


AN ABSTRACT OF THE DISSERTATION OF

Gordon Amed Akudibillah for the degree of Doctor of Philosophy in

Environmental Science presented on March 17, 2016.

Title: Optimizing HIV Treatment in Resource-Limited Settings

Abstract approved:

Jan Medlock

Apart from the traditional role of preventing progression from HIV to AIDS, antiretro-

viral drug therapy (ART) has an additional benefit of substantially reducing infectiousness,

making them potentially an important strategy in the fight against HIV. Recent advances

in drug therapy have also seen the use of antiretroviral drugs as a prophylaxis, administered

either as post-exposure prophylaxis (PEP) after high-risk exposure or as pre-exposure

prophylaxis (PrEP) in those with ongoing HIV exposure. In this dissertation I developed

two models for HIV transmission and parameterized them with data from South Africa to

study governmental-level intervention programs in which antiretroviral drugs are given as

treatment and prophylaxis.

The first model is based on the dynamics of HIV in heterosexual population in Sub-

Saharan Africa. The model classifies the male and female adult populations by HIV risk

into three categories (low, medium and high) according to their sexual preferences. I used a

non-linear optimization method to determine the optimal population-level allocation of ART

and PrEP allocations required to minimize four objectives: new infections, infection-years,

deaths and cost. I considered several strategies for allocating ART and PrEP. I found that



generally for low treatment availability, prevention through PrEP to the general population

or PrEP and ART to high-risk females is key to optimize all objectives, while for higher drug

availability, an all-ART treatment is optimal. At South Africa’s current level of treatment

availability, using prevention is most effective at reducing new infections, infection-years,

and cost, while using the treatment as ART to the general population best reduces deaths.

At treatment levels that meet the UNAIDS’s ambitious new 90–90–90 target in South

Africa, using all or almost all treatment as ART to the general population best reduces all

four objectives considered.

The second model is based on the WHO’s five-stage classification of HIV/AIDS disease

progression. This models stratified the population by disease status, whether diagnosed and

whether on treatment. I used optimal control methods to determine the best time-dependent

treatment allocation required to minimize new infections, infection-years, deaths and cost.

My results indicated that the treatment strategy to minimize infection-years and new

infections is to place emphasis on early treatment (i.e. treatment in Stage II & III) while to

minimize cost and death, the emphasis should be on late treatment (i.e. Stage III & IV).

Applying the optimal treatment strategy also leads to a substantial reduction in disease

incidence and prevalence.

The results of this study will hopefully provides some guidance for policymakers

in determining how to allocate antiretroviral drugs in order to maximize the benefit of

treatment.
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Optimizing HIV Treatment in Resource-Limited Settings

1. GENERAL INTRODUCTION

The Human Immunodeficiency Virus (HIV), the virus that causes Acquired Immun-

odeficiency Syndrome (AIDS) was first identified in 1981 [77]. Since its discovery, the reach

of HIV/AIDS has grown steadily, engulfing every continent. Although resource-constrained

countries in Sub-Saharan African are the hardest hit, HIV/AIDS continues to be one of the

most serious public health problems worldwide.

Upon introduction into the body, the HIV virus attacks the T helper cells (CD4+ T

cells), which are crucial to the immune response for fighting off invading pathogens. The

ultimate destruction of T helper cells leads to the body becoming immunodeficient i.e. open

to opportunistic infections, a condition that characterizes Acquired Immunodeficiency

Syndrome (AIDS).

Once a person becomes infected, the World Health Organization (WHO) has defined

five clinical stages of infection progression (Figure 1.1) [78]. The first stage, the Acute

Stage, lasts a few week following the initial introduction of the virus into the body. A spike

in virus load occurs in the Acute Stage, but this stage is largely asymptomatic with no

significant immunosuppression (CD4 count > 500 cells
mm3 ) [73, 78]. Seroconversion occurs with

the first three months, and after seroconversion the infected person the goes through the

four other stages. Stage I lasts for an average of ten years and is also asymptomatic with

no significant immunosuppression (CD4 count > 500 cells
mm3 ) and a low viral load. Stage II is
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Figure 1.1: Stages of HIV/AIDS.

symptomatic: the infected person exhibits moderate weight loss, amongst other symptoms,

and mild immunosuppression (CD4 count 350–499 cells
mm3 ). Stage III is also symptomatic and

is characterized by advanced immunosuppression (CD4 count 200–349 cells
mm3 ). Stage IV is

the AIDS phase, where the infected person exhibits HIV wasting syndrome, amongst other

symptoms, and severe immunosuppression (CD4 count < 200 cells
mm3 ). This classification based

on clinical symptoms is advantageous because it allows for areas with limited laboratory

facilities to estimate HIV progression and aid in the management of HIV/AIDS patients,

e.g. when to start treatment.

The Acute Stage is characterized by high rates of transmission because of the high

viral loads observed, albeit for a short period. The infected person then goes through a

extended period (Stages I, II & III) where the viral load is lower and thus transmission is

lower. Without treatment, this person moves to Stage IV, which is characterized by high



3

transmission rates due to high viral loads [5, 44, 46]

HIV is transmitted through the exchange of infected bodily fluids such as semen,

vaginal secretions, blood and breast milk [25, 56]. An infected person can infect a susceptible

person via unprotected vaginal or anal intercourse. Sharing or accidentally being stuck with

contaminated needles, syringes or other injection equipment can also lead to an infection

[56]. Vertical transmission for mother to child is also possible during birth or through

breastfeeding [25]. Transmission has also been documented through transfusion of infected

blood [56]

Although HIV has no cure, several interventions can be used to help control its spread

and mitigate the disease it causes. UNAIDS defines the core responses to control HIV as

prioritizing interventions for key populations, communication for behavior-change programs,

condom promotion, prevention of mother-to-child transmission, male circumcision, and

antiretroviral drugs for both infected and uninfected people [62].

Globally, an estimated 38 million people are living with HIV/AIDS in 2013, with 2.1

million (1.9–2.4 million) new HIV infections and 1.5 million (1.4–1.7 million) AIDS-related

deaths recorded in 2013 [70]. Sub-Saharan Africa is the worst-affected region with 71%

of the world’s people living with HIV, 70% of new HIV infections and 73% of the global

AIDS-related deaths in 2013.

Every geographical area, class, and cultural group has been affected by the HIV/AIDS

pandemic (Figure 1.2). Whilst HIV/AIDS in developed countries remains most prevalent

amongst homosexuals, hemophiliacs, and injection-drug users, it is most prevalent amongst

heterosexuals in under-developed countries [16, 41].

Asymmetries in the prevalence between developed countries and under-developed

countries, especially those in Sub-Saharan Africa, are fundamental to making HIV a

huge public-health burden for the under-developed countries. Additionally, the economic
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Figure 1.2: Global Distribution of HIV Adult Prevalence [81]

.
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consequences of the HIV epidemic in under-developed countries are exacerbated by the

disproportionate impact on young adults. The HIV epidemic is resulting in the death of

the most productive members of society and the orphaning of millions of children [84].

In the 1990s, highly active antiretroviral therapy (HAART) was used mainly to treat

opportunistic infections. Due partly to toxicity HAART, the WHO recommendation then

was give treat only infected people with CD4 count < 200 cells
mm3 [78]. Over the years, the

benefits of antiretroviral therapy became apparent and the toxicity has decreased in new

generations of drugs, so treatment recommendations have changed. The first randomized

controlled trial ever to test the efficacy of early use of ART, HIV Prevention Trials Network

052 (HPTN 052), conclusively revealed that when administered early, ART leads to a

substantial decrease in sexual transmission of HIV among HIV serodiscordant couples

[18]. The WHO issued “Consolidated Guidelines on the use of Antiretroviral Drugs for

Treating and Preventing HIV Infection" recommending treatment to infected people with

CD4 count of > 350 cells
mm3 in 2010 [79] and > 500 cells

mm3 in 2013 [53]. In 2015, the WHO finally

recommended that all infected people infected people should be given treatment regardless

of CD4 count [55].

Early treatment and strict adherence to treatment by infected people is the best

option for sustained viral suppression leading to a reduction of morbidity and mortality

[47, 68]. Apart from improving the health and prolonging the life span of infected people,

viral suppression also substantially reduces their infectiousness [18], thus reducing chances of

onward transmission [60]. In addition, uninfected people taking antiretrovirals as prophylaxis

also have a substantially reduced chances of acquiring HIV [1, 11]. Currently, there are

three types of treatment: antiretroviral therapy (ART) given to infected people to prevent

disease progression, pre-exposure prophylaxis (PrEP) administered to uninfected people

with ongoing HIV risk to reduce their chances of acquiring the virus and post-exposure
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prophylaxis (PEP) given to uninfected people immediately after exposure to HIV, usually

perinatal or occupational exposures [19, 45, 63, 66, 74, 85].

Due to the benefits of antiretroviral therapy both as treatment and as prophylaxis

at blocking transmission, treatment as prevention is increasing becoming an HIV/AIDS

prevention strategy [17, 48, 55, 69]. The WHO introduced an ambitious treatment target

called 90–90–90 aimed at ending the AIDS epidemic as a public health threat by 2030

[72, 84]. The 90–90–90 strategy is for 90% of all people living with HIV know their HIV

status, 90% of all diagnosed people receive sustained antiretroviral therapy and 90% of

all people receiving antiretroviral therapy have viral suppression, all by 2020. Countries

worldwide are scaling up ART coverage to achieve the 90–90–90 target in order to halt the

HIV/AIDS pandemic.

Due to the devastation caused by HIV/AIDS on countries, there is not only a moral

but also an economic impetus to halt the epidemic. However, implementing control measures,

including the scaling-up ART coverage requires a lot of resources. Decreases in international

funding to fight HIV [23] coupled with severely limited health budgets, resource-constrained

countries must find smarter ways to use their limited resources to get more “bang for the

buck.”

For this dissertation, I used techniques from optimization to model and analyze the

allocation of resources to combat HIV. Optimization is a useful tool that can be used to

decide how to optimally appropriate limited resources. The general optimization problem is:

given an objective function f(x) that maps controls x to a quantification of the impact (a

real number), find the control x∗ that maximizes (or minimizes) the objective f . If there are

constraints on the controls x then we have a “constrained optimization problem,” otherwise

we have an “unconstrained optimization problem.” For the problems in this dissertation,

optimizing the objective f(x) will involve solving a system of ordinary differential equations
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(ODE) that models HIV transmission in the presence of control levels x. Such ODE models

have long been used to model the transmission of infectious diseases [33, 39], including

HIV [5, 9, 27]. The objective function, through solving the ODEs, calculates the simulated

number of new infections, deaths, or similar at control level x, and thus the best control

values x∗ are sought. Many methods have been developed to solve optimization problems:

in this dissertation we will explore two search methods, one for standard optimization

problems, where x is a vector of real numbers, and another for optimal control problems,

where x is a vector of time-dependent control functions.

1.1. Outline of Dissertation

In Chapter 2, a model of heterosexual transmission of HIV with particular charac-

teristics of Sub-Saharan Africa is presented. We used a modeling approach to determine

the optimal population-level combination of ART and PrEP allocations required in South

Africa to maximize program effectiveness for four objectives: new infections, infection-years,

deaths and cost. We considered two different strategies for allocating treatment, one that

selectively allocates drugs to sex workers and the other that does not. We also considered

the treatment levels that meet the UNAIDS’s ambitious new 90–90–90 target.

In Chapter 3, we used the same model and expanded on the methods to examine

three further treatment strategies. These are PrEP and ART allocation based on gender,

PrEP and ART allocation based on risk and PrEP and ART allocation to people based on

both gender and risk group. For each strategy, we determined the optimal allocation of

treatment needed to minimize the same four objectives in Chapter 2.

In Chapter 4, we introduce a model based on the WHO five-stage classification of

HIV progression and the WHO recommendations on when to commence treatment. We
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calibrated our model with data from South Africa and used optimal control methods to

determine the time-dependent stage-based allocation need to minimize new infections,

infection-years, deaths and cost.

