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GENERALIZED HILBERT TRANSFORMS ASSOCIATED TO CONES IN R

CHAPTER T
INTRODUCTION

The classical Hilbert transform H on L%(R) may be

defined by
(Hu)"(t) = -i —=— Q(t), for u in L*(R).
bt
Clearly H is an isometry of L?(R) and H? = -I, H = -H.

It is also easy to see that H is a real operator, i.e.,
H commutes with conjugation. On real functions, H may be
characterized as follows:

Let u, be a real valued function in Lz(R). Then there
exists a real valued function v, in L2(R) such that if
F, = u, + iv, , then supp %O < [0,®). In this case v, = Hu,.
Moreover, there exists a unique holomorphic function F in
the upper half plane O such that F is in H®(Q) and

Fo(x) = L®-1im F{x+iy) as y | O.

In this case F is just the Cauchy integral of F,, and if
we set F = u + iv, where u and v are real, and compute v

explicitly, we obtain

vol(x) = Lf-1lim v(x,y)
yio
= Lz—lim-—%—Jf ———izéil— U (t) dt,
y4o —o (x-t)R+yR

i.e., formally at least v, is given by the singular



integral

© uo(t)
Vo (x) = —%T'J[ T dt.

® X -
In general this integral diverges, but it does exist in the
principle value sense for almost all Xx.

Thus there are two aspects to the Hilbert transform,
which may be described briefly as

(A) the connection with singular integrals, and

(B) the connection with boundary values of

holomorphic functions.

Corresponding to these aspects there are at least two ways

of generalizing the Hilbert transform to R™.

(A) The Riesz transforms.

One way to generalize the Hilbert transform to R™ is
to introduce the Riesz transforms Rj’ J = 1,2, «ceees n,

These transforms are defined by

£ .
'(Rju)A(i) = i T—% G(%), for u in L?(R™).
g

Clearly Rj is a bounded operator on L2(Rn) and we have

n
S R% =-I and R;=-R., j=1,2,-+...,n.
j=1 J J J

The Riesz transforms are singular integral operators and

in a certain sense are the prototypes for all singular

integral operators.



(B) Hilbert Transforms Associated To A Cone.

Let T be a closed convex cone in R™. We assume T to be
salient so that the dual cone T* has nonempty interior.

Now we define
1 if € is in T%*-{0}
hr(é) = -1 if - is in T%-{0}

0 otherwise.

Then we define the Hilbert transform HF associated to T by

(Hpw)"(8) = -1 hn(2) §(2),  for u in L2(R").

v
%

Then Hr is a bounded real operator in L2(Rn), HF = _HF
and —H% is an orthogonal projection. This Hilbert transform

is related to boundary values of holomorphic functions in
much the same way as 1in the one-dimensional case. It is

this Hilbert transform which we will study here.

In order to prepare our way, we briefly discuss cones
in R™ and Fourier transforms and convolutions in chapter II,
and some distribution theory in chapter IV. In chapter III,
we study the Hilbert transform Hp on L2 (R™) and show that
the Hilbert transform of a real-valued function u in LZ(Rn)
is the boundary value of a certain conjugate Poisson
integral of u. In chapter V, we extend the definition of
Hilbert transform to ﬁLz(Rn) and show that we have results

similar to those obtained for L?(R™).



The Hilbert transform on LZ(Rl) is studied, for
example, in Titchmarsh [2], Hewitt [1], Zygmund [1],
Weiss [1], Butzer-Trebels [1] and Butzer-Nessel [1].

The Hilbert transform on distributions in one-dimensional
space may be found in Horvath [1], Tillmann [1]-and [2],
Newcomb [1], Lauwerier [1], Beltrami-Wohlers [1] and [2],

and Guttinger [1].



CHAPTER IT

PRELIMINARY I'OR CHAPTER IIT

(i) Convex Cones

A subset T of R™ is called a cone if tx is in T
whenever x is in T and t > 0. If T is a cone, then the set
r* = {g ¢ R" | (g,x) > 0 for each x € T }

is a closed convex cone and is called the dual cone of T.

Theorem 2.1. T¥##¥% = ™ gnd T¥¥* is the smallest closed

convex cone which contains T'.

Proof. Cleariy [ € T** and therefore (T¥*¥)* C I'* and

T* < (T¥*)** hence I'**¥ = T%_, Suppose A is a closed convex
cone and ' € A € I'*¥*, Then A¥ = T* by the first part. If
X is not in A, by the separation theorem we can find § in

Rn

so that (&,x) < (§,y) for each y in A. Since A is a cone,
we have (§,x) < t(€,y) for each y in A and t > O. Thus

(E,y) > O for each y in A and (£,x) < O. The first condition
implies that & is in A¥ = T%, and therefore x is not in T'*¥,
Thus A 2 T%*  therefore T#* = A, Now if A is any closed

convex cone and I' € A, by the above A N T'*#* = T¥F* - 3 e,

T#* < A, Q.E.D.

Definition. A cone T in R™ is said to be salient if T¥*¥

contains no subspaces other than {0}.
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Lemma 2.2. If T is a cone, then T is salient if and only
if T% has honempty interior.
Proof. A subspace L of RY is clearly a cone and L¥ = L"..
Suppose I' is not salient. Then there is a subspace L # {0}
such that L © T##, Thus T¥¥* = I'* c I~ which implies TI'* has
empty interior. Conversely, suppose I'* has empty interior.
Let L be the subspace of R" spanned by I'*. Then L # R",
since T* is convex and has empty interior. But then

{0} # I" € T** and so I is not salient. Q.E.D.

Lemma 2.3. Let T be a convex cone and for each x in T
define

6(x) = inf {(€,x)| &€ is in T¥ and |&| =1 }.
Then &(x) is the distance from x to the boundary of T.
Proof. Let d be the distance from x to the boundary of T
and choose x, in the boundary of T such that |x—xol = d.
Let H be a supporting hyperplane of T at x, with normal n
such that |n|l =1, (n,x,) =a > 0 and (n,y) > a for each
y in T. It follows that m is in T*. Since O is in T we also
have a = 0. Thus

6(x) < (n,x) = {n,x-%,) = dist(x,H) < |x-x,| = d.

n—l. Then x-d§ is on the

Conversely, suppose & is in S
sphere with center at x and radius d. So we have x-d& is in
T = T** and hence if € is in I'* we have (£&,x-d§) > O. Thus

(€,x) > d which implies &(x) > d. Q.E.D.



An immediate consequence of the above lemma will be

useful to us in chapter IITI.

Corollary 2.4. Suppose I' is a convex cone. Then x lies in

the interior of T if and only if there exists & > O such

that (&,x) > 6|&| for each & in T*,

(ii) Fourier Transforms and Convolutions

If 1 < p < = we denote by Lp(Rn) the Banach space of
complex-valued LP functions on R" relaﬁive to Lebesgue
measure. As usual, we identify functions which are equal
almost everywhere. We denote by Lﬁ(Rn) the real Banach

space of real-valued functions in LP(R™).

If u is in L1(Rn), we define the Fourier transform

8(g) or 8[u(x);8] of u(x) by

and the inverse Fourier transform @(g) or 3 '[u(x);&] of

u(x) by

Remark. For any function u on R™ we define ﬁ(x) = u{-x).



c><
cl>
c<>]

We note that if u is in L'(R™), then @ = (2m)7 "

and V commutes with A, . and — .

Theorem 2.5. If u is in LT(R™) then {l is a bounded

uniformly continuous function which vanishes at ® and
N )

Proof. This theorem is the Riemann-Lebesgue lemma. See,

for example, Bochner and Chandrasekharan [1] p.57.

. . n A . 1 n
Theorem 2.6. If u is in L'(R") and u is in L'(R™) then

2.
N
u=u=u

Proof. This is the Fourier inversion theorem. See, for

example, Bochner and Chandrasekharan (1] p. 65.

Theorem 2.7. If u is in L'(R®) n L2(R™), then 1 is in

L2 (R™) and HGHLQ = (2n)n/2 “UHLZ (Plancherel formula).

Both 8 and 87! extend uniquely to bounded linear operators
of L#(R™) onto itself and these extensions are inverses of

each other . If u and v are in L?(R™) then we have

(i) (G,Q) = (2m)™ (u,v) (Parseval's formula),
A
(1) 4 = (2m)™ Y



In particular (2ﬂ)_n/2 8 is an isometry of LZ(Rn) onto
12 (R"). |
Proof. This is the L®-theory of the Fourier transform.

