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rithms in practice. In this dissertation, the goal is to develop a unified framework,
with theoretical foundations, to aid the derivation of sharp convergence results for

iterative algorithms in machine learning and signal processing (MLSP) problems.



By viewing iterative methods as fixed-point iterations, the existing powerful tools
in fixed-point theory are utilized to study their asymptotic convergence. Via the
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Chapter 1: Introduction

1.1 Tterative Algorithms in Machine Learning and Signal Processing

In the era of big data, machine learning and signal processing problems have
become increasingly complex. They are often characterized by non-convex ge-
ometry, structural constraints, and extremely high dimensions. Representative
examples include, but not limited to, sparse recovery [34, 58, 148], matrix comple-

tion [33,42,44], and phase retrieval [32,183].

e Sparse recovery: Sparse recovery is a classical problem in signal process-
ing in which we wish to acquire and reconstruct a signal efficiently from
a series of sampling measurements. In particular, given an n-dimensional
signal @ that admits sparse/compressible representation either in original
domain or in some transform domains (e.g., Fourier transform, cosine trans-
form, wavelet transform), we observe a compressive measurement y of  via
an m X n sensing matrix ®: y ~ ®x. Here, the number of measurements
taken is much smaller than the length of the input signal, i.e., m < n.
With the introduction of compressed sensing theory [36, 58], the sparsity of
x can be exploited to recover & from far fewer samples than required by
the Nyquist—-Shannon sampling theorem. This is particularly important in

systems where measurements are costly such as high-resolution radars [235],
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Figure 1.1: A typical setting of sparse recovery. The goal is to recover the sparse
signal from a very few number of sampling measurements.

hyper-spectral imaging [98], ECG signal processing [1], and magnetic reso-
nance imaging [163]. Figure 1.1 demonstrates a typical setup of the sparse
recovery problem. The sparse recovery problem is often formulated as an

LO-norm constrained least squares [20]:

min [z —yl, st [|zll, <s, (1.1)

where s is the desired sparsity of the solution. In this formulation, the
constraint set is the closed non-convex set of all n-dimensional sparse vectors

with at most s non-zero elements, denoted by (<.



e Matrix completion: The matrix completion problem arises in many ap-
plications such as collaborative filtering [176, 188, 189, 200], system identi-
fication [136, 137, 156], and dimension reduction [31,228]. Taking a movie
recommendation system as an example, we are interested in an m x n rating
matrix M that encodes the preference of m users for n movies (see Fig. 1.2).
While such matrix can have thousands to millions of users (rows) and movies
(columns), only a handful of the entries of M are available as users typically
rate infrequently. To provide good recommendations, it is crucial for the
system to make accurate estimates of the unknown entries of M that indi-
cate how each user likes each movie. Additionally, it is reasonable to assume
that only a few factors contribute to each user preference (e.g., genre, cast,
producer, duration, country, and year). Therefore, the data matrix of all
user-ratings may be approximately low-rank. Suppose M is a rank-r that
admits a low-rank factorization M = X*(Y*)", where X* € R™ " and
Y* € R™". The problem of recovering the unknown entries of M can be

cast as solving a non-convex optimization

min L [Pa(XYT - M) (1.2)

XeRm<r,Y eRnxr 2

where Pq : R™*" — R™™ is the projection onto the set of matrices sup-
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Figure 1.2: A low-rank rating matrix that can be factorized based on latent features
from users and movies. The goal of matrix completion is to recover the remaining
unobserved ratings in question marks.

ported in €, i.e.,

Zi; if (i,7) € Q,
[PQ(Z)]ij =

0 otherwise.

e Phase retrieval: Phase retrieval is the problem of reconstructing a signal
from its Fourier magnitude. This problem arises in many areas of engineer-
ing and applied sciences, including X-ray crystallography [152], blind channel
estimation [11], optics [222], and speech recognition [170]. In such problems,

only measurements of the Fourier magnitude of the underlying signal are



available, while the Fourier phase measurements are missing. Since simply
performing an inverse Fourier transform on magnitude measurements with-
out the phase does not recover the original signal successfully (see Fig. 1.3),
it is important to come up with algorithms that retrieve the phase from the
given magnitude measurements. Formally, phase retrieval can be formulated
as! the problem of finding a signal € R” given its Fourier magnitude-square

2, fori=1,..., N, where f; is the conjugate of the

measurements y; = } flx
i-th column of the N-point DFT matrix, with elements €72/~ In particu-

lar, we wish to solve the following least-squares problem:

N

. 2,2

iy ) (v = |l
In these modern applications, it is crucial to design methods that are numeri-
cally efficient, robust against noise, and comes with theoretical guarantees. While
second-order methods (e.g., Newton’s method) and those dealing with matrix vari-
ables (e.g. semidefinite programming) enjoy fast and robust convergence with typ-
ically fairly few iterations to reach the desired accuracy, they are computationally
prohibitive when the size of the problem increases quickly. On the other hand,
lightweight iterative algorithms such as gradient descent and alternating projec-
tions have gained a revived interest in large-scale problems thanks to the fact that
they are simple to implement as well as require low computational complexity per

iteration and small memory storage. Due to the non-convexity in the objective

'Here, we focus on the discretized one-dimensional (1D) setting.



Magnitude 1 Magnitude 1

Phase 1 Phase 2

/ \ Phase 1

= | Magnitude 2

Phase 2

Magnitude 2

Figure 1.3: An illustration of how the Fourier phase affects image recovery with
Fourier transform (reproduction of Fig. 2 in [183]).

functions or the constraints, these problems were initially approached via con-
vex relaxation techniques that are backed by rigorous convergence guarantees for
first-order optimization methods [27, 30, 33]. However, researchers soon realized
that in practice, the performance of this approach is worse than directly solving
the original non-convex problems using first-order methods. Henceforth, there has
recently been a shift in focus towards provable and scalable non-convex optimiza-
tion with representative examples including projected gradient descent, alternating

minimizing, and alternating projections.



1.1.1 Tterative Hard Thresholding for Sparse Recovery

The iterative hard thresholding (IHT) algorithm for solving (1.1), which is essen-

tially non-convex projected gradient descent, is based on the following update [20]:

k) = P, (:v(k) —n® " (Px®) — Y)), (1.3)

<s

where Pq_, : R" — R" is the orthogonal projection onto Q<,. As in [20], Pq_, is
defined as a non-linear operator that only retains the s coefficients with the largest

magnitude:

0 if |z <,
[Pa.(2)l: =

z if |z >,

where 7 is set to the smallest magnitude of the s entries in z with largest absolute
values. If less than s values are non-zero, we define 7 to be the smallest absolute

value of the non-zero coefficient.

1.1.2 Factorization-Based Gradient Descent for Matrix Completion

Starting from some guess (X (@, Y (), the gradient descent algorithm simply up-

dates the values of (X,Y) by taking steps proportional to the negative of the



gradients with respect to each variable:

X)) — x (k) _ an(Xw)Y(k)T_ M)Y®,

YD — Y8 _ppy (XxPY® T ) X ®), (1.4)

where 77 > 0 is the step size.

1.1.3 Alternating Projections for Phase Retrieval

One early approach to phase retrieval is alternating projections, first introduced
by Gerchberg and Saxton [78] in 1972. Since the solution must satisfy both the
Fourier magnitude constraints and the time domain constraints (e.g., real-valued
signals), it can be viewed as the intersection between a convex set (for the time
domain constraints) and a non-convex set (for the Fourier magnitude constraints).
Thus, the authors proposed to iteratively impose the two set of constraints using

projections:

1. Compute the DFT of &®): z(*+1) = Fa®) and impose the Fourier magnitude

(k+1) Z)

constraints (Hl)( ) = |z(k+1) ()] \/E

2. Compute the inverse DFT of 2¢+D. g+ — p-12(+D and impose the

time-domain constraints, e.g., £**1) = Re(z*+Y).

More concisely, each iteration of this method can be rewritten as

") = Pr(F'Pp(Fz)), (1.5)



where Pr and Pp are the projections onto the time-domain constraints and the

Fourier magnitude constraints, respectively.

