Although not exactly
efficient, ML estimators are asymptotically minimum variance unbiase (MVU), i.e. their
variance attains that of MVU estimator as length of the data record goes to infinity.
However, due to the physical constraints, systems with infinitely long data records are not
feasible for implementation purposes.

In [32], authors use retransmission technique in order to reveal the frequency off-
set parameter in the likelihood function of the received signal. Due to the redundancy
introduced by repeating the data block, the spectral efficiency is dropped by a factor of
two. To avoid this imperfection, a new ML estimator based on cyclic prefix (CP) was

introduced in [37]. In this approach, the side information provided by the CP is used to
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obtain the likelihood function for joint estimation of symbol timing error and frequency
offset in MC systems.

Our research revealed that the likelihood function proposed in [37] does not globally
characterize the observation vector over the entire range of the timing offset. Consequently,
the ML estimator proposed based on this likelihood function would result in considerable
performance loss over a finite range of timing offset interval.

Motivated by the suboptimum performance of this estimator, a new likelihood func-
tion for joint estimation of carrier frequency offset and symbol timing error of multicarrier
systems is introduced in Chapter 5. Based on this result, a new optimum ML estimator
for the joint estimation problem is also presented. In an attempt to reduce the variance
of ML estimator, we also investigate a new class of MVU estimators for frequency offset
estimation of multicarrier systems. It is shown that there exists but one function of suf-
ficient statistic which provides the MVU estimate of the frequency offset. The proposed
estimator provides a closed form expression as a function of data statistic. Consequently,
the new method does not suffer from converging to multiple local minima, the problem
which arises in ML technique with nonconvex loglikelihood function [36]. Synchronization

of multicarrier system is thoroughly addressed in Chapter 5.
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3. FAST ALGORITHM FOR FINITE LENGTH MMSE
EQUALIZERS WITH APPLICATION TO DISCRETE
MULTITONE SYSTEMS

3.1 Summary

This section presents a new, fast algorithm for finite-length minimum mean square
error (MMSE) equalizers. The research exploits asymptotic equivalence of Toeplitz and
circulant matrices to estimate Hessian matrix of a quadratic form. Research shows that the
Hessian matrix exhibits a specific structure. As a result, when combined with the Rayleigh
minimization algorithm, it provides an efficient method to obtain the global minimum of
constrained optimization problem. A salient feature of this algorithm is that extreme
eigenvector of the Hessian matrix can be obtained without direct computation of the
matrix. In comparison to the previous methods, the algorithm is more computationally
efficient and highly parallelizable, which makes the algorithm more attractive for real
time applications. The algorithm is applied for equalization of discrete multitone (DMT)

systems for asynchronous digital subscriber line (ADSL) applications.

3.2 Introduction

In design of adaptive filters for signal processing applications, various optimality cri-
teria can be used to obtain the optimum setting of the adaptive filter. However, MMSE is
considered to be the most tractable technique which guarantees existence and uniqueness
of global optimum solution. The problem of finite-length MMSE filtering has already been
investigated in many literatures [27],[31]. In [31], author applies the notion of MMSE filter-
ing for system identification problems. Partial equalization of spectrally shaped channels

is another fruitful application of MMSE filtering in communication and signal process-
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ing. Specifically, given a highly dispersive channel of length v, the objective is to design
a finite-length time domain equalizer (TEQ) to force the effective channel into a much
shorter filter known as target impulse response (TIR). In general, the optimum solution
to this problem is obtained from computing the global minimum of a quadratic function.
Due to the inherent potential of quadratic forms to converge to the trivial solution, an
energy boosting constraint is applied to the problem. Among the feasible constraint sets,
unit energy constraint (UEC) and unit tap constraint (UTC) have found more applica-
tions in communication systems. In principle, decision feedback equalization (DFE) can
be categorized as a special class of MMSE equalizers under UTC. A fast algorithm for
MMSE equalizers has already been proposed in [28]. However, the study conducted in
[28] provided the optimum solution subject to UTC. In this paper, a new fast iterative
algorithm for computing optimum setting of MMSE-UEC equalizers is presented. Also
note that equalization under UEC provides better SN R in comparison to UTC [27]. The
method makes use of asymptotic equivalence of circulant and Toeplitz matrices to obtain
a closed form expression for the Hessian matrix. Additionally, we show that any quadratic
form can be computed efficiently using the discrete Fourier transform (DFT) operation.
When combined with the Rayleigh minimization algorithm, it provides a fast algorithm
for computing coefficients of TIR and TEQ . The algorithm provides the solution after
Ny + 1 iterations and requires O(Nylog2(Ny)) operations/iteration where Ny and N, + 1
are the length of TEQ and TIR, respectively. The rest of this paper is organized as follows.
In section 3.3 an overview of MMSE approach is presented. In section 4.3 few properties
of Hessian matrix are derived. Based on these derivations, a new iterative algorithm for
MMSE-UEC is proposed. The complexity of algorithm is compared against the stan-
dard matrix inversion method. Finally, in section 3.6 the algorithm is applied to impulse

response shortening of DMT systems.
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3.3 MMSE equalization

This section presents an overview of the MMSE equalization problem.! Block dia-
gram of the equalizer studied in this paper is depicted in figure 3.1. The channel response
is modeled as a discrete time FIR filter, expressed by h = {h[0],h[1],-- -, h[v]} where v is
the channel spread. The channel response represents the combined effect of the transmit
and receive filters as well as the channel impulse response. Input is an independent iden-
tically distributed random sequence with power of 2. In MMSE approach, equalizer taps
are set such that the residual error between output of TIR and TEQ filters is minimized
in the mean square sense. MMSE equalization can be viewed as a quadratic optimization
problem in which the optimum settings for the TIR and TEQ filters are obtained from

the following equations
bept = arg ngn b*Rab (3.1)
w = 2Ry, " "Habopt (3.2)

where R is the Hessian matrix given in

Ra £ 021y, — ofHAR; ' Hp (3.3)
and

R,, = o2HH'+R,, (3.4)
Hp, = HS* (3.5)

[ 0] R[] - Ap] - O

0 h[0] A[1] --- A

H — [0] A[1] [v] (3.6)

| 0 - R[0] A[1] - A[y] |
S = Ony+1,4 Inyyi,ny+1 ONpti (3.7)

' Throughout the paper, symbols © , * , ® and 7, represent element by element vector multiplication,
linear convolution, real and Fourier transform operations respectively. Also matrices and vectors are
represented by upper-case and lower-case bold characters, respectively.
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Figure 3.1: Block Diagram of MMSE Equalizer

In the above equations, A is the decision delay involved with the TIR and & 2N r+
v—Np—1. Also matrices I,0 and R, represent the identity,zero and noise autocorrelation
matrices, respectively. Recall that in the presence of UEC, the optimization problem given
in (4.1) can be viewed as minimization of Rayleigh quotient of matrix Ha. With this idea
in mind, we apply the iterative algorithm proposed in [38] to obtain extreme eigenvalue
(vector) of the Hessian matrix. Basically, this algorithm applies the conjugate-gradient
method to find the minimum of second order approximation of Rayleigh quotient. Rayleigh
minimization algorithm is widely used in subsapce tracking problems [39]. This method,
although iterative in nature, is guaranteed to converge after at most Nj + 1 iterations.
Robustness to matrix condition number is another noticeable feature of this algorithm
[40]. Although the Rayleigh minimization algorithm does not exploit matrix inversion ,
it requires frequent computation of quadratic forms. In the next section we describe an
efficient method for computing the quadratic terms, which eventually leads us to a fast

algorithm for computing coefficients of MMSE-UEC equalizers.
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3.4 Iterative Algorithm

The first step in reducing the complexity of the algorithm is to provide an effi-
cient method for computing the inverse of the autocorrelation matrix. In doing so, we

approximate the Toeplitz matrix
Ryy = Tpltz(ryy (0], ryy[1], - ,7ryy[Ny—1]) (3.8)
with its asymptotic equivalent, known as circulant matrix [41]

Cyy = Tpltz(ryy[0], ryy[1], - -, myy [Nf /2], (3.9)

Tyy[Ng/2 = 1], ryy[1]) (3.10)

Note that the argument of the T'pltz operator is the first row of the Toeplitz matrix. It is

known that the matrices Ry, and Cy, defined in 3.8 and 3.9 satisfy the condition
Niiinoo [Ryy — Cyyl =0 (3.11)

where the weak norm is defined as [42]

Ng—1Ng—-1

|A| 2 (n'ltrace[A*A])% = (n7! Z Z |ak ;1) (3.12)

k=0 j=0
A distinct advantage of circulant matrix is that it can be decomposed into the product of

Fourier matrices and a diagonal matrix as given by

Cyy = Un, ¥ Uy, (3.13)
where
¥o= diag(p[0] ¥[] - [N;-1)) (3.14)
_j27rkl

Uy bl = Lo " Ni pi=0,1,.N -1 (3.15)

\/—N—f ’ s 4y f

Ny-1 _j27rkm

vkl = Y emle N k=0,1,.N,-1 (3.16)
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and c[j] is the j’th element of the first row of matrix C,,. Using orthogonal properties of

Fourier matrices, we can estimate the Hessian matrix as
Ra = 0,°In,+1 — 0, ' HAUY, 7' Uy, Ha (3.17)

This closed form expression appears to attain fruitful properties as we will illustrate
shortly.