See, for example, Bochner and Chandrasekharan [1] p. 120.

If 1 < p < 2 then LP(R™) < LT(R™)+L?(R™). Thus if u is

in LP(R™) we may write u = u Fu, with ug in LJ(R™), j =1,2.

ﬁ1+ﬁ2. It 1s easy to check that

) . A
In this case we define u

0 is well-defined and we have the following result.

L
p

1

Theorem 2.8. If +

O

Lp(Rn), then U is in LAR™) and moreover

nﬁnLq < (2m)7/4 nuan .

Proof. The proof depends on the M. Riesz-Thorin inter-
polation (or convexity) theorem. See Weiss [2] p. 168ff,
Zygmund [1] Vol.IT p. 254ff, Katznelson [1] p. 141ff and
Donoghue [1] p. 260. The inequality in the theorem, due to
Titchmarsh [1], is called the Titchmarsh inequality and is

also referred to as Hausdorff-Young inequality.

Theorem 2.9. If p, q, r are extended real numbers such

1 1 1
that 1 < p, q, r £ wand — + 1 = 'y + I

and if f is 1in

Lp(Rn) and g is in Lq(Rn), then the integral
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Ty glx) ::Jgn f(x-y) gly) dy

converges for almost all x and defines a function f'* g

in Lr(Rn) called the convolution of f and g. Moreover we

have f ., g =g 4 f a.e. and

||f7,vc el = Hpr ||qu (Young's inequality)
In case r = +*, the integral converges for each x and f 4 g
is a bounded uniformly continuous function.
Proof. See Zygmund [1] Vol.II p. 37 or Hewitt and

Stromberg [1] p. 414.

The Fourier transform converts convolution into
multiplication. This statement has a wide range of
applicability when we pass to distributions. For the

present, we have the following results.

Proposition 2.10. If f and g are in L'(R™) then f , g
N A
is in LT(R™) and (f , g)A = f g.
Proof. See, for example, Bochner and Chandrasekharan [1]

p. 58.

Theorem 2.11. If f and g are in L?(R") then

Ay~
fvg=1(01g)
Proof. If £ is in LT(R™) then

-1(x,8)

(3,0)(5) = e Be)
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where J f(y) = f(y-x). Since |e_i(X’§)| = 1 this property

also holds for f in L*(R™). Then by theorem 2.7 we have

fyglx) = fRn 3, \f(y) gly) dy

Jo i

- J o 15070 Bis) o

- fRn (5_,0)V(z) B(z) as

- (2m) " fRnw_Xf)“(g) Blg) ag

I
)
=
T
o]
C“a

The main references to Fourier transforms are the
books by Bochner [4], Wiener [1], Titchmarsh[2], Carleman
[1], Bochner and Chandrasekharan [1], Zygmund [1], Hewitt

[1], Goldberg [1], Weiss [1], and Katznelson [1].



CHAPTER III
THE HILBERT TRANSFORM ON L2 (R™)

Let T be a closed convex salient cone, so T'* has
nonempty interior. We define the function h by
1, if € is in T*-{0}
h(g) = < -1, if -€ is in T*-{0]}

0, otherwise.

Now we define the Hilbert transform HF (or simply H if no

confusion can arise) associated with T by

(Hu)é(%) = -i h(g) ﬁ(g) for u in L2 (RM).

Theorem 3.1. H is a bounded linear operator on LZ(Rn).

In fact ||H|| < 1. Moreover we have

(a)  the adjoint H¥ of H is -H,

(b) Q= -H? is an orthogonal projection in LZ(Rn)
and (Qu)"(g) = |n(e)| {(g) for u in L?(R"),

(¢) H=QH = HQ.
Proof.  (Hu)“ (&) = -i h(g) 0(g) is in LR(R®) for u in

L2 (rRY). By theorem 2.7 we have Hu is in LZ(Rn), and

(2r) /2 [Tl 2

1

Il 2

(2r)7%/2 |l1 n(g) G(g)lip2

Ii

I A

(2m)0/2 HGHLZ

lull 2«

12



Moreover, we have following:

(a)

For every u and v in L?(R™), we have

(Hu,v) = (20)~" (fa, %)
= (2m)™™ (-1n(8)Q(g),0(8))
= (2m)™™ (B(5),in(£)0(8))
= (2m)~" (u,—ﬁ;)
= (u,-Hv)
= (u,H*v)

Therefore H* = -H .

Let Q = -H?. For each u in L?(R"), we have

]

(Qu)"(g) = (-HRu)" (&)

= _(H(Hu))" (&)

A
(Qu) (8)
Hence Q° = Q by theorem 2.7. We also have

Q¥ = (~HR)* = _(H*)? = -(=H)® = -H® = Q.
Therefore Q is an orthogonal projection.

Since Q = -H®*, it is obvious that QH = HQ.

13



14

Also we have, for every u in L?(R"),

(QHw)"(g) = [n(g)| (Hu)"(5)
= In(z)] (-in(5)) G(s)
= -1 n(g) Q(s)
= (Hu)"(¢)

By theorem 2.7, we have QHu = Hu for every u in

L2 (R™). Therefore H = QH = HQ . "~ Q.E.D.

Definition. Suppose u is in Lioc(Rn)‘ We define the

suppoft of u as the complement of the largest open set on
which u vanishes almost everywhere. We denote the support
of u by sSupp u.

To see that the definition makes sense, i.e., the

existence of the largest open set, let {U,} be the

€A
family of all open sets (suitably indexed) such that u

vanishes almost everywhere in Uy for each a in A, and let

u o= U Ua‘ Since u is o-compact there is a countable
a €A
subset N of A such that u = U U. . Thus u vanishes
aen ¢

almost everywhere in u

Let im T be the image of a transformation T and ker T
be the kernel of T.

Theorem 3.2, The Hilbert transform H associated with T

has the following properties.
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(a) H is an isometry of im Q onto im Q .

(b)  ker H=ker Q = (im Q)& .

(c) im H = im Q = {uELZ(Rn) | supp 4 < THY(-T*)}.
Proof. According to theorem 2.7 and 3.1, we have
1 — /\
iHull 2 = (2r)"™/2 || fiqull

(2r)™1/2 ||T)

L2
= (2m)™/2 |l-1 n(g) G52

(2m)7%/2 | In(z) | Qe8)l ;2

= (2m)™"2 || Qi 2

n

I qul; 2

Now if v is in im Q, then v = QZV = H(-QHv) and so H maps
im Q onto im Q isometrically. In particular im Q € im H
whence QH = H implies im @ = im H. Now Q = -H? implies

ker H € ker Q and H = HQ implies ker @ < ker H. Finally

u is in im Q if and only if Qu = u, i.e., G = |h|ﬁ a.e.
Thus u is in im Q if and only if O = O a.e. outside the
closed set T'* U (-T%) Q.E.D.

Definition. A linear operator T on L?(R") is called a

real operator if it commutes with conjugation, i.e., T 1is

real if T4 = Tu for each u in L?(R"™).
A real operator clearly maps real functions to real

functions and hence induces a linear operator on Lﬁ(Rn),
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which is the real Hilbert space of real-valued functions in

LZ(R").
Proposition 3.3. H and Q are real operators on L?(R").
Proof. From the remark preceding the theorem 2.5 we have

following equalities, for u in L2 (R"),

f

|
I_J
=

|
W
c>

!
W

v
= -i h(g) G(@)
A
= -i h(g€) u(g)
= (HQ)"(2).

Therefore Hu = HG for every u in LZ(Rn). Also we have

Qi = -H®*Q = -H(HQ) = -H(Hu) = -H(Hu) = -H(Hu) = Qu , for

- every u in 12 (RM). Q.E.D.

We denote the characteristic function of a set A by

Xa Thus

1 if x is in A
Xy (x) =

0 otherwise.
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Now let W be the bounded linear operator in L2(Rn) de fined

by W= %5(Q + iH)

Proposition 3..4.

We have (Wu

A A .
) = XpselU @.€. for each u in

L2(R"™). In particular W is an orthogonal projection in

I2(R") and im W =

Proof.  (Wu)"(g)

{

u € L®(RM) | supp 3 < I* o},

T~
(Q + iH)u(g)

-

ol
O
-
U
+
I_J -
=
-
U

By theorem 3.1, we have the following equalities:

we =

S S N

|
ol

=
I
ol

| |
wi- e

!
]

= W.