Finally, in Chapter 5, general conclusions are presented.

Detailed methods are provided in the Appendices.

1.2. Resulting Publications

This dissertation resulted in the following manuscripts that have been submitted to

peer-reviewed journals:

G. Akudibillah, A. Pandey, M. Medlock Maximizing the benefits of ART and PrEP

in resource-limited settings. Submitted Oct 2015 to The Journal of Epidemiology and

Infection.

G. Akudibillah, A. Pandey, M. Medlock Optimal HIV treatment based disease stage.

To be submitted in March 2016 to Mathematical Biosciences.
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2. MAXIMIZING THE BENEFITS OF ART AND PREP IN
RESOURCE-LIMITED SETTINGS

2.1. Introduction

The Joint United Nations Programme on HIV and AIDS (UNAIDS) estimates that

31.6–35.2 million people are living with HIV worldwide, with 2.4–2.9 million new HIV

infections and 1.6–1.9 million AIDS-related deaths in 2010 [71]. HIV/AIDS is a major

problem in developing countries especially in Sub-Saharan Africa. This region constitutes

12% of the world’s population, yet accounts for 72% of AIDS-related deaths [71]. In

Sub-Saharan Africa, most HIV transmission in adults occurs from heterosexual sex, with

commercial sex [3] and multiple partners being key drivers of HIV transmission [31, 64].

Antiretroviral therapy (ART) has been traditionally used to prevent progression from

HIV to AIDS [10, 73]. Recently, antiretroviral drugs have been shown to have the additional

benefit of substantially reducing the infectiousness of infected people, leading to reduced

transmission [30, 58, 60]. The HPTN052 trials showed that early treatment is able to reduce

hetrosexual transmission of HIV in serodiscordant couples by as much as 96% [17].

Antiretroviral therapy is also administered to uninfected people either as post-exposure

prophylaxis (PeP) after high-risk exposure or as pre-exposure prophylaxis (PrEP) for people

with ongoing HIV exposure [1, 6, 29]. Giving ART as PrEP to uninfected heterosexual

people reduced chance of acquiring HIV by 63–73% [6]. The US Centers for Disease Control

and Prevention (CDC) recommends the use of ART as pre-exposure prophylaxis to, among

others, serodiscordant couples and homosexual men or women who do not always use

condoms when having sex with partners known to be at risk for HIV [12].

Whether as treatment to reduce the infectivity of infected people or as prophylaxis
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to reduce the susceptibility of uninfected people, antiretroviral therapy has thus become an

important strategy in the fight against HIV transmission [17, 20, 21, 50]. To take advantage

of the benefits of antiretroviral theraphy, the World Health Organization (WHO) revised its

treatment guidelines in 2013, recommending that treatment be initiated in infected adults

and adolescents with a CD4 count of 500 cells/mm3 or less [55]. UNAIDS also recently

introduced an ambitious treatment target called 90–90–90, which by the year 2020 aims

to have 90% of all people living with HIV know their HIV status, 90% of all people with

diagnosed HIV infection receive sustained antiretroviral therapy and 90% of all people

receiving antiretroviral therapy have viral suppression [72].

In this paper, we aim to inform drug-allocation policy in resource-limited settings

by using a compartmental mathematical model for heterosexual transmission of HIV

with treatment targeted by infection status, sexual-activity level and gender. Due to the

availability of high-quality data, the model was parameterized for South Africa. We used

optimization methods to determine the allocations of ART among the target groups that

minimize new infections, HIV-related deaths and cost. We examined the effect increasing

the amount of drugs available on new infections and prevalence. Also, we compared our

optimization results to the 90–90–90 policy.

2.2. Methods

We constructed a mathematical model that incorporates risk, gender and treatment

(Figure 2.1). We briefly outline the model here and the Supplementary Material contains a

detailed description of the model.

We parameterized the model from from a variety of data sources from South Africa

and, more broadly, Sub-Saharan Africa. We used demographic data from 2012, the date
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Figure 2.1: Diagram of HIV model. HIV-infected people are in red and susceptible
(i.e. uninfected) people are in blue. The first subscript on the state variables S and I
denotes gender (female or male), the second denotes risk level (low, medium or high), and the
last denotes treatment status (untreated or treated). The subscripts on the other variables
and parameters have similar meanings. The variables effected by treatment interventions
are in green.
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of the last South African National HIV Prevalence, Incidence and Behavior Survey [38].

Our model is initialized for the beginning of the year 2014 with an HIV prevalence of 17%

in South African adult population, 42% of infected people on ART and 0% of susceptible

people on PrEP [71]. The model included a 96% efficacy of ART [17] and a 71% efficacy of

PrEP [6] at preventing HIV transmission.

Over a 10-year time horizon we calculated the effectiveness of different intervention

strategies according to four different objectives: new infections, total infection-years, total

deaths due to AIDS and total cost. New infections is the total incidence over the 10-year

span. Total infection-years is the number of infected people, both treated and untreated, at

each time, summed over the time period. Deaths due to AIDS is simply the total number of

deaths over the time period. The total cost sums costs of infections, deaths and treatment.

We considered two different ways to model governmental-level intervention programs

in which antiretroviral drugs are given as treatment of infected people as ART or as

prophylaxis for uninfected people as PrEP. In the first intervention model, Global ART

& PrEP, the two control variables are the amount of treatment allocated as ART and the

amount allocated as PrEP, independent of the risk level of the people treated. The second

intervention model was constructed to evaluate the current CDC recommendations for the

use of PrEP in high-risk people [12, 13]. In this second intervention model, high-risk ART

& PrEP, the three control variables are amounts of treatment allocated for ART in high-risk

people, the amount for PrEP in high-risk people and the amount for ART for low- and

medium-risk people, with no PrEP allocated for low-and medium-risk people. For both

control models and all four objectives, the levels of the control variables that minimize the

objective were found using numerical optimization methods.
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2.3. Results

We simulated our model to determine the levels of treatment that minimize each

of the objectives and to determine the effect of applying the optimal treatment strategy

over a 10-year period. We examined the optimal allocation of ART and PrEP to people

independent of their risk status (global ART & PrEP). In order to evaluate the current

CDC treatment recommendations, we also evaluated the optimal allocation of ART and

PrEP to high-risk people in addition to ART for the remainder of the population (ART &

high-risk PrEP). We also compared the effectiveness of global ART & PrEP and ART &

high-risk PrEP with the current treatment strategy in South Africa of only giving ART and

the UNAIDS’s 90–90–90 goals, in terms of reducing new infections, infection-years, deaths

due to HIV, and cost.

With the global ART & PrEP control strategy, the optimal treatment allocations that

minimized each of the four objectives showed similar patterns below about 7.5M available

treatment spots (Figures 2.2A–2.5A), i.e. only PrEP was used at low treatment availability

and only ART was used at higher levels of treatment availability, with the threshold level

of treatment for switching ranging from about 2.0M to 5.3M, depending on the objective.

Above 7.3–7.8M available treatment spots, two patterns emerged, adding PrEP in the cases

of minimizing new infections and infection-years, and continuing to add ART, not PrEP,

when minimizing deaths and cost.

For the ART & high-risk PrEP control strategy, the minimizing the four objectives

again showed similar patterns (Figures 2.2B–2.5B). At low treatment availability, treatment

was prioritized to high-risk people, first starting with PrEP and then adding on, or switching

to in the case of minimizing deaths, ART. As available treatment increased, the treatment

strategy switched to predominantly or entirely ART for non-high-risk people, with the
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thresholds occurring between 2.8M and 5.8M available treatment spots, depending on the

objective. At even higher levels of treatment, above 6.0–6.4M, ART was added for high-risk

people for all objectives. Finally, above 7.5–7.9M available treatment spots, high-risk PrEP

was added when minimizing new infections and infection-years.

Over the 10-year model period, increasing the amount of available treatment led to

reductions in all four objectives (Figures 2.2C–2.5C), as expected. Substantial decreases

in all objectives were seen for increasing treatment until around 6M available treatment

spots. Increased treatment beyond this level resulted in very small gains to all objectives.

For example, the number of deaths in the 10 years fell from 14.7M with no treatment to

about 3,000 with 6.5M available treatment spots and increased treatment above 6.5M did

not change the number of deaths by much. For low drug availability (i.e. 2.5–5.3M), the

ART & high-risk PrEP control strategy decreased all objectives faster than either global

ART & PrEP or the current strategy of global ART and, for minimizing new infections and

minimizing deaths, the global ART & PrEP strategy preformed only slightly better than

the current strategy. For higher levels of treatment, all three strategies performed similarly

for all objectives.

In South Africa currently, 42% or 2.7M of the 6.5M HIV-infected people are on

ART. To implement the UNAIDS’s 90–90–90 goal, 5.8M people would need to be on ART

currently. With the global ART & PrEP control strategy, allocating all of the available

treatment as ART and none to PrEP minimized all four objectives (Figure 2.1). These

optimal allocations, all ART and no PrEP, are exactly the current strategy in South Africa.

With the ART & high-risk PrEP strategy, allocating all of the available treatment to

non-high-risk ART minimized new infections, infection-years, and deaths, while cost was

minimized by allocating 150,000 treatment spots to high-risk ART and the remainder to

non-high-risk ART. The ART & high-risk PrEP strategy performed better than global ART
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& PrEP for all four objectives, but only slightly so for infection-years and cost.

2.4. Discussion

Using a mathematical model of heterosexual HIV transmission, we determined two

treatment strategies that minimize new infections, infection-years, AIDS-related deaths and

cost. We found that when PrEP and ART are given to the general population at different

levels (our global PrEP & ART strategy), only PrEP should be used at low treatment

availability, but only ART should be used at higher levels, with the thresholds for switching

from PrEP to ART differing for the four objectives. At very high levels of drug availability,

adding PrEP minimizes new infections and infection-years, while continuing to use only

ART minimizes deaths and cost. When PrEP and ART are given to high-risk people and

ART to non-high-risk people (our ART & high-risk PrEP strategy), we found that at

low treatment availability only high-risk people should be treated; non-high-risk people

should only be treated above threshold levels of treatment that vary by objective. At

high treatment availability, treating both high-risk and non-high risk becomes the optimal

allocation for all objectives.

We also evaluated the UNAIDS recent 90–90–90 target and found that the current

ART-only treatment strategy of South Africa and indeed most resource-limited counties is

optimal or near optimal at 90% treatment coverage for minimizing all four objectives. The

one exception was that allocating 150,000 for ART to high-risk people and the remainder

to ART for non-high-risk people minimized cost.

Resource-limited countries are likely to have low treatment availability: for example

with South Africa’s current level of treatment availability (2.7M slots), PrEP to the general

population (for global ART & PrEP) or treatment of only sex workers with ART & PrEP
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(for ART & high-risk PrEP) is most effective at reducing new infections, infection-years,

and cost, while using the treatment as ART to either the general population (global ART

& PrEP) or ART to non-high-risk people (ART & high-risk PrEP) best reduces deaths.

Allocations that prioritize treatment of commercial sex workers (CSW) may be

difficult to implement. CSW are often stigmatized and their actions are frequently illegal,

which may present challenges to getting them out of the shadows for treatment. Even when

CSW do come forward for treatment, prioritizing treatment to CSW will mean withholding

treatment from non-high-risk people, which may be a difficult decision for policymakers to

justify. We believe, however, that the savings in HIV mortality, morbidity, and cost clearly

justify such policies.

We hope that this work provides some guidance for policymakers in determining how

to allocate HIV treatment to maximize their benefit.
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3. FURTHER TREATMENT STRATEGIES FOR ART AND PREP

3.1. Introduction

More than three decades on, HIV/AIDS remains a massive public health problem

especially in Sub-Saharan Africa. Globally, 33.2–37.2million people are living with HIV,

with 1.9–2.4 million new HIV infections and 1.4–1.7 million AIDS-related deaths in 2013 [71].

