EXTREMUM PROBLEMS FOR EIGENVALUES OF DISCRETE
LAPLACE OPERATORS

REN GUO

ABSTRACT. The P1 discretization of the Laplace operator on a triangulated
polyhedral surface is related to geometric properties of the surface. This pa-
per studies extremum problems for eigenvalues of the P1 discretization of the
Laplace operator. Among all triangles, an equilateral triangle has the maxi-
mal first positive eigenvalue. Among all cyclic quadrilateral, a square has the
maximal first positive eigenvalue. Among all cyclic n-gons, a regular one has
the minimal value of the sum of all positive eigenvalues and the minimal value
of the product of all positive eigenvalues.

1. INTRODUCTION

1.1. Dirichlet energy. A polyhedral surface S is a surface obtained by gluing
Euclidean triangles. It is associated with a triangulation 7. We assume that T
is simplicial. Suppose (X,T) is a polyhedral surface so that V) E, F are sets of
all vertices, edges and triangles of T. We identify vertices of T with indices, edges
of T" with pairs of indices and triangles of T' with triples of indices. This means
V =A{L2,..\VI},E ={ij | i,j € V} and F = {Aijk | i,5,k € V}. A vector
(f1, f2, - f‘V‘)t indexed by the set of vertices V' defines a piecewise-linear function
over (S,T) by linear interpolation.
The Dirichlet energy of a function f on S is

Bs() = 5 [ 94PaA

When f is obtained by linear interpolation of (f1, fo, ...,fm)t, the Dirichlet
energy of f turns out to be

Esm(f) = i > feotaly (f5 — fr)? + cot g (fi — fi)® + cot ol (fi — £3)°]

ijkeF

where the sum runs over all triangles of 7" and for a triangle ijk € F, az-k, O‘iw afj
are angles opposite to the edges jk, ki, ij respectively.
Collecting the terms in the sum above according to edges, we obtain

1
(1) Esm(f) =5 > wii(fi = £5)?
ijEE
where the sum runs over all edges of T' and

wiy = { 5 (cot az; + cot aij) if 77 is shared by two triangles ijk and ;]

%(cot afj) if 45 is an edge of only one triangle ijk
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The Dirichlet energy of a piecewise linear function on a polyhedral surface was
introduced and the formula (1) was derived by R. J. Duffin [6], G. Dziuk [7] and
U. Pinkall & K. Polthier [15] in different context. For applications of the Dirichlet
energy and formula (1) in characterization of Delaunay triangulations, see [16, 9, 3,
5]. For interesting applications of the Dirichlet energy and formula (1) in computer
graphics, see the survey [4].

1.2. Discrete Laplace operator. By rewriting the Dirichlet energy using nota-
tion of matrices, we get

Esr)(f) = %(fl, s SV LU, s frv))

where each entry of the matrix L is

Yikep Wik ifi=j
Lij = —Wij if ij € FE
0 otherwise
The matrix L is the P1 discretization of the Laplace operator. By definition,
the Dirichlet energy Es(f) is non-negative for any f. Consequently, E(g(f) is
non-negative for any f. Therefore L is positive semi-definite. The eigenvalues of L
are denoted by
0=X<A <A< < Ayt

For the derivation of this discretization of the Laplace operator, see also [14] and
[1]. The P1 discretization of the Laplace operator and its eigenvalues are related to
the geometric properties of the polyhedral surface (S, T). For example, it is proved
in [5] that among all triangulations, the Delaunay triangulation has the minimal
eigenvalues. In [21], it is shown that a polyhedral surface is determined up to scaling
by its P1 discretization of the Laplace operator.

There are many other possible discretization of the Laplace operator, for exam-
ple, see [20, 2]. Discretization of the Laplace operator has important applications
in spectral mesh processing, for example, see [17, 11, 19, 13].

1.3. Pélya’s theorem. The spectral geometry is to relate geometric properties of
a Riemannian manifold to the spectra of the Laplace operator on the manifold.
One of the interesting results is the following one due to G. Pdlya. For reference,
for example, see [10], page 50.

Theorem (Pdlya). The equilateral triangle has the least first eigenvalue among
all triangles of given area. The square has the least first eigenvalue among all
quadrilaterals of given area.

