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THE ROTATIONAL MOTION OF MOLECULES IN CRYSTALLINE SOLIDS
I, INTRODUCTION

There have been a number of quantum mechanical calculations
of molecular rotation in crystal fields beginning with Pauling (112)
in 1930, Since then there have been relatively few molecules found
to exhlbit rotational motion in solids, Most examples of rotation
have been for molecules isolated in a noble gas crystal, although
rotation has also been found to ocecur in molecular crystals, If
molecules are not able to rotate, they can undergo small oscilla-
tions or librations about an equilibrium position which corresponds
to a minimum in the potential with respect to rotation, Inter-
mediate to the extremes of rotation and libration is the situation
where tunneling occurs between equivalent potential minima,
There are fewer known examples where tunneling is important than
for rotation so most molecules in solids by far are thought to
Just librate, In this work we will focus our attention on the
questions of rotation and tunneling, The tunneling problem is
particularly suited to the methods of group theory and this will
be a major topic,

The experimental methods used to study rotational motion
have usually been infrared studies.of vibrational bands and fare-
infrared spectra of rotational transitions, Other methods which
have been used are microwave, inelastic neutron scattering,

analysis of electronic absorption bands, paramagnetic resonance,



and the Raman effect, The Raman effect would provide a good
comparison with infrared studies because of possible coincidences
on the one hand and differences in vibration-rotation selection
rules on the other, Previous Raman studies, however, have not
been very useful due to a lack of resolution,

In the present study we will first review the previous work
dealing with rotation of molecules in solids, This includes a
number of theoretical treatments and many experimental results,
Then the group theory is solved for a matrix isolated molecule
of any symmetry at a site in a crystal field of any symmetry,

To the extent that intermolecular coupling is not important, the
group theory is also applicable to molecular crystals, As the
potential barrier to rotation of the molecule relative to the
host crystal is raised, certain symmetry operations become de-
creasingly "feasible" in the sense of Longuet-Higgins (93).

Using correlation methods (161) the symmetrj species of the rota=-
tional states can be determined from the free rotation limit to
any of the librational limits, The rotational energy levels may
be determined qualitatively for all cases and quantitatively near
a high barrier limit where tunneling between equivalent potential
minima is important, From the symmetry of states and the dipole
and polarizability tensors, selection rules may be applied to pre~
diet spectra in the infrared and Raman effect, In order to examine
varlous aspects of this theoretical.work a series of experiments
were performed using the Raman effect to complement other existing

work, The molecule under study is methane and certain deuterated



methanes, both in the neat crystalline form and matrix isolated
in the noble gas crystals, From this experimental work certain
conclusions may be made regarding the rotational motion of methane
in crystalline solids and the crystal structure of methane, Com=-
rarisons between theory and experimental results are also made

for other molecules which are believed to exhibit rotational motion,



II. LITERATURE REVIEW

Previous studies concerning rotation in solids started with
theoretical efforts for diatomic molecules, These‘were followed
by experimental results which were interpreted at first in terms
of rotational motion, but many of these conclusions have since
been proven to be incorrect, More recent theoretical work has
solved the problem of a spherical rotor and the effect of translation
has been added to this and previous work, The experimental studies
have shown that rotational motion of molecules in noble gas matrices
does occur for various hydrides, In addition, impurity ioms in
alkall halides show evidence of hindered rotation, the solid
hydrogens exhibit nearly free rotation, and low temperature phases

in both CH, and CDu give experimental results indicating rotation,

A, Theoretical Studies

Pauling (112) developed a two-dimensional model for rotation
of diatomics in molecular crystals in 1930, He used a potential
glven by V = V_ (l-cos 20), This model assumes a cylindrical
potential due to the crystal, Rough criteria for determining rota-
tional motion and oscillational motion are given and phase transi-
tions in crystals are discussed in terms of the motion changing from
oscillational to rotational,

Stern (147) solved the problem of an X, molecule in a cylindrical
field, He included the § dependence in his solutions and made a
correlation diagram from the free rotor limit to the high barrier

limit,



Devonshire (35) found the energy levels of an XY molecule in
an octahedral field, He used the first non-constant term in the
spherical harmonies which has octahedral symmetry and this has
degree four, The solutions are found by assuming the wave functions
to be linear combinations of spherical harmonics,

Cundy (33) followed the procedure of Devonshire and solved
the problem of an XY molecule in a tetrahedral field, He used a
spherical harmonic of degree three for a poﬁential function,

In 1951 Nagamiya (104) found the rotational energy levels
assuming a high barrier for molecules of Td and C

3V
tetrahedral and trigonal fields, This study was in connection with

symmetries in

the zero-point entropies of GHA, GDu, and CHBD° He also found
the degeneracy of the levels for octahedral fields,
In order to support the interpretation of rotation in solids,
Armstrong (3, 4) and Flygare (43) gave alternative solutions for
a linear molecule, These papers related the barrier to rotation
with interactions between the guest mclecule and host crystal,
Friedmann and Kimel (48~51) developed the rotation-translation
coupling model (RTC) for diatomic molecules, They assumed rotation
about a center of interaction which in general will couple transe
lational motion with rotation, For unsymmetrical molecules such
as the hydrogen halides, the center of interaction is nearer the
hydrogen than the center of mass, .This model also assumes a
spherical potential due to the crystal fleld,
In 1966 Sauer (133) improved the Devonshire calculation by

increasing the basis set from functions up to ,(’ =7 to ,ﬂ = 12, This



increased size of the secular determinant was beyond the machine
solution capabilities that Devonshire had,

Quite recently, Jacobi (74, 75) and Schnepp (75) have deter-
mined the wave functions and energy levels for both the rotational
and librational cases of an X, molecule (and linear XYé) at a site
having the symmetry 86° The rotational wave functions are spherical
harmonics and the librational wave functions are harmonic oscillator-
like variational functions, The molecules under study were o~H2,
Nz, and 6020

King (86, 87) and Hornig (87) treated the cases of either
tetrahedral or octahedral molecules in an octahedral field. They
calculated the rotational energy levels using wave functions which
are symmetry-adapted linear combinations of spherical-top functions,
The potential functions included both degree four and degree six
terms, 4

Soon after the work of King and Hornig, the effect of trans-
lation was added by Friedmann, Shalom, and Kimel (52), Since the
center of mass and center of interaction coincide for a tetra=-
ﬁedral molecule, this effect would be expected to be smaller than
for XY diatomics,

Nishiyama (107, 108) and Yamamoto (108) have added the Coriolis
effect to the problem of a tetrahedral molecule in an octahedral
field, They used potential functions which were predicted by
Yasuda (165) assuming additivity of pairwise potentials, These
calculations were done for GHM andICDq in the noble gas matrices,

' Kataoka, Okada, and Yamamoto (80) have made similar calculations



for the lowest temperature phase of GHM' These results will be
discussed in considerable detail in Chapter V,

Smith (146) féllowed the procedure of King and Hornig and
solved the rotational problem for a tetrahedral molecule in a
tetrahedral field, The potential function used has degree three
which is the first non-constant term having the appropriate symmetry,

In a paper based on part of the present study, Miller and
Decius (98) presented the general group theory solution for matrix
isolated molecules, This earlier work will be expanded in Chapter
I1I,



B, Experimental Studies

The noble gas crystalsrhave been widely used in matrix experi-
ments, including Ne, Ar, Kr, and Xe, All of these form face-
centered cubic crystals (36, 70, 118, 163) although it has been
shown that certain diatomic molecules‘stabilize hexagonal packing
for Ar (9), It is thought that a small.molecule which has been
substituted for a noble gas atom may undergo rotational motion if
their sizes are comparable since a substitutional cavity is nearly
spherical in nature, If a molecule occupies a vacancy in a face-
centered cubic lattice of atoms, it is at a‘site having octahedral
symmetry, So, the crystal field theories of Devonshire (35) for
diatomic molecules, and King and Hornig (87) for tetrahedral mole-
cules are appropriate, Other molecules have been compared to free

rotors,

1, Matrix Isolated Molecules

Although most of the evidence for rotation in matrices has
been from vibration-rotation bands, the first evidence of rotation
in a matrix was from EPR work on the Ni, radical in Ar (44),
McConnell (97) interpreted the observed intensities in terms of the
splitting of rotational levels and the conversion of para-NH2 to
the ground state ortho molecules,  Robinson (130, 131) and McCarty
(130) interpreted the structure in,the_glectronie band of Ni, in Ar
at 4,2% in terms of nearly free rotation, Milligan and Jacox (100)

attribute structure in the bending mode of NH2 in Ar to rotation,



Catalano and Milligan (22) reported structure in the v,

bands of HZO, DZO’ and HDO in Ar, Kr, and Xe, This was followed
by the work of Glasel (53), and Redington and Milligan (126, 127).

Robinson (128) looked at the far-infrared spectra of H_ O in Ne,

2
Ar, Kr, and Xe, In a study of nuclear spin conversion, Hopkins,
Curl, and Pitzer (69) examined the time dependence of H,0 in Ar
for the 1/é and 1/5 bands, All of this work points to rotational
motion of H20 in the néhle gas matrices, but the assignments and
spectra did not always agree from one study to another,

Milligan, Hexter and Dressler (99) studied NH3 in N, and Ar
and assigned features in both matrices to rotation and inversion of

NH Pimentel, Bulanin, and Van Thiel (115) interpreted all the

3e
bands in N2 as due to nonrotating manmers. dimers, and trimers,
Hopkins, Curl, and Pitzer (69) looked at the time dependence of
1{2 in Ar and found only two lines with a clear time dependence,

The vibration-rotation spectra of hydrogen halides in noble
gas matrices have been the object of numerous investigations, Schoen,
Mann, Knobler, and White (138) first reported HCl in Ar and later
Mann, Acquista, and White (95) extended the study to include HCL,
DCl, HBr, and DBr in Ar and Kr, Bowers and Flygare (14) reported
spectra for HCl, DCl, HBr, DBr, and HI in Ar, Kr, and Xe, Bowers,
Kerley, and Flygare (15) added work on HF in Ne, Ar, Kr, and Xe,
Keyser and Robinson (84, 85) examined HCl and DCL in Kr and Xe,
Verstegen, Goldring, Kimel, and Katz (154) also studied HCl in Ar,
Kr, and Xe, Most of this work was reported about the same time,

Other studies on HCl and HBr have been made byKwok (91), Shurvell



10
and Harvey (144), and Brunel and Peyron (17), Barnes, Hallam, and
Scrimshaw (8), and Davies and Hallam (34) have found the vibration~
translation line for HCl and DCl in Ar which 1s predicted by the
RTC theory, Robinson and co-workers (96, 129, 155) have observed
HF and DF in Ne, Ar, Kr, and Xe in both the far-infrared and mid-
infrared regions, and also HCl in Ar and Kr in the far-infrared,
Barnes, Davies, Hallam, Scrimshaw, Hayward and Milward (7) have
found rotational transitions for HCl and DC1l im Ar, Rotation-
translation coupling theories have generally been used to interpret
the spectra of the hydrogen halides, Mason, Von Holle, and Robinson
(96) have explained their results on HF and DF by considering per-
turbations to the rotational potential function, The erystal field
theory of Devonshire (35) has not been successful in explaining
the spectra of hydrogen halides because the translational motion
cannot be ignored,

The infrared spectra of methyl radicals in Ar have been re=-
corded by Milliga.ri and Jacox (101), They observe structure in
the 1/2 band of (’:H3 which is interpreted as due to rotational
degrees of freedom, but not nearly free rotation,

Cabana, Savitsky, and Hornig (20) studied the infrared spectra
of CH, and CD, in Ar, Kr, and Xe, They found structure in the 4/3
and 4/, bands which they interpreted as due to rotation using
King's model (86), Chamberland, Belzile, and Cabana (23) repeated
some of the previous work and found that there were some lines which
they did not observe and they attributed these to the spray deposition

of samples, Frayer and Ewing (46, 47) studied the vy and 1),
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infrared spectra of GHa in Ar in connection with nuclear-spin con=-
version, They found time dependent intensity changes consistent
with nuclear-spin conversion, Cabana, Anderson, and Savole (21)
reported the Raman spectrum of GHH in Kr, They were not able to
resolve structure in the-og band, but observed a much broader feature
than in the infrared, Hopkins, Curl, and Pitzer (69) looked at the
infrared spectra of GHBD in Ar, Kr, and Xe, They observedbintensity
changes which are consistent with nuclear=-spin conversion and rota=-
tional splittings,

Many of the molecules discussed in this section will be examined
further after the group theory has been presented in Chapter III,
Finding the splitting of the ground librational state near the
librator limit is quite easy for most cases and the hindergd rotor
spectra can be predicted and compared to the reporte& spectra, This
is especlially significant for molecules of symmetry sz (Hzo, NHz),

Cay (NH3’ CHBD), and D, (CH3) since extended calculations have not

D3
been done for these symmetries in an octahedral crystal field,

While convincing evidence has been found for rotation of mole=-
cules in noble gas matrices, the picture with nitrogen as a matrix
is quite different (116), There have been splittings observed in
the vibrational bands of molecules in nitrogen (61, 62, 63, 99),
but these have usually been due to dimers or higher aggregates

(7, 8, 81, 82, 115, 149) and in any case, not to rotational motion,
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2, Alkali Halide Impurities

The alkall halides make a convenient host for studying either
cation or anion impurities, A substituted impurity ion will be at
an octahedral site for either NaCl=-type or CsCl-type crystals,
although the enviromment in the two types will be different, Again
the theories of Devonshire (35), and King and Hornig (87) will be
appropriate for diatomic and tetrahedral ions, respectively,

The CN~ ion in alkali halides was first studied by Maki and
Decius (94), and Price, Sherman, and Wilkinmson (122, 123), The
broad vibrational fundamental was later interpreted (32, 42, 105,
140, 141) in terms of rotational motion of the ion using the
Devonshire model (35), The potential minima for the CN~ ion have
been found to be along <100’ and 110> directions for NaCl-type
and CsCl-type lattices (140), respectively,

The rotational motion of OH .and D~ in NaCl-type lattices has
been studied extensively by Klein and co-workers in both the infrared
and Raman effect (24, 41, 88, 113, 114, 156), They have loocked
at the vibrational fundamental and alsc the librational mode and .
compared their results with the Devonshire model, The potential
minima have been found to be along {(100) directions (77, 90, 158).
The splittings in the ground librational state due to tunneling
between equivalent minime have been determined to be of the order
of ,2 et (16, 40)., |

The application of the Devonshire model to these studies is

complicated by local distortions of the lattice (142) and displacement
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of the center of mass from the lattice point (92), The coupling of
translational and librational motions presents an additional
problem (83),

The spectra of the NHZ

by Vedder and Hornig (153) and the fine structure in the vibrational

ion in NaCl-type lattices was reported

bands was interpreted as due to rotational motion, They determined
that the motion was much different from free rotation, This was
about the time of King's work (86) and detailed comparisons with

his model were not possible., These results will be discussed further
in Chapter III,

The vibrational spectra of the NQE ion in potassium halides
have been examined by Narayanamurti, Seward, and Pohl (106) and
interpreted using a hindered rotor model, They determined the
potential minima to occur when the 02 axis of the ion is along a .
¢110) direction of a erystal, Their calculations will be compared
to the solution for a C,, molecule in an octahedral field in Chapter

2V

III, The rotational motion of NOE in_NaNoz has been studied by
van der Elsken and co-workers (157) and the barriers to rotation

have been found to be quite high,

3. Molecular Crystals

The solid hydrogens are the only examples of molecular crystals
which exhibit nearly free rotation, Para-hydrogen and ortho-deuterium
have a hexagonal close-packing structure (109, 124, 150, 151) at
lowest temperatures and ortho-hydrogen and para-deuterium are face-

centered cubic (59) at lowest temperatures, This difference in
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the structure is reflected in the spectra, The nearly free rota-
tion in the solids is best illustrated by the splitting in the
rotational bands, The Raman rotational spectrum of para-hydrogen
has been observed by Bhatnagar, Allin, and Welsh (11), and recently
the Raman rotational spectra of both ortho- and para~hydrogen has
been reported by Prior and Allin (124) in a mixture cointaining 94
per cent ortho, A very extensive theoretical treatment for para-
hydrogen has been carried out by Van Kranendenk and Karl (151),
Rotation in solid methane was first suggested by Pauling (112),
Barly thermodynamic work by Clusius and co-workers (26, 27, 28,
45, 89) established two phases in solid CH& and three in CD,,
Further heat capacity work has been done by Colwell, Gill, and
Morrison (29-31), Recent birefringence studies by Ballik, Gannon,
and Morrison (5, 6) have shown that there are three phases of CHy,,
but that the transition from phase II — III is quite complex and
that under conditions when equilibrium is reached, phase II exists
only between 18 to 20°%, X-ray data has established that the
carbon atoms form essentially a face-centered cublec lattice in all
phases of CH, and CD, (56, 58, 102, 103, 136, 137), James and
Keenan (76) predicted that phase II of CH, (22.2-27.1°) would have
3/l ordered molecules and 1/4 rotating molecules, This structure
was confirmed by the neutron diffraction studies of Press (120),
who determined the spacev group to be Og (Fm3c) with six ordered
molecules at D2d sltes and two disordered moleculesk at O sites,
Press determined phase I of CD‘* to be disordered with respect to
molecular orientations, Phase III of CDb has been found to be
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tetragonal by neutron diffraction (121), X-ray (13), and bire-
fringence studies (6), but the exact structure has not been deter=-
mined, The iowest temperature phase of C}H4 has also shown evidence
of rotation while phase I appears to be disordered like GDQ. The
complications surrounding phase II of CH, mean that studles of CH,
havé been done in phases I and I1II, The heat capacity of Gﬁu showed
a thermal anomaly at 8% (29, 30), Subsequent NMR experiments
have shewn that nuclear-spin conversion does occur (64, 132, 162),
Kataocka, Okada, and Yamamoto (80) have made an extended James-
Keenan calculation for phase III CH, and can explain the zero-
point entropy (30), NMR experiments (64, 132, 162), far-infrared
absorption (135), and inelastic neutron scattering (37, 60, 78)
with a structure similar to phasek II of Cﬁb. The :Lnfra.red experi=~
ments by Chapados and Cabana (25) have added to the evidence for
rotation, They assign the spectra of phase II GDb, and phase III
CH,, (~9%) in terms of both ordered molecules and rotating mole-
cules and agree with the structure determined by Press, Early
Raman studies (2) are consistent with this interpretation for
phase II CD,_’ and phase III CH,_L. The. far-infrared spectra of Savole
and Fournier (135) agree with the two expected lattice modes in
phase II GD&- and phase III CI-Iu. The band shape studies by Ewing
(39) of CH, and CD, in the liquid and phase I suggest there is
rotational motion in phase I, The conclusions are that phase I
of Cﬂu and CDL', is disordered and the molecules undergo some sort
of rotational motion (38, 54, 55, 119, 145, 148), phase II of
GDL} and phase III of GH,_l have the structure predicted by James and



Keenan, phase III of GDb is not understood very well yet, and
little is known about phase 11 of GHu. The conclusions about phase

111 CH“ will be examined further in Chapter V,

16
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III. GROUP THEORY AND APPLICATIONS TO MOLECULAR

ROTATION IN CRYSTALLINE SOLIDS

A, Group Theory

Our approach to the problem of rotating molecules in crystal
fields uses the methods of group theory developed by Longuet-
Higgins (93). This method uses the fact that the Hamiltonian is
invariant to permutations of the positions and spins of any set of
identical nuclei, an inversion of the positions of all particles
in the center of mass, and the product of such a permutation and
an inversion, Let P stand for a permutation, E for the identity,
E* for the inversion of all particles, and P* for the product PE* =
E¥P, These are the fundamental symmetry aper#tions and it will be
shown how they are related to the conventional rotation and re-
flection operations, An important part of this method is to deter-
mine which operations are feasible and which are not, In the
symmetry group for ammonia, E¥ is feasible because the inversion
occurs with a frequency which is not negligible compared with the
resolution of the spectroscopic data, In the symmetry group for
nethane, however, E¥ is not feasible because inversion occurs at
a frequency which is too small, The symmetry group, then, is the'
set of all feasible operations, One point to be made is that if
there are any operations of the type P* in a group, then there are
equal numbers of starred and unstarred operations, The group will
have a subgroup of permutations and a coset of permutation~inversions,

It is most important to relate the permutation operatioms with
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point group operations and rotations, A permutation or permutation=-
inversion for a rigid molecule is equivalent to a point group
operation on the internal coordinates followed by a bodily rotation
of the molecule about an axis through the center of mass, We can
write this as P(r) = Q[ié + R(f)7’where R is a point group operation,
Q is a rotation, r o is the 3N dimensional vector describing the
equilibrium positions of the atems, (Jg is the corresponding displace-
‘ment vector, and r = r o +€ . Once the one to one mapping between

P and R is established it is clear that the group {R} is isomorphic
to the group {P}, For linear molecules the mapping from { R} to

{P} is a homomorphism, The symmetries of the dipole (/4) and
polarizability (%) tensors are most easily determined from the
point group operations, The operati@njﬁ which is associated with
each P or P* will determine the symmetries of translation and rota~
tion and therefore the symmetries of /A and #,

The group {Q} is important in classifying the retatiomal
states since it consists of bodily rotations of the molecule, The
group {Q} is isomorphic to the permutation group unless the mole-
cule possesses a center of symmetry in which case {Q} is isomorphic
to the subgroup of {P| which is just the permutations, The reason
for this is that the rotation in {q} corresponding to the i opera-
tion is Cl, the identity, ' So, in this case, both an operation of
the type P and P* will map to the same operation in {Q}.