1.2 Tterative Algorithms as Fixed-Point Iterations

This dissertation studies the convergence of iterative algorithms as fixed-point it-
erations, drawing the connection to fixed-point theory for the analysis and design
of efficient methods in machine learning and signal processing. More specifically,
we represent each update in algorithms like gradient descent and alternating pro-

jections as a fixed-point equation of form
et = F(2®), (1.6)

and the convergence of the sequence *) can be characterized by the contraction

properties and the fixed-points of the operator F.

e Projected gradient descent: The IHT update in (1.3) can be viewed as a
fixed-point iteration where F(z) = Po_, (€ —n®'(®x —1y)) is a non-smooth
non-convex function due to the projection Pq__. More generally, we note that
many gradient projection based methods can be analyzed under the frame-
work of fixed-point theory, including the singular value projection algorithm
for matrix completion [104], the projected gradient descent for unit-modulus
least squares in beamforming [206], and the Landweber iteration for solving

ill-posed linear inverse problems [48]. In minimizing a differentiable function
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f over the constraint set C, the projected gradient descent update is given

by
) = Po (2™ — v f(2M)),

where 1 > 0 is the step size.

Gradient descent and its variants: The gradient descent update in (1.4)
can be viewed as a fixed-point iteration where
X —nPo(XYT - MY X
F(Z)= , for Z = ;
Y —nPo(XY' - M)'X Y
is a smooth non-convex function with respect to Z. This view also applied to
other contexts such as the Wirtinger flow algorithm for phase retrieval [32]. In

convex optimization, the fixed-point view of gradient descent and its variants

has been studied by Jung [113].

Alternating projections: The alternating projection update in (1.5) can
be viewed as a fixed-point iteration where F(x) = Pr(F~'Pp(Fx)) is a
smooth non-convex function due to the projection Pg. Similarly, the same

perspective can be applied to alternating projections of form
ZL’UH—U == 7)(;1 ( . .Pcm(il,'(k))),

where Cy, ..., C,, are the constraint sets and Pe,, ..., Pc,, are the correspond-

m
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ing projections onto them. Such update arises naturally in other problems
such as matrix completion [46], color plane interpolation [84], and source

localization [238].

By the fixed-point theorem [121], if the Jacobian of F is bounded uniformly,
in some natural matrix norm, by p € (0,1), the sequence x'¥) generated by (1.6)

converges linearly to a fixed-point * of F at rate pp < p:

+1) T*

||:c( SpkHw(l)—w* forl =k k+1,...

Furthermore, as the iterates converge, p; approaches p(Jz(x*)), the spectral ra-
dius of the Jacobian matrix at the fixed point. It is interesting here to emphasize
that such fixed-point results are powerful tools to study the convergence of itera-
tive algorithms in MLSP, especially the asymptotic convergence with exact linear
rate. However, little research for convergence of iterative algorithms in the MLSP
literature has been done in this direction. To further motivate our interpretation

of iterative algorithms as fixed-point iterations, let us briefly review the existing

convergence results for iterative algorithms.

1.3 Asymptotic Convergence of Iterative Algorithms

From a theoretical point of view, convergence properties of iterative algorithms
have long been studied. These properties involve two key aspects: the quality of

convergent points and the speed of convergence. On the one hand, the quality
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of convergent points provides useful insights into when the algorithm converges,
whether it converges to a global/local optimum or a stationary /critical point, and
how (far) the objective function at the convergent point compares to the optimal
objective value. On the other hand, the speed of convergence concerns the order of
convergence, the rate of convergence, and the number of iterations required to ob-
tain sufficiently small errors. In this dissertation, the focus is on the second aspect
that measures the efficiency of iterative algorithms, in particular, the asymptotic
rate of convergence. To better understand the concept of convergence rate, con-
sider gradient descent as one representative of iterative algorithms. In order to
minimize a differentiable function f : R® — R, the algorithm, starting from some

initial guess &, performs the following iterative update
x* ) = £®) _ v (™), (1.7)

where 17 > 0 is the step size (a.k.a, the learning rate). Assume {x®}%° converges

*

to *. Then, the convergence of {x®}%° to x* is said to be at rate p if there

exists a bounding sequence {eg}?°, such that Ha:('“) —x*||, < ¢ for all £ and

2

limy o €x11/€x = p. The asymptotic rate of convergence of gradient descent to x*,
denoted by p, is defined by the worst-case rate of convergence among all possible

*

sequences {x*)}2 = that are generated by (1.7) and converge to x*, i.e., p =
SUDP (k) yo0 - Depending on the value of p in the interval [0, 1], the convergence
is said to be sublinear (p = 1), linear (0 < p < 1) or superlinear (p = 0). It is

straightforward that the lower the value of p is, the faster the speed of convergence
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is; and typically fewer iterations are necessary to obtain a close approximation of
the solution. Thus, analytical estimation of the convergence rate plays a pivotal
role in convergence analysis.

In analyzing the convergence of iterative methods, it is common to study the
convergence to a global solution of the problem. Via assumptions on the strong
convexity and the smoothness of the problem, this approach primarily focuses on
the quality of convergent points (global versus local) and the order of convergence.
It provides a universal upper bound on the error reduction at each k-th iteration,
which holds for both the asymptotic (k — oo) and non-asymptotic (small k) con-
vergence regime [12,16,24,103,160]. The disadvantage of this analysis, however,
is that it often underestimate the asymptotic rate due to the conservative nature
of the employed bounding techniques. A lesser-known approach to convergence
rate analysis is to establish the exact asymptotic rate of convergence by exploiting
the local structure of the problem. By focusing on the local behavior of iterative
algorithms near the solution, this approach offers sharper results on the conver-
gence rate, particularly in the case of non-quadratic objectives. Dating back to
the 1960s, there are two major methods for asymptotic convergence rate analy-
sis. The first method was proposed by Polyak in [167], based on his earlier study
into nonlinear difference equations [166]. The key ideas in this approach are the
extension of the mean value theorem to vector-valued functions and the stability
of difference equations. The second method for asymptotic convergence rate anal-
ysis was developed by Daniel [51] in 1967, while studying gradient descent with

exact line search, i.e., choosing 1 that minimizes the objective at each iteration.
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Utilizing the Kantorovich inequality [114], the author proved a similar result on
convergence characteristics that are close to those inherent for quadratics are ex-
ploited through the Hessian V2 f(x*). The same technique was then extended to
study the asymptotic convergence of projected gradient descent for constrained
optimization [71,132,139].

Apart from the asymptotic convergence rate, one would also be interested in
the region of convergence and the number of iterations needed to reach certain
accuracy. Both of the existing methods, nonetheless, do not provide further result
on these aspects of convergence. Moreover, to the best of our knowledge, there
has been no extension of Polyak’s method to the case of projected gradient descent
(with fixed step size scheme), and vice versa, there has been no extension of Daniel’s

method beyond the exact line search scheme.

1.4 Focus Areas

1.4.1 Asymptotic Convergence Analysis

Motivated by the fixed-point view of iterative algorithms, this dissertation aims to
develop a unified framework to study their asymptotic convergence, namely, the
convergence rate, the region of convergence, and the number of required iterations.
Differently from Polyak’s approach to the stability of non-linear difference equation

in [166], we approximate the fixed-point function (locally) by the following first-
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order difference equation
54 = 7(5Y) + q(8¥), (1.9

where %) = z®) — 2* is the residual at the k-th iteration, T is a linear op-
erator that acts as a contraction mapping on §, and q : R" — R" satisfies
limy 0 |g(d)], / |6]]5 < o0. By carefully examining the stability of the system
dynamic (1.8), the fundamental requirements to achieve the local linear conver-
gence rate can be identified. The methodology applies to both gradient descent
and projected gradient descent with fixed step sizes, as well as iterative algorithms
whose updates can be represented as fixed-point iterations, e.g., alternating projec-
tions. This author hopes that the proposed framework will be used by researchers
in the area of MLSP as a general recipe to quickly derive sharp convergence re-
sults for their specific problems. A collection of fundamental statistical estimation
problems will also be examined to demonstrate the applicability of the proposed
framework. In some of the applications, the novel insight into the local convergence
reveals interesting connections to existing results in relevant areas such as global
convergence analysis, random matrix theory, perturbation theory, and differential

geometry.
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1.4.2 Acceleration Techniques

Another contribution of this dissertation is that the insight into asymptotic conver-
gence analysis can be used to develop variants that enjoy faster convergence while
remain the same computational complexity per iteration. The simplest approach
is to select the optimal step size based on the closed-form expression of the local
convergence rate obtained by the proposed framework. Such selection can be used
as a benchmark against practical schemes with adaptive step size like backtracking
line search. In a more elaborated approach, acceleration techniques such as the
Heavy-Ball method and Nesterov’s accelerated gradient have been introduced in
optimization literature as well as have been using widely in practice. However,
with the fixed-point view of iterative algorithms, these techniques arise naturally
via exploiting leveraging the well-known results in fixed-point theory [181,221].
Moreover, based on the convergence analysis of the plain algorithm, one can eas-
ily design the accelerated variant with optimal parameters (e.g., momentum step
size).