It is conjectured that, for n > 5, the regular n-gon has the least first eigenvalue
among all n-gons of given area.

1.4. Statements of results. In this paper, similar results as Pélya’s theorem are
obtained for the P1 discretization of the Laplace operator L.

Theorem 1. Among all triangles, an equilateral triangle has the mazximal A1, the
minimal \o and the minimal A1 + \a.

Proof. See section 2. O
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In [18], there is a discussion of A for triangles and its significance in finite element
modeling. In fact A5 is a scale-invariant indicator of the quality of a triangle’s shape.

A cyclic polygon is a polygon whose vertices are on a common circle. By adding
diagonals, a cyclic polygon is decomposed into a union of triangles. For each inner
edge of any triangulation of a cyclic polygon, the weight w;; is zero. Therefore the
discrete Laplace operator is independent of the choice of a triangulation of a cyclic
polygon. For example, there are two ways to decompose a cyclic quadrilateral into
a union of two triangles. The two ways produce the same P1 discretization of the
Laplace operator.

Theorem 2. Among all cyclic quadrilaterals, a square has the maximal A1, the
minimal A1 + Ao + Az, the minimal A1 A + AaAs + A3A\1 and the minimal A1 A 3.

Proof. See section 3. (]

Theorem 3. Forn > 5, among all cyclic n-gons, a regular n-gon has the minimal
SN and the minimal TT0 N

Proof. See section 4. O

Acknowledgment. The author would like to thank the referees for careful reading
of the manuscript and for valuable suggestions on correction and improving the
exposition.

2. TRIANGLES

2.1. Characteristic polynomial. Let 61,605,605 be the three angles of a triangle.
Let ¢; := cot 0; for i = 1,2,3. The condition 61 + 05 4+ 03 = 7w implies that

(2) c1cy + cacs3 +c3cp = 1.

The P1 discretization of the Laplace operator on the triangle is

c1+c3 —C1 —C3
Lz = —c1  cite  —e
—C3 —C2 co +c3

The characteristic polynomial of L3 is
P3(z) = det(Ls — xI3) = —2® + 2(c1 + c2 + ¢3)x? — 3(cica + cacs + czc1)x
=23+ 2(c1 + 2+ 03)x2 — 3z
= —z(2? = 2(cy + 2 + e3)x + 3)
= —2(x? — (A + X))z + A A2)
by the equation (2).
The eigenvalues of Lz are 0 = A\g < A1 < Ao satisfying Ay + Ao = 2(¢1 + 2 + ¢3).

2.2. Sum of eigenvalues. To verify that an equilateral triangle has the minimal
A1 + A2, we claim that ¢y + c3 + ¢c3 > V3 and the equality holds if and only if
th =0y =10; = 3.

Consider f := ¢1 + ¢co + ¢3 = cot 81 + cot O + cot 03 as a function defined on the
domain

Q3 = {(91,92,93) | 91+92+93:7T,9i>O,i:1,2,3}.
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To find the global minimum of f, we apply the method of Lagrange multiplier.
Let

F2=Cl+CQ+C3+y(91+92+93—7T).

Since J )
o
T = (142
b~ smze, - Fe):
we have
OF
= = (142
0 891 (+cl)+y7
OF
= = (142
O 692 (+02)+y7
oF 9
0—8—93——(1+63)+y7
F
028—291+92+93—7T.
dy

Therefore the function f has the unique critical point (01,62,03) = (3, 5, 5)-

Next, we investigate the behavior of the function f when the variables (61, 02, 63)
approach the boundary of the domain Q3. Let (01(t),02(t),05(t)),t € [0,00), be a
path in the domain Q3. Without loss of generality, we assume

Jm (01(2), 02(t),03(2)) = (0,52, 53)

where so > 0,53 > 0 and s9 + s3 = 7.
Then lim¢_, o cot 01 (t) = oo and cot O2(t) + cot f5(t) > 0 for ¢t € [0, 00). Hence

tlim (cot 01 (t) + cot Oa(t) + cot O3(t)) = oc.
—00

If 0; +60; < 7, then cot §; > cot(m — 6;) = — cot 0;. Therefore ¢; +¢; > 0. Hence
2f = (c1+¢2)+ (ca+c3)+(cs+c¢1) > 0. Thus f has the global minimum. But the
global minimum can not be achieved at a point on the boundary of Q3. It must be
achieved at the unique critical point (3, 5, §).