The permutation group has many advantages over the péint group,
The algebraic properties of a group are much easier to study using
permutations, The nuclear spin symmetries are found directly frem
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permutation operations, On the other hand, transformations of
internal coordinates are much easier using point groups, the rota-
tional properties are determined from thex{Q} groups, so a knowledge
of the relationship between these groups is a very important asset,

The cycle structure of P or P*¥ is important in relating the
operations P, Q, and R, For any P, R is a rotation and Q is a
rotation in the opposite sense of R, P will be one or more cycles
of length n and the corresponding rotations will be +360%/n (cycles
of length one will not be written), For any P*, R is a reflection
or rotation and reflection, and Q is the product of rotations
associated with a reflection and rotation, For any reflection, Q
is a rotation of 180° about an axis perpendicular to the plane.'

For a rotation and reflection Q is the preduct of G;1 and Gz where
both rotations are about the same axis, If a molecule is planar,
then E* is a feasible operation and is associated with g, . The
cycle structure of P* is not ih general as simple as that of P,

If P* consists of two cycles, R could be any reflection plane or
inversion, If P* has the longest cycle of lengih six, then R could
either be 83 or S6° The cycle structure of P* may include smaller
cycles for different sets of nuclei, The associated elements of

P, Q, and R are summarized in Table I,

The difference between the inversion operation i for a molecule
with a center of symmetry, and the parity operation E* which is an in-
version of all particles through the center of mass is worthy of an ex~-
Planation, especially with the term inversion being used for both, The

i operation acts on the displacements and inverts the displacements
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TABLE I. CORRESPONDENCE BETWEEN PERMUTATIONS P, PERMUTATION-
INVERSIONS P*, RIGID ROTATIONS Q, AND POINT GROUP
OPERATIONS R,

P Q R F o - Q R
E ¢, ¢ E* ¢, %.@(Mnear)
two cycles 82 Gz two cycles* 02 T G2 T3

three cycles C5* Gy | two cycles* C, x C, = C) 1

four cycles G;; Cy, (six) three cycles* C; x G, = C¢ 83

six cycles Gzl Cg4 | four cycles* GZ} xC,=C, S,

| six cycles* Cgl x 02 = 63 36

TABLE II. CORRESPONDENCE BETWEEN INTERNAL COORDINATE {R} GROUPS

AND RIGID ROTATION {Q} GROUPS.

(&}
cn
Cy
g
s
D
“n
C
nv
n even cnh
n odd Cnh

«

{8} @
SZn GZn n even
S2n Gn n odd
Dnh D n even
D nh DZn n odd
Dnd D2n n even
Bnd Dn n odd
T,Th T

Td,O,Oh 0




through the center of the molecule, The i operation is defined
with respect to the body-fixed axes of the mplecule. The E* opera-
tion inverts the space-fixed coordinates of the molecule, It is
equivalent to a reflection of the displacements through the plane
of the molecule followed by a bodily rotation of .all particles
through 180° about an axis perpendicular to the plane, The effect
of parity on the displacements of the molecule is determined by
the behavior with respect to cTh. The pgrity operation is still
meaningful for molecules without a molecular plane of symmetry in
connection with rotational levels as shown by Cka (110).

The correspondence between the groups B} and {Q} can now be
| made for the 32 crystallographic point groups, keeping in mind
the iscmorphism between {B} and {P}., If a group contains the
symmetry operation i, then it is a direct product of a rotationmal

group with the group C,, and since the element in {Q} for both E

1’
and 1 is C;, then the group {Q} is isomorphic to this rotational
group, The correspondence between {R| and {Q} is summarized in
Table II,

Let us assume that a guest molecule has the symmetry of the
point group M (for molecule) and it occupies a site in a host
crystal which has the symmetry of the ﬁaint group S (for site) in
the absence of the guest ﬁolecule. Operaticns in M are related
to the molecule and body-fixed axes while operations in S are related
to the crystal and space-fixed axes, The point groups N ahd S can
be divided into the corresponding permutation subgroups plus the

cosets of permutation-inversions, These are denoted as follows;
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BH=0R(P)+HM(Pt) and S =8 (P) +8 (P*), If B or S happened to
be a purely rotational group, then there would be no operations of

the type P*, The elements of a group which;gge appropriate for a

guest molecule in a host crystal consist of products of egeratiens
in S(P) with operations in F(P) and operations in S(P*) with opera-

tions in M(P*), The operations are combined in this way because

an inversion includes all particles, not just the molecule or the
crystal alone, Operations in M and S commute since the operands

in Ml are atoms of the molecule and the operands in S are atoms of
the crystal,

The precise meaning of cperations in M and operations in S
will be illustrated through an example (Figure 1), Let us consider
a molecule such as methane in a cublc crystal field with the four
atoms numbered I to § and the eight corners numbered 1 to 8, For
simplicity the atoms are oriented in the corners of the cube,

The operation E(123) permutes the atoms as shewn, It is equivalent
-1

3 «
rotation of the entire molecule, The operator (123)(587)E could

to a 03 operation on the internal coordinates followed by a C

be interpreted as a Cgl rotation of the crystal but instead we fix

the cxrystal to the space-fixed axes and define (123)(587)E to be
a 03 rotation of the molecule about space-~fixed axes, We are assum-
ing that the atoms in the crystal are stationary, The effect of
-1

B.Rrotation of the molecule

about the axis corresponding to the § bond and then a C3 rotation

of the molecule about the axis through corners 4 and 6 of the cube,

the operation (123)(587)(123) is a C

The displacements of the molecule relative to the body-fixed axes
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are transformed by a 63 operation (E(123)) and the displacements of
the molecule relative to the space~fixed axes are also transformed
by a 03 operation ((123)(587)E), Similarly an opefa.tion such as
(34)(58)*(3%)* can be interpreted as a 04 operation on the displace-
ments of the golecule relative to both the body-fixed and space-
fixed axes while keeping the crystal fixed in space, Therefore, /u
and o« for internal transitions are determined by the operations in
M, and u and o for overall transitions, rotational or librational,
including vibra;tiona.l, are determined by the operations in S,

The appropriate group depends in general on the freedom of the
molecule to rotate with respect to the, crystal, The largest possible
group is the product of all operations of S(P) with M(P) and of all
S(P*) with M(P*), This group will be denoted by G = (S,H) = s(P)
M(P) + S(P*) H(P*)., Some operations in G become less feasible as
the barrier to rotation increases and at the high barrier or librator
limit, rotation of the molecule with .respect to the crystal is not
feasible, We wlll be using the correlation between the free rota-
tion group G and some high barrier subgroup H, and the rotational
energy levels will be given as a function of the barrier height in
general, If both S and M are rotational groups, the order of G is
g = sm where g, 8, and m represént the. order orf their respective
groups, If either S or M is not -a rotational group,then g = sm/ 2
since half of all combinations between the groups would involve
P's with P*'s and these are not allowed, At a limit of no rotation
the appropriate subgroup B is isomorphic to a common subgroup of S

and M, H is isomorphic to the greatest common subgroup of S and M
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if the molecule is oriented to the crystal in the highest symmetry
possible, An operation in H consists of the product of an opera-
tion in S with an operation in M so that there is no rotation of
the molecule relative to the crystal when the molecule is at an
equilibrium position, The librational states in H have a degeneracy
which is increased by the factor g/h (h is the order of ) and this
factor is also the number of equivalent minima in the potential
with respect to rotation, In certain cases there may be significant
groups which lie in between the limits for G and H, For instance,
some of the relative rotations may be feasible but not all, In this
case the group would be a subgroup of G = (S, M), but the problem
would be essentially no different than that for G and ﬁ.

We would like to be able to write G as a direct product of
groups so that the character table may be obtained from known
character tables of smaller groups., .The problem in general is that
G is not simply S x M because P operations from S do not combine
with P* operations from M and vice versa,

If either S or M is a rotational group then G is a direcf
product, Let M be a rotational group,. then G = 'S*(P) x 'N' where
'S1(P) ¥ S(P) and 'M* ¥ M (¥ nmeans is isomorphic to), Operations
in 'H* are products of E in S with an operation in M and operations
in *S*(P) are products of E in M with an operation in S(P), It is
clear that every operation in 'M' commutes with every operation in
'S'(P) since in both cases the commutation is with the identity,
either E or E, The character table is then found from the character

tables of the groups S(P) and M, The symmetry species of G are
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written as the product of those in S(P) and H,

If neither S nor M is a rotational group and either S or M |
is a direct product group (with {E,Og} or {?,i}) then G is a direct
product, Let M be a direct product group, say B = M(P) x {ﬁ.ﬁ}.

In the permﬁtatien notation I would be the appropriate permutation=-
inversion, Then G = 'St x *M¢(P) where 'S' &8 and 'M'(P) &

H(P), Operations in 'H'(P) are products of E in S with an operation
in M(P), operations in 'S'(P) are products of E in M with an opera-
tion in S(P), and operations in 'S'(P¥) are products of I in H

with an operation in S(P*), In this case commutation also depends
on 1 commuting with every element in M(P), The fact that 1 commutes
with everything in M(P) is evident from the assumption that M

is a direct product of M(P) with {E,I} . The character table can
now be found from those of S and M(P) and the symmetry species are
products of those in 8 and ¥M(P).

It is possible in some cases to have G equal to two direct
preductsvif, for example, S and M were both direct product groups,
This difference amounts to different labeling of the symmetry specles
of G, but no changes other than that,

In the 32 crystallographic point groups there are only six
which are neither rotational groups nor direct product groups,

These are S“, CBV’ C#V’ Cév' D2d' and Td‘ Unless both the molecular
symmetry and crystal site symmetry appear in this set of six groups,
the group G will be a diréct product, This leaves relatively few
groups to consider which have a more complicated character table,

These special cases can be solved rather easily, sometimes by
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inspection, but better methods are using Clifford theory or induce.
tion of characters from éubgréups (12). The symmetry species for
these groups can no longer be labeled in terms of direct products

of symmeiry species of the familiar point groups,
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B, The Linear Rotor

The preceding discussion will become more understandable by
loocking at a number of examples, The simplest case to start with
is a diatomic molecule in various crystal fields, The group for
an XY molecule consists of just E and E*, The c,‘i, rotations do
not move the molecule relative to the crystal so for this problem
they are mapped into the identity, ,All of the 0; planes have an

operation in {é} which is a (, rotation perpendicular to the plane

2
and all these rotations interchange X and Y, All the 0y planes
then are mapped to the same permutation-inversion and it is E*, the
parity operator, For an X, molecule there is the additional synnétry
of the identical nuclei and by the same reasoning as before the
symmetry operations appropriate for motion of the molecule relative
to the crystal are E, (12), B*, and (ié)*. The associated point
group operations are the «C, with (12) and i and Sgwith (12)*,
Thus there is a homomorphism from C v onto {E,E*} and l'gah onto
{8,(12),B+,(12)%.

The group G can always be written as the direct product *S' x
M (P), W (P) is {EE} or {Eﬁ,E(E) for the XY and X, cases,
respectively, So, for the XY molecule G ¥ S and the symmetry species
are those of S, For the X, molecule G = 'S x {EE,EKIEY} so the
symmetry species are those of S with the additional label of s
or a which means symmetric or antisymmetric to the operation E(12);
thus there are twice as many symmetry species in G as in S,

The examples for diatomic molecules are appropriate for lineaxr



molecules as long as they remain linear, Bunker (18, 19) and
Papousek (18) have used the Longuet-Higgins approach to linear
molecules and determined an extended permutation group which is
isomorphic to the point group., The use of this extended group makes
it possible to treat the molecule when it is nonlinear as well,

for instance, the vibrational bending mode, The linear XY

2
molecule will be treated by itself at the end of this section,

1, XY and X, Molecules in a D

o Sh Field

The first example will treat the XY and XZ molecules in a
crystal field having the symmetry D3h' The groups {P} N ER} s and

{Q} are listed for D3h in Table III,

TABLE III, THE PERMUTATION GROUP {P}, THE POINT GROUP {R}, AND

THE ROTATION GROUP {Q} FOR THE GROUP DBh'

Dy, {P} = {E’(lzfz)’(132)’(12)’(13)°(23)'E*’(123)*’(132)*'(12)*'(13)*’

I II JIII -1 I II III
{R} {E CBOCB 9 cz’cz !c 0%953953 'o.v'a.v ’q-v

T In I LT ¢ I
A N I

The group G is 'Dyy, for the XY molecule and 'Dy, x 'ﬁé for the X,
molecule, The character table for G = (D3h’ go h) is given in Table
IV. The character table for G = (Djh' é;w) is found in the first
six rows and columns, and the symbol s is dropped from the symmetry
species, In order to determine H it is necessary to examine the
Q operations, We will assume that at the librator limit the equili-

brium position of either molecule is along the threefold axis of



TABLE IV, THE CHARACTER TABLE FOR (D Qamcmmunw

3h? D
TO THE GROUP D

3h*
X %
& N Eis
15 ol S L )
ﬁs'ﬁww'mmmﬂmw -
o,0) mooRadldd32dd s
3h? “ooh BHEIRATEFEIRETR 3h
sAi 111111111111 Ai
sA; 1 1-111-111-111¢=1 Aé
€
sE 2-1 0 2-1 0 2-1 0 21 0 E
sA. 1 1 1-1-1-111 1-1-1-1 AI
s, 1 1-1-1-11 1 1-1-1-1 1 A;
sE; 2-1 0-2 1 0 2-1 0-2 1 0 E
aAi 1 1 1 1 1 1-1<11-1xl-x1 A;
i ]
aA; 1 1-1 1 1-1-1-11-1-1 1 Ay
ak 2-1 0 2-1 0-2 1 0-2 1 0 E
ah 1 1 1-1-1-1-1-1-1111 A;
ah,, 1 1-1-1<1 1-1-1 11 1-1 Al
aE 2-1 021 0-2102-10 &
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the crystal, The XY molecule is included in the Xg case so only

the X, molecule will be treated now, The operatlons in [Q} for

2

the X, molecule are 51 for E and (12)%*, and 52 for (Iﬁ) and E*,

2

Operations from D3h

threefold axis can combine with E and (12)*, and operations which

which have rotations in {Q} parallel to the

have 180° rotations in {Q} perpendicular to the threefold axis

can combine with (12) and E*, The group H = EBh consists of the
following 12 operations: {Eﬁ.(123)ﬁ.(,132)ﬁ,(12)(r2-),(13)(T§),(23)
(Tz').E*('l'i)*.(123)*('f§)*.(132)*(1'2')*.(12)*E*.(13)*§*.(23)*E*}. The
point is that these opgrations in '53h do not rotate the molecule
relative to the crystal when the molecule is positioned along the
threefold axis of the crystal, For the XY molecule simply remove
operations with (1Z) and (I2)*, and this gives H = a3v = {EE,(123)E,
(132)&,(12)*1‘5:*,(13)*&*,(23)*&*}. Comparing the orders of the groups

we see that for the X, molecule g = 24, h = 12 and for the XY

2
molecule g = 12, h = 6; so in both.cases there are two equivalent

potential minima, Also note that the greatest common subgroup of

and C

1)3h and th is D h? and of D Coy 18 c

3 3h 3v*
Appropriate manipulation of the character table in Table IV

then shows that the correlation of symmetry species takes the form

XYs H = Cgy G = (D3h, &)
' ]
A Ap + A,
) L]
A, A, + Ay
) "

B E +E
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A sA. + ad,

1] [] ;]
A, sA. + sA
E SE + aE
Ty ” L
4 84, + aA,
" " '
A, sh, + ah)
E sE + aE

This is seen to be very similar to.the standard correlation between
GBV and B3h’ the difference belng in the s and a labels, Knowing

the correlation from Cyy to (DBh. gov) which is the same as C_, to

3V
D3h' one finds the correlation from 5311 to (DBh’ Qah) by the

route Dy — Cay — (DBh’ va)."%»~(1)3h, %oh)’ For example, A,
- o [ ”
in DBh goes to A, in cav which goes to A, + A in (DBh, @ov) and

this goes to sAl + a.A;_,, the s modifying the symmetry specles in B3h‘

The selection rules require knowledge of the /ua.nd o symmetries
in external coordinates which are for XY

[ =, + & M(a) =24, +E' + &,
and for X2 o
() = sA; + SE () = 25Ai + sE + SE .

For the XY molecule the symmetry of the librational states

in c3v is Al for the ground state and E for the first excited

state, Near the high barrier limit one finds from correlation

"

that the A, state is split into A; +A,

split into E' + E" components, Thus. the selection rules for the

components and the E state

infrared allow two librator transitions (A, —>E , A;_ ~—>E ) and

all four possible transitions are allowed in the Raman effect,
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For the X2 case, the selection rules obviously impose the

additional restrictions om initial and final states, s € s and
a€>a, but s € a, Since the Ai ground state in 5311 is sA:'L + aA;
in G, and the first excited librator state is E in By, or sE + aE'
in G, no infrared transition is allowed, and only a doublet (sAi —
sE", aA; ~— ak') may appear in the Raman effect,

Physically this amounts to saying that ortho and para forms
of x2 may have slightly different librator frequeneies, Ortho
molecules have nuclear spin symmetry sAi and para molecules have
nuclear spin symmetry aAi. The overall wave function is s fér
bosons and a for fermions so if the vibronic state is s, then ortho
(para) melecules must be in s(a) rotational states for X a boson,
and a(s) rotational states for X a fermion, Zero spin nuclei
would only populate a or s states ahd would yield a librator Raman
singlet,

The energy correlation diagram from the free rotor limit to

the librator limit is shown in Figure 2 for the X, molecule, The

2
same diagram holds for the XY molecule if the s and a labels are
dropped for G and the * and " labels are dropped for H, It is
interesting to note that each level of ﬁBh provides accommodations
for both an s and an a state, i,e,, for both erfho and para spin
modificatioens,

Examples of a system with this symmetry are para~hydrogen,
ortho-deuterium and HD in these crystals, The crystals are hexagonal
close-packed (109, 124, 150, 151) and have a site of symmetry DBh.
Hydrogen is nearly a free rotor so the splitting of states near the



0

L]

sk

sk

"

Figure 2,

from the (

limit,

D3h’ coh

D3h

34

Al v=0

Correlation of rotational energy levels for an X, molecule

D ) free rotor limit to the 5311

?ibrator



35

rotational 1imit is appropriate, The J = 0 —) J = 2 tramsition

for para-hydrogen shows a triplet in the Raman effect corresponding

to the transitions sAi —)sE , sE , sAi (11, 124, 151),

2, XY and Xz Molecules in an SS Field

For an XY molecule G = 'Sé and for X

o0 @ = '8¢ x "G'é. Assuming

the equilibrium position of the molecule at the librator limit to

be along the threefold axis of the crystal one finds H = € for

the XY case and H = 's“6 for X

2.