Antiretroviral therapy (ART) has been traditionally used to prevent progression from HIV

to AIDS in infected people [10, 73] while pre-exposure prophylaxis (PrEP) is antiretroviral

therapy administered to uninfected people for people with ongoing HIV exposure to reduce

the chances of getting infected [1, 6, 29]. The use of PrEP has proven effective in reducing

HIV transmission and is increasingly becoming an important biomedical strategy to fight

the HIV/AIDS pandemic [1, 6, 29].

While governments worldwide seek judicious use of their health resources, the need

for optimal allocation of resources is especially needed in limited-resource settings. To

inform governmental-level drug-allocation policy, we used a compartmental mathematical

model for heterosexual transmission of HIV stratified by infection status, sexual-activity

level, gender and treatment. This model was initially developed in Chapter 2. to study

two optimal HIV drug-allocation strategies. We used the same model and expanded on

the methods to examine three further treatment strategies. These are PrEP and ART

treatment based on gender, PrEP and ART treatment based on risk and PrEP and ART

treatments based on both gender and risk. For these three new treatments strategies, we

generally followed the same methods as in Chapter 2 to determine how to allocate treatment

to minimize new infections, infection-years, deaths and cost.
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3.2. Methods

Our model (Figure 3.1) is a heterosexual model for HIV transmission that divides

the sexually active population by gender, risk group and treatment status. The risk groups

are: low risk are people are in monogamous marriages, single or otherwise have zero or one

sexual partner; medium risk are people who have more than one sexual partner and high

risk are commercial sex workers, sometimes called transactional sex workers. Movement

between risk groups is due to sexual behavioral change.

Treatment in the model is available as PrEP and ART. In our model, PrEP is limited

to some medium and high-risk uninfected people while ART can be administered to any

infected person in any risk group. The complete description of the model and equations

and calibration are provided in the appendix (A1, A2)

We expanded the methods in Chapter 2 to consider three further ways to model

government-level intervention programs that use antiretroviral drugs to control HIV. PrEP.

In the first intervention model, the gender treatment strategy, there are coverage levels of

ART and PrEP for the male and female population. Thus all infected males and females are

each assigned a level of ART regardless of risk group and all uninfected males and females

are are assigned a level of PrEP regardless of risk group. The second intervention model,

the risk treatment strategy, there are unique coverage levels of ART and PrEP for each

risk group. Meaning all infected people in each risk group are are each assigned a level of

ART regardless of gender and all uninfected people in each risk group are assigned a level

of PrEP regardless of gender. In the third intervention model, the gender & risk treatment

strategy, infected people of each gender and risk group are allocated a level of ART and

uninfected people of each gender and risk group are allocated a level of
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Figure 3.1: Diagram of HIV model. HIV-infected people are in red and susceptible
(i.e. uninfected) people are in blue. The first subscript on the state variables S and I
denotes gender (female or male), the second denotes risk level (low, medium or high), and the
last denotes treatment status (untreated or treated). The subscripts on the other variables
and parameters have similar meanings. The variables effected by treatment interventions
are in green.
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3.2.1 Objectives

We determined the proportion of each group to be treated by minimizing one of four

different outcome measures: the number of new infections, the number of total infection-

years, the number of deaths and total cost. These were all evaluated over a time horizon of

tend = 10 y.

New infections The total number of new infections is the sum of the rates of new infections

arising in each of the 8 uninfected classes integrated over the time period,

∫ tend

0

∑
i∈{F,M}

j∈{L,M,H}
k∈{U,T}

λijk(t)Sijk(t) dt, (3.1)

with λijk defined to be 0 for the groups not in the model (FLT, MLT, MHU, and

MHT).

Total infection-years The total infection-years is the sum of the number of all the infected

people (both treated and untreated) in the 10 infected classes at each time, integrated

over the time period, ∫ tend

0
I(t) dt, (3.2)

where the number of infected people is

I(t) =
∑

i∈{F,M}
j∈{L,M,H}
k∈{U,T}

Iijk(t). (3.3)

Deaths due to AIDS Treatment prevents progression from HIV to AIDS, thus reducing

deaths. We assumed that AIDS-related deaths only occur in infected, untreated

people. Thus, the total number of deaths due to AIDS is the number of untreated
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infected people at each time,

IU(t) =
∑

i∈{F,M}
j∈{L,M,H}

IijU(t), (3.4)

multiplied by the rate of death due to AIDS:∫ tend

0
γIU(t)dt. (3.5)

Total cost The total cost consists of cost of infections, cost of deaths, and cost of treatment.

The disease cost per year, which includes monetary equivalent loss of the infected

people, like lost productivity etc., is average cost of disease per person per year times

the total number of people infected,

CI(t) = cII(t). (3.6)

The cost per year of deaths is the the cost per death times the number of deaths per

year,

CD(t) = cDγIU(t). (3.7)

The treatment cost per year is the cost per person per year times the number of

people treated,

CT(t) = cTT (t), (3.8)

where the number of people treated is

T (t) =
∑

i∈{F,M}
j∈{L,M,H}

[
SijT(t) + IijT(t)

]
. (3.9)

The cost objective is discounted sum of these costs, integrated over the time period,∫ tend

0

[
CI(t) + CD(t) + CT(t)

]
e−rtdt. (3.10)

The total cost is discounted at rate r = 0.03, representing the rate a policymaker is

willing to pay as trade-off for the cost today versus future cost [24].
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3.2.2 Controls and Constraints

Like in in Chapter 2, the control variables are the total number of people targeted

to be on treatment in each of the designated groups (VG) at any one time. From these

treatment targets, the flows of people into treatment per unit time were taken to be

πG(t) = rmax max
(
VG − TG(t), 0

)
, (3.11)

where TG(t) is the total number of people in group G currently on treatment. The quantity

max(VG− TG(t), 0) is the number of treatment slots available at time t and rmax is the rate

of enrolling people on treatment per drug available per untreated person.

Gender Treatment Strategy We modeled this treatment strategy with four control

groups, one for each gender and infection group:

infected males on ART,

GART,M = {IML, IMM} , (3.12)

uninfected males on PrEP,

GPrEP,M = {SMM} , (3.13)

infected females on ART,

GART,F = {IFL, IFM, IFH} , (3.14)

and uninfected females on PrEP,

GPrEP,F = {SFM, SFH} . (3.15)

The control variables (VART,M, VART,F, VPrEP,M, VPrEP,F) are the total number of

people targeted to be on treatment in each of the control groups at any one time.
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The total numbers of people in the treatment groups at time t are

TART,M(t) = IMLT + IMMT,

TART,LM(t) = IFLT + IFMT + IFHT,

TPrEP,M(t) = SMMT,

TPrEP,F(t) = SFMT + SFHT,

(3.16)

and the flows into treatment for the control groups are

πIML = πIMM = πART,M,

πIFL = πIFM = πIFH = πART,F,

πSMM = πPrEP,M,

πSFM = πSFH = πSMM = πPrEP,F.

(3.17)

The constraints on the controls are that each of them are positive and that their sum

is less than the total amount of treatment available, Tmax:

VART,M ≥ 0, VART,F ≥ 0, VPrEP,M ≥ 0, VPrEP,F ≥ 0,

VART,M + VART,F + VPrEP,M + VPrEP,F ≤ Tmax.

(3.18)

Risk Treatment Strategy This strategy involves unique treatment to each risk group,

giving five control groups, one for each of the three infected-treated risk group and

two uninfected-treated risk groups:

low-risk people on ART,

GART,L = {IMLT, IFLT} , (3.19)

medium-risk people on PrEP,

GPrEP,M = {SMMT, SFMT} , (3.20)
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medium-risk people on ART,

GART,M = {IMMT, IFMT} , (3.21)

high-risk people on PrEP,

GPrEP,H = {SFHT} , (3.22)

high-risk people on ART,

GART,H = {IFHT} . (3.23)

The control variables (VART,L, VART,M, VART,H VPrEP,M, VPrEP,H) are the total number

of people targeted to be on treatment in each of the control groups at any one time.

The total numbers of people in the treatment groups at time t are

TART,L(t) = IFLT + IMLT,

TART,M(t) = IFMT + IMMT,

TART,H(t) = IFHT,

TPrEP,M(t) = SFMT + SMMT,

TPrEP,H(t) = SFHT.

(3.24)

and the flows into treatment for the control groups are

πIFL = πIML = πART,L,

πIFM = πIMM = πART,M,

πIFH = πART,H,

πSFM = πSMM = πPrEP,M,

πSFH = πPrEP,H.

(3.25)

The constraints on the controls are that each of them are positive and that their sum



30

is less than the total amount of treatment available, Tmax:

VART,L ≥ 0, VART,M ≥ 0, VART,H ≥ 0, VPrEP,M ≥ 0, VPrEP,H ≥ 0,

VART,L + VART,M + VART,H + VPrEP,M + VPrEP,H ≤ Tmax.

(3.26)

Gender & Risk Treatment Strategy This is a strategy to have a unique treatment

level for each risk and gender group, giving eight control groups:

low-risk infected males on ART,

GART,LM = {IML} , (3.27)

low-risk infected females on ART,

GART,FL = {IFL} , (3.28)

medium-risk infected males on ART,

GART,MM = {IMM} , (3.29)

medium-risk infected females on ART,

GART,FM = {IFM} , (3.30)

high-risk infected females on ART,

GART,FH = {IFH} , (3.31)

medium-risk uninfected males on PrEP,

GPrEP,MM = {SMM} , (3.32)

medium-risk uninfected females on PrEP,

GPrEP,FM = {SFM} , (3.33)
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and high-risk uninfected females on PrEP,

GPrEP,FH = {SFH} . (3.34)

The control variables (VART,ML, VART,FL, VART,MM, VART,FM, VART,FH, VPrEP,MM,

VPrEP,FM, VPrEP,FH) are the total number of people targeted to be on treatment in

each of the control groups at any one time. The total numbers of people in the

treatment groups at time t are

TART,Mj(t) = IMjT j ∈ {L,M},

TART,Fj(t) = IFjT j ∈ {L,M,H},

TPrEP,MM(t) = SMMT,

TPrEP,Fj(t) = SFjT j ∈ {M,H},

(3.35)

and the flows into treatment for the control groups are

πIMj = πART,Mj j ∈ {L,M},

πIFj = πART,Fj j ∈ {L,M,H},

πSMM = πPrEP,MM,

πSFj = πPrEP,Fj j ∈ {M,H},

(3.36)

The constraints on the controls are that each of them are positive and that their sum

is less than the total amount of treatment available, Tmax:

VART,Mj ≥ 0 j ∈ {L,M},

VART,Fj ≥ 0 j ∈ {L,M,H},

VPrEP,MM ≥ 0,

VPrEP,Fj ≥ 0 j ∈ {M,H},∑
i∈{L,M}

VART,Mi +
∑

j∈{L,M,H}
VART,Fj +

∑
k∈{M,H}

VPrEP,Fk + VPrEP,MM ≤ Tmax

(3.37)
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The COBYLA algorithm (Constrained Optimization BY Linear Approximations)

by Powell [59] is our method of choice for the optimization. COBYLA approximates our

nonlinear constrained optimization problem to a linear programming problem and solves

the linear programming problem iteratively to obtain an optimal solution. We adopted a

random restart strategy to increase our chances of obtaining a global solution in each case.

3.3. Results

Like in Chapter 2, we simulated our model to determine the levels of treatment

that minimize each of the objectives and to determine the effect of applying the optimal

treatment strategy over a 10-year period. We examined the optimal allocation of ART and

PrEP to people based on the gender and risk (gender & risk treatment strategy), gender

independent of risk group (gender treatment strategy) and risk independent of gender group

(risk treatment strategy)

3.3.1 Gender Treatment Strategy

The optimal treatment strategy for minimizing all four objectives showed similar

patterns. At low treatment availability, PrEP for uninfected females is prioritized (Figures

3.2A–3.5A). Above a threshold amount of available drugs, priority switches to infected

males with the threshold varying by objective from 1M to 3M treatment slots. As available

treatment continues to increase, infected females are added, except for under the cost

objective. The available treatment spots at which ART to infected females should be

considered are 5.8M for new infections, 6.1M for infection-years and cost and 5.6M for

deaths. At even higher levels of treatment levels adding PrEP treatment spots to females is

required to minimize new infection, female ART treatment spots are turned off in favor
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Figure 3.2: Treatment allocations that minimize new infections over 10 years vs. treatment
availability: (A) Gender treatment strategy, (B) Risk treatment strategy, (C) Gender &
risk treatment Strategy and (D) Effect of drug availability on objective value
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of male PrEP treatment spots to minimize infection-years, and addition of male PrEp is

required to minimize cost and no additional PrEP treatment is need to minimize deaths

3.3.2 Risk Treatment Strategy

To minimize new infections at low available treatment spots (i.e. between 0–2.0M)

treatment should be prioritized to high-risk people, first PrEP and then ART (Figure 3.2B).