The chapters of this dissertation follow our published work or work under
review. For the ease of the readers, the chapters are self-contained, following
closely the corresponding publication/manuscript. An overview of the dissertation
is shown in Fig. 1.4. The rest of this document is organized as follows. Chapter 2
introduces a closed-form bound on the convergence of iterative methods via fixed
point analysis. This serves as a mathematical tool for the subsequence analysis of

convergence, establishing the expressions of the convergence rate, region of conver-
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gence, and the number of required iterations to reach certain accuracy. Chapter 3
presents a unified framework to study the local linear convergence of projected
gradient descent in the general context of constrained least squares. Then, the
application of the proposed framework is demonstrated for the following problems:
minimizing a quadratic over a sphere (Chapter 4), unit-modulus constrained least
squares (Chapter 5), and low-rank matrix completion (Chapter 7). Focusing on
the latter problem, we present a handful of analytical results on the rank-r projec-
tion operator (Chapter 6), the extreme eigenvalues of random matrices, and their
connections to the asymptotic convergence of iterative hard thresholding for ma-
trix completion. We also demonstrate some acceleration techniques for IHT that
can used to exploit the asymptotic convergence results and obtain the optimal
convergence in practice (Chapters 8 and 9). Another method for matrix comple-
tion, gradient descent for the factorization-based formulation, is also analyzed in
Chapter 10 under the view of fixed-point iterations. Chapter 11 concludes the
technical part of the dissertation with the study of an adaptive step size schedule
for momentum methods in deconvolution applications. Finally, Chapter 12 sum-
marizes the contribution of the dissertation and discusses potential directions for

future work.
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Chapter 2: A Closed-Form Bound on the Asymptotic Linear

Convergence of Iterative Methods via Fixed Point Analysis!

In many iterative optimization methods, fixed-point theory enables the analysis of
the convergence rate via the contraction factor associated with the linear approxi-
mation of the fixed-point operator. While this factor characterizes the asymptotic
linear rate of convergence, it does not explain the non-linear behavior of these
algorithms in the non-asymptotic regime. In this chapter, we take into account
the effect of the first-order approximation error and present a closed-form bound
on the convergence in terms of the number of iterations required for the distance
between the iterate and the limit point to reach an arbitrarily small fraction of the
initial distance. Our bound includes two terms: one corresponds to the number
of iterations required for the linearized version of the fixed-point operator and the
other corresponds to the overhead associated with the approximation error. With
a focus on the convergence in the scalar case, the tightness of the proposed bound

is proven for positively quadratic first-order difference equations.

!This work has been published as: Trung Vu and Raviv Raich. “A Closed-Form Bound on the
Asymptotic Linear Convergence of Iterative Methods via Fixed Point Analysis.” Optimization

Letters, vol. 1, pp. 1-14, 2022.
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2.1 Introduction

Many iterative optimization methods, such as gradient descent and alternating
projections, can be interpreted as fixed-point iterations [113,166, 181,221]. Such

methods consist of the construction of a series {£*)12°  C R" generated by
z* ) = F(z®), (2.1)

where the fixed-point operator F is an endomorphism on R". By the fixed-point
theorem [9,25,121], if the Jacobian of F is bounded uniformly, in the matrix norm
|-||, induced by the Euclidean norm for vectors |||, by p € (0, 1), the sequence
{x®}2 | generated by (2.1) converges locally to a fixed-point z* of F at a linear

rate p, ie., [[g®t) — g* for all integer k.2 Assume that F is

< o) o

differentiable at * and admits the first-order expansion [178]

F@®) = F@)+T@ —a") +q@® —a"),

where 7 : R" — R" is the derivative of F at «* and q : R® — R" is the resid-
ual satisfying limsupgs_o ||@(d)]| / ||d]| = 0. Then, denoting the error at the k-th
iteration as 6®) = x®) — x* the fixed-point iteration (2.1) can be viewed as a

non-linear but approximately linear difference equation

SFD = T7(80)) 4 q(6%). (2.2)

2||-|| denotes the Euclidean norm.
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The stability of non-linear difference equations of form (2.2) has been studied by
Polyak [166] in 1964, extending the result from the continuous domain [14]. In
particular, the author showed that if the spectral radius of 7", denoted by p(7T), is
strictly less than 1, then for arbitrarily small ¢ > 0, there exists a constant C'(()
such that |[6®)]] < C(¢) ||6@]| (o(T) + ¢)* with sufficiently small ||§(|. While
this result characterizes the asymptotic linear convergence of (2.2), it does not
specify the exact conditions on how small ||5(0) H is as well as how large the factor
C(Q) is.

This chapter develops a more elaborate approach to analyze the convergence
of (2.2) that offers, in addition to the asymptotic linear rate p(7), both the region
of convergence (i.e., a set S such that for any ¥ € S we have limy_,o H(S(k) H =0)
and a tight closed-form bound on H (¢) defined as the smallest integer guaranteeing
[6®]| < €][6©]| for 0 < e <1 and all k > H(e). We begin with the scalar version
of (2.2) in which the residual term ¢(¢) is replaced with an exact quadratic function
of 6 and then extend the result to the original vector case. In the first step, we
study the convergence of the sequence {ax}>, C R, generated by the following

quadratic first-order difference equation

app1 = pag + qay, (2.3)

where ag > 0,0 < p < 1, and ¢ > 0 are real scalars. In the second step, we consider

(8]l
8%

the sequence {a}32, obtained by (2.3) with p = p(7T) and ¢ = supsecgn as an

upper bound for the sequence {H5 (k) H};"ZO. In this chapter, we focus on the former
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step while the latter step is obtained using a more straightforward derivation.

In analyzing the convergence of {a}2,, we focus on tightly characterizing
K(e) (for 0 < € < 1), which is defined as the smallest integer such that a; < eay
for all & > K(e). The value of K (€) serves as an upper bound on H(e). When
q =0, (2.3) becomes a linear first-order difference equation and {a;}32, converges
uniformly to 0 at a linear rate p. In particular, a,, = pa;, implies ay, = agp® for
any non-negative integer k. Then, for ¢ = 0, an exact expression of K(¢) can be

obtained in closed-form as

log(l/e)w (2.4)

K9 = [iogtirp |

When ¢ > 0, the sequence {ay}72, either converges, diverges or remains constant

depending on the initial value ag:
1. If ag > (1 — p)/q, then {ax}32, diverges.
2. If ap = (1 —p)/q, then ar, = (1 — p)/q for all k € N.
3. If ap < (1 — p)/q, then {ax}>, converges to 0 monotonically.

We are interested in the convergence of the sequence {ax}32, for ap < (1 —p)/q.
In the asymptotic regime (a; small), the convergence is almost linear since the
first-order term pa; dominates the second-order term ga;. In the early stage (ay
large), on the other hand, the convergence is non-linear due to the strong effect of
qai. In addition, when p — 0, one would expect {ax}32, enjoys a fast quadratic

convergence as qa; dominates pag. On the other end of the spectrum, when p —
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Figure 2.1: (Left) Contour plot of the bound on asymptotic gap between K (¢) and
K (e), given in (2.8). (Right) Log-scale plot of K (¢) and its bounds as functions of
1/e, with p = 0.9 and 7 = 0.89. Three zoomed plots are added to the original plot
for better visualization.

1, we observe that the convergence is even slower than linear, making it more

challenging to estimate K (e).

2.2 Asymptotic Convergence in the Scalar Case

In this section, we provide a tight upper bound on K (€) in terms of aq, p, ¢, and
e. Our bound suggests the sequence {ay}72, converges to 0 at an asymptotically
linear rate p with an overhead cost that depends on only two quantities: p and

aoq/(1 — p). Our main result is stated as follows.