Property 1:

Given an arbitrary pair of vectors p and q of length N, + 1, the quadratic term p*Raq

can be expressed as
p*'Raq = p*(0:°In,41 — 0. "HAU* ¢! U Ha)q (3.18)

Define a dummy vector ¢20,2Hag as

S I N MA+1 - hA+N-1 | [ qO ]
] | | ma-y N o B[A+ Ny -] all]
| oV —1) | [ AA-N;+1] - HA-T1 H(A] | | alvy -1 |
(3.19)

Due to the circular property of matrix Ha this vector can be written as linear

convolution of two vectors as expressed by

Ng-1
c[n] = 0. > h[A-n+lq[l] =0,°g[n]*q[n] (3.20)
=0

where g [n] Sh [-n + A] . The term 0,°UHAaq = € is simply the Fourier transform of

vector ¢ and can be computed efficiently as
olUHAq=¢=02504 (3.21)

Note that in the above expression, we have assumed that the length of TEQ exceeds that
of TIR filter (Ny > Ny +1). In applications in which this constraint can not be tolerated,

the long TEQ filter can be well approximated by a pole-zero filter with fewer coefficients
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[43]). Applying equation (3.21) and Parseval’s equality to equation (3.18) results in a closed

form expression for the quadratic term p*Raq as given by

Np-1
p'Raq = > Z[k]p [klalk] (3.22)
k=0
where the new vector z is defined as
~ A 2 4§[k]g* [k]
Zlk) = 0;° — 04 Sol (3.23)

This closed form expression given in (3.22) suggests performing the Rayleigh minimization
algorithm in the frequency domain. In doing so, we need to represent the Fourier transform
of vector Raq as a function of vector q. Wishing to avoid performing the above operation

in the time domain, we propose an efficient method which performs the above operation

using DFT.
Property 2:
For a vector s = RAq, the 7’th element can be represented as
. N1 j27rki
sli] = eRaa=—= Y z[klalkle (3.24)

‘/Nf k=0

where e; is the ¢’th unit vector of length N, + 1. In deriving the above equation, we have
used the closed form expression given in (3.22). Equation (3.24) appears to be the 7’th
element of IDFT of vector Z® q. Hence, the vector s can be obtained from the first N+ 1
elements of the IDFT(z® q). Consequently, Fourier transform of the vector Raq can be
obtained by performing DFT operation on the vector s. These two properties along with

Parseval provide us an efficient algorithm as we will explain in the subsequent section.

3.5 Fast Algorithm

e Initialization:
Starting from an arbitrary normalized vector BO, compute the minimum eigenvalue

estimate, residual error and descent direction according to
Np—1

A= Y E k] O[] (3.25)

k=0
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P = A% -5 BO=F" Ok]=|bO[K] (3.26)

e Iteration:

For i =0--- N, compute the TIR frequency response as

-~ - . A VB2 —4CD
bz+1 = bt +,U,lf)l ,u’ — B+ ¢ (327)
2D
D = pypt—piply » B=pj—Nply, C=p}— Nyl (3.28)
Nf~—1 Nf—l
p’ = Y ER]difk] , p'= ) %[k dalk] (3.29)
k=0 k=0
Nf—l Nf—l
pt = Y dilk]  ,  pdt= ) dofk] (3.30)
k=0 k=0
difk] = (p'[k])*D'[k] ,  dofk] = (P'[K])"P'[¥] (3.31)

Compute the minimum eigenvalue estimate, residual error, descent direction and normal-

ized TIR vector according to

Nf—l E -~ -
) 1 _ - » Az+1bz+1 _ Sz+1
M= g Y aRIVE, B = i (3.32)
k=0
~i4+1 — i;i-l—l + /Bi"i Bi-l—l . bi+1 (3 33)
p p ’ = i .
where
; Silo Ek] EHRD B + (1P ) (o + wipdt)
p —— - (3.34)
pbz — /\z—l-l Pd
VTR = e (') da[k] + 2" R(d, []) (3.35)
= SN k) (3.36)

Upon computing the optimum setting for TIR, TEQ’s coefficients are obtained from
equation (4.2). It is also worthwhile to remark that the term c2Hab in equation (4.2)
can be computed efficiently using equation (3.21). Table 3.1 compares the computational

complexity of the proposed method against the standard matrix inversion method.
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Figure 3.2: Performance with Different TIR Filter Lengths

3.6 Simulations and Performance Evaluation of the Algo-
rithm

In this section we apply the proposed algorithm for equalization of DMT in ADSL
environment. A series of simulations are performed on 2 kft, 26 guage (AWG) wire line
sampled at 2.208 MHz. The power spectral density of near-end crosstalk (NEXT) noise
is generated by exciting the NEXT coupling filter |H,(f)I> = knexrf%? by a white
Gaussian noise with power of 10mW. Unless specified, ky g x is fixed to 1073, Also there
is an AWGN with power of -30dBm across the two sided spectral bandwidth. Decision
delay is set to the optimum delay obtained from MMSE-UEC .Unless specified, transmit
power is set such that the matched filter bound ( MFB = ||&||°02/02) of 15 dB is

achieved at the receiving point. As a performance measure, we compute signal power
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Figure 3.3: Performance with Different TEQ Lengths

to MSE (SNR = 02/b*Rab) to evaluate the performance of the methods. Throughout
the simulations, performance of the proposed method is compared against MMSE-UEC

method. The following points can be inferred from the plots.

e The gap between exact solution and proposed algorithm reduces as the length of
the TIR filter increases (Figure 3.2). This is due to the fact that the Rayleigh
minimization algorithm provides more exact solutions as dimension of the Hessian

matrix increases.

e Aslong as Ny is large enough to satisfy the asymptotic equivalence of Toeplitz and
circulant matrices, the proposed algorithm provides a robust solution for various

values of Ny.
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e Performance of the algorithm is not influenced by the spectrum of the noise. As is

shown in Figure (3.4) Signal to MSE is constant over a large range of KypxT.

e Signal to MSE is a linear function of signal power (MFB). This is a favorable char-

acteristic, as there would be no limitation on the dynamic range of transmit power.

3.7 Concluding Remarks

We have developed a novel fast algorithm as a straightforward application of Rayleigh
minimization approach to solving the optimum MMSE-UEC equalization problem. Its
structure was chosen to allow the use of the DFT operation which makes the algorithm

highly parallelizable. The proposed method can be customized to provide a balance be-
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tween performance and computational complexity. Simulation results in this paper show
that the numerical complexity in the minimum eigenvector estimation can be reduced

considerably by exploiting the proposed algorithm, without significant loss in the perfor-

mance.



Table 3. :

rithm

Power Proposed
iteration algorithm
Hessian matrix N]?(Nb + 1) —
Computation | +Nf(N, +1)2
Min. eigen. O((N, + 1)3) O(NylogaNy)
Computation per iteration
Sensitivity to Highly Robust
condition No. sensitive
Other Requires Parallelizable,
Features matrix inversion | requires large Ny

Comparison Between Proposed Method and Standard Power iteration Algo-
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4. OPTIMUM EQUALIZATION OF MULTICARRIER
SYSTEMS: A UNIFIED GEOMETRIC APPROACH

This section presents a new, iterative equalization algorithm that maximizes capac-
ity for discrete multitone (DMT) systems. The research modifies a previously proposed
criterion and applies an appropriate transformation to map the constraint set into a proper
region. The resulting constraint set exhibits an identifiable geometric characteristic, which
provides an efficient method for obtaining the optimal solution. Using the gradient projec-
tion method in conjunction with projection onto convex sets (POCS) provides us with an
iterative search algorithm which facilitate the search direction. We also generalize the ap-
proach to two important subclasses of equalizers, namely linear phase and unit tap filters.
An fundamental limit on the performance of the approach is also derived. In comparison
with the previous methods, the proposed equalization algorithm is less computationally
complex, more robust, and geometrically intuitive. Simulation experiments confirm the

validity of the proposed method for practical purposes.

4.1 Introduction

Since the introduction of channel capacity by Shannon, there has been considerable
interest to maximize the bit rate through the communication channels. Multicarrier trans-
mission systems exploit several parallel quadrature amplitude modulation (QAM) blocks
to transmit data reliably over highly dispersive channels. As a subclass of multicarrier
systems, discrete multitone (DMT) systems provide an efficient method for partitioning
the channel into a set on nonoverlapping orthogonal subchannels. DMT systems generate
the transmit sequence by performing a discrete Fourier transform (DFT) operation on a
block of data. Prior to sending the data on the channel, a portion of generated sequence,
known as cyclic prefix (CP), is prepended to the modulated symbol. The cyclic prefix

makes the channel-description matrix circulant, thus the orthogonal set of Fourier basis
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vectors can be applied to find its associated eigenvalues [44]. The cyclic prefix introduces
redundancy in data transmission, therefore reduces the effective data rate of a digital
transmission system.

A short CP would reduce the performance loss of data transmission and is favorable
in many real time applications. However the length of the cyclic prefix is lower bounded
by the effective length of the channel [45]. In many practical channels, such as digital
subscriber loops, the effective length of the channel is large, which results in a considerable
performance loss due to adding the cyclic prefix. The solution is to force a long channel
impulse response to a short filter, which reduces the performance loss introduced by adding
the cyclic prefix. At the receiving end, the DMT system uses a finite impulse response
(FIR) filter (w), known as a time domain equalizer (TEQ). TEQ forces the effective
channel to a much shorter filter, known as the target impulse response (TIR). In setting
the coefficients of TEQ), several criteria have been considered and investigated. Chow et al.
provided an adaptive LMS algorithm for setting the coefficients of the TEQ [46]. Although
it is simple in structure, the algorithm is not robust and globally optimum. Following this
work, Al-Dhahir and Cioffi proposed a unified robust method that provides the optimum
solution of the impulse response shortening problem based on minimum mean square error
(MMSE) criterion [27]. Later, in a comprehensive study performed by the same authors, it
was found that the solution obtained from MMSE approach may not necessarily optimize
the performance (capacity or margin) of the DMT system. Based on this observation,
a new objective function was defined which outperformed the setting obtained from the
MMSE approach. Nevertheless, no specific algorithm was proposed to obtain the optimal
setting of the equalizer. This chapter presents a new iterative algorithm for obtaining the
optimum setting of the TEQ. The research makes use of the gradient projection method
to obtain the descent direction for the gradient method. As a result, when combined
with the POCS technique, the stationary point obtained from the algorithm converges
to an optimum point. POCS is a powerful technique which has found a wide spread
applications in set theoretic signal processing algorithms [47]. The rest of this chapter is

organized as follows. Section 4.2 presents an overview of equalizer training approaches for
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DMT systems. In section 4.3 a new algorithm for training the DMT equalizer based on
maximum capacity criterion is presented. Section 4.4 addresses the unit tap constraint
on the optimization problem. Optimization under linear phase constraint is thoroughly
investigated in section 4.5. An upper-bound on the performance of the system is derived
in section 4.6. Finally in section 4.7 the algorithm is applied to equalization of DMT
systems in order to assess the performance of proposed method for asynchronous digital

subscriber line (ADSL) applications [4].

