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A “MILDLY INCONSISTENT” METHOD FOR ACCELERATING
UPSTREAM CORNER BALANCE TRANSPORT

1 INTRODUCTION

1.1 Motivation

Over the last five decades an area of intense research has been the development
of numerical techniques used to simulate the propagation of thermal radiation as it
flows through and interacts with a fluid. Characterizing the flow of thermal radiation
allows researchers to accurately determine how the fluid responds and reacts to the
thermal radiation field. Fluid motion, or hydrodynamics is very important in many
systems of interest. In certain hydrodynamic systems the pressure or momentum
forces exerted by the thermal radiation field on the fluid may actually dominate and
dictate the dynamics of the system. The study of these types of systems is called
radiation hydrodynamics, where the hydrodynamics of the system are driven, at least
in part, by a thermal radiation field. Areas of research where radiation hydrodynamics
1s very important are astrophysics, inertially and magnetically confined fusion, and

climate/atmospheric modeling.

Radiation hydrodynamics is described mathematically by the radiative transfer
equations, and constitutive models (equations of state). Thermal radiation, photons,
exist in densities high enough to drive the dynamics of the system. The underly-
ing substrate that the photons are flowing through and exerting pressure on affects
the photons and the photon distribution both in energy and in space. Because of
the complexity of the coupled system, researchers often decouple the radiation and

hydrodynamics components to computationally simulate these systems.
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The radiation component of radiation hydrodynamics can be described by a kinetic
or transport equation, traditionally referred to as the equation of transfer [Pom73].
The equation of transfer describes radiation flowing through and interacting with
matter within a domain. Solution strategies for the equation of transfer have mainly
involved numerical techniques. Analytic solutions do exist but only for very special
idealized problems. The numerical techniques used to solve the equation of transfer
fall into two classes: deterministic techniques, in which various discretizations are
used to arrive at a solution, and stochastic techniques, in which statistical probabil-
ities describing the system are used to directly simulate the movement of photons.
Deterministic techniques involve the discretization of the space, angle, energy and
time variables. Deterministic techniques automatically provide global information
across the entire system [Lar99]. Stochastic techniques, sometimes known as Monte
Carlo techniques, arrive at a solution by statistically sampling from a distribution
that describes the transport process. Stochastic techniques are often very good at
handling extremely complicated geometries and are better suited for determining the
solution when a small amount of information is needed. Stochastic techniques are
least efficient when global information is needed [Lar99]. A third emerging class of
techniques, known as hybrid techniques, combines deterministic and stochastic ide-
ologies. This thesis will concentrate on issues associated with deterministic solutions

to the equation of transfer.

1.2 Literature Review

In 1999, Larsen [Lar99] related that there are three primary technical issues con-

fronting deterministic transport researchers today.

e Limited geometric modeling

e Truncation errors



e Slow iterative convergence

In this thesis we will restrict ourselves to looking at two of these issues, “limited

)

geometric modeling,” and “slow iterative convergence.”

1.2.1 Limited Geometric Modeling

“Limited geometric modeling” refers to the difficulty associated with determin-
istically solving the equation of transfer on non-orthogonal surfaces and/or curved
surfaces. A substantial amount of research has been done studying new advanced
spatial discretizations that enable solutions on arbitrary or unstructured grids. The
reason for this is two-fold. First, the geometric error associated with applying dis-
cretizations that do not properly handle specific shapes can be reduced. Second,
coupling the radiation solution to the fluid hydrodynamics becomes easier when the
spatial grids are similar. Generally, there are two approaches for determining the grid
in coupled radiation/hydrodynamics physics packages. One is to use a common mesh
for both packages, the second is to let the radiation and the hydrodynamics pack-
ages generate their own meshes and provide some sort of functionality that translates

results between the two meshes [PalO1].

In 1991 Adams [Ada91] introduced a new finite-volume (FV) transport discretiza-
tion based in part on a hydrodynamic concept of Burton [Bur91]. Burton had pre-
viously employed a sub-cell concept known as corners in his hydrodynamics meth-
ods. Adams’ corner balance (CB) finite-volume concept is based on imposing particle
conservation over corner volumes. Corner balance, designed for arbitrary connected
polygons, allows the radiation package to use a similar or even identical mesh as
the hydrodynamics package. Adams initially derived simple-corner-balance (SCB)
which represents the interior corner edge intensities as a simple average of the cor-

ner intensities. Adams [Ada91] found that in slab geometry SCB was equivalent to
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the finite-element (FE) method known as the lumped linear-discontinuous (LLD).
In x-y geometry Adams found SCB to be equivalent to the fully-lumped bilinear-
discontinuous (FLBLD) FE method.

An initial analysis of SCB showed it was strictly positive, and very good in thick,
diffusive regions. Radiative transfer problems of interest are often characterized as
being optically thick and highly diffusive. SCB was found to have a leading-order

solution that satisfies a discretized diffusion equation regardless of grid spacing.

While SCB has many desirable properties there are problems with this new dis-
cretization. The first is that as the cells become distorted the accuracy of the scheme
degrades in optically thick, diffusive regions. Second, the boundary condition satis-
fied by the leading-order solution inside thick diffusive regions can become inaccu-
rate [Ada91]. Another problem is the simple closure of SCB effectively couples all of
the corners in a given cell. For each cell this requires the solution of a 2 x 2 linear
system in slab geometry and a 4 x 4 linear system on orthogonal grids in x-y geome-
try. When SCB is used on arbitrarily connected polygons, where there are N corners
in each cell, SCB requires the inversion of an N x N matrix for each cell. This can

quickly become prohibitively expensive as the number of corners increases.

Adams designed a modification to SCB to alleviate the requirement to invert this
within-cell matrix. He replaced the simple closure with an upstream closure which
allows the transport sweeps to proceed corner by corner, instead of coupling all corners
together. Adams designed upstream-corner-balance (UCB) to perform better than
SCB for intermediate and thin optical thicknesses. Adams also designed UCB so
that the leading-order solution in thick diffusive problems was identical to that of

SCB [Ada97).



1.2.2 Slow Iterative Convergence

“Slow iterative convergence” refers to a problematic decrease in iterative con-
vergence rate when the system of interest becomes diffusive. The reason for this is
that photons undergo many interactions over the cell length and few if any these
interactions remove photons from the system. In highly scattering problems the only
removal mechanism that exists is sometimes leakage. If the problem is also very op-
tically thick, few photons are eliminated. This means that source iteration (SI), the
simplest and most common iterative technique for numerical transport, will require a
very large number of iterations to converge to the correct solution. Source iteration
degrades in this way for analytic and discretized transport equations, independent of

the choice of discretization.

To increase the iterative rate of convergence of source iteration, acceleration
techniques such as Chebyschev [LM84], rebalance [LM84], diffusion synthetic ac-
celeration (DSA) [Kop63], transport synthetic acceleration (TSA) [RAN97], quasi-
diffusion [Gol64], and multigrid [ABDP81], have been developed. Chebyschev be-
comes unstable for problems in which the scattering ratio is close to unity, or optically
thick and diffusive. Rebalance is effective in one-dimension, but in higher dimensions
it fails to effectively accelerate the rate of convergence. Active research is now being

performed on DSA,TSA, multi-grid and quasi-diffusion.

Transport synthetic acceleration (TSA) [RAN97] was recently developed to deal
with arbitrary spatial grids. TSA works by applying a correction based on the solution
to a synthetic, low-order, transport equation. TSA is less efficient than DSA but can
been implemented on any arbitrary transport discretization since it uses the same
discretization as the high-order problem. TSA, however, loses effectiveness in systems

where the scattering ratio is close to or equal to unity.

Multigrid, a very popular technique, uses a low-order operator to remove error



from source iteration. The low-order operator and hence the name multi-grid come
from the changing of the mesh spacing. By changing the mesh spacing the slowest
converging error modes in an iterative scheme, such as source iteration, can be re-
moved. Multi-grid is a very successful method for certain types of problems, but, its

effectiveness decreases as the fine mesh becomes coarser. [Kim00]

Quasi-diffusion, an established technique receiving more attention lately, works
by using a low-order operator which has transport and diffusion characteristics. This
might be a very promising technique in the future and active research is on going to

better understand it.

Diffusion synthetic acceleration(DSA) [Kop63] is one of the most popular accelera-
tion techniques today. It uses a low-order operator derived from the diffusion equation
to accelerate the iterative rate of convergence of the transport operator. DSA was
originally developed by Kopp in 1963 to solve simple slab geometry problems. Un-
til 1977 when Alcouffe [Alc77] realized the importance in consistency between the
transport discretization and the diffusion equations, DSA schemes were often unsta-
ble and only accelerated very specific problems. Alcouffe solved the stability problem
by realizing that the differencing of the diffusion acceleration equations must be con-
sistent with the transport operator. Alcouffe’s method was unconditionally stable for
all mesh sizes; however, Alcouffe had difficulty implementing it with the diamond-
difference (DD) discretization. Diamond-difference was susceptible to non-physical
negative fluxes. To treat negative fluxes, “fix-ups” were used which altered the trans-
port operator enough to eliminate the consistency between the transport and diffusion

operators.

Larsen built on Alcouffe’s work and introduced a form of DSA along with a four-
step procedure [Lar82b] that was unconditionally effective and stable for several slab
geometry discretizations. Using the P; [GO99] approximation his four-step scheme

produced consistently differenced diffusion acceleration equations directly from the
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differenced transport equation. Larsen extended this work to a variety of families of
discretizations including weighted diamond (WD), linear characteristics (LC), linear
moments (LM), and finite element (FE). Larsen analyzed the stability of his acceler-
ation techniques with a tool known as Fourier analysis. Fourier analysis has allowed
researchers to effectively determine the convergence rate of iterative schemes. In slab
geometries Larsen’s four-step DSA has been very effective; however, Larsen [Lar84]
postulated that for multi-dimensional problems the four-step technique might produce
equations that would be difficult to reduce to diffusion equations. Khalil [Kha85] in-
troduced an acceleration technique for nodal methods which was revolutionary in that
the diffusion equations were not consistent with the transport operator. This led to

the understanding that strict consistency was not a requirement.

Other break throughs have occurred but the most significant to the work being
performed in this thesis was that of Adams and Martin [AM92]. They introduced a
Modified four-step DSA, a new procedure that is very similar to Larsen’s four-step
DSA but was designed primarily for FE discretizations. It is applicable in slab, spher-
ical, x-y and -z geometries and is simpler then the traditional four-step method. The
technique actually yields equations that are inconsistent with the transport operator

but are unconditionally stable.

Wareing [War93] started pursuing the acceleration of corner balance discretiza-
tions using advanced DSA methods for slab and x-y geometry transport. When
Adams [Ada97] introduced the upstream corner balance (UCB) discretization he made
some key connections between SCB and finite element techniques. In fact he showed
that SCB and LLD are exactly equivalent in slab geometry and SCB and FLBLD are
exactly equivalent in x-y geometry. This meant that Modified Four-step (M4S) DSA
could be applied to accelerate SCB. Palmer [Pal93], working on advanced curvilinear
discretizations such as SCB, UCB, LD, LLD, and fully lumped bilinear discontinuous

(FLBLD) noticed that UCB transport appeared to be effectively accelerated by dif-
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fusion equations derived from SCB transport differencings. Palmer’s motivation for
applying inconsistent acceleration equations was based on results he obtained from an
asymptotic analysis [LMMB89]. Asymptotic analysis allows researchers to determine
the behavior of a discretization in some limit. Palmer studied the thick diffusion limit
and found that in curvilinear geometries SCB and UCB had identical thick diffusion
limits. Palmer noticed that UCB could be accelerated by diffusion equations de-
rived from applying M4S to SCB. His reasoning was that SCB and UCB were similar
because they have identical thick diffusion limits. Palmer [Pal93] noticed effective
acceleration but did not rigorously analyze applying this inconsistently derived SCB

DSA equation to UCB.

Furthering the idea of inconsistently derived acceleration equations Adams and
Wareing [MLA98] used inconsistent diffusion equations to accelerate linear bilinear
characteristics transport. The equations they used came from Morel, Dendy and
Wareing [MDW93]. They were developing a multi-level solution method for the dif-
fusion acceleration equations of the M4S procedure for bilinear discontinuous (BLD)
in x-y geometry. Morel, Dendy and Wareing showed that the bilinear continuous
(BLC) FE diffusion equations could be used to accelerate the iterative solution of the
BLD diffusion equations and that these BLC equations can be efficiently solved using
multigrid techniques. Wareing [TWM94] then showed that he could accelerate the
linear-bilinear nodal transport discretization using bilinear discontinuous diffusion. It
was these inconsistent diffusion equations that Adams and Wareing used to accelerate

bilinear characteristics transport.

1.3 Outline of the Thesis

This thesis focuses on the validation of the application of inconsistently derived

diffusion acceleration equations for the UCB transport discretization in slab and x-y
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geometries. Building on the initial results obtained by Palmer [Pal93] in curvilinear
geometries we show that SCB derived M4S diffusion acceleration equations effec-
tively accelerate the iterative convergence of UCB source iteration. This inconsistent
method has been determined to be highly effective by Fourier analysis in slab and
x-y geometries. We have shown that the Fourier analysis data agrees well with the
observed effectiveness of the method. Our results indicate that this mildly incon-
sistent acceleration scheme will greatly increase the rate of iterative convergence of
UCB compared to that of source iteration alone. We call our acceleration scheme
mildly inconsistent because of the similarities shared between the SCB and UCB

discretizations in the thick diffusion limit.

We begin by performing Fourier analyses of the proposed scheme in slab geometry.
We then implement the method in a code to verify the convergence rates obtained by
the Fourier analysis. We then repeat the same procedure in x-y geometry for orthog-
onal meshes. By performing both a rigorous Fourier analysis and then implementing
the method we are able to verify the behavior of the acceleration scheme. The the-
oretical and computational results indicate that UCB can be effectively accelerated

with inconsistently derived SCB diffusion equations.

The remainder of this thesis is organized as follows. We will begin by reviewing key
concepts of the equation of transfer in Section 2. The information in this section will
lay the foundation for the work in subsequent sections sections of the thesis. Section 2
also includes a discussion of iterative techniques and methods used to accelerate
iterative techniques. We will then discuss our slab geometry analysis and results in
Section 3. In Section 4 we discuss the x-y geometry analysis and results. We finally

submit our conclusions and suggestions for future work in Section 5.
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2 ANALYTIC TRANSPORT

2.1 Introduction

In this chapter we develop some of the concepts that are fundamental to the work
being performed within this thesis. We motivate this chapter by discussing the char-
acteristics of the physical system of interest, and the equation, known as the equation
of transfer which describes the flow of radiation in this system. This discussion will

begin with the continuous, general geometry, radiative transfer equation.

Next, we will discuss solution strategies for the equation of transfer. We begin
by looking at iterative methods in general and then focus on source iteration, the
simplest, and, perhaps most obvious method for solving the equation of transfer.
We will introduce a tool known as Fourier analysis that will allow us to analyze the
convergence characteristics of source iteration, and will guide us in our search for

valid acceleration techniques.

2.2 Radiation Transport: The Equation of Transfer

Suppose we wanted to describe the propagation of thermal radiation through
some material. In order to accomplish this we would use the equation of transfer,
also known as the transport equation, to describe the conservation of the thermal
radiation or photons within some domain, D, with surface §D, and outward surface

normal n (see Figure (1)).

The equation of transfer describes the time rate of change of the specific intensity

as the photons participate in five processes:
1. Photons streaming out of and into the domain through surface §D.

2. Photons absorbed within the domain.
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0D

Fig. 1: Arbitrary domain D, with surface 6D, and outward normal, n.

3. Photons scattering from frequency v, and direction € to all other frequencies

and directions (outscattering) within the domain.

4. Photons scattering into frequency v, and direction Q from all other frequencies

and directions (inscattering) within the domain.

5. Photon (energy) emission within the domain.

The conventional form of the equation of transfer [Pom73],

%gﬂ/’ (r, v, 2,8) + Q- VY (r,v,Q,t) = S (r,1,t) — 0, (r,v,t) ¥ (r, 1,9, t)

o0
+/ dz/'/ dsy ['11//_,03 (r,v = v, Q- Q)Y (r,V/, 2, 1)
0 4

-0, (r,v >V, Q- Q )y (r,1,Q,1)] . (1)
Here,
r = (length) spatial position vector,
Q = (steradian) angular vector,
v = (7) frequency variable,
t = (time) time variable,
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c = ('j—:‘;"n%") speed of light,

h = (energy — time) Planck’s constant,

oo(r, V) = (iooms) macroscopic absorption cross-section,
as(r,v) = (Fnlgﬁ) macroscopic scattering cross-section,
P(r, v, Q1) = (area-—time—fi:;:izcy—steradian) specific intensity (chvf),

_ photons
q (I‘, v, t) - (volume—time—frequency) photon source.

The first term in Eq. (1),

10
Ea’lr/) (I‘,l/, Q) t) ) (2)

represents -the time rate of change of the specific intensity within our domain. The

second term in this expression,
Q-Vy(r,r, Q1) , (3)

represents the process by which energy (photons) stream through the domain. We

have defined the function,
S(r,v,t) = hug (r,v,t) , (4)

which is equivalent to the rate of spontaneous thermal energy (photon) emission from

the material or fluid. The next term,

ae (r, v, t) Y (r, v, Q,t) (5)

represents the rate at which energy (photons) are absorbed by the material within

the domain. The final term,
/ dz/'/ dsy’ [K,Us (r, =1, - Q)¢ (r,/, 1)
0 4n v

—Us(r)V_)VI,Q'QI)t)¢(r>V,Q>t)]9 (6)
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represents the sum, over all frequencies and directions (v, 2), of the rate of outscat-

tering and inscattering within the domain.