Theorem 2.1. Consider the sequence {ay}32, defined in (2.3) with ag > 0, 0 <
p <1, and g > 0. Assume that ag < (1 — p)/q and denote T = aoq/(1 — p) (where

0 <7 <1). Then, for any 0 < e < 1, the smallest integer, denoted by K(€), such
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that ay, < eag for all k > K(€), can be bounded as follows

log(1/€) 57
K(E) S m + C(pa 7—) - KQ(E)v (25)

where

1 1 1
m AE; <log m, log ;) + b(p, 7‘), (2.6)

AE\(z,y) = E\(z) — Ei(y), Br(z) = [° ?dt is the exponential integral [2], and

1y log(1/p)
e.7) 2/)1 g(log(l/(p+ (1 - p)))) b (27)

Moreover, the gap Ky(e) — K(¢) is upper-bounded asymptotically as follows®

AE; (2 log —— p+T 2 log = ) pAFE; (log p+T(1 B ,log 2 )
2p*log(1/p)

+ b(p, 7). (2.8)

lim (72(6) - K(@) <

e—0

The proof of Theorem 2.1 is given in Appendix 2.5. The upper bound K(e), given
n (2.5), is the sum of two terms: (i) the first term is similar to (2.4), representing
the asymptotic linear convergence of {ax}52,; (ii) the second term, ¢(p, 7), is inde-
pendent of €, representing the overhead in the number of iterations caused by the
non-linear term ga;. This overhead term is understood as the additional number

of iterations beyond the number of iterations for the linear model. As one would

3A tighter version of the upper bound K5 (e) is given in Appendix 2.5, cf., (2.19) and (2.21).
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expect, when ag — (1 — p)/q, we have 7 — 1 and ¢(p, 7) approaches infinity. On
the other hand, when 7 — 0, the gap from the number of iterations required by the
linear model ¢(p, 7) approaches 1. The right hand side (RHS) of (2.8) is an upper
bound on the asymptotic gap between our proposed upper bound on K (€) and the
actual value of K (e) and hence represents the tightness of our bound. The value of
the bound as a function of p and 7 is shown in Fig. 2.1 (left). It is notable that the
asymptotic gap is guaranteed to be no more than 10 iterations for a large portion
of the (p, 7)-space. It is particularly small in the lower right part of the figure. For
example, for p > 0.9 and 7 < 0.9, the gap is no more than 4 iterations. Figure 2.1
(right) demonstrates different bounds on K (€) (blue dotted line) including Ko(e)
(green solid line). We refer the readers to Appendix 2.5 for the details of other
bounds in the figure. We observe that the upper bound Ky(e) approaches K (e)
as € — 0, with the asymptotic gap of less than 2 iterations. On the other hand,
Ky(e) reaches c(p, 7) ~ 25 as € — 1, suggesting that the proposed bound Ky(e)
requires no more than 25 iterations beyond the number of iterations required by

the linear model to achieve a;, < eaq.

2.3 Extension to the Vector Case

We now consider an extension of Theorem 2.1 to the convergence analysis in the
vector case given by (2.2). More elaborate applications of the proposed analysis in
convergence analysis of iterative optimization methods can be found in [213-215,

218].
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Theorem 2.2. Consider the difference equation
O*H) = g™ 4 q(6™), (2.9)

where T € R™ ™ admits an eigendecomposition T = QAQ™', Q € R™™" is an
invertible matriz with the condition number k(Q) = ||Q|l, |Q|l,, and A is an
n X n diagonal matriz whose entries are strictly less than 1 wn magnitude. In
addition, assume that there exists a finite constant ¢ > 0 satisfying ||q(8)|| < ¢8|

for any & € R™. Then, for any 0 < e < 1, we have Hé(’“)H <e Hé(O)H provided that

o Lm0 g1/ +los(s(@) - av(@) QU @07
190 < i@y %2 = ey DT )
(2.10)

where c(p, T) is given in (2.6). Moreover, if T is symmelric, then (2.10) becomes

[0 < 2228 g g = B9y (o M) (2.11)
q log(1/p(T)) 1—p(T)

Note that the RHS of the inequalities involving & in both (2.10) and (2.11) serve
as upper bounds to H(e) defined in the introduction. Moreover, the sets of all
5 that satisfy the inequality involving 6 in both (2.10) and (2.11) offer valid
regions of convergence. Similar to the scalar case, we observe in the number of
required iterations one term corresponding to the asymptotic linear convergence
and another term corresponding to the non-linear convergence at the early stage.

When T is asymmetric, there is an additional cost of diagonalizing T, associated
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with £(Q) in (2.10). The proof of Theorem 2.2 is given in Appendix 2.6.

2.4  Conclusion

With a focus on fixed-point iterations, we analyzed the convergence of the sequence
generated by a quadratic first-order difference equation. We presented a bound on
the minimum number of iterations required for the distance between the iterate
and the limit point to reach an arbitrarily small fraction of the initial distance. Our
bound includes two terms: one corresponds to the number of iterations required
for the linearized difference equation and the other corresponds to the overhead
associated with the residual term. The bound for the vector case is derived based
on a tight bound obtained for the scalar quadratic difference equation. A charac-
terization of the tightness of the bound for the scalar quadratic difference equation

was introduced.

2.5 Proof of Theorem 2.1

First, we establish a sandwich inequality on K (€) in the following lemma:

Lemma 2.1. For any 0 < e < 1, let K(¢) be the smallest integer such that for all

k > K(€), we have ay, < eag. Then,

K(e) £ F(log(1/e€)) < K(e) < F(log(1/€)) + b(p,7) £ K(e), (2.12)
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where b(p, T) is defined in (2.7) and

1

—log(p+7(1—p)e®) (2.13)

F(x) = /Oz f(t)ydt with  f(z) =

The lemma provides an upper bound on K (e). Moreover, it is a tight bound in
the sense that the gap between lower bound K (e) and the upper bound K (e) is
independent of e. In other words, the ratio K (€)/K(¢) approaches 1 as e — 0.
Next, we proceed to obtain a tight closed-form upper bound on K (€) by upper-

bounding F'(log(1/e)).
Lemma 2.2. Consider the function F(-) given in (2.18). For 0 < e < 1, we have

1 1
< log(1/€) N AE (10g p+7’(1—p)’10g pter(1—p)

) o7, (1og(1/0))

F(log(1/9) < 301 7) plog(1/p)
(2.14)
g log(1/e) . AFE; <10g 'p+r(11—p),10g /l)) AT (10 (1/6)) (2.15)
< Tos(1/p) plog(1/p) S |
and

W%
il

F(log(1/)) = Ty (log(1/e)) — A(e) 2 F, (log(1/e)), (2.16)
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where

1 1 1 1
o DE1(2108 5 2108 ) — PAE (108 5=, 108 rmimpe)

Ale) 20° 108(1/7)

(2.17)

Lemma 2.2 offers two upper bounds on F'(log(1/€)) and one lower bound. The
first bound F(log(1/¢)) approximates well the behavior of F(log(1/e€)) for both
small and large values of log(1/¢). The second bound Fy(log(1/€)) provides a
linear bound on F'(log(1/e)) in terms of log(1/€). Moreover, the gap between
F(log(1/¢)) and F(log(1/€)), given by A(e), can be upper bound by A(0) since
A(-) is monotonically decreasing for € € [0,1). While F(-) asymptotically increases
like log(1/€)/log(1/p), the gap approaches a constant independent of €. Replacing
F(log(1/e€)) on the RHS of (2.12) by either of the upper bounds in Lemma 2.2, we

obtain two corresponding bounds on K (¢):
Ki(e) £ Fi(log(1/€)) +b(p, 7) < Fa(log(1/€)) + b(p, 7) & K (e), (2.18)

where we note that Ky(e) has the same expression as in (2.5). Moreover, the
tightness of these two upper bounds can be shown as follows. First, using the first

inequality in (2.12) and then the lower bound on F(log(1/e€)) in (2.16), the gap
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between K (¢) and K (¢) can be bounded by

R.(e) — K(e) < Ka(e) — F(log(1/e))
< Ka() — (F (tog(1/e)) ~ A(e))
= (Fu((10g(1/e)) + b(p, 7)) — (T (10g(1/€)) — A(e))
= A(e) + b(p, )
< A(0) + b(p, 7), (2.19)

where the last inequality stems from the monotonicity of A(-) in [0,1). Note that
the bound in (2.19) holds uniformly independent of e, implying K (¢) is a tight
bound on K(e). Second, using (2.18), the gap between Ky(e) and K(€) can be

represented as

= (Fa(log(1/e)) — i (1og(1/e))) + (Ka(e) — K(e))