3

The correlation of the symmetry species for the groups and the

symmetry of /1 and X in G is as follows:

XX H=C,

A

E

P(/4)=Au+Eu
X A=5

A

g

E

g

E
u

M) =, + s,

G”(Sét(;ov)
A + A

g u
Eg+Eu

A) = + 2E
['(#) =2, + 28
G"(Sé.Qoh)
SAg+a'Au
SEg+a’Eu

sAh + aA

u g
sEu'l'a,E}g

(&) = 2sA, + 28K,

For the XY molecule the symmetry of the librational states in

(23 is A for the ground state and E for the first excited state,

Near the high barrier limit the A state splits into A g + Au com=

ponents and the E state into E:g + Eu‘ Now there are two infrared

active librator transitions and two Raman active transitions, For



36

the X, molecule, the activity is again a Raman doublet (sAg -

SE,. sk, —DaE ),

The energy correlation diagram for the Xz molecule is shown in
Figure 3. In this example the rotational states combine either s
with g, or a with u, This is a consequence of having a center of
symmetry, 1, for both the molecule and the crystal, The {ﬁ} group
for G has the order g/2, The dlagram can also be used for the XY
molecule if the s and a labels are dropped for G and the g label
for ﬁ.

Examples of an 86 site are found in the cubic close-packed
crystals of ortho-hydrogen (59), para~deuterium (59), and co, (163),
Again ortho-hydrogen and para-deuterium are nearly free rotors,
Since the nuclear spin is zero for 160, then only the s rotational
states are occupied for 002 and any tunnel splitting disappears
because of the spin restrictionms,

Jacobl and Schnepp (75) point out the symmetric and anti-
symmetric states of both the free rotor and high barrier limits,

If all the nuclear spins are of the same symmetry then elther s or
a states may be occupied but not both, and the spectra would be
expected to be sharp, If there is disorder in the nuclear spins,
then there will be a splitting of states although it may indeed

be small,

3. XY Molecules in .0i and Ti Fields

The rotational energies of an XY molecule in an Oh and Td

field have been found for certain potential functions (33, 35).
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Figure 3, Correlation of _rotational energy levels for_an X, molecule
from the (S, D, ) free rotor limit to the 5, lifrator
limit,
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We want to examine these problems using symmetry to point out fea~-
tures which are correct for all potential functions having the
approprlate symmetry,
An XY molecule in an Oh field most likely has a potential minimum
along a Cartesian axis ({100>) or a body diagonal (<111 ), In both

cases G &0, and if the minimum is along a Cartesian axis He Etw'

while H = CBV

tion between groups is the standard one for CW and CBV with Oh. The

if the minimum is along a body diagonal, The correla~

first three librator states in C,, are A), B, and Ai + B, + B3 while

the first three in 53,, are A, B, and A, + E, Devonshire's diagram

(35) has the Etw linit to the right, and the C,, limit to the left,

3
This is the format used in Figure 4, The states in G which make up

a state in H are found from correlation, As an example in EW’
Al — Alg + Flu + Eg, E --}Fzg + Flu + qu + Flg’ etc, The symmetry

of M is Fy, and of & is Alg + E . + F.,_ so selection rules may be

2g
applied near either limit to predict the spectra,

An XY molecule ina T q field could have a potential minimum

along a threefold or twofold axis of the crystal, Again G =T 4
and if the minimum is along a threefold axis Hea= EBV' ‘while

He= Ezv if the minimum is along a twofold axis, Cundy's work (33)

was for the minimum corresponding to H= C3V° The first three

librator states in C they

3v

are Al, Bl + 32, and ZAl + Azo

the symmetries of states in G forming the states in H can be

are Al' B, and Al + E; and in‘sz

From the correlation between groups

determined, Figure 5 shows the rotational energy levels for
both limits, while the potential function
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that Cundy used was appropxigte only toward H= E}V‘ Hewevaﬁ,
Cundy's diagram has a crossing of T, (=F2) levels from J=4 and J=5
which is symmetry forbidden; presumably this should be an avolded
crossing, The spectra may be determined by noting that r'(/A) =F,
and [1() = A +E+F,,
Examples which are appropriate for Oh symmetry are linear ions
in a salt crystal and diatomic molecules in noble gas matrices, A

number of these examples were discussed in Chapter II,

4, High Barrier Solution for an XY Molecule in an O Field
The problem of an XY molecule in an octahedral field has been

solved for an,ﬂ=# spherical harmonic potential function using
spherical harmonic wave functions (35, 133)., When there is no
potential barrier the sphérical harmonics are the exact solutions
to the problem, At the high barrier limit, one would expect the
solutions to be harmonic oscillator functions, Some of the general
features of the Hamiltonian for this problem have been discussed
independently by Shore (143), and Sauer, Schirmer, and Schneider
(134), Sauer et, al, have a correlation diagram from the free
rotor limit to the E&V librator limit for the ground and first
excited librator states, Both of these papers gave the ground state
librator wave functions of the appropriate symmetry, In this study
we have assumed harmonic oscillator solutions for a Hamiltonian
with both {=4 and {=6 spherical harmonic potential functions,
Using linear combinations of these solutions, the symmetrized waye

functions for both the ground and first excited librator states are
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found and their respective energies near the high barrier limit,

The Hamiltonian is

, __ﬁ ), 1 9°
H 992+cot909+81n90)¢2)*2(044+°6V6)

26-7cos“0-sin40cos'+ﬁ,

where Vl+ =1 + 6 cos

V6=1-5c0529+15cosu0-11c0560+sinu0cosl#ﬁ

(11 cos® 0 = 1), ¢, + ¢ =1, V_ 1s the barrier height, and I is the
moneﬁt of inertia for the XY molecule. We will assume that H= E‘W
so that there are six minima in the Cartesian directions, This will
restrict the values for <y and g to the extent that the lowest
minima must be in Cartesian directions, At the high barrier limit
for 0x7/2, §~0, the Hamiltonian has the form
P (-9-3 L 5 VX% + 4V g° where ¥= 0 -T2, The elgen-
functions for this Hamiltonian are two-dimensional harmonic oscillator
wave functlions of the form

Ng Ny Hy By oxp (-f° /z) exp (-af/2),
where A = 2@? V = hc ’ g = -8—-h—c;, Np and Nb’ are nermalization
constants and Hﬁ and HJ are Hermite polynomials, The energy is
E—- = (n+l) ﬁ wherev - Wf\f_'ﬁ: and neny + n, The wave functions at
the minimum corresponding to the +x axis will be 1abe1edY/n e
so that

ono = Nxoo exp( '“()52*‘2)/ 2),
Woog =Wy exp(-a(g?+52)/2),
and W0 = N, o fexp(-a(g2+52)/2).,

The wave functions have been chosen to be real and the normalization
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is such that f(\r )2 d(l = 1, where d{l= df cos{y d¥. The limits
x%na .

of integration are -T/4 to /4 for both f and { and when & is

sufficiently large for the harmonic oscillator approximation to

be appropriate, then the integrand is negligible at +IJ4 so the

limits can be extended to +¢0. An important integral formula

from which many others can be derived is
F 2
1
I= Se-a.x cos bxdx = (--71’--)2 e
a
-0
After normalization we have

-v%/ba

Yoo = (222 it oy (- o+ 42)/2)

3
Yo = (el DiE ooy (- (g% ¥2)/2)

20 emlle Dt g ey (- (P £2)/2)

x0 = ¢
The wave functions aleng the y axis would be identical except for
the substitution g -77/2 foﬁ B

The problem now is to find the wave functions of the correct
symmeti‘y for the v=0 and v=1 librator states near the EW limit,
and then the energies of these states, The linear combination is
found using a methed devised by Wigner (159, 161), which can be

written as

o =g ey

where 7(-91) is the character for the operation P of the r' symmetry
species, P\,lJm n, 18 the transformed wave function and the sum is

over all P in the group. This gives the following wave functions:



Vot = 12 (Wroo * Voo * Wyoo * V5o * Waoo * ieo)
Ve =782 2¥eoo * 2¥300 = Wyoo * P00 * Voo * V0o
V’F @ =75 Yoo = Vzoo)
- ""' (Wero * wxlo wylo - lyym
q)ilg =3 Wao * V1o * WVy10 * Psio)
Vit = 5 (Weat * Yz * Pyar * Wiol)
Pize =4 (Yoo * Vi = Vya - V5o
The energy of each state is found by assuming that only

significant overlap occurs between the four nearest minima, The

Hamiltonian in the {, § coordinates is

_ 2 2
H = Zti- (5-3-5 -tan r%—-r ;—izx -3—135 ) + yéﬂ (Gu"u + cévé).

We assume that the 1ntegrals involving any two minima separated by

a 90° rotation are the same, With these assumptions the energies

are the followings

<Y ol Yol o * 48,

EEg =K 2(% t2€9,
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and 60 = { wyoo/ leoo> . The denominator is expanded as

1 _4-
Ix l+ x since x¢<1,

Similarly E2g= o = + 2¢ o
arly Ej2g = o, - 2f, + 2%,

Eilg = ug + 2(sg - 2ego<g '

wheze dy = Vao/¥ Yrao? + B = Fpao¥ Vo>
and € = <o Yaro> ?
and B[l = a, * 2, - 264,
B o - 26, * 264,
where o, = <Y /W Upnd » By =t/ W Voo

and €, =< yol/ \onl>°

The values of all the integrals and expressions for the energies
are summarized in the Appendix,

The parameter g which determines the amount of the V6 term
may be varied and the energy levels can then be found for a given
value of Cgx as a function of ¢, This is most conveniently done
using GROPE (Graphical Representation of Parameterized Expressions)
and a typical plot of energy levels versus & 1s shown in Figure 6,

The energy of the v = 1 levels is something less than 2‘&; -
16V c/o( « We see then that ot must be a.b‘out 16 for the v =1

levels to be below the potential barrier, The actual value of of
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Figure 6, The v=0 and v=1 librator levels near the Clw high barrier limit for (Oh’ (Lv) using
harmonic oscillator wave functions (cu =1, Cg = 0).
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may be obtalned from a graph of the v = 1 levels and V o -o(%/B.
The harmonic oscillator approximation for the v = 1 levels will
begin to be valid for k416 and will become better as of increases,
This same discussion is relevant for the v = 0 levels and o8 but
the range of & has been from 10 to 26 so that the approximation
is valid for the v = 0 levels,

The neglecting of the next nearest neighbor contributions can
be seen to be small since the exponential factor is exp (-0(112/4)
compared to (-o(r?/lé). For gi= 16 this is about 1077 compared to
10-4. The approximation for the limits of integration can also be
seen 10 be valld, For the overlap integral of the wave functions
Vyoo 818 W oor the substitution d=# ~Tl/4 15 made and then

after integrating over Y we have

» RV
<W:foo/q}xeo> = (%')% -Yé& exp (-oi( §2 +7%/16)) ad

and the integrand is found to be exp (-o7’/8) at the limits of inte-

gration, For o= 16, exp (-av?/S) 18 ~10™ which 1s negligible

compared to the value of the integral of~1o'“. So +7/4 can be

replaced by +eo and we assume that(\‘jyoe/ \ono) = exp (-oﬂF/l6).
This method 1s seen to be complementary to the method used

by Devonshire (35), While the energles near the free rotor limit

cannot be found, those near the high barrier limit can be found

more easily,

5 _Lg_ea_rgz Molecules in an 0, Field

The extended permutation group for Qoh (18, 19) is used for



the molecule so it is more convenient to write G = '0' X 'goh'

and retain the symmetry species of the molecule, The difference
between linear molecules and diatomics can be illustrated by looking
at G = (O L, ) and H = B, (Figure 7), The correlation from

Dy, to (0,4 B, ) for the ground librator state is the following

for states including A terms:

-t - - - - - -
hig —3 M3 T Fy5; + FyiT, + BE, + F,T, + ES, + F b,
Also, [(M) = F ¥ and () = li": + Eg + szé.

The symmetry requirements for the various wave functions are
more difficult to recognize using the notation from I'Lh. If Y is
a boson the overall wave function must be symmetric to (12) (Pf; or
Ff; where [11is any symmetry species from O), Similarly if Y is
a fermion the overall wave function is rlg"; or r'f:. The nuclear
spin symmetries are Al§; (ortho) and Ali: (para), Assuming a
vibronic state of symmetry Alfz, then ortho (para) molecules must
be in f; or f; (2.; wiz) rotational states for Y a boson, and
5, or §, (5 or 57) rotational states for ¥ a fernion, In this
example there is a 'center of symmetry in beoth Oh and §0h’ so the
rotational states have only g symmetry,

In discussing the possible types of transitions which can
occur, it is convenient to distinguish between two classes of
transitions involving the librational modes, In the first category
we have those for which the librational quantum number, which
becomes an osclllator quantum number in the high barrier limit,

does not change, but in which a transition between levels for a
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Figure 7, Correlation of rotational energy levels for_a linear rotor
from the (O o ooh) free rotor limit to the Dl"h librator
limit,
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single librational state split by tunneling dbes occur, One could
speak of these as tunneling transitions (24), but for convenience,
we propose to describe such transitions as "orientation" transitions,
In the second category, there are changes in the librational quantum
numberst these will be described simply as "librational" transi-
tions, Thus we may speak about pure orientation, pure libration,
vibration-orientation, or vibration-libration transitions, reserve
ing the latter two terms for cases in which an internal vibration
undergoes a transition simultaneously with changes in the rotational
states,

The vibration-orientation transitions are listed in Table V
for 14 (Raman) and 1, and 1/3 (infrared), The linear motions involve
only the 5% levels and could be understood from the diatomic examples,
The non-linear 4/

2
The Coriolis effect is ignored for this case,

fundamental involves the 7‘78 rotational levels,



TABLE V, ALLOWED VIBRATION-ORIENTATION TRANSITIONS BETWEEN
LIBRATIONAL STATES FOR A LINEAR XY, MOLECULE IN AN
OCTAHEDRAL FIELD NEAR THE 3% HIGH BARRIER LIMIT.

A, 4/1(Al§;) Raman transitions
Alf; — Aliz, E{;
Flﬁ; — F,5
2§, — AJ};. Ei;

B, 1/2(A1‘77u) Infrared transitions

Alg — mf,
RE; — AT, B

Eig —_— 217
=t
c, 1/3(A12u) Infrared tra.nsitians‘

-i+ an
ME R E
Flig A o’ E3 4

-t -
EZg — Flzg
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C. The Symmetric Rotor

1, A G, Molecule in a C. Field
FV—= 3 —=

sys S = Cy and since 5 is a rotational

group, then G = 'S* x 'H'(P) = "0yt x *G.', The greatest common

subgroup of CBV and 03 is 03 so at the librator limit we assune

fmB,. If we Lot § = {E, (123),(132)} ama K(2) = {E, (T23),(T32)}

then T = {EE, (123)(123), (132)(132)}. The character table and

For this example N = G

correlation between G and H is given in Table VI, For convenience
we let E=E +E_, E =EE +EE, and B, =EE +EE.,

The first excited librator states are of symmetry A + E in
the group Ty, At the free rotor limit the wave functions are
labeled by JKM, The appropriate smetiy ijsAorAif MorK is
a multiple of 3 and E or E otherwise, Figure 8 is a qualitative
exanple of the correlation of librationa.l’energy levels for an
oblate symmetric rotor from the free rotor to the high barrier
linit, ‘

An A state in G3 corresponds to AR + E, in G, and an E state

5 corresponds to AE + EA + E, in G, The symmetry of both M

and & in external axes is AA + EA so the selection rules are the

inE

same for infrared and Raman transitions, Near the librator limit
there are two transitions allowed to the v, =1 level (AR — AR,
E, —> E,), and three transitions allowed to the ey = 1 level

(AR —> ER, E, —> AR, E,), For X vibrations the selection rules
for vibration-libration transitions are the same as for the pure

librations, The orientation transitions with an A vibration are



TABLE VI, THE CHARACTER TABLE FCR (c3, 63\1) AND CORRELATION TO THE GROUP C.,,
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symmgtric rotor from the (C., c3v) free rotor limit to

the 03 librator limit,
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simply AL —>AX and E, —> E_, For E vibrations the vibration-
orientation transitions are AZ —> E E —> AR, E . Also, there
are three vibration-libration transitiohs allowed to the v, " 1
level (AR —> E s E — A, E,) and five to the Vy,y = 1 level
(AR —> AE, E, E, —> AE, EX, Ez) for an E vibratien,

Assuming an XYB molecule the nuclear spin states have the
symmetry AR for I, =0, AKX + 2AE fér Iy = 1/2 and 11 AR + 8AE
for I, =1 (160), Sinece the operatiens E, (123), and (I32) are all
products of an even number of transpesitions both bosons and fermiens
have the symmetry requirements that the overall wave function is
PX where 7 can be A or E, Assuming a vibronic symmetry of X, the
symmetry of the rotational states is X for X nuclear spin and E for
E nuclear spins, Thus the ground librator state has a state for )\
spin molecules (AX) and a state for E spin molecules (Eo)' Again,
as in the linear case, the frequencies differ for molecules with
different nuclear spin symmetry,

An example of this type of symmetry is found in HH3 or NDB
crystals where the space group is i ('P213) (J.ll )o A system
appropriate for this discussion uouldv be Nl)3 isclated in an NHB
crystal or vice versa. Rotation in the ammonia crystal is presum-
ably hindred by the extensive hydrogen bonding, Although the
external mode spectrum of ammonia has been studied quite extensively
in the far-infrared (1) and in the Raman effect (117, 125) an
unequivocal assignment of the librational meodes is not at present
possible, The symmetry species of such modes in the unit cell of

T symmetry ares
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nolecular z axiss A + F,

rolecular x,y axes: E + 2F,

Two libraticnal modes, necessarily of F symmetry, have been found

in the infrared, and two of undetermined symnetry. one presumably
being of E symmetry, in the Raman, Recent unpublished work in this
laberatory suggests that when the Raman observations are made under
the same conditions of temperature and crystallinity as the infrared,
at least one Raman mode is coincident with an infrared mode. This
seens to indicate that the intensity due to libration about the z
axis may be too small to be seen in either the Raman effect or the
infrared,

Another possible example where this symmetry may be appropriate
and where rotational motion may occur is PH3 isolated in P93 and
vice versa, although the structures of the various solid phases of
phosphine are uncertain (73). If we assume a structure similar to
ammonia then we can apply the symmetry considerations in this section,
If the most intense transitions for an AE vibration are the orienta-
tion transitions one would expect a triplet (AXA —> E o0 B, —>
AR, E ). The orientation transitions for an AX vibration result
in a single line (AR —> AL, E, —>E o). Assuming the librations
about the molecular x and y axes to be more intense as in ammonia,
the vibration-libration spectrum would consist of three lines
(AR —> EK; E, — E,, AE), Since the orientation transition
AR —) AR is not allowed at the free rotor limit the vibration-
libration spectrum may be strong for an AX vibration, The infrared

spectra of PH3 in PD3 and vice versa have been recorded by Huang (73).