After 2.0M, the optimal strategy prescribes adding on ART for medium-risk people. PrEP

for high-risk people should ends at 4M. After 6M treatment spots an all-ART strategy is

required to minimize new infections, deaths and cost with most treatment going to low-risk

people and the least treatment to high-risk people.

The optimal strategy to minimizing both infection-years and cost are similar to each

other (Figures 3.5B, and 3.3B). The start with PrEP and ART treatment for high-risk

females at low treatment levels then add on medium risk ART at 2.5M available treatment

spots. PrEP for high-risk people is stopped at 6.0M switching to an ART to all risk groups

strategy, with high levels allocated to low-risk people.

To minimize deaths the optimal strategy is to prioritize PrEP to high-risk people for

the first 0.5M available treatment spots and switching to a mostly all-ART strategy (Figure

3.4B). Starting first with ART to only high-risk people between 0.5–1.0M switching entirely

to ART for medium-risk people between 1–3.3M. After 3.3M ART treatment to all three

risk groups become the optimal strategy. Generally, the treatment allocations are similar

to those for new infections, but with much less high-risk PrEP.

3.3.3 Gender & Risk Treatment Strategy

To minimize new infections at low availability treatment spots (between 0–2.0M),

initially PrEP is allocated for high-risk females (Figure 3.2C), which is consistent with the

the results from both the gender (Figure 3.2A) and risk treatment strategies (Figure 3.2B).
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Above 4.0M available treatment spots, an all-ART treatment becomes the optimal strategy

(again consistent both the gender and risk models), starting first with ART to low-risk

males and high-risk females and adding on ART to medium-risk males, low-risk females

and medium-risk females at 4.2M, 6.0M and 8.1M respectively. There are brief periods near

2.0M, 4M and 6M available treatment spots when ART to medium-risk females should be

be considered (Figure 3.2A).

As in the case of minimizing new infection above, to minimize infection-years at

low available treatment spots, treatment of high-risk females is prioritized (Figure 3.2C).

However, this time a combination of PrEP and ART to high-risk females is optimal at low

treatment availability. ART to medium-risk males and low-risk males should begin at 3M

and 3.9M available treatment spots respectively, adding PrEP for medium-risk male at 6.0M.

No treatment to to medium risk females is required to minimize minimize infection-years.

To minimize deaths between 0–2.0M available treatment spots, four different treatment

pattens were observed (Figure 3.4C). Initially, only PrEP for high-risk females is allocated,

replaced by only ART for high-risk females at 0.5M available treatment spots, then replaced

by only ART for medium-risk females and finally only ART for medium-risk males. At

2.0M there is a switch to entirely ART for low-risk males, adding on ART to high-risk and

medium-risk females as more slots become available between 2.0–4.0M. After 4.0M, ART

for low-risk females and low-risk males is the optimal strategy, adding on ART to high-risk

females as more slot become available before 5.4M. Between 5.4–7.0M the optimal strategy

is ART for low-risk females and males, ART for medium-risk males and ART for high-risk

females. After 7.0M the optimal strategy is ART for low-risk females and males, ART for

medium-risk males and females and ART for high-risk females. In general very little PrEP

treatment spots are required to minimize death.

To minimize cost between 0–2.0M available treatment spots treatment of high-
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risk females is prioritized (Figure 3.5A). Between 2.0–4.0M available treatment spots, a

combination of treatment to high-risk females and ART for medium-risk male is optimal.

After 4.0M, an all-ART strategy to infected low and medium-risk males and high-risk

females is optimal. The results for both the gender (Figure 3.5A) and risk treatment

strategies (Figure 3.5B) mirror that of the gender & risk treatment strategy .

Over the 10-year model period, increasing the amount of available treatment led to

reductions in all four objectives (Figures 3.2D–3.5D), as expected. For less than 6M available

treatment slots, as expected the gender &risk treatment strategy performed at lease as well

as the other two strategies. After 6M, the Gender treatment strategy, performed better

than the Gender & Risk Treatment Strategy in minimizing new infections and deaths, this

might be due to a local minima.

3.4. Discussion

We used a mathematical model of heterosexual HIV transmission and optimization

techniques to determine three HIV treatment strategies that minimize new infections,

infection-years, AIDS-related deaths and cost. We found that at low treatment availability

the optimal treatment strategy is to prioritize ART and PrEP to high-risk people while at

very high levels of drug availability mostly ART treatment is generally optimal.

The optimal gender-based treatment strategy to minimize all four objectives showed

very similar patterns: PrEP for females at low availability replaced by ART for males as

availability increases and depending the objective, adding ART for females and PrEP for

males and females as more treatment spots become available. It interesting to note that

when risk is not a factor in determining treatment allocation, all four objectives result in

prioritizing PrEP for females at low drug availability and switching to ART to males as
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more treatment spots become available. This trend as is confirmed by the risk-based and

the gender & risk-based treatment strategies might be from the need to high-risk people

(sex workers) in order to prevent them from spreading the disease. Another plausible reason

is from the fact that as compared to males, females are twice as likely to contract HIV per

coital act so at low drug level it might be beneficial to protect them first.

Expect for a initial brief period where PrEP is preferred, all three treatment strategies

showed that very little PrEP is needed to minimize deaths. The predominantly all-ART

treatment strategies to minimize deaths is based on the need to provide ART to infected

people in order to prevent them from dying from AIDS.

Over the 10-year model period, increasing the amount of available treatment led to

substantial reductions in all four objectives. The decrease is sleep initially and however,

at high drug availability decreasing returns are observed probably because all anybody

requiring treatment is on treatment. After 10 years of applying the respective optimal

treatment strategies, the number of people dying from AIDS can be reduced by 14M with

21.8M new infection and 67M infection-years averted and a cost savings of 24B US$.

The results of all three treatment strategies generally agree with of the results of the

two previous treatment strategies in Chapter 2. All 5 treatment strategies suggest an only

PrEP was used at low treatment availability and only ART was used at higher levels of

treatment availability, with the threshold level of treatment for switching depending on the

objective.

Despite the new WHO "test and Treat" recommendation i.e to start treatment

immediately anybody is diagnosed with HIV regardless of CD4 count, many limited

resources countries still prioritize ART treatment to infected people in the advance stages

of HIV. However, our results suggest that at low drug availability policy makers should be

giving those drugs as PrEP and ART to high-risk people. For example at South Africa’s
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current level of treatment availability (2.7M slots), allocating these treatment slots as PrEP

and ART to low-risk people and ART for medium-risk people minimizes cost and infection

years. If the objective is to minimize deaths, then the best strategy is ART to medium-risk

people, while PrEP to low-risk people and ART for medium-risk people minimizes new

infection.

Ethically speaking, the policy of selectively allocating treatment can be a very

difficult to justify because it is is akin to playing "God". One way a health policymaker can

justify selectively allocating treatment is when this leads to large savings in HIV mortality,

morbidity, and cost. By proving the actual number of savings in HIV mortality, morbidity,

and cost we hope this will help policymakers make a their case.
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4. OPTIMAL CONTROL FOR HIV TREATMENT

4.1. Introduction

After three decades of HIV/AIDS, it still remains a public health threat, especially

in developing countries. The World Health Organization (WHO) estimates that globally

over 22 million people have already lost their lives dues to AIDS, and in 2012 there were

35.3 million people living with HIV, 2.3 million new infections and 1.6 million AIDS-related

deaths [80].

Once a person becomes infected, the WHO defines five clinical stages as the infection

progresses [78]. The acute stage is in the first few months following the initial introduction of

the virus into the body. This stage is asymptomatic with no significant immunosuppression

(CD4 count >500 cells
mm3 ) and a spike in virus titre. Stage I is also asymptomatic with no

significant immunosuppression and low viral load. Stage II is symptomatic: the infected

person exhibits moderate weight loss amongst other symptoms and mild immunosuppression

(CD4 count is 350–499 cells
mm3 ). Stage III is also symptomatic and is characterized by advanced

immunosuppression (CD4 count is 200–349 cells
mm3 ). Stage IV is the AIDS phase, where the

infected person exhibits HIV wasting syndrome, amongst other symptoms, and severe

immunosuppression (CD4 <200 cells
mm3 ). This classification based on clinical symptoms is

advantageous because it allows for areas with limited laboratory facilities to estimate HIV

progression and aid in the management of HIV/AIDS patients, e.g. when to start treatment.

In terms of transmissibility, the acute stage is characterized by high rates of transmis-

sion because of high viral loads. The infected person then goes through a phase (Stages I &

II) where the viral load is lower and thus transmission is lower. Without treatment this

person moves to Stages III & IV, which is characterized by high transmission rates due to
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high viral loads [5, 44, 46]. A study of transmission involving a cohort of stable partnerships

between heterosexuals in Rakai, Uganda quantified the relative transmissibility of HIV by

stage of infection [76] . The probability of transmission per coital act in the acute stage

was estimated to be 8–10 times higher than during asymptomatic (Stages I & II). In the

last the 2 years before death (Stages III & IV) the probability of transmission per coital act

was estimated to be 4–8 times higher than during asymptomatic infection.

Antiretroviral therapy (ART) are drugs that are used to target the HIV life cycle

with the aim of halting HIV replication and restoring immune function, thus slowing

the progression from HIV to AIDS [10, 73]. Apart from traditional role of preventing

progression from HIV to AIDS, ART has the additional benefit of substantially reducing

the infectiousness of infected people leading to reduced transmission [4, 7]. In 2011, the

HIV Prevention Trials Network (HPTN) reported in their HPTN 052 trial that early ART

reduces HIV transmission amongst serodiscordant couples by 96% [18]. Thanks to the

HPTN 052 trial and other studies on the benefits of treatment, the WHO in June 2013

released new guidelines on the use of ART for treating and preventing HIV infection,

recommending treatment to infected people with CD4 count of <500 cells
mm3 , i.e. from Stage

II, thus broadening the spectrum of people eligible for initiation of ART [54].

Health authorities worldwide are faced with limited resources and must find economical

ways to administer ART. In this study, we used optimal control theory to determine

time-dependent treatment strategies that maximize the effectiveness of population-scale

interventions. We measured the effectiveness by total infection-years, new infections,

AIDS-related deaths and cost, and separately found the strategies that optimize each of

them.

Optimal control theory, which was developed by Pontryagin and his co-workers in

the late 1950s [57], has been applied to many areas including economics, management,
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engineering, biology, physiology and medicine [2, 37, 40, 42, 43, 86]. Indeed, optimal control

theory has been used to study the treatment of individual HIV patients [32, 52].

In this paper, we first introduce our model that captures the 5 stages of HIV/AIDS

infection and incorporates three controls for treatment in Stages II, III & IV. We then define

the objective functions and the optimal control problem and follow that by an analysis of

the optimal controls. Finally, we present some numerical solutions for the South African

HIV epidemic and discuss the results.

4.2. Model and Approach

We developed an HIV model by adopting the model originally developed to study

the importance of promoting HIV testing for preventing secondary transmission (Figure

4.1) [83]. The model is for an adult heterosexual population and stratifies the population

by HIV status, diagnosis and treatment. People are either susceptible or infected, and then

the infected population is divided into five classes based on the WHO HIV/AIDS Staging

System. Each of the five stages is further divided in three levels: those who are infected

but unaware of their HIV status (Undiagnosed), those who have been diagnosed but are

not yet on treatment (Diagnosed) and the those on treatment (Treated). To reflect current

WHO guidelines on treatment, a fraction of diagnosed people are on treatment in Stages II,

III & IV.