The equation of transfer mathematically describes the physical process by which
photons are gained and lost from the domain, D. We can see that the various terms
within the transport equation translate into corresponding physical gain and loss

processes for photon conservation.

The scattering integral is often evaluated by defining, o, in Eq. (1) to be,
os (v, Q' - Q1) = / v | dQos,(v = V', Q- Q,t), (7)
0 47

which results in,

10

EE (r’VaQ7t)+Q'V1r/)(r7V7Q7t):S(r7y,t)_Ut(r7V7t)’lr/)(raVaQ7t)

+/ dv' dﬂ’%as (r,/ = v, Q- Q)¢ (r,/, 1), (8)
0 4
where, the total interaction coefficient is defined by

oy(r, v, t) = os(r, v, t) + 04(r, 1, ). 9)

In order to solve the equation of transfer we often make several assumptions about
the physical system that we are interested in approximating. One assumption often
invoked is the concept of local thermodynamic equilibrium or LTE. LTE assumes
that matter at any given spatial location is in thermodynamic equilibrium, meaning
that the the matter is governed by atomic collisions which establish local equilibrium.
This, therefore, allows the radiation field to be described by a Planck distribution, and
leads to a relationship between the source S and o, [Pom73]. Approximations are also
often made to the scattering kernel. Several different methods exist to simplify this
term. Most often we assume that the scattering kernel is coherent. This means that

while scattering is frequency dependent, scattering events do not lead to a change in
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photon frequency. Instead we assume that frequency change is due to the absorption-
remission process and is thus properly handled by the assumption of LTE. Along with
the assumption of LTE it is often appropriate to approximate the scattering kernel as
isotropic or independent of direction. These two assumptions lead us to the following

form of the equation of transfer,

10

~5 (r,v,Q,t) + Q- V¢ (r,v,Q,t) + 0, (r,v, ) Y (v, v, Q, 1)
1
= 505 (r,v,t) ¢ (r,v,t) + 04 (v,v,t) B(v,T), (10)
where,
T(r,t) = (temperature) Material temperature,
B(,T) = (Grea=fime=frequency=steradian) Plank function,
o(r,v,t) = (area_ti;’f‘rfeﬁequency) Direction-integrated intensity.

We define the direction-integrated intensity as,

¢(I‘,I/,t)= dﬂ’d)(l‘,l/,ﬂ,t), (11)
4n

and the Planck function as,

-1
2h 3 hy
B(w,T) = c;’ [e[ | 1] , (12)
where the Boltzmann constant & has units of (;24£=). The material temperature
equation is defined as,
6T o0
o= | dvo@-wBw)+Q, (13)
0
where,
C“ = (volumee—rzzgzerature) Heat capaCity’
Q = (i) Material energy source.
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The equation of transfer is a first-order integro-differential equation, and in order
to close the system we must specify both initial conditions and boundary conditions.
The initial condition specifies the specific intensity distribution within our domain at

time ¢t = 0,
Y (r,v,$,0) = 9¢; (r,v, Q) . (14)

In coupled problems, where our source is driven by the material temperature, the

initial material temperature is defined as,
T (r,0) =T;(r) . (15)

The spatial boundary condition specifies the incident radiation at the boundary §D
of our domain. It should be noted that we require that the surface be non-reentrant.
By non-reentrant we mean that any particle leaving the domain D through surface

0D is not able to reenter the domain. We define this as,

Y (v, Q1) =¢(r,1,Q,t), n-Q<0, redD. (16)

The general equation of transfer, Eq. (1), can be cast in various coordinate sys-
tems. The primary difference is the treatment of Q- V. We interpret Q- V in Eq. (1)

as being a directional derivative in the direction 2. This is equivalent to saying,

0

where s is a length along direction €. It is important to note that the directional
derivative is taken with time and frequency held constant [Pom73]. For this thesis
we will concentrate on the equation of transfer in Cartesian geometry. In Cartesian

geometry, the directional derivative can be expressed as,

0 0 0
Q'V—Ma‘l‘ﬂ@‘l‘{a. (18)
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Figure (2), illustrates the definition of the direction cosines, (g, m, €), as the dot
product of the direction vector, £2, with each of the unit vectors of the characteristic

directions (z,y, z).

pw==" e, n=Q" e, E=Q-e,. (19)
i ¥
O
L ie
S
S
€x
=y
X

Fig. 2: Cartesian geometry coordinate system.

Three-Dimensional Cartesian Geometry With the above definitions, we

can rewrite the equation of transfer, in three-dimensional, Cartesian geometry,

(x, y, z, V, Q’ t)

cot
+Qiz/)(:1: zuﬂt)-l—ﬂiz/)(x zuﬂt)-l—ﬂ—gz/)(x z,v,Q,t)
Iax ’y> » ¥y ] yay >ya 9 ’ Zaz ’ya 1 ¥ )
1
:——as(x,y,z,u,t)¢(x,y,z,l/,t)-I-Ua(:v,y,z,l/,t)B(l/,T), (20)

47
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which can be rewritten was,

10
= t
cat (I)y’ z’ V’l“l"n’f) )

0 0 0
‘HLa—IQ/) (I,y’ z,V, #,W,f,t) + n'a—yf/ﬂ (I, Y, z,v, Y4, n’f’t) + an (Iay, Z2,V, #,W,f, t)

1
= 4_7['0-3 (I’ y) z’ V’ t) ¢ (I) y’ z) V’ t) + Ua (I’ y’ z) V’ t) B(V’ T) K (21)

with an initial condition,

w(‘r) y’ z’ V’ l“l"n’ E’ 0) = wl (I, y’ z’ V’ l“l" ”7’ E) ) (22)

and boundary conditions,

1/’(1‘,1/,#,77,5,0-——%(I‘,V,Q,t), n-Q<O, redéD. (23&)

Two-Dimensional Cartesian Geometry We can obtain the Cartesian geom-
etry equations in two dimensions by assuming that the quantities of interest, notably
the specific intensity, are invariant with respect to one of the spatial dimensions. This
causes the directional derivative in that direction to vanish. The resulting equation

of transfer, often called the z-y geometry equation of transfer is,

10 0 0
—C__a—t (I,?J,V,Q,t) +Qz‘5;w (‘r’yﬁy)n)t) + Qy£¢ (I,y, v, Q,t)

1
= 70 (z,y, v, t) ¢ (z,y, v, t) + 04 (z,y,v,t) B(v,T), (24)

which can be rewritten as,
10 0 0
Az yYs ¥y Hy )t a_ sy ¥y My )t a. sy ¥y )t
Sar @y v t) + pe ) (2y, v 0,7 )+nayw(ryvun )

1
= Z;r-a-s (I’ y) V’ t) ¢ (I) y) V’ t) + Ua (I) y) V’ t) B(V) T) K (25)
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with an initial condition,

Y (2,9, v, ,1,0) = ¥; (2,9, v, 4,m) , (26)

and boundary conditions,

Y (r,v,p,n,t) = (r,r,Q,t), n-2<0, redD. (27a)

One-Dimensional Cartesian Geometry We can obtain the Cartesian geom-
etry equations in one dimensions in a fashion similar to the one used to generate the
two-dimensional form: assuming that the quantities of interest, notably the specific
intensity, are invariant with respect to two dimensions. This causes the directional
derivative in those specific directions to vanish. The resulting equation of transfer,

often called the slab geometry form of the equation of transfer is,

10 9
P (z,v,9,t) + Ryt (z,v,9Q,1)

= ias (z,v,t) ¢ (z,v,t) + 0, (z,v,t) B(v,T), (28)

which can be rewritten as,

10 9
ZE (.’L‘,V,/J,t)‘l"/.t% (I,V,/i,t)
_ %as (2, 1,8)  (z, 1, 1) + 00 (z,1,£) B, T) , (29)

with an initial condition,
’/’(IaV,N,O)Zf/)t(I,V,/J), (30)
and boundary conditions,

V(v p,t) =y (r,v,2,t), n- <0, redD. (31)
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2.3 Solution Strategies for General Geometry Transport

To solve the general geometry equation of transfer, the transport community most
often uses iterative methods. Direct solution methods do exist, but for most problems
of interest these methods are prohibitively slow. The two most common forms of
iteration are Cell Block Inversion (CT), and Source Iteration (SI). For this thesis we

will restrict our analysis to source iteration.

2.3.1 General Iterative Methods

We will start our discussion of source iteration by reviewing some of the concepts of
general iterative methods. This discussion will follow one presented by Morel [Mor82).

Consider the system,
Hf =s, (32)

where H is some high-order (possibly matrix) operator, f is the unknown function
(or vector) and s is some source function (or vector). For the systems of interest H
is often very difficult to directly invert. Instead of directly inverting H it is often
possible to split H into two operators where one of the operators is chosen so that it

is easily invertible.
H=A-B. (33)
This allows us to define the following iterative scheme,
AfED =BfO 45 (34)

where | is the iteration index and f® is some initial guess to the system solution.

Inverting A yields,

fED = ATIBfO + A1, (35)
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or,
fE =750 4+ A7, (36)

Operator Z = A~'B is known as the iteration operator. If we write Eq. (35) in

terms of the converged solution the result is,

fleonverged) — [A-1R] fleonverged) | A1y (37)
If we subtract Equation [35] from Equation [37] the result is,
et = [A7'B] eV, (38)
where,

e(l) — f(ccmverged) . f(l), (39)

is the error at iteration [. To determine the convergence characteristics of this general
iterative scheme, we consider the characteristics of the iteration operator [A~!B]. If

we consider the set of {eigenvalue, eigen function} pairs of this operator,
[A_lB] Un = Wptp, n=1273.., (40)

these eigenfunctions form a complete set or basis. This allows us to express the initial

iterative error, € in terms of this set. The initial error is,
e® = Z QnUn - (41)
n

Knowing e(® allows us to determine e(!) using the eigenfunctions for the iteration

operator A™'B,

eV = [ '1B e®) = Zan ] Up = Zanwnvn, (42)
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or in general,
el) = [A"'B] ¢!~V = [A'B]' Zanw Uy (43)

The eigenvalues and associated eigenvectors of the iteration operator dictate the
behavior of the scheme. In order for an iterative scheme to be useful it must converge
to the correct answer. If every eigenvalue w, < 1, then as [ increases the error e
decreases. We define the eigenvalue largest in magnitude, to be the spectral radius, p-
The spectral radius is a metric for whether or not a iteration scheme converges, but
it also represents the rate at which an iterative scheme converges. In the asymptotic
limit as the number of iterations becomes large, the rate of convergence will be the

slowest converging error mode. This means that the spectral radius,

p = maz, {|wnl}, (44)

when [ is large, becomes equivalent to the factor by which the error is reduced on each
iteration. If the spectral radius, p, is close to or equal to unity the iterative method
will converge prohibitively slowly. Another concern, besides the problem of extremely
slow or no convergence, is that the iteration scheme could appear to converge when in
fact little or no reduction in error has occurred. This is known as false convergence.
To demonstrate false convergence we return to Eq. (38). If we apply this equation

recursively, we get
e = [A7'B] D = [A7B]?el-D = [ATB]*el ) = ... [ATB] V. (15)
Taking the norm of Eq. (45) we obtain the estimate,
111 < HATBIO N 1€l & wmaalle®] (46)

where wyq, is the largest eigenvalue of iteration operator A~!'B and wy,, < 1.0 for

convergence. Eq. (38) can also be written as,

e — [A B] (t-1) [A’lB] e® 4 [A‘lB] (f(l) — f(l—l)) ’ (47)
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which can be rewritten as,
= (- [A7B)) " [A7B] (79 - 1) (9

Using a Taylor series expansion we arrive at a second estimate for the error,

-1
O <1 (7~ [A7B]7) " ATBI YN NGO - )0 @)
or,
l wSrlz)az -1
11~ =51 (£ = 1) 1 (50)

If Wper < 1.0, then the method should be unconditionally convergent as | — oo.
The rate at which convergence occurs will depend on the maximum eigenvalue wy,q;.
If Wmaz = 1.0 then the rate of error reduction on each successive iteration will be
prohibitively small. Usually a convergence criterion, ¢, is selected to determine if an
iterative scheme has converged. Convergence is normally measured by comparing the

norm of successive solutions to e:

|f® - f("1)|| < e { Converged , (51)

FO = FED) > € { Not Converged . (52)

When Eq. (51) is satisfied, after some number of { iterations, Eq. (50) implies,

le®]] < —me=t

—1- Wmaz

(53)

If the maximum eigenvalue is near unity, wfn)az ~ 1.0, Eq. (53) implies that the

error e!) in the final solution f(°"¢r9¢d) would be significantly larger than that spec-
ified by e. This is what is known as false convergence. As an example say that our

maximum eigenvalue, wy,o; = 0.999, then Eq. (43) implies that,

_ In0.1
" 1n0.999

~ 2303, (54)
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iterations are needed to reduce the iterative error by one order of magnitude. From
Eq. (53) we observe that upon convergence to the tolerance e that the iteration error

may be three orders of magnitude larger then the convergence tolerance, .

We gather from this discussion two principle ideas to keep in mind about iterative
schemes. The first is that we must be aware of the possibility of incorrect results due
to false convergence in slowly converging systems. To guard against false convergence
requires that we are diligent in our implementation of these iterative schemes. The

second is that these schemes may converge at a prohibitively slow rate.

2.3.2 Acceleration Techniques

In order to decrease the computational expense of these calculations and effectively
increase the rate of convergence we need to reduce the spectral radius of the iterative

scheme. Recalling Eqgs. (33)-(39), an exact expression for the error can be formulated,
He!t) = Brl+D) (55)
where,

r+D) = f+) _ #0) = Residual . (56)

Using Eq. (55), given the exact residual, ¢V a solution could be found after a
single iteration. However, Eq. (55) is just as hard to solve as Eq. (32), our original
system. The difficulty arises that in both the original problem, Eq. (32), and the
expression incorporating the error, Eq. (55), the matrix H must be inverted. If,
however, we could approrimate, in an efficient and timely manner, the expression
for the error, Eq. (55), we could add the approrimated error e(*! to any given
iterative solution to the original problem f@*t!. This leads to a better iterative
approximation on each iteration of the original problem leading to an increase in the

rate of convergence. To demonstrate this acceleration technique we again follow the
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description given by Morel [Mor82]. In our error expression, Eq. (55), we replace the

exact operator H with an approximation,
Lelth) = BriHD) | (57)

where L is a low-order approximation to H. This suggests the following modified

iterative scheme,

FOHD = 750 L AT (58)
P2 = fU+5) _ 5O (59)
g0+ = L-1Br(+d) (60)
FOHD = fO0+7) 4 g03) (61)
which can be rewritten as,
fEY = (1-LH)ZfO + (I-L'B)A™ls. (62)

If L is a good approximation to H then the spectral radius of the iteration operator
Z' = (I— L7'H) Z will be very small and the iterative scheme will converge rapidly.
This modification to the original iterative scheme is called an acceleration technique
and L is a preconditioner of the system since it changes the eigenvalues and thus the

condition number of the iteration operator. [Pau98|

Devising an effective acceleration technique for an iterative scheme requires that
the low-order operator, L, be carefully selected. Various choices for L exist but the
most important property of L is that it should be far less costly to invert than H.

Although we wish L to be similar to H we do not want it to be too similar as it
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will cost the same amount to invert and thus not yield the solution in less time. We
also require that the accelerated scheme yield the same result as the unaccelerated
iterative scheme. The acceleration scheme should only change the rate of convergence,
not the solution.

The low-order operator L must also be effective. In order to determine whether

! as a linear

or not a preconditioner will be effective we need to express the error, e
combination of the eigenvectors of the iteration operator. This allows us to determine
the rates at which the various error modes are removed during the iterative scheme.
The technique to do this is known as Fourier analysis. By analyzing the error modes of

the iterative technique and determining which ones dominate, acceleration operators

L can be evaluated.

2.3.3 Source Iteration

To solve the transport equation an iterative method called Source iteration is most
commonly used. Source iteration gets its name because the technique iterates on the

scattering source. In slab geometry source iteration (SI) is described by,

D (,0) 400 (D)9 (5, 0) = 50,260 @) + LD (@)
1
@) = [ s @), (64)
where [ is the iteration index and,
05 (z) ¢ (2) , (65)

is the scattering source. An initial guess at [ = O for the scalar intensity, ¢, is required.
Solving for the approximation of the specific intensity, 9, at [ + %, Eq. (64) is used
to calculate the new scalar intensity. This procedure is repeated until the difference

between successive iterates is less then some tolerance, e.



26

Source iteration has the same problem as the iterative methods described in Sec-
tion (2.3.1). When the iteration operator has maximum eigenvalues close to unity
the convergence rate of the iteration scheme will be very slow. The source iteration
operator has eigenvalues close to unity when material regions are optically thick and
highly scattering. The scalar intensity, ¢, at the [** iterate is the scalar intensity due
to photons which have experienced ! — 1 collisions after emission. If the problem is
optically thick and the photons undergo a large number of scattering events before
absorption or leakage, a large number of iterations will be required before the iterative

method converges.