57

For PH3 isolated in Pll?3 he observed a doublet split by 3 P
for 1/2 (Al), and a triplet over 5 ent for% (E), For PD, isolated
in PH, both 1/ and 1/ were a single broad feature, A possible
explanation of these spectra is that 1/ is a vibration-libration
spectrum and 1/4 is a vibration-orientation spectrum, This would
explain the loss in structure for the vPD3 spectra since the splittings
would be smaller, This is given as a tentative explanation and a
knowledge of the erystal structures would be needed before more

definite statements eeuld be made,

2, 531: Molecule in a D3 Field

S8ince S is a rotational group, G is the direct product of two
rotational groups, so G = 'Dy’ x '53'. The group at the high barrier
limit is taken to be D

3o Ifhe correlation between states :1.11‘33 and
(D, I')Bh) is

Ay DAL+ AZKZ + EE,
A2 —_ Alxz + A2K1 + EE,

and E—->A1E+A2E.+E51+EA2+EE,

The first excited librator states in 33 are of symmetry A2 + E,

An energy level diagram is shown in Figure 9, The rules for K and
M are the same for finding the symmetry of the free rotor states,

For K = 0 the symmetry is Zli or A, as J is even or odd, for K a

2

rultiple of 3 the symmetry is Kl + A‘Z,

In external axes, PsM) - Azﬁl + Ell and [(x) = ?.AlKl + ZEKI;

and it is E otherwise (160),
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in internal axes[7gu) = Allz + Alﬁ and[T(o) = 2A1K1 + ZAIE. Although

a D3h molecule has no equilibrium dipole moment at a D3 site,

librational transitions are permitted according teljgu) in external

coordinates, presumably due to interaction of the molecule with the

surrounding crystal, The allowed infrared librational transitiens

near the librater limit for v = 0 to the v, = 1, A2 level, are

*“151 - AZ‘EJ.’ AZKZ —9A152, ard EE —) EE, whereas only the

EE —> EE is Raman allowed, The allowed transitions to the ey " 1,

]

E level, in both the infrared and Raman ave A\, —> EA,, A K, —>

Assuming an XY, molecule the nuclear spin wave functions are

3
Alxl for I, = 0, Amlxl + 2A1E for I, = 1/2, and 10 Alzl + Alxz +
8a,E for I, = 1 (160), The overall wave function must be &) for Y
a boson andf‘Kz for Y a fermion, where [! can bé Ayy Ay or E, If
the vibronic symmetry is &, for I, = O only the['k) librational
states can exist, Similarly, for I, = 1/2 the librational states
can be "X, and"E with statistical weights of 4 and 2 respectively.
If I, =1 the librational states of symmetries r'xl, r'zz. and NE will
be occupied with relative statistical weights 10:1:8,

The vibrational activity in the infrared and Raman effect
follows the selection rules of the internal axes as a first approxi-
mation, The overall transition is governed by the selection rules
in the external axes and some vibration-orientation or vibration-
libration transitions may be formally allowed but would be expected

to be weak, From the symmetry af/L{in internal axes we see that
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Alﬂz and Alﬁ vibrations are allowed in the infrared, Assﬁming the
electronic symmetry to be Alxl, the orientation transitions for

an A]_Kz vibration must be'Al.Kl -—)AZKZ for I, = 0, Az'A'ra rd

Ak, and EE —) EE for I, = 1/2, and all three of these for I, =

1 because of the nuclear spin requirements, So if the splittings
in the ground state are large enough to be observed, tﬁe spectra
would be a singlet, doublet, and triplet, Similarly the vibration-
orientation spectra for an Alﬁ vibratien would be a singlet for

Iy =0 (A\k; — EE), a quartet for I, = 1/2 (EE —>A,;, EE,
AR, and A K, —3 EE) and a quintet for I, = 1 (all five transi-
tions), Relative intensities can be assigned to vibration-orienta-
tion transitions from the nuclear spin statistical weights, In
the Raman effect both AKX, and AE vibrations are allowed, The
orientation transitions allowed with an A1K1 vibration are only
those to the same librational state so one would expect a single line
for any nuclear spin, An Alﬁ vibration would follow the same
selection rules in the Raman effect as in the infrared,

Example of this type of symmetry are found in the caleite
fanily where the space group is ng (R3¢) (164), However, the
librator frequencies for motion about the threefold molecular axis
have been assigned as 51 ca™ in NaNO and 92 ca™~ in CaCO, (65)
which would imply a barrier (seeSecti@nIII}F) 80 high that the

splittings would be utterly negligible,

3. é__ﬁ_sh Molecule in an O _Field

Both S and M are direct product groups so there are two ways to
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express G, In order to preserve the symmetry species of the molecule

we choose G = '0' x '§3h" This choice is also consistent with the

rotational group for G which is '0' x '56'. The largest group at
a high barrier limit could be either 53 or ’E3V. The correlation

between states in n3 or GBV and states in (%' DBh) is given in

Table VII, The first excited librator states in both 53 and Esv

are of symmetry A, + E, By knowing the symmetry of states at the

2
free rotor limit, one can make an energy level diagram to either
librator limit, The symmetry of states in O is given in Table

III of King and Hornlg (87), The Q group for D,
symmetry of states in 56 was done by Wilson (160), The correspondence

p 18 ﬁé and the

between symmetry species of 5, and §., is the follewing: XA, —>
6 3h 1

-t -t - - - -
Ky A, —-}Az, E —E&, B +5,

the symmetry of states in ﬁBh can be found from Table XV of Wilson
(160).

-t "ooon -
—— Al + xz’ E — E*. Now

Selection rules can be found by noting that in external axes

[(u) = FK] and ['(a) = Ak + EE) + F,A , while in internal axes
F(/u) = Allg + a8 and (o) = 2k + AR + AE

Assuming an XYB molecule the nuclear spin wave functions are
AKy for Iy = 0, 4a k) + 24 E' for Iy = 1/2, amd 10 A)K) + AR, +
8 Alﬁ' for Iy, = 1, The overall wave function must bef13i orf’Ki
for Y a boson and[’ﬂé orr’Z; for Y a fermion where ['is any symmetry
species from O, The discussion of symmetry requirements is the same
as for (D,, ﬁBh) where either = or may modify the molecular symmetry
specles,

An example of this type of symmetry is found for the methyl
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TABLE VII, CORRELATION OF D, AND C.. WITH (0,0 ﬁBh)'

(=L

3V

3 3v

AK +FA +AK +F5X +B
14 T FA AL Y RA
+ Flﬁ + FZE + Alxl + FZKl + A2x2

U} L " -t
+ F]_Ez + EE + Flﬁ + FZE

”

AZKJ'_ + Rk + Alx; + sz; + BB’
+FE + FZE' + Azx; + F]_K" + Alx;
+FA +EE + R + FE
EX, +F.X +F X +B5 +FA +FX +AF
1T T T M T A T T T A
+ARE +EE + 2R R + 2R B +EL 4 A+ FE
+ EK; + FIX" + sz;. + AJ_E" + Azﬁn + BB + 2FlE" + mrzm"

(Oys Byp)

AL +FX +AX +FK +EF +F.F +FP8
101 ¥ PR AN, + R Fy 2
] 1] " (1] ” " ”
+ Ale + lel + Alxz + szz +EE + FJ.E + FZE §
[} [} [ ] [} -t [} [}
A?_Xl + plxl + AJ_KZ + F2K2 + EE + FJ_E + F2E
w'? ] w!? " -! -t -
+ AR+ anl TAR + lez +EE +FE +FFR
i L} [} [} [} [} [} [ ] [}
Ell + lel + szl + E.Iz + 3152 + F2K2 + Alﬁ + Azﬁ
(] [} [} ” [ ] " 'Q
+ EE + 2F1E + 2;'2E + mzl + lel + szl + EIZ
" " N [} " " " ”
+ lez + F2X2 + Alﬂ + A2§ + EE + 2F1E + 2FzE
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radical, CHB or GD3° in an argon lattice. If one assumes a repulsion

betweenkargon atoms and protens or deuterens, then the high barrier

1imit has the symmetry [+ In an area near the high barrier limit

c3V°
the approximate energy levels for the ground librational state may
be determined by using the appropriate linear combinatlon of wave
functions at the 48 minima for the librational state wave function,
The assumption is made that only the smallest rotations in the group
will contribute and these are ietations of 60° abeut the molecular
threefold axis and 96° about a fourfold crystal axis, There are
three different nonzero matrix elenents for the wave functions at
the 48 minima, The diagonal contribution is denoted by E , the
matrix element between minima separated by a 60° rotation is denoted
by &, and the matrix element is € for minima separated by a 90°
rotation, Now the energy for a librational state of definite symmetiry
may be found in terms of E°,<ﬂ, and @ by using the advancéd metheds
of group theory found in Molecular Vibrations, Section 6-6 (161),
These methods illustrate how to find the force constants for
symmetry coordinates by knowing only the first row of the general

F matrix and using only a single representative of a degenerate
symmetry coordinate set, These two problems are exactly analogous,
The number of operatiems in each class which represent a relative
rotation of 60° or 90° and the character tahle is all that is
needed, A further description will be foﬁnd in the Appendix,

The A, librational ground state in EBV is made upvof fourteen

1
states in (Oh. BBh)’ The quantity E_ is common to the energy of all

states so the relative energies in terms of X and @ are glven for
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these states in Table VIII, The quantities o and e are assumed to
be negative due to the contribution of the kinetic energy term so
the lowest state has the symmetry AlKi as one would expect, An
energy diagram is shown in Figure_lo where for convenience we have
chosenlxag « The allowed transitions can be determined from the |
symmetries of M and ( in a manner previously described, Calculations
similar to these in Section II1I,B,4 near the high barrier limit for
Aand @ could be done but would require an estimate of the potential
function and would need to be very elaborate, The frequency pattern
nay‘be determined in most cases without explicitly finding values
fqrcxamié.

The infrared work by Milligan and Jacox (101) shows the out-
of plane bending mode (7,) for CHy and deuterated amalogs in Ar,

The evidence for rotatien is from the structure in the‘?% hahd‘af
GH3 which has reversitle intensity changes with temperature, The
band from CH2D has three components but it 1s not clear whether this
is due to retational metion or not, Thg bands from GHD2 and CD3
consist of one rather broad feature,

The//, vibration has the symmetry A X, so allowed orientation
transitions are those which change by the symmetry r’gu) x['(v,) =
P, x oK, = PR, The ground vibronic state has the symmetry |
Alx; (68) and since the total wave function must hel“K; or)“Z; for
CHy, the rotational symmetry must bef’li erf“K; for Alﬂi nuclear
spin symmetry and "'E' orE for Alﬁ' nuclear spin, Assuming only
the lowest levels are populéted for each nuclear spin species from

Figure 10 gives allowed orientation transitions for GH3 of



TABLE VIII,

THE RELATIVE HIGH BARRIER ENERGIES OF LIBRATIONAL

STATES FROM (oh, ﬁjh) FORMING THE GROUND LIBRATIONAL

SMWEINEV.

3

Symmetry
[}
aE
-t
FA
pey )

Ak,

[ ]
Rl

[]
5@

-t
FZE

Ahy
1Y
Alx;
F A,

"

EE

F,E
"

Qﬁ

Energy

24 + 6@
20(-2?
20— 68
20 + 2?

o+
-~ 2§
-2d - 8
-20+ 28
-2+ 6@
-24 - 28

a+2€
X~ 2@
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Ak —PE ana RE — RE, B, PE, The, spectrum would
be expected to have three components with the nE —> FlZ;a and
P,E" —>F,E transitions being coincident and at the highest
frequency, The spectrum at 4% (101) does have three components
with the most intense at highest frequency, The separation of the
lowest and highest frequency components is about 17 cm'l or 1.83/
(4@ from Table VIII), This is only slightly swaller than the &
separation of J = Oand J =1 o but the difference between the J = 1
and J = 2 levels has changed from 48 to ,95 and 1,88, The observed
4/2 spectrum of CH3 agrees with the hindered rotor model quite well,
The allowed transitions in CD, are those in CH3 plus the addi-

3
] -t
tional transitions le2 -—}AlAl, F

Ay and AR, —>F.Kl. The 7/,
spectrum for cD3 would be expected to have four components if only
the lowest levels are populated, The spacing between levels is
reduced from the ('}H3 case by a factor of two from 'ﬁ’and also an
exponential factor depending on the barrier height, More than the
lowest levels for each spin would be expected to be populated and
this would allow more transitions, The 1/2 infrared band for CDy
extends over about 12 cm™t (101) and there is just one component,
All the differences between GH3 and C‘J‘J3 discussed above would help
to explain this lack of structure,

h, -A—j-gv Molecule in an O Field

The group (Oh, 53\‘) is a subgroup of (O, , ﬁBh) and the
appropriate symmetiries for any problem can be found from the correla-

tion between D, and G

3h 3ye In external axes ((u) =F &, and
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[(cf) = AR +ER + F A, .
An example fitting this symmetry is NH3 isolated in a noble

gas matrix, Again the high barrier limit is assumed to be EBV‘ The

A, ground librational state correlates to A4, + FzAl + AZKZ +

FiA, + EE + Flﬁ + FZE in G, The energies for these levels near the

E3V limit can be found in the same manner as before, but now there

are no minima separated by a 60° rotation so only the F elements for
minima separated by 90Q are considered, The relative energles in
terms of e are given in Table IX and an energy diagram appropriate
for NH, and ND, in Figure 11, The diagram is from the free rotor

3 3

1imit to the hindered rotor limit near C.. where it is assumed

3V
tunneling by 90o makes the largest contribution to the splitting of

levels,

TABLE IX. THE RELATIVE HIGH BARRIER ENERGIES OF LIBRATIONAL STATES
-FROM (Oh’ GBV) FORMING THE GROUND LIBRATIONAL STATE IN

GBV .
Symmetry Energy

A.lEl ‘6 ¢
szl -2 @
FlAz 2 é
AZK 2 -6@
EE 0

Flﬁ 2 @

F_E -2%
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Figure 11, Correlation of ground state librational levels for an
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The experimental work on matrix isolated NHB has been done
principally in Ar (69, 99) and N, (99, 115) although preliminary
work was reported in Xe (10), The evidence from concentration
studies (115) is that only one feature in the '1/2 region for the N,
matrix is due to monomer, two are for dimers, and others at higher
frequencies are from higher aggregates, The situation for 4/2 in
Ar is more complicated with more than one feature assigned to the
monomer, time dependent and temperature dependent intensities are
observed, and features due to polymers are also present,

For the 7/

2
orientational transitions assuming the lowest A and E spin levels

vibration of symmetry A]_Zl, the allowed infrared

are occupied are Alxl —_> lez, and Flﬁ 4 Flﬁ. EE, Fzﬁ. The
transitions Fl —> EE, FZE are not allowed at the free rotor limit
since this involves AK=1l, so these are expected to be somewhat

weaker, At lowest temperatures, the Al.Kl —> lez and Flﬁ -—-)FIE
lines would be the strongest and this agrees quite well with the

work of Milligan, Hexter, and Dressler (99) at 4,2°K and Hopkins,
Curl, and Pitzer (69) at 7°K, where they observed lines near 955

en”t and 974 en”t, Milligan, Hexter, and Dressler (99) also observe
weaker features at 961, 972, and 980 en™L which are assigned as EE —>
Fzﬁ, F,E — EE, and F,E —> Fzﬁ, The intensity of EE — Fzﬁ is
much larger than one would expect at 4,2%, Hopkins, Curl, and Pitzer

-1

(69) observe a band at 962 ecm™ at 33°%K, but this band disappears at

7% as one would expect since the energy difference between F]_E
and EE is equivalent to about 24%, Also the line at 956 cn-l‘

decreases in intensity at 33%K since EE —> EE is not allowed,
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Features above 980 cm’l are thought to be due to dimers and higher

aggregates as they are in the Nz matrix, The 1/2 spectrum of N?D3 in

Ar at 4,2°% (99) can also be explained by this model if the lines

at 749 et and 758 ent are assigned as Flﬁ — F]_E and Alxl = 4

1

lez, and the cnes at 769 cm — and 778 cm"l assigned as due to dimers,

The preliminary work by Becker and Pimentel (10) of NHy in Xe at
20%K can be explained by assigning the strong feature at 973 o™t
to A&, -‘%‘lez, the weaker feature at 961 cm™ to EE —> F,E, and
the other bands to dimers,

The spectra of '1/2 suggest that NHB is a hindered rotor and is
near the hindered rotor limit in the diagram, The assignment of the

line near 962 on +

as EE —->F2§ means that the FZE and EE levels
are split by 6 cm-l and they were degenerate at the free rotor limit,
The assignment of FiE —) EE below A\, —> F}A, and F\E —) F,E
above, shows that I‘IH3 is a hindered rotor since the free rotor
transitions would form one line 2% above Alzl - F]_Kz, and it also

shows that NH3 is not at the hindered rotor limit where the transi-

tion Flﬁ — szz would be coincident with AlZl — le This model

2.
is only approximate, but it does provide a goocd explanation to the

observed spectra,



71

D, The Spherical Rotor

1, A Ti Molecule in an O, Field

We have § = 0, and A= Td 80 G = *S*(P) x 'R = 10r x 'Td'.

Since the {Q} group for both 0 and T, is O, the group for the

rotational problem is O x U as King and Hornig have shown (87).

AT 4 Bolecule of the type XY, in an O, field may have a potential

minimum if the Y atoms point toward the corners of the cube, in which

case i = T y» OF 1f they point towards the midpoints of the edges,
in which case H = D Another minimum which is appropriate is

2d*
63\! which was used in the work of Nishiyama and Yamamoto (107, 108),
The equilibrium position is found by starting with the Y atoms in

the corners and rotating by 60° about one XY bond, The correlation

of species in G, fd’ BZd’ and 63\/ is given in Table X, To. go from

CBV to (Oh’ Td) one must first go from 53‘, to T,, The degeneracy

factor is 24 for states in Td' 72 for D2d’ and 96 for_CBV.

In the body-fixed axes[1(u) = A,F, and['(x) = oK) + AR +
Alﬁz, In the space-fixed axes Pg,u) - lez and [1(«) -_Alxl +'Exl +
szl' The nuclear spin wave functions have the symmetry 5A1§1 +
;AlE + 3A1F2 for I, = 1/2 and 15A1K1 + 6A1E + 3A1Fl + 15A1F2 for
I

=1, The‘ overall wave function must bel"K1 or FKz (l—' =4 AZ’

) OF Fz) and this is the same for bosons and fermions, There-

Y
E, Fy
fore, in a ground vibronic state of symmetry Alxl, Il spin molecules

could occupy Kl and IZ rotational states, E spin molecules could be in

R states, and F, or Fz spin molecules in Fl and Fz states,
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AR+ A2K2 + EE + F,F, + Fzﬁ‘z
A v AR, BB+ R+ RF,
EA, +EE, + A B + AZE +EE + FF o+ F2F1 + Fle + FZFZ
F,E + szz + F,B +F ,E+AF, +EF +FF o+ szl + A2F2 +
EFZ + Flr-‘z + ¢F2F2
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(Oh. Td)
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The orientation transitioms allowed near the Esv limit for'ysv
and'v% in the infrared, and all fundamentals in the Raman effect
are given in Table XI assuming each spin specles is in its lowest‘
state, Some of these transitions are forbidden for a free rotor
and may be quite weak, for example, the changes in librational
states for 74/, .