This shows that ¢1 +c2 +¢3 > /3 and the equality holds if and only if ; = 0 =
03 =7%.

2.3. The first and second eigenvalues. Since

Ao =c14co+ez+/(c1+ez+c3)?—3,

we have \s > /3 and the equality holds if and only if 6; = 0y = 03 = 3
Since A1 Ay = 3, we have \; < /3 and the equality holds if and only if §; = 65 =
03 =73.

3. QUADRILATERALS

3.1. characteristic polynomial. In Figure 1, the vertices of a cyclic quadrilateral
decompose its circumcircle into four arcs. We assume the radius of the circumcircle
is 1 and the lengths of the four arcs are 261,265, 203,20,. Let ¢; := cot 8; for i =
1,...,4. The condition 6, + 62 + 03 4+ 64 = 7 implies

(3) C1CaC3 + C1Cacy + c1e3C4 + Coc3Cq = €1 + co + c3 + 4.

There are two ways to decompose a cyclic quadrilateral into a union of two
triangles. The two ways produce the same P1 discretization of the Laplace operator:
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4 05
3
20
02
2
1
20,
FIiGURE 1
c1+cy —C1 0 —C4
L — —C1 c1+co —Co 0
4= 0 —C2 Cco + C3 —C3
—cy 0 —c3 c3+cq

The characteristic polynomial of L, is
Py(z) = 2t — 2(c1 +ca+c3+ 64)x3
+ (3(c1e2 + cac3 + c3¢4 + cacr) + 4(cres + cacq))x?
— 4(c1cac3 + c1cacq + c10304 + Cac3C4)T
=2" —2(c1 + a3+ ey)a?
+ (3(c1ca + cacs + c3cq + cacr) + 4(cies + cacq))x?
—4(c1 + ca + ¢ + ey,
by the equation (3).

The eigenvalues of Ly are 0 = Ag < A1 < Ay < A3 satisfying Ay + Ao + A3 =
2(c1 4+ ca + 3+ ¢q) and AAods =4(c1 + o + c3 + c4).

3.2. Sum and product of eigenvalues. By the similar argument in the case
of triangles, we can show that ¢; + ¢ + ¢3 + ¢4 has the unique critical point at
(5,55 %)- And we have 2(c1 +co + 3+ ¢ca) = (c1 +c2) + (c1 +¢3) + (e3 +ca) +
(64 + 61) > 0.

Next, we investigate the behavior of the function ¢; 4+ ¢ + ¢3 + ¢4 when the
variable (601,02, 03,0,) approaches the boundary of the domain

Q4 = {(91,92,93,94) | 91 +02+93+94 :7T,9i > O,i: 1,2,3,4}.
Let (01(t), 02(t),05(¢),04(t)), t € [0,00), be a path in the domain €.
Without loss of generality, we assume

Jim (61(1), (1), 63(0), 04(1)) = (0. 52, 55, 50)

where s; > 0 for i = 2,3,4 and s3 + s3 + s4 = 7. Since two of s, s3 and s4 must
be less than 7, we assume that s; < § and s3 < 7. Then lim;_, o cot 01 (t) = oo,
cot O(t) > 0 when ¢ is sufficiently large and cot 03(¢) + cot 84(¢t) > 0 for any ¢ €

[0,00). Hence

tlim (cot 01 (t) + cot O2(t) + cot O5(t) + cot 84 (t)) = oo.
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Therefore ¢1 4+ ¢o + ¢3 4+ ¢4 achieves its absolute minimum at the unique critical
point (%, 7, T, 7). Hence ¢; + ca + 3+ c4 > 4 and the equality holds if and only if
th =02=03=04=7.

Therefore A1 + A2 + A3 > 8, A1 A2A3 > 16 and the equality holds if and only if
0r=0=03=0,=7.