2.3.4 Fourier Analysis

Often we represent the response of a system as a linear function of time. The
function that measures the frequency, w, that comprises this response is called the
spectral function of the original function. These two functions, the original function
and the spectral function, are mathematically related through what is known as the
Fourier transform [LP97]. The mapping of a function f(t) to a function Y (w) in w

space is done using the Fourier transform. For example,

y(t) = # /_: dwY (w)e™*, (66)

is actually called the inverse transform because it relates Y (w) to y(t). The related

Fourier transform is,
Y@ =—= [ duety (0 (67)
W)= — .
V21 J—oo Y

Here we apply the Fourier transform to the equation of transfer where the co-
ordinate space is symbolized by r and the frequency space is the complex domain
symbolized by A. Applying the Fourier transform to the angular intensity in the spa-

tial domain, ¢(r, £2) results in a mapping to the frequency domain, A(X, ) [Kim00].
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The Fourier transforms which we call ansatz in general Cartesian geometry are,

A Q) = — / " drp (A, Q) (M) (68)
\/(21r)3 —%

YA Q) = ! / ” drA (A, Q) eior(Ar) | (69)
(2m)° o0

We apply the Fourier transforms, Egs. (68) and (69), to the general geometry

analytic source iteration equations:

0 IYD (1,2) 4 0, () 00D (6,0) = Lo, () [ 4O (1,0 +Q(r) . (10)
4w

Assuming a homogeneous medium we subtract Eq. (70) from the converged trans-

port equation with the following definitions,

YD (r,9Q) = 3 (r, Q) — ) (r, Q) | (71)

YO (5, 9Q) =9 (r, Q) — ¥ (r, Q) | (72)
yields,

Q-Vzﬁ(H%)(r,Q)+at(r)1ﬁ(‘+%)(r,ﬂ)=211?as(r) d® (r,Q) . (73)
47

We substitute the ansatz, Eq. (69) into Eq. (73) which results in,

/ d*\ [at (Q-ix+1) A% (A Q) - 211?03 (r)

o0

dUAY (A, n')} et(Ar) — ¢,
4
The orthogonality of the Fourier modes et (Ar) implies,

c
4T (Q-iA+1) Jy,

Al (A Q) = dV AL (X, Q) —00 < A < 00, (75)

where,

c=2 { Scattering Ratio . (76)
Ot
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Integrating Eq. (75) over € results in,

a2
Q’ (+1) n — _E_/ e dQ/A(l) n .
47rd A2 (A Q) [47r Rosysiin (A, ) (77)
Subsequently,
¢ dQ
A)= — —_—
w(A) 47r/4,r @ Ar+1)’ (78)

is the set of eigenvalues for the system and A(+3) (A, €2') are the associated eigenvec-
tors of the iteration scheme. The meaning of the eigenvalues is the rate at which the
error is reduced in frequency space. Similar to the definition of the spectral radius in
Eq. (44) for the general iteration scheme, we define the spectral radius for the general

geometry equation of transfer as the absolute value of the maximum eigenvalue,

p= max |w(A)]. (79)

—00<A <00
We will now analyze source iteration applied to the slab geometry equations of
transfer. We will reiterate the original presentation of Larsen in 1982 [LM82] [Lar82a]
[Lar82b]. We start by assuming the problem of interest is an infinite homogeneous

medium. The slab geometry transport equation is,

1

g o +o o =5 [ div (e w+ Q). (50

When iteratively solved with source iteration the equation becomes,

0

pge D (o) + oD (o, ) = T00 (2) + Qo) (81)

where,

¢t () = / | dpp D (z, p) (82)

1
We rewrite Eqgs. (81) (82) in terms of the converged solution to the system so that,

et @) + 0 @D @) = 2P0 @ 1 Q) , e
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#00 (@) = [ du P (), (84)

where,
YD) (2, p) = 9 (2, 1) — 9D (2, p) (85)
¢ (z) = ¢ (z) — ¢ (x) (86)

The separation of variable ansatz for Fourier analysis are,

39 (z) = w® (A) A(A) €2, (87)
P (2, 1) = w® (A) b (A, ) €72, (88)

where,
i=vV-1,—0 <A< . (89)

The eigenfunctions are the set A (\)e**** and the eigenvalues are w® (). Substi-

tuting the ansatz, Eqs. (87) and (88) into Egs. (83) and (84) we arrive at the following

equations,
b =S| — A (90)
M =5 T o ’
w (A )—E/I—d” —c/l—d” = S tan~1 (91)
=5 R e A T Ty s N

Figure (3) is a plot of of Eq. (91) and shows that the maximum spectral radius,
Pmax, for the slab geometry infinite homogeneous medium source iteration case with

¢ = 1.0 occurs at the zero mode and is equal to,

p = max |w (A)| = w (0) = ¢ = { Scattering Ratio . (92)
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Frequency A

Fig. 3: Source iteration (SI) eigenvalues w()) as a function of A for analytic slab
geometry.
This Fourier analysis is for the analytic in space problem and as such, the A =0
mode is present and is the slowest converging mode. For a finite problem this mode,
= 0, does not exist and so a problem with ¢ < 1.0 will be stable and will always
converge. It is important, however, to keep in mind the concept of false convergence
in problems when c is very near unity. It is also important to note the shape of this
eigenvalue versus frequency curve. We can see that source iteration very effectively
removes the error in the high frequency domain but does not damp low frequency error
modes. This data will be useful in determining an appropriate low-order operator for

accelerating source iteration.
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2.3.5 Diffusion Synthetic Acceleration

We know from the above analytic analysis that the slowest converging error
modes of source iteration are the spatially smooth, slowly changing modes. This
means that the acceleration method that we apply should dampen these error modes.
These slowly changing modes have an angular dependence which is nearly linearly
anisotropic. The diffusion operator approximates the transport operator when the an-
gular intensity is linearly anisotropic. It could be used to remove or at least dampen
the low frequency, slowly converging error modes from the source iteration sweep. By
removing these slowly converging source iteration error modes on each iteration, the

iterative convergence rate may be improved.

If we recall the requirements for the low-order operator L in Section (2.3.2), we
see that the diffusion operator is an approzimation to the transport operator and is

usually far less costly to invert.

Applying a diffusion correction to source iteration yields the following iterative

system,
Q- Vit (r,Q) + o, (r) pUHD (1, Q) = al?as (r) ¢ (r) + Q(r) , (93)
¢ (r) = [ dy™) (r,Q), (94)
with,
VoV O+ @ 1 0 = @ [P -6 )], (95)
f(l+1) (I‘) _ ¢(l+1) (I‘) _ ¢(l+,:—,) (I‘) , (96)

where Eq. (95) yields the correction fy to the scalar intensity.

We can Fourier analyze this new iteration scheme in a similar fashion to source

iteration. Starting with the single energy, isotropic scattering analytic slab geometry
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equation of transfer written in terms of the error we have,

) o (z)

B (2,0) + 0 () 90D (3 0) = 220 @)+ Q(2), (90)

1
FH (o) = / P (z, ) . (98)
-1

The low order diffusion equations are,

0 ;_3_ F(I4+1)

i@l @ e @ (@) =0, () (89 (0) - 0 (@), (99

The Fourier ansatz are defined as,

¢V =W (A) a(N) €92 (100)
Pl = W (A) b (A, p) e, (101)
¢H2) = W () ¢ (A) €937, (102)
FED = O (A d () e (103)

If we substitute Eqs. (100)-(103) into Egs. (93)-(96) we find that the iteration

eigenvalue becomes,

o0 =c[ia) | (i)

- /\2_%% [(%2 ¥ 1) tan;’\ - 1] . (104)

Looking at Figure (4) we can see how the eigenvalues of the accelerated system

compare to that of the unaccelerated system. The low order diffusion equations
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Eigenvalue o(})

Frequency A

Fig. 4: Eigenvalues w()) as a function of A for diffusion synthetic acceleration (DSA)
in slab geometry.

rapidly accelerate the rate of convergence for the iteration scheme. We determine
the spectral radius for the accelerated iteration scheme by solving for the maximum

eigenvalue,

p < max < 0.2247c. (105)

1 1_3u2
c/o d'u1+ A2p?

This means that for ¢ = 1.0, the slowest converging error mode is reduced approx-

imately by a factor of 77% on each iteration.

2.4 Summary

In this chapter we have reviewed some concepts important to the work being

performed within this thesis. We started by introducing the system of interest and
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the equation of transfer that describes the flow of radiation in this system. We also
reviewed general iterative techniques and their application to solving the equation of
transfer. We discussed general ways of accelerating iterative methods and some of the
desirable properties of iterative accelerators. We then introduced source iteration, a
specific iterativetechni(jue used for solving the equation of transfer and then discussed
a method called Fourier analysis used to analyze the convergence rates of source
iteration. Fourier analysis will be used extensively to investigate iterative schemes
in this thesis. Based on the results of the Fourier analysis of source iteration we
motivated our look at acceleration techniques. We showed how and why a diffusion
equation can be used to accelerate the iterative rate of convergence of source iteration.
A specific means of deriving the diffusion equations was introduced called the Four-
Step procedure. A modification to the Four-Step procedure will be used to derive
the diffusion acceleration equations used in this thesis. We ended by using Fourier
analysis to determine the convergence rates of source iteration accelerated by the

4-step diffusion synthetic acceleration procedure.
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3 SLAB GEOMETRY DISCRETIZED TRANSPORT

3.1 Introduction

In this section we discuss the methodology used to discretize the seven indepen-
dent variables in the equation of transfer. First we review methods for discretizing
the frequency dependence of the equation of transfer. More specifically we will in-
troduce the commonly used multi-group technique. We then introduce a method for
treating the temporal variable. We will make the observation that the equation of
transfer, discretized in energy using the multi-group approximation, and discretized
in time using a backward Euler technique, is very similar to a neutron transport equa-
tion with a fission source. At this point we explain our rationale for considering, in
the remainder of the thesis, an energy-independent steady-state transport equation
with isotropic scattering and an isotropic source. From here we describe the discrete

ordinates method for discretizing the angular unknown.

Next we introduce the two spatial discretizations that we are concerned with in
this thesis, simple corner balance (SCB), and upstream corner balance (UCB). Both
of these discretizations impose particle conservation over sub-cell volumes (corners)
of a cell and are thus coined corner balance discretizations. We will then look at how
to derive the modified 4-step DSA equations from the SCB balance equations.

We will next discuss how to analyze these discretization and acceleration schemes.
Using Fourier analysis we will compute the theoretical rates of convergence for our
scheme. We also use an implementation code, a code the implements the method to
verify the results of the Fourier analysis. The results of this analysis will determine
whether or not in slab geometry the SCB derived modified 4-step DSA equations can

be used to unconditionally accelerate UCB.
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3.2 Discrete Transport

The solution to the general geometry equation of transfer is a function of seven
independent variables: three spatial variables (z,y, z), two angular variables (u —
(polar), — (azimuthal)), one frequency variable (v), and one time variable (t). In
order to numerically solve this equation in a deterministic way, we must discretize

each of these independent variables.

3.2.1 Frequency Discretization

In our discussion so far, we have treated the radiation frequency, as a continu-
ous variable v. The most common technique for discretizing the transfer equation
in frequency is the multi-group technique. The photon frequency range is divided
into G frequency groups. Figure 5 shows the continuous frequency spectrum broken
into a finite number of groups. These frequency groups are typically numbered in a
backwards fashion, v = 0 being the highest frequency and v = G being the lowest.
This frequency indexing treatment coincides with that of the neutronics community
where neutrons tend to slow down in energy as they interact with the matter. We

define 1y, the total specific intensity in frequency group g, as
Vg—1
P, (r, 2, 1) = / avip (r,v, S, t) . (106)
Vg
The total direction-integrated intensity between frequency v,_; and Yy s,

b, (£,1) = / T b (1) (107)

This means that the total specific intensity ¢ for all frequency groups is defined

as,

G

Z/ dv'y (r,v,Q,t) (108)

g=0"9

w(r,ﬂ,t):/ooodyw(r,y,ﬂ,t)z
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and that the the total direction-integrated intensity is defined as,
00 G
é(r,t) =/ dvé (r,v,t) = Z/ dv'¢ (v, V,t) . (109)
0 gl:() gl

The frequency dependent Plankian, Eq. (12) is integrated over frequency to give

an expression for the group-averaged Plank spectrum:

B,y (T) = /Vg_l dz/Zh,i,/3 [e[kh—%] - 1} _ . (110)

C
9

The cross-sections (o, 0,4, 0¢) are normally defined by assuming a known spectrum

within each group (either Plankian or Rosseland mean) [Pal93] such as,

B fug vy_1dvo, (v) f (v)
iy v )

(111)

Low Frequency High Frequency

((
/)

G-1 G-2

Fig. 5: Frequency division into G frequency groups.

With the above definitions the equation of transfer becomes,

148 1
Eézwg + Q- Vi, + 0t g0 = Z;as,g¢g + 04,8, (T) , (112)

The material temperature equation becomes,

oT G
Cogr = D, Oag (8 = 47By (T)) + Qy . (113)
=0
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3.2.2 Time Discretization

To discretize the transfer equation in time we apply the standard backward Euler

method to Egs. (10)- (13). This results in,

1 +1 -1 e S | + 4 1
W [ ; 7 - ; 2] + Q- wa : +Ut,gw; ? = Eazg‘bg : +Ua,gBy (Tn+2) 3
(114)
1 ntl
e = [ aetee), (115)
:’l n+i n—1 S n n+j n+l
S (T ) = Yo, (4 - 4nB, (T")) +Q,,  (116)
g9=1
where,
n = time index

At = time step
g = frequency group index

G = total number of photon frequency groups.

Eqs. (114)- (116) are nonlinear with respect to temperature. The Plankian func-
tion is linearized in temperature enabling us to substitute an expression for the ma-
terial temperature into the transport equation. This results in a linear transport
equation representing a single Newton iteration on a nonlinear system [MWS96].

The linearization begins by assuming that,

dB™ 3
B™"': x B3
’ S

(T"+% - T"*%) . (117)
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The linearization assumption, Eq. (117), is substituted into Eq. (116). Rearrang-

ing we find:
G o G .
Z OakPr ° — 4772 oexBr * +Qy
Tvs — T3 = k=L k=l i . (118)
Cy , 0B ?
Ap + 47TZ Ook 6,:.1’

k=1
Eq. (118) is used to determine the material temperature at the next time iteration
by solving for T™*2 based on T 3. Substituting Eq. (118) back into the discretized
radiative transfer equation (114) and performing some simple algebra results in the
following,
G
Q- ottt = Con gt g+ DO o e 4

4
T =1

cAt" 1/)g . (119)

where the quantities with no time index n are assumed to be evaluated at the previous

time step n — 3

. n-3 1
Otg = [Ut,g ’+ E—A—Z] ) (120)
G
B
[41TZ aa,k%?k
k=1
n= (121)

Xg = G ’ (122)

1 0B,
gy = 0q49B, + L—gr-nxg [Q 41r377] (123)
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B, / 2h” [ [#%] —1}_ , (124)

(125)

6Bg Vo-1 2h2 4 [ V]
:/V dyc2k‘(T)2 [ I/] ]

Eq. (119) is dependent only the material temperature at the previous time step.

Eliminating the current time step temperature has left us with a system that couples
the frequency groups through an effective emission source. This source is analogous
to a neutron fission source [MWS96]. The multigroup technique consists of a number
of one-group results. At each stage in a multigroup problem we have a one-group
problem to solve. For this reason we will restrict ourselves to a simpler one-group
approximation of Eq. (119) for the duration of this thesis. If the acceleration methods
that we investigate fail on the one-group system then they will almost surely fail on the
far more complicated multigroup system. For these reasons we will use the following

one-group general geometry transport equation with isotropic scattering,
1
Q-Vy+oy = —0+Q, (126)

where the group index has been omitted for convenience.

3.2.3 Angular Discretization

There are several methods for treating the angular dependence of the equation
of transfer. In order to solve the equation of transfer, integrals over direction must
be computed. To properly handle these integrals we will concentrate on one of the

more popular methods known as discrete ordinates or S,. The discrete ordinates
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approximation requires the equation of transfer to hold true only for a finite number
of angles £2. With this assumption we can numerically approximate the integral in
angle by applying a quadrature rule. In slab geometry the S, equation of transfer

becomes,

d ! Q (z)
ﬂmad)m (z) + 01 (z) Ym (z) = 505 (z) ¢ (z) + 9

m=1,2,3..,.N, (127)
where the the direction-integrated intensity is defined as,
N
$(z) = Wmthm () . (128)
m=1

The quadrature weights, w,, are normalized based on the dimensionality of the

problem. In slab geometry we choose this to be,

W = 2. (129)

i[=

3.2.4 Spatial Discretization

Spatially discretizing the equation of transfer requires that we divide the problem
domain into a finite number of cells, over which material properties are held constant.
Dividing the problem into a finite number of cells is the same as laying a mesh or grid
on the problem. The mesh allows us to understand the connectivity of the problem
and devise discretizations with which to solve the equation of transfer. A variety of
different discretization techniques have been created, each of which possesses different
characteristics. Overall, the goal is to have a discretization that will allow for the quick
but accurate solution to a given problem. There are a variety of different families of
discretizations and we can group most of them into three primary categories. These
categories are Characteristic Methods (CM), Finite Element Methods (FEM) and
Finite Volume Methods (FVM) [Ada97]. In this work we will concentrate on Cartesian

geometry corner balance discretizations in slab and x-y geometries.
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/ /
Cell 1 'Y X Celli 'YX Cell 1
YA V'4
X1n X 3p Xiin X iv1/2 X L1 X 1n2

Fig. 6: Slab-geometry problem in which the slab has been broken into I discrete cells.

3.3 Corner Balance

We consider a slab geometry problem, shown in Figure 6, and divide cell 2 into

two corners represented in Figure 7.

" Cell i N

Left Corner Right Corner

Y, i-112 W, i+112

[ m, i [ }
®
Y, iL Ym, iR
. . m,i m,1i . .

1— i-1 i-1/2 . i+1/2 i+ljl\

1

B SN

Ax

Fig. 7: Cell 7 divided into left and right corners.