The ietational energies at the EBV hindered rotor limit may
be found for most states by the method previously described (Section
11I,C,3) assuming only tunneling by 90° is important, However,
there are two levels each of symmetry FlFl and FZFZ which correlate
to the ground librator state (see Table X). The method does not work
in general for a case like this, so a more complicated procedure
was used,

The group G is divided into 96 left cosets with the members
of each having the samebrélative rotation of the molecule with respect
to the erystal, The coset with no relative rotation is the subgroup

Caye

for cosets which are related by 90° rotations, There are a number

A 96 x 96 matrix is formed where the only nonzero entries are

of ways of obtaining these remaining eigenvalues; from the trace
properties, diagonalizing the matrix, and from the eigenvectors
having the correct symmetry, In order to determine which eigenvalue
belongs to which synmetry‘spaciés, it is necessary to determine the
elgenvectors and then the eigenvalues are found quite easily, There
are two FlFI species making 18 eigenvectors which must be determined,
The eigenvalues for the F2F2 speeies are just the negative of those

for the Fl?l problem, and this is easily seen from the traces (see
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TABLE XI, ALLOWED VIBRATION-ORIENTATION TRANSITIONS BETWEEN

D,

LIBRATIONAL STATES FOR A T a MOLECULE IN AN Oh CRYSTAL

FIELD NEAR THE EBV HIGH BARRIER LIMIT, ASSUMING ONLY THE

LOWEST SPIN STATES ARE POPULATED,

1/1(,A1K1 ) Raman transitions
Alxl - AlIl, szl

FlFI - AzFl, EF'l, FlFl, in?l
EE — EE, FJ_E, F2§

1/2(A1E) Raman transitions
Alxl —> EE, FZE
PF) AR, B, BF, B, B, R, R,

EE — Alxl, szl, AZKZ, lez' EE, r-'lr-.‘, FZE

V39 Viy(AF,) Raman transitions

Fll-"l -—> A2K2, F.X_, EE, F,E, FZE, AR, EF, FE, Fzﬁ'l,

172 2’1’
EF"Z, Flf‘?_, le"‘z
EE ——)Azﬁl, EFl, r-'li‘l, FzFl, Ale, EFZ, Fle, F2F2

‘VBo %(A]_F 2) Infrared transitions

ahE, 2 RR ~

F1F1 ~—> Alxl, szl, EE, FlE, FZE, EFl, FlFl, Fzgl, Alﬁz.
Ef"z, FlFZ, FZFZ

EE —-)Flﬁl, Fzﬁ‘l, Fllc"z, F2F2
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Appendix C), The method of Wigner (159, 161) is used
to construct 18 different linear combinations of 96 wave functions
(one wave function for each potential minimum) and then the Schmidt
erthogonalization procedure (161) could be used to comstruct 18
orthogonal eigenvectors, Actually the problem is much simpler than
that since it can be shown (see Appendix C) that H|I> = 41>, where
H is the 96 x 96 matrix, J1) is one of the 18 linear combinatiens
(not orthogonalized), and § is the matrix element between minima
separated by a 90° rotation, If we denote the orthogonalized eigen-

- - 18
vectors by | 1), then |1> = Z C=I|i>
f=1 *

Now, H|i)= Hgl cpyli>

= 4f gl crrlid = 4p1>

Therefare, <3 [HII> = 4g<j|T> = 4pdis,

Therefore, for the Flfl symmetry species, all 18 eigenvalues are '&F.
and for the FZFZ symmetry species, all 18 eigenvalues are -J#e. The
relative energies in terms of F for all states forming the ground
librational state are given in Table XII and an energy diagram is
shown in Figure 12, |
Examples where the t':m3

group are the methane molecule in a noble gas matrix (108), the dis~

vy linit is appropriate for the (Oh, T d)

ordered molecules in neat methane where only nearest neighbor mele-
+

cules are considered (80, 120, 165), and the NH, impurity in an NaCl-

type lattice (153). The methane examples will be discussed in

Chapter V after the Raman spectra are presented,



TABLE XII. THE RELATIVE HIGH BARRIER ENERGIES OF LIBRATIONAL
STATES FROM (Oh, T d) FORMING THE GROUND LIBRATIONAL

STATE IN C

3v*

Symmetry Energy
AlKl 12@
F2K1 u€
AZK 2 -L;E
EE 0
FB 26
FZE '26
AF s
EF) 2
F,F ae
FR 48
th‘l 0
A1F2 4 Q
EFz -2%
Fle 0
F2F2 -4 Q

F2F2 -4@
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Vedder amd Hornig (153) reported the infrared spectra of NHz
in KC1, KBr, and KI, They considered the free rotor model and also
a model where rotation occurs about a N-H *°° X~ axis, where X is
a halide ion, They concluded that there is no agreement with a
free rotor and that seme features, but not all, seem to be in
agreement with rotation about a N-H °°® X~ axis, Assuming that only
the Alxl and Flﬂl levels would be occupied at the lowést temperature
of these experiments (5%), from the symmetry considerafiens of this
section one would predict six principal transitions (AlKl -—%?F&ia;
FlFl -—9-A1Xl, FlFl, EE, Eﬁz + FZE, F2F2) and others may be weakly
allowed (see Table XI), The transitions from FlFl to states originat-
ing from J=2 are split into a triplet which is at a higher frequency
than the A\&, —> F,F, transition at low barriers, and at the
hindered rotor limit (Figure 12) has two components lower in fre-
quency and the Ale —> Flfl and Flﬁl — Fzﬁ‘z transitions are
colncident (difference of 8?). This model may partially explain
the‘?%,spectra. but there are too many lines, particularly at lower
frequencies than the most intense features, which are not explained,
The‘¢6 spéctra in general have much less structure than one would
expect from this hindered rotor model, although the resolution was
better for the‘p@ spectra, Additional experiments, such as Raman
spectra of NHE or infrared and Raman spectra of ND;, would be very

helpful in making assignments,

2, A Ti Molecule in a Ti Field

In this example the group G is not a direct product since Td



79

is one of the six exceptions, The method of finding the character
table (see Table XIII) is to determine the class structure, then
the number of species ef aaéh multiplicity, and then the characters
follow rather easily knowing that this is a subgroup of (O, Td) which
is a direct product, The group at the librator limit is taken to be
fa since T, is the greatest common subgroup, The group (Td' Td)
would be appropriate for the Td molecule in a cubic crystal if the
barrier to rotation by 90° about a crystal axis was large so that
the melecule could only rotate about the threefold axes of the mole-
cule or crystal, Also, in the ordered phase of NH,Cl (139), the
ammonium lon occupies a site of Tﬁ symmetry, but the barrier is
apparently much too high to permit splittings in any of the lower
librator levels,

An Al state in 5& corresponds to Al + I'l + Eg in G and an Fl
state in Td corresponds to Fl + F3 + Il + I2 + le+ L2 in G, The
degeneracy factdx is twelve so that Al states are twelve-fold degen-
erate and F‘l states are 36-fold degenerate at the librator limit,
The free rotor states are found by correlation with the states for a
T 4 molecule in an O, field, The energy diagram for the first few
rotational states is shown in Figure 13,

For an XY, molecule and Iy ™ 1/2 the nuclear spin functions
have the symmetry 5A1 + El + 3F2 and for IY = ] their symmetry is
15A1 + 6E1 + 3F, + 15F2. Since the group is not a direct product
it is not immediately apparent which species the overall wave func-
tion must be for bosons and fermions, Correlation to the subgroup

(EE, 8E(123), 3E(12)(3h)} = +T+ shows that the only species from G



80

TABLE XIII, THE CHARACTER TABLE FOR (Ta' id) AND CORRELATION TO

THE GROUP T,, —
T .. RA
‘gz\ -
AF‘.-; Nm'a|m*
o o ~r b b AL B S
Hﬁﬁ#»(\r\iﬂj\g—l,
~ P XXXSAALTYTY
SE 288833389879
el Rele Yo e oI ReRe R e =
(Td’Td)ﬁg?\gggmg‘ﬁK\g'g?\m T3
_ , : #dint,
A 1111111111111 3 14
A, 111111111 1-1-1=1=1 A,
E, 2-1 2 2-1-1 2-1 2 2 0 0 O Onint, | E
E, 2«1 2-1 2-1-1-1 2 2 00 0 © A*A,
E; ]2-1 2-<1- 2-1- 220000 | E
B, |2 2 2-1-1-1-1 222 00 O Ocfext, | E
F 3 013 00-103-111-1=x F,
int, |
F, 30-1300-103-1-1-111@1“,‘. F,
Fy 333000 0<1-1<11-1 1=l Py
ext.
F, |3330000-1~1-1-11- 1@ext. F,
I, 6 0-2-3 0 010 6-200 00 F +F,
I, 6-3 6 000 0 1-2-20000 ,Flwzl
L, 19 0-3 0000 0-311«1-1 A VEHF) 4T,
»
L, 9 03 0 00 0 0-3 1-111- A BT 1F,
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which do correlate to the A species of T+ are Ao Az' Ep F3o and
F,. The overall wave function must be A in T for either bosons

or fermions so in G the overall wave function must be Al' Az. Eu,

F

3
are molecules with Al spin in the Al librator State. El spin in the

s OF F&, The only possibilities for the ground librator state

E2 state, and Fl or Fz spin in the L1 state; this 1s because Al x

Ay = Ay By x By ~33+§,ia.ndleFl(F2) 'ﬁ(f&)*lzﬂ‘l”‘a'
So the ground librator state can have every type of nuclear spin
as one would expect,

There are four librational v=0 —3 v=1 transitions (E2 —> 1L,
L, —1;, Ly, L,) allowed in both the infrared and Raman effect
near the T, linit, The vibration-oriemtation tramsitions for an F,
vibration are the same in the infrared and Raman effect and the
spectra would show five lines (Al —-9'L1; L, '—9'A1. Lis E,; B, 4
L;). An E, vibration is allowed in the Raman effect and the
orientation transitions aré Ay —E,, le-—) L, and E, —>4,, so0
one would expect a triplet, An Al vibration is-alléued in the Raman
effect with no changes in librational states so again one expects
a single line, V

This example shows how to work with a group which is not a
direct product. The molecular species have been given the same
label (E becomes El) as in the group T,, There are no simple rules
for finding the direct product of two symmetry speclies as in the
case of the régular point groups (161), but they can easily be

found, Then the problem is solved in the same way as before,
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3, A Ti Molecule in a Dz-a Field

This is another example where G is not a direct product. The
character table (see Table XIV) is found by restricting the

characters in the direct preduct growp D,. x T 4 to the subgroup

2d
(Do T4)e The group at the librator 1imit is taken to be D ..

This symmetry is found for the CH, molecule in phase III (25, 80)
and the CD, molecule in phase II (120). These molecules are ordered

and so must be very near the ﬁm 1ibrator limit,

The first excited librator states in 52 d have the symmetry

Az + E, The Al ground librator state in 52 q corresponds to Al' +

+F + + F, + ‘
El v F3 I in G, the Az state to A3 + Ez Fl I, and the E state

to E3 + Eh + 35 + Fl + Fz + F3 + Ff& + I, The degeneracy factor
is 12 for the librator states, The free rotor states are found by
correlation with the group (T 40 Td). The energy diagram for the
first few rotational states is shown in Figure 14,

The nuclear spin wave functions have the same symmeiry as in
(T 3 Td)‘ Now ‘c@rrelation to the subgroup 'T* shows that the over-

A Al&’ or E_ and this requireneht

l’ 29 AB. 5
is for both bosons and fermions, In the ground likrator state

all wave function must be A

molecules with Al spin must be in the Al state, El spin in the El

state, Fl or F2 spin in either the FB or I states,

The vibration-crientation transitions are summarized in Table
XV for a molecule having the symmetry T.., This treatment is an
approximation for the methane example and depends on the inter=-

molecular coupling being small,
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TABLE XIV, THE CHARACTER TABLE FOR (D?_d, Td) AND CORRELATION TO

THEGROUPDM,A R
3 =2 =
’_\("\ /\/\’;m?**
'&?N 'Q,?\NIQ?’&?*
— ﬂ«-lmﬁﬂgfﬂﬁ'ml-—!m
LR IS ZER IS
A : F N o N
o~ gsmNNNNm* o\ X
N e N e ? O N O ™~
Al X daaaaad3 3
Ead2223335555 | 3
(Dg!.'fd) B N D ANDB DD A A ngf
A 111111111111 11 A
A, 1‘.111111 -l =1 <1 =1 B
A3 111 11 1-1-1-1=-1 1«1 1=1 A,
AI; 11111 1-l-l1<1l=1<11=11 B,
E, 2-1 2 2=1 2 2-1«1 200 0 © A*By
E, 2«1 2 2-1 2-2 1 1=2 0 0 0 0 A8,
E; |2-1 2-2 1-2 o343 0 0 0 0 0 E
E,, 2-1 2-2 1-2 04343 0 0 0 0 0 E
E5 2 2 2-2-2-2 0 0 0 0 0 0 0 O E
Fy 3 0-1 3 0«1 3 0 0=1 1 1«11 A2+E
F, 30-13 0130 0-1-1-111 B¥E
F3 3 0-1 3 0=1-3 0 0 1 1111 A +E
F), 3 0«1 3 0-L-3 0 0 1«1 1 11 B,*E
I 6 0-2-6 0 2 00000000 'AI*A2+Bl+
: B,*E

P(/Mem) ”Au"’

E5,‘

[(xext) = 24, + Ay + &y + B
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Figure 14, Correlation of rotational energy levels for a sphgrical
rotor from the (D2d, Td) free rotor limit to the D,,
librator limit, :



TABLE XV, ALLOWED VIBRATION-ORIENTATION TRANSITIONS BETWEEN

LIBRATIONAL STATES FOR A T d MOLECULE IN A Dzd CRYSTAL

FIELD, NEAR THE DZ@I HIGH BARRIER LIMIT,

A, Vl(Al) Raman transitions
Al —_> Ay
Fy = Fy 1
I —» F3° I
B —E

B, 4/2(E1) Raman transitions
A ey Ey
I"'3 "‘} FB, I
I—>Fy, I
El -,—)Al

c. 4/3,1/4(1?2) Raman transitions
Fy—> 4, Fy

I _"%Alo FB’ Io El

E, -——%FB, I

o L El

D, 1/3, %(Fz) Infrared transitions
F3 -_)Al’ I! El
I "_?Al, FB’ I, El
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E, The Asymmetric Retor

1, A GE Molecule ;n an Qh Field

The group for this example is a direct product group and we
set G = '0? x "szo which preserves the molecular symmetry. In
= = 2 L 3 ¢
externsl axes[1(y) = F,X, ana () = A%, + ER +FK,, The high
barrier group is assumed to be c

2
molecule lies along a €110» directien of the crystal, This has

v where the twofold axis of the

been determined for No; in NaCl-type lattices (106) and this is

assumed for HZO and NH2 since the noble gas crystals are face-
centered cubic (163), These examples will be discussed further
at the end of this section, The correlation from the Al ground
librator state in Ezv
F2K2 + Flﬁl + Fzﬁl + A2§2 + Eﬁz + F].ﬁz" The degeneracy factor is

to G is Al —->A1I1 + EZl + szl + Flzz +

24, The positions of the levels at the hindered rotor limit is
found by assuming only minima separated by 900 contribute to the
splittings, Matrix elements for minima separated by a 90° rotation
perpendicular to the plane of the molecule are denoted hy@ o The
other fourfold axes of the crystal bisect the principal axes in the
plane of the molecule and the moments of imertia of the molecule
about both fourfold erystal axes are (I, + I.)/2, The matrix
elements for minima separated by a 90° rotatibn a.beut these axes
are denoted byof, The felative energies are given in Table XVI

and an energy diagram in Figure 15, As an approximation for this
diagran we let § =0/2, These values would be found for a particular

case by assuming a potential function and doing an elabarate



TABLE XVI,

THE RELATIVE HIGH BARRIER ENERGIES OF LIBRATIONAL

STATES FROM (Oh, EZV) FORMING THE GROUND LIBRATIONAL

STATE I?i sz,
Symmetry
Alxl

Bhy

F
F.x,
F A,
FB
FB
A8,

&8,

FlB >

Enexgy
hoo+ 2@
204 + 2?
age

24

-2 o

24

-2 %

=bof - 2
20 - 2€F

“¢
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Figure 15, Correlation of ground state librational levels for an
asymmetgic rotor from the (0., & ;) free rotor limit
to the C,, hindered rotor limit,” For convenience we

have chaggn @ = /2,
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calculation, The hindered rotor limit will be changed in general
by the values of & a.ndP.,

The nuclear spin wave functions have the symmetry Alxl for ortho
molecules and Alﬁz for para molecules, For a nonlinear XY, molecule
the overall wave function must be['A; or['A, for Y a boson and
F'El orr'§2 for Y a fermion, Assuming a vibronic state of symmetry
Alxl,
rotational states for Y a boson and vice versa for Y a fermion,

ortho (para) molecules must be in Pll or r'Ez (I"Bl or r'ﬁz)

Assuming only the lowest spin states are populated greatly
reduces the complexity in the selection rules, For Alxl vibrations
(1/1 and. 1/2) the orientation transitions are Alxl —> lezg Flﬁl —
Flﬁz,
Flﬁl ’ Fzﬁl in the Raman effect, The orientation transitions for

v (Alﬁz) are-Alxl — F1§1; Flﬁl -+>Alxl, EKl, szl in the infrared
and Alxl — E§2; Flﬁl ——-)lez, FZKZ in the Raman effect,

E§2 in the infrared and Al.Kl — Alzl, EKl, lel; FlEl —>

The ground vibronic state for H,0 has the symmetry AIK .
The overall wave function must be P§1 or l"'§2 since the proton is a
fermion, The nuclear spin wave functions have the symmetry 3A131
(ertho) + Alﬁz (para), Therefore, para molecules must occupy |"Kl
or r‘Kz rotational states and ortho molecules must occupy Pﬁl or
pﬁz rotational states for the ground vibronic states, For the /)
and 4/, vibrations which have the symmetry A,k,, the allowed orienta-
tion transitions are those which change by the symmetry [(u) =
lez. Assuming only the lowest levels for each spin are populated
gives the allowed orientation transitions as Alxl —%F]_Kz and

Flﬁl - Flﬁz, E2§2, For the ¢3 vibration of symmetry Alﬁz, the
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allowed ‘orientation transitions are A,k —> F,B, and F,5, —>
Ak, B}, F A, At liquid heliun temperatures one would expect
three line spectra for 1/1 and 1/2 and four lines for '1/3., Complica=-
tions to this are from bands due to nonrotating molecules (126, 127)
and polymers (152), Near the high barrier limit the ’V3 spectrum
would become three lines, The observed spectra are quite complex
(22, 53, 69, 126, 127, 128), The hindered rotor model is offered as
one limit for H20 t0 compare to the free rotor limit, The spectra
seem to be explained better by a nearly free rotor although the
differences between experiments make assignments quite difﬁcult.