< (F2(log(1/€)) — Fi(log(1/e))) + (A(0) + b(p, 7)), (2.20)

where the last inequality stems from (2.19). Furthermore, using the definition of

F1(log(1/¢€)) and Fy(log(1/e)) in (2.14) and (2.15), respectively, we have

lim(F(log(1/6) — F (log(1/e)) = 0.
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Thus, taking the limit ¢ — 0 on both sides of (2.20), we obtain

lim(Ks(e) — K(e)) < A(0) + b(p, 7). (2.21)

e—0

We note that Ky (e) is a simple bound that is linear in terms of log(1/¢) and ap-
proaches the upper bound K (¢) in the asymptotic regime (¢ — 0). Evaluating
A(0) from (2.17) and substituting it back into (2.21) yields (2.8), which completes
our proof of Theorem 2.1. Figure 2.1 (right) depicts the aforementioned bounds
on K(e). It can be seen from the plot that all the four bounds match the asymp-
totic rate of increment in K (€) (for large values of 1/¢). The three bounds K (e)
(red), K(¢) (yellow), and K, (¢) (purple) closely follow K (€) (blue), indicating that
the integral function F(-) effectively estimates the minimum number of iterations
required to achieve aj < eag in this setting. The upper bound K () (green) forms

a tangent to K1(¢) at 1/e — oo (i.e., € — 0).

2.5.1 Proof of Lemma 2.1

Let di = log(ag/ay) for each k € N. Substituting a; = age™% into (2.3), we obtain

the surrogate sequence {dj}22:

djr1 = dx —log(p+ 7(1 — p)e™ ), (2.22)

where dy = 0 and 7 = aopq/(1 — p) € (0,1). Since {ar}3>, is monotonically

decreasing to 0 and d, is monotonically decreasing as a function of ay, {dx}32, is a
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monotonically increasing sequence. Our key steps in this proof are first to tightly

bound the index K € N using F(dk)

Fldg) < K < F(dg) + 2—1plog(log(p iofg — p))> (2.23)

and then to obtain (2.12) from (2.23) using the monotonicity of the sequence
{di}32, and of the function F(-). We proceed with the details of each of the steps

in the following.

Step 1: We prove (2.23) by showing the lower bound on K first and then showing
the upper bound on K. Using (2.13), we can rewrite (2.22) as dyy1 = dp+ 1/ f(dg).

Rearranging this equation yields

Fld) (dyor — dy) = 1. (2.24)

Since f(x) is monotonically decreasing, we obtain the lower bound on K in (2.23)

by
di K1 edpyy
F(dg) = /O flx)de = kzzo /d k f(z)dx
K=1 ..., K-1
< / Fddr =3 Fd) (o —di) = K, (2.25)
k=0 dk k=0

where the last equality stems from (2.24). For the upper bound on K in (2.23),
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we use the convexity of f() to lower-bound F'(df) as follows

K-1 dk+1 K- dkﬂ
- Z/ Z/ S(di) + f'(di)(x — dy,))dx
= - (f(dk)<dk+l —dy) + %f/(dk)(dk—i-l - dk)2>- (2.26)

k=0

Using (2.24) and substituting f'(z) = —(f(m))Q% into the RHS of (2.26),

we obtain

K-

,_.

,dk

1
Fldi) 2 K =5 (2.27)

k::Op+T 1— e—dk’

Note that (2.27) already offers an upper on K in terms of F(dk). To obtain the

upper bound on K in (2.23) from (2.27), it suffices to show that

= —dk 1 log p
- < —log( > (2.28)
e p+T 1— = p " \log(p+7(1-p))

In the following, we prove (2.28) by introducing the functions

(1 =ple 1
gle) = p+7(1—ple=®—log(p+7(1—pe®) (2.29)

and

Glz) = /0 ")t = 1og(10i(gp(:+7(:(1_ f)z);)). (2.30)
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Note that g(-) is monotonically decreasing (a product of two decreasing functions)

while G(-) is monotonically increasing (an integral of a non-negative function) on

[0,00). We have
dr 1 pdiia K-1 ndpyy
Gli) = [ grin =Y [ gz Y [ gl
0 k=0 /& k=0 */ &
K-1 K1 o)
=D 9(dps1)(di1 — di) = L2 g(di) (disr — dy). (2.31)
k=0 k=0 g(dk)

Lemma 2.3. For any k € N, we have g(dy11)/g(dx) > p.

Proof. For k € N, let t;, = p+ 7(1 — p)e=% € (p,1). From (2.22), we have t; =
e~ kri=dt) and ty ) = p+7(1—p)e ¥+t = p+7(1—p)e e~ Er=de) = pi(t,—p)t;..

Substituting dj for z in g(x) from (2.29) and replacing p + 7(1 — p)e~% with t

yield g(dy) = T(l_fzefdk —loé(tk)' Repeating the same process to obtain g(dy,1) and

taking the ratio between g(di11) and g(dy), we obtain

9(di+1) — o (diy1—dy) ty  log(tx)

. 2.32
9(dk) tr1 log(trs1) (2:32)
Substituting e~(%+1=%) = ¢, and t,,, = p + (t — p)tx into (2.32) yields
d 2 log(t

9(dy) (p+ (tr — p)tr)log(p + (tr — p)tr)

We now continue to bound the ratio g(di+1)/g(dx) by bounding the RHS. Since
ty—p > 0and ¢, < 1, we have t;, —p > (t,, — p)ty and hence ti/(p + (tr. — p)tx) > 1.

Thus, in order to prove % > p from the fact that the RHS of (2.33) is greater
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or equal to p, it remains to show that

tk log(tk)
log(p + (te — p)tk)

> p. (2.34)

By the concavity of log(-), it holds that log(£1+ t’“t—;pt) > £ log(1)+ t’“t—;p log(ty) =
(1 — £)log(t). Adding log(tx) to both sides of the last inequality yields log(p +
(tk — p)t) = (2 — £)log(ty). Now using the fact that (y/p/tr — Vie/p)?

we have 2 — p/t;, < t;/p. By this inequality and the negativity of log(t;), we
have log(p + (tx — p)tx) > %’“log(tk). Multiplying both sides by the negative
ratio p/log(p + (tx — p)tr) and adjusting the direction of the inequality yields the

inequality in (2.34), which completes our proof of the lemma. ]

Back to our proof of Theorem 2.1, applying Lemma 2.3 to (2.31) and substi-
tuting di1 — dp = —log(p + 7(1 — p)e~%*) from (2.22) and g(dy) from (2.29), we

have

K—1 K—1 o
G(dg) > di)(dg+1 — dg) . 2.35
(K)_kzopg( k) (di1 — dy) p;ﬁﬂ_ pn (2.35)
Using the monotonicity of G(-), we upper-bound G(dg) b
log p
Gldg) <G =1 . 2.36
(dx) < Gloo) Og(log(p+7(1 —p))) (2:36)

Thus, the RHS of (2.35) is upper bounded by the RHS of (2.36). Dividing the
result by p, we obtain (2.28). This completes our proof of the upper bound on K

in (2.23) and thereby the first step of the proof.
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Step 2: We proved both the lower bound and the upper bound on K in (2.23).
Next, we proceed to show (2.12) using (2.23). By the definition of K'(€), ax() <

€ap < ag(e—1. Since d = log(ao/ar), for k € N, we have dg (-1 < log(1/e) <

~—

dg(e)- On the one hand, using the monotonicity of F'(-) and substituting X = K (e

into the lower bound on K in (2.23) yields

F(log(1/)) < Fldi(o) < K(e). (237)

On the other hand, substituting K = K(e) — 1 into the upper bound on K in

(2.23), we obtain

K(€) = 1< Fdg( 1) + ziplog(log(p iof(pl ] ) (2.38)

Since F(-) is monotonically increasing and dg -1 < log(1/€), we have F(dg()-1) <
F(log(1/€)). Therefore, upper-bounding F(dg-1) on the RHS of (2.38) by
F(log(1/e)) yields

K(e) < F(log(1/e)) + 2_1,010g<10g(,0 iof(pl — p))) + 1. (2.39)

The inequality (2.12) follows on combining (2.37) and (2.39).
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2.5.2 Proof of Lemma 2.2
Let v =7(1 — p)/p. We represent f(z) in the interval (0,log(1/¢)) as

1
-~ —log(p+7(1—pe®)
1 i 1 log(1+ ve™™)
= Tog(177) " Toa(1/7) Tog(1/p) — log(1 + ve7)