Corner balance is a finite volume technique in which we impose particle balance
over each corner. We integrate the discrete-ordinates equation of transfer, Eq. (127),
over each corner (from z;_ 1 to for the left corner and z; to z, L for the right

corner):
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/ .z‘** [”ma%’/’"‘ (2) + 01 (z) Y (z) = %as (2) 6 (z) + Q;“’)] . (131)

The result is two equations, one for the left corner,

LallLl Osyi Qi

Za:,- (%,i - dﬂm,,-_%) + 0ti¥m,ir = 2L¢,-L + 2L : (132)
and one for the right corner,

ﬂ_m(w =1 ')‘Hf:'?/) iR:O’S,iR(b'R_*_QiR. (133)

Axl m,i‘f‘i m,t ,arm, 2 1 2

These exact balance equations, Eqgs. (132) (133), for the left and right corners, need
to be closed with two additional expressions as there are currently four unknowns:
two corner average scalar intensities ¥m ;and ¥m ;r, a cell-edge scalar intensity, either
Vmie 1 or Vit 1 and a cell-midpoint scalar intensity ¥,,;. An upstream closure is

chosen for the cell-edge unknown,

m,i = wm i
im’itijz = wm’i’-Rl R B2 0, (134)

st ST 159

We need a relationship between the cell midpoint and the corner and cell-edge
scalar intensities. The two closures that we will investigate in this thesis, simple
corner balance (SCB) [Ada91] and upstream corner balance (UCB) [Ada97] differ

subtly in their form.

3.4 Slab Geometry Simple Corner Balance

The cell-center angular intensity is replaced by a simple average of the angular

intensities on the left and right corners,

A VmiL tYmir) [ p>0
Vmi = ( 5 L<0 | (136)




The result is two equations, one for the left corner,

Q‘iL
2 )

Jim
Axi

saL
2

g
(¥t + Vmin = Wniey) + Oithmar = 2L i +

and one for the right corner,

P
Axi

Os,iR Qir
(me,i+% — Ymar — wm,m) + 04,i¥mir = 321 Gir + 21 .

We can write Eqgs. (137) and (138) in matrix form:

[ Ot iAT + p 7 ] [ Ymi,L ] 4 [ —2u 0 ] [ Ymi-1,R ]

—p o1 AT; + p YmiR 0 O Umyit1,L
05:07; Az;
) 0 0
= 2 GiL + 2 QiL >0
0 sl [@,R] o A [Qi,n]’“ ’
2 2
01, iAT; — p 7 ] [ Ymi,L ] n [ 0 0 Ym,i-1,R ]
—u 04 AT; — p YmiR 0 2u Ym,i+1,L
Os ‘iAxl AIIJ,'
) 0 0
_ 2 diL Qi
S S B I | vl R
2 2

Which can be expressed as,

TEVE + HEURGE = SO,

m ¥ m,i

where,

[ ¢i L
Qi = ’ 3
L ¢i,R

e

* _ m,i,L

\I/m,i - ,d):!: ] )
| Ym,,R

+
+ _ mi,£1
Vo= | 43 |

m,i,+1

44

(137)

(138)

(139)

(140)

(141)

(142)

(143)

(144)
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and ¥¥ represents positive and negative direction dependence on g, of .

The use of a simple average to close the system is the origin of the name of
this corner balance discretization: Simple Corner Balance or SCB [Ada91]. When
Adams introduced SCB it was a step in the right direction for radiative transfer
problems. It has excellent behavior in optically thick diffusive problems, common
for radiation transport problems, and it is easy to define and implement on arbitrary
polygonal cells. By optically thick we mean that the distance a photon travels between
interactions is very small compared to the size of the problem. However, the simple
corner balance (SCB) closure couples the left and right half cell scalar intensities in
both of the balance equations. This requires the solution of a 2 x 2 linear system in

each zone for slab geometry transport sweeps.

3.5 Slab Geometry Upstream Corner Balance

During the last few years there has been an increased effort to use unstructured
meshes consisting of arbitrarily connected grids of polygons. When we extend the
SCB method to general 2D polygons, the transport sweep requires the inversion of an
N x N matrix in each spatial cell where N is the number of corners of each polygon.
Inverting an N x N matrix for the solution within each spatial cell becomes very
expensive as the number of corners increases. A discretization method that maintains
the favorable properties of SCB but eliminates the need to invert an N X N matrix
for each cell would be a significant improvement. In 1997 Adams [Ada97] designed a
modification to SCB that alleviates this inefficiency by replacing Eq. (136) with an

upstream closure, eliminating the coupling between the corner balance equations. In



slab geometry this closure has the form:

” (as¢>+Q) _(as¢>+Q)
mol ¥ 4 Ot R Ot WL

’

(

+:8(Tm1L ('d)th wmt 1/2)) /L>O,
wm,i = 4
1| /0,04 osd+
d””ﬂ“i[ 0ib+Q Q (_Q) ]
Ot iR
7-m,tR (wm,tR 'd)m,1+1/2) y #< 0,
where,
Uy 3 \ T, i
B () = M,
Tm,i
3+ 4T + 4Tl
Ui (Tmyi) = mi T PO mi g = 0.455,

2+ 27 + 472

o Ax
zlﬂml ’

Tmi =

46

(145)

(146)

(147)

This closure eliminates the need for a matrix inversion in each zone. Furthermore,

Eq. (145) helps UCB to limit to the same (or somewhat more accurate) discretized

diffusion equation for optically thick and diffusive problems [Ada97].

also provides improved accuracy for optically thin and intermediate regimes.

This closure

By combining the left and right corner balance Egs. (132)- (133) with the upstream

closure Eq. (145) we obtain,
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(148)

(149)

2Um
Az,§1+ﬂmw)+0tw ) 0 ["rl)m,i,L]
ZHm Hm _ Ym,i,R
AI, (1 + :Bm i L) A.’L‘i + C"t,z,L
| "2 (1+ Bmyir) , 0 [ ViR ]
Km Ymi~1,R
0 - —Pm,i =
| Azl ( ﬂ ) )L)
 HmC MmO
— Az, 4 Ar; 4~ 2 ®iL
T om0 Thm in
L AI,' 4 A.Ti 4 4 ’
pm 1 Pm ¢ 17
Azx; 40y Az 4o, | 2 Qi
B 2R S [Q,-,R » k>0,
Al‘i 40't 2 A-ri 4Ut
2Um 2Uim
K - 1 m,i
Azx; T oL 0 Azx; (14 Bmin) [ YmiL ]
0 Au;: (1+:BmzL) +Ut1L "r/)m,i,R
2pm
_A-Ti (_,Bm,z,L) ) 0 [ "r/)m,i+1,L ]
Hm Ym,is1,L
1 m,i maatl,
0 ~ Az (1 + Bm,i,L)
_Hm C O Hm € i
_ Az;4 2 Az; 4 éiL
- ﬁ"._f _ Hm é 9s bR
Al‘i 4 Al‘i 4 2 § ’
Pm € 1 Bm 1 ]
Az do, | 2 Azx; 40, QiL
+ ;zmtc o ctl I:QiR],u<0.
A.Ti 40't A.Ti 40't 2 i
The UCB system can be expressed, with the appropriate matrix substitutions, as
+5 inc,t, l
Tr:}r:t\pmg ) Hi\pm z:hl( ) qu)f ) 3

where,

| %L
&= [ ®i,r ] ’

(150)

(151)
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+
V= [ 1‘;] : (152)
my,
i “
Ui = [ 'ﬂ':“i ] , (153)
m,i,

and ¥* represents positive and negative direction dependence on y, of .

3.6 1D SCB Derived Modified-4-Step DSA

Source iteration applied to the SCB and UCB transport differencings will converge
prohibitively slowly for optically thick and diffusive problems. In fact, the spectral
radius for source iteration will be ¢, the scattering ratio. As was discussed in Section 2,
diffusion synthetic acceleration (DSA) can be used to alleviate this problem and has
been shown to unconditionally reduce the spectral radius from ¢ to approximately ¢/3
(for isotropic scattering), provided the discretized diffusion equations are consistently
derived from the discretized transport equations [AM92]. The Modified Four-Step
(M4S) DSA scheme of Adams and Martin [AM92] yields a diffusion equation that
is not strictly consistent with the transport discretization. M4S, in contrast to the
traditional Four-Step procedure, enables researchers to readily derive acceleration
diffusion equations for multi-dimensional systems. M4S was initially developed for
FE discretizations. Adams [Ada97] showed that SCB is ezactly equivalent to lumped
linear discontinuous (LLD) FE. This means that the M4S procedure can be applied

to SCB to yield acceleration equations.

Starting with the slab geometry SCB Eqgs. (137)- (138), the following steps are

followed to derive the M4S DSA eciuations:

1. Take the 0** and 1** angular moments of SCB transport Egs. (137) - (138).

2. Change iteration indices to (I + 1) except on second and higher moment terms.
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3. Subtract the resulting equations from the converged system to obtain a new
system of equations for the additive corrections to the scalar flux resulting from

source iteration.

4. Eliminate 1% moments from system, leaving a discretized diffusion equation. To
do this we have to make the within-cell approximation to the cell-edge scalar
flux correction and we have to eliminate all currents in favor of the left and

right half-cell flux corrections.

Taking the 0 moment Y, wp, of Egs. (137) - (138) yields,

1+1 05:AZ;
gl = TG (159

Jir + Jir (++3) (1+1) | oA,
— 2 ) Tl it

5

i+3

1 J,' Ji (H—%) Ax; : siA ]
W (Jatde) ) oo _odngn

In order to take the 1% moment of Eqs. (137) - (138) we recall that,

2 1 12 1
2 2
=2z ~1)|4+-=2 =Py (1) .
Hm = 3 [2 (34 )] + 3 = 3P () + S Po (itm) (156)
Then
2 1
2 - — —
> it = 50 + 39, (157)
where,
O =" wnP; () Yim (158)

Taking the 1* moment ) wpp., of Egs. (137) (138) yields,

2 |:<(I)i,L + <I>,~,R> (1+3) _ q)(H;) N 1 [(qﬁi,L + ¢,.,R> (t+3) ~ ¢(,+%)}

1
2 2

3 2 i-3 3 2 -

+

Az (143
2, . 7 J,.(,IL“) =0, (159)



a0

L i - (l+%) 1 ) . (l+%)
:2; l:q)l(_l:;) - (W”_R) ] _*_% |:¢;(.l:%2) _ (¢1,L ';' ¢1,R) :I

AT 3
+%Ji(,l,:2) =0. (160)

Now, we rewrite Eqs. (154) - (155) and (159) - (160) promoting all iteration

indices to the (I + 1) iterate except those of ®:

Jip+ J; U+1) o ,A:z:, o ,A:z:,
( ,L : ,R) _ Jl(l_-;l) t ¢(l+1) 8, ¢(l+1) (161)
Jl(-l:;l) (Ji,L _;_ Ji,R)(l+1) O't;sz ¢(l+1) O's,zsz ¢(l+1) (162)
1
21(®iL+Pir (++3) 3 q)(H-%) + 11 (éiL+dir (4D _ gy
3 2 i-3 3 2 i-3
lA 1
i : gD —0,  (163)
2 ® +3) [ PiL +Pir 3) ¢(z+1) $iL + Pir (1)
3| s 2 i+ 2
iAz;
+"“T"’J§f;” =0. (164)
We define the following corrections:
1
7Y = g0 - ol (165)
1
£O0 = glh — glrs), (166)
1
o0 = g0 - G (167)
1
g(’l+1) J(l+1) Ji(’g'z) ] (168)
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Substitute in the corrections, Egs. (165) - (166) and (167) - (168) and subtract
Egs. (154), (155), (159), (160) from Egs. (161), (162), (163), and (164) to yield:

(gi,L 42- gi,R>(1+1) gl(l_+_1) i UtzAl‘zf(l-‘l-l) Us,AIz¢(l+1) (¢(l)) (169)
ggj;) _ (gi,L 42-91',12>(l+1) O'tzAiL‘lf(Hl) US,AI1¢(I+1) (¢1('3{) , (170)
% T(—f“ ; fm) . f,-(f?): + U"iTAI"g,‘,'f V=0, (171)
- (Bephe)™] am

We simplify the right hand side of Eqs. (169) and (170) using the fact that

s, ,A:E, (1+1) 0 OsiQT; zAIz (1+1) (t+3) 0siA%i ([ (1+}) 0
(¢1 L/R™ ¢i,L/R) = b1~ irm | +— 9 birir — Pir/r |

(173)
which yields,
) ) (1+1) A A
(gz,L -;— gl,R> gl(l_-l-_l) + 00T f(l+1) O5,i0%; ( (0) , (174)
' ) (I+1) A A
ggﬁl) _ (gz,L ‘;‘ 9z,R> 4 Jai I’f('“) U“ JsiTi ( (l) ) . (175)
2

We next remove the dependencies on the edges 1 + %,i — % by first obtaining,

!
1(:_+11) Z Wmbm l:w( +1) :I Z Wmbm l:w'z(—l:ill), wz(+1 L):I ) (176)
u>0 pn<0
which, if we use a P; expansion of the angular intensity becomes,

1, 3 mJi (+1) i 3 mJi (l+%)
(l+1) Zwm.um [(fﬁ R Nz ,R) B <¢2,R+ Nz ,R)

>0

(1+1) (+3)
i 3 mJi i 3 mJi 2
+Zwm,um {<¢+1L+ H 2+1,L> _ <¢;1,L+ U 2+1,L> }(177)
p<0
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This reduces to,
1) _ Y [ p41 I+1 1 a1 I+1
g =2 (IR0 - £800) + 5 (o0 - o) - (178)

Similarly, we find,

! IaN(

00 =T (54 1) 4 1 (o - 50 )
where 7 is the quadrature normalization defined as the sum of the quadrature weights,
N/2
Y=Y wn. (180)

n=1

We substitute Egs. (178) and (179) into Egs. (174) and (175) which yields,

(1+1)
gL+ iR Y { (141 (1+1) 1/ 41 I+1
(—1 5 : ) - [5 (fi—l,R - fiL ) + 5 (gz(,L ) 91( 11)11)

2
azA 1 iA 1
PR ) - S [¢( 2 ¢“’] , (181)
(f(l+1) £ 1( @+ @+ ]| _ (9L T Gir (1)
i+1,L 2 9ir 9i+1,L — 9
azA 1 iA 1 :
pOnt e S 0D ). (182)

We use a very simple approximation to eliminate the f( +1) ; it is:

fi(l+11) f(l+1) , f(l+1) f(“l). (183)

These are local approximations to the edge direction integrated intensity quanti-

ties. These allow us to reduce Egs. (171) and (172) to

(I+1 (1+1)
o0 ey _ (L) (ferl S (154
i,L iR 30},1' AIBi :

By using Eq. (184) we arrive at two equations containing only the corner direction-

integrated intensity corrections:

2 ( 30}’1;

£+1 £+1
Ly Jit Ry T (gt g

1 ff fe+1 Oq, 1A:c1

_*_l ) 05:AZ;  e41
2 30t,i—1 A$i—1

=10

f£+1 —

— ¢ ), (185)
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and

1 fl-l-l f£+1
3o ) + (st - gt

as’iAa:,-
2

£+1 +1
_l 1 fz-l-lR fz+1L) Ja zsz

fl-l-l —
230441 Aziy

(637 = ¢L). (186)

These equations, valid only in the interior of the domain, can be written in matrix

form as a banded seven-stripe matrix. We can write Eqs. (185)- (186) in matrix form

as,
[ (1+3)7] (1+2 n ]
fiE—l,L; ¢i§—1,zl; - ¢£—)1,L
I+1 I+3
fi(—l,z}l) ¢i(—1,2R) - ¢Sl—)1,R
I+1 +3) o
D fi<L . =P ¢iL . ¢i,L , (187)
f I+3) ¢(l+§) _ ¢(‘)
(1) (+) _ 40
+3 3 l
fi(+1,L) ¢z(+12L) - ¢§421,L
I+ I+3
..fi+1,;i . -¢i+1,2R - ¢£21,R-
where,
_Im n o p 0 0
D_[Oqust]’ (188)
1 1
m= _5 <3Jt,i—1A$i—1) ’ (189)
__r, 1 1
n= 2 + 2 <30’t’i_1AiEi_1) ’ (190)
1 v | O AT
0_§<30t,A.’IJ,)+ +T’ (191)
1 1
S 192
P 2 <3at,iAa:i> ’ (192)

S (- 193)
= 79 \30,,01; ) (
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1 1 Y Oq iAxi
— - J 194
" 2 (3O't,1;AiIJ1;) + 2 + 2 ’ ( 9 )

v 1 1
-ty 195
s 213 <3Ut,i+1A$i+1) ’ (195)
1 1
t=—1————1 . 196
2 (3Ut,i+1A$i+1) (196)
s A 1

pP= %1 (197)

where I is the identity matrix.

In contrast to SCB, the non-conventional form of the UCB closure, Eq. (145),
makes deriving a set of discontinuous acceleration equations using M4S DSA a diffi-
cult task. Palmer [Pal93] while analyzing curvilinear geometries applied a procedure
called asymptotic analysis [LMM89] that determines specific characteristics about
discretizations in particular limits. Palmer noted that SCB and UCB have identical
thick diffusion limits. Palmer observed, that SCB derived M4S diffusion equations

appeared to effectively accelerate UCB source iteration.

3.7 Slab Geometry Fourier Analysis

To determine the effectiveness of accelerating UCB with SCB derived M4S DSA

equations we will perform a Fourier analysis similar to that described in Section 2.