The ground vibronic state for NH, has the symmetry Alﬁl (68).
The symmetry requirements are now that ortho melecules must occupy
['Kl or |"Kz rotational states and para molecules must occupy Pﬁl
or r'ﬁz rotational states in the ground vibronic state, The allowed
vibratlon-orientation transitions are the same as for H20. The con=-
clusions of McConnell (97), and Robinson and McCarty (130, 131) point
to conversion of nearly all the para molecules to ortho at ,2%,
This would eliminate rotational structure in the vibrational bands
because the only allowed orientation transition would be A,K;, —
lez for /1/l and 4/2, and Alxl o Fiﬁl for 1/3, Milligan and Jacex
(100) observed one component in the VB Tegion and three components
in the 1/2 region of NH_, in Ar at lliol(. A possible explanation of

2
the'/z spectrum may be that the doublet at 1495 and 1498 cm-l

is
due to nonrotating molecules and the peak at 1523 cm"l is due to the
Alxl - lez transition, This suggests tl?at the VB spectrum should

show an additional line due to the A]_Kl —> Flﬁl transition besides
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the 3220 cn~' line which appears, Robinson (131) also reported
lines insensitive to temperature and this is consistent with non-
rotating molecules, The Alxl — leg transition appears to be about
9 the‘ free rotor value, but a lack of information on para molecules
and states originating from J=2 make any }cenclusions about NH2 being
a hindered rotor rathér uncertain,

The ground vibronic state for NO, has the symmetry A;A,, Since

2

160 15 & boson, the overall wave function must be['A; or['A,.
The nuclear spin wave function has the symmetry Alxl 80 in the ground

vibronic state only the A, or Kz rotational levels may be occupied,

1
Assuming there are only ortho molecules and that the hindered rotor
linit is appmp:iate, orientation transitions from the two lowest
levels are Alzl ——91?152, and F1K2 —)AlZl, szl’ ER, for 4/ and

1+ The corresponding transitions for 4/3 are Alxl — Flﬁl and

F 152 —'9F11§2, E'ﬁz. The observed spectra are much more complicated
than this and the hindered rotor model of Narayanamurti, Seward,

and Pohl (106) involves librational changes as well, Their one
dimensional model does not seem to be realistic but explains the
spectra quite well, Without some simplifying assumptions, interpret-

ing the spectra would be quite difficult,



93

F, Summary

The symmetry species of either internal or external gquantities
may be found quite easily when G is a direct product. If G is not
a direct product then no simpie statements can be made, There are
four cases of direct products to consider, two invelving rotational
groups and two invelving direct product groups,

i) If S is a rotational group then G = 'S* x *H* (P), The
electric tensors in external axes have their usual symmetry speciles
from S times the totally symmetric species from M(P), The electric
tensors in internal coordinates have the symmetry species that they
have in the group M(P) times the totally symmetric species from S,
The molecular symmetries from M are found by correlating to M(P)
and multiplying by the totally symmetric species from S, Exa;ples
of this type are found in the groups (03, EBV) and (D, ﬁBh)'

i1) If W is a rotational group then G = *S*(P) x 'M*, The
discussion 1s the same as in case i) except for interchanging S
and ¥, The symmetry species from S are found in G by correlating
to S(P),

111) If neither S nor M is a rotational group and if S is a
direct product group then G = 'S*(P) x *M¢*, All the molécdlar
symmetries have their usual symmetry species from ﬁ; including the
electric tensors in internal coordinates, times the totally symmetric
species from S(P), The symmetry species for a quantity in external
axes have the symmetry species in S(P), which is found from correla-
tion with S, times eifher the totally symmetric species or an anti-

symmetric species from M, depending on whether the symmetry speciés
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in S was symmetric or antisymmetric to the operation involyed in the
direct product (1 or ¢}). The antisymmetric species from N is the
representation which has the character +1 for all P's and -1 for all
Prisy for B =7, this 1s &, for B =B, this 1s K;. etc, If S
contains i, then/l(external) has the antisymmetric species in N
and (f(external) has the totally symmetric species in M; this is
because /Mis u and ¢f is g with respect to i, If the direct product
is with {E, ad, l% then a primed species in S has the anti.symmetrié
species in M, An example of this case is found in the group (Oh. T d)
where the molecular species were preserved, but in the external
axes ['(u) = lez and [[(a4) = AR, + K+ F . If both S and H are
direct product groups, then this case is the simplest to use since
the molecular symmetries do not change iﬁ going from N to G,

iv) If neither S nor B is a rotational group and if N is a
direct product group then G = ¢St x *'M'(P), Again the discussion
parallels that of case iii), interchanging S and B, This case is
chosen for diatomic molecules where the number of melecular symmetry
species is a ninimum,

To gain some feeling for the splittings to be expected in
consequence of tunneling effects, we summarize some asymptotic
fornulas appropriate for the group (0, G, ) near the ELV limit, The
librational frequency is ’i\{ = u(%‘?‘e)% where ¥, the rotational
constant, and Vo’ the barrier height, are expressed in en™t, The

splitting of the A, and F o levels in the ground state is of the

lg 1
order of
2
(EFl - EAl )/4"/;% oexp( = -J% %) (see the Appendix)
u &



where ~
“B 2( vo) % 3—1-‘-.. ;Ql"-
¥ 2§

Thus we may write

" 2
AE=E, -E, = 2688 exp(~ -:IL%-M).
lu 1g

~ g =1 ~ -1
For o= 16, AE%,03 B and if B = 10 em then’VL = 320 cm

and AE 25,3 cm'lg however, if Y - 5 ent and 'Z‘ = 50 cm'l, then X =
50 and AE%10™20 en™l, We conclude that splittings may be observed
only for relatively large ﬁland relatively small ¢,

Using just the symmetry of the problem to obtain information
has many advantages, A correlation diagram of the energy levels
between the free rotor and high barrier limits can be easily made
for any system and can be extended to include any desired enexgy
levels, zThe most readily available information from a qualitative
scheme 1s the number of components to expect in the spectra of a
system, The magnitude of the splitting or the order of close~lying
states must be found from calculations, and then certain assumptions
must be made about the potential function, In certaln cases the
hindered rotor limit makes a good approximation,

We have used the full symmetry group in classifying all the
states, The studies by Hougen (71, 72) were most helpful in under-
standing the rotational problem for the full group and the treatise
by Longuet-Higgins (93) was particularly useful for classifying the

nuclear spin states from the permutation groups,

95



96

IV, RAMAN SPECTRA OF METHANE IN NOBLE GAS MATRICES
AND THE LOWEST TEMPERATURE CRYSTAL PHASES

In order to determine}more about the rotational motion of methane,
a series of experiments were performed using the Raman effect, Since
the most intense transitions in the Raman effect are usually different
from those in the infrared (66, 67), much additional information can
be determined, Previous Raman work has not resolved any structure
in the vibrational bands of matrix iseclated methane (21) nor com-
parable structure to the 16 infrared spectrum of neat methane (2,
25), therefore comparisons with infrared daﬁa could not be made,

A, Experimental Methods

The Raman experiment was performed using;a Cary 82 spectro-
photometer and an argon ion laser as a light source, The lasers
used were Coherent Radiation Laboratory model 52B and Spéctra-?hysies
model 164, The first experiments used a Model CS-202 Displex TM
Helium Refrigerator made by Air Products and Chemicals, Inc., to
achieve low temperatures and later a liquid helium dewar made by
Hofman Laboratories, Inc,, was used,

The Cary 82 spectrophotometer is designed for use with a laser
source, The optical system has three monochromators and there is a
multiplier phototube used for detection, The frequency calibration
was done with a 1/3 watt neon light and an argon ien laser,

An argon ion laser has two strong lines at 48808 and 51458,

The power output is compatable for both lines, but spectra with a
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smaller noise level were obtained with the 51452 line and this line
was used more frequently, The maximum power for the 51#52 line
was about ,70 watts using the Coherent Radiation Laboratory laser
and 1,8 watts with the Spectra-Physics laser, |

The Displex TM Helium Refrigerator uses commerclial-grade hellium
as a refrigerant and operates from 12°k to 300°K, The Hofman dewar
has liquid helium as a coolant which boils at 4,2%K, The volume of
the liquid helium well is one liter and this amount of helium will
last about four hours, The helium dewar was precooled with liquid
nitrogen in both ﬁells. The pressure before a liguid helium transfer
was 10'6 torr, Just prior to a transfer the inner well is emptied
of liquid nitrogen, The transfer tube used is a standard flexible
model made by Janis Research Company, Inc,

The samples were prepared by introducing a gas or gas mixture
into a bulb evacuated to a pressure of less than 10'“ terr, The
noble gases and GH4 were from the Matheson Co, The CHu is G,P,
grade (99.0%), the Ar is ultra-high purity (99.999%), and the Kr
and Xe are both research grade (99.9956), The CHgD and CD,, are
supplied iy Volk and are believed to have 99% isotopic purity,
However, the GHBD sample was found to contain 02 and N2 from analyz=-
ing the Raman spect:um. The mixtures were prepared by first intro-
ducing the particular methane isotope into the bulb untii the
desired pressure was reached., Then the noble gas was introduced
until the desired pressure was reached by keeplng the pfessu;e outside
the bulb always greater than that inside, so that the flow was

always into the bulb, The concentrations of methane are expressed



as a percentage of the partial pressure of methane to the total
pressure of the mixture, The mixtures were left at room tempera-
ture for at least 24 hours to insure a uniform sample,

The sample tip used for the Displex experiments was an aluminum
bar of square 1" x 1" cross-section extending about 2" from the:
Displex cold finger, the long axis being horizontal (see Figure 16),
The sample tip used for the helium dewar experiments was a copper
cone whose axis was in a vertical position (see Figure 16), Both
of these tips were in thermal contact with the cpld finger by using
a crushed indium washer, It was found from the Displex experiments
that spectra with the lowest noise level and greatest intensity were
obtained when the angle beiween the incoming laser beam and the face
of the aluminum block was about 20° (see Figure 16), The copper
cone was designed to have this same angle and then small adjustments
from vertical could be made to improve the spectra,

The temperature of both of these systems was measured with a
chromel versuS‘gold;.07% iron thermocouple, The reference junetion
was in an ice-water bath at»o°c. The temperature is believed to be
accurate to + 1° from checks with ice-water baths versus liquid
nitrogen at the bolling point, The cold junction in both cases was
on the cold finger just away from the sample tip, In addition the
D'\splex gnit has a hydrogen vapo& pressure gauge which 1s useful
in the range 12-25°K. The temperature of the sample is not known
preclsely, but it is assumed to be nearly that of the cold tip, So
the vemperatures reported for the cold tips represent a lower limit

for tiie samples,
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Figure 16, Schematic diagrams of the experimental apparatus for
low temperature Raman spectroscopy,
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The gas samples are sprayed onto the cold tip at a temperature
of 14%K using the Displex unit or 6% using the helium dewar. The
temperature of the Displex experiment was varied by opening a valve
allowing some helium to bypass the refrigeration cycle, The tempera=-
ture of-the copper cone with the helium dewar was found to va:y
considerably depending on the laser power, At the maximum power
of 1,8 watts, the temperature was greater than 20°K,< Wheg the power
was .5 watts, the heating was small (Aq5°) and this is the laser

power used in most of the helium dewar experiments,
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B, Vibrational Symmetries

An XYh molecule has four fundamental modes of vibration, These
are pictured on page 100 of reference 67, The symmetrlc stretch
1s7/4(A,), the doubly degenerate bend is V/(E), the antisymmetric
stretch is 1/3( Fz), and the trifly degenerate bend is V&(Fz)‘ The

notation for a tetrahedral XYZ, molecule with a central X atem

3
follows that for the XYu molecule, When the symmetry is lowered

from 'I'd to C3V a mode of F2 symmetry becomes ‘A1+E and, for example,
the ’1/3 fundamental becomes VB(Al) + ’1/3(E).

‘The selection rules for XYM molecules allow all four fundamentals
in the Raman effect and all six fundamentals for xsz nolgcules. In
the matrix diluted sample the /1/4(5‘2) bend for CH, and CD, (#,(4;) and
Vu(E) for CHBD) is too weak to be seen although it appeared in neat
CH,. The 1/3(F2) stretch and %(Fz) bend are infrared active for
XYu molecules and again all six fundamentals are active for XYZB
molecules, Therefore comparisons iaetween infrared and Raman spectra
are limited to 1'.heV3 band for CH, and CD, and can be made for all

but 1/4(A1) and ‘Vu(E) for CH.D, Very important conclusions can also

3
be made between 7/, and 1/3 of CH, and CD, since the selection rules
differ for E and F2 bands,

In discussing the experimental results it will be necessary
to occasionally refer to the group theory in Chapter III although a
detailed analysis will be carried out in Chapter V, The symmetry
group for matrix isolé.ted CH, and CD, is (Ops i‘d) since the crystal

structure of Ar, Kr, and Xe is face-centered cubic (163), the site
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symmetry being O_, Similarly, the group for matrix isolated CHBD
is (0, 53\1)" The symmetry group for the rotating molecules in neat
Gﬂa is assumed to be (Oh' Td) from the corresponding structure of
Phase 11 CDu, and assuming only nearest neighbors contribute to the

crystal field (80),
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C, Methane in Noble Gas Matrices

1, CH, in Argon

The spectra of CH, in Ar (Figure 17) show a strong 7/ line with
a low: frequency shoulder, a rather weak 1/2 band with possibly three
components, and aa.1/3 band with at least four components,

The low frequency part of 1/1 depends on the deposition rate
and concentration, For deposition at a moderate rate (2-3 nl/min)
the low frequency band is fairly well-defined and has about 8 per
cent the intensity of the principal line, At slow deposifien rates
(e1l=e2 ml/min) the low frequency component is broadened and not
resolved, This band is also stronger with increasing concentration
of CHu. After warming the sample to 25°K for about 30 minutes the
4/1 spectrum shows an intense low frequency peak., This is attributed
to preferential sublimation of argon atoms and formation of methane
microcrystals by Chamberland, Belzile and Cabana (23, 57). This
interpretation is supported by the behavior of ‘l/l in that the faster
deposit or higher concentration gives a more resolved low frequency
component and that this band is near the position of 1/1 in neat
methane,

“1 with the

The 1/2 band has two peaks separated by 20 cm
possibility of a third, between them, Using the gas phase notation
(67), these transitions would correspond to Q(1) and S(0), An
octahedral field splits S(0) for ﬂz (see Table XI) into two com-
ponents (Alxl —> EE, FZE). A third peak may either be R(1) or the

other part of S(0), Since the gas phase separation of Q(1) and S(0)



h 5 om L SBW
2
[l | 1
- 30,000 1560 1540 1520
~~ .
3 1
g 3 cm ~ SBW
3
= —120
i ,
2 1.5 cn™t SBW
5 *
= -0
-
100 —
.8 cn™l gpy
7 /3
0- 1 1 — 1 | T
2940 2920 2900 2960 3040 3020
FREQUENCY (CM )
Figure 17, Raman spectra of 2% CH, in grgon at llv»oK. The upper trace of ¢/, was orecm:ded after
the sample was warmed '%o 25 K for 30 minutes then cooled again o 14K,

- 400

#01



105
1s 68 or 31,4 en™ (66), CH, must be considered a hindered rotor if
the structure 1s due to retation,

The 4/3 region has four principal components, The feature at

3018 en™ is seen to grow markedly on warming the matrix and is

-1

assigned to GHQ aggregates, The very sharp peak at 3057 cm ~ is

1
support for the 21/2 assignment is that A

assigned as the A, component of 21/2 in reéonance with Vl. Additional
1 nolecular transitions are
isotropic and therefere usually have relatively narrow lines, The

"l am 3046 en~! are assigned as Q(1)

other components at 3028 cm
and 5(0) respectively, S(0) for 1/3 is also split by an octahedral
field (A]_Il — Ef‘z R FZFZ)’ but neither another component of S(0)
nor R(1) could be resolved, The separation of Q(1) and S(0) is

18 em™t compared to the 33,1 enL gas phase value (6% (1 +§3)).

2. CHH in Krypton

The spectra of Cﬂu in Kr (Figure 18) differ from those with Ar
as the host in that the bands due to methane aggregates are absent,
The 1/1 spectrum shows a slight broadening at lower frequencies, but
nothing resembling the band in Ar, The 4/3 spectrum is also missing
the lowest frequency component which appeared in Ar, This difference
can be accounted for in part by the fact that Kr has a much lower

vapor pressure than Ar and loss of Kr due to sublimation should be

much less,
The 1/2 and VB bands show structure which is comparable to that
in Ar, The 1/2 region has a well-defined triplet, The two most

1

intense bands are separated by 22 cm ~ and in the gas phase notation
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Figure 18, Raman spectra of 2% CH, in krypton at 14°K,
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would be assigned as Q(1) and S(0), The third feature may either
be part of S(0) or R(1), The 1/3 region has two rather broad bands
assigned as Q(1) and S(0) which are separated by 18 pn'l. There is
a low frequency shoulder to S(0) which again may either be the other

-1

component of S(0) or R(1), The very sharp feature at 3049 cm ~ is

assigned as the A, con;;onent of 21,

3. CH, in Xenon

The spectra of CH, in Xe (Figure 19) have no eviéence of methane
aggregates, The 1/1 spectrum is a very sharp and symmetric feature,
The %/, band is quite wesk with the Q(1) line observed, but a very
broad feature in the reglon where S(0) is expected, The ‘1/3 region
has three components, assigned as Q(1), S(0), and 24/, The separa=
tion of Q(1) and S(0) is 22 cn™> for Y5

The cbserved Raman frequencies for GI-I4 in the noble gas matrices
are listed in Table XVII, The effect of the size of the noble gas
lattices is seen in the shifts in frequency of the vibrations, ‘I‘his
is noted in both the stretching (‘!/1 and 1/3) and bending (1/2) regions,
The diameters of the vacant lattice sites are 3,88 for Ar, 4,0R for
Kr, and 4,48 for Xe (36), The diameter of the CH,, molecule is 4,18
(23). The spectra show the trend of decreasing frequency with
increasing lattice site, This pattern is consistent with the cH“

molecule occupying a substitutiomal site (23).

k, (‘:DII in Xenon

The spectra of CD, in Xe (Figure 20) provide a general comparison
i
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Figure 19, Raman spectra of 2% CH, in xenon at 6°K,”
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TABLE XVII, OBSERVED RAMAN FREQUENCIES OF 2% METHANE IN THE
NOBLE GAS nAfnxcms, AT O SITES IN NEAT CHy, AND
COMPARISONS WITH INFRARED FREQUENCIES,

Raman Frequency, en~t

CH CH,(0 CH,/Xe CD,/Xe
(-wl/°§,]>r %g (e"x)t'((iz"x)‘- (2{@ /
Y, 2922 2913 2908 2907 2901 2090
o (a(1) 1532 1527 1527 1530 1524
1541 1545 1087
V2 | (broad)
s(0) 1552 1549 1552~ 1553
s(1) 1560
A1) 3028 3018 (3011)> 3006 2250
- ) K1) 3019
% 3(0) 3046 3036 3036 3037 3028 2261
S(1) 3044
2v(A) 3057 3049 3039 2167
Infrared Frequenéy. om !
o /ar cng” (0 ai/xe’
(10%) (8%)  (9%) (8%)
P(1) 3021.6‘ 30L0,1 3004 2995.6
Q(1) 3028,6 3018,3 3011  3005.3
% R(0) 30374 3026,5  3020,3 3013,3
R(1) 3030,0  3026,4 3018.3

1., Reference 2
2, Reference 25

3. Reference 23
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with CH, and more specifically the 4/3 band is free of the 2%/ feature.
The 1/1 region shows a strong symmetrical 4/1 band in resonance with

24), and 21/2. and 1) for CHD, also appears, TheV/, band is weak and

broad and does not show any structure, There are two principal

components which make up 1/3 and these are assigned as Q(1) and S(0).

=l

The difference is 11 cm ~ which is just half of that for GHI}. There

is also a weak feature lying below1/3 which is assigned as1/3(E) of
CHDB. These observed frequencies are tabulafed in Table XV1I,

The CDI; sample is belleved to have 99 per cent isotopic purity and

this would give 4 per cent cI-II)3 which agrees with the intensities

observed, The CHD3 assignments have been made using the infrared

results of Chapados and Cabana (25), Comparisons between CH, and
CD,, in Xe give support to the assigmment of zf{,,_ in resonance with1/
and the conclusion that the sharp feature does not belong to the

1Y

3 mode in CHH'

5 %D in Argon

The spectra of CHBD in Ar (Figure 21) show four of the six

fundamentals, Vb(Al) and 1/“(5:) are not observed, The %(E) mode

-1

appears at 1468 cm =~ and is very weak; Vl is at 2203 cm-l and has a

low frequency component at 2194 cn~ which is presumably due to

aggregates as in CH, (23); '1/3(A1) is in resonance with the A;

part of 24/, and these frequencies are 2970 cen™t and 2910 enL;

and 1/3(E) is broad with resolvable features at 3014 ent and 3026 enl,

Also appearing is the A, part of the overtone, 21/,4_(E), at 2310 cn'l

in resonance with 1/1. The evidence for rotation of CH3D appears to be
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Linited to the 74(E) band where the 12 on

splitting corresponds
to a gas phase value of 23 cm - (from data in (67)), Thus if this
splitting is due to rotational motion, the CH,D molecule must also

be & hindered rotor,
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D, Lowest Temperature Crystal FPhases of Methane

1, Neat CH"

The Raman studies of neat GHL" were done both with the Digplex
unit at about 14% and the liquid helium dewar at about 6%, There
are features which are both temperature dependent and temperature
independent, The lowest tempe:ra’.tu:e crystal phase of GHH_ is designated
phase III by Ballik, Gannon, and Morrison (5, 6) but has usually
been labelegl as phase II, The lowest temperature phase of GHb is
believed to have the same structure as phase II of CD, (see Section
II,B.3). The assigments will be made on the basis of the James~
Keenan model (76), which is six ordered molecules on D,, sites and
two rotating molecules on O sites per primitive cell, The neat
methane lattice to a good approximation (6, 80, 165) has rotating
molecules at sﬁes very similar to those in the noble gas crystals,
Since the cubic cell dimension of CHu is intermediate to those of Kr
and Xe (6, 36, 163) it is reasonable to compare the spectra of the
0 site molecules to the Kr and Xe matrix spectra (Tabvle XVII).