(Q

(Q* -

(Q
(Q

(Q

+ iH)"
H® + 2iHQ)
+ Q + 2iH)

+ iH)

+ 1H)*

(Q¥ + (1H)¥)

(Q
(Q

- iH*)

+ iH)

Therefore W is an orthogonal projection in L2(Rn).
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Thus u is in im W if and only if u = Wu if and only if

A= XF*G a.e. if and only if =0 a.e. outside the
closed set T%* , Q.E.D.
Lemma 3.5. If u, and v, are in LE(Rn), then the following
statements are equivalent.

(a) W(ug+ive) = u, + ive.

(b) Quo - Hv, = 2u, and Qv, + Hu, = 2v,

(c) Qu, = u, and Hu, = v,
Proof. (a) <=> (b) Consider following equalities:

W(ue+ive) = 5 (Q + iH) (ue+ivy)

ol

[(Quo, - Hvy,) + i(Qv, + Hu,)J.
Therefore W(u,+iv,) = u, + iv, if and only if

Quo - Hv, = 2u, and Qv, + Hu, = 2v,

(b) <=> (c) If Qu, - Hv, = 2u, and Qv, + Hu, = 2v, ,
then, applying H on first equality and using theorem 3.1,
we have 2Hu, = HQu, - szo = Hu, + Qv, = 2V,

which implies Hu, = v,. Apply this fact to first equality,
we have 2u, =‘Quo-- Hv, = Qu, - H(Hu,) = Qu, + Qu, = 2Qu,
which implies Qu, = u, . Conversely, if Qu, = u, and

Hu, = v, , then Qu, - Hv, = Qu, - H(Hu,) = 2Qu, = 2u, and

Qv, + Hu, = Q(Hu,) + Hu, = 2Hu, = 2v, . Q.BE.D.

Corollarly 3.6. Let u, be in LE(RH) . There exists v, in

LE(RH) such that Supp(uo+ivo)A C T¥ if and only if Quo= U,.
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Moreover, in this case we have v, = Hu,

Proof. By proposition 3.4, if supp(uo+ivo)A < T'* then

Uptive is in im W and so W(uy,+iv,) = u, + iv, which implies
Qu, = u, and Hu, = v, by the above lemma. Conversely,
suppose Qu, = U, . Let v, = Hu, . By the above lemma, we
have W(ue+iv,) = u, + iv, which implies u, + iv, is in
im W, Therefore supp(uo+ivo)A c ¥, Q.E.D.
Suppose & is in R" and a = (al, ----- ,an) with aj > 0,

j = 1,2, ,n. We define |al| = Gyt oyt ees 4 @ and

O - gQiglz,,..£%n

g %1 52 51

Now let T'y, denote the interior of I', Thus we have follow-

ing proposition.

Proposition 3.7. If y is in T, , then g e_(é,y) Xr*(i)

belongs to Lp(Rn) as a function of &, for p > 1.
Proof. By corollary 2.4 there exists & > 0 such that

(8,y) > 6|&| for each € in T%*. Thus

fRn 2% o5V (2 1P at

IN

fvn |§|p|(1‘ e’p6~§| de
R

o3 [T plelmey pelel g o
[o]

n—ll n-1

where |S denotes the area of the unit sphere S



If T'y is nonempty, then the proposition 3.7 implies

that the integral

K(z) = (2ﬂ)_n f;:- ei(z,%) dg

converges absolutely for z in QO = R™ + iT, € t" . The

function K is called the Cauchy kernel of the tube Q or of
the cone I' . It was first studied by S. Bochner (see
Bochner [2]). If y is in Iy, , it is convenient to introduce

the function K defined by K (x) = K(x + iy), x in R™.
We note that

KY(X) — B']l:e_(y;g)xl_\%(g);)'( J

Theorem 3.8. If Ty 1s not empty then the Cauchy kernel K

is a holomorphic function in the tube O . We may compute
the derivatives of K by differentiating under the integral
sign. |

Proof. By lemma 2.3, if y is in T and § is in T%*, then
(8,y) > 8(y)|&| where 8(y) is the distance from y to the
boundary of I' . Now let A be any compact subset of T,

By continuity of the distance function, there exists & > O

such that (&,y) > o|&| forein I'* and y in A. Therefore

o i : - )
60T E)y (e)] < (eyleleolEl
for €,x in R" and y in A. Since A was an arbitrary compact

subset of T'y, by Fubini's theorem, we conclude that
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K(x+iy) is a ¢ function of (x,y) in RanO and that

o8 .
DXDyK(X+1y)
_ (2ﬁ)—n 1‘(1‘+2|B| fn €Q+B 1(X+ly,§)xr*{g)dg
R
In particular SE. + i 2§. =0, j=1,2,++¢++,n,
J J

i.e., the Cauchy-Riemann equations hold, and therefore K is

holomorphic. Q.E.D.

Corollary 3.9. If y is in T, , then K  is in C®(R") and

0k (x) = 1% (6% e V58 5 L (e)) 7 (x)
y I"vc
Proof. The corollary is immediate by proposition 3.7 and
the proof of theorem 3.8. Q.E.D.

We define, for 1 < p <« |

b ={uec®Y | 0% ¢ LP(R") for each a }

L,P
and provide it with the topology defined by the system of
semi-norms of the form, for u in &

a
Hqu =\&‘i ; I|D uHLp , k= 0,1,2, 5 ee00e

b 0 is a Frechet space, and if 1 < p < «, then J D i1s even
L L

reflexive according to the theorem of Mackey-Arens (see

Schwartz [1] p.200). It is customary to denote & by 8 and
Loo



to define

8° = {u € 8 | D%u vanishes at » for each a }

We recal that CS(Rn) is dense in b . for 1 < p < = and
L

also dense in B° . But Cz(Rn) is not dense in 8

Proposition 3.10. If y is in T’y , then Ky is in & D for
L

p > 2. Moreover Ky is in R°.

Proof. Corollary 3.9 and proposition 3.7 together with

theorem 2.8 (applied to ~ rather than A} imply Ky is in

b D for p > 2. Corollary 3.9 and proposition 3.7 together
L

with theorem 2.5 (applied to ~ rather than A) imply Ky is

in 8° . Q.E.D.

Remark.  Since D“Ky is in L?(R"™) by proposition 3.10, it
now makes sense to speak of the Fourier transform of DOLKy
In view of corollary 3.9 and theorem 2.8 we have

(0%K,) " (8) = ilol g0 o-ly,8) X ()

Suppose now I, is in L2(Rn). We define the Cauchy

Integral F = KF, of F, by

F(z) = Jpn K(z-t) F,(t) dt, for z in R™+ir,.
R

This Cauchy integral was also studied by S. Bochner (see
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Bochner [2]). If we let Fy(x) = F(x+iy), then we clearly

have Fy = Ky x Fo which shows that F is well-defined and

Fy is a bounded continuous function (theorem 2.9).

NN
Moreover, by theorem 2.11 we have Fy = (Ky Fo)™ which we

may write explicitly as

. N
F(z) = (2m) B Jg* c2:8) 7 (2) g

where the integral converges absolutely for each z in
A

A y
)" = F, a.e. on I |

Q = R™ir,. In particular since (WF,

we'conclude KWEF, = KF,

Lemma 3.11. If F, is in L?(R™) and F = KF,, then

sup Jpn | F(x+iy) |® dx = HWFOH22 .
vel, R L

Proof. By the remark following proposition 3.10, we have

A

Ky(%) — e-(y;g) XI‘-}(—(FD)
A
Ky(i) is bounded, since (y,§) > O for y in T', and £ in T¥
% ; i, ] . .
Since Fy = (Ky Fo)™ and Ky is bounded, weAsee that Fy is in
. A A

L?(R™) and moreover by theorem 2.7, Fy = Ky F, and

A
Fyliz = (2m)™" HFyHiz . Since (y,&) > O for § in T%*, we
A AN A N . .
have IFyI = |KyFo| < lXF* F. | = | (wr, )| ¢ LR(R")

A A A .
Clearly Fy(i) = Ky(i) F. (&) converges to (WF,)"(g) as y
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converges to O in T, and therefore by the Lebesgue dominated

convergence theorem we have

A
HFy“iz

as y —> 0, y in I,

22 = (2m)™ |lur, |22

sup Jpn [F(x+iy)|® dx = 1im ||F Hiz
y€ry VR y»0,y€l, Y
= 3 - 2
lim  (2m) HFyHLz
y»0,y€l,
N
= (2m) 7" T, |22
L
= [[WFol|f2 Q.E.D.
Let 0 = R™ + iTy . A function F defined and holomorphic

on the tube 0 is said to belong to the space H?(Q), if

m F|H2 = sup (
yvel,

S

Lemma 3.12.

of LZ(Rn) into H*(Q) where Q

m KFoi”z = “WFOHLZ

for each F, in LZ(Rn) and so

Proof.

then lemma 3.11 implies ||| KF,

+
2

|F(x+iy) |® dx)® < =.