People enter the model as susceptible (S) with a recruitment rate b and leave either

through natural death (µ) or death due to AIDS or HIV related symptoms (γ4). Once

infected, people move from the susceptible class to the undiagnosed acute infection class

(IUa). From here, people get tested at rate d and move into the diagnosed acute infection

class (IDa). Likewise in the other stages, undiagnosed people are tested at rates d. People
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Figure 4.1: Diagram of 5-stage HIV/AIDS infection model. HIV-infected people are in
red and susceptible people (S) people in blue. The first subscript on the state variables I
denotes diagnosis or treatment status (undiagnosed, diagnosed or treated) and the second
denotes stage of infection (acute Stage, Stage I, Stage II, Stage III or Stage IV).



46

Parameter Description Value Source

b Birth rate 0.0309 y−1 [67]

µ Natural death rate 0.0244 y−1 [67]

γ4 Disease induced death rate 0.9091 y−1 [71]

α Efficacy of treatment at reducing transmission 0.960 [18]

βa HIV Acquisition Risk in Acute Stage 0.6560 y−1 [76]

β1 HIV Acquisition Risk in Stage I 0.0960 y−1 [76]

β2 HIV Acquisition Risk in Stage II 0.6540 y−1 [76]

β3 HIV Acquisition Risk in Stage III 0.2480 y−1 [76]

CI Cost of an infection $1,000 y−1 [15]

CD Cost of a death $100,000 —

CT Cost of treatment $120 y−1 [49]

r Discount rate for costs 3% y−1 [28]

ra Rate of Progression from Acute Stage to Stage I 4.8 y−1 [76]

r1 Rate of Progression from Stage I to Stage II 0.3235 y−1 [76]

r2 Rate of Progression from Stage II to Stage III 0.6667 y−1 [76]

r3 Rate of Progression from Stage III to Stage IV 0.1538 y−1 [76]

y3 Recovery Rate from Stage III Stage II 1 y−1 —

y4 Recovery Rate from Stage IV Stage III 1 y−1 —

d Testing Rates in Acute Stage and Stages I–IV 0.3333 y−1 [35]

τ Treatment Failure Rates in Stages II–IV 0.2 y−1 [65]
Table 4.1: Model parameters.



47

in the untreated (IUi) and diagnosed (IDi) classes progress at rate ri into the next infection

stage, for i = a, 1, 2, 3.

A proportion of the diagnosed people in Stages II, III & IV begin treatment at rates

u2(t), u3(t) and u4(t), moving into IT2, IT3 and IT4, respectively. The treatment rates

ui(t) are functions of the controls Ui(t), which will be described below. The controls (Ui(t))

are assumed to be bounded and Lebesgue integrable. Treated people in stage 2 (IT2) stay

in that class because their immune system does not deteriorate. Treated people in stage

3 (IT3) transition back to stage 2 (IT2) at rate y3 due to improvement of their immune

system. Likewise, treated people in stage 4 (IT4) transition back to stage 3 (IT3) at rate y4.

New infections occur from effective contact between susceptible people and infected

people. People in stage 4 (IU4, ID4 and IT4) have full-blown AIDS and so we assumed

that they are too ill to engage in sexual activity. Treatment reduces the probability of

transmission by α = 96% [18]. The force of infection is

λ = λa + λ1 + λ2 + λ3, (4.1)

with

λa = βa

N
[IUa + IDa] ,

λ1 = β1
N

[IU1 + ID1] ,

λ2 = β2
N

[IU2 + ID2 + (1− α)IT2] ,

λ3 = β3
N

[IU3 + ID3 + (1− α)IT3] ,

(4.2)

and

N = S +
∑

i∈{a,1,2,3,4}
IUi +

∑
i∈{a,1,2,3,4}

IDi +
∑

i∈{2,3,4}
ITi. (4.3)
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The HIV model is given by the system of differential equations

dS
dt

= bN − µS − λS,

dIUa
dt

= λS − (d+ ra + µ)IUa,

dIU1
dt

= raIUa − (d+ r1 + µ)IU1,

dIU2
dt

= r1IU1 − (d+ r2 + µ)IU2,

dIU3
dt

= r2IU2 − (d+ r3 + µ+ γ3)IU3,

dIU4
dt

= r3IU3 − (d+ µ+ γ4)IU4,

dIDa
dt

= dIUa − (ra + µ)IDa,

dID1
dt

= raIDa + dIU1 − (r1 + µ)ID1,

dID2
dt

= r1ID1 + dIU2 + τIT2 − (u2(t) + r2 + µ) ID2,

dID3
dt

= r2ID2 + dIU3 + τIT3 − (u3(t) + r3 + µ+ γ3) ID3,

dID4
dt

= r3ID3 + dIU4 + τIT4 − (u4(t) + µ+ γ4)ID4,

dIT2
dt

= u2(t)ID2 + y3IT3 − (τ + µ)IT2,

dIT3
dt

= u3(t)ID3 + y4IT4 − (τ + y3 + µ)IT3,

dIT4
dt

= u4(t)ID4 − (τ + y4 + µ+ γ4)IT4.

(4.4)

4.2.1 Optimal Control Problem Formulation

The control variables U2, U3, U4 are the total number of people targeted to be on

treatment in each of the designated Stages II, III & IV at any one time. From these

treatment targets, the flows of people into treatment per unit time were taken to be

ui(t) = rmaxmax (Ui(t)− IT i, 0) for i = 2, 3, 4, (4.5)
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where IT i is the total number of people currently on treatment in Stage i, i ∈ {II, III, IV}.

rmax is the rate of enrolling people on treatment per drug available per untreated person

with units [time]−1[drugs]−1. If ν is the total number of drugs available, then

U2(t) + U3(t) + U4(t) ≤ ν. (4.6)

We seek to minimize four objectives:

Total infection-years The total infection-years is the sum of the number of all the infected

people (undiagnosed, diagnosed, or treated) in all stages at each time, integrated over

the time period,

JI(X,u) =
∫ T

0
NI dt, (4.7)

where (NI) is the sum of all the infected people (both treated and untreated) in the

five stages of infection:

NI = IUa + IU1 + IU2 + IU3 + IU4 + IDa + ID1 + ID2 + ID3 + ID4 + IT2 + IT3. (4.8)

New infections The total number of new infections is the sum of the rates of new infections

arising contact of the susceptible people with infected people integrated over the time

period,

JNI(X,u) =
∫ T

0
NNI dt, (4.9)

where (NNI) is the rate of the new infection arising from contacts of uninfected people

with infected people,

NNI = λS. (4.10)
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Deaths due to AIDS The total AIDS-related deaths (ND) is the sum of infected people

dying from AIDS-related diseases. Our assumption that AIDS-related deaths only

occur in stage IV means that this is the sum of infected people in Stage IV dying

from AIDS,

JD(X,u) =
∫ T

0
ND dt. (4.11)

ND is simply the number of people infected people in stage IV at each time multiplied

by the disease induced deaths rate γ4,

ND = γ4(IU4 + ID4 + IT4). (4.12)

Total cost The total cost (NC) consists of cost of infections, cost of deaths, and cost of

treatment. The disease cost per year, which includes monetary equivalent loss of the

infected people, like lost productivity etc., is average cost of disease per person per

year times the total number of people infected,

CI(t) = cINI(t). (4.13)

The cost per year of deaths is the the cost per death times the number of deaths per

year,

CD(t) = cDγND(t). (4.14)

The treatment cost per year is the cost per person per year times the number of

people treated,

CT(t) = cTNT (t), (4.15)

where the number of people treated (NT ) is the sum of all people in the treatment

class,

NT = IT2 + IT3 + IT4. (4.16)
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The cost objective is discounted sum of these costs, integrated over the time period:

JC(X,u) =
∫ T

0

[
CI(t) + CD(t) + CT(t)

]
e−rtdt. (4.17)

The total cost is discounted at rate r, representing the rate a policymaker is willing

to pay as trade-off for the cost today versus future cost [24].

For ease of analysis, we can define system 4.4 compactly as

Ẋ = g (t,X,U) , (4.18)

with X = (S, IUa, IU1, IU2, IU3, IU4, IDa, ID1, ID2, ID3, ID4, IT2, IT3, IT4).

The optimal control problem is

Minimize Jk(X,U) for one of k ∈ {I,NI,D,C},

subject to Ẋ = g(t,X,U),

X(0) = X0,

Uj ≥ 0 for every j ∈ {2, 3, 4},

U2(t) + U3(t) + U4(t) ≤ ν.

(4.19)

4.2.2 Analysis of Optimal Controls

If we define the integrand of our objective function by fk(t,X) and g(t,X,U) is the

right-hand side of the system of differential equations, then the Hamiltonian is

H(t,X,U, θ) = fk(t,X) + θT g(t,X,U). (4.20)

Pontryagin’s Maximum Principle [57] converts the optimal control problem into a problem

of minimizing the Hamiltonian point-wise with respect to U2, U3 and U4. See Appendix B

for a detailed characterization of the optimal control problem.
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We can characterize the optimal controls as

∂H
∂U2

= rmaxID2(θ12 − θ9)H (U2 − IT2) = 0,

∂H
∂U3

= rmaxID3(θ13 − θ10)H (U3 − IT3) = 0,

∂H
∂U4

= rmaxID4(θ14 − θ11)H (U4 − IT4) = 0,

(4.21)

where H(x) is the Heaviside function,

H(x) =


0 if x < 0,

1 if x > 0.
(4.22)

The above optimal controls are bounded by the number of total drugs available (i.e.

0 ≤ Ui ≤ νi) where ν2, ν3 and ν4 are the total number of drugs allocated to U2, U3 and U4

respectively at each time point. From (4.6)

ν2 + ν3 + ν4 ≤ ν (4.23)

Applying these bounds to the controls we obtain

U∗2 (t) =


0 if rmaxID2(θ12 − θ9)H (U2 − IT2) < 0,

ν2 if rmaxID2(θ12 − θ9)H (U2 − IT2) > 0,
(4.24)

U∗3 (t) =


0 if rmaxID3(θ13 − θ10)H (U3 − IT3) < 0,

ν3 if rmaxID3(θ13 − θ10)H (U3 − IT3) > 0,
(4.25)

and

U∗4 (t) =


0 if rmaxID4(θ14 − θ11)H (U4 − IT4) < 0,

ν4 if rmaxID4(θ14 − θ11)H (U4 − IT4) > 0.
(4.26)

Note that in the numerical results, the singular case (when ∂H
∂Ui

= 0 on a set of

positive measure) does not occur and we can restrict our attention to the bang-bang controls
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above. We also expect that at all time points [0, T ] either U∗2 (t) + U∗3 (t) + U∗4 (t) = 0 or

U∗2 (t) + U∗3 (t) + U∗4 (t) = ν.

As result of the convexity of the integrand of J with respect to U2, U3 and U4; the

priori boundedness and the Lipschitz property with respect to the state variables, the

existence of optimal controls with the constraints U2 +U3 +U4 ≤ ν follows by results using

minimizing sequences which converge weakly in L2(0, T ) to an optimal triple (which is an

extension of the result in [14, 26].

4.2.3 Numerical Simulations

With an initial guess for the control variables U2, U3 and U4, we solve the state

equations (4.4) forward in time. Using the solutions of the state equations together with the

transversality conditions (A2) we solve the adjoint equations (A14) backward in time. The

control is updated after each iteration using the new values of state and adjoint variables

into the optimality conditions (4.21), and the process is repeated. Iteration is stopped when

the difference between successive iteration meet a predetermined tolerance.

We implemented a numerical algorithm originally developed in [75]. The steps of

algorithm are

1. Divide the time [0, T ] into W subintervals.

2. We start with an initial guess of the controls U0
2 , U0

3 and U0
4

3. Obtain the state variables Xi by integrating the state equation (4.4) from 0 to T

using the controls U i
2, U i

3 and U i
4 and initial condition Xi(t0) = Xi

0.