3.3. Polynomial of degree 2. In the subsection, we verify that a square has the
minimal A; A2+ A2 A3+ A3A;. By the formula of the characteristic polynomial Py(z),
it is enough to show

3(c1ca + cacs + c3cq + cqc1) + 4(c1e3 + cacq) > 20

jus

and the equality holds if and only if 61 = 0 = 03 = 0, = 7.
In fact, consider g := 3(c1ca + cacs + c3cq + cac1) + 4(c103 + cocq) as a function
defined on the domain 4.
To find the absolute minimum of g, we apply the method of Lagrange multiplier.
Let

G :=3(c1ca + cacs + csca + cacr) + 4(cres + cacq) + y(01 + 02 + 03 + 04 — 7).
Then

0= g_g’: = —(3ca+3cs+4c3)(1+¢2) +y,
0= S—Z = —(3¢1 +3c3 +4es)(1+c3) + v,
0= S—Hi = —(3c2 + 3cq +4c1)(1 4+ c3) + 9,
0= g—z = —(3c3+ 3¢t +4eo)(1+¢2) + v,
0:%:01+02+03+94—w-

The first and the third equation above imply that
(3co +3ca +4c3)(1+c3) = (g + 3cq + 4e1)(1 4 ¢3)
which is equivalent to
(c1 —¢3)(3c1ca + 3c1eq + 3cacs + 3egeq + dercs — 4) = 0.
We claim that the second factor is positive, i.e.,
3c162 + 3cicq + 3eacs + 3c3eq + 4eiez > 4.
In fact, since 61 + 03 + 03 < 7, then cot(6; + 62) > cot(m — 63). Then

cico — 1
a2 —c3
c1+ co

which is equivalent to

(4) c1eg + cac3 +c3c1 > 1

since ¢1 + co > 0.
By the similar reason,

cicq + cqc3 + czcp > 1.
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At least one of ¢y and ¢y is positive. If ¢o > 0, then
3c1co + 3cicq + 3eacs 4 3csey + 4eics
= 3(c1c4 + cacs + c3c1) + (c1c2 + cacs + csc1) + 2(c1 + ¢3)ca
>3+1+0.
If ¢4 > 0, then
3c1co + 3cieq + 3eacs + 3ezeq + 4deics
= (c1c4 + cacs3 + c3c1) + 3(c1c2 + cacs + c3c1) + 2(c1 + ¢3)cq
>14+3+0.

Thus the only possibility is ¢; = c¢3 which implies §; = 03. By the similar

argument, 0 = g—g and 0 = g—g imply 62 = 6,4. Since 6, + 03 + 05 + 04, = 7, we have

th + 02 = 5 which implies cico = 1.

Now 0 = 3_0? and 0 = 3—0G2 imply

(3ca + 3cq +4c3)(1 +¢3) = (3er + 3cs + 4ey) (1 4 ¢3).
Since ¢; = ¢3 and ¢y = ¢4, we have
(6c +4c1) (14 ¢2) = (61 + 4ea)(1 +c3).
Since cico = 1, we have
(1 —e)(E+cE+2)=0.

The only possibility is ¢; = cs.

Therefore the function g = 3(cica + cacs + czeq + cac1) + 4(c1es + cacyq) has the

unique critical point (§, %, %, %)

Next, we claim that g > 0. Since at least three of ¢, co,cs,cq are positive,
without loss of generality, we may assume that ¢; > 0,co > 0,c3 > 0. Let’s write

g = 2(c1¢2 + cacq + cac1) + 2(cacs + cseq + caca) + (ca + ca)er + (e1 + ca)es + descs.

Then each term of sum above is positive.

At last, we investigate the behavior of g when the variables approach the bound-
ary of the domain Q4. Let (61(¢),02(t),05(t),04(t)), t € [0,00), be a path in the
domain 4. Without loss of generality, we have

J (01(2),02(2),03(1), 04(t)) = (0, 52, 53, 54)

where s; > 0 for i = 2,3,4 and s3 4+ s3 + s4 = 7. And we can assume that so < 5
and s3 < 3.
Let’s write
g = 2(cot 01 (t) cot 02(t) + cot O2(t) cot 84(t) + cot 4(t) cot 01 (t))
+ 2(cot 82(t) cot O5(t) + cot 03(t) cot 84(t) + cot B4(t) cot O2(t))
+ (cot B2(t) + cot 84(t)) cot B; (t) + (cot 61(t) + cot B4(t)) cot O3(t)
+ 4 cot 0 (t) cot O3(t).