The Cauchy integral is a bounded linear map

= p™ + il'ys . Moreover

< 1Pl 2

in particular ker K = ker W

Once we show that F = KF, is holomorphic in Q,

l”2 = HWFOHLZ and therefore
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KF, = 0 if and only if WF, = 0, i.e., ker K = ker W. To

see that F is holomorphic, we first note that
. -n f i(x+iy,g) O
F(x + iy) = (2m) Jrx e ’ F,(8) d&

As in the proof of theorem 3.8, if A is any compact subset

of 'y , there exists & > 0 such that

. . A ,
g% 2OV (8) Fo(8)]

and so by Fubini's theorem F(x+iy) is a C%® function of

(x,y) in R™T, and
a B .
DX Dy F(x+iy)

. . A
_ (2ﬂ)-—n i|a|+2lB| fR ga'*'B el(X+ly,g) XI‘*(S) Fo(g) dE

In particular %%7 + i%?f =0, J=1,+..,n,
J J

i.e,; the Cauchy Riemann equations hold, and therefore F is

holomorphic. Q.E.D.

Theorem 3.13. The Cauchy integral maps L?(R") onto H?(Q)

and is an isometry of im W onto H®(0Q).

Proof. In view of lemma 3.12 ahd KWF, = KF, , it suffices

to show that if F is in H®(Q), then there exists F, in

L#(R") such that F = KF, , i.e.,



26

. . A
F(x + iy) = (2m)™" JC* UYL B (2 ag
That such an F, exists is a theorem of S. Bochner (see

Bochner [2]). Q.E.D.

Corollary 3.14. If F, is in L?(R™), then F = KF, is in

H*(Q) and each element of H°(Q) is of this form. Moreover

WF,(x) = L2-1im F(x + iy) .
y€elo,y-0

In particular F, in L?(R") is the L®-boundary value along
the edge of q of some F in H®(Q) if and only if WF, = F, ,

A
i.e., supp F, c I'*

Proof. The first part is only a restatement of theorem

3.13. In the proof of lemma 3.11 we have that Fy is in

3 PR

L?(R"™), and Fy converges to WF, in L?(R™) as y converges to

)
O in T, , therefore Fy converges to WF, in L? as y converges
to Q in Ty by Parseval's formula. In particular, if F, is

in L?(R™) and

Fo(x) = L?-1im F(x + iy) for some F in H?(Q),
y-0,y€l,

! !
then we have F = KF, for some F, in H®(0). Hence

!
Io(x) = LP-1lim F(x + iy) = WF,(x)
yaoyyero
!
Therefore F, = WF, a.e. and so WF, = F, since W is a projec-

tion. Conversely, if WF, = F, , taking F = KF, , we have
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Fo(x) = WF,(x) = L®-1im F(x + iy) . Q.E.D.
Y=o, yvero

Remark. The existence of boundary values of Hp(o)
functions in dimensions > 1 was first considered by E. M.
Steim, G. Weiss and M. Weiss (see Stein, E. M., Weiss, G.

and Weiss, M. [1]).

Let Re F be the real part of F and Im ¥ be the imagin-
ary part of F.

Theorem 3.15. Let u, be in LE(RH). Then there exists F in

H? (q) such that

Uo(x) = L®-1im Re F(x + iy) ,
y~0,y€l,
if and only if u, = Qu, . Moreover, in this case, if
Vo, = Hu, , then
vo(x) = L*-1lim Im F(x + iy)
y-0,7€To
and.if F(x + iy) = u(x,y) + iv(x,y) where u and v are real
then
u(x,y) = Jgn p(x-t,y) uel(t) dt
and

]

v(x,y) \/;n qlx-t,y) uo(t) dt

where p(x,y) = 2 Re K(x+iy) is called Poisson kernel and

qlx,y) = 2 Im K(x+iy) is called conjugate Poisson kernel.
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Proof. Let u, be in L2(R"”). If there exists F in H?(Q)

R
such that
U, (x) = L®-1im Re F(x + iy), then let
y-0 ,yero
Vvo(x) = Lf-1im Im F(x + iy).
y-0, yero

From corollary 3.14, we have F = KF, for some F, in LZ(Rn)

and WF,(x) = Lf-1lim F(x + iy) = ug(x) + iv,(x).
y-0,¥€l,

Therefore W(u, + iv,) = WF, = WF, = u, + iv, which, by

lemma 3.5, is equivalent to Hu, = v, and Qu, = u, .

Conversely, if Qu, = u, , then, letting v, = Hu, , we have

W(u, + ive,) = u, + iv, by lemma 3.5. Therefore if we let

F = K(u, + iv,), we have uy(x) = L®-1im Re F(x + iy) by

y-0,y€Tl,
corollary 3.1l4. Now if F(x+iy) = u(x,y) + iv(x,y) where

u and v are real, we consider following equalities

F = KF, = KWF, = K(uo+iv,) = K(Quo+iHu,) = 2KWu, = 2Ku,

Hence u(x,y) = Jgn 2 Re K(z-t) uo(t) dt
= \./;I’l p(X"t;Y) uo(t) at
and vix,y) = Jgn 2 Im K(z-t) u,(t) dt

= Jgn q(X—t,Y) U, (t) dt . Q.E.D.
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Lemma 3.16. If y is in Ty , then

n

p(x,y) = (2m)™" JF o1 (%,8) e—l(y’g)| |h(g)| dg
R N

and q(X,y) = _1 (2ﬁ)—n fn ei(Xyg) e‘l(Y}%)\ h(g) dEg ,
R

hence  $.(z) = &5 n(g)

and ay(i) = -1 e-l(y,%)\ h(g)

Proof. Consider following equalities

- i iy,
K(x + iy) = (2n)" JC* o1 (x+iy, ) 4e

(zﬁ)_n fl’l Xr*(g) ei(X,é) e"(Y,Q) dg
R

it
o
3
o]
T
o]
<
3
-~
)
b
(V1]
®
i
o
JNa

K(x + 1y) = (2m)™" Jg* et (x+iy,§) dg

I
)
|
|
o]
:5“3
o]
><
>
-
Q]
|
I_J
5
(a1}
<
ua
0.
U

Therefore p(x,y) = 2 Re K(x+iy) = K(x+iy) + K(x+iy)

= (2m 00 IR gy (c2)) ae
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Since p(x,y) = (e—|(y,§)| |h(g)])~(x) and

Q.E.D.

Theorem 3.17. If u, is in LE(RH), then

Hu, = L®-1lim q_ , Qu,
y.0,y€l, 7

= L2-1lim q_ 4 Uo.
y-0,Y€ls

Therefore

Hu, (x) = L®-1lim \/;n ql{x-t,y) usl{t) dt

YAO,YEFO
AN
Proof. By theorem 2.11, we have Ay Quo = (qy Qu.)~, and
AN v n A
qy % Uo = (qy Uo)~ . From lemma 3.16, we know that q, is

' A
bounded. Thus ay Qu, and ay GO are in L?(R") and so by

theorem 2.7, we have
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(ay « Quo) M (g) = §.(8) (Quo)"(g)

= i e BN hie) B
= ay(é) Qo (g)

While (Hu,)"(g) = -1 h(g) 0,(2) and
[ (ay Quo) " (8) - (Huo) (8)] <2 [(Hu,)"(g)] € LB(R™) ,

we have , by dominated convergence theorem,

- A
Ifay & Quo) - Huollfz = (2m)7" lilay & Quo)" - (Huo)"fif2 —> 0
as y —> 0 , y in T, . Q.E.D.
Examples.