The ¢_/L region (Figure 22) consists of a doublet with the stronger
line assigned to ordered molecules and the weaker line to rotating
molecules, The frequency of the weaker line falls in the middle of
the positions of 1/1 in Kr and Xe and its intensity is slightly
greater, |

The 1/2 spectrum at 6°K (Figure 23) appears to have five com-
ponents, two principal ones and three weaker features, The 1524 cn-l

component is assigned to the ordered molecules amd the rest of the
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spectrum is assigned to rotating molecules, The intense feature

at 1552 cat s assigned as one component of S(0) and its intensity

increases markedly in going from 14%K to 6°K, consistent with the
rotational assignment,
The 1/3 area at 6°K (Figure 24) consists of a very sharp and

L .nd three much weaker bands at higher

-1

intense line at 3010 cm
frequencies, The 3010 cm = feature is assigned to ordered molecules
and the bands at 3019, 3036, and 3044 cn™" are assigned as R(1),
S(0), and S(1) respectively, There does not appear to be a coin-
cidence between the Raman 3010 cm'l line and the infrared 3008,5
en™t 1ine (25), The intensity of S8(0) increases and the intensity
of 5(1) decreases in going from 14%K to 6°K, again consistent with
rotational assignments for both features, The Q(1) transition is

assigned to 3011 cen™t by Chapados and Cabana (25) and is certainly

under the 3010 cn™" line, The sharp feature due to 2% does not
appear in neat Gﬂb as it does in the matrices, A similar bebavior
is found in CD, where 24/, is sharp in the Xe matrix (Figure 20)

but in phase III of CDh it is found to be relatively weaker and very
broad (Figure 25),

The spectrum of ¥/), (Figure 22) 1s a very weak feature at 1305
on“l, 2500 tines weaker than 44, This intensity factor explains why
1/11- is not seen in a matrix, ;

There are three weak bands observed in the lattice region and
the model predict;.s three Raman active lattice modes,

Other modes which appear (Figure 22) are the 21/ overtone and

the 4, +4, combination, The 21/4 spectrum shows three components,
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The first overtone of all F modes in Oh have the symmetries Alg + li.‘8 +

FZg’ all Raman active, and it is possible that these wouid be correct

assignments although two phonon spectra in crystals can be much more
complicated than that, The 1/2 + Vl# spectrum shows a single band
which is comsistent with all symmetry combinations of ¥, and 9/},

being Flg'*Fzg"*Fn'*F part active in the

1 2u with only the F

28
Raman effect,

The neat CH, spectra consist of features which are assigned to
ordered and disordered molecules, The features arising from ordered
molecules at l)2 d
sities at 14°K and 6°K which is consistent with no rotation, The

sites (Table XVIII) have the same relative inten-

features belonging to rcté.ting molecules at O sites do show tempera-
ture dependence and also compare favorably with the frequencies of
Gﬂu in Kr and Xe, The proposed Oh factor group and ch1 site for the
ordered molecules predicts two and sometimes three components for
the intramolecular modes (Table XIX) and in all cases only one is
observed, thus the intermolecular forces are believed to be small,

2, Neat CD,

The Raman studles of €D, (Figure 25) were performed at 6% in
phase III, Most of the features observed were reported by Anderson
and Savoie (2), but there are some new features (see Table XX) and
the behavior of :»2'1/2 is most helpful in interpreting the Raman spectra
of neat CH,, In the Xe matrix (Figure 20), 29 is a sharp feature
with nearly the intensity of 7 (0@3), but in neat CD, (Figure 25),
2‘1/2 is very broad and much weaker than 1/1 (CHD3). The contribution
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TABLE XVIII, OBSERVED FREQUENCIES AND RELATIVE INTENSITIES OF

MOLECULES AT D, SITES IN NEAT CH,,

24
Frequency, Cm Relative Intensity

Raman infzared Raman

(6%) (22%)" (6%)

v, 2902 2901 2500
Va 1524 1526 40
Vs 3010 3009  3008,5° 800
v, 1305 130,37 1
55 53 1

Lattice 5 750 .5

| 72 1
2571 90

2¥), 2593 40
2601 10

v, ¥, 2814 20

4, Reference 2
5. Reference 25

6., Reference 135
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TABLE XIX, FACTQB GROUP AND SITE SYHHETRIES FOR ORDERED MOLESM

IN NEAT CH,‘.
Mode Free Molecule Site Factor Group
() (D,4) (0,)
Y A A Ay YE A, HE,
7/2 E Al 1 Al 8'*'Azg't'ZE: +Al +A, *ZEu
L Fl 2+E 2F ?.g Fl +2F

73{1/. T F, B +E Fy +2Fzg*2Flu 2u

N
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TABLE XX, OBSERVED RAMAN FREQUENCIES IN PHASE III OF NEAT GDb.

Assignment Frequency (cn™t)
(6%) (12%)7
Z 1092 1093
1/2+lattice modes 1135
1943
2Y), 1955 1954
1977
" 2092 2090
v, (cxp, ) 2135
27, 2175
'1/3 (13394)8 2238
12 (E) (cHD,) 2244l 2243
V3 2252 2252
V#lattice nodes {2295 2293
2307 2305
% () (cHDy) 2985

7. Reference 2

8. Reference 25
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of 2‘1{.2 to theﬂ/3 spectrum of neat CH, is assumed to be just a
broad band as in neat CDu.
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V. INTERPRETATION OF METHANE SPECTRA

A, Qﬂa and ng in the Noble Gas Matrices

The appropriate group for GHH or CD# substituted in a noble
gas matrix is (Oh, Td)o Using the results of Yasuda (165), Nishiyama
and Yamamoto (108) have determined the lowest minima to occur at a

position corresponding to the c high barrier limit, Their calcu-

3V
lations have been compared to the infrared work for GHh and CD#
in noble gas matrices (20, 23, 46, 47), In section III,D,1 the
general group theory was presented, the energy levels found (Table
XII) assuming tunneling through 90° is important, and an energy
level diagram (Figure 12) drawn from the (0h, Td) free rotor limit
to the E3v high barrier limit, The Raman spectra will be inter-
preted using both the hindered rotor model and the results obtained
by Nishiyama and Yamamoto (107, 108), and compared to the infrared
experiments, The allowed infrared and Raman transitions between
rotational levels for the 12 and'pg vibrational bands are shown in
Figure 26 along with the corresponding gas phase notation,

The difference in Raman selection rules for $é and 16 (see
Figure 26) is quite important in interpreting the spectra, The
strong transitions from the A4, librational ground state are AR —>
EE, FZ'E' for/, and AlIl — Eﬁz, szz for 1/3 (Alxl —> Alf‘z is
forbidden for a free rotor and is assumed to be weak), To a good
approximation (87, 108, also see Table XII) the EFZ and FZE levels

are degenerate, so one would expect‘the same splitting frem the Q
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line for-Vé aanpg from transitions to these levels, but different
splittings for transitions to the EE (1/2) and Fzﬁz (1/3) levels,

The Coriolis effect is small (vlcm™) for ¥, (66, 107, 108) amd will

be ignored as a first approximation,
1, The Region

The Raman spectra of‘pk for GH4 in Ar, Kr, and Xe have a similar
structure, The clearest 4/, spectrum is for CH, in Kr (Figure 18)
which clearly shows three components at 1527, 1541, and 1549 cm.l.
Only the A;A; and F,F, levels would be expected to be populated at
the 14°K temperature of the experiment, assuming the nuclear spin
conversion of Alﬁ to Alfz spin molecules is rapid (47)., The 1527
cen! feature is assigned as Q(1) (Flﬁl —> Flil) since it is the
lowest frequency transition which is allowed, The feature at 1549
ent is assigned as the Alxl —> EE transition since there is nothing
comparable to that 22 cat above the Q line in -tg. The 1541 cm‘l
feature could either be the A;A; — F,E transition or a transition
corresponding to R(1) in the gas phase (Flf‘1 —> Eﬁz, szz). Since
the S lines are generally more intense than the R lines in the
Raman effect (66, 67), it seems more likely that the 1541 L
feature 1s due to the A X, —) F B transition, This will be dis-
cussed further after theqys section, This assignment 1s compatible
with the 16 spectra of Gﬂu in Ar and Xe where the splittings have

decreased for Ar and increased for Xe since the barriers to rotation

decrease with an increasing size of the vacancy (108, 165).
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2, The j{B Region

The Raman spectra of 1/3 for CH, in Ar, Kr, and Xe are similar
except for the band at 3018 cmg‘l in Ar which is assigned to aggre=
gates, The spectra are complicated by the sharp Al component of 2'1/2
which is in resonance with Vl‘ Comparisons with 1;hefl/3 infrared
spectra (23) givb added proof that the structure is due to rotationa,l
splittings, Since the clearest 1/2 spectrum was for CHM in Kr, the
1/3 band in Kr will be examined in detail, The/; Raman spectrum

of CH, in Kr (Figure 18) has components at 3018, 3036, and 3049 cm'l.

The sharp peak at 3049 cm L is assigned as 29/, and the 3036 on
feature has a low frequency shoulder, The lowest frequency band

at 3018 en™) is again assigned as the Q(1) line (F F; —> FjFy).

The 2 infrared spectrum (23) has four lines at 3010,1, 3018,3,
3026,5, and 3030,0 em-l which are assigned as P(1), Q(1), R(0),

and R(1) (23, 108), The agreement with the Q(1) assignment ié quite
good, The lines designated P(1) and R(O) are forbidden in the Raman
effect and there are no Raman features corresponding to these lines,
The fact that the infrared and Raman spectra of 1/3 are so different
discounts any thoughts that the structure might be due to polymers
or multiple sites since coincidences would be expected, There are
transitions allowed in the Raman which correspond to an R(1) line
(Flf‘l ~> EE, Fzﬁ + Ef'z. sz‘z), but there is not a line in the Raman
spectrum which corresponds to the 3030,0 en™t line in the infrared,
The 3036 en™t feature is 18 cenL avove the Q(1) line and is assigned

as the transition AR} —> F,F,. The assignment of the A;%, — F,B

20
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transition in 4/2 as 14 cm™t

transition for 4/, should also be 14 cn~t above Q(1). This is about

above Q(1) means the Alxl —> E{FZ

the position of the shoulder to the 3036 cn-l feature so this is
consistent with the 'Vé assignment,

The ‘l/3 Raman spectrum of CDL; in Xe (Figure 20) has two principal
components at 2250 and 2261 em - which are assigned at the FlFl —>
Flf‘l and Alxl —_— F2F‘2 transitions respectively, The Q(1) line at
2250 em~} is more intense than the 2261 cm™t feature and this is in
agreement with the relatively larger statistical weight for F spin
CD, molecules (160), The splitting is just half of that for CH),
in Xe, which is larger than expected for a hindered rotor. This
does agree fairly well with the calculation of Nishiyama (107) which

1s 12,7 em™t for the Alxl —> in"z splitting for CD, in Xe,

3. Discussion

The assignments for GHL’ in Kr from the Raman and 1ﬁfrared
experiments determine the position# of the rotational energy levels,
These are compared in parentheses to the calculations of Nishiyama
and Yamamoto (108) below along with the incomplete assignment for
CD, in Xe with Nishiyama's calculations (107), in addition compari-

sons with the free rotor values (66, 67) are made,
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Symmetry Energy (ca™l)

| CH,/Kr Free Rotor CD,/Xe Free Rotor
EE 22 (48,8) 3l.4 - (24.8) 15,8
F,F, 18 (27,2) 31l.4 11 (12,7) 15.8
EF, + F,B 14 (19.6) 31,4 (9.0) 15.8
FE 8.2 (8.3) 10.5 (3.8) 5.3
AR 0 (o) 0 0 (0) 0

The order of the levels for GH& in Kr is the same, but the
energies are much higher for the calculations, in fact the EE level
is much higher than for the free rotor (31.4 cm'l). The diagram in
Figure 12 shows that the EE level is below the EF, + F,E and FF,
levels at the hindered rotor limit so the assignment of EE suggests
that CH, is somewhere in between the free rotor and hindered rotor

limits, The Raman assignments predict that the infrared ¢/ spectrum

3
would show a triplet for R(1) at 6, 10, and 14 cen™! above the Q

line, The observed spectrum (23) has one component for R(1), 11,7
ca~L above the Q lire, The Coriolis effect may decrease the 16 spac-
ings in the infrared since R~ transitions are allowed (67), and

increase the 7/ spacings in the Raman since _S+ transitions are the

3
strongest (66, 67), Some of the R(1) components may be under the

R(0) 1ine or may be too weak to be seen, The assignment of the 1541

cn-l line in 16

F2E level being below the le'i‘z level ((108) and Figure 12) and neither

the FlFl —_— EFZ + FZE or F2F2 transitions could be 14 et above

to the Alxl - FZE transition agrees with the ﬁ‘z +

the Q line,
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oE + Eﬁz for CH, in Kr agree with

and 1/3 Raman bands, but not too well for the 1’5 infrared

’I‘he Raman assignments of EE, F
the 2é ‘ |
band, The calculations of Nishiyama and Yamamoto (108) explain the
infrared SPec’cra well, but thke spacings are too large to explaln the
Raman experiment, Additional informatlion which supports the Raman

assignments will be found from the spectra of neat cﬂno
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B, ggan in Argon

While the infrared spectra have been studied for GHBD in Ar, Kr,
and Xe, the most apparent time dependence was found in the %@ﬁAl)
band in Kr and this is the band reported in detail by Hopkins, Curl,
and Pitzer (69), They also have the /,(A,) and 7/(E) bands for the
hosts Ar, Kr, and Xe, The Raman results reported here for CH,D
in Ar are limited in rotational studies to 1/3(E)° The Q branch is
the strongest feature in the Raman for Al modes and no structure was
observed for't& and $§(A1)a The-?& modes are too weak to be seen in
the Raman and so comparisons with infrared data are not possible,

The group for CHBD in the noble gas matrices is (Oh, EBV).

From the potential function found for CH, (165), it seems likely

that both ESV and Eé are appropriate high barrier groups depending

on whether the D atom is along a three-fold axis of the crystal or
just a dlhedral plane, This uncertainty in the high barrier group
makes a detailed analysis quite difficult in terms of a hindered rotor
model, A rather qualitative discussion will follow on the results
indicating rotational motion,

1

The 7),(A,) band for CH,D in Kr has lines at 1300 and 1306 cm™

3
which exhibit the greatest change in intenslity with time, The line

at 1306 cn™' increases in intensity and is assigned as the Ak —

=1

F1X2 transition, the 1300 cm™ line decreases in intensity and is

assigned as the Q line (Flﬁ'-—% Flﬁ), This is consistent with the
nuclear spin conversion from B to Kl spin species, There are two

-1

other weaker lines at 1295 and 1303.5 cm ~ which change very little

with time and assignments for these are uncertain, They could be
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assigned as the transitions lez “‘9'A151 and Flﬁ —> EE respectively,
but there should be another transition (Flﬁ —->'F2§) at higher fre-
quency and this is not observed, The observed time dependent inten-
sities does indicate rotational motion for CHBD and this is con-
sistent with the other bands as well, The #/,(A;) bands in Ar and
Xe are quite similar, but with the spacing between lines somewhat
smaller for Ar aﬁd larger for Xe, which is consistent with smaller
barriers to rotation in the larger cavities, The bﬁﬁE) band is
different in appearance since it is a perpendicular band and there
is the additional complication of the Coriolis effect, but again
rotational motion is suggested, The Raman spectrum of 1§(E) in Ar
has two principal features split by 12 cm'l. Assuming these are the
Flﬁ o Flzz and Alzl - Flﬁ transitions, the corresponding gas
phase difference is 23 cm"l, so this points more to hindered rotation,
The infrared and Raman evidence for CHBD is consistent with hindered
rotation, but a detalled analysis may need to include translational

effects since the center of mass is not at the carbon atom,
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C, Neat CH"

The molecules in neat CH, are assumed to be in two different
sites in the lowest temperature phase (5, 6) according to the James-
Keenan model (76, 80), If only nearest neighbor molecules are con=-
sidered, the crystal field for the rotating molecules has the
symmetry O, (80, 165), Kataoka, Okada, and Yamamoto (80) have
calculated the rotational levels for neat GHh and the crystal field
parameters are intermediate to those for Kr and Xe, Therefore, the
rotating molecules at 0 sites can to a good approximation be treated
as matrix isolated molecules and the same symmetry considerations

used for CHu in noble gas matrices can be used for neat methane,

1, The ¢E Region

The'v% Raman spectrum of neat CH, at 6% and 14%K is shown in
Figure 23, The 6% spectrum has components at 1527, 1545, 1552,

1 assigned to rotating molecules, The spectrum at 1&?&

and 1560 cm
does not show all of this structure, The 1527 em°1 feature appears

as a shoulder on the 1524 cm™* peak assigned to the ordered molecules
at D, sites, The 1527 en™l feature is assigned as Q1) (Flf'1 —>
F,F,) and compares to the Q(1) assignment in Kr of 1527 en™ and

in Xe of 1524 cn°l. The stiongest band at 1552 ent is assigned to
the transition AA; --9» EE, This is 25 cnl above the Q line compared
with 22 en™ for CH, in Kr. The band at 1545 cn' is assigned to

the transition A%, -—)Fzﬁ and there is additional support for this

from thejkg spectra, The 1560 en™L feature is assigned as S(1)
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which could include the tramsitions FyF;, —) A F,, F)F), FF) ¢+
1

Flf‘z, Fzﬁz (see Table XI), The intensity of the 1552 cm — bamd is

seen to increase markedly when the temperature is lowered from 14%
to 6% which agrdes well with this rotatiomal gssig‘ment, The
weaker band at 1545 cm-l also seems to increase in intensity which
is consistent with its assigmment (4,4, — Fzﬁ). The features
above 1524 cm"l are very simllar to the 4/2 matrix spectra and this
is the reason for assigning just the 1524 cn~! line to the molecules

at D2d sltes,

2o The _1/9 Region

The 1/3 Raman spectrum of neat CH, at 6% and 14°K is shown in

Figure 24, The ., infrared spectrum of neat CH, at 9°K has been

3
reported by Chapados and Cabana (25), The infrared assignments for

rotating molecules at 3004, 3011, 3020,3, and 3026.4 cn ™" are denoted
by P(1), 1), R(O), and R(1) respectively, All the features above
the 3010 cm-l line in the Raman spectrum of 1/3 are assigned to
rotating molecules, assuming 21/2 is broad and relatively weaker as
in neat CD, (Figure 25), The Raman spectrum at 6°K again shows more

structure than that at 14°K, The Q(1) line which appeared as a

-1

shoulder to the 3008,5 cm ~ line in the infrared (25) is certainly

under the very strong feature at 3010 em™>, The strongest line

above 3010 cn-l at 6% is the 3036 cm-l line and this is assigned

to the Alxl — F‘zf‘z transition which is 25 et above the (1)

line, assuming the 3011 ™t infrared assigmment, The 3036 cea™L |
line is much less intense at 114°K. The shoylder below the 3036 cn'l
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line is assigned to the transition Alzl —> EF,, This assignment
agrees with the‘v% assignment and also with the shape of-vg in the
noble gas matrices, The feature at 3019 et is assigned to the FlFl
—> EF, + F,E transition, The infrared spectra (25) place the FF
state 9 cm‘l above the ground state and the Raman‘p% spectrum (Figure
23) sets the F,E level 18 ca™' above the ground state, so the
transition FyF, —> EF, + F £ should appear 9 en™ above the Q(1)
line and this agrees guite well with its position, The R(0) or
Ak, —> F,F, transition is also 9 eu™ above the Q(1) line, but is
forbidden in the Baman effect, The F,F, —> EF, + F,E transition is
also allowed in the infrared and must be either under the R(O) line
or too weak to be observed, The position of the EE and szz levels
at 25 en™ above the A%, level determines the Flﬁl —> EE, F2F2
transitions to appear 16 cm-l above the Q(1) line which agrees
well with the R(1) feature observed in the infrared (25), The band
at 3044 el is assigned as S(1) (F,Fy —> A%, BiE, + A F), BiF),

- - -1
FF, +FF,, Fzﬁz) and is 33 cm = above the Q(1) line, the same as

the S(1) feature in Ve
3, Discussion

The assignments for neat GH4 from the infrared and Raman
experiments determine the positions of the rotational energy levels
for the lowest states and an average position for the states originat-
ing from J=3 (see Figure 12), The energy levels are listed below

with the calculated levels (80) in parentheses,
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Symmetry Energy (cﬂ.l)
J =3 42

EE 25 (47)
FF, 25 (30)
EF, + FE 18 (21)
FF 9 (9)
ARy 0 (o)

Again the assigned levels from experimental data are more closely
spaced than the calculated ones, The assigned positions are also
in agreement with the inelastic neutron scattering experiments of
Kapulla and Glaser (79) at 4,4°K where they observed peaks at

energy diffetences corresponding to 8,5, 15, and 23 cm'l

and assigned
these as R(0), R(1), and S(0) respectively. There is good agreement
between these assignments and all experimental evidence, The treat-
ment of the 16 spectra again ignores the Corlolls effect, but any
differences would be quite small, The assigmment of the Eﬁz + F,B
level from both the 1% and 16 Baaan spectra adds support to the
assignment of this level for the noble gas matrix experiments, where
the spectra are much weaker causing more uncertainties in the
assignments, The earlier Raman spectra of neat CH, by Anderson and
Savoie (2) are in agreement with the spectra reported here, although
they did not observe the weak features, The Raman spectra of neat
CH, adds additional evidence to that in Section II.B,3 supporting
the James-Keenan model (76) for the lowest temperature phase (phase

III) of CHy,o
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VI, CONCLUSIONS

The description of rotational levels for molecules in crystalline
solids has been accomplished using methods of group theory. The:
group theory has been solved for a molecule of any symmetry at a
site in a crystal field of any symmetry and a diagram of rotational
energy levels may be found from the free rotor limit to any of the
high barrier or librator linitsb‘ The pattern of energy levels can
usually be determined near a high barrier limit using methods of
group theory with some simplifying assumptions, ‘Seleetion rules
are then applied to predict spectra in the infrared and Raman efféct.