3.7.1 Fourier Analysis of Source Iterations: SCB

The Fourier analysis source iteration applied to SCB begins with Egs. (139)

and (140) written in terms of the iteration errors. We assume an infinite medium
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with zero source which results in,

[ 01l + b ] it | 4 [ ~24im 0 ] Vmici.r
X(ES] ~(1F1
~Um 04 AT; + i wfn-ti)l 0 0 11)5,;,:131,14
58T 30
- i, L
. [q‘sw ] 44> 0,(198)
0 i,R
2
and
Ut,iAxi iy 1 Hm ] d:’frl:lg + [ 0 0 ] d:’frl:;l—)l,n
—tm 0T = || U 0 2um | | $5E0 .
O'_g’iAiIJ, 0 qg(l)
_ 2 i,L
0,3 {&w ] 4 < 0,(199)
0 iL,R
2
where,
. 0 - (1+1)
diL ] [ Ymi,L ]
W = w LTk . 200
[ iR zm: " | Ymir (200)
The discrete Fourier mode ansatz are,
1[) i,L ® Um,L
LT = wlet® [ ™ ] : 201
[ ’d)m,i,R ] am)R ( )
2 0
¢iL ] I _i\x; AmL ]
" = we'" ’ . 202
[ ¢i,R Am,R ( )

Substituting the Fourier ansatz into Eqs. (198) and (199) yields the following
equations,

0 >0, (203)

- |Gm,L} _ A
ot 1] s [ 4] <o, o
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where L}, and L, the matrices corresponding to positive and negative u, are equal

to,
-/J'm Ut’iAxi /J'm —iAA.’L‘,‘
=2 2 oz ™ (205)
m —Hm HL"’_ (o} Ax; ’
L 2 2 2
Bm _ 018 —m
T o= 2 2
Lm ixaz; HMm —Hm | Ot AT ’ (206)
| Hm 2 2 2
with,
O's,iAiIJ, 0
- 4
Ps = oyl | - (207)
0 4

Rearranging Egs. (203) and (204) we arrive at,

[ o 7 ] Zwm [ L) (Lr—n)_l] Ps [ﬁf{] = Ascs [j;] . (208)

3.7.2 Fourier Analysis of Source Iteration: UCB

The Fourier analysis of source iteration applied to UCB begins with Eqs. (148)
and (149) written in terms of the iteration errors. We assume an infinite medium

with zero source which results in,

2
AIZL él + BmiL) + 0tiL , 0 [ ¢%_-Eil;’ ]
_AM;: (1 + Bm,ir) AL;:+Ut,zL wml’*
20m
- 1 i 0 T+t
Az; (14 Bmir) . [ wizj;fil’R ]
Jim 7 (+
0 - - 1 w =4,
1 Hm -1 ‘i(lz
- |S; — —MD,,S,S 87 >0, 209
2 s AiIJi meIsIt ] [ d),(f}z o4 ( )
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2)um 2)um
’ . + 1+1
Azx; Ttil Azx; (1 'BmlL) [ ¢m(t13 ]

2 X(ESY)
Allxrn (1+ﬂm,‘l L) +Jt1L ’d)m,l,R
1

~Az, (—BmyiL) 0 [ J)"ﬁi’l . ]

m z+1 R

Hm -1 ‘iz(l)L
I:Ss sz MD S St ] é(i) T U < 0, (210)

where,

~ )]
5] = | e ol

The discrete Fourier mode ansatz are,

1[) . ® _ a
[ bl ] = wle [ L ] , (212)

Ymi,R Gm,R

- U}
[ gf’z ] = e [ j; ] . (213)

Introducing the Fourier ansatz yields,

uL, |omL| =Py,

amg) = 0m [4g) # >0 (214)

1 (A4, ]
- L
""PU,m

— 'am L
() ’

] ,u<0, (215)

which we notice is identical to Egs. (203) and (204) except for Pi_ which in the

m

UCB discretization, is now a function of angle. We define L}, L} and Pﬁm as

2Um 2Um —iMA:
a (1+ BmiL) +0uiL _=H (14 By ) €107
Lt = | A% 2 2 Az; : (216)
A: (1+ Bm,iL) A—;n" (1+ Bm,iL) e AT 4 OtilL
1 1



2pm
L+ — AIIJ,'

2 3 A
_ A’Z’: (1 + ,Bm,i,R) etAAz.

C"s,i,L HmC
2A$i
HmC

PU:l: — 2

B 2A$1

where ¢ is equal to the scattering ratio oz

(1 + Bm,ir) ePaTi 4 OtiR
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2t
e (14 Bm,iL)

Az 217
2Um J (217)
Az, (14 Bm,i,r) + 0tiR

_ fime
Us,i,RQAxﬁmC ’ (218)
2 2A$1

Rearranging Eqs. (214) and (215) we arrive at,

N

w[;l::;] = :ziwm [(L;)'IPUm]+ > wm[(L;)“IPUm] [j;]

3.7.3 Fourier Analysis of Modified 4-Step Diffusion Equations

The Fourier analysis of the slab geometry SCB derived M4S DSA equations begins

with Egs. (185) and (186). The discrete Fourier mode ansatz are,

fir

-

04 .
[ fiL ] = O gira: [ ar ] ,

0
AL | _ Wi [ AL ]
dir Ar |

o (220)

(221)

Substituting the Fourier ansatz into Eq. (187) yields the following matrix eigen-

value/eigenvector system:

(222)
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where D is equal to,

1 [ —i\Az [ 1] _Ao-ixaz 1 —i\Az
[30:Am] +7 [30:Am] € + aan [30:Am] e + [30:Am] €

_ 1 - IAAT 1 IAAZT 1 _ 1 IAAZ
[30:Am] e + [30:Am] € [30:Am] + v [30:Am] € + aan

(223)
and Pp is equal to,
JUAN
osAzx 0
Po=| 4 _A.l- (224)
0 54

The Fourier analysis of the SCB system accelerated with the SCB derived modified
4-step equations and the UCB system accelerated with SCB derived modified 4-step

equations can be represenfed in the following in matrix notation,
A A
w | Xl = [Ascucs + E (Ascauce — 1) L, (225)
AR AR
where,
E=D"'Pp, (226)

where w is an eigenvalue, Ay g is an eigenfunction and I is the identity matrix.

3.8 Numerical Results

3.8.1 Fourier Analysis Results

A Fourier analysis of SCB and UCB transport accelerated with SCB derived
modified 4-step equations was performed using a S3; Gaussian quadrature set. The
iterative scheme was also implemented to verify the results of the Fourier analysis.
Figure (8) shows the results of the Fourier analysis and implementation code. It shows
the spectral radii as a function of mesh spacing for the SCB and UCB discretization

using SCB derived DSA corrections. The SCB-accelerated UCB discretization has
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a maximum spectral radius of 0.2950, for ¢ = 0.999999 and an optical thickness of
approximately 0.93 mean-free-paths (mfp). The expected spectral radius in the thin
limit is approximately 0.2247 at 0.01 mean-free-paths (mfp). The plot also shows
a spectral radius approaching zero for very optically thick cells. Numerical results
were generated for slabs with 100 cells, an S3; quadrature set and vacuum boundary
conditions for a range of optical thicknesses matching that of the Fourier analysis.
To get the most accurate results, all of the Fourier modes were excited by picking a
random initial guess for the angular intensity. We choose a zero source and let the
solution converge toward the exact results: 1 = 0. The problem is run until a stable
spectral radius is achieved. Figure 8 shows that our implementation code agrees well
with our analysis: SCB-derived DSA effectively accelerates the UCB discretization.
It is important to note that the imblementation results should be equal to or less than
the Fourier analysis. This is because the implementation code is modeling a finite
system while the Fourier analysis is modeling an infinite system. We can clearly
see that the implementation results are just slightly less than the Fourier analysis
results. This means that the implemented method is behaving exactly as predicted

by the analysis.

3.8.2 Implementation Code Model Problem

To complement the Fourier analysis the implementation code was run on a rep-
resentative slab geometry problem. The implementation code serves two primary
purposes. First it is a separate means of determining the convergence properties of
the iterative scheme as shown in Figure 8. Second, it is a good way of verifying the

that the DSA is converging to the correct answer.

We begin by describing a slab geometry model problem that was chosen to verify
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Fig. 8: Maximum Eigenvalues w()\) as a function of Az for SCB and UCB slab
geometry with “Modified 4-Step” diffusion synthetic acceleration (DSA).
the proper operation of the acceleration technique. Figure 9 illustrates the model

problem.

In Figures 10 and 11 we see that the SCB and UCB solutions both with and
without the DSA. One of the properties of an acceleration technique is that it yields
the same solution as the unaccelerated solution. We see that the SCB solution, with
and without DSA, converges to the same solution. We also see that the UCB solution,

with and without DSA, converge to same solution.
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Fig. 9: SCB and UCB slab model stencil.

Table 1 shows some convergence metrics for the model problem. It is clear to see
that the DSA scheme is highly effective in reducing the number of iterations required
to converge to the same result. The SCB and UCB model problem results have
spectral radii that are less than the Fourier analysis. Since the Fourier analysis is for
an infinite system, any finite system, such as the model problem, will have a smaller

spectral radius.

Table 1: Slab Model Problem Results

Discretization: Iterationsgy: Iterationspsa: psi:  Ppsa: €:
SCB 2639 34 0.993 0.452 1.0e7'°
UCB 2629 24 0.989 0.252 1.0e~1

3.9 Summary

In this chapter we considered strategies for discretizing the slab geometry equation
of transfer in frequency, time, angle and space. In particular, we focused on the form
of the corner balance family of spatial discretizations. We reviewed the simple corner
balance and upstream corner balance closures and the equations that are iteratively

solved when using source iteration.

We then introduced the technique for deriving the M4S DSA equations and applied
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Fig. 10: SCB model problem results with and without acceleration.

this technique to derive acceleration equations for slab geometry SCB transport.

We then performed a Fourier analysis of the SCB, UCB, and M4S DSA equations.
These Fourier analysis results have been verified by implementing this acceleration
scheme and observing convergence rates for several model problems. The results
clearly showed that SCB derived diffusion acceleration equations are very effective at
increasing the rate of iterative convergence of UCB. We have also solved an interesting
model problem to test our implementation code for accuracy. The results of this
problem indicate that our accelerated system converges to the unaccelerated results,

and that the coarse mesh results agree with high spatial resolution benchmark results.
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Fig. 11: UCB model problem results with and without and without acceleration.
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4 X-Y GEOMETRY DISCRETIZED TRANSPORT

4.1 Introduction

We begin by discussing the methodology used to discretize the seven independent
variables of the equation of transfer. In x-y geometry the only discretizations that
are different from the slab geometry cases are the angular and spatial discretizations.
We discuss the angular discretization changes and then apply SCB and UCB in x-y

geometry. This includes reviewing the form of the SCB derived M4S DSA equations.

We perform a Fourier analysis in x-y geometry in a manner consistent with that
in Section 3. We find that only subtle differences exist between the slab geometry

and x-y geometry Fourier analyses.

Having established the SCB, UCB and SCB derived M4S DSA schemes we will

look at the results of the Fourier analyses and the associated implementation code.

4.2 Discrete Transport

In x-y geometry, the solution to the equation of transfer is a function comprised
of six independent variables: two spatial variables (z,y), two angular variables (u —

(polar),y — (azimuthal)), one frequency variable (), and one time variable (¢).

4.2.1 Frequency Discretization

In x-y geometry we use the same multigroup frequency discretization that we used

in slab geometry. [ See Section 3.2.1]
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4.2.2 Time Discretization

In x-y geometry we use the identical temporal discretization that we used in slab

geometry. [ See Section 3.2.2]

4.2.3 Angular Discretization

In x-y geometry we again use discrete ordinates to discretize the angular variable.

The discrete-ordinates equation of transfer becomes,

'u'mga;wm (.’IJ, y) + ﬂm'a%il)m (iIJ, y) + 0t (xﬁ y) ¢m (iIJ, y)

= %as (z,Y) ¢m (z,y) + ¢ (Z’ y) , m=123. N, (227)

where the direction-integrated intensity is defined as,
N
$(z,y) =Y Wnthn (z,Y) . (228)
m=1
The normalization of the quadrature weights, wy,, changes in x-y geometry:

N
> wm =4, (229)
m=1

4.2.4 Spatial Discretization

Just as we divided the problem domain into a finite number of cells in the slab
geometry system, we must divide up the plane in x-y geometry into a finite number

of cells, over which material properties are held constant.
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Fig. 12: Cell 4, and its neighbors with their corner subcell volumes.
4.3 Corner Balance

We consider the x-y geometry orthogonal mesh stencil, shown in Figure 12. The

relationship of cell 7, j to its neighboring cells are shown.

Figure 12 illustrates cell (i, j) with four corners labeled 1, 2, 3, 4. In corner bal-
ance, we impose particle balance over each corner. We integrate the x-y geometry

discrete-ordinates equation of transfer, Eq. (227) over each corner:
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Corner 1:
T Yi a a
/ dr/ dy Hm o= P (z,y) + Nm o Ym (z,9) +0¢ (2,9) ¥m (z,9)
Ty Yuy o 4
1 ,
= 79 (2,Y) dm (x,y)+w , (230)
Corner 2:

s [ g S b (2,4) 0 (@) i
/z T . Y [Hmp—tm (x,y)+77maywm z,y) + 0 (£,9) ¥m (z,7)

i

= %as (Z,Y) bm (z,y) +M] , (231)

Corner 3:
Tivd Vit d 0 . 0
/z ; dzx /,, i dy [uma—xwm (z,y) + nm'a—ywm (z,y) +0¢ (2, 9) ¥m (z,9)

- 1o @) om @)+ 220 )

Corner 4:

T}

Yig 0 0
o [ dy [t g (5:9) + gt (213) + 01 (5,2) ¥ 22)

Yi

Q(z,y)
4

= 20,9 b (@9) + . (233)

The result is four equations for each of the four corners of each cell. Figure 13

illustrates the cell unknowns and locations.

U 7
K_:; (Vm,i,B — Ymiiji-) + A—Zi (YmigL = Ymyigi+)

Qija
4 b

+01i,i¥mij1 = 70sijPij1 +

, (234)
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Fig. 13: X-Y geometry stencil for cell ¢, j.
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sz (wmn"]’2+ - meinvB) + —A—; (wmyiyij - wmyi1j12—‘)
1 Qi 2
+0; 1,me,1,3, —0g z,y¢z,y 9 + —— xig2
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K n
Arxnz (wm,i,j,ii— - wmyiyij) + A’;‘l (’d)m,l,‘j,3+ - ’d)m,i,j,R)
Qz, 3
+0¢; me i,5,3 = 70s z,y¢z,y3 + =2
T4 4
H n
A_:Zi (Ymig = Ymijas) + K’;: (Ymija— — YmijL)
Qija
+Ut7i7jwmyi1jy4 = Zasﬁ,](b'l,],‘i + -f— .

Similar to slab geometry, an upstream closure is chosen,

w 1 wm,z 1,7,2 » /J'>O
gl wm,t,J,l y K <0 ’
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(235)

(236)

(237)

(238)
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Ym,igi+ = { :ﬁ:z;“ ; 75 °, (239)
sz = { o5t 400 a0
Ymiga- = { :ﬁ:;”‘ A (241)
tms-={ Yo 0o =
pmasse ={ gt 0 2 (215
bmasar = { Y LT =
e L (245

4.4 X-Y Geometry Simple Corner Balance

As before, the cell-center angular intensity is replaced by a simple average of the
angular intensities across each internal boundary. In Figure 12, L, B, R, T represent
the internal corner surface boundaries. The four expressions for the four internal

corner surface fluxes are,

Ymigl = (w"”’“ ;w"”’” ) , (246)
VYmij1 + Ymij,
Vm,ij,B =< ] 5 it ) (247)

wm ,,7,R <¢m 12 ; wm 13 ) s (248)
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m,i,J, + m,i,J,
it = (‘b rigt ¥ 13) . (249)

Inserting these closures into Egs. (234)- (237) yields,

H T
A:i o (Ym,igt + Pmia = 2¥m,ig+)

(wmyiyjrl + ¢m11J12 - 2¢m1i1j11_) + Ayz

1 Q‘l,] 1

+0y z,ﬂ»bm i1 403 z,y¢z,3,1 + —, (250)

Z—:i (2¥mij2+ — Ymige = Ymig1) + Z—T; (Ymijz + Vmigs — 2¥miij2-)
+0t,ij¥m,ij2 = ias,i,jﬁbi,j,? + Q;;?‘ ,  (251)
£m (2%mij3- — Ymija — Ymij3) + i, (2¥m g3+ — Ymig2 — Ymig3)
Az; Ay;
+0¢:%m,ij3 = ias ij®ij3+ —— Q;,; 3, (252)
Hm

7
Az, (Ymiga + Ymig3 — 2¥mijas) + A_T;, (2¥mija— — Ymij1 — Ymiija)

Q‘l,J 4

1
-0 1,3¢z,3 4 + — (253)

+0t,:,i%m,ija = 1

If we insert the upstream closures into Egs. (250)- (253) and write the system in

matrix form, we have,

1»bm,i—l,j,2
Ym,ij—14
1»bm,i,j—l,S wm,t,j, ¢‘l,], Q‘l,j,l
Hm 1»bm,i+1,j,1 + T wm 2| Js,m ¢z,_1 2 + A'TiAyZ QU 2 (254)
1»bm,i+1,j,4 wm W2,J,3 16 ¢1,J 3 16 Q‘l,] 3 ’
1»bm,i,j+1,2 wm,t,j, ¢‘l,],4 Q \Jid
1»bm,i,j+1,1
_wm,i—l,j,S_

where the matrices T,, and H,, are direction dependent. If we define,

/LmAyi

U=t

(255)



_nmAxi
V= 5
_/LmAyi
W= YR
X:’nmAiEi,
4
then for u > 0, n > 0,
-U -V 0 00O0O0 O
0 0O -V 0oo0oo0oo0o o
Hn=149 o 0 0000 ol #>01>0
0 0 0 00O0O0 -U
H can also be written in matrix form as
G W 0 X
T. = -W G X 0
10 -X G -W|°
-X 0 W G

where G, for p > 0, n > 0, is defined as,

G = HmAY; 4 NmAZ; 4 Ut,i,ijiij

1 1 1
For p <0, n >0,
0 -V 0 0 0000
o 0o -vU o000 o0
Ho=10 0 o0 o v oo ol #<0n>0,
0 0 0 00000

Ay | Az | oy AT Ay,
G= 1 + 1 + 1 .