/()

Then, taking the integral from 0 to log(1/¢) yields

1 log(1/¢) log(1 + ve™)
Plos(1/9) = iz (st s [ o v )

(2.40)

Using o(l — a/2) = a —a?/2 < log(l +a) < a, for « = ve™* > 0, on the
numerator within the integral in (2.40) and changing the integration variable ¢ to

z =log(1/p) —log(1 4+ ve™), we obtain both an upper bound and a lower bound

on the integral on the RHS of (2.40)

1 /z e * — 2lp6_2<6_z — p)d < /log(l/E) log(1 +ve™)
- z
pJ: z ~Jo log(1/p) —log(1 +ve™)

1 [Fe
g—/ ° (2.41)

where z = —log(p+7(1—p)) and Z = — log(p+eT(1—p)). Replacing the integral in
(2.40) by the upper bound and lower bound from (2.41), using the definition of the
exponential integral, and simplifying, we obtain the upper-bound on F(log(1/¢))
given by F;(log(1/€)) in (2.14) and similarly the lower bound on F(log(1/e))
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given by F(log(1/e¢)) in (2.16). Finally, we prove the second upper bound in

(2.15) as follows. Since Ej(-) is monotonically decreasing and m < %, we

<

1 1
have E (log rer(izp) p+e7’(1—p)) —

1-p)

AFE;(log m,log %) Combining this with the definition of F;(log(1/e)) and

) > Ei(log %), which implies AF (log m, log

Fy(log(1/€)) in (2.14) and (2.15), respectively, we conclude that F;(log(1/¢€)) <

F5(log(1/€)), thereby completes the proof of the lemma.

2.6 Proof of Theorem 2.2

Let %) = Q'6® be the transformed error vector. Substituting 7 (™) =
QAQ~'(6™) into (2.2) and then left-multiplying both sides by @', we obtain

D = AS® 1 g™, (2.42)

~ - -~ - 2
where G(§)) = Q~q(Q8W) satisfies ||a(6®) | < ¢ 1@, |QI3]|6%)||". Taking

the norm of both sides of (2.42) and using the triangle inequality yield

|0 <[] + [lae]

~ 2
< I, 5|

59 +all@!]l, 113

Since ||A|l, = p(T), the last inequality can be rewritten compactly as

2

HSUM) , (2.43)

<ofs+afs]
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where p = p(T) and ¢ = ¢ |Q|, [|Qlf>-

To analyze the convergence of {HS(’“) H 122 o, let us consider a surrogate sequence
{ap}2, C R defined by ayy1 = pag + gai with ap = HS(O) H We show that {a;}2,

upper-bounds {HS(’“)H}%’:O, ie.,
Hé““)H <a, VEkeN (2.44)

The base case when k£ = 0 holds trivially as ay = HS(O)H. In the induction step,

given Hg(k) H < a;, for some integer k > 0, we have

~ . 2
o 80 <

By the principle of induction, (2.44) holds for all & € N. Assume for now that
5

ap = ‘ ‘ < (1 = p)/q, then applying Theorem 2.1 yields a; < €ag for any € > 0
and integer k > log(1/€)/log(1/p) + c(p, 7). Using (2.44) and setting € = €/x(Q),
8<O>H /k(Q) for all

we further have HS(’“)H <ap <éag=c¢€

log(1/€) +log(r(Q))
k> og(1/) + c(p, = > (2.45)

M| <

Now, it remains to prove (i) the accuracy on the transformed error vector

€ ) 6 H is sufficient for the accuracy on the original error vector Hé(k) H <e Hé(o)

I

and (ii) the initial condition ||6®]|| < (1 = p)/(¢x(Q)?) is sufficient for 5(0)H <
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(1 —p)/q. In order to prove (i), using HS(’“)H <e 5(0)H /k(Q), we have

|69 = [@8®] < @l [

o] - i b 1o

€
< B - -
< Il Te T, o,

where the last inequality stems from Hs(O)H = HQ‘lé(O)” < 1@, Ha(O)H. To

prove (i), we use similar derivation as follows

~ — - 1_p 1_p
5(0) < 1 6(0) 1 =
5] < el 16 < Nl ™1l 7oy =

Finally, the case that T is symmetric can be proven by the fact that @ is orthog-
onal, i.e., Q' = QT and k(Q) = 1. Substituting this back into (2.10) and using
the orthogonal invariance property of norm, we obtain the simplified version in

(2.11). This completes our proof of Theorem 2.2.
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Chapter 3: On Local Linear Convergence of Projected Gradient
Descent for Constrained Least Squares!
Many recent problems in signal processing and machine learning such as com-
pressed sensing, image restoration, matrix/tensor recovery, and non-negative ma-
trix factorization can be cast as constrained optimization. Projected gradient
descent is a simple yet efficient method for solving such constrained optimization
problems. Local convergence analysis furthers our understanding of its asymp-
totic behavior near the solution, offering sharper bounds on the convergence rate
compared to global convergence analysis. However, local guarantees often appear
scattered in problem-specific areas of machine learning and signal processing. This
chapter presents a unified framework for the local convergence analysis of projected
gradient descent in the context of constrained least squares. The proposed analysis
offers insights into pivotal local convergence properties such as the conditions for
linear convergence, the region of convergence, the exact asymptotic rate of conver-
gence, and the bound on the number of iterations needed to reach a certain level of
accuracy. To demonstrate the applicability of the proposed approach, we present a

recipe for the convergence analysis of projected gradient descent and demonstrate

! This work has been published as: Trung Vu and Raviv Raich. “On Local Linear Convergence
of Projected Gradient Descent for Constrained Least Squares.” IEEE Transactions on Signal

Processing, vol. 70, pp. 4061-4076, 2022.
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it via a beginning-to-end application of the recipe on four fundamental problems,
namely, linear equality-constrained least squares, sparse recovery, least squares

with the unit norm constraint, and matrix completion.

3.1 Introduction

Constrained least squares can be formulated as the following optimization problem:

1 5
min §||Aaz -b|* st.xel, (3.1)

where C € R" is a non-empty closed set, A € R™*" and b € R™ is the observation
from which we wish to recover the solution x* efficiently. With the surge in the
amount of data over the past decades, modern learning problems have become
increasingly complex and optimization in the presence of constraints is frequently
used to capture accurately their inherent structure. Examples in the area of ma-
chine learning and signal processing include, but are not limited to, compressed
sensing [20,21,66|, image restoration [72,100,150], seismic inversion [41,149,169],
and phase-only beamforming [206,236]. Since the set of real ny X ny matrices is
isomorphic to R™™2 application of (3.1) is also found in problems such as low-rank
matrix recovery [43,104,116] and non-negative matrix factorization [83,133,154].

Projected gradient descent (PGD) is one of the most popular methods for solv-
ing constrained optimization, thanks to its simplicity and efficiency. In theory,

convergence properties of this method are natural extensions of the classical re-
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sults for unconstrained optimization [12,16,103,140]. When the constraint set C is
convex, PGD is also known as the projected Landweber iteration [48] and is shown
to converge sublinearly to the global solution of (3.1). Moreover, when the least-
squares objective is strongly convex, the algorithm enjoys fast linear convergence.
For non-convex settings, with the recent introduction of restricted (strong) convex-
ity, global convergence has been guaranteed for certain structural constraints such
as sparsity constraint [36], low-rank constraint [199], and L2-norm constraint [13].
For a more comprehensive review of convergence analysis for PGD in the literature,
we refer the reader to Appendix 3.6.6.

From a different perspective, problem (3.1) can be viewed as a manifold opti-
mization problem in which the intrinsic structure of manifolds can be exploited.
Dating back to the 1970s, Luenberger [139] studied a variant of gradient projec-
tion method using the concept of geodesic descent. Under the assumption that C
is a differentiable manifold in Euclidean space, the author provided sufficient con-
ditions for global convergence and established a sharp bound on the asymptotic
convergence rate near a strict local minimum. Later on, this result was extended
to a broader class of Riemannian manifolds and has been widely known as the
Riemannian steepest descent method [71,132,139,207]. The asymptotic conver-
gence rate of Riemannian steepest descent (with exact line search) is given by the
Kantorovich ratio (8 — «)?/(8 + «)?, where o and /3 are the smallest and largest
eigenvalues of the second derivative of the Lagrangian restricted to the subspace
tangent to the constraint manifold at the solution. Remarkably, such local con-

vergence bounds are tighter than those obtained from the aforementioned global
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convergence analysis in the optimization literature since the former exploits the
local structure of the problem. The global convergence bounds, on the other hand,
take into account the worst-case behavior of the algorithm that might occur far
away from the solution of interest. In certain situations, global convergence anal-
ysis suggests sublinear convergence while local convergence analysis offers linear
convergence thanks to the benign structure near the solution [164]. One key el-
ement in the asymptotic convergence analysis of Riemannian steepest descent is
Kantorovich inequality [197]. However, this technique depends on the optimal
choice of step size in the exact line search scheme and is not straightforwardly
generalized to other variants of gradient projection. To the best of our knowledge,
there has been no direct extension of the analysis for Riemannian steepest descent
method to plain PGD with a fixed step size.