(A) Suppose n = 1 and T = [0,«). In this case H is
the classical Hilbert transform and ( is the upper half
plane. We note T#* = [0,») , so T% y (-T*) = R and therefore
Q@ = I. Hence by theorem 3.2, H is an automorphism of L% (R).
By theorem 3.15, we have that if u, is in LE(R), then there
exists a unique F in H?(Q) such that

uo(x) = inlém Re F(x + iy) , and in this case
y

Huo(x) = L®-1im Im F(x + iy)
y {0



For the Cauchy kernel K(z), we have

[oe]

1 izg _ -1
K(z) = n J, © ds = 737
Hence q(x,y) =2 Im K(x + iy) = Im (ﬂif;iiyi)
L y+ix X
= I —_— - = .
o (n X2+y2) m(x5+y<)

Therefore, by theorem 3.17, we have

=]

Hu, (x)

Il

vy { o

= 12_1im = Jf i} Xt
vy o T J_a (x-t)%+

which is a well-known classical formula.

(B) Let k¥ > 0 and

1
I ={yeR>| y. > k(y*+y°)*

3 = 172
* = 3 o L (g2
Then o={ger’ | & >—-(8%48
Suppose y is in Ty, , we have

K(iy) = (2mn)~?3 L/;* e—(y,%) dg

_ (k/(2m))®
[y2-K2 (y24y2) 13/

Now, for z in €3, define u = kz(zf+z§)

_ 2
If B(x,y) X3y3 k (X]y]+X2y2) , then

y2

}

- Z2 N

3

uo (t

L2_1im f a(x-t,y) uo(t) dt
-

) dt

32
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B(y,y) - B(x,x) and Im u =-2 B(x,y) . Suppose

n

Re u

Imu =0 and y is in Ty . Then B(y,y) > O implies v, > 0

If x = 0, then Re u = B(y,y) > 0. If x # 0, then B(x,y) =0

and B(y,y) > 0 imply

ft

2
lx,ly, = K¥lx vy +x v |

L
2

1
<22+2'2_ 2+2
<k (x] x2) (y] y2)

i
 which implies B(x,x) < 0, and so

Thus |x | < k(x*+x%)
3 13
Re u > 0. We conclude that if z is in Rn+ifo and

u = k2(zf+zz) - Zi , then u # 0 and -m < arg u < n . Hence

we may define u3/2 by taking the determination which is
positive when u 1s real and positive. Then u3/2 is a holo-

mophic function on Rn+ifo which agrees with

(yi-k2(yf+y§))3/2 on iTy . Thus

K(z) = (k/(2m))" , for z in R™MiT,
[k2(zf+z§)—zij3/2

The conjugate Poisson Kernel qy(x) = 2 Im K(x+iy) is rather

unpleasant to compute. However 1if we let y converge to O,

we have, formally,

1

" {_%(lﬂﬂ[xi k2 (x%+x2) 17 3/2 | if x is in TU(-T)
QoiX) =

0 otherwise.

b
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Now g, is not locally integrable along the boundary of

TU(-T). Since we would expect Hu, = L?-1im Q.. # Uo to be
y -0
given by an appropriate finite part of g, 4 u, , it appears

that H is not a singular integral operator in the usual

sense.

(C) Let S be the space of 2 x 2 real symmetric

matrices. Then E : €3 ——> S+1iS defined by
7 +2 7
3 01 2
E(z) =
z Z2 -7
2 3 1

is an isomorphism. Let P be the positive 2 X 2 real symme-

tric matrices. It is easy to see that E”'(P) I'c where

1
2

r ={ x € R3 l X3 > (x$+x§) } . Note I =T , and

tr(E(x)E(8)) = 2(x,€). Thus if B is in S, then tr(AB) > 0O
for each A in P if and only if B is also in P. Bochner

defined the Cauchy kernel of P to be, for A in S+iP,

K(A) = (2m)”3 /; o2l tr(AB) AV
where dVy is the Lebergue measure on R® (see Bochner [2]).

By the previous example, if 2z is in R3+iT,, , then

K(E(z)) = (2m)”3 L/;* e1(%,8) 4

il

(21) 72 (32 + 2% - 22)-3/2
1 2 3

is the Cauchy kernel of T.
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CHAPTER IV
PRELIMINARY FOR CHAPTER V

In chapter V, we shall genéralize the ideas in chapter
' ,

I1T to ﬂLg , the dual of b

2 In this chapter, we present

a quick review of distribution theory. The book by L.

Schwartz [1] is highly recommended.

For each compact subset K of Rn, let
by = {uec”RrR" | supp u <K}
and provide ﬁK with the locally convex topology defined by
the system of seminorms

i u!HK,m = max sup |DYul , m=0,1,2, ce0eers

It is obvious that ﬁK is Fréchet. If Q is an open subset of

n

R" , we denote by £(Q) the space C:(Q) topologized by the

requirement that a seminorm p on £(Q) is continuous if and

only if its restriction to ﬁK is continuous for each compact

set K in Q.

1
The dual space of £(Q), denoted by & (Q), is called
the space of distributions in Q. Since a linear functional
T is continuous if and only if p(u) = |{(T,u)| is a continu-

ous seminorm, we have following proposition.
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Proposition L.l. A linear functional T on £(Q) is a dis-
tribution if and only if for each compact subset K of Q,

there exists a constant CK > 0 and an integer My > 0 such

that, for each u in ﬁK ,

(T, w) ]| < Cx max sup |D%u
alSmK

The space £(Q) is not metrizable (see Donoghue [1]
p. 100), but it is an inductive limit of metrizable spaces

by (see Schwarts [1] p. 66 or Yosida [1] p. 28) (in fact,

it is an LF-space, i1.e., a countable strict inductive limit
of Fréchet spaces) and therefore we have the following use-

ful criterion

Proposition 4.%. A linear functional T on £(Q) is a dis-

tribution if and only if (T,uv> converges to O whenever

{uv}v>1 is a sequence converging to O in A(Q).

Proof. See Donoghue [1] p. 100.

To make use of this criterion we need to identify the
O-convergent sequences. In thils connection we have following
proposition.

Proposition 4.3. A sequence {u in B(Q) converges to O

v}vzl
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if and only if there exists a compact subset K of Q such

that supp u, € K for each v, and we have unv converges to

v
O uniformly on K for each multi-index a.

Proof. See Yosida [1] p. 28 or Donoghue [1] p. 99.

. 1 .
Let f be in Lloc(Q) and define

(f,uy = an f(x) u(x) dx, for every u in B(Q)
R .

1
It is obvious that f is in b (Q) by proposition 4.2.

!
If T is in & (Q), we define DT by duality,

(p%T,u) = (—l)la| (T,0%u) , for every u in 5(qQ)

Thus a distribution, and so a locally integrable function,
has distribution derivatives of all orders. In the case of
function, i1f the classical derivatives exists they may

differ from the distribution derivatives. However, if f is

in Ck(Q), then D¥f in the classical and distributional sense
is the same, for |a| < k, as may be seen by integration by
parts. Conversely, by a regularization technique one may
show that if £ is in C(0Q) and thé distribution derivative
D.f is a continuous function in Q, then Djf exists in the

classical sense and agrees with Djf in the distribution

sense (see Donoghue [1] p. 96).
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Let X be a locally convex linear topological space and

X' be its dual space. The weak® topology on X' is the topo-
logy of convergence at each point of X and thus is defined
by the family of semi-norms p of the form

p(T) =>|<T,X>l, for every T in X' ,
where x is an element of X. The strong topology on X' is the
topology of uniform convergence on bounded sets of X and
thus is defined by the family of semi-norms p of the form

!
p(T) = sup |(T,x)|, for every T in X
x€B

where B is a bounded set in X. All distributional spaces

treated will be provided with the strong topology.

!
If £ is in C®(Q), we define fT, T in & (0), by the
duality |
(fT,u) = (T,fu), for every u in £(0) ,

v !
and also define T, T in B (Q), by the duality

vV
(T,u) = (T,X), for every u in J(0)

We say that a distribution T in ﬁ'(Q) vanishes in an
open se£ Uof 0 if and only if (T,uy> = 0 for every u in
5(Q) with supp u in U. The support of T, denoted by supp T,
is defined as the complement of the largest open set on
which T vanishes. To see that this definition makes sense,

let {U,} be the family of all open sets on which T vanish.

icA
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Let u = U U, and u in b(u). We construct a partition of
1€A ' : ‘

unity {ai}iEN subordinate to the covering {Ui}iEN of u.
Then u = 2 a.u is a finite sum and so (T,u) = & (T,a.u) =0
i €N €N +

since supp ;U is in some U.l with 1 in N. If f is in

Lioc(Rn)’ then its support as a distribution is same as its

support as a function.