4.2 State of the Art

This section presents an overview of various time domain equalization methods
for DMT systems as shown in figure 4.1. Throughout this paper, the symbols ¢ ,
and 7, represent transpose, Hermitian transpose and Fourier transform operations,
respectively. Matrices and vectors are represented by upper-case and lower-case bold
characters, respectively. The channel response is modeled as a discrete time finite impulse
response (FIR) filter, expressed by h = {ho, h1,- - -, hy} where vis the channel spread. The
channel response represents the combined effect of the transmit and receive filters as well as
the channel impulse response. The input signal z, is an independent identically distributed
random sequence with power of ag. As explained earlier, several objective functions can
be used to optimize the performance of the TEQ. Among the existing methods, MMSE is
known to be the most tractable technique for impulse response shortening problem [27].
Several methods based on this approach have been proposed [29]. In this approach, the
optimum equalizer taps are computed to minimize the mean square error between output
of the TIR and TEQ filters. MMSE equalization can be viewed as a quadratic optimization
problem in which the optimum settings for the TIR and TEQ filters are obtained from

the following equations
b = arg mbin b*Rab (4.1)

w =02R,, 'Hab (4.2)
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where R is the Hessian matrix given in

Ra £ 02In,41 — oiHAR, Ha (4.3)
and
R,, = o2HH" + R, (4.4)
Hpr ZHS*

ho hy h, 0

0 hy hi By
H =

| 0 - hg hy o hy |

S = ONb+1,A INb+1,Nb+1 ONb+1,S J

in which Ny and N, + 1 are the length of TEQ and TIR filters, respectively. Also, A is
the decision delay involved with the TIR and s e Ny +v— Ny —1. Matrices I, 0 and R,
represent the identity, zero, and noise autocorrelation matrices, respectively.

To avoid converging to the trivial solution, further constraint is imposed on the
optimization problem (4.1). The Unit energy constraint (UEC) requires the norm of TIR
filter to be equal to one (b*b = 1), and the unit tap constraint (UTC) forces one of the taps
in the TIR to be unity (b[k] =1 |k € {0,1,---, Np}). Further investigations on optimizing
the performance of DMT systems determined that the equalizer setting obtained by using
the MMSE criterion would not necessarily result in the best geometrical signal to noise

(SN Rgyeom) ratio
1
N

N
H 1+ SNR;) (4.5)

e

SN Ryeom
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Figure 4.1: Block diagram of MMSE equalizer

for DMT systems, where N is the number of effective used subchannels [8]. A new criterion
for setting the coefficients of the TEQ equalizer to maximize the (SN Rgeom) was proposed
in [7] ,[8]. According to this criterion, the coefficients of the equalizer are obtained to

maximize the number of bits transmitted per DMT symbol, as expressed by

N
Bitspyr = ZlOQQ(l +

i=1

SNR;

)

) (4.6)

where SN R; and T'; are the signal to noise ratio and the coding gain for the ¢’th subchannel
respectively. Throughout our analysis it is assumed that I'; is constant over the entire
subchannels. Optimization under unequal coding gain has been investigated in [....].
Following the approach proposed in [7], it is straightforward to show that the opti-
mum setting for TIR filter, which results in the maximum capacity criterion, is found by

solving a dual constrained optimization problem as expressed by

N
bopt = arg ml?xz;log2b*Gib (4.7
1=
s.t. Cy: b*Rab < €2 (4.8)

C,: b*b =1 (4.9)
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In equation (4.7), matrix G* is defined as
G'Sg'g
where g' is the i*" Fourier basis vector given by

*
CA - omi . 2miN
P2 ] e ... i J

g

After obtaining the optimum setting for TIR, the optimum setting for TEQ is obtained
by solving the Wiener-Hopf equation (4.2). The optimization problem given in (4.7) does
not have a closed form solution. In 7] and [8], authors use standard optimization software
[48] tools in order to solve the above optimization problem .In the next section, we will
present a new iterative gradient search algorithm, for obtaining the optimum solution of

the problem given in 4.7.

4.3 Proposed Iterative Gradient Search Algorithm

As explained in the previous section, the optimum equalization of DMT can be
obtained by solving the constrained optimization problem given in 4.7. As depicted in
figure 4.2, the constraint set in problem (4.7) is the intersection of two regions. The first
region C; : {b € RM*l | b*Rab < €2} represents a closed set on the Euclidean
space RM*! Geometrically, the set C, represents an ellipsoid in RM*!. Because of the
positive definite property of the matrix R, this constraint set forms a convex set on the
Hilbert space. However, the unit energy constraint, C : {b € RM*! | b*b =1},
represents a region on the surface of a unit radial sphere that lacks convexity. In order
to exploit the potential advantage of POCS, we remove the UEC from the constraint set.
Unlike the MMSE approach, we can remove the UEC from the constraint set because
origin is not among the local minimums (maximums) of the objective function and no
energy boosting constraint is needed in order to avoid converging to the trivial solution.
However, upon obtaining the global minimum, the solution vector can be normalized in

order to satisfy the UEC. This scaling would not affect the geometrical signal-to-noise
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Figure 4.2: Geometrical Representation of the Algorithm

(SNRyeom) profile, as the TEQ coefficients would be scaled accordingly. Consequently,
the mean square error and the additive noise contribution would be scaled by the same
factor. Using the convexity property of the constraint set C;, along with a suitable
iterative descent algorithm can lead us to a stationary point. We considered the gradient
projection method in order to find the feasible direction at each iteration.

Due to the positive definite property of matrix Ra, any Ny + 1-dimensional vector
b can be represented as linear combination of N, + 1 orthonormal eigenvectors of matrix

R given by
b = ogvy + a1vy + -+ an,Vn, op, 01, -, 0N, €ER (4.10)

h

where v,;, and )\, are the m!" normalized eigenvector and associated eigenvalue of matrix

R which satisfy
Rav;=XAiv; and viv;=d[i —j]

By substituting equation (4.10) into equation (4.7) the objective function can be expressed
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S~y
i

N Ny Ny

> toga (O av)* GO ayvy)

=1 =0 =0
N

= 21092[010 ar an,)Qlag a1 -o-an,]’
=1

where the new matrix Q* is defined as

viGivg  VviGvy -+ VviGlvy,
Q A | ViG'vo VviG'vi - VviG'vy,
* i * i L * 1
| vaG Vo vaG vi vaG VN, |

Due to the properties of matrix G*, its (m,n)" entry can be computed efficiently as
Q'[m,n] = V2, [i]¥,[4] (4.11)
By virtue of equation (4.10), the constraint set C; can be written as
N, N,
b*RAb = (Z ajVj)*RA(Z Othj)
= /\00102 + /\10112 +---+ A]\/'b()tj\rb2 < €

Using this transformation, the optimization problem given in (4.7) subject to the con-
straint set C; can be written as

1
a*Q'a

N
Qopt = arg ngn g logy
=1

st Cq: OZOQAO + 0112A1 + -+ OthQANb < €

where & is the projection vector given by

_a
a = g op - aNb

The principle drawback of the gradient projection method is the substantial over-

head for computing the projection at each iteration. However, as we will address shortly,
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the canonical property of this constraint set enables us to perform the projection in an
efficient way. The main idea with regard to the gradient projection method is that, in
each iteration, a feasible direction is obtained by taking a step along negative gradient

followed by a projection onto the constraint set given by

G — [ak _ Skvf(ak)]+

Here []* denotes the projection onto constraint set Cy, s* is a positive step-size, and V f

is the gradient of the objective function given by

-1 & (QP+QYa
"E; a*Qia

Vf

There are several step size selection procedures for the gradient projection method. In

k = 5. It is possible

order to simplify the search direction, we consider a constant step size s
to show that the limit points of a sequence generated by the gradient projection with a
constant step size are stationary, provided s is sufficiently small and the gradient satisfies
a Lipschitz condition [49].

Next we derive the projection onto the convex set. Given a point &; € RM*! the
projection of this point onto the set would be a point in the set such that it minimizes
the distance ||& — B|| among all the points inside the set. In light of this fact, projection
of a point &; € C; would be on the boundary of the set. Also each point inside the

constraint set would satisfy the constraint and would be projected onto itself. Therefore

the projection operator is defined as follows

a ifaeC
" =14
B ifagC
where 8 = | g, B, --- By, | i a point in C; which satisfies the constraint with

equality

Ci={BeR™™ | B®X+B M+ 48352y, = €}
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To find this point we construct the Lagrange functional

Ny
JB.) = 1B-al?+v |3 a2 - 62}
1=0
Ny
= 3 [(B — @) + 7 (NiB2)] + 1€
1==0

By taking the partial derivative of J((3,7) with respect to particular §;, and setting it to

zero, we obtain

aJ(B,v)

95 2(8; — a) + 2906 =0

fi= T (@.12)

Also taking the partial derivative of the Lagrangian functional with respect to Lagrange

multiplier v and setting it to zero provides the following

- Np
%@7) zz(ﬁi)2)‘i‘€2:0 (4.13)
1=0

Substituting equation 4.12 in the above equation provides

aJ _1 al H
o 2 2P0 =3 N e = (419

Clearly equation (4.14) is a non-linear equation in 7 . It can be shown that starting

from 7° = 0 the iterates generated by Newton’s method

k1 _ kP05
YT T YeR

(4.15)

would always lead us to the unique positive solution of this equation, which results in a
projection vector 3 that has a smaller distance to & than that furnished by use of any
other root [50]. Upon computing the Lagrange multiplier v from the equation (4.15), the

projection vector is found through equation (4.12).
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A few additional remarks regarding to the effect of initial condition are appropriate.
First we point out that the objective function lacks the convexity property. Therefore, the
stationary point obtained from exploiting this algorithm is dependent upon the choice of
initial condition. However, a proper choice of initial condition can lead us to a stationary
point close to the optimal solution. A feasible initial condition can be the solution obtained
from MMSE-UEC approach as given in equation (4.1). As a second comment, we also point
out that in order for the algorithm to converge to a stationary point, the initial condition
should be set so that the starting point satisfies the inequality constraint (feasible point).
In the following sections, we investigate the effect of further constraints such as UTC and

Linear phase on the performance of of the TEQ.

4.4 Unit Tap Constraint

In some applications, it is desirable to impose a UTC on the TIR filter. This
constraint forces k** tap of the TIR filter to unity. Decision feedback equalization is a
special case of UTC with & = 0. As mentioned before, UTC forces the k* element of
TIR filter to unity. Using equation (4.10), we can represent k** element of TIR as linear
combination of k** elements of orthonormal eigenvectors of matrix Rx. Consequently the
UTC set (C3) can be formulated as

Ny
Cs={Be R™ | > givjlk] =1} (4.16)
Jj=0
The above equation conforms a hyperplane in R™*! which is both closed and convex. In
general, the projection operator is a vector 3 which minimizes the Lagrangian functional,
ie.