For p >0, n <0,

o OO

, >0, 17<0,

oo oo
oo oo
oo oo
=l N = M )
o<o o
< oo o
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(256)

(257)

(258)

(259)

(260)

(261)

(262)

(263)

(264)
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G = /J'mAyi + —nmAxi + Jt,i,jAIiij

2
4 4 4 (265)
For p <0, n <0,
0000 00 00O
000U 0 0 00
Ho=10 000 v v o of #<0n<0, (266)
0000 0O0VO
—umAy;  —nm Az AT Ay;
G = THmBYi | TmATi | 04 ATAY; (267)

4 4 4

4.5 X-Y Geometry Upstream Corner Balance

Similar to SCB we replace the cell-centered angular intensity by the UCB closure.

(Us¢+Q) _ (%¢+Q)
gt 04,2 Ot i1

The x-y geometry UCB closures are,

'd)m 2B = 'd)m 61 + -

4
+,8 ( mz,], ) (wm 3,7,1 wm,iJ,l—) y M > 0, (268)
as¢+ Q _[os$+ Q)
wm,z,J, wm,m, 4 |:( F} )i,j,l ( (o) i’j’2:I
+B (Tmyis2 2) (Wmij2 — Ymijas) » # <0, (269)
wm T = wm iia + - i (Js¢a+ Q) _ (Us¢a+ Q) }
¢ 47,3 ¢ i,j,4

+,8( Tm,i,j4 ) (wm i,5,4 wm,iJ,4+) , w>0, (270)

1 059+ Q os¢ + Q
Ym,ijB = Pm,ii3 + 4 ( ¢ ) _ ( ¢ )
Ot Jija ot Jijs

)

+:8( Tm W27y 3) (wm 1,7,3 wm,i,j,S-—) y B < 0) (271)



Ot

wm,m, wm l,], 4 l( O't

+,3 ( mz,], ) (wm KRN wm,i,j,l-i-) y N > 0>

wm,l,‘], wm l,], 4 l( o_t

+,3 ( mz,J 4) (wm 1,7,4 wm,i,j,4—) , N < 0>

Ot

wm,z,J, wm l,]2+ 4 [( o

+B(7Yi52) Wmij2 — Ymije-) , >0,

ot

Yrmisp = Ymisa + 4[( A

+,3 ( mw 3) (wm ,7,3 wm,i,j,3+) y N < 0>

Ot

where,

T,y T,y )
ﬂz’y‘ ) (Tl'yy ) —_ amrivj (Tmyiyj
mYlYJ m7i7j - TIYy. ) )
mYlYJ

z,y T,y 2
B (ro0) = 3+ 47 i+ 4oty o = 0.455
m,t,J7 2 + 27- 1y + 47- T,y 2 ) ’

m,i,j m,i,j

O’t,i,jAI
2|pm|

Ut,i,jAy
2|1

myij T

@¢+Q) _(%¢+Q
3,4

Js¢+Q) _ (Js¢+Q
ijil

os¢ + Q) N (as¢+ Q
14,3

Js¢+Q) _ (Js¢+Q
0.2
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(272)

(273)

(274)

(275)

(276)

(277)

(278)

(279)

We can write this system in matrix notation to simplify the presentation. The
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resultant matrix system is,

Ym,iji Ymit1,4,1 Ym,ij+1,1
24 2n Vm,ijz2 2p Ym,i-1,5,2 2p Ymij+1,2
Ap+ LB, +C| |¥mis2| - ZEp |Pmi-tiz| _ Ep | Ymas,
Az; Ay; ] Y ja Az; Vm,it1,5,4 Az; Ymij-14
Vm,ij3 Vm,i-1,4,3 Ym,ij—1,3
®ij1 Qi1
lp o] 1o |Qui
= ~F, |92 4 -G, [ 2992 280
4 Gija 4 Qi ja (280)
bij3 Qi3
where, for 4 > 0,17 > 0,
[ 1+ BgE 0 0 0]
l-1-p 1 0 0
Am = 0 0 1+p* 0’ (281)
| 0 0 -1-p 1
[ 1+ pY 0 0 0]
| o 1+8Y 0 0
Bn=1l_1-p 0 10| (282)
| 0 -1-p8v 0 1]
C=o0,l, (283)
[0 1+85 0 0
o -8 0 o0
Dn=1o 0 o 148" (284)
0o 0 0 B
[0 0 1+pY 0 |
oo o 14p
0o o —p|
R+ &2+ 0, —~ e — e 0
_ EmcC mC mC __NImc
F, = Ba; & TR, T it 0 ) . (286)
T Ay, 0 Az; +%m7,-+‘78 -8
mC mC mC m C
0 —%Tj —A"—n A"—z,, + %y—j + o
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Diag1 v —-g';—]_;l; 0 1
Gn= | Bng Dieg 0 apw (287)
—gﬁ-a_g 0 1 Dzag1 ——K%E
0 —"gﬁa —-X—';;: Dzag
where c is equal to the scattering ratio £ and,
. bm 1 MTm 1 1
Diag = —+ ———+ . 288
Lag AIIJZ [¢f} ij gt 2 ( )
For p < 0,7 > 0,
[1 —-1—-5* 0 0
{0 1+p5° O 0
0 0 0 1+p°
[ 1+ 8¢ 0 0 0]
_ 0 1+8¢Y 0 0
Bn=1_1_p 0 10| (290)
0 -1-8Y 0 1
C = O’t,i,jl, (291)
[ - 0 0 O]
_{1+p5% 0 0 0
| 0 0 1+5° 0
[0 0 1+ pY 0
{00 0 14+ pY
E, = 00 —pv 0 , (293)
0 0 0 -B%
Ay T Ay, T 0 — A o 0
y__ BmC 4 Imc Imc
- ij 0 AI. + + 0'3 - A:c.'
mC mC
0 —HATj lz‘k_z.' lz‘k_z.' + H— + o,
Dzagl -ALz,a_t _Zrk%ja_: 0 1
G, = | ang Do 0 —ags (295)
gﬁ; 0 1 Dzag1 ~ 5
0 'gﬁa—t —-AL:::(_T: Dzag



for £ > 0,7 <0,

[1+8° 0 0 0
_|-1-p5 1 0 0
Am = 0 0 1+4+p5% 0}’
| 0 0 —-1-p5" 1
[1 0 -1-pY 0
—1— By
B,, = 01 0 1-8 ’
0 0 1+4+pY 0
0 0 1+ 89 |
CZO't’i’jI,
[0 1+8° 0 0 ]
{0 =B 0 0
D = 0 0 0 1+p8%|"°
10 0 0 -5 |
[ —pY 0 0 0]
E. - 0 —-p¥ 00
™1+ pY 0 0 0’
0 1+pY 0 0]
P v 'ﬁ+ﬂg‘7j+os 0
m = — Im¢ bme 4 1mc
2y, 0 ) Az, + Ayjc+os
0 _ﬂAmTJ _AM:E, Az
; m 1 m_ 1
Dmg1 ——fA"Tw—t —£?j-a—t 1
G — —ﬁ';—i;; Diag 0 —£§j—§
_.2';_]_0_‘ 0 1 Dzag1 —ﬁ%a—t
0 -—ﬁ%j-&—t —42 - Diag
for p < 0,7 <0,
1 -1-5°0 0
|0 14+p8% 0 0
Am = 0 0 1 -1-p8%"
0 0 0 1+p°

J

UmC 4 TmC
7
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(296)

(297)

(298)

(299)

(300)

(301)

(302)

(303)



1 0 —-1-pY 0
B _|01 0 -1-p
mTH0 0 1+p8Y 0 ’
0 0 1+ B
C:Ut’i’jl,
[ —p* 0 0 O]
i 0 0 0
D = 0 0 -5 0|’
| 0 0 1+8 0
[ —gY 0 0 0]
g | 0 B 00
m=1148 0 0 0f°
| 0 144 0 0
BmC NimC — BmC —m¢
F. = T Az Azx; +ij+0's 0 —ij
—gme tmt dme ey
; —fm 1w 1
Dzagl A:rl- ot Ay; ot 0 )
G - ——‘g—';;l; Diag 0 ——f;—‘;§
m _Jm 1 ; __Hm 1 ?
g?,-«n 0 1 Dzag1 Ao o
0 —'g';—.];; _-ALT:;::;; DZCLg

We can write this system in matrix notation to simplify the presentation.

the proper definition of H,, the resultant matrix system is,

[ Ym,i-142 |
Ymij-1,4
Ym,it1,j-1,3 Ym,i i Gi . Qi jn
H,, Ym,it1,4,1 +T, Ym,i j2 _ MI bij2 n AxiAsz Qi 2
Ym it1,5,4 Ym,ij3 16 b3 16 Qi3
Ymij+1,2 VYm,ija ®ija Qi ja
1»bm,i,j+1,l
| Ymji-1,53 |
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(304)

(305)

(306)

(307)

(308)

(309)

With

(310)
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4.6 2D SCB Derived Modified 4-Step DSA

To derive the modified 4-step DSA equations in x-y geometry, we follow exactly

the same procedure as in slab geometry:

1. Take the 0% and 1° angular moments of the SCB transport equations, Egs. (250)-
(253).

2. Change iteration indices to (I + 1) except on second and higher moment terms.

3. Subtract the resulting equations from the converged system to obtain a new
system of equations for the additive corrections to the scalar flux resulting from

source iteration.

4. Eliminate the 1** moments from the system, leaving a discretized diffusion equa-
tion. To do this we have to make the within-cell approximation to the cell-edge
scalar flux correction and we have to eliminate all currents in favor of the left

and right half-cell flux corrections.

We can derive the low order equations using the modified 4-step method by first
taking the 0™ and 1°* moments of the discretized SCB equations, Egs. (250) - (253).

Taking the 0** angular moment, Y wy, yields,

(141 z,(1+1
Ay; sz,(l 2)+Ji,j,(2 } z,(1+5)
2 2 - 1,J,1—
w(+3) | w(+d)
LAz | i A diga U ge()
9 2 1,5,1+

1+1) Az; Ay Ax; Ay; Az; Ay;

+Ut,i,j¢1‘(’j,12)# = as,i,jcbgf,)‘,l# + Qi 14 L, (311)

4 4
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z,(I+1 z, (143
Ayj | = (1+3) Ji,j,(l 2)+Ji,j,(2 :)
= |Ji 2

v, (1+1 v, (1+3
Az; Ji,jgs ) +Ji,j,(2 ) _g (1+3)
3 2 62~
Az; Ay, Ax,Ay Az; Ay,
oppl) BHAY = ittt Qua s, (312)
I+3 z,(1+1
Ay | j=(3) _ J,J,(s )+Ji,j,(4 !
2 | "M 2
v.(I+3 l+3
+A$i ;%_(’+%)_ Ji,jgs 2)+ng2 )
9 1,7,3+ 9
Azx; Ay; A:I:,A Az;Ay;
+0y z,]¢(,], ) 4 — = = ,1]¢(3, yJ Qi,j,S l4 Ja (313)
z,(1+}) z,(1+1)
AyJ J‘i,j,3 + J 1.714 Jz’(l+%)
) 2 — Jija+
v,(i+2 v,(1+1
LAz () _ Ji,jgl 2)+Ji,j,(4 .
2 | Twt 2
Az;A A:I:,A Az;Ay;
+0y z,]¢(,], ) 4 yJ = ,1,J¢(3, Yi +Qi,j,4 4 Yi s (314)

where 1—, 14, 2—, 24, 3—, 34+, 4—, 4— refer to cell boundary currents (see Figure 13).

In order to take the 1°* moment of Eqgs. (250) - (253) we recall that,

2 1 1 2 1
2 = ~- |- 2“1 - = - m - m 3]‘5
T 3[2 (3u, )]+3 s P2 (1 )+3Po(u ), (315)

and,

=2 [k - )]+ 3= 3P0+ 3R (319
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Then
2 1
2 =-d4 - 317
;umwmw 20+ 39, (317)
where,
® =" wnPs (ttm) Ym (318)
and
2. 1
2 ) = =B 4 ¢, 319
;nmw b=30+3¢ (319)
where,
®=> " wnPs () Y - (320)

Taking the 1% moment Y, wmpm of Egs. (250) - (253) yields,

()| (B - ot

(1) | p(trd) N
+% (%) |:<¢ " i N ) B ¢1(,f:1§—) + o l,]Jl,J(l )AxlAyJ =0, (321)

2 2 4

) -
Ay] “ ,31 1]2
2 )J,2+
+ A iA ]
+A2y_7 (_ I: bro (¢,J, ¢,J2 ) + 00 :”1(2”2)% =0, (322)
ij - ).7) 1-74
2 ).73"'
] :
(141) Az Ay
+A2yJ (_ 13— ( . ’J’ ) +a"’¥ijzj,(;+2)% =0, (323)



(1+3)

i,5,4

+ ¢.(l.+2)

1,5,4

s (1) (2
2 \3 2
=10 oo +Gi\
2 \3 2
Azx; [ (1+1) (@(’:32
9 ( i,j,3+

st

1,13

2 [

(1+ 3)
(@J,z +<I>U4
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z,(1+1) Ax,Ay]

+ 0000 ja T 0, (324)
+ at,,-,ij{;ff’“%)% =0, (325)
+ at,,,Jf’;ff’Z)A—xfﬁ =0, (326)
+ 0045 ,,1(3 )A‘”’f% =0, (327)
+ at,i,,-Jf;S*%)ALfﬂ = 0. (328)



W now rewrite Eqgs. (311) - (314), Eqs. (321) - (321), and Egs. (325) -

promoting all iteration indices to the (I + 1) iterate except those of ®:

Ay;
2

z,({+1) z,(l+1)
(Ji,j,l +Jise ) _J ,(l+1)]
2 )])1_

‘y(H—l) ,(H—l)
Az; <Jul + 4 ) _ Juii+)

+2

2 1’)])1+

AmAy
+01,0505 51 14 ! =

FER(ASY T+ gy
i)j)2+ - 2

y (l+1) y (l+1)

2 1)j)2_

(1) AIsz]
S 1"]¢ ).7) 4

Ay;
2

Az;

+2

1+1) AIszy _

Az;A
+o tz,]¢(,], (l+1) : y]

= 04,9
4 $,4,7 1.,]2 4

R _ Tt gty
)])3_ 2

(41 (41
JUHD (sz(,s )+ 8 ))

Ay;
2

Al’i
2

+ 15,3+ 2

: Ax; A
i Y
+Ut,i,j¢§,j,3 — = Us,i,j¢(,]+ 3 14 L,

z,(1+1 ({141
(Ji,jfii '+ I )) B Jz,(l+1)]
2 1')])4+

Y, (l+1) y (l+1)

Ay;
2

Al’i
+—

2 1,5,4— 2

Az Ay; Az;Ay;
+1 +1
+Ut,i,j¢$,;:4)_% =05 1,_1¢£,;,- ) 14 ]
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(325),

(329)

(330)

(331)

(332) -



!
Ay; (2 q)slfll) (I)Efi’l) D
2 \3 = Piias
2 3 9 s
l I+1
JOu (1[5 05" _ an
2 3 2 i,7,1—

Ax; A
tori i Ji 25y

1]1 4 :0)

20(2) [ofsd 3 + oflr)

2 \3 15,2+ D)
(1+1) (1+1)
+AyJ =) [gh $ig1 + Pij2
92 1,5,2+ 2
Azx; A
+Jt,1,]‘]1]’(é+1) 14 Yi 0,

é_yz(?) plth) _ 2l + ol

2 3 i,j,3— 2
(I+1) (1+1)
+% l ¢(l+1) —_ ¢i)j)3 +¢i)j)4
2 3 1,7,3— 2
T Aﬂ?iA i
+0t,i,jJi,3E§+1)——4 Yo,

Ay, (g) [(@f,’,?) +<I>l(lff)) _@(zfé)}
2 \3 2 i,j,4+

I+1 I+1
Ay (1 ¢(,;: '+ ¢t(',;‘:4) (1+1)
+T 3 2 — bijat

Az; Ay,
x,(l+1
+0 tt,JJU(4+) 4 J

=0,
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(333)

(334)

(335)

(336)



(H'z) (H'z)
Az; (2 ija + Pija (+%)
2 (3) [( 2 ) - (I)"’f’”]

1+1) 1+1)
+ Az; (1 ¢1(:,;-1 ¢(,]+4 ¢(l+1
2 \3 2 WLt

JY J(1+1) szAyJ

+Ut 1’] ,] 1 4 - 0 3
1 )
Az (2 [ (ol +allts) 5(+h)
2 \3 2 J,2-

4 Az; 1 ¢z(lj+; ¢(f;:1 ¢(l+1
2 3 2 bhe=

y,(I+1) szAy]

+Ut 1,]:]’]2 4

=0,

_A__a_v_,-(Q) () <I>i(,l,~,+sf)+‘1>,(l,+z’)

1+1) 14+1)
s (1) e biga + 0l
2 L+ 2
Aa:,-A i
+o tl,JJz!/JEl+1 4 y] = 09

2 \3/ | % 2
Az ¢(l+1 n ¢(l+1

Jui+) yAziAy;

+Utl,] 1‘:’4 4 :0.
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(337)

(338)

(339)

(340)
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If we subtract Egs. (311) - (314), (321) - (324), and (325) - (328) from Egs. (329)
- (332), (333) - (336), and (337) - (340) we find:

)
z,(l+1 z,(l+1
g 9\ s
2 —8ij1-

Ay,
2
I+1 !
Azx; gz (+ ) + 95/,](4-'-1) ,(1+1)
+ — M
2 2 9i.,1+
Ax; Ay; Az; Ay
+ tz,Jf(,l]-,’-l) 14 = Osigj — (¢(,’;1) ¢(,J, ) ; (341)