Let €(0Q) = { £ € C®(0) } and provide it with the topo-

logy defined by the system of semi-norms,

Il f‘“K,p = sTp ID%f(x)| , for f in e(0) ,
a|<p
x€K

where K is a compact subset of Q and p 1s a positive number.

Theorem L.4. The set of all distributions in O with com-

pact support may be naturally identified with the space
8'(0), the dual space of &(Q), i.e., a distribution has
compact support if and only if it extends (uniquely) to a
continuous linear functional on &(Q).

Proof. See Schwartz [1] p.89 or Yosida [1] p.64 or

Donoghue [1] p.104.

A function f in C®(R™) is said to be in § , if

Sg§n|XBDaf(x)| < », for each pair of multi-indices a and B.
X



40
We provide 8 with the topology defined by the system of

semi-norms,

U2l 2 sggnl<1+lxl2)kDaf(x)l.
(li X

It is obvious that b is dense in 8 and that 8 is dense in

LP(r™) , for p > 1.

Theorem 4.5. The Fourier transform 3 and the inverse

1

Fourier transform 8 ' establish two mutual inverse automor-

phismes on §.
Proof. See Schwartz [1] p.249, Yosida [1] p.l47 or-

Donoghue [1] p.140.

Let S' be the dual space of 8 and call it the space of

temperate distributions.

Let f(x) be a bounded function and define

(f,u) = Jrn f(x) u(x) dx, for every u in S.
R

1.

That f is in § follows by the inequality

(f,u) = Jpn f(x) u(x) dx
R

_ 2 (141x12)" u(x) dx

RY (1+]x|*)H

IN

ol ull -
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In fact, we have the following theorem.

Theorem 4.6. A distribution T is temperate if and only if

it is a derivative {(in distributional sense) of a continuous
function of slow increase i.e., a function which is the

product of (l+|x|2)k/2 by a bounded continuous function

£(x): T = D%((1+]x|2)%/2 £(x))
Proof.  See Schwartz [1] p.239.

Note that if f is in Lioc(Rn) N8 , the quantity

(f;u>, for u in 8, may not equal the integral Jpnf(x)u(x)dx,
R

since the latter may fail to exist. For example:

f{x) = eX cos e® is the derivative of the bounded function

sin e* . Since the distributional derivative and the usual

derivative are same for C® functions, we have that

!
f(x) = ¥ cos &* is in 1! N & by theorem 4.6. But the

loc
® x X ‘
integral JF e” cos e u(x) dx does not exist in general for
-0
u in &
-« .« ' )
Remark. If T is in 8 , then by theorem 4.6, for each u

in B, we have

(T,u) = O%((1+]x|2) %2 £(x)),ulx))

]

= lel canx2)R2 p(x),0%a(x))
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~ (-1 lo! »/};n (1+]%]2)%/2 £(x) D%ulx) ax

where f is a bounded continuous function. Clearly the last
integral converges for u in & and depends continuously on u.

Thus the integral actually gives (T,u) for u in 8§

. A ~
For T in 8 , we define T and T by dualities, for u

N ~
in 8, (T,u) = (T,0) and (T,u) = (T,%) . These defini-

tions make sense, since A and ~ are automorphisms of §

A
Theorem 4.7. The Fourier transform T —> T and inverse
Fourier transform T ——> T establish two mutually inverse

1
automophisms on 8 with respect to weak¥® topology or the
strong topology.
Proof. See Schwartz [1] p.251, Yosida [1] p.1l52, or

Donoghue [1] p.lL4k.

!
Theorem L.8. Let T be in 8 , then

Ly A a N al a A
(0%1)" = (1€)* T, and DT = ((-ix)* T)
are also in S'
Proof. See Schwartz [1] p.109 or Donoghue [1] p.lLk or

Yosida [1] p.152.

In chapter III we introduced .B D and 8° . Now, if
: L
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Ao 1, 1 <p <, we denote the dual space of b

Ly
p Q 1.9

! !

by b D and the dual of 8° by ﬁL] . The fact that we have
L

continuous inclusion with dense images, p < q

b

S cCc s cp c b c é
P 1.4

implies that we have canonical inclusions

g c B c ﬁ' c S' c ﬁ'
LP L4

b

continuous for any of the usual dual topologies (e.g. weak¥*,
strong, etc.). Since § is not dense in 8, the dual of B8 is

not a space of distribution.

If £ is in Lp(Rn) then for u in b with L1 1,
Lq p Q

we define

(f,u) = j};n f(x) u(x) dx

! - e . .
It is obvious that f is in J D by Holder's inequality. In
L

fact we have following representation theorem.

' _
Theorem 4.9. A distribution T belongs to b b if and

L
only if it is finite sum of the derivatives of functions
in LP(r™).

Proof. See Schwartz [1] p.201.
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1
Remark. Let T be in B D we have, by theorem 4.9,
—_— L .

o~
3
-
~
]
~
M
w)
}—-Q)
-
~

=2 (-1)% J;{n fa(x), D¥u(x) dx

where f is in LY and u is in 5. By Eontinuity, this formula

continues to hold for u in B

P
If T is in ® _ and @ is in & _ with —— + —— - 1 > 0,
LP La P q =
the convolution a , T is defined by

Vv

ay, T (x) = (T, a(x-t)) = (T,3,0a)
which is in § _ with —— = —— + —~ _ 1 by theorem 4.9
Lr r p q y T

and theorem 2.9,
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CHAPTER V

!

HILBERT TRANSFORM ON EIQ

In this chapter, we extend the Hilbert transform to

1
ﬁLg . Let T be a closed convex salient cone in R™ with

nonempty interior. We recall that HF is the bounded linear

operator on L?(R"™) defined by

(Hru)A(é) - _i h(g) U(g) , for u in L2(R™) ,

El
G

where h = Xp# = X_pw 2-€. and we recall H; = -Hr = H-F

From now on we simply write H for Hr . Note that since H

is a real operator and H* = -H, we have the relation

* Jfll Hu(x) v(x) dx = (Hu,v) = (u, -Hv) = -(u,Hv)
R

= — Jpn u(x) Hv(x) dx
R

for each u and v in L?(R™)

First of all, let's study H on ﬁLg

A
Lemma 5.1. b = {f € LZ(Rn) | p(x)f(x) € LZ(Rn) for each

L
polynomial p(x)}
Proof. If £ is in Sz , then D%f is in L?(R") for each «.
A
Hence (Daf)A(i) = (ig)% £(g) is in L2 (R™) for any o
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A
Therefore p{x)f(x) is in LZ(Rn) for any polynomial p(x). So

A
. A
ﬁLZ c {r e L2(R™) | p(x)f(x) € L®(R™) for any polynomial

p(x)}. Conversely, suppose p(x)f(x) is in L2 (R"™) for any

polynomial p(x). Then, we see that (1+|x|?)% f(x) is in

L2 (R™) for any real s. Let || < h <2s - —%— . So

a
—* _— is in L?(R") . Then
(1+|x[#)”
a
xaf(x) = X - (1+]x|2)° f(x) is in L'(R™) for any «
(1+]x]?)

with |af < h. Taking inverse Fourier transform, we know

that ((iX)OL f(x)) " (g) = Da?(é) is continuous. Hence f is
. h,-n n . . .
in C (R7), for h < 2s - —5 . Since s can be arbitrarily

large, we have that T is in C%(R") . For any «, we have

ID*E(e) M2 = IH((ix)® £(x))~(8)l};2

Il

(2m)7%/2 [ (1)% £(x)ll 2 < o

which implies T is in ﬁLg . Therefore

{r e 12(RY) | p(x)r(x) € L*(R™) for any polynomial p(x)]}

\ E.D.
c .bLg Q



L7

Propbsition 5.2. H is a continuoﬁs.linear map of ﬁLg into
ﬁLg
Proof. If u is in ﬁLg , then (Hu)A(é) = -i h(g) ﬁ(%)
Since &% U(g) = i~ leol (D“u)A(g) is in L?(R") for each «a,

A

we have (Hu)A is in by2 by lemma 5.1. Thus Hu is in b2

For continuity, note that
ID%Hull 2 = (2m) 7/ [ (D%Hu) "(2) (2
= (2m)71/2 Hga(Hu)AHLz
< (2m)7%2 |2%0(8) | 2
= (2m)™™/2 | (0%u) " ()]
= I0%ull;2 . Q.E.D.