Ny
JB.w) = 18-al*+w(} Bvilk] - 1) (4.17)

7=0

To obtain this point we compute the partial derivative of the above term with respect to

1 and set it to zero which provides

0J (B, %)

B 2(8; — ai) +vilk] =0
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Solving the above equation with respect to 3; provides the projection operator as

Bi =a; — %Vz‘[k] (4.18)

where ¥ is the parameter which minimizes the term given in (4.17) as ,i.e.

8J(B,Y)
%I/}) = jgoﬁjvj[k] ~1=0

Substituting equation (4.18) into the above term results in a closed form expression for

the parameter 3 as expressed by
N,
iyl ~ 1
N,
3520 V3]

The above equation along with (4.18) results in the projection operator as

(S

o Eagvilk -1
Bi = a; Z;v:lfo VJQ[k] Vz[k] (419)

4.5 Linear Phase Constraint

In optimizing the performance of TEQ, the effect of phase distortion was not con-
sidered. In order to remove the phase distortion, linear phase constraint must be imposed
on the TIR filter. This would add another constraint set to the previous problem, which
increases the complexity of the problem. However the linear phase constraint is the inter-
section of hyperplanes in Euclidean space RMo+! that is both closed and convex. Therefore,
projection onto convex sets can be extended to provide the optimum solution under linear
phase constraint. Following, we provide the projection operator for linear phase filters

type (I) and (III) [12].

4.5.1 Linear Phase Type |

Linear phase type I satisfies the even symmetry property as given by

blk] = b[N, — k] k=0,1,---,%—1
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Using equation (4.10), the above constraint can be written as a function of orthonormal

eigenvectors of matrix Ra as expressed by
Ny Ny
Zﬁ]W[H:ZﬁJvJ[Nb—k] k:O’]_’...’_z___l

Therefore linear phase type (I) constraint set is the intersection of 1—\2@ hyperplanes in
RNs+1 given by
Ny N
Ca={BeR™! | 3 Bipjlkl=0 k=015 ~1}
i=0
whose ji* component of the normal vector corresponding to the n®* hyperplane has the

form of
piln) = vi[n] — v;[Ny — n] (4.20)

The projection vector 3 represents a point on the intersection of these %ﬁ planes which

minimizes the following Lagrangian functional

Tl oy,
JB.P) = 1B=al’+ > v} Binilkl (4.21)
k=0 3=0
where a (o o - 1/;%11_1 ] . By computing partial derivative of the above term

with respect to vector 8 and setting it to zero we obtain the projection operator as

Ty
Y poilk] 1=0,1,---, Ny (4.22)
k=0

Bi = a; —

DN | =

In the above term, 1 is the k** element of the vector 4 which minimizes the term given
in (4.21). Taking the partial derivative of J((,)) withrespect to particular v, and setting

it to zero, we obtain

- - Ny
aJ(B, N
#:;@m[ﬂho ”20’1""’7b—1

substituting equation (4.22) into the above term yields
N,
Yy

1 Ny Ny
Yrs JZO pjlnlp;k] = Jgo a;p;(n]

k=0
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The above term is a set of —Igﬁ simultaneous linear equations which can be cast in a matrix

form as following

OY=p (4.23)

where the matrix ® and vector p are defined as

Ny

j=0
Ny N
7=0 2

There are two approaches to compute the vector 1. The first method is to apply the
idea of POCS and compute the projection using successive projection on —Igﬁ hyperplanes.
An alternative method is to compute the vector 3 through inverting the matrix © as

given by

Pp=0"p (4.26)

4.5.2 Linear Phase Type III

Linear phase filters type III satisfy the even antisymmetry property as expressed by

—b[Ny—n] n=0,---,% —1
b[n]: [b ] 2

Ny
0 2

Likewise linear phase type (I), the first constraint is the intersection of hyperplanes in

RMet1 . Also, the second constraint can be viewed as another hyperplane in RVo+! which

encounters origin and can be represented as

Ny
N, N,
b1 =) Bvil5] =0
j=0

Using the above equations, the Lagrangian functional can be written as

5211_1 Ny Ny N,
JB) = 1B=al’+ Y v ikl + v Y Bivil ]
k=0 7=0 j=0
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where the variables 7;[n] and v are defined as
75N} 2 vj[n] + v;[Ny — n] (4.27)
— A *
1/;:[% P - 1/,&] (4.28)
2

Taking the partial derivative of equation (4.27) with respect to 3; and setting it to

zero provides the projection operator as follows

1 1
B = a3 ¢kTi[k]—§¢ﬂv,-[—2—”] (4.29)
k=0 2

Similarly taking the partial derivate of equation (4.27) and setting it to zero results in

07 (B, ) _ Yo Bl =0 n=0,---, 5 —1
% Z O/BJVJ[ ]=0 ”:%h

Substituting equation (4.29) into the above equations results in a set of %‘l +1 simultaneous

equations as follows

Ezh 1 Np N, Ny
> U Z 7i[nli(k] + > Tj[n]vj[yb] =2 a;7[n]
k=0  j=0 j=0 3=0

2

5211_1 Ny N, Ny N
b b
Yoo ZVJ[ 17 (k] + ¥, ZVJ'[?] =2 Zajvj[y]
k=0  j=0 > j=o 7=0
The above equations can be cast in a matrix form as
I'p=r (4.30)

where the matrix I and vector r are defined as

.
Sy rmlrin) mn=0,--, 5 —1
A Z;Y:bOTj[n]vj[_Qh] mzﬂ?‘l&n:o,- 7M21
L[m, n]=
N N N
Zj—ﬁo Timvi[F] n=F &m=0, ,Egh

Z =0V J[J] mznz%h
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N,
0,1,---, M —1

Il

N,
a2 > j=0 Tilmla; n

r[n]
2 Z;'V:bo T [m]ajvj[%ﬁ] n

Ny
2

The lagrangian multiplier vector can be obtained through successive iteration of POCS

algorithm or simply through inverting the matrix I" as follows

Yp=C"1r (4.31)

4.6 Upper-bound on Performance

Assuming the optimization problem given in (4.7) finely maximizes the objective
function given in (4.6), an upper-bound on the total number of bits transmitted in one

DMT symbol can be obtained as follows

N N

Z logab*Gib = log, H b . gl
i=1 =1
N

EQ(Nb + 1)2 )N

)\min(RA) (432)

1 L2
<loga [ ] IbIPlIg’II*<logs(

i=1
Note that the first inequality follows from the Cauchy-Schwartz inequality while the second

inequality is obtained from applying Rayleigh inequality as expressed by

b*Rab

)\min RA) S TG
( Tk

S )\maz (RA)

where Apmin (Amaz) is the minimum (maximum) eigenvalue of matrix Ra.

The above expression shows that increasing quadratic inequality constant (QIC) €2,
would result in a larger upper-bound for the objective function. On the other hand, a
smaller value for QIC, would cause the dual constraint problem given in (4.7) to better
approximate maximization of the original objective function described in (4.6). This fact

is consolidated through computer simulation in the subsequent section.
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Figure 4.3: Performance Of The Proposed Algorithm For Various CSA Lines

4.7 Simulations and Performance Evaluation of the Algo-
rithm

In this section, we explore the potential performance achievable through the use of
the proposed algorithm for equalization of DMT systems. We ran a series of simulations
on CSA loops sampled at 276 kHz. The number of subchannels considered is N = 64.
The TEQ and TIR are assumed to have lengths of Ny = 17 and N, = 4, respectively.
Receiver and thermal noise is modeled as AWGN noise with power of -30 dBm across the
two-sided bandwidth. Near end cross-talk (NEXT) noise is modeled by exciting coupling
filter with spectrum of ( |H,(f)|> = 10713 f3/2) by a white Gaussian noise with power of
10 mW. Unless specified, signal power is set such that the matched filter bound (MFB a

h|[262/02) of 15 dB is achieved at the receiving point. Furthermore, it is assumed that
xT n g
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the power is equally divided amongst the entire subchannels. In estimating the capacity

of the DMT system, the entire bandwidth is used and no limitation is imposed on the

number of bits allocated for each subchannel. Also the coding gain of 0 dB is assumed

over entire subchannels.

4.7.1 Effect of Channel Impulse Response

In order to evaluate the performance of the proposed algorithm, computer simu-

lations have been performed on a series of CSA loops. Figure 4.3 shows the percentage

of improvement in capacity with respect to the capacity obtained from MMSE-UEC ap-

proach. Decision delay, initial condition and QIC are set to the settings furnished by

the MMSE-UEC approach. Simulation results indicate that the algorithm exhibits robust
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Figure 4.5: Performance Of The Proposed Algorithm For Different MFBs

convergence for all CSA loops used in the study. As shown in the figure, the capacity of
the proposed method exceeds that of MMSE-UEC approach in the range of 10% to 35
%. Figure 4.4 compares the signal to distortion ratio of maximum capacity equalization
against MMSE-UEC approach for CSA-1 loop. As shown in the figure, the MMSE ap-
proach exhibits considerable performance degradation over half of the subchannels. This
degradation can be viewed as sharp notches in the signal to distortion profile. Equal-
ization of DMT based on maximum capacity outperforms the MMES-UEC approach by

removing these nulls from the signal to distortion profile.
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Figure 4.6: Capacity Profile Versus Decision Delay and QIC

4.7.2 Effect of Transmit Power

We applied the maximum capacity equalization on a typical CSA loop, namely
CSA 1, under various transmit power. Figure 4.5 shows the relative improvement in
capacity with respect to the capacity obtained from MMSE-UEC approach. The transmit
power is set so the matched filter bound at the receiving end achieves values of 5, 10,
15, and 30 dB. Likewise previous experiment, initial condition, optimum delay and QIC
€% are set to the values furnished by MMSE-UEC approach. Simulation results show
that a considerable improvement in system performance can be achieved through the use
of proposed algorithm. Also as inferred from the figure, robustness of the algorithm is

insensitive to the transmit power.
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Figure 4.7: Performance of the Proposed Algorithm with UTC

4.7.3 Effect of QIC (¢?) and Decision Delay (A)

In order to investigate the effect of QIC, the proposed algorithm is applied for
equalization of a typical CSA loop, namely CSA-6. Figure 4.6 depicts the capacity profile
as a joint function of QIC and decision delay. The QIC is set to € = KefIQVIMSE’ where
K. € [0.2 1]. As mentioned earlier, increasing QIC would increase the volume of the
constraint region which provides more freedom in the search direction. On the other
hand, the dual optimization problem would better approximate the capacity maximization
problem if QIC is small. Therefore, the admissible range of QIC is bounded from both
sides and an exhaustive search should be performed on QIC to obtain its optimum value.
As is shown in the figure, the maximum capacity is displaced downward as K, increases

from .2 to 1.
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Figure 4.8: Capacity Profile Versus Decision Delay and Noncausality Index

4.7.4 UTC and Effect of Filter Causality

Next we examine the effect of UTC on the optimum equalization of DMT system.
Figure 4.7 shows the relative improvement in capacity for maximum capacity equalization
under UTC for various CSA lines. In optimizing the performance of the equalizer, QIC,
decision delay and unit tap index are set to the optimum values obtained from MMSE-
UTC approach. Changing the causality of TIR filter results in a different normal vector for
the constraint hyperplane, which shapes the constraint region accordingly. The optimum
unit tap index k is found through performing exhaustive search on values k ranging from
1 to Ny + 1. In order to show how the causality of TIR can affect the performance of

the proposed algorithm, the optimum equalization algorithm is performed on on a typical
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Linear Phase type (I) Constraint

CSA loop. Figure 4.8 depicts the capacity profile as a joint function of decision delay and
unit tap index & for CSA-1 loop.