Our Contribution. In this chapter, we develop a unified framework for a
local convergence analysis of the PGD algorithm. We leverage our earlier prelimi-
nary work, in which we developed a convergence rate only analysis for the specific
problems of low-rank matrix completion [46] and minimization of a quadratic with
spherical constraints [218]. For the former, we developed two acceleration ap-
proaches that leverage on the rate analysis [213,214]. The key approach used in
these works is to represent each algorithm as a fixed point iteration and to ap-
proximate the fixed point operator as locally linear. This idea extends to other
algorithms (i.e., non PGD) that can be represented using a fixed point iteration
(e.g., see our work on analyzing GD for symmetric matrix completion [215]). For

each problem, problem-specific properties have been utilized to facilitate the anal-
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ysis. Here, our goal is to develop a unified framework for convergence rate analysis
of PGD for constrained least-squares. Our framework relies on three key steps:
(i) the introduction of Lipschitz-continuous differentiability to provide tight error
bounds on the linear approximation of the projection operator near the solution,
(i) the establishment of an asymptotically-linear recursion on the error iterations,
and (1) the derivation of the linear rate and the region of convergence (ROC)
of the error sequence by leveraging our work on the convergence of nonlinear dif-
ference equations [216]. Our approach shifts the burden of the analysis to the
characterization of the projection operator (for an example of such characteriza-
tion of the projection onto the rank-r manifold, see [211]-Theorem 1). In the
context of PGD for the general constrained least squares, the proposed framework
is the first to offer a closed-form expression of the exact asymptotic rate of local
linear convergence, the ROC, and a bound on the number of iterations needed to
reach a certain level of accuracy.? To illustrate the utility of the approach, we
apply our framework to four well-known problems in machine learning and signal
processing, namely, linear equality-constrained least squares, sparse recovery, least
squares with spherical constraint, and matrix completion. We show that the ob-
tained asymptotic rate of convergence matches existing results in the literature.

For problems in which the exact convergence rate of PGD has not been studied, we

2We note that the classic work of Polyak [166] can be considered as a replacement for our
analysis in the third step. While such result is more general in the context of nonlinear different
equations, we do not find a straightforward extension to obtain the ROC and the guarantees on

the number of required iterations in our context of convergence analysis.



46

verify the asymptotic rate obtained by our analysis against the rate of convergence
obtained in numerical experiments. We believe that this framework can be used
as a general recipe to develop quick yet sharp local convergence results for PGD
in other applications in the field as well as to complement conservative analysis of
global convergence.

Organization. The rest of this chapter is organized as follows. Section 3.2
provides a brief background of PGD for constrained least squares, including prop-
erties of the orthogonal projection, stationary points of the problem, and the PGD
algorithm along with its fixed points. Next, we present our unified framework for
the local convergence analysis of PGD in Section 3.3, followed by the proof of the
main theorem. Then, Section 3.4 demonstrates the application of the proposed
recipe to four well-known problems in machine learning and signal processing. Fi-
nally, we summarize our results and discuss some of the possible extensions in

Section 3.5.

3.2 Preliminaries

This section presents key concepts and background results that will be used as the

basic premise of our subsequent convergence analysis.
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3.2.1 Notation

Throughout this chapter, we use the notation ||-|| to denote the Euclidean norm
for vectors. For matrices, ||| and ||-||2 denote the Frobenius norm and the spec-
tral norm, respectively. Boldfaced symbols are reserved for vectors and matrices.
Additionally, the ¢t x t identity matrix is denoted by I; and the ith vector in the
natural basis of R" is denoted by e;. We use ® to denote the Kronecker prod-
uct between two matrices. The vectorization of a matrix X € R™*", denoted
by vec(X), is the concatenation of the columns of a matrix one on top of an-
other in their original order, i.e., for X = [zy,...,x,], vec(X) = [z],..., 2] .
Given a vector € R", diag(x) denotes the a square diagonal matrix such that
[diag(x)]; = x;. For a scalar r > 0, denote the open ball of center  and radius
r by B(x,r) = {y | |ly — x| < r}. Correspondingly, the closed ball of center x
and radius r is denoted by Bz, r] = {y | ||y — x| < r}. The lexicographical order
between two vectors & and y of the same length is defined by x < y if x; < y;
for the first ¢ (i goes from 1) where z; and y; differ. The lexicographical order
between two matrices X and Y of the same size is define by the lexicographical
order between vec(X) and vec(Y).

Given A € R™ " the ith largest eigenvalue and the ith largest singular value
of A are denoted by X;(A) and o;(A), respectively. The spectral radius of A is
defined as p(A) = max;|\;(A)| and is less than or equal to the spectral norm,

ie., p(A) < ||All2. Gelfand’s formula [77] states that p(A) = limk_>oo||Ak||§/k.

If A is square and invertible, the condition number of A is defined as k(A) =
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01(A)/on(A).

3.2.2 Nonlinear Orthogonal Projections

Given a non-empty set C C R", let us define the distance from a point * € R” to

C as
d(@,C) = inf{|ly — @ }. (3.2)
yel
The set of all projections of @& onto C is defined by
le(x) ={y €C||ly —z| =d(z,C)}. (3.3)

It is well-known [210] that if C is closed, then for any & € R", Il¢(x) is non-
empty>. An orthogonal projection onto C is defined as Pc : R® — C such that
Pe(x) is chosen as an element of Il¢(x) based on a prescribed scheme (e.g., based
on lexicographic order). There exists a non-empty subset of R"™ such that Il¢ is

uniquely defined, given by
singletonIlz = {& € R" | II¢(x) is singleton}. (3.4)

We can now consider the differentiability of Pe over singleton Il; as follows.

Definition 3.1 (Point-wise differentiability). The projection Pc is said to be dif-

3In addition, if C is convex, then Il¢(x) is singleton.
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ferentiable at x € singleton ¢ if there exists VPc(x) € R™™™ such that

0.

I |y — Pe(x) — VPe(x)d]
11m Sup Sup —
50 yelle(z+9) 6]

The operator VPc(x) is said to be the derivative of Pe at x.

Definition 3.2 (Point-wise Lipschitz-continuous differentiability). The projection
Pe 1s said to be Lipschitz-continuously differentiable at x € singleton Il if Pe is
differentiable at x and there exist 0 < ¢1(x) < 0o and 0 < co(x) < 00 such that

for any & € B(0,ci(x)), we have

sup ||y — Pe(x) — VPc(x)d]| < co(x)||]]*. (3.5)

yelle (m+5)

It is noted that the supremum in (4) implies
[Pe(@ + 8) = Pe(x) — VPe(x)d] < ca() 0]

holds for any choice of Pe(x + ) in Ile(x + §). Note that while Pe(x) is uniquely

defined for & € singleton Il¢, Pe(x+4d) is not since £+49 may not be in singleton Ile.