4. Integrate the adjoint equations (A14) backward in time (from T to 0) to obtain the

adjoint variables θi, using Xi, U i
2, U i

3 and U i
4
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5. Stop the algorithm if a ‖Pi+1 − Pi‖ ≤ εabs + εrel‖Pi‖ for P ∈ {X,U, θ}, where εabs

and εrel are predetermined absolute and relative errors respectively.

6. If step 5 is not satisfied, adjust the control functions, by replacing U i with U i+1 and

return to step 3. U i+1 is calculated by the Newton–Raphson method: U i+1(tk) =

U i(tk)−∆∂Hi

∂U (tk), k = 0, 1, 2, . . .,W − 1 and ∆ being the step size (∂H
∂U is from 4.21).

We developed a line search method to find the step size ∆ that minimizes J for each

iteration.

7. Return to step 3

4.2.4 Parameterization

Our model is initialized for the beginning of the year 2014 (t = 0), although we used

demographic data from 2012, the date of the last South African National HIV Prevalence,

Incidence and Behavior Survey [65]. We parameterized our model with demographic data

from South Africa because of the availability of excellent demographic statistics. If N0 is

initial total adult (ages 15+) population size, then using prevalence (φ) we determined the

infected and the susceptible populations, i.e.

NI(0) = φN0, S(0) = N0 −NI(0). (4.27)

The initial total infected population in each stage was determined by proportion of time a

person spends in that Stage. If NIa, NI1, NI2, NI3 and NI4 represent the total population

in the acute, I, II, II and IV stages respectively, then

NIj(0) =
1
rj

1
ra

+ 1
r1

+ 1
r2

+ 1
r3

NI(0) for j ∈ {a, 1, ..., 3}. (4.28)

The acute stage is very short which means generally it is not enough time for an

infected person to be diagnosed, so we assumed that the initial diagnosed population in
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Variable Value

Variable Initial Value

S 30700000

IUa 27283

IU1 94590

IU2 704976

IU3 588584

IU4 53968

IDa 0

ID1 310284

ID2 950229

ID3 793345

ID4 72743

IT2 1362315

IT3 1137396

IT4 104289
Table 4.2: Initial conditions.

the acute stage is zero. For the remaining stages, 76.3% of the infected population were

considered diagnosed [35] and of the diagnosed, 42% are on treatment [71]. The initial

conditions are summarized in Table 4.2.
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4.3. Results

With an initial drug availability of 6.4 million drugs per year, which is enough drugs

to treat all of the initial infected population, we simulated our model to determine the

levels of treatment that minimize each of the four objectives and to determine the effect

of applying the optimal treatment strategy over a 10-year period. The optimal strategies

that minimize infection-years and new infections are similar to each other, and the optimal

strategies that minimize death and cost are similar to each other.

To minimize infection-years, the optimal strategy is to start off by limiting treatment

to only infected people in Stages II and III, with a preference for Stage II (Figure 4.2A).

After 4.4 years, some infected people in Stages IV should also be be treated. The optimal

strategy prescribes an initial scale-up of treatment in Stage II and III from 42% to about

70% and 90% respectively and a corresponding decrease in treatment in Stage IV from 42%

to 0%. After the initial scale-up, a steady decrease in the proportion of people treated in

Stage II corresponding with a steady increase in treatment of Stage III is observed (Figure

4.2B). Treatment of people in Stage IV begins after 5.5 years, increasing rapidly to 45% by

year 7 and staying at 45% after that. Total treatment coverage also increases rapidly from

the current coverage of 42% to about 70% and is maintained at about 70% throughout the

period.

To optimal strategy to minimize new infections is similar to that which minimizes

infection-years above. Initially treatment is allocated to only infected people in Stages

II and III, however more or the treatment is allocated to Stage III instead of Stage II

(Figure 4.3B). Treatment for Stage IV starts after 9 years as opposed to after 5.5 years

when minimizing infection-years.

The optimal treatment strategies to minimize deaths and cost is to administer late
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treatment (i.e treatment to Stages III & IV) with treatment in Stage III being the most

favored(Figures 4.4A & 4.5A). An initial scale-up in proportions of people on treatment

in all three stages is observed, followed by a decrease in Stage IV (Figures 4.4B & 4.5B).

The initial decrease in the proportion of treatment in Stage IV when minimizing both

infection-years and new infections is not observed here.

Over the 10-year period, all four optimal strategies resulted in lower prevalence and

incidence than the current treatment strategy which is a fixed 42% treatment across all

three stages at all times. Under the current treatment strategy, prevalence increases from

from 16.8% to 21% and annual incidence from 400,000 to 600,000 in 10 years. The optimal

treatment strategies that minimize deaths and cost reduced prevalence from 16.8% to 16.5%

(Figure 4.6A) and annual incidence from 400,000 to about 200,000 (Figure 4.6B). The

optimal treatment to minimize new infections does the most to reduce both prevalence and

incidence, reducing prevalence from 16.8% to 15.3% and annual incidence from 400,000 to

100,000 in 10 years.

As expected, each of the optimal treatment strategies minimizes its own objective

(Figure 4.7). Deaths are most impacted by the interventions: 80% of the deaths that

would occur using the current treatment strategy can be averted by the optimal strategy.

Infection-years are the least impacted: only 15% of the infection-years can be averted.

4.4. Discussion

In this paper, we considered the problem of optimal use of drugs by disease stage to

maximize the impact of HIV on the population. Time-dependent optimal control strategies

that minimize four objectives, new infection, infection-years, deaths and cost, were presented.

Treatment in Stages II, III and IV, consistent with the WHO recommendations, were



58

0 1 2 3 4 5 6 7 8 9 10
Time (in Years)

0

1

2

3

4

5

6

7

C
on

tro
l (

M
)

A

U2
U3
U4
U2 + U3 + U4

0 1 2 3 4 5 6 7 8 9 10
Time (in Years)

0%

20%

40%

60%

80%

100%

Pr
op

or
tio

n 
Tr

ea
te

d

B

Stage II
Stage III
Stage IV
Total

Figure 4.2: Optimal strategy to minimize infection-years: (A) number of drugs allocated to
each stage vs time and (B) proportion of people treated in each stage vs time.
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Figure 4.3: Optimal strategy to minimize new infections: (A) number of drugs allocated to
each stage vs time and (B) proportion of people treated in each stage vs time.
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Figure 4.4: Optimal strategy to minimize AIDS-related deaths: (A) number of drugs
allocated to each stage vs time and (B) proportion of people treated in each stage vs time.
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Figure 4.5: Optimal strategy to minimize cost: (A) number of drugs allocated to each stage
vs time and (B) proportion of people treated in each stage vs time.
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considered.

Our simulations indicated that to minimize infection-years and new infections, em-

phasis should be placed on treatment in the earlier Stages while to minimize cost and death,

the emphasis should be on treating people in Stage III & IV. Our numerical simulations

illustrate the effectiveness of adopting each treatment strategy to allow policy makers to

learn how much saving they will gain.

The optimal treatment strategies to minimize minimize new infections does not

provide treatment in Stage IV consistent with the assumption we made that people in Stage

IV are too weak to engage in sexual activity. Infection-years is related to the number of

new infection and HIV related deaths, which is why the optimal strategy for infection-years

has a similar to that of new infection in the first 5.5 years and for treatment in Stage III

after 5.5 years to keep them out of Stage III ad preventing an increase in stransmission.

The optimal treatment strategies to minimize minimize deaths and cost also place emphasis

on treatment in Stage III to prevent infected people from progressing to Stage IV where

they die from AIDS. The similarity of treatment for death and cost is because the cost

associated with deaths is very high relative to the other costs thus minimizing deaths is

also minimizing cost.

Most optimal-control models often include an assumption for a quadratic cost of the

controls in the objective function to simplify the solution process. Our model does not

make such an assumption and we also impose a cap on the total drugs available each year

akin to [8, 22, 51].

Consideration of the long time horizon for control is also important to give more

weight in the objective function to earlier rather than later control. In order to account for

this we discounted cost by a rate of 3%.

In addition to improving their health directly, treatment of infected people is know to
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reduce their ability to transmit the virus to uninfected people. Policy makers, especially in

limited-resource settings continually seek better ways of harnessing the benefits of treatment.

We hope that the results of this modeling study, despite its necessary simplification, can

help to guide policy decisions.
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5. GENERAL CONCLUSIONS

HIV treatment is increasingly becoming an important strategy in the fight against

HIV/AIDS pandemic because of its well-document effect of reducing disnease morbidity and

mortality. Health administrators and policy makers worldwide are therefore seeking ways of

harnessing the benefits of HIV treatment. Given that health resources are limited, choices

have to be made on the best way to allocate these resources to HIV treatment. Optimal

allocation of HIV treatment resources is particularly significant for limited-resource settings

that also have high HIV burden, as in much of Sub-Saharan Africa.

In this dissertation, I used different mathematical modeling techniques to study HIV

treatment strategies. I developed two distinct models: the first is a heterosexual transmission

model that classifies people by gender, risk and treatment status and the second model

based on the WHO’s five-stage classification of HIV/AIDS disease progression. In the

first model, two types of treatment were considered, ART for infected people and PrEP

as prophylaxis to uninfected people, while in the second model only ART was considered.

Data from South Africa were used to calibrate both models.

Two distinct optimization in methods were deployed to find treatment strategies that

minimizes four objective functions: infection-years, new infections, deaths and cost. The first

is a non-linear optimization method, which was used to find optimal treatment strategies

for people based on gender or risk-group that minimized each of the four objectives. The

second method, optimal control, was used to find the time-dependent optimal treatment

strategies based on HIV disease stage that minimizes each of the four objectives. One main

difference in the two methods is that the optimal control method provides time-dependent

optimal treatment allocations, while using optimization provides only optimal allocations
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that are constant in time.

Based on the heterosexual transmission model, the results show that at very low

drug availability, treating using only PrEP is optimal, while at high drug availably ART is

preferred. Resource-limited countries are likely to have low treatment availability and so

our results suggest that all treatment should be allocated to prevention, i.e. PrEP to the

general population before adding on ART when more drugs become available. In terms

of risk groups, PrEP and ART to high-risk people at low drug availability and a mostly

all-ART strategy is preferred. The optimal treatment strategy when treatment is based

on gender is to prioritize PrEP for uninfected females first, switching to ART for infected

males as more drugs become available. Allocating ART to infected females and PrEP to

uninfected males should only be an option at high drug availability.

As countries strive to achieve UNAIDS’s ambitious 90–90–90 goal, this work can

also be used to determine the best treatment strategies. For example, in South Africa, to

implement the UNAIDS’s 90–90–90 goal, with the global ART & PrEP control strategy,

allocating all of the available treatment as ART and none to PrEP minimized all four

objectives. These optimal allocations, all ART and no PrEP, are exactly the current strategy

in South Africa. With the ART & high-risk PrEP strategy, allocating all of the available

treatment to non-high-risk ART minimized new infections, infection-years, and deaths,

while cost was minimized by allocating a number of treatment spots to high-risk ART and

the remainder to non-high-risk ART.

In the second model, a combination of ART allocations to Stages II & III is the

time-dependent optimal strategy to minimize infection-years and new infections. Very little

treatment goes to Stage IV because of our assumption that people in Stage IV are too

weak to contribute to transmission. To minimize death and cost however, allocation to a

combination of all three stages is required. Treatment in Stage IV features predominantly
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because only people in Stage IV can die from AIDS: since the cost of death is high, preventing

people from dying will greatly reduce cost. Increasing the number of people treated in both

models leads to reduction in all four objectives and applying the optimal strategy did result

in a substantially decrease in disease prevalence and incidence.

These three Chapters have been put together to help answer the question “when”,

“how” and “to whom” to optimally allocate treatment in order to minimize the burden of

HIV. I hope results of this study will provides some guidance for policymakers in determining

how to allocate treatment in order to maximize the benefit.
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A APPENDIX Supplementary Material for Chapter 2

We constructed a mathematical model that incorporates risk, gender and treatment.