Unit tap index 1 and 5 correspond to causal and noncausal TIR filters respectively.
As shown in the figure, a noncausal TIR would maximize the the performance of the DMT

system for this particular case.

4.7.5 Effect of Phase Distortion

In order to investigate the effect of phase nonlinearity on the performance of DMT
system we impose the linear phase constraint on the maximum capacity equalization
problem. We consider the CSA-1 loop used in section 4.7.1 and impose the linear phase

type I constraint on the optimum equalization.
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Figure 4.10: Comparison Between Phase Response of TIR Filter Under Various Con-
straints

4.8 Conclusion

Figure 4.9 shows the signal to distortion ratio over subchannels for this experi-
ment. Figure 4.10 compares the phase response of the TIR for MMSE-UEC, optimum
capacity equalization and optimum capacity equalization with linear phase constraint.
As expected, the optimum capacity equalization with linear phase outperforms the other
schemes through removing the phase distortion from the frequency response. Optimum
equalization of multicarrier systems can be viewed as a constrained optimization problem
over convex sets. The constraint sets exhibit identifiable geometrical characteristics which
make the projection operation significantly efficient. Based on these observations, we have
proposed a novel iterative algorithm as a straightforward application of POCS for solving
the optimum equalization of multicarrier systems. Further work will also be carried out to

demonstrate the impact of the bit loading algorithm on the overall capacity of the system.
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5. CLASS OF CYCLIC BASED ESTIMATORS FOR
FREQUENCY OFFSET ESTIMATION OF OFDM
SYSTEMS

In this chapter we present a new, class of non data-aided cyclic based estimators
for carrier frequency offset and symbol timing error estimation of orthogonal frequency
division modulation (OFDM) systems. Essentially, the proposed approach exploits the
properties of cyclic prefix subset to reveal the synchronization parameters in the likelihood
function of received vector. This approach is an extension of the previously proposed
estimation method given in [37]. However, our research indicates that the previously
proposed likelihood metric does not globally characterize the estimation problem. Based
on this observation, a new likelihood function for the joint timing and frequency offset
estimation is derived. The resulting probabilistic measure is used to develop three class
of unbiased estimators namely, maximum likelihood, minimum variance unbiased (MVU),
and moment estimators. In comparison to the previously proposed methods, the proposed
estimators are computationally and statistically efficient which makes the estimators more
attractive for real time applications. Performance of estimators is assessed by computer

simulation for OFDM scheme.

5.1 Introduction

OFDM system is a viable modulation scheme for data transmission time varying
dynamic channels [51, 52] . However, it is known that performance of such system is highly
susceptible to nonideal synchronization parameters [33, 53]. Specifically, symbol timing
and carrier frequency offset become an increasingly important concern in using OFDM
systems for practical applications [9, 54]. It is known that carrier frequency offset deteri-
orates performance of OFDM systems by introducing interference among the subchannels
[32]. To overcome this imperfection, various compensation methods for estimation and

correction of synchronization parameters have recently been proposed [32, 37, 55]. In order
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to compare the performance of these estimators, it is required to define a single number
representing the goodness of the estimate. Knowing that all the estimators are unbiased,
i.e. expectation of the estimate is equal to the parameter, the variance of the estimator is
used as a global measure for performance comparison of these estimators.

Cramer-Rao lower bound (CRLB) is a fundamental lower bound on the variance of
the estimators and the estimator whose variance equals CRLB is called efficient. When
the evaluation of efficient estimator is not possible, it is desirable to obtain an estimator
in which its performance becomes as close as possible to the CRLB fundamental bound.
The estimator in which its performance is the closest to the CRLB estimator is known as
MVU estimator.

Categorically, the previously proposed methods for synchronization of OFDM sys-
tems can be classified into two main subclasses, namely minimum mean square error
(MMSE) and ML estimators. In MMSE approach, estimator uses the side information
provided by the reference signal ( pilot tones ) in order to minimize a cost function asso-
ciated with the synchronization parameters [34],[35]. A salient feature of this approach is
that no probabilistic assumptions are made in regard to the data. Although MMSE es-
timators usually result in a tractable (globally stable) and easy to implement realization,
no optimality criteria (probabilistic or statistical ) is associated with these estimators.
Also, since part of the transmitted information is allocated to the reference pilots, the
bandwidth efficiency of these methods is lower in comparison to the nonpilot schemes.

On the other hand, ML estimators provide the estimate of the unknown parameter
subject to minimum probability of error criteria [36], [37], [32]. Although not exactly
efficient, ML estimators are asymptotically MVU, i.e. their variance attains that of MVU
estimator as length of data record goes to infinity. However, due to the physical con-
straints, systems with infinitely long data records are not feasible for implementation
purposes.

In [32], authors use retransmission technique in order to reveal the frequency off-
set parameter in the likelihood function of the received signal. Due to the redundancy

introduced by repeating the data block, the spectral efficiency is dropped by a factor of
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two. To avoid this imperfection, a new ML estimator based on cyclic prefix (CP) was
introduced in [37]. In this approach, the side information provided by the CP is used to
obtain the likelihood function for joint estimation of symbol timing error and frequency
offset in OFDM systems.

However, our research reveals that the likelihood function proposed in [37] does
not globally characterize the observation vector over the entire range of the timing offset.
Consequently, the ML estimator proposed based on this likelihood function would result
in considerable performance loss over a finite range of timing offset interval.

Motivated by the suboptimum performance of this estimator, a new likelihood func-
tion for joint estimation of carrier frequency offset and symbol timing error of OFDM
systems is introduced in this paper. Based on this result, a new optimum ML estimator
for the joint estimation problem is also presented. In attempt to reduce the variance of
ML estimator, we also investigate a new class of MVU estimators for frequency offset
estimation of OFDM systems. It is shown that there exists but one function of sufficient
statistic which provides the MVU estimate of the frequency offset. The proposed esti-
mator provides a closed form expression for the estimator as a function of data statistic.
Consequently, it does not suffer from converging to multiple local minima, the problem
which arises in ML technique with nonconvex loglikelihood function [36].

The advantage of the proposed MVU estimator over the class of previously proposed
estimators is two fold. First, it is MVU , therefore its variance is minimum among the
entire class of estimators which use the same probabilistic measure. Secondly, it provides a
closed form expression for mapping the statistics into the estimation domain. The former
property assures optimality of the estimator, while the later facilitate the closed loop
analysis of the system.

The rest of this paper is organized as follows. Section 5.2 introduces the timing and
frequency offset estimation problem and addresses the previously proposed estimation
approach. In section 5.3 a new global likelihood function for joint estimation of timing
and frequency offset is presented. Once the likelihood is found, a new ML estimator for

joint estimation problem is proposed in section 5.4. In section 5.5 the powerful Neyman-
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Fisher factorization theorem and Rao-Blackwell-Lehmann-Scheffe (RBLS) theorem are
applied to obtain the MVU estimator. Lower bound and closed loop performance of this
estimator is also investigated in this section. Section 5.6 addresses a moment estimator
for estimation of frequency offset under uncertain timing offset knowledge. In section we
propose a unified structure which encounters the class of proposed cyclic based estimators.

Performance assessments of the estimators for OFDM system are presented in section .

5.2 Preliminaries

This section presents an overview of cyclic based estimation method for synchro-
nization of OFDM system [37]. In the OFDM, an N-point FFT is used to divide the
channel spectrum into a set of N parallel subchannels. Due to the intersymbol inter-
ference introduced by non-flat spectrum channel, the OFDM symbols are subject to the
interblock interference (IBI) among consecutive transmitted blocks [56]. This would result
in considerable performance degradation in OFDM system. To mitigate this effect, the
last L input samples in each input block of length N are repeated at the beginning of the
block. This makes the input sequence look periodic and clears the channel memory at the
end of each input block making the successive OFDM symbols independent. Figure 5.1
depicts the transmission blocks in OFDM systems. We denote the OFDM received signal

by
27ne
y[n] = s[n — 9] epr N +w[n] (5.1)

where s[.] is the transmitted sequence and w is the additive white Gaussian noise (AWGN).
Both signal and noise sequences are assumed to be uncorrelated independent identically
distributed (iid) random variables with power of 02 and o2 respectively. Also, ¢ and ¥ are
the frequency offset and symbol timing error introduced by the synchronization mismatch
in the carrier frequency and symbol timing respectively. Let x = [z[0]---z[2N + L — 1]]
be a vector of 2N + L previously received samples at time n, known as observation vector

(OV). With the above notation, the kth entry of this vector can be represented as z[k] =
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yln —2N — L + 1 + k]. Length of this vector is selected such that there are at least
L correlated symbols associated in the OV regardless of the synchronization parameters
values. Due to the timing offset error ¥ at the receiver, the starting point of this vector is
shifted by ¥ samples with respect to the beginning of the OFDM symbol block.