Examples of many different symmetries have been presented and
compared to experimental results when appropriate, From these con-
siderations it was possible to show that the 1% infrared spectrum
of CH, in argon (101) fit the spectrum predicted by the energy
level pattern at the hindéred rotor limit (Figure 10), and that the
1{,_ infrared spectrum of Ny in argon (69, 99) fit the spectrum pre-
dicted by the energy level pattern near the hindered rator,linit
(Pigure 11), Many of the other comparisons may require much mere
elaboratebcalculatiens than the ones gliven here before reaching an
agreemént between theory and experiment.

The Raman spectra were presented for neat methane and methane
in noble gas matrices and provide new evidence in support of the
James~Keenan model (76, 80) for phase III (5, 6) of CHy, and in
support of rotational motion for methane in the noble gas matrices,

The rotational motion is determined to be hindered for methane, but
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the assignments neither agree with the energy level pattern at or
near the hindered rotor limit (Figure 12) nor with the levels calcu-
lated by Yamamoto and co-workers (80, 108), Their ealcnlations do
agree with the assignments as to the order of the rotational states,
but the spacings are smaller than the calculated ones, The calcula=-
tion for CD, (107) is in good agreement with the present Raman
findings,

The ﬁsefulness of group theory as it .1s applied to the rotation
of molecules in crystals has been presented along with examples of
the kinds of information which can be obtained by these methods,
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A, Summary of Energies and Integrals for (0, , &, ) Near the

€,y High Barrier Limit
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The values of integrals which were needed for this problem are
listed below,
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B, Evaluation of Ground Librational Energies for go, . ﬁ3h)-

Near the E%V h Barrier Limit

An XYB nolecule having the symmetry ﬁﬁh in a face-centered cubic

lattice with a crystal field of symmetry 0h will be at a potential
nininum with respect to rotation at the §5V high barrier limit, if
there is repulsion between the crystal and the Y atoms, The number

of equivalent minima is most easily determined from the orders of

(00 Eah) and Cy
type of wave function at each of the 43 minimum positions, The

y and is 288/6 or 48, We will assume an oscillator

exact form of the wave functions is not important for the approxima-
tion to be used, Now, G = (Oh’ ﬁBh) = 10" x 'EBh' 80 we need to
define the elements in the group G, The simplest groups to use are
the symmetric groups S, and S,, Let o"-’-@v’ S, and 5311 ¥ 83 x {E,E;}
define the elements in G, The approximation to be used is that only
matrix elements between minima separated by the smallest rotations
will be nonzero, The smallest rotations are 60° about the molecular

threefold axis (the Q operation for S, is C¢) and 90° about the four-

3
fold axis of the crystal, The diagonal element is Eo' the matrix
element between minima separated by a 60° rotation is denoted by &,
and the matrix element is 6 for minima separated by a 90° rotation,

In order to determine the energies it is necessary to divide
the group (Oh° ﬁBh) into 48 left cosets with all eperations in any
one coset representing the same rotation of the molecule relative to
the crystal, The coset representing no relative fotation is the

sroup By, = {58, (123)(T23),(132)(T52), (12)(T23, (13)( B+ (DX BYY
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Representative operations of each of the 48 left cosets can easily
be found for this group and are listed below by classes,

BB, 8(123)F, 3(12)(34)E, 6(1234)E, 6(12)E, ExEx,

8(123)*E*, 3(12)(34)*Ex, 6(1234)*E*, 6(12)*Ex,
All the members in each left coset can be found ‘by multiplying each
eperation in EBBV from the left by the representative operation, The
cosets representing a 90° relative rotation are 6(1234)E which is a
retation of the molecule about a fourfold crystal axis by 900. The
cosets representing a 60° relative rotation are (123)*B* and (132)%Ex
where a threefold crystal axis coincides with the threéfold molecular
axis, The operations (123)* and (132)* represent a rotation by 120°
and the operation E* a rotation of 180°, so the overall rotation is
by 60°, All the eperations of the cosets which are appropriate

for 0°, 60°, and 90° relative rotations are listed below,

Coset Matrix Element
|1y = {28, (123)(133), (132)(132), (12)%(T2)%, (L)),
(23)%(B)* } 1 E,
|2 = {22308, (1324)(TB), (W)(TFE), (LT, "
(1)(23)(T3)%, (L24)%(T)*} 8
(3> = 3(1432)8, (34)(T23), (1283)(T32), (243)%(12)¥,
(12)(3U)(T3)*, (13)%(Z3)%} ¢
|4 = $(1324)8, (14)(123), (123)(I32), ()(23)%(12),
(124)%(T3)*, (L34)%(Z3)* | ¢

|5> = {(w23)8, (1342)(TZ3), (24)(TF2), (13)(2MX(T2)*,
(2 P(T3)*, (L2)MDB)*} 8
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| 6> = §(1263)8, (1432)(T23), (34)(T32), (3)X(T2),
(23T, (12)(HIMB*} :
|75 = {(132)8, (20)(T), (123)(T32), (34T},
(L42)%(T3)*, (13)(24)(B)* } g
18> = J(123)%B*, (132)%(123)*, Ex(132)%, (13)(12),
(23)(T3), (12)(23) } o
|9 = {(132)%8x, Be(IB)*, (123)(T32)%, (23)(T2),
(22)X(T3), (WD)} o
The 14 different symmetry species in (0, 5311) which form the ground

librator state in C,, are given in Table VII, The procedure for find-

3V
ing the energy for a particular symmetry species will be illustrated

for FZK' . The character table appropriate for this symmetry and

the first nine cosets is shown below,

g
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Each of the 48 cosets corresponds to ocne of the 48 minimum positions,
Therefore, in this approximation the first row of the Hamiltonian
matrix has the following forms Eﬁ%@%g@«ﬁcoo...(}. Since the

only nonzero matrix elements in the first row correspond to the
first nine cosets, then only the relative coefficients for these

nine cosets need to be found for the symmetrized wave function and
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then the methods in Section 6-6 of Molecular Vibrations (161) can
be used to determine the energy, Therefore, from the Wigner method
(159, 161) described in Section IIL,B.4, P g' *(6[1> - 2(2> -
2[3> = 2|4> -~ 25> - 26 - 2|7> + 68> + 6|9> + 0 ...), s0 By K
(6, - 12§+ 12x), It is clear from Section 6-6 (161) that the
diagonal matrix element will have a coefficlent of unity, therefore,
the carrect ensrgy is By 3¢ = & (68, - 126+ 12%) = E_ - 28 + 20,
Actually the problem can be simplified further by noting the number
of times the operations in a given class appear in the E , «, or@
cosets and then summing through the group as before, This makes it
unnecessary to distinguish between different dor ? cosets, The
energies of the other ground librational states are found in the same
manner and the relative energies (Eo = 0) are shown in Table VIII,
If this procedure is tried for a symmetry species which is not a part
of the ground librator‘ state, the resultant symmetrized wave function
will be zero,

This method was used over and over in Chapter III, Once one
becomes accustomed to using it, the ground librational energies can

be found quite easily for any example,
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C, Evaluation of Ground Librational Energies for (O , Til

Near the ﬁ3v High Barrier Limit

The rotational states in (Oh' Td) which make up the ground
librational state in E3V can be found from Table X. The energles
for symmetry species which appear once can be found using the method
described in Appendix B, assuming only tunneling by 90o is important.
The symmetry species Flﬁl and szz each appear twice and this method
is not generally valid for a case like this,

The problem is set up in a very similar manner to that. in.
Appendix B, G = (Oh. Td) = 10 x 'Td' so the simplest way to define
the elements in G is to let 0 ¥S, and T, ¥ 5, where S, is the.
symmetric group on four letters, There are 96 (576/6) equivalent
potential minima and these can be represented by 96 left cosets
where the coset representing no relative rotation is the subgroup
B = {E8,(123)(125),(132)(T52), (12)* (D% (13X B+, (23 B
The 96 left cosets are determined by systematically going through
the group G until every element belongs to a coset., Representative
operations for the cosets are listed below, this is done by classes
whenever possible,

EE, 8(123)E, 3(12)(34)E, 6(1234)E, 6(12)E, 3E(I2)(3%), 6E*(123%)*,
E(12%), B(182), E(13%), E(1%3), E(23%), E(283), EX(TR)*, Bx(28)*,
E%(3E)*, (124)(128), (142)(T82), (143)(183), (142)(128), (124)(1%2),
(134)(183), (143)(T38), (236)(H3), (243)(23W), (134)(T2H), (143)(12%)
(234)(128), (243)(T2H), (134)(1B2), (143)(Th2), (234)(142), (243)
(T82), (124)(TB3), (W2)(TH3), (234)(183), (243)(TW3), (124)(T3W),



155

(234)(13), (136)(23B), (142)(238), (124)(2E3), (L3)(ZW5),
(1234)(12%), (1432)(128), (1324)(1I25), (1423)(125), (1243)(12%),
(1342)(138), (1234)(T82), (1432)(182), (1324)(182), (1423)(182),
(123)(T82), (1342)(T8Z), (1234)(TH3), (W32)(T83), (1324)(TH3),
(1423)(TH3), (1283)(TH3), (1342)(TF3), (1432)(T3F), (1324)(T3H),
(1342)(13%), (1432)(283), (1324)(283), (1342)(283), (1234)(235),
(1423)(23%), (1243)(23%),

All the members in each left coset can be found by multiplying each
operation in E

3V
The cosets representing a 90° relative rotation are 6(1234)F and

from the left by the representative operation,

6E*(i§§3)* which are rotations about a fourfold crystal axis and a
fourfold inversion axis of the molecule, respectively, Théseﬂlz
cosets are used for the symmetry species which appear once,

The procedure to be followed now is to construct 18 symmetrized
wave functions having FlF‘l symmetry, In general, these would not
form an orthogonal set, but it is not necessary to use an ortho-
gonalization procedure, The symmetrized wave funciions are found
as before and the first is given below,

\(Fl,-,lu) = 5575 (12|10 + 42> + 4[3> * Ul + 45>+ bl6> + 47>
+ 4[8> + 4]o) + 4[10) + 4|11) + 412> + 4|13) + 3{14> +
3[150= |16) =)17)> =]18) =197 =[20) =|21> =|22) =[23) -
R4> - [25) =267 - [27) ~ 4|28 - 4|29> - 4|307 - 4|31) -
432> - 4337 - 64) = 6]357 - 2|36 - 6137 - 2[38) -
2]39> = 2|40) - 2[41) = 2[42> + L|43D + 4|W4> + L |b5)> +
31467+ 3|47> + 3]48> + 3|49> + 3(50) + 351> - |52> - |55)
- 57> = |58> = |61) - |63> = |64> = |65> ~ 66> = [67)
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- 168 )= |69 = 2[70> + 2|72) = 2174) - 2|77) + 2|79>

- 2|81 + 2(83) - 2|85) - 2(86) - 2189 -~ 2/90) - 2|91>

- 292> - 2|94 = 2|95)) |
The numbering of the cosets is arbitrary so the wave function will
depend on these choices, Here, ESV is |1), the 12 cosets represent-
ing 90° relative rotations are numbered |2 to |13), and the others
follow an orderly but arbitrary pattern, The other 17 wave functions
have the same coefficients but they have undergone a permutation,

The 96 x 96 Hamiltonian matrix has the simplified form where

the only nonzero entries are P for finding the relative energies
(E, = 0) for the ground librational states, Each of the 96 cosets
is multiplied by a representative number of the 12 cosets represent-
ing a 90° relative rotation and 12 cosets related by a 9Q°,retgtion
are found for each of the 96 cosets, In this approximation the
matrix is real and symmetric so only the part above the diagonal
will be given, The nonzero entries (6) above the diagonal are listed
by the row (<1i[) and columns (|J, ko 1s os0)) below,
<1|2, 3, 4 55 6, 7, 8, 9, 10, 11, 12, 137,
<2|15, 17, 19, 21, 29, 43, 47, 48, 60, 64, 66,
<3|14, 16, 18, 20, 29, 45, 49, 51, 53, 57, 63)s
4|14, 17, 19, 20, 28, U3, 47, 48, 52, 56, 68D,
<5115, 16, 18, 21, 28, 44, 46, 50, 54, 58, 61),
<6[15, 17, 18, 20, 30, 45, 49, 51, 55, 59, €97,
{7014, 16, 19, 21, 30, 44, 46, 50, 62, 65, 677,
<814, 23, 25, 27, 32, 43, 46, 49, 52, 53, 652,
<9|15, 22, 24, 26, 32, 45, 48, 50, 60, 61, 69,



<10{15,
<11)14,
<12)14,
{13|15,
<{1%436,
(16|35,
79, 81,
<19 |34,
87, 90,
<2235,
785 79,
<25|34,
80, 94,
{2835,
75, 81,
<3135,
779 78,
<36| 52,
<39) 53,
|56,
<u3)7,

93, 96>. (5|71, 80, 82, 84, 87, 88, 93, 96, {u6|70, 72, 74, 79,

23,
22,
23,
22,
38,
37,
85,
37
93,
37
80,
37,
95,
36,
85,
37,
81,
56,
559
57
73

25, 26, 31, 43, 46, 49, Sk, 55, 64),

2k, 27, 31, 44, 47, 51, 56, 57, 67),

24, 26, 33, 45, 48, 50, 62, 63, 68,

25, 27, 33, 44, 47, 51, 58, 59, 662,

39, 40, 41, 427, <1536, 38, 39, 40, 41, 42,
39, 70, 72, 76, 78, 82, 92, 17|35, 37, 39, 73,
93y , <18|34, 37, 38, 72, 78, 82, 84, 89, 94),
38, 71, 77, 83, 86, 88, 962, <20|34, 35, 36, 73,
950 {21]34, 35, 36, 74, 80, 83, 88, 91, 96,
h2, 70, 71, 72, 73, 74, 759, 23|35, 37, 42, 76,
81D, <2434, 37, 41, 71, 72, 75, 88, 89, 90),
¥, 82, 83, 84, 85, 86, 87), <26|34, 35, 40, 76,
96), 27|34, 35, 40, 83, 84, 87, 91, 92, 93),
37, 38, 71, 74, 77, 80, 86, 91), <2934, 36, 37,
87, 90, 95, (30|34, 35, 38, 39, 70, 76, 84, 89,
40, 41, 82, 85, 86, 91, 92, 93, (32|34, 37, 40,
9%, 95, 96), <3334, 35, 41, 42, 70, 73, 74, 88,
60, 6k, 66, 682, ¢38]54, 58, 61, 62, 65, 67),
57y 59, 63, 69D, <40[52, 53, SN, 55, 64, 65),
58, 59, 66, 67), <42/60, 61, 62, 63, 68, 69),.
75 76, 78, 82, 84, 88), u4k|73, 75, 76, 78, 80,

81, 85, 87, 88), <47|70, 72, 77, 79, 8L, 84, 92, 96,
8172, 76, 83, 85, 86, 89, 93, 9, 49|72, 73, 77, 80, 83, 86,

89, 90Y, {50|75, 79, 82, 83, 90, 91, 92, 95), (51|71, 74, 78, 79,

835 91, 94 95), €52|71, 73, 74, 78, 84, 90, 92, 98,

759

79,

77,

79,

39,

92,

k2,
89,

87,

157

94,

90),
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{53(70, 72, 75, 775 83, 90, 91, 96D, <5H|71, 72, 74, 79, 85, 89, 93,
95)» <55[70, 73, 75, 80, 86, 89, 91, 96, {56]72, 77, 79, 80,

82, 89, 92, 95), 57|71, 76, 78, 81, 86, 88, 91, 95,

<5873, 77, 78, 80, 85, 87, 90, 94>, 59|74, 76, 79, 81, 83, 86,
88, 94, (6070, 72, 78, 83, 85, 87, 91, 9k, {61[73, 75, 81, 82,
84, 86, 91, 95), <62|73, 79, 81, 83, 84, 86, 90, 92,

(63|74, 77, 80, 82, 85, 87, 88, 92), (64|74, 75, 76, 82, 88, 90,
92, 94), (65|70, 71, 81, 87, 88, 89, 93, 95, 66|70, 80, 81, 82,
84, 89, 95, 96) 67|75, 76, 77, 85, 90, 93, I, 96

68|70, 76, 78, 86, 87, 89, 91, 93), 69|71, 74, 77, 84, 85, 92,
93, 96)

Let us denote the 96 x 96 Hamiltonian matrix by H, and the 18 ,Fli"l
symmetrized wave functions by | I> . From the H matrix an& the wave
function %lﬁl(l) = |I) written as a column vector it is stiaj.ght-

forward to determine that

HII)= [48@) = up 12\ su(alf).

16 F» 4
16? b
166 b

Similarly, H[I)= 46|T> for T = I to I8, The Schaldt orthogonaliza-
tion procedure (161) can be used to construct a set of 18 orthogonal

eigenvectors but it is not necessary to do this, Let 1 be the set

of orthogonal eigenvectors where f= I to 1-8, then
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| £)= Z Cpp |ID, where the coefficients Cyy arfgdefined by
the Schmidt proceaure. Now, H[I)=H {Z oy lI> = u@Z Cpr|T) =
4?li> Therefore, { J/H/1) = #F(J/i)‘ ‘&? Thereforeo all 18
eigenvalues for the F1Fl symmetry species are 46-

A simple way to find the eigenvalues for the two Fzﬁz levels
is to consider the traces, Let S be a similarity transformation
which diagonalizes H, and \ be the diagonal matrix, Then S™L HS =)
and tr(H) = tzx()), Also, (S~lus)(s™lus) =)2 = s~Iu%s, so tr(H?) =
tr(Az), If we denote the two F2F2 eigenvalues by /\1 and /\2 then
since tr(H) = 0, from the other eigenvalues we have )‘1 + ,\2,,..-= .-»8(.
The dilagonal elements in Hz are clearly all 12?2 since a row and
column of the same number are alike so tr(H%) = 1152@?. From the
other eigenvalues we determine that ) % +)§ = 32@2. From the equa-
tions ) +)\2 - -89 a.nd,\i +A§ - 32(52. it is easy to find that
)1 B'Az = -AQ, Therefore all 18 eigenvalues for the F2F2 symmetry
species are -M?. All the eigenvalues for this problem are listed
in Table XII,

The‘advantages of the Longuet-Higgins (93) approach to group
theory are very evident from this section where the relationship
between the permutation group {?} and the rotation group {g} are

most important in solving this problenm,