— =

By the inequality (4),
cot 01 (t) cot O2(t) + cot O (¢) cot O4(t) + cot B4 (t) cot 61 () > 1

and
cot B2 (t) cot O3(t) + cot B5(¢) cot O4(t) + cot 04 (t) cot O2(t) > 1
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for any ¢ € [0,00). Since cot 02(t) + cot 84(t) > 0 any ¢ € [0, 00), lim;—, o (cot B2 (t) +
cot 04(t)) cot 01 (t) = oo. And

(cot 01 (t) + cot 84(t)) cot 85(t) > 0,4 cot B (t) cot 3(t) > 0

when t is sufficiently large. Hence g approaches co.
Therefore g has a lower bound and can not achieve its global minimum at a

boundary point. It much achieve its global minimum at the unique critical point

4040404

3.4. The first eigenvalue. In this subsection, we verify that a square has the
minimal \;. First, we verify that A\; < 2 as follows. Let

=2% —2(c; + o+ e3 4 ¢g)2?

+ (3(c1ea 4 cacs + czeq + cacr) + 4(c1es + cacq))x
—4(c1 +ca+c3+ca).

We have Q(0) = —4(c1 + c2 + ¢3 + c4) < —16.

If Q(2) > 0, then the first root of Q(z) is less that 2, i.e., Ay < 2.

If Q(2) <0, we claim that Q'(0) > 0 and Q’(2) < 0. Once the two statements
are established, we have \; < Ay < 2.

In fact Q'(0) = 3(c1ca + cacs + c3eq + cac1) + 4(c1e3 + cacq) > 20.

To verify Q’(2) < 0, we need to use the assumption Q(2) < 0. In fact Q(2) <0
implies

3(c1ce + cacs + cscq + cqc1) + 4(c1es + cacq) < 6(c1 + o + ¢34+ cq) — 4.

Now

o)

=12 —8(c1 + 2+ c3+ ca) + 3(cre2 + cacs + c3ca + cacr) + 4(cics + caca)
<12—-8(c1+cates+cq)+6(cr+catces+eq)—4

=8—2(c1 +ca+c3+caq)

<0,

since ¢1 + ¢ + ¢c3 + ¢4 > 4.

Second, we verify that A\; = 2 if and only if 6; = 02 = 03 = 04 = 7. Since \; =2
is the first root of Q(z), we have @'(2) > 0. On the other hand, it is shown that
Q(2) < 0 implies Q’(2) < 0. Hence the only possibility is Q’(2) = 0. This requires
that c¢1 + c2 + ¢3 + ¢4 = 4. Therefore we must have 0 = 6 = 03 = 0, = 7.

4. GENERAL CYCLIC POLYGONS

4.1. Discrete Laplace operator. Assume n > 5. In Figure 2, the vertices of a
cyclic n-gon decompose its circumcircle into n arcs. We assume the radius of the
circumcircle is 1 and the lengths of the n arcs are 261, 20, ..., 26,,.

The P1 discretization of the Laplace operator of a cyclic n-gon is independent
of the choice of a triangulation. It is
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FIGURE 2
c1+cp —C 0 0 —Cp,
—C c1 + Co —Co 0 0
0 —C2 Cc2 + C3 —cC3 0
L, = 0 0 —C3 c3 + cq 0
0 0 0 —Cy 0
—cCp, 0 0 0 vee Cp—1tcCp

The eigenvalues are 0 = Ao < A1 < ... < A\p1.

4.2. Sum of eigenvalues. We have Z?;ll Ai =23 ¢;. By the similar argument
in the case of triangles and cyclic quadrilaterals, we can show that >, ¢; has the
unique critical point (61,62,...,0,) = (7, 7, ..., 7).