Under the iid assumption for both signal and noise, the autocorrelation function for

the OV x can be expressed by

o2+02 m=0
E{zlklz*[k +m]} = { o2e77%" m=NkeQ (5.2)
0 otherwise
where = {k € N :9 <k <9+ L — 1} is the cyclic associated with the OV. Assuming
AWGN scenario, the probability density function (PDF) of the observation vector is in

the form of

1

2N Ll (R) exp[x*R ™ 'x] (5.3)

p(x, 797 E) =
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where R is the autocorrelation matrix of the observation vector. In [37] authors use the
Bayes conditional theorem in order to obtain the PDF of the observation vector. However,
as we show next, the resulting likelihood measure does not fully characterize the random
observation vector x over the entire range of the timing offset parameter. In the next

section we propose a new likelihood function which removes this imperfection.

5.3 Likelihood Measure

The question of the optimal choice of likelihood function for joint estimation of fre-
quency and timing offset in OFDM systems is considered next. The analysis developed
here for computing the PDF is based on the standard matrix inversion approach. De-
pending on the value of timing offset ¥, the autocorrelation matrix (R) can be cast into

one of the following forms

531 Casel (1<9<N)

In this case there are two cyclic sets associated with the observation vector. This

would partition the autocorrelation matrix and its inverse into the following forms

Tzz[O]Iw) 0 0
|0 0 (0L N_g
[ L) T
rm[O] 0 0
-1 _ _1
R = 0 Ty, O (5.9)
R Tzz[o] J

where T'(j is a tridiagonal toepliz matrix of size M as expressed by

Tur £ Toeplitz([ (0] ro0ll] - realM —1] ]) (5.7)
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The argument inside the Toeplitz operator is the first row of the toeplitz matrix Ry
with

raalm] £ (03 +07)0[m] + ole 9> d[m ~ N] (5.8)

Due to the tridiagonal toeplitz property of the matrix T{,), the [z, 7] entry of its inverse

can be obtained from

e 1= & (1Si<M-Nor N+1<i<M)
bl 1=

Tonldl =9 ity 7-i=N (5.9)
=) i=j & M—N+1<i<N
k0 otherwise

where
—727e 2
aéig:—;g (5.10)

Substituting equations (5.9) and (5.5) into (5.3), after some algebraic manipulation, the

conditional PDF for this case can be expressed as

1 -1 2N+L-1 )
nxed) = Gt gerw) P! 02+02)( kz_o =[]
L+9-1 9+L—1
+ > (k) + el + NIP) = z*[kJa[k + N]5 | |2})]
k=9
(5.11)

532 Casell (N+1<d9<N+1IL)

In this case there are three cyclic sets associated with the observation vector and the
autocorrelation matrix is partitioned into two tridiagonal toeplitz matrices as expressed

by

(5.12)
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Substituting equation (5.12) into (5.3), and using (5.9) the conditional PDF for this case

can be written as

1 . 2N+L-1
2
2P L da®) P27 ) ;} [2[k]
#—-N-—1 N+L-1 la|?
+ (D lelRP+lelk + NP+ Y 2l +lalk + N)P) s
— k=9
k190N 1 N+L-1 a*
~ 2% Z “[K]afk + N | |2} 2R{ ) m*[k]x[k+N]m})]

k=9

p2(x,€,9)

(5.13)

Combining this with (5.11), we conclude that the exact PDF which globally characterize

the observation vector can be expressed as

p(x,e,9) = pi(x,e,9)(UW—-1]-U[¥~N-1)])

+ po(%,e,9) (UM ~N—1] - U[9 — N~ L+1)) (5.14)

where Ul[n] is the discrete time unit step function. We conclude this section by noting

that the PDF given in [37] is only the first term of the PDF given in (5.14).

5.4 Maximum Likelihood Estimator

In this section, a ML estimator for joint estimation of carrier frequency and symbol
timing error is presented. The ML estimate for the unknown vector [¢,9] is defined to
be the vector [ep1,,9 1) that maximizes the p(x, e,9) for fixed realization of the random

vector x as expressed by

emr,9m1) = argnsl%xp(x,a,ﬂ)

The maximization is performed over the entire span of the estimation vector [g, ).
By taking the derivative of the likelihood function given in (5.14), it can be shown

that the joint ML estimation of ¥ and £ becomes

Imp = arg max Ty (9)|a| + 2| (9)]
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-1
EML = %ZTI(X7'§)
L+9-1
> z[k]z*[k + N] 1<9<N
Ti(x,9) = 1951:\70—1 N+L-1 (5.15)
> alke* k+ N+ Y afkla*k+N] N+1<d<N+L
k=0 k=19
( L+9-1
> 2k +lz[k+ N2 1<I<N
19k1:\/'19
—N-1
T2(X7'l9) = Z |.’L'[k]|2 + |.’L‘[k+N]|2+ (516)
k=0
MNP + |2k + V)2 N+1<9<N+L

The estimator proposed in [37] provides the Likelihood function of the observation
vector over a finite range of timing offset parameter. Thus, the resultant ML estimator is
suboptimal and obtains the ML estimate by maximizing the conditional likelihood function
P91 <9< N)-

To better visualize this difference, a typical realization of log-likehood measures for
both suboptimum and proposed functions are plotted in Figure (5.2). In this experiment,
the DFT block size (N) and CP (L) are assumed to be 64 and 8. Signal to noise ratio,
frequency offset (&) and timing offset () are set to 25 dB, .01 and 70 samples respectively.
The upper plot indicates the log-likelihood function for the suboptimum metric proposed
in [37] and the lower plot provides the metric given in equation (5.14). By investigating
these plots, it is inferred that the suboptimum metric achieves its maximum at 9 = 48.
However, for the metric given in (5.14), the maximum is 70 which is exactly the unknown
symbol timing error. Knowing the fact that during the startup and initialization of the
receiver, symbol timing error is uniformly distributed between ¥ € [1 N + L], the ML
estimator proposed in [37] results in considerable estimation error with probability of
L/(N + L).

ML estimators are asymptotically MVU, i.e. the variance of the estimator achieves

that of MVU estimator as length of the observation vector goes to infinity. However, for
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Figure 5.2: Comparison Between Realization of Log-likelihood Function for suboptimum
and Proposed Method

many practical purposes, length of observation vector is constrained by physical limitations
and can not be chosen arbitrarily long. In the subsequent section we investigate the MVU

estimator which has the minimum variance among the set of cyclic based estimators.

5.5 MVU Estimator

In this section we try to find the MVU estimator by resorting to the theory of
sufficient statistics [57]. The first step in deriving the MVU estimator is to obtain the

sufficient statistic for the PDF given in (5.14). The sufficient statistic is known to be a
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function of the OV , namely T'(x), such that the conditional PDF of the OV given T'(x)
does not depend on the unknown estimation parameters [¢,9]. Evaluating the sufficient
statistic is a formidable task for the broad class of PDFs, however the Neyman-Fisher
(NF) Factorization theorem can be used for identifying the potential sufficient statistics.
According to this theorem if the PDF can be factored in the form ¢(T'(x),,9)h(x) where
g is a function depending on x only through T'(x) and h(x) is a function depending only
on x, then T(x) is a sufficient statistic for estimation of the parameters ¢ and 9. By
reformulating the PDF given in 5.14 to

2R[e/*™ T (x, 9) al] — |a>T2(x, 9)
p(x,6,9) = e 2(1 - |a?)(0? + 07) ha(x)

it is straightforward to verify that there is a direct dependency between the parameter 9
and the statistics T} (x,9) and T»(x,d). Based on this observation the NF theorem fails to
provide a sufficient statistic for estimation of 9. However, for a deterministic realization
of the parameter ¥, we can factor the PDF into

R[e’2T(x,9)|al]
p(xelg) =e (L=laP) (03 +07) py(x) (5.17)

Clearly then, Tj(x,9) forms a sufficient statistic for estimation of the parameter .

Next, we apply Rao-Blackwell-Lehmann-Scheffe (RBLS) theorem to find a MVU
estimator. According to this theorem, If ¢ is an unbiased estimator of ¢ and T(x) is a
sufficient complete statistic for € then € = E(¢|p(y)) is a valid, unbiased , MVU estimator
of €.

In applying the above theorem, we need to obtain an unbiased estimator of ¢, say £,
and determine the conditional expectation of this estimator given the statistic T} (x,9). An
appropriate candidate for the unbiased estimator of ¢ can be obtained from the statistical
moments of the random vector x. According to equation (5.2) the second moment of the

random variable z[k], with k € Q, satisfies the following identity

E{z[k]z* [k + N]} = g2e™ 7% (5.18)



78

Having this observation, we use the second moment estimator as an unbiased estimator

for ¢ as given by

5 i
= — In{—+ klx*[k + N .
5 5 n{ng Z;? z[klz*[k + N1} (5.19)

In deriving the above estimator, we replaced E(z[k]z* [k + N]) by its natural estima-
tor + Zgi{;"l z[k]z*[k + NJ. It is straightforward to verify that this estimator is unbiased

as it satisfies the condition

S 1 9+L-1
E{¢} = —mE{;— > alklz*[k + N} =¢ (5.20)
T k=0

Next, we obtain the conditional expectation of € given the sufficient statistic T3 (x,9)

as follows
g 1 J9+L-1
EMVULy = E(§|T1(x,19)):'2‘7—rlnE{Za—% kz_% z[klz* [k + N1y (x,0)}
1 Tl(xaﬁ)
— _ Ck
= 27r\s{ln Lo } (5.21)

It is important to emphasize that since the underlying PDF given in (5.14) belongs
to the exponential family of PDF's, then the sufficient statistics T} (x, ) forms a complete
statistic for estimation of the parameter €. Therefore, the mapping function obtain from
applying RBLS theorem, namely InT'(z, ), is but one function of the statistic T} (x,9)
and no other estimator with the same statistic can result in a lower variance with respect

to MVU estimator.