We parameterized the model from from a variety of data sources from South Africa and,

more broadly, Sub-Saharan Africa.

A1 Model

Our model stratifies the population by gender, level of sexual activity, HIV status

and treatment status (Figure 2.1). The female population is divided into low, medium

and high risk, while the male population is divided into low and medium risk. Low-risk

people are in monogamous marriages, single or otherwise have zero or one sexual partner.

Medium-risk people have more than one sexual partner. High-risk females are commercial

sex workers, sometimes called transactional sex workers. We neglected the high-risk class

for males because male and transgender commercial sex workers in Sub-Saharan Africa are

rare [61]. Each of the risk groups is further stratified by HIV infection status (i.e. HIV

negative and HIV positive) and by treatment status (treated and untreated).

The model only considers the adult population. People enter the model at per capita

rate b, when they attain the age of 15, as low risk and leave either through natural death,

with per capita rate µ, or death due to AIDS, with per capita rate γ. Movement between

risk groups is due to changes in sexual behavior and movement within risk group is due to

either infection or people electing to start or stop treatment. HIV-negative people can only

become infected by heterosexual sexual contact; men who have sex with men, injecting

drug use and vertical transmission are not included in the model.

We assumed perfect adherence to treatment, i.e. individuals who start using treatment

will strictly adhere the prescribed regime until they decide to stop treatment. All other HIV
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prevention measures such as male circumcision, education and condom use are aggregated

in the HIV risk per sex act and are assumed constant for the span of the model.

The forces of infection for females and males are

λFij(t) =
∑

k∈{L,M}
`∈{U,T}

ψcijk`
IMk`(t)
N(t) , for i ∈ {L,M,H} and j ∈ {U,T},

λMij(t) =
∑

k∈{L,M,H}
`∈{U,T}

cijk`
IFkl(t)
N(t) , for i ∈ {L,M} and j ∈ {U,T},

(A1)

where the total population size is

N(t) =
∑

i∈{F,M}
j∈{L,M,H}
k∈{U,T}

[
Sijk(t) + Iijk(t)

]
, (A2)

with Sijk and Iijk defined to be 0 for the groups not in the model (FLT, MLT, MHU, and

MHT), and the transmission rate is

cijk` = dik · ej · f`, (A3)

with the infectivity set by the riskiest partner,

dik =


βL if i = k = L,

βM if i = M or (k = M and i 6= H),

βH if i = H,

(A4)

the transmissibility reduced if the uninfected partner is on PrEP,

ej =


1 if j = U,

1− θPrEP if j = T,
(A5)

and the transmissibility is reduced if the infected partner is on ART

f` =


1 if ` = U,

1− θART if ` = T.
(A6)
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The model is specified as the system of differential equations

dSFLU
dt = bN

2 + ySFMUFNMU − (xSFLU + λFLU + µ)SFLU, (A7a)

dIFLU
dt = λFLUSFLU + yIFMUIFMU + σIFLT − (xIFLU + πIML + γ + µ)IFLU, (A7b)

dIFLT
dt = yIFMTIFMT + πIFLFPLU − (xIFLT + σ + µ)IFLT, (A7c)

dSMLU
dt = bN

2 + ySMMUSMMU − (xSMLU + λMLU + µ)SMLU, (A7d)

dIMLU
dt = yIMMUIMMU + λMLUSMLU + σIMLT − (xIMLU + πIML + γ + µ)IMLU, (A7e)

dIMLT
dt = yIMMT IMMT + πIMLIMLU − (xIMLT + σ + µ)IMLT, (A7f)

dSFMU
dt = xSFLUSFLU + ySFHUSFHU + σSFMT

− (ySFMU + xSFMU + πSFM + λFMU + µ)SFMU,

(A7g)

dSFMT
dt = ySFHTSFHT + πSFMSFMU − (xSFMT + σ + λFMT + µ)SFMT, (A7h)

dIFMU
dt = xIFLUIFLU + yIFHUIFHU + σIFMT + λFMUSFMU

− (yIFMU + xIFMU + πIFM + γ + µ)IFMU,

(A7i)

dIFMT
dt = xIFLTIFLT + yIFHTIFHT + πIFMIFMU + λFMTSFMT

− (yIFMT + xIFMT + σ + µ)IFMT,

(A7j)

dSMMU
dt = xSMLUSMLU + σSMMT − (ySMMU + πSMM + λMMU + µ)SMMU, (A7k)

dSMMT
dt = πSMMSMMU − (σ + λMMT + µ)SMMT, (A7l)

dIMMU
dt = xIMLUIMLU + σIMMT + λMMUSMMU − (yIMMU + πIMM + γ + µ)IMMU, (A7m)

dIMMT
dt = xIMLTIMLT + πIMMIMMU + λMMTSMMT − (yIMMT + σ + µ)IMMT (A7n)

dSFHU
dt = xSFMUSFMU + σSFHT − (ySFHU + πSFH + λFHU + µ)SFHU, (A7o)

dSFHT
dt = xSFMTSFMT + πSFHSFHU − (ySFHT + σ + λFHT + µ)SFHT, (A7p)
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dIFHU
dt = xIFMUIFMU + σIFHT + λFHUSFHU − (yIFHU + πIFH + γ + µ)IFHU, (A7q)

dIFHT
dt = xIFMTIFMT + πIFHIFHU + λFHTSFHT − (yIFHT + σ + µ)IFHT. (A7r)

A2 Parameterization

We parameterized our model with demographic data from South Africa because of

the availability of excellent demographic statistics (Tables A1–A3). Our model is initialized

for the beginning of the year 2014 (t = 0), although we used demographic data from 2012,

the date of the last South African National HIV Prevalence, Incidence and Behavior Survey

[65].

The initial numbers of people in each compartment (Table A2) were derived from

separate South African data on the current prevalence by gender and risk and on the

proportion of infected people currently receiving ART. From the 2012 South African

National HIV Prevalence, Incidence and Behavior Survey [65], adults who reported having

one sexual partner in last 12 months were considered low-risk. Multiple sexual partners

increases the likelihood of exposure to HIV through expanding sexual networks, so people

who reported having more than one sexual partners in the last 12 months were classified as

medium risk. Female sex workers were considered as the high-risk population. The number

of people in each gender and risk group, combined with the current prevalence by gender

and risk from the same survey, were used to determine the initial number of people infected

and susceptible:

Iij(0) = φijNij(0), Sij(0) = (1− φij)Nij(0), (A8)

for i ∈ {F,M} and j ∈ {L,M,H}, where φij is the prevalence and Nij(0) is the initial

number of people, both susceptible and infected, in that gender and risk group. We then

initialized the number of infected people on ART in each gender and risk group to 42%, the
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Parameter Description Value Source

b Birth rate 0.0226 y−1 [67]

µ Natural death rate 0.0106 y−1 [67]

γ Death rate due to AIDS 0.0909 y−1 [71]

βL Low-risk contact rate 0.0050 y−1 [30]

βM Medium-risk contact rate 0.0075 y−1 —

βH High-risk contact rate 0.0250 y−1 —

ψ Male-to-female relative transmission rate 2 [82]

θART Efficacy of ART at preventing transmission 96% [18]

θPrEP Efficacy of PrEP at preventing transmission 71% [6]

rmax Rate of enrolling people on treatment 20 y−1 treatment−1 —

cI Cost of an infection $1,000 y−1 [15]

cD Cost of a death $100,000 —

cT Cost of treatment $120 y−1 [49]

r Discount rate for costs 3% y−1 [28]

σ Rate of treatment stoppage 0.2 y−1 [65]

φF L Initial prevalence amongst low-risk females 14.4% [65]

φF M Initial prevalence amongst medium-risk females 23.2% [65]

φF H Initial prevalence amongst high-risk females 59.6% [65]

φML Initial prevalence amongst low-risk males 17.3% [65]

φMM Initial prevalence amongst medium-risk males 14.5% [65]
Table A1: Model parameters. See also Tables A3 & A2.
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current proportion of infected people on ART in South Africa [71]:

IijT(0) = 0.42Iij(0), IijU(0) = (1− 0.42)Iij(0), (A9)

for i ∈ {F,M} and j ∈ {L,M,H}. We further assumed no widespread use of PrEP,

i.e. SijT(0) = 0 for i ∈ {F,M} and j ∈ {L,M,H}.

We took the low-risk contact rate, βL, to be annual risk for serodiscordant couples

[30], and then the medium- and high-risk contact rates, βM and βH, to be respectively 50%

and 400% greater than the low-risk contact rate.

Treatment is generally constrained by number of drugs available, the manpower avail-

able to distribute the drugs and other resources. The rate of enrolling people on treatment

per drug available per untreated person (rmax) was assumed to be 20 y−1treatment−1, i.e. it

takes about 1/20 y or about 18 days for an eligible person to get on treatment.

The cost of death (cD) is the financial benefit that an otherwise healthy person would

contribute to society on average over his or her remaining lifetime was assumed to be

$100,000.

Due to the absence of behavioral data, values for the rates of transition between risk

groups (xijk` and yijk`) were assumptions (Table A3).

A3 Objectives

We determined the proportion of each group to be treated according to four different

outcome measures: the number of new infections, the number of total infection-years, the

number of deaths and total cost. These were all evaluated over a time horizon of tend = 10 y.

New infections The total number of new infections is the sum of the rates of new infections
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Variable Value

SFLU(0) 14,767,171

IFLU(0) 2,017,210

IFLT(0) 1,071,932

SMLU(0) 11,865,435

IMLU(0) 1,764,793

IMLT(0) 717,335

SFMU(0) 719,587

SFMT(0) 0

IFMU(0) 98,296

IFMT(0) 52,234

SMMU(0) 2,984,922

SMMT(0) 0

IMMU(0) 443,959

IMMT(0) 180,456

SFHU(0) 76,419

SFHT(0) 0

IFHU(0) 73,617

IFHT(0) 39,120
Table A2: Model initial conditions.
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Parameter Risk Transition Rate Value

xSFLU From low to medium risk for untreated susceptible females 0.05 y−1

xSFMU From medium to high risk for untreated susceptible females 0.06 y−1

ySFMU From medium to low risk for untreated susceptible females 0.02 y−1

xSFMT From medium to high risk for treated susceptible females 0.05 y−1

ySFHU From high to medium risk for untreated susceptible females 0.02 y−1

ySFHT From high to medium risk for treated susceptible females 0.02 y−1

xSMLU From low to medium risk for untreated susceptible males 0.05 y−1

ySMMU From medium to low risk for untreated susceptible males 0.03 y−1

xIFLU From low to medium risk for untreated infected females 0.02 y−1

xIFLT From low to medium risk for treated infected females 0.06 y−1

xIFMU From medium to high risk for untreated infected females 0.06 y−1

yIFMU From medium to low risk for untreated infected females 0.04 y−1

xIFMT From medium to high risk for treated infected females 0.07 y−1

yIFMT From medium to low risk for treated infected females 0.02 y−1

yIFHU From high to medium risk for untreated infected females 0.07 y−1

yIFHT From high to medium risk for treated infected females 0.01 y−1

xIMLU From low to medium risk for untreated infected males 0.06 y−1

xIMLT From low to medium risk for treated infected males 0.07 y−1

yIMMU From medium to low risk for untreated infected males 0.03 y−1

yIMMT From medium to low risk for treated infected males 0.04 y−1

Table A3: Model risk transition rates.
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arising in each of the 8 uninfected classes integrated over the time period:∫ tend

0

∑
i∈{F,M}

j∈{L,M,H}
k∈{U,T}

λijk(t)Sijk(t) dt, (A10)

with λijk defined to be 0 for the groups not in the model (FLT, MLT, MHU, and

MHT).