!

Since ﬁLz c ﬁLz ,

let's see how H operates on f in ﬁLg as -

!
an element of ﬁLg . For every u in ﬁLg , we have, by the

remark after theorem 4.9 and formula % before lemma 5.1,

Jpn Hf(x) ul(x) dx
R

I

(HT,u)

= ,/;n f(x) (-Hu)(x) dx

(f,-Hu)
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1 . 1
Definition. We now define H' : ﬁLZ‘“——> ﬁLg to be the
dual operator of -H : ﬁLg _ ﬁLg . Note that H' is

continuous for the various dual topologies (e.g. weak*,

strong, etc.). Moreover, we have a natural inclusion
n ! . . .
L2 (R™) = ﬁLg and according to formula x , H' is an extension

of H on L?(R™) (relative to this inclusion). Hence we will

simply denote H' by H and refer it as the Hilbert transform

1
on ﬂLg assoclated to the cone T.

If P is a polynomial with constant coefficients, then

P(-D) is a continuous linear map of ﬁLg into BLz and hence
1 1

the transpose of P(-D) maps ﬁLg continuously into ﬁLg and

clearly coincides with P(D) taken in the distribution sense.

!
Thus for T in ﬁLg and u in ﬂLg , we have

(P(D)T,u) = (T,P(-D)u

Lemma 5.3. If P iS a polynomial, then H commutes with P(D).
1
Proof. If T is in ﬁLg and u is in ﬁLg , then

(P(D)HT,u) = -(T,HP(-D)u) , and
(HP(D)T,u) = -(T,P(-D)Hu)

Now clearly

l

|
I_J
av]

1
le.
[SA1]
=
uT
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and since P(-D)u is in LZ(Rn) we have

A . A
(HP(-D)u) (&) = -i h(g) (P(-D)u) (§)
. A
= -1 h(g) P(-ig) u(g)
!
Therefore P(D)HT = HP(D)T for every T in ﬁLg . Q.E.D.
! A A
Theorem 5.4. If T is in b2 , then T and (HT)" are locally
A A
integrable functions and (HT) ' (§) = -i h(g§) T(§)
Proof. By theorem 4.9 we have a finite number of fOL in

L?(R") with T = £ D*f_ . By above lemma HT = g D*Hf, and

therefore
(H1) " (5) = 5 (15)* (8L (E)
08
= -i n(g) & (i8)° ?a(a)
08
A
= -i n(g) T(g) Q.E.D

! !

Theorem 5.5. Let Q = -H® : ﬂLg —_— ﬂLg . We have

(a) Q2 = Q , and
H

(o) = QH = HQ .
!
Proof. (a) For every T in B;2 and f in ;2 , we have
(QT,fY = (-HRT,f) = -(H®T,t) = -(HT,-Hf)

il
I
il

-(T,H?f) = (T,-H?f) = (T,Qf)
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- Therefore, by theorem 3.1, we have

(QRT, ) = (T,Q°f) = (T,Qf) = (QT, )
(b) Since Q = -H® , we have HQ = QH . For every T in ﬂiz

and f in J;2 we have, by theorem 3.1,

(QHT, f) = (HT,Qf> = (T,-HQf) = (T,-Hf) = (HT, D)

Therefore H = QH = HQ . Q.E.D.

Theorem 5.6. The Hilbert transform H associated with T

has the following properties

(a) H maps im Q onto im Q ,

' A
(b) ker H = ker Q = {T € ﬁLle = 0 a.e. in TRU(-T¥)]},

' A
(¢c) dim H =1im Q = {T € ﬁLglsupp T < T*yU(-T*)]
!
Proof. By theorem 5.4, if T is in ﬁLg then
A AP
() = |n(g)|? T(5)

Thus (b) follows, and in addition we see

(HT)M(€) = -1 n(z) T(z) and (QT)

A
imQ=1{T € ﬁLZ | supp T < T*U(-T*)} . Now Q = -H® implies

im Q € im H . Suppose that T is in im H, séy T = HS . Then
QT = QHS = HS = T implies that T is in im Q , hence (c)

follows. If T = QS , then T = Q°S = H(-QHS). Thus (a)

follows. Q.E.D.
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!

If T is in #;2 we define T by (T,u) = (T,7) , for u in

b1z . We say that T is real if T =T . Note if T = Z p*f

L2

£ in LR(RM)

o and T is real then T =3 (T + T) implies

b

a ‘ - .
T = g D g, where g = z (fOL + fa) are real L®-functions.

!
An operator L on ﬁLg is said to be real if it maps real

distributions to real distributions. This condition is

_— !

equivalent to LT = LT , for T in ﬁLg

!
Proposition 5.7. H and Q are real operators on ﬁLg

!
Proof. If T is in ﬁLg and u is in ﬁLg , we have, by

proposition 3.3,

(HT,u) = (T,-Hu) = (T,-Hu) = (T,-HQ) = (HT,uw) = (HT,u)

Since Q = -H® , Q is also real. Q.E.D.

!
Let W be the continuous linear operator on ﬁLg defined

by W =3 (Q + iH)

A
Proposition 5.8. We have (WT)"(§) = x4(8) T(g) for each

! !
T in B;2 . In particular, W° =W on b2 and

A
1
imW=1{T € b2 | supp T < T* }



52

1
Proof. If T is in ﬁLg then by theorem 5.4 we have

A A
Wn)™(5) = & (In(g)+h(g)) T(2) = %pw(8) T(E)

Thus W8 =W . In particular T is in im W if and only if

WT = T, whence the last part follows. - Q.E.D.

!
Lemma 5.9. If U, and V., are real distributions in ﬁLg ,

then the following statements are equivalent.
(a)  W(U, + 1iV,) = U, + iV,
(b) QU, - HV, = 2U, and QV, + HU, = 2V,

(c) QU, = U, and HU, = V,

Proof. The proof is exactly same as that of lemma 3.5.

- ’ '
Corollary 5.10. Let U, be a real distribution in ﬁLg

!

There exists real V, in ﬁLg such that supp (UO+iVO)A c ¥
if and only if QU, = U, . Moreover, in this case we have
V. = HU,
Proof. The proof is exactly same as that of corollarly
3.6.

In chapter IIT we met the Cauchy kernel K of the tube
Q = R™iT, or of the cone I' . K is holomorphic in O . If

- g . .
y is in T, then (18)% e (v,8) XF*(g) is in Lp(R?) for

>

1 < p < and its inverse Fourier transform is just DOLKy
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where Ky(x) = K(x+iy) is in b q for q > 2 . Thus
L .

(07K, (2) = (1) o8 )

Since DO‘Ky is in L?(R™), if £ is in L2(R™) then, by theorem

2.11, we have

A A
DK, £ = ((D%K )" 1)~ .
Yy Yy
' (v E
Since (D%K )A(é) = (1%)OL e (v,€) xr*(é) is bounded, we have

y

that D“Ky . T is in L?(R™) and

- "8 )" ()

!
Now Df is in ﬁLg and as we have already seen in chapter IV,

we have
(08 . a v _ a Q v
Ky « D f(x) = (D f,HXKy> = (-1) ‘/;n f(x) D (SXKy)(X) dx
_ a M _ a a a Y
= (f,(-D) (UXKy)> = (f,(-1)"(-1) TX(D Ky) )
= (5,5 (07K )Y = DaKy . F(x) .

!
Now suppose T is in ﬁLg , then T = g DafOL with £ in L% (R"),

and so
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N
= e—(y,é) Xp(-(g) T(g)

Hence we have proved following theorem.

!
Theorem 5.11. If yis in Ty, and T is in ﬁLg , then

A
(K, & T)

v is an L®-function and we have

A
(Ky  T) |

H
®

A
5) = o (¥55) YXpw (8) T(5)

== e-(y,é) (WT)A(é)

In particular Ky « I =K L WT

Again i T = 2 p*f_ with f, in L#(R"), then by above
theorem

<D[‘_‘<Ky « THNE) = (18)? (k. TN E)

y
. - A
_ é (1§)Q+B . (y,€) XT*(g) fa(g)
belongs to L?(R") since §a+B e—(y,é) xr*(é) is bounded.