5.5.1 Cramer-Rao Lower Bound

It is known that under broad conditions, the variance of any unbiased estimator of
a nonrandom parameter ¢ satisfies the CRLB as

var(Evuy) > 7(1?) (5.22)

where I(¢) is the Fisher information given by

o2 Inpr(x,ely)

I(e) = —E| 52

] (5.23)
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Figure 5.3: Closed Loop Offset Estimator

Substituting (5.17) into (5.23), after some algebraic manipulations, the CRLB of the MVU

estimator becomes

(1-la)(0?+02) (1+g55)7-1

(27T)2|G|E{T1 (x,'ﬂ)} - (27T)2L (524)

Uar(éMVUl,ﬂ) =

2
where SNR 2 %— is the signal to noise ratio at the receiving end.
U’Il

5.5.2 Closed Loop Performance

The frequency recovery loop for estimation of frequency offset is depicted in figure
5.3. The closed loop system is obtained by feeding back the information obtained from
the estimator into the sampler block (boot strap). The sampler updates its frequency
at the beginning of the each observation vector (every (N + L) samples). To match the
various sampling frequencies used in the system, a down sampler block is used prior to
the sampler. Also, a gain block (G) is used to control the closed loop characteristic of the
system (stability, settling time, noise sensitivity). According to figure 5.3, the frequency

offset for the mth observation vector can be expressed as
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27r6[m— 1](9 + i) 2mélm — 2)(9 + 1)

: - G, .7 G
fm] = L02 Z (m-nile N X(m—2)[ie N
1 1 ] 27TA5[m — @) 1 _; 21 Ae[m — 1)(3)
= Tt N Y xom-[ilXfm g lile N (5.25)

where Aé[m —1] = (e[m—1]—¢e[m—2])G and x,,[i] 2 z[m(N + L) +9+1i]. The term inside
the sum is a stochastic quantity and does not have a closed form expression. However, for

reasonably high signal to noise ratio it can be well approximated by its expected value (

E[z(m_1)[i]z] T(p2) [i]] = 05). Therefore, the expression inside the sum can be written as
Lz_:l —j 27rAé[m - 11(2) 1 —_ e_j 2#65;—1 L —; 2rAé[m~1](L—1) szn(ﬁ[g"T_lE)
€ N = - = e 2N iV 7

-2 efm— - A€ —
pard 1— e__]z AAN[ 1] szn( 527; 1 )

m‘l-—)() _] 2rAé[m Nl (L-1 L (526)

Substituting (5.26) into (5.25), after some algebraic manipulations, the frequency offset
of m’th OV becomes

ém] = —(élm—-1]—-¢m— 2])%(19 + %) (5.27)

The above equation represents a second order finite difference (FD) system in which its

dynamic can be obtained from solving the following equation

€[m] + Bé[m — 1] — Bé[m — 2] = 0
where 8 2 %(19 + £51). Clearly, the solution to the above DE is the form of
élm] = c1(21)™ + ca(22)™

are two dynamical modes of the system. The smaller root

5 —p\/B7+4p
2

where 212 =
(negative) results in a high frequency oscillation in the frequency offset estimate. However,
as we show in the computer simulation, this term is filtered out by the moving average
filter . To assure stability, the gain block should be set such that both poles lie inside the

unit circle.

{Bmaz + V/ Bhas + 4Bmaz] < 2 (5.28)
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where

G L—-1
;Bmaz é mgx—ﬁ(ﬁ + —) =

5 (N+ L+ %) (5.29)

5.6 Moment Estimator

As discussed earlier, when the timing offset parameter is not known to the receiver
or if the the noise PDF differs from Gaussian distribution, finding optimum estimator
(ML, MVU, CRLB) may not be an easy task. However, as we show next, there exists a
moment estimator which provides a consistent estimate for estimation of frequency offset
regardless of noise distribution and timing offset values. Although there is optimality
criteria associated with this estimator , it can be globally used as an initial estimate for
other estimators such as ML estimator.

Consider a sequence of first N + L samples of vector x. Using equation (5.2),

autocorrelation of kth entry of this vector satisfies the following identity

o2e7i ke q
rea[N] = (5.30)
0 k¢ Q

Using Base Rule, the expected value of the above function (with respect to parameter k)

can be expressed as

Ei[rzz[N)] = cZexp ™ pr(k € Q)+ 0pr(k ¢ Q)= a?exp 7™  (5.31)

L+N

Substituting the Nth autocorrelation lag with its natural estimator , the moment
estimator for frequency offset under uncertain timing offset can be found as
. R}
Emom = "“{ln TB(X)} (532)
2m
where the statistic T3(x) is defined as

N+L-1
> zlklz*[k + N] (5.33)
k=0

T3(x)

= 7.2
Lo?
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Statistical assessment of moment estimator is a formidable task for entire span of SNR.
However, for relatively high SNRs, the random OV is heavily concentrated about its
mean. Using the statistical linearization, we can use a first-order Taylor expression of the
estimator about its mean to obtain the variance of estimate. In doing so, we substitute

the random variable z in 5.33 with the expression given in (5.1) and obtain

% NtL-1 - 2nke
Ts(d) = f(s,w) = {Lo? Y (slk — dJexp™™
k=0
+ wk])(s* [k — 9 + N]exp 7% +w*[k + N])} (5.34)

where the signal (s) and noise (w) vector are defined as

e

[5[0] -~ s[N + L — 1]] (5.35)

e

[w[0] - - w[N + L —1]] (5.36)

By virtue of the above equation, the expected value of OV for a fixed realization of signal
vector s would be E[emom] = f(s). We then perform a first order Taylor expansion of

f([s,w]) about the point s = E,[x] to yield

. o S 9f (s w)
Emom = £([5,0) + Vu (i, 0)"w = f(s,0) + >, =5 Frlwoowln]  (537)
n=0

Taking the derivative of (5.34) with respect to w([n] and setting w = 0, we obtain

oh 1

N+L-1
- _ _( ~27r6(11\lJ+N)
dw|n| fw=0 27

Z sli = 9)s*[i =9 + N]e92™ ) ls*ln+ N -d)e V™~
1=0

The second term in 5.37 represents the contribution of noise in the estimate. Knowing

that noise samples are iid with power of o2, variance of estimate can be obtain from

L+N-1
Z Is[n + N — 9]0
var(g) ~ N+nL=—01 (5.38)
@r > sli—9)s*[i—9 +N] )?
i=0

For sufficiently large block lengths (N), the above term can be well approximated as

(N+L)ojos  (N+1L)
(2rLo2)2  ~ (2nL)2 SNR (5.39)

var(e) ~

In the next section we use the resemblance between the estimators to propose a model to

cast all the proposed estimators into a unified structure.
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5.7 Unified Structure

In this section we shall show how the proposed estimators can be classified into a
single unified structure. This provides a unique framework for analysis of the proposed
estimators. Moreover, it allows us to investigate the effect of symbol timing error in the

estimation of carrier offset for each individual scheme.

57.1 MVU and Moment Estimator

Comparing the moment estimator given in (5.21) to the MVU estimator in (5.32)
reveals some similarities in the structure of the estimators. Clearly, both moment and
MVU estimators use the same mapping function, namely log function, to project the data
statistics into the estimation domain. The only difference is in the form of statistics used
for each scheme. Figure 5.4 depicts the block diagram of these two estimators. As shown
in the figure, both estimators obtain the statistic by correlating the samples with their Nth
delayed samples. This operation is performed by using a moving average (MA) filter in the
structure of estimators. However, MVU and moment estimators use different upper and
lower bound for the MA filter. In moment estimator, the averaging is performed over the
first N + L samples of OV. This would remove the requirement of knowing the exact timing
offset parameter in estimation of carrier frequency offset. However, the estimate obtained
from using this scheme results in less accurate estimate (more variance) in comparison
to MVU estimate. On the other hand, MVU estimator requires the knowledge of timing
offset parameter which can be obtained from using pilot tones in the OFDM symbol. This
would result in a lower bandwidth efficiency: the price which is paid for improvement in

the performance.
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5.7.2 MVU and ML estimator

Although the resemblance between MVU and ML estimators may not be as evident
as that of MVU and moment estimator, it can be shown that ML estimator can also be
classified into the same family. Knowing the fact that S{logT} (x,9)} = £T1(x,9) the ML

estimator can be expressed as

B

- %G{g = [Kz[k + N]} (5.40)
where the parameters a and (3 are functions of J3s;, and can be obtained from 5.15.
Thus, the ML estimator falls into the same family of estimators. It is noticeable that ML
estimator provides the upper and lower bound of the moving average filter by extracting
the timing parameter from the likelihood function. Although ML has the advantage of
exploiting the entire bandwidth by removing the requirement for having pilot tones, the
symbol timing estimate obtained from ML scheme has larger confident interval. This
may result in a considerable performance degradation in comparison to the pilot based

schemes.

5.8 Discussion and Simulation

In this section we shall perform computer simulation to assess the performance of
proposed estimator for synchronization of OFDM systems. As it is usually the case, we
shall choose the variance of estimator as a performance measure through our study. The
simulation parameters used are typical of the environments. More specifically, the chosen
FFT size (N) for OFDM is 64. Unless specified, the length of cyclic prefix is L = 8.
Unless specified we choose the signal to noise ratio level to be 20 dB. Also, in exception
of closed loop system, the carrier frequency offset is set to € = .01. We carry out a Monte
Carlo simulation to evaluate the performance of proposed estimators.

In doing so, we start with a comparison between performance of proposed ML

estimator with the suboptimum ML estimator given in [37] over the range of timing
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Figure 5.4: Unified Structure for Class of Cyclic Bases Estimators

offset parameter (9 € [I N + L]). Since the estimation parameter is varying itself, we
use a normalized variance E[(e — €)?/(¢)?] as a performance measure for timing offset
estimator. Figures 5.5 and 5.6 compares the variance of the proposed ML estimator
against the suboptimum ML estimator. As expected, the suboptimum ML estimator
exhibits anomalous statistical behaviour over the range of (9 € [N + 1N + LJ).

Figure shows the performance of MVU estimator for frequency offset estimation
under complete knowledge of timing offset error. A careful examination of the variances
reveals that the gap between MVU estimator and CRLB tends to zero as SNR increases.
Also as illustrated in the figures, the departure from CRLB happens rapidly as SNR goes

bellow a threshold. The threshold also depends on the length of CP and is moved toward
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Figure 5.5: Comparison Between Proposed and Suboptimum ML Timing Offset Estimator

lower SNRs as L increases. This can be justified in terms of having more observation sam-
ples in estimating the unknown parameter. The choice of cyclic prefix length L represents
a tradeoff between data rate reduction and performance (lower variance). Increasing L
brings the performance of MVU estimator closer to the CRLB, nevertheless, could result
in a considerable data rate reduction due to redundancy introduced by CP.