Since there is at most one non-positive number in cy, ..., ¢,, without loss of
generality, we may assume c¢; > 0,...,¢,—1 > 0. Since ¢,—1 + ¢, > 0, we have
Z?:l c; > 0.

We investigate the behavior of > ; ¢; when the variables approach the boundary
of the domain

Q, = {(91,92, ,Gn) | 0b+0:+..4+60,=m06;>0,i=1,2, ,TL}

Let (01(t), 02(t), ..., 0 (t)), t € [0,00), be a path in the domain ,,.
Without loss of generality, we have

T (01(0), 05(0), 00 (6)) = (0,52, 50)

where s; > 0 for i = 2,...,n and s3 + ... + s, = 7. And we can assume that sy <
Ty Sn—1 < 5. Since cot 0;(t) > 0 fori = 2,...,n—1 and cot 6, _1(t) +cot 0, (t) > 0
when ¢ is sufficiently large, lim;_, o, cot 61 (t) = co implies that lim oo >, cot 8;(t) =
0.

Thus ) 7", ¢; achieved the absolute minimum at (Z, ..., Z).

4.3. Product of eigenvalues. In this subsection we verify that a regular n-gon
has the minimal H;:ll Ai- We need the following result.

The weighted matrix-tree Theorem. Let M be an n X n matriz. If the sum of
the entries of each row or each column of M vanishes, all principal (n—1) x (n—1)
submatrices of M have the same determinant, and this value is equal to % times
the product of all nonzero eigenvalues of M.
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For the reference of the weighted matrix-tree Theorem, for example, see [12],
page 450, Problem 34A or [8], Theorem 1.2.

In our case, according the weighted matrix-tree Theorem, to calculate H?;ll i
of the matrix L,, it is enough to calculate the determinant of a particular principal
(n—1) x (n — 1) submatrix.

Lemma 4. Let N, be the submatriz obtained by deleting the first row and first
column of the matriz L,. Then

n
det N,, = ch...@...cm

i=1
where ¢; means that ¢; is missing.

Proof. We prove the statement by mathematical induction. It holds for n = 4 as
we see in the formula of the characteristic polynomial Py (x). We assume it holds
for n < m — 1. By the property of tridiagonal matrices, we have

det Ny, = (¢m—1 + ) det Ny — ¢2,_ det Ny, _o.

Then by the assumption of mathematical induction,

m—1 m—2
~ 2 ~
det Ny, = (Cm—1 + Cm) E €1...Ci-Cm—1 — Cip_1 E C1.0.CjueiCip—2
i=1 i=1

m—1 m—2
= Cm—1 E C1...Ci...Cop—1 — Cmy—1 E C1...C;...C,—2Cm—1
=1 =1

m—1
+Cm E C1...Ci...Cmp—1
i=1

m—1
=C1...C;mp—1 + Cm E C1...CjeesCy—1
i=1
m
= E C1...Ci..Cm-
i=1

O
In the following, we prove that Z?’Zl c1...Ci...c, achieves its global minimum
when ¢ = ... = 0, = 7. It is enough to show that
a. Y i C1...G...c, has the unique critical point (Z,...2);

b. > e1.Giency > 0
c. >, ¢1...Gi...c, approaches oo as the variables approach the boundary of
the domain €,,.

When n = 4, since cycac3 + c1cacq + c1C3¢4 + cac3cqy = 1 + co + 3 + ¢4, the three
statements above are already shown to be true in section 3. We assume that the
three statements above hold when n < m — 1.

Let’s check the three statements when n = m. Consider the function

H = ch...a...cm - y(01 + em - 7T).
=1



EXTREMUM PROBLEMS FOR EIGENVALUES OF DISCRETE LAPLACE OPERATORS 11

Then 0 = 8—H and 0 = 8—H imply that

m m
(c3.Cm + C2 Z €3...Ci...Cm ) (1 + c%) = (c3eetm + 1 Z c3...Ci..Cm) (1 + cg)
i=3 1=3

Since ¢ + ¢o > 0, it is equivalent to

cico — 1
(c1 —e2)(e1 + e2)(czemem + 6113—62 ch CiCm) = 0.