Above also shows that
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Thus Ky # T is in B2 . Ky w T(x) is called the generalized

!

Cauchy integral of .T in b;2 , denoted by KT(x+iy), and was
introduced in case I is an octant by H. Tillmann who called
it "Indikatrix" (seeTillmann [1] and [2]). Hence theorem
5.11 implies following corollary.

!
Corollary 5.12. For z in Q = Rn+il"O and T in ﬂLg , we have

KT = K(WT)

Now if u and v are in L?(R") then by theorem 2.7(iii)

‘/1;“ v(x) u{x) dx = \/;{n v(E) T(g) ds

In particular we have, for u in ﬁLg ,

(Ky v T,u) JQH (Ky « T)(x) u(x) dx

A
= \[Rn e_(y’g) Xr*(g).T(g) u(g) dg

a . . n . .
If T =5 D°f with f in L*(R"), and u is in Sz , then by

the remark after theorem 4.9 we have

(T,u)

Il

5 (_1)|“| Jgn £ (x) D%u(x) dx

a

-2 (-1) el Jgn £(8) (-16)* G(g) ae
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Since the formula holds for any T in ﬁLg , we have, in

particular,

A ~
<WT,U> = /;n Xree(g) T(g) U(g) dg

1
Thus for y in 'y , T in ﬁLg and u in ﬁLg , we have

Il

. A
L ey o) B ) ae

(K. . T - WT, w
y 3 ) R

Now if T = £ D¥f_ with £ in L?(R™), then
a a a »

Since (ié)OL u(g) = (—l)‘OL| (D%u)~ (&) , we have

(K T-HT ) =5 \G|JF (738) 1)x e (2) ', (8) (D%u) = (2) a8

which implies

a ~
(K, » T - WD, wl <2 Co(y) IH07u) e

(2m)77/2 £ ¢ (y) D%l 2

where Ca(y) = (‘/;n %px (8) |(e—(y’§) - 1) ?&(%)\2 di)% .

56

We note, by dominated convergence theorem, that Ca(y) —> 0
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as y —> 0 in I'y . Thus we have proved following theorem
which improves that of R. Carmichael (see Carmichael [5])

1
who uses the weak® topology on ﬁLz

1 .
Theorem 5.13. If T is in ﬂLg , then Ky + T converges to

f
WT in ﬁLg as y convergesto O inl,, where the convergence is

1

in the sense of the strong topology on ﬁLg

We now define DH®(Q) to be the space of holomorphic
functions in Q which are finite sums of derivatives of

functions in H?(Q) where Q = R™il,

Theorem 5.14. If T is in byz and F = KT then F is in
DH?(Q) . If we define Fy(x) = F(x+iy), then Fy converges
to WT in ﬁLg with respec£ to the strong topology as y
converges.to 0O in Ty,

Proof. In view of theorem 5.13, we need only to prove

that KT is in DH?(Q). Suppose T = é Dafa with f, in L2 (rR™).

By theorem 5.11, we have

KT(z) = K_ 4 T
(z) g v Tx)



n a
= 5 X[ (2m) " fr* 158 b () ag)
o a
B a
= é DXKfQ(Z)
B a
= é Dsza(Z)
Thus KT is in DH?(Q) . Q.E.D.
Theorem 5.15. If F is in DHZ(Q),}then there exists T in

1 1
ﬂLg such that Fy converges to T in ﬁLz with respect to the

strong topology as y converges to O in I'y . Moreover WT =T

and KT = F

Proof. If F is in DH?(Q) then F = & D(jFOL with F_ in H?(0).
Q. &l

_ . . . . . 2/ ph
Now FQ, (x) Fa(x+1y) defines a function Fa,y in L=(R").
a
By t C hy-Ri ti F_ =2 D F h F
y the Cauchy-Riemann equa 1gns y = & DyFy y » whence F

is in ﬁ£2 when y is in I'; . Now since F_ is in H?(Q), by

theorem 3.13 and corollary 3.14, there exists f, in L? (R™)

f < N 3 2 n 3
such that Fa,y converges to I, in L°(R7), i.e.,

| (F £, w| =c¢_ (y) HuHLz for u in LZ(Rn), where Ca(Y)

a,y a a
converges to 0 as y converges to O in I'y . Moreover

Wi = £y, and F, = KL, i.e., oy =Ky x 1y
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!
Let T = é DafOL . Then T is in ﬁLg and WI = T since W com-
mutes with P(D) and Wf = f£ . If u is in B2 , we have
(T,u) =2 ( 1)|O‘l (£, D"u) , and
_ || o
(Fo,w = £ (010 cr L0t
a
Thus |(Fy - T, w| < é_Ca(y) IID uHL2 .»Hence Fy converg-

1 .
es to T in ﬁLg With respect to the strong topology as y

converges to O in I'y . In addition
KT = Ko T =2 K & p%f,
=2 DO‘(Ky w £)
- 5 0T,
= F , R.E.D.
Remark. T in the above theorem is called the distribution-

al boundary value of F along the edge of Q .

Combining theorems 5.14 and 5.15 we have following

corollary.

1
Corollary 5.16. T in ﬁLg is the distributional boundary

value of some F in DH?(Q) along the edge of Q if and only

A

if WT =T i.e., supp. T € I'*

)
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. !
The concept of distributional boundary value in B
L

was extensively studied by Tillmann for tubes over octants
(see Tillmann [1]) and by Beltrami and Wohlers in the one

dimensional case (see Beltrami and Wohlers [1],[2],[31]1,0[4]).

1

Theorem 5.17. Let U, be a real distribution in ﬁLz

Then there exists F in DH?(Q) such that Re Fy converges to

1

U, in ﬁLg (strong topology) as y converges to O in_To , if

and only if, U, = QU, . Moreover, in this case, if V, = HU,,
1

then Im Fy converges to V, in ﬁLg (strong topology) as y

Aconverges to 0 in T, , and if F(x+iy) = ulx,y) + iv(x,y)
where u and v are real, then u(x,y) = Py x Uo(x) and
vix,y) = ay # U,(x) where py(x) = 2 Re K{x+iy) and

qy(x) =2 Im K(x+iy).

1
Proof. If the real distribution U, in ﬁLg is such that,
1
for some F in DH?(0), Re Fy converges to U, in B2 (strong

topology) as y converges to O in T, , by theorem 5.15 we

1 1
“know F = KT for some T in ﬁLg and Fy converges to T in ﬁLg

(strong topology) as y converges to O in I'y; . Moreover
WT =Tand T = U, + iV, where V, is also real. Thus, by
lemma 5.9, QU, = U, and HU, = V, . Conversely, suppose

QUe = U, and let Vo, = HU, . Let T = U, + iV, , then T is in
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!
ﬁLg and WI' = T by lemma 5.9. By corollary 5.16, T is the
boundary value of some F in DHZ(Q) and clearly Re Fy con-

!
verges to U, and Im Fy converges to V, in ﬁLg (strong topo-

logy). Now suppose QU,= U, , Vo, = HU, , T = U, + iV, and

!

F L2

KT so WI' = T and Fy converges to T in 5 Then

F = KT = K(Uy+iV,) = K(QU,+iHU,) = 2 KWU, = 2 KU, which

implies that, if F(x+iy) = u(x,y) + iv(x,y) , then

u(x,y) = 2 Re KU, = Py Uy (x) , and

vix,y) =2 Im KU = q & Uo(x) . Q.E.D.
Corollary 5.18. If U, is a real distribution in ﬁLg , tﬁen
qy + U, converges to HU, in ﬁ£2 (strong topology) as y con-

verges to O in [y

Proof. Let T = QU, + iHU, = 2 WU, . Then WT = T and if

!

FF= KT we have that Fy converges to T in bLg . Thus Im Fy

!
converges to HU, in ﬂLg . Now Im Fy = qy % Uy 1s proved in

the above theorem. Q.E.D.
Since HQU, = HU, , we have following corollary imme-
diately.
-« -« - . '
Corollary 5.19. If U, is a real distribution in ﬁLg, then

!
qy * QUo —> HU, in b2 (strong topology) as y —> 0.in T,.
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