To illustrate the dynamical behaviour of the closed loop MVU estimator, we have
plotted in Figure (5.8), the frequency offset parameter of the closed loop MVU estimator
together with the analytical derivation given in equation 5.28. It is clear that the simula-
tion result very closely resembles the analytical model, thus consolidates the approximate

model of the closed loop system.
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Figure 5.6: Comparison Between Proposed and Suboptimum ML Frequency Offset Esti-
mator

5.9 Conclusion

We have proposed a class of non data-aided cyclic based robust estimators for fre-
quency offset estimation of MC systems. We determined a likelihood function for joint
estimation of symbol timing error and carrier frequency offset in MC systems. As a result,
it is used for deriving a maximum likelihood estimator for the joint estimation problem.
The proposed estimator outperforms the previously proposed suboptimum ML estimator.
We also used the concept of sufficient statistics to obtain the minimum variance unbiased
estimate of the frequency offset under certain knowledge of timing offset error. In doing

so, we apply the factorization and RBLS theorems to identify the sufficient statistic and
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Figure 5.7: Performance of MVU Estimator as a Function of SNR

appropriate mapping functions. It is shown that there is but one function of the suffi-
cient statistics which results in the minimum variance estimate among the possible class
of estimators. Also, a moment estimator is proposed to obtain the consistent estimate of
carrier offset under uncertain symbol timing error. The moment estimator does not rely
on any probabilistic assumptions. Thus, its performance is insensitive to the distribution
of the additive noise. Finally a unified structure for modeling all the proposed estimators

is proposed.
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6. CONCLUSIONS AND FUTURE WORK

6.1 Conclusions

Since the mid 1980’s, multicarrier systems have been a viable solution for data
transmission over bandlimited channels. Their immunity to nonflat frequency response
channels and also the inherent parallelism in their structure, make these systems a com-
petitive candidate in high speed data transmission. Nevertheless, this research area is
far from being mature as evidenced by the large number of publications devoted to this
subject around the globe.

Due to the high computational complexity involved with equalization of multicarrier
modulation, the practical realization of these systems is still a great challenge. Mathe-
matically, the minimum mean square error equalization can be viewed as the problem of
computing extreme (minimum) eigenvector of a positive definite matrix. The standard
approach for this purpose requires inverting a high dimensional Hessian matrix. Due to
the sensitivity of this operation to the truncation and quantization errors and because of
the relatively high floating point operations involved with this scheme, the existing digital
signal processing blocks are not able to handle this operation in real time. Chapter 3 of
this thesis focused on the low complexity implementation of minimum mean square error
equalizers for discrete multitone systems. This method has the advantage of being con-
ceptually simple and practical to implement. The robust performance to quantization and
truncation effects is inherited from the characteristic of Rayleigh minimization approach.
On the other hand, the proposed algorithm is characterized by its FFT based structure,
thus the existing infrastructure of multicarrier system can be used to reduce the hardware
complexity. The proposed algorithm exploits asymptotic equivalence of Toeplitz and cir-
culant matrices to estimate Hessian matrix of a quadratic form. It was shown that the

Hessian matrix exhibits a specific structure. As a result, when combined with the Rayleigh
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minimization algorithm, it provides an efficient method to obtain the global minimum of
the constrained optimization problem. A salient feature of this algorithm is that extreme
eigenvector of the Hessian matrix can be obtained without direct computation of the ma-
trix. The proposed algorithm performs well provided only that the length of equalizer
filter is large enough for the asymptotic equivalence of Toeplitz and circulant matrices.

In chapter 4 we addressed the problem of optimum equalization of multicarrier sys-
tems. It is known that MMSE is not the optimum criterion in conjunction with multicar-
rier systems and the optimum setting for the equalizer is obtained at expense of solving
a highly complex constrained optimization problem. Motivated by this shortcoming, a
new framework for training the time domain equalizer subject to maximum system per-
formance was proposed. The proposed approach exploits an appropriate transformation
to shape the constraint region into an identifiable convex boundary, namely a canonical
ellipsoid. Due to the canonical property of the constraint set, projection onto this set
is obtained efficiently through projection onto convex set (POCS) method. Armed with
this, the gradient projection method is applied to obtain the search direction in each it-
eration of the algorithm. Due to versatility of this method, it is then generalized to two
classes of systems namely, unit tap and linear phase filters. Also an upper bound on the
performance of equalizer is obtained. As an assessment for the performance of equalizer,
it is then applied to equalization of discrete multitone systems for asynchronous digital
subscriber line (ADSL) application.

The primary contribution of chapter 5 has been to introduce a new family of estima-
tors for joint symbol timing and carrier frequency synchronization of orthogonal frequency
division modulation scheme. Essentially, the approach uses the periodic property of the
cyclic sets to reveal the synchronization parameters in the likelihood function of the re-
ceived vector. The likelihood function is then used as a basis for deriving three classes
of efficient estimators namely, maximum likelihood (ML) , minimum variance unbiased
(MVU), and moment estimators. The ML estimator obtains the solution for the joint
estimation problem by maximizing the likelihood function of the observation vector. On

the other hand, MV U estimator exploits the property of sufficient statistic to obtain an
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estimate of carrier frequency offset subject to minimum variance criterion. The most ap-
pealing aspect of these estimators is that they are are classified in a single unified structure.

This would facilitate the analysis of cyclic based estimators within a common framework.

6.2 Recommendations for Future Investigation

It should be stated that although the work presented in this thesis makes some
contributions to the area of multicarrier systems [58, 59, 60, 61, 62, 63], there remain
plenty of challenges requiring further research work.

In the MMSE equalization, there are two important areas where more work needs
to be done. In the context of eigenvalue estimation, few more approaches might be con-
sidered. For example one may use Lanczos or subspace methods to provide an estimate
of extreme eignevectors. The second area is that various aspects of vector norms beside
[ norm may also be considered. Although [ norm result in a mathematically tractable
solution, one may consider {; or /o, norms in minimizing the residual error of impulse
response shortening problem. Thus, rather than minimizing power of noise sequence,
sum of absolute values of noise error or even maximum element of noise sequence can be

“ which norm results in the optimum

minimized (minimax). The interesting question is
performance in conjunction with multicarrier systems?” There are also other techniques
that one can choose for the impulse response shortening problem. For example, instead
of using an FIR filter as TEQ one may consider a block-digital filter as an equalizer [64].
Then, one interesting question is that “ what is the best way to realize such a filter in
terms of reducing the overall complexity while maintaining reasonable system sensitivity?”

The fourth chapter of this thesis, dealing with optimum equalization of multicarrier
systems, has provided a new method for training the equalizer. With this approach, one
can also combine the optimum loading technique for joint equalization and bit allocation

of the multicarrier systems. By including the effect of bit loading on the optimum equal-

ization, a question might be “ How to jointly optimize the performance of blocks such that
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the data rate becomes maximized?” An effective solution to this problem is necessary to
benefit fully from maximum data rate. There are also several interesting issues regarding
to the equalization of multicarrier systems over time varying dynamic fading channels
[65, 66]. In particular, due to the dynamical variation of channel impulse response , so-
phisticated channel identification methods are required to compensate this shortcoming
[67, 68]. At present most system designers use complicated estimation techniques for this
purpose [69]. One possible course of action would be to exploit the temporal coding to
transform the time-varying channel into an asymptotic AWGN channel [70]. This would
transform the fading channel into highly dispersive static ISI channel. Thus, one can use

multicarrier systems to mitigate the effect of ISI in the resulting system.
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A. CIRCULANT MATRICES

A circulant matrix C is one having the form

Co (4] C2 o Cp—1l
Cn—1 Co (4] o Cp-2
C = P cn_l CO PR cn__3 (Al)
Cl DY DY Cn—l cO

(A.2)

The matrix C it itself a special type of Toeplitz matrix. The eigenvalues 1 and the

eigenvectors y; of C are the solutions of

Cux = Yk (A.3)

in which the m'® eigenvalue is the m® point of DFT of the first row of matrix C. Any

circulant matrix C can be decomposed as

C=U*0U (A.4)
where
1 —2mimk
U = {yly1]| - |lyn—1} =n~ {exp — m,k=0,1,---,n—1} (A.5)

Also if ¢ # 0;k =0,1,---,n — 1, then C is nonsingular and

cl=uvlyr (A.6)



102
B. RAYLEIGH MINIMIZATION APPROACH

Conjugate gradient method is a versatile algorithm that can be customized to pro-
vide balance between performance and computational complexity [71]. Use of the con-
jugate gradient algorithm in adaptive filtering applications allows flexibility that ranges
from LMS-like performance and cost at one extreme, to RLS-like performance and cost at
the other. In general, conjugate gradient methods are proposed and analyzed for purely
quadratic problems. However, conjugate gradient technique can be successfully applied in
many quadratic problems, where it can be argued that near the solution the error surface
becomes approximately quadratic. With this assumption, the Rayleigh minimization al-
gorithm exploits conjugate gradient method to obtain the minimum point of the second

order approximation of the Rayleigh quotient, i.e.,
1
E(b) = R(b1) + 5(b — b1)"H(b1)(b — by) (B.1)

where H(b) is the Hessian of the Rayleigh quotient as expressed by

b*Rab
b*b

H(b) = Vi( ) (B.2)

e Initialization
Compute the minimum eigenvalue estimate, residual error vector and descent direc-

tion vector as following;

A0 = bYRABC (B.3)
r = Xb%-R,b° (B.4)
p? = r° (B.5)

(B.6)

e Iteration

Update the minimum eigenvector solution as

b't! = bi4tp (B.7)



where the parameters are defined as

ti

-B+VB?-4CD

2D
PiP; ~ PP B =P —)\P;
p*Rabi i _ P'Rap’
bi*be b bi*bi
pz*bi _ pi*pi
— P t -
bz*bz d bz*bz

C =P - XP
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(B.8)
(B.9)

(B.10)

(B.11)

(B.12)

Update the minimum eigenvalue estimate, residual error vector and descent direction

vector and normalize the vector as following;

Ai+1
i+1
p

ﬂi

e Normalization

bi+1*RAbi+1 i1 Aitlpit+l _ RAbi“
bit+1*pi+l - bit+l*pi+l
rt +ﬂipi

I‘H-I*R.Api + (ri+1*ri+1)(bi+1*pi+1)
pi*RApi _ /\i+1pz’*pi

(B.13)
(B.14)
(B.15)

(B.16)

Normalize the minimum eigenvector estimate to provide the unit energy constraint

bi+1

b+ R TTT
[Ibr+4]]

(B.17)