The third factor is

m
cot 0s... cot 0, + cot(61 + 62) Z cot 03...c€t\0¢... cot 0,,
i=3
which is written as Y ", '51...3...Em,1, where ¢; = cot(61 + 02),¢; = cotf; 41 for
i = 2,...,m—1. This expression corresponds to a cyclic (m—1)-gon. By assumption
of the induction, Y ", 51...3;...57”,_1 > 0.

Hence the only possibility is ¢; = cz. By similar argument, we show that ¢; = ¢;
for any 4, j. Hence the function Y./, ¢1...G;...c;, has the unique critical point such
that 0; = - for any ¢« = 1,...,m.

Next, we claim that Y .-, ¢1...G;...¢;, > 0. Without loss of generality, we assume
that ¢; > 0,¢c0 > 0,...,¢;n_1 > 0. Now

m
E C1...Ci...C,
i=1

m—2
= c102...Cm—2(Cm—1 + Cm) + E €1.--Ciee.Cy—2(Cm—1Cm)
i=1
m—2
= c¢102--Cm—2(Cm—1 + Cm) + E €1.--CieeCp—a(Cp—10m — 1) + E C1...Cj...Crp—2
i=1 i=1
m—2 c c
—~ m—1tm — ~
= (¢m—-1+cm)(c102...Crn—a + E €1...CjeeiCpg ———————) + E C1...Cjee.Cyp—2.
: Cm—1 + Cm
=1
~ _ Cm—1cm—1 _
Let Cm—1 = e 1tom COt(em—l + Hm) Then
m—2
~ Cm—1Cm — 1
C1C2...Cyp—2 + E Cl1...CjeecCpyp—————
‘ Cm—1+Cm
i=1
m—2
= C1C9...Cpp—2 + E C1.0-CieeCrp—2Cpy—1-
i=1

Consider an cyclic (m — 1)-gon with angles 61, ..., 0,2, 0n—1 + 0,,. By the assump-
tion of induction,
m—2
C1C2...Cpp—2 + Z C1.e.CiooCrp—2Cm—1 > 0.
i=1

Therefore Y ;" ¢1...G...Cm > 0.
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At last, we investigate the behavior of the function Z:’;l cy...C...c, when the
variables approach the boundary of the domain

Qm = {(01, 79m) | 01 + ...+ 9m = 7T,0i > 0,1 = ]., ,m}
Let (01(t),...,0m(¢)), t € [0,00), be a path in the domain €,,. Without loss of
generality, we assume

T (01(8), -, Om(£)) = (0,52, 5m),

where so > 0, ..., 8, > 0 and sy +...+ S, = 7. And we can assume furthermore that
53 < 5oy Sme1 < 5. Thus cot 01(t) > 0,...,cot 0, —1(t) > 0 when ¢t is sufficiently
large. Now

i”: cot 61 (t)c@) cot O, ()
: [cot B, —1(t) + cot B, ()]
[cot 01 (t) cot O2(t)... cot O, —o(t)

cot 0p,—1(t) cot O, (t) — 1
cot Opp—1(t) + cot 0,, (1)

]

m—2
+ Z cot 01 (t)...cot 0;(t)... cot Oy, —o(t)
i=1

m—2
+ Z cot 01 (t)...cot 0;(t)... cot O, —o(t)
i=1

= [cot Om—1(t) + cot O, ()]
[cot 01 () cot B2(t)... cot O, —a(t)

n mi: €Ot 01 (£)...cOt 03().... cOt Oyn—2(£) Ot (Br—1 (£) + O (£))]

m—2
+ Z cot 01 (t)...cot 0;(t)... cot B, —o(t).
i=1

By the assumption of induction,

cot 01 (t) cot Oa(t)... cot Oy, —2(t)
m—2
+ Z cot 61 (¢)...cot 0;(t)... cot O —a(t) cot (0 —1(t) + 0, () >0
i=1

for any t € [0,00). Since cot 8, _1(t) + cotbp,(t) > 0 for any ¢t € [0,00) and
22712 cot 01 (t)...cot 0;(t)... cot 0,,,_2(t) approaches co, we see that

Z cot 01 (t)ccm) cot O, (¢)
i=1

approaches co.
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