Total infection-years The total infection-years is the sum of the number of all the infected

people (both treated and untreated) in the 10 infected classes at each time, integrated

over the time period, i.e. ∫ tend

0
I(t) dt, (A11)

where the number of infected people is

I(t) =
∑

i∈{F,M}
j∈{L,M,H}
k∈{U,T}

Iijk(t). (A12)

Deaths due to AIDS Treatment prevents progression from HIV to AIDS, thus reducing

deaths. We assumed that AIDS-related deaths only occur in infected, untreated

people. Thus, the total number of deaths due to AIDS is the number of untreated

infected people at each time,

IU(t) =
∑

i∈{F,M}
j∈{L,M,H}

IijU(t), (A13)

multiplied by the rate of death due to AIDS:∫ tend

0
γIU(t)dt. (A14)

Total cost The total cost consists of cost of infections, cost of deaths, and cost of treatment.

The disease cost per year, which includes monetary equivalent loss of the infected
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people, like lost productivity etc., is average cost of disease per person per year times

the total number of people infected,

CI(t) = cII(t). (A15)

The cost per year of deaths is the the cost per death times the number of deaths per

year,

CD(t) = cDγIU(t). (A16)

The treatment cost per year is the cost per person per year times the number of

people treated:

CT(t) = cTT (t), (A17)

where the number of people treated is

T (t) =
∑

i∈{F,M}
j∈{L,M,H}

[
SijT(t) + IijT(t)

]
. (A18)

The cost objective is discounted sum of these costs, integrated over the time period:
∫ tend

0

[
CI(t) + CD(t) + CT(t)

]
e−rtdt. (A19)

The total cost is discounted at rate r, representing the rate a policymaker is willing

to pay as trade-off for the cost today versus future cost [24].

A4 Controls and Constraints

We considered two different ways to model government-level intervention programs

that use antiretroviral drugs to control HIV. In both intervention models, the antiretroviral

drugs can either be used as treatment of infected people (ART) or as prophylaxis for

uninfected people (PrEP). The first intervention model, global ART & PrEP, infected

people are given ART and uninfected people are given PrEP at coverage levels that are
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independent of their risk of transmission. In the second intervention model, ART & high-risk

PrEP, there are coverage levels of ART and PrEP for high-risk people and another coverage

level of ART for low- and medium-risk people, with no PrEP for low- and medium-risk people.

The latter intervention model was chosen to evaluate the CDC’s current recommendation

that ART be given to all infected people and PrEP only be given to high-risk people [13].

The control variables are the total number of people targeted to be on treatment in

each of the designated groups (VG) at any one time. From these treatment targets, the

flows of people into treatment per unit time were taken to be

πG(t) = rmax max
(
VG − TG(t), 0

)
, (A20)

where TG(t) is the total number of people in group G currently on treatment. The quantity

max(VG− TG(t), 0) is the number of treatment slots available at time t and rmax is the rate

of enrolling people on treatment per drug available per untreated person.

Global ART & PrEP This treatment strategy is modeled with two control groups, one

for ART for all infected people,

GART = {IFL, IFM, IFH, IML, IMM} , (A21)

and the other for PrEP for all eligible (i.e. non-low-risk) susceptible people,

GPrEP = {SFM, SFH, SMM} . (A22)

The control variables are the total number of people targeted to be on ART (VART)

and PrEP (VPrEP) at any one time. The numbers of people on ART and PrEP at
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time t are

TART(t) =
∑

i∈{F,M}
j∈{L,M,H}

IijT(t),

TPrEP(t) =
∑

i∈{F,M}
j∈{M,H}

SijT(t),
(A23)

and the flows into treatment for all infected and susceptible people, respectively, are

πIFL = πIFM = πIFH = πIML = πIMM = πART,

πSFM = πSFH = πSMM = πPrEP.

(A24)

The constraints on the controls are that both are positive and that their sum is less

than the total amount of treatment available, Tmax:

VART ≥ 0, VPrEP ≥ 0,

VART + VPrEP ≤ Tmax.

(A25)

Using this model for the control effort, the optimization problems we solved were

to find the control variables (VART, VPrEP) that minimize one of the objectives—new

infections (A10), total infection-years (A11), deaths due to HIV (A14), or total cost

(A19)—subject to the constraints (A25). For each proposed value of the control

variables (VART, VPrEP), the value of the objective was calculated by numerically

solving the model differential equations (A7). These problems, for each of the four

objectives, were solved for varying levels of total treatment Tmax.

ART & high-risk PrEP We modeled this treatment strategy with three control groups,

high-risk people on ART,

GART,H = {IFH} , (A26)
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non-high-risk people on ART,

GART,LM = {IFL, IFM, IML, IMM} , (A27)

and high-risk people on PrEP

GPrEP,H = {SFH} , (A28)

with no PrEP for non-high-risk people. The control variables (VART,H, VART,LM,

VPrEP,H) are the total number of people targeted to be on treatment in each of the

control groups at any one time. The total numbers of people in the treatment groups

at time t are

TART,H(t) = IFHT,

TART,LM(t) =
∑

i∈{F,M}
j∈{L,M}

IijT(t),

TPrEP,H(t) = SFHT,

(A29)

and the flows into treatment for the control groups are

πIFH = πART,H,

πIFL = πIFM = πIML = πIMM = πART,LM,

πSFH = πPrEP,H,

πSFM = πSMM = 0.

(A30)

The constraints on the controls are that each of them are positive and that their sum

is less than the total amount of treatment available, Tmax:

VART,H ≥ 0, VART,LM ≥ 0, VPrEP,H ≥ 0,

VART,H + VART,LM + VPrEP,H ≤ Tmax.

(A31)
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Using this model for the control effort, the optimization problems we solved were

to find the control variables (VART,H, VART,LM, VPrEP,H) that minimize one of the

objectives subject to the constraints (A31). As before, for each proposed value of the

control variables, the value of the objective was calculated by numerically solving

the model differential equations (A7). These problems, for each of the four objective,

were solved for varying levels of total treatment Tmax.

The system of ordinary differential equations (A7) was solved in Python with

scipy.integrate.odeint [36], which uses LSODA (Livermore Solver for Ordinary Differ-

ential Equations) [34]. The constrained optimization problems were solved numerically

in Python using scipy.optimize.fmin with method = ’COBYLA’ [36], which uses the

COBYLA (Constrained Optimization by Linear Approximation) algorithm [59]. To avoid

finding minima which are locally but not globally optimal, the best result was kept from

running the optimization routine started with several different initial guesses for the control

variables. The initial guesses used were: all control variables 0, all control variables equal

to Tmax/N , one control variable equal to Tmax and the others 0, and 10 uniform random

vectors in [0, Tmax]N , where N is the number of control variables.
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B APPENDIX Supplementary Material for Chapter 4

Given optimal controls (U∗2 , U∗3 , U∗4 ) and the corresponding state solutions

X∗ = (I∗Ua, I∗U1, I
∗
U2, I∗U3, I∗U4, I∗Da, I∗D1, I∗D2, I∗D3, I∗D4, I∗T2, I∗T3, I∗T4) from solving the state

system (4.4), there exist adjoint variables θ that satisfy the adjoint equations

θ̇i =
(
−∂H
∂Ii

)
, i = 1, 2, . . ., 14, (A1)

with the transversality condition

θi(T ) = 0, i = 1, 2, ..., 14. (A2)

The optimal control characterization holds,

(
∂H
∂Ui

)∣∣∣∣
Ui=U∗

i

= 0, (A3)

and

H(t,X∗, U∗, θ∗) ≤ H(t,X,U, θ). (A4)

To analyze all four objective functions at once, we can rewrite (A1) as

θ̇i =
(
− ∂H
∂Xi

)
= −

(
∂fk

∂Xi
(t,X) + θT ∂`

∂Xi
(t,X) + θT ∂ψ

∂Xi
(t, U)

)
(A5)

for i = 1, 2, 3, . . ., 14 and k ∈ {I,NI,D,C}. The partial derivative of the objective functions
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∂fj

∂Xi
(t, S, I, U) are

∂fI
∂X

= [0, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1] , (A6)

∂fNI
∂X

=
[(IUa + IDa)βa + (IU1 + ID1)β1 + (IU2 + ID2 + αIT2)β2 + (IU3 + ID3 + αIT3)β3

N
,

β4S

N
,
β1S

N
,
β2S

N
,
β3S

N
, 0, β4S

N
,
β1S

N
,
β2S

N
,
β3S

N
, 0, αβ2S

N
,
αβ3S

N
, 0
]
,

(A7)

∂fD
∂X

= [0, 0, 0, 0, γ4, 0, 0, 0, 0, γ4, 0, 0, γ4] , (A8)

∂fC
∂X

= [0, CI, CI, CI, CI, CI + γ4CD, CI, CI, CI, CI, CI + γ4CD, CI + CT, CI + CT, CI + CT] .

(A9)

ψ(t, U) collects all the terms with the control variables Ui in the Hamiltonian,

ψ(t, U) = rmaxmax (U2(t)− IT 2, 0) ID2(θ12 − θ9)

+ rmaxmax (U3(t)− IT 3, 0) ID3(θ13 − θ10)

+ rmaxmax (U4(t)− IT 4, 0) ID4(θ14 − θ11).

(A10)

This has derivatives

Ψ9 = ∂ψ

∂X9
(t, U) = rmaxmax (U2 − IT 2, 0) (θ12 − θ9),

Ψ10 = ∂ψ

∂X10
(t, U) = rmaxmax (U3 − IT 3, 0) (θ13 − θ10),

Ψ11 = ∂ψ

∂X11
(t, U) = rmaxmax (U4 − IT 4, 0) (θ14 − θ11),

Ψ12 = ∂ψ

∂X12
(t, U) = −rmax(θ12 − θ9)ID2H(U2 − IT2),

Ψ13 = ∂ψ

∂X13
(t, U) = −rmax(θ13 − θ10)ID3H(U3 − IT3),

Ψ14 = ∂ψ

∂X14
(t, U) = −rmax(θ14 − θ11)ID4H(U4 − IT4),

(A11)

so that
∂ψ

∂X
= [0, 0, 0, 0, 0, 0, 0, 0,Ψ9,Ψ10,Ψ11,Ψ12,Ψ13,Ψ14] . (A12)
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The parts of the partial derivative of the all terms adjoint equation arising from

the right hand side of the system of differential equations minus all the controls terms

θT ∂`
∂Ii

(t,X) is

θT ∂`

∂Xi
(t,X) = hi i = 1, 2, 3, . . ., 14, (A13)

where

h1 = (Nµθ1 + ((IUa + IDa)βa + (IU1 + ID1)β1 + (IU2 + ID2 + αIT2)β2
N

+ (IU3 + ID3 + αIT3)β3(θ1 − θ2)
N

,

h2 = β4S(θ1 − θ2) +N [(µ+ d+ ra)θ2 − raθ3 − dθ7]
N

,

h3 = β1S(θ1 − θ2) +N [(µ+ d+ r1)θ3 − r1θ4 − dθ8]
N

,

h4 = β2S(θ1 − θ2) +N [(µ+ d+ r2)θ4 − r2θ5 − dθ9]
N

,

h5 = β3S(θ1 − θ2) +N [(µ+ r3 + d)θ5 − r3θ6 − dθ10]
N

,

h6 = (µ+ d+ γ4)θ6 − dθ11,

h7 = β4S(θ1 − θ2) +N(µ+ ra)θ7 −Nraθ8
N

,

h8 = β1S(θ1 − θ2) +N(µ+ r1)θ8 −Nr1θ9
N

,

h9 = β2S(θ1 − θ2) +N(µ+ r2)θ9 −Nr2θ10
N

,

h10 = β3S(θ1 − θ2) +N(µ+ r3)θ10 −Nr3θ11
N

,

h11 = (µ+ γ4)θ11,

h12 = αβ2S(θ1 − θ2)−Nτθ9 +N(µ+ τ)θ12
N

,

h13 = αβ3S(θ1 − θ2)−N(τθ10 + y3θ12) +N(µ+ y3 + τ)θ13
N

,

h14 = −τθ11 − y4θ13 + (µ+ y4 + τ + γ4)θ14.

(A14)
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