AyJ
2

(141 J(+1
z,(I+1) gz,J(, )4 9',j(,2 :
gl)J 2+ 2

+1 +1
Az; 951(3 '+ gsl,J(, ) y,(1+1)
T 9 — 9i52-

Az A Az; A
+0 tz,Jf(H-l) L/ R Os,i 2haY (¢(l+1) ¢(,], ) )

4 LEN] )J)

z,(l+1 z,(l+1
z,(l+1) gz,J(3+ : +9; ,J(, :
9ij3- — 2

I+1 I+1)
Y, (l+1) gz,J(3 ) + gz,J(2
g; 7,3+ 2

Az; A Axz; A
+Ut I,Jf(l+1) k yJ — O KN . yJ (¢(l+1) ¢(’] 3) ’

,7,3 4 1,5,3

z,(l+1 (141
gz,] 3 ) + gix,j(,ti ) z,(l+1)
2 T 9ija+

J(1+1) J(1+1)
y,(I+1) 93{1, + g;y,J,
giyj)4_ - 2

1+1) Az; Ay; Az, Ay I+1 !
+ tl,]f(,]-’:i ) 14 z = Us)i)J : ? (¢();-4) - ¢();) ) ’

(342)

Ay;
2

Axi

A

(343)

2

+ Aa:,-
2

(344)



We simplify the right hand side of Eqs. (341) - (342) using the fact that
+3
Crara

1
<¢ff§2) - ¢>§f3v) N=1,234,

which yields,

O'S’iALCi
2

(+1)

+1 {
(247 - 6%)

0s:Ax;
2

05 Ax;

=—5—

>_

,(l+1)
gi,j(,l— ]

z,(l+1 z,(l+1
ij gi,j(,l - gi,j(,2 )
2 2
(+1
+A$i g?,j(,l )
2 2

+04i5]i 51

(1+1) AZ:AY;
4

{41
9?,1(,4 ))

i,,1+

Aﬂ?iij

s!i,jl 4

_ gy,(l+1)}

[ I+1) 7
1 ijg + fi(,j,2 g | m D) Az;Ay;
3 2 1a])1‘— t,‘l.] 1,7 1 4
i [+1) 1)\ T
1 f(l+1) fi(,j,l + fi(,j,2 ) 4 z,(I+1) Al‘iij
3 ij2+ > Otii9ije T 4
i (t+1) (+1)\ T
1 (1+1) i,4,3 +fi,j,4 T,(14+1) Az;Ay;
g fi)jvs‘- - 2 + Utl"’ng,J,s —_—_;1_
[ (1+1) I+1 a
1 1,5,3 + fi(,j,4 ) (t+1) z,(141) AiL‘iij
3 2 — fijak | T owiagija
[ (1+1) (1+1)\ ]
1 figh + fija f(z+1) 4o s P 0D Az;Ay;
-3_ 2 - 1,],1+ O-t)l)Jgi,j,l 4
[ (+1) 1+1)
1 figa) + 5 f"“ﬂ o i) ATAY;
2 - i’jiz_ Ut ’i »J glr])2 4
3 ! 2 4
[ 1+1 I+1)\ T
1 (I+1) f,-(,,-,g) +fi(,j,2 y(i+1) Az;Ay;
§ fi,j,3+ - 2 + 0t1,39; 53 T
i (1+1) 1+1)
1 (+1) fign + fi(,jA y(+1) AT Ay;
g fl,],4-— - 2 + Utyi)j i,j,4 .T

I+1 l
(«»f,j,f) 40,

=0,

=0,

=0,

=0,

=0,

=0,

=0.

).
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(345)

(346)

(347)

(348)

(349)

(350)

(351)

(352)

(353)

(354)
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Ay;
2

z,(l+1 ,(1+1
z,(1+1) gz,J(l ) gf,-(,g )
g,]2+ 9
+1 (141
951(3 ) g!'/,j(ﬂ ) _ (i)
2 gi)j)2—

Az; A Azx;Ay; I+1
+ a")Jf(,S—;l) 4 yJ = Js)i)j) 4 yJ (¢1(,J,22) - ¢53,2) 4 (355)

Azx;

M

»(1+1) (141
Ay; | 041 gw(, ~ 9ija )
2 gi)j)3_ - 2

+1 (141
Az |y a+1) g;y’](’ ) gy,j(ﬂ )

Ax; A Az; Ay; !
I+1 1LY T;AY +
+ az]f(,J, ) 4 J - Js,i,j, 4 ] (¢(,J, 2) ¢(,], ) ) (356)
J(141) z,(I+1
Ay; gf,;, gm, ) _ 1)
J(+1 J(1+1
AZi | 041 gty,J(,+ ) 95’,](5 )
o |G- 2
Az; A Az;Ay; 1
l 1Y r;ay i+
+ az,]f( +1) 4 — % = = 03,15, 4 ? (¢i(,j,42) - ¢,(3,4) . (357)
We define the following corrections:
1) _ g+ _ (43)
fi,N - ¢i,N - ¢i,N ,N— 1,2a3,4a (358)

1
oG = g g8 vy 1234, (359)
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We next remove the dependencies on the edges, 1—,1+,2—,2+,3—,3+,4—, 4+,
by first obtaining,
{141 I+1 I+1 I+1
gt,J(,l—) Zw Em [lbz( 1,1)',2 - ¢1 1,4, 2] + Z’Uhmum [w(,,, ) wi(’j’lz)jl s (360)
p>0 p<0

which, if we use a P} expansion of the angular intensity becomes,

1+1
gm(,lt)
1
¢i_ 1,;2 Sum i 13,2 (+1) Gi-1,,2 3/‘me—1,;',2 (++2)
p>0
$ij1 3/1me4 (¢+D) Gij1 3pumd; i,4,1 (t+32)
+ " Wi [( D 2 - (22l g . (361)
= 4 4 4 2
This reduces to,
o0+ _ Y [ c(+1 I+1 1/ 241 (141
g ,J(lt) Z (f( +,J)2 f(,‘]-f- )) 2 (gz (1:;2) + gl,J(,+ )) . (362)

Similarly, we find,

B = L (540 180) + 5 (o + g2) (363)
HED = T (50— 10) 4 2 () 4l (364)
o) = T (160 - 7400 + 5 (om0 + gS2) (365)
g = T (50— ) 4 5 (oS + a780) (366)
50 = T (00 - 1,) + 1 (gD 4 g2iteD) (367)

(A+1) Y f (41 I+1 L7 g+ 141
gl = T (85 - 180 + 5 (e + g1Y) (368)
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1
I+1 l +1 z,(l+1 J(+1
JjJ(‘:';') (f( +ny f(,JT )) 2 (gz (133) + ngj(,: )) ’ (369)

where 1 is the quadrature normalization defined as the sum of the quadrature weights,

N/2

Y= w,. (370)

We substitute Eqgs. (362) - (369) into Eqs. (354) - (357) which yields,

z,({+1 z,({+1
(gt (1,J2) + g ,J(, ))}

I\Dlv—l

2(+1) _ z,(l+1)
Ay; [ (91~ — 92 Y (4D (141
2 - Z fl 11.71 f 1.71

J(1+1) y,(1+1)
Az; | (951 — g i Y ([ (i1 I+1 1 I+1 I+1
+ 2 [( - = T4 (f(,J 1)4 f(,J, )) 5 (g;y,]( 14) +gy,J(,1 ))

pondy _, Sndy, (o

+0 az,]f,]l 4 = 05,45, 4 1,5,1 ) ¢(,], ) ’ (371)

)

T(1+1) _ z,(l+1)
Ay; |7 (1+1) (I+1) 1 z,(+1) z,(I+1) 9i,5,1 fj,2
2 Z f 1,5,2 f1+1,1, 2 9ij2 T 9i+1,5,1 2

+

y,({+1) J(+1)
AIE gz,] 3 gf/,], Y (i+1) (I+1) 1 y,({+1) y,({+1)
9 9 Z f] 1,3 f,]2 —5 gz,] 13+gz,J2

Az; A Az;A I+
t0aigfir) y L . Yi (¢(,,, :) — ¢! 2) . (372)

z,(l+1) (1+1)
Ay; | (t+1) (1+1) 1 T,(1+1) | z,(1+1) 9i,j,3 gw(,
2 |1 fi i,5,3 fz+1,J, 5 gm, + 9i+1,5,4 2

J(i+1) J(1+1)
Az; (+1) _ L(+1) Loy+n) | we) 955~ 92
- f,J3 f,J+12 gm, T 9i+12) ~
2 2 2
Az;Ay; Az;Ay;
+1 )
400 G = 0, ST (G080 (a1



91

z,(l+1) z,(l+1
Ay; | {953 — 9ija ) y f(z+ f(z+1) 1( ,(l+1)+ z(l+1))
2 2 4 )]) )]) 2 gl 1).7) gl)] 4
w(l+1) vs(l+1)
Azi |7 (earny _ parn Y o L0 opaen @) [ast | — %iia
+T Z fz,_14 fl,_1+11 2 ga,], +g',j+1,1 2

Az; A Az; Ay,
+0'a,z,]f,(?:11) 4 Ui = 0s,i,j, 4 . <¢1(,J4 ) - ¢£3,4) . (374)

We use very simple “within-cell” approximations to eliminate the edge scalar

intensity corrections:
fi,j,l— = fi,j,l ) fi,j,1+ = fi,j,l )
fijo- = Ffige fijor = fijz2,
figa-=Ffigs - fijse = fijs,
fija-=fija fijar = fija- (375)

These allow us to reduce Egs. (345) - (348) and Egs. (349)

(l+1) (l+1)
’(l+1) T (l+1) 1 )]) )])
gt,J, = 952 304

352)

(376)

z,(I+1) __ ,(l+1)
gt,JS T Jij4

3Ut,z

gl)]) gl)] 4 3a-t 1.] (378)

(l+1) (l+1)
y(+1) _ g (+1) _ ,J 3 ,J 4

gz,] 2 gz,] 3

379
3at w (379)

-(
(l+1) (l+1)
( )]) )]4 ) (377)
(l+1) (l+1)
wi+1) _  y(i+1) _ ( i,j,4 ,J, )



By using Egs. (376) -

(379) with Egs. (371) -

92

(374) we arrive at four equations

containing only the corner direction-integrated intensity corrections, fi234:

Di,j Y Di,j Y (H'l)
Aot 3am Ay Ay, T fizy
== Lo I S
i A.T? ] 3,2 AI,’AIi_l 2AI1
+ [—Di;] £ Dijr 7
| Ay? |7 T [Ay;Ayin 24y,
I+1 !
= 0y (d’i(,j,f) - ‘7’1(1)1) )
D; ; Y Di; v (1+1)
AI? 2AI1 A 2 + 2A + Oq RN} f 1,5,2
" -——Di,j- f([+1) Di+1,j _ v
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D, v, Di; Y (1+1)
As2 T oAz, T ay? T 2ay, T o) fias
+ (—D; ;] F0 4 [ Di-i; 7] 040 [ —Di_1; ] fn
| Ag? |93 | Az; Az 20z | T 138 T | Az Az;_y | b
[—D, ;] t) [ D v ] (+1) [ —D; 1 | La4)
Ay TR T [ AyAyia 28y ] T T | Ay Ay | T
I+ l
= 04,i,j (¢(,], 2) ¢$3, ) 3 (383)
where we have defined,
Dy = —— (384)
M B0y

These equations, valid only in the interior of the domain, can be written in matrix

form as,
DF =P9?, (385)
where,
d c00gO0O0FfabdbOeOO0O0O0O0OO0OO0DO0
100 000g¢g fObaeOhRh:O0O0O0O0TO0TO 0
D= 0000O0OO0OOOOESQGTHHOO L hAhoO Kk o0}’ (386)
0 0cdOOOUO©E€EO0DbLaO00O0O0G, ;O00O0FEk

_ D,J v D; ; Y
a= [ A2 + AT, + Ay;‘.’ + 24y, + 04| » (387)

_Di,j
b_[Aﬁ], (388)
| Diay Y
€= [A$iAiEi_1 ZAIE,:I ’ (389)

_ —D;_;
d_[A%A%4]’ (390)
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(391)

(392)

(393)

(394)

(395)

(396)

(397)

(398)
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(399)

(400)

(401)

In the next section, we will perform a Fourier analysis of this acceleration scheme

applied to the SCB and UCB transport equations.

4.7 X-Y Geometry Fourier Analysis

To determine the effectiveness of accelerating UCB with SCB derived M4S accel-

eration equations we perform a Fourier analysis.
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The Fourier analysis of source iteration applied to SCB begins with Eqgs. (310)

written in terms of the iteration errors.

source which results in,

m z 1,3 2

wmzj 1,4

T+

w (ll+1,] 1,3
+

wmz+1,],

T (+1
w ,‘l+1,]4
A+
wm13+1 2
2(1+41)
wr(rll i,7+1,1
w myi— 1,33 B

where [ is the iteration index.

The discrete Fourier mode ansatz in x-y geometry are,

®

djm,i,j,l
"/jm,i,j,2
"/jm,i,j,S
| ¢m,i,j,4

ﬁém,i,j,l 0
({’m,i,j,?
?m,i,j,S
i ¢m,i,j,4

+ Ty,

—we

—we

i(A+v)

i(A+v)

We assume an infinite medium with zero

w(l+1)
m,i,J,1
"(l+1)
m,i,7,2
2(14+H)
myi,J,3

QZ)(l+1)
m7i7j74

16

Umi,j,1
Am,i,j,2
Um,i,j5,3
Umi,j,4

mi,j5,1
myi,j,2
m,i,j,s

R N S

m7i7j74

_ Osij

Py
FOR
éz,lgg b] (402)
1,7,3
¢,‘-,’§-,4
(403)
(404)

Substituting the Fourier ansatz into our system Eq. (402) yields the following

equations,

Qm,i j,1
OUm,i,5,2
Qm,i,j3

_ainYj)4_

am,i,j,l
_ a .. 2

wLm’+ m,,2,

Om,ij3

Ps

| Om,i,j4 ]

A
Ai,j,2

A‘i,j,3

| Aija
Ai,j,l
Ai,j,2
Ai,j,3
| Aija

,/1‘>0a77>0,

y#<0,1>0,

(405)

(406)
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Qi g1 Aija]
wLb Amig2 | _ Ps A2 ,u>0,1<0, (407)
m,ij,3 Aijs
| G i jia | | Aija)
[ Qi1 ] [Aij1]
WLy~ [Fmidz| —pg |42l 0 n<o, (408)
Gm,ij,3 Aij3
| Gmjijia ] | Aija)
where L+ L+ Lt~ and L~ are equal to,
a+b+c a—de AT 0 b— fe Ay
+,+ _ —a a + b + C b - fe~iyij 0
L™ = 0 —b a+b+c —a ’ (409)
—b 0 a—de ™A% a4b+c
—a+b+c a 0b — fewAY
_4+_ |—a+de?Bm —at+b+c b— femAYu 0
Ly" = 0 -b —a+b+c —a+de A% (410)
—b 0 a —-a+b+c
a—b+c a — de AT 0 b
o —a a—b+c b 0
L™ = 0 b+ feu  a—bte  —a |0 @)
—b+ fe WAY 0 a—de ®A% g _b4c
—-a—-b+c a 0 b
L —a+de A% _g—b4oc b 0
Ly~ = 0 ~b+ fe ™A% —a—b+c —a+de AT (412)
—b+ fe AY 0 a —a—b+c
05,4, AT; Ay,
Ps = % 1], (413)
where,
Ay
a= M’ (414)
4
Az
b= Im=Ti (415)
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O’t’i’jAyJ‘AiEi
= 4
1 ) (416)
d= um—AyJ , (417)
2
f= —n"‘QAx" . (418)
Rearranging Eqgs. (405) - (408) we arrive at,
am,l A1
Um2 [ _ ++)~1 -+~ +,-\-1 - —1] A,
v ms | zm:w"‘ [(Lm ) + (Lm ) + (Lm ) + (Lm ) Ps As (419)
Um 4 A4
which is equivalent to,
am,1 Ay
Om2 | _ Ap
w U3 = ASCB A3 . (420)
Qm 4 Ay

4.7.2 Fourier Analysis of Source Iterations: UCB

The same methodology that we applied to SCB is used to Fourier analyze UCB.
We write Eq. (310) in terms of the iteration errors. We assume an infinite medium

with zero source which results in the following system,

- (l+1) .
m,i—1,5,2
2 (1+1)
d)szﬂ b > (1+1) R0)
+1) +
,(r/) z+1] 1,3 ’Lﬁ my,j,1 ¢
@/’( 1,5.1 @/’(Hl)z Usu g2
Hy | it | T |Shige| = Zeain | B (121)
,(r/)zrlu-i-)l,jti Er[u,lj),S ¢ 5,3
+1 +
Vi, j+1,2 Pm,ija B3
7 (i+1)
,(r/)r(rll,z,i7)+1,1
T+
. wm,i—l,j,S 1

where the coeflicients were defined in Section 4.5 and [ is the iteration index.
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The discrete Fourier mode ansatz in x-y geometry are,

r A Q]

"/:’m,i,j,l amyiijl
Umig2 | JeiOmtvy) | Gmig2 , (422)
Yrmij m.isj3

| Ym,igia Imsi.jit

- 0)
(?m,i,j,l Amyiyjrl
Pmijz | _ ety | Amige | (423)
?m,i,j,s Amyiyjys

| Pmsija Amyijia

Substituting the Fourier ansatz into our system Eq. (421) yields the following

equations,
[ i1 [Aijt]
. A
(,UL+’+ Um i 5,2 =P 1,,2 > 0, > 0’ 424
L I ™S Aial H ! 24
| Omyi,j,4 ] _Ai,j,‘h
[Qm,iji1] [Aiji]
WL Amigz2] _ P, Aije L u<0,7>0, (425)
Qmi,j,3 ~ A
| G j4 ] | A ja]
Q1,5 [Aij1]
+y_ am121i1j — A11.712
wLm —Pm,s s#>0,1<0, (426)
amysyiyj Al"”s
| Qi | Aijal
—am,i,j,l- rAiyjyl-
WL Amyigz2| _ P.< Aije L<0,7<0, (427)
m i j3 " | Aijs
e [Aija]
where L*, Lo*, LY~ and Ly~ are equal to,
ac+bd+1 —ach —bdl 0
L+t —ac a+bd+1+afh 0 —bdl
B 0 _bd —ac a+b+1+afh+bgl|’
—bd 0 ac+b+ 1+ bgl —ach

(428)
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ac+ b+ 1+ bgk —ach —bd 0
L=+ — —ac a+b+1+afh+ bgk 0 —bd
mo 0 —bdk —ac a+bd+1+afh|’
—bdk 0 ac+bd+1 —ach
(429)
a+bd+1+afj —ac —bdl 0
Lt — —acj ac+bd + 1 0 —bdl
mo 0 —bd —acj ac+b+1+bgl|’
—bd 0 a+b+1+afj—+ bgl —ac
(430)
a+b+1+afj+ bgj —ac —bd 0
_—— —acj ac+ b+ 1+ bgk 0 —bd
m 0 —bdk —acj ac+bd+ 1}’
—bdk 0 a+bd+1+afj —ac
(431)
1
Prus =1 [G] (432)
where,
2pm
- 4
4 A.’I?,'O't’i’j ’ ( 33)
20m
= , 434
Ay;ot; (434)
c=(1+6%, (435)
d=(1+p"), (436)
f=p, (437)
9="p", (438)

h = 6—i/\Ax,- : (439)
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| = e WAY (440)
j=e*h%, (441)
k = e (442)

where %Y and G were defined in Section 4.5. Rearranging Eqs. (405) - (408) we

arrive at,
Am,1 Al

wl @2 | = Zw [((L+,+)—1 + (L—,+)‘1 + (L+,—)"1 + (L—’—)_1> P s] 4 (443)
Am,3 — " " " " " et I P2 EY I
Qm,4 A4

which is equivalent to,

Am,1 A,
Am,2 A,

’ =A . 444
am,3 SCB As ( )
Q4 Ay

4.7.3 Fourier Analysis of Modified 4-Step Diffusion Equations

The Fourier analysis of the x-y geometry SCB derived M4S DSA equations begins

with Eq. (399). The discrete Fourier mode ansatz are,

foin 160 a
i) 5]
fija a4
disn 1 Ay
bijz | _ o | A2 | (446)
in,j,s As

¢i,j,4 Ay
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Substituting the Fourier ansatz into Eq. (399) yields the following matrix eigen-

value/eigenvector system:

ay A1
a9 A2
wD as = PD A3 y
(2 Ay
where D is equal to,
A B C D
E F G H
I J K L}’
M N O P

where

D;, D;,
A:[ S toantadtom +Ua,i,j]

Az?  20z; Ay} 2Ay;
—Dij —iMAZ; _Dij —ivAy;
1, 1 T ), w '
+ [Tr? e + —_ij? e 5

: 2Az;  Ar?
C=0,
o= [ bt
o= ] ¢l m]
P= (R aa R gy o]

—Di; izax —Dij _iny,
__’__e i + _..._.’_e wAay; ,
+ [ Ag? Ay?

_ =D =Y, Dij| _iny,
G—[Ay§}+[2ﬁyj+Ay§}e ’

(447)

(448)

(449)

(450)

(451)

(452)

(453)

(454)

(455)



H=0,
I=0,
-D: . — D..1 .
J = ] %] Ay,
[Aﬁ]+[HWf+Aﬁ]e "

D;; Y, Diy v
K:[ o+ + 22+ +aj]
Az? 20z, Ayl 20y, Wt

~Dij iaz| [ ZDig ivay,
+ o piAAZ [ o] LivAy; ,
[Aﬁ Ay? ¢

D . —v Dl .
I = i i | iraz
[ Az? ] + [2A:1:,~ + A:z:2] ¢ ’

1

D, —y D1 .
M = 1] ) WwAYy;
[Aﬁ]+[MWf+Aﬁ]e "

D, ; 0 D, ; ¥
P — 1,] 1,) i
[Ax? + 2Az; + Ay? + 2Ay; + 0, ’J]

—Di; _iam —D;i ia
+ »J —iAAZ; b LivAy; ,
[ Az ¢ ] i [ Ayt

and Pp is equal to,

PD = Us,i,j [I] .
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(456)

(457)

(458)

(459)

(460)

(461)

(462)

(463)

(464)

(465)
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The Fourier analysis of the SCB system accelerated with the SCB derived modified
4-step equations and the UCB system accelerated with SCB derived modified 4-step

equations can be represented in the following matrix notation,

Al Al
A2 A2
w = [Ascpyce + E (Asceucs — 1) , (466)
A3 A3
A4 A4
where,
E=D"'Pp, (467)

where w is an eigenvalue, A; 234 is an eigenfunction and I is the identity matrix.

4.8 Numerical Results

4.8.1 Fourier Analysis Results

Following the same methodology performed in slab geometry, we have Fourier an-
alyzed SCB and UCB accelerated with SCB derived modified 4-step equations using
a Sg level-symmetric angular quadrature set for our x-y geometry results. The iter-
ative scheme was also implemented to verify the results of the analysis. Figures 14
and 15 show the results of this Fourier analysis. These figures represent the spectral
radii as a function of mesh spacing in the z and y directions. The accelerated SCB
plot shows a maximum spectral radius of 0.4567 for ¢ = 1.0 and an optical thick-
ness of approximately 1.0 mean-free-paths (mfp). The SCB-accelerated UCB plot
shows a maximum spectral radius of 0.370 for ¢ = 1.0 and an optical thickness of

approximately 1.0 mean-free-paths (mfp).

Numerical results were generated for a 20 x 20 plane, an Sg quadrature set, vacuum
boundary conditions, zero sources and a convergence to ¢ = 0 for a range of optical

thicknesses. To get the most accurate results all of the Fourier modes were excited
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Fig. 14: Maximum eigenvalues w(\,v) as a function of Az and Ay for SCB in x-y
geometry with SCB derived “Modified 4-Step” diffusion synthetic acceleration (DSA).
by picking a random initial guess for the angular intensity. The problem was then
allowed to run until a stable spectral radius was achieved. In Figures 16 and 17 the

spectral radius p is plotted as a function of Az and Ay.

The spectral radii, p, for several specific mesh sizes (Az, Ay) are shown in Tables 4,

5, 4, and 5.
The data in tabular form allows us to easily compare the SCB and UCB Fourier

analysis results, Figures 14 and 15, with the implementation results, Figures 16

and 17. The implementation results match quite well with the Fourier analysis re-
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Fig. 15: Maximum eigenvalues w(A,v) as a function of Az and Ay for UCB in x-y
geometry with SCB derived “Modified 4-Step” diffusion synthetic acceleration (DSA).
sults. Since the problem is fairly small, 20 x 20, the thin implementation results should
be and are significantly less than the Fourier analysis. This is because the Fourier
analysis assumes the system is infinite while the test problems are finite. This also
means that the implementation results, when the problem is optically thick, should
match very closely with the Fourier analysis. Our figures and tables confirm that
the implementation code’s spectral radii are nearly identical to those of the Fourier

analysis. We also note that the spectral radii for the SCB and UCB discretizations
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Fig. 16: Maximum spectral radii as a function of Az and Ay for SCB in x-y geometry
with SCB derived “Modified 4-Step” diffusion synthetic acceleration (DSA).

accelerated with M4S DSA are extremely small in thick limit; This indicates that, in

such problems, the iterative method will be rapidly convergent.

4.8.2 Implementation Code Model Problem

We present a representative x-y geometry problem to verify the operation of the
discretizations and acceleration scheme. These results show that the DSA is properly

accelerating our iterative system. Figure (18) illustrates the x-y geometry model
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Fig. 17: Maximum spectral radii as a function of Az and Ay for UCB in x-y geometry
with SCB derived “Modified 4-Step” diffusion synthetic acceleration (DSA).

problem.

Figures (19), and (20) show that the SCB solutions with and without acceleration
are identical. Figures (21) and (22) illustrate the same result for the UCB discretiza-
tion. This means that the acceleration method is not changing the solution, just the

rate at which the scheme is converging to the solution.

Table 6 shows the convergence results for the x-y geometry model problem. It is
obvious that the DSA is effective at increasing the iterative convergence rate. It is

very important to note that the model problem, like any finite problem must have a
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Table 2: X-Y UCB Fourier Analysis Results

O'tAy
0.1 1.0 10.0 100.0 1000.0 10000.0
0.1 0.231 0.324 0.275 0.225 0.220 0.220
1.0 0.324 0.370 0.323 0.296 0.293  0.293
10.0 0.275 0.323 0.226 0.130 0.119 0.118
100.0 0.225 0.296 0.130 0.031 0.017 0.016
1000.0 0.220 0.293 0.119 0.017 0.002 0.001
10000.0 0.220 0.293 0.118 0.016 0.001 < 0.001

O'tA.’L'

Table 3: X-Y UCB Implementation Results

O'tAy
0.1 1.0 10.0 100.0 1000.0 10000.0
0.1 0.209 0.312 0.249 0.199 0.194 0.194
1.0 0.312 0.368 0.321 0.293 0.290 0.289
10.0 0.227 0.321 0.223 0.128 0.118 0.117
100.0 0.196 0.293 0.129 0.030 0.017 0.015
1000.0 0.194 0.291 0.118 0.017 0.002 0.001
10000.0 0.194 0.288 0.117 0.015 0.001 < 0.001

O'tA.’L'

spectral radius less than that of the Fourier analysis, which it does.

4.9 Summary

In this chapter we described discretization techniques for the equation of transfer
in x-y geometry, including techniques for treating frequency, time, and angle. We
then introduced the corner balance family of spatial discretizations in x-y geometry.
We reviewed the simple corner balance and upstream corner balance closures and the
associated scheme for source iteration. We then derived the M4S DSA equations in

X-y geometry.



Table 4: X-Y SCB Fourier Analysis Results

O’tAZ JtAy

0.1 1.0 10.0 100.0 1000.0 10000.0

0.1 0.242 0426 0.237 0.236 0.236  0.236

1.0 0.426 0.456 0.457 0.457 0.457  0.457

10.0  0.237 0.457 0.140 0.135 0.135 0.135

100.0 0.236 0.457 0.135 0.015 0.015  0.015

1000.0 0.236 0.457 0.135 0.015 0.001  0.001
10000.0 0.236 0.457 0.135 0.015 0.001 < 0.001

Table 5: X-Y SCB Implementation Results

oAz 18y

0.1 1.0 10.0 100.0 1000.0 10000.0

0.1 0.220 0.343 0.215 0.214 0.215 0.215

1.0 0.344 0.452 0.455 0.456 0.455  0.456

10.0  0.210 0.455 0.137 0.134 0.134 0.134

100.0 0.214 0.456 0.133 0.014 0.015 0.015

1000.0 0.214 0455 0.134 0.014 0.001 0.001
10000.0 0.215 0.455 0.134 0.015 0.001 < 0.001

110

A Fourier analysis of UCB accelerated with SCB-derived modified 4-step DSA

equations was performed. We demonstrated that the implemented algorithm verifies

our Fourier analysis. The results clearly show that SCB derived diffusion acceleration

equations are very effective at increasing the rate of iterative convergence of UCB in

X-y geometry.
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Table 6: X-Y Model Problem Results

Discretization: Iterationss;: Iterationspsa: psr:  pPDsaA: €:

SCB 791 23 0.976 0.419 1.0e°

UCB 787 18 0.976 0.336 1.0e~®
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Fig. 19: X-Y SCB model problem results without acceleration.
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Fig. 22: X-Y UCB model problem results with acceleration.
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5 CONCLUSION

5.1 Summary of Results

We had four primary objectives for this thesis; slab geometry Fourier analysis of
SCB and UCB discretizations accelerated with M4S DSA, slab geometry implementa-
tion analysis of the same system, x-y geometry Fourier analysis of the SCB and UCB
discretization accelerated with M4S DSA, and x-y geometry implementation analysis
of the same system. In this chapter summarize our work, discuss the significance of

our results and consider areas for future work.

We introduced a new mildly inconsistent application of the M4S equations. We
proposed applying M48S acceleration equations derived from SCB to the UCB source
iteration equations. The success of this mildly inconsistent application was judged
with two primary metrics; convergence rate and “correctness”. We defined conver-
gence rate to be the error reduction rate on each successive iteration. “Correctness”
here means the accelerated solution is equal to the solution achieved using only source
iteration. Fourier analysis results show that in slab geometry and x-y geometry the
scheme should be highly effective and our implementation of the method supports this
assertion; M4S DSA equations derived from SCB substantially increase the iterative
convergence rate of otherwise slowly converging UCB source iteration problems. Our
results also show this scheme to be “correct”; implementing the technique results in

identical solutions between unaccelerated UCB and accelerated UCB.

Our analytic and implementation results support the initial observations of Palmer [Pal93].
Our work verifies that on orthogonal meshes it is possible to rapidly accelerate UCB
with SCB derived DSA equations. We conclude that if modified 4-Step DSA equations
can be derived from SCB transport equations [Pal93], and, provided that the fore-

mentioned acceleration equations can be efficiently solved, we can greatly increase
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the convergence rate and therefore the rate at which solutions can be attained.

5.2 Scientific Computing

The computational analysis software developed in this thesis was written in C++.
The motivation for using C++ was based on several different influences. Scientific
computing has predominantly used high performance procedural languages. Proce-
dural programming techniques were used primarily because emerging software engi-
neering techniques degraded performance too severely to be cost effective. Modern
software engineering techniques, primarily the C++ language and compilers, have
matured to the point where performance is no longer a problem. The fundamen-
tally different programming ideologies can now be applied to scientific computing
problems without degrading performance. These new forms of abstraction, such as
object-oriented programming, can actually simplify the creation of cutting edge nu-
merical computation packages. One very beneficial result of C++ and object-oriented
programming is the concept of software reuse. Software reuse allows programmers
to use objects and abstractions created by others in their own projects. Instead of
having to fully understand the programming of how the object works and behaves, a
programmer can simply use behavior and state provided by the object. This capabil-
ity is just recently stating to gain momentum and acceptance in scientific computing

communities.

For this thesis modern software engineering techniques were employed in the cre-
ation of the Fourier analysis and implementation codes. The Matrix Template Library
(MTL) [Sie99] was extensively employed along with object-oriented programming
techniques. The use of C++ greatly increased the ease by which changes and modi-
fications could be made to the analysis packages. The ability to use behavior offered

by the MTL also greatly eased implementation of new high-performance numerical
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algebra routines.

There were also drawbacks to using a fundamentally different means of program-
ming. There is a very intense learning curve associated with object-oriented pro-
gramming. The author found that several revisions were necessary as new and far
superior methods of programming were discovered. Another concern was the lack of
control over the numerical linear algebra packages. Numerical issues were noticed in
some limits which indicated some problems with the linear algebra coding. This will
be discussed in the next section. Our results were obtained using a Sun Ultra 10

workstation running the KAI KCC compiler.

5.3 Discussion

The modifications that Adams [Ada97] made to SCB in designing UCB resulted in
a discretization with several very appealing characteristics. However, source iteration
suffers from the problematic decrease in iterative convergence rate when the system
of interest becomes highly diffusive. One solution to this convergence problem is
to use a form of acceleration to increase the rate of iterative convergence while still
preserving the unaccelerated result. The non-conventional form of the UCB closure
makes deriving a consistent set of acceleration equations a difficult task. What we
have found is that deriving M4S DSA equations from a similar discretization, SCB,

yields acceleration equations that effectively accelerate slab and x-y geometry UCB.

Our results indicate that our scheme is highly successful. However, we had numer-
ical difficulties with the diffusion solvers in high aspect ratio problems. Our diffusion
solvers became unstable and failed to converge for certain high aspect ratio problems.
This points out the fact that although the rate of convergence of the scheme can be
greatly increased, effective diffusion solvers must be available to rapidly solve the DSA

equations. If too much time is spent solving the diffusion acceleration equations, the
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overall cpu time needed for convergence may actually be greater than that of source

iteration.

5.4 Future Work

Several aspects of this research require further investigation.

The derivation and implementation of the acceleration equations needs to be ex-
tended from orthogonal meshes in x-y geometry to unstructured polygonal meshes.
The motivation for using UCB is that it is a discretization that rapidly sweeps through
polygonal cells. This is not a serious issue for regular orthogonal geometries. By
extending the implementation to arbitrarily connected polygons we can determine

whether the method is as effective as it is for orthogonal mesh schemes.

A method needs to be determined for performing Fourier analysis of the scheme
on polygons. Warsa and Wareing have discussed a technique to Fourier analyze
triangular meshes and they indicate it is highly effective at predicting convergence
characteristics for unstructured meshes [War00a] [WarOOb]. Performing this type
of analysis would provide insight into how the scheme behaves on non-orthogonal

meshes.

Finally, research needs to be performed investigating new ways of reducing the
time required to solve the diffusion acceleration equations. Currently M4S requires
the solution of an asymmetric matrix. This adds a great deal of computational
expense to the transport/DSA sweeps. One possibility is to use other types of mildly
inconsistent acceleration schemes to accelerate UCB. One of particular interest is
simplified P1 DSA [Pal93]. Simplified P1 DSA yields symmetric matrices which are
easy to solve compared to the non-symmetric matrices resulting from M4S DSA.
This could potentially yield a highly convergent rapid scheme for polygonal mesh

UCB transport.
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