Example 3.1. Let C = {& € R" | ||z|| = 1} be the unit sphere of dimension
n—1. For any x # 0, the projection onto C is uniquely given by Pe(x) = x/||z||.
For @ = 0, we have I1¢(0) = C and Pc(0) can be chosen as any point on the unit
sphere. In Appendix 3.6.7, we prove that Pe is Lipschitz-continuously differentiable

at any x € singleton Il = R™\ {0}. In particular, for any  # 0 and § € R", we
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have

-
y—Hi—”—<In a::z:>5

][>/ [|]

2
< s> 3.6
< ol (36)

sup
y€llc(z+96)

For 6 # —x, Ue(x +0) = {(x +9)/ ||+ 6|} is singleton and the supremum is
evaluated at only one point y = (x + 9)/ ||+ d||. For § = —x, lle(x + §) =
IIc(0) = C is not singleton and the supremum is taken over the entire sphere
independent of . In either case regardless the value of &, comparing (3.6) with
(3.5), we recognize the projection onto the unit sphere is Lipschitz-continuously

differentiable at x € singleton Il with

1 xrxr'
VPe(x) = — (I, — ——),
¢ uccu< kuQ>

2
c1(x) = oo, Cz(m)zw-

In 1984, Foote [67] showed that if C is a C* (k > 2) submanifold of R, then C
has a neighborhood &£ such that £ C singleton Il and the projection P¢ restricted
to £ is a C*~! mapping. Later on, Dudek and Holly [59] proved the derivative
VPe is a linear map to the tangent bundle of C and more importantly, for any
x* € C, VPc(x*) is the (linear) orthogonal projection onto the tangent space to

C at x*. Recently, a local version of this result has been proposed by Lewis and

Malick [129]:

Proposition 3.1. (Rephrased from Lemma 4 in [129]) Assume C is a C* (k > 2)

manifold around a point €* € C. Denote the tangent space to C at «* by T (C).
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Algorithm 3.1 Projected Gradient Descent (PGD)
Input: f,C, n, x©
Output: {z®}2

1: for k=0,1,... do

2. 2P =gk nAT(Az®) — b)

3. z*+) = P, (zf/“))

Then, the set of projections ¢ is (locally) singleton around x*. Moreover, Pc is

a C*1 mapping around x* and

VPe(x*) = Pr,.(c), (3.7)

where Pr,. (c) is the orthogonal projection onto Ty-(C).

Further works on the uniqueness and regularity of Pc can also be found in [4,6,
127,173]. We note that the assumption C is a C? manifold around x* requires
the existence of a neighborhood of * in which P¢ is uniformly differentiable. Our
result in this chapter, while strongly motivated by the aforementioned results, only

requires C to be differentiable at two points (see Theorem 3.1).

3.2.3 Stationary Points of (3.1)

We defined the (Lipschitz-continuous) differentiability of the projection Pe at a
point in C. We are now in position to define stationary points of (3.1) as those

where the gradient of the objective function on the constraint set vanishes [3]:

Definition 3.3. * € C is a stationary point of (3.1) if Pc is differentiable at
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x* and
VPe(xz*)AT(Az* — b) = 0. (3.8)

Assume in addition that P is Lipschitz-continuously differentiable at * with con-
stants c1(x*) and co(x*). Then x* is called a Lipschitz stationary point of

(8.1) with constants c¢i(x*) and co(x*).

Similar to unconstrained optimization, stationary points in Definition 3.3 can be
local minimizers, local maximizers, or saddle points of the constrained problem

(3.1).

3.2.4 Projected Gradient Descent

Algorithm 3.1 describes the projected gradient descent algorithm for solving (3.1).
Starting at some z(® € C, the algorithm iteratively updates the current value by
(i) taking a step in the opposite direction of the gradient and (ii) projecting the

result back onto C, i.e.,
20+ =P (2 — AT (A2 ~ b)), (3.9)

where 1 > 0 is a fixed step size.
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Definition 3.4. x* is a fized point of Algorithm 3.1 with step size n > 0 if
x* = Pe(x* —nAT(Az* — b)). (3.10)

Lemma 3.1. If * is a fixed point of Algorithm 3.1 with some step size n > 0 and

Pe is differentiable at x*, then x* is a stationary point of (5.1).

The proof of Lemma 3.1 is given in Appendix 3.6.1.

3.3 Local Convergence Analysis

In this section, we present the key contribution of this work, namely, a local conver-
gence analysis of projected gradient descent for constrained least squares. Specif-
ically, our goal is to establish the following results: (i) a closed-form expression
of the exact asymptotic rate of convergence, (7i) a bound on the number of itera-
tions needed to reach a certain level of accuracy, and (7ii) a region of convergence.
Figure 3.1 illustrates the key idea in our analysis. In order to establish the local
linear convergence of Algorithm 3.1 to its fixed point x*, we require the Lipschitz-
continuous differentiability of Pc at * and at z; = x* — nAT(Ax* — b). These
properties enables us to approximate each projected gradient descent update by a
linear operator on the error vector (i.e., the difference between «(*) and z*). Then,
under the additional assumption that this linear operator is a contraction map-
ping and the initialization z(©) is sufficiently close to &*, we show that the gradient

step and the projection step remain inside the Lipschitz-continuous differentiability
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Figure 3.1: Illustration of convergence of projected gradient descent to a fixed
point &*. In order to guarantee linear convergence, Theorem 3.1 requires P¢ to be
Lipschitz-continuously differentiable at both z(®) and 2\ = ® —nAT(Az® —b).
Moreover, the condition ||z — @*|| < min{cy(z*)/k(Q), c1(2;)/(k(Q)uy)} from
(3.13) ensures that & remains inside B(x*, c;(x*)) (blue dashed ellipse) and

z,(,k) = remains inside B(z;, c1(2;)) (orange dashed ellipse).
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regions of x* (i.e., B(x*,ci(z*))) and 2} (i.e., B(2;,c1(z;)), respectively).

3.3.1 Main Results

In this following, we state our main result in Theorem 3.1, followed by further

insights into the convergence results.

Theorem 3.1. Suppose x* is a fized point of Algorithm 3.1 with step size n > 0

such that the following conditions hold:

1. Pe is Lipschitz-continuously differentiable at both the fized point * and at the

gradient step taken from the fixed point
zp=x" — nA'(Az* —b), (3.11)

with the corresponding matrices VPe(x*), VPe(z;), and constants ci(x*), ca(x*),

*

c(z

), and ca(2).

2. The matriz

H = V7P(z)(I, —nATA)VPc(x") (3.12)

admits an eigendecomposition H = QAQ ™", where Q € R™ " is an invertible
matrixz and A is a diagonal matriz whose diagonal entries are strictly less than

1 in magnitude, i.e., p(H) = ||Alls < 1.
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3. The initial iterate £ satisfies

2@ — z*|| < min{ C;Eg)), /:(lg)vgn L= Z(H) } (3.13)
where
uy = I, —nATAll; (3.14)
and
q = K*(Q)uy(ca(2y)uy + |V Pe(2;) | 2¢2(27)). (3.15)

Let {zM)}2  be the vector sequence generated by the PGD update in (3.9). Then,

for any 0 < e < 1, we have ||z® — x*|| < e]|z® — x*|| for all

. log(1/e€) +log(k(Q))

log(1/p(D) T (3.16)

where c3 > 0, given explicitly in Lemma 3.4, is independent of €. Algorithm 3.1
is said to converge locally to x* at an asymptotic linear rate p(H) with the

region of linear convergence given by (3.13).

Theorem 3.1 states the sufficient conditions for asymptotic linear convergence of
Algorithm 3.1. In addition, the theorem establishes the asymptotic rate as the
spectral radius of the matrix H and bounds the number of iterations needed to

reach e-accuracy. The proof of Theorem 3.1 is given in Subsection 3.3.2. It is note-
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worthy that in the RHS of (3.16), the first term corresponds to linear convergence
in the asymptotic regime and the second term corresponds to nonlinear conver-
gence behavior at the early stage. We will revisit this point when we introduce

Lemma 3.4.

Remark 3.1. When H is symmetric, ils eigendecomposition exists and can be

represented as
H = QAQ",

where Q is an orthogonal matriz with k(Q) = 1.

Next, we study a special case of Theorem 3.1 in which
VPe(z) = VPc(x*) = Pr,.(c) = U U,., (3.17)

where U,- € R"™*? (d < n) is the matrix whose columns provide an orthonormal
basis for the tangent space to C at &*. A typical example in which (3.17) holds is
when (4) C is a C* d-dimensional submanifold around «*; and (%) 2; = x*. The first
condition (i) stems from Proposition 3.1 in order to guarantee VP¢(z*) = Pr,. ().
The second condition (i) is equivalent to AT(Az —b) = 0, which means z* is also
a stationary point of the unconstrained problem. Conveniently, this coincidence
eliminates the task of characterizing the projection Pe and its derivative VP at

a point outside C, which can be a challenging task in many problems.
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Corollary 3.1. Consider the same setting as in Theorem 3.1 with the additional

assumption that (3.17) holds. If (AU )" AU~ has full rank and

2
0<n< —— 3.18
"< AU B (3.18)

then Algorithm 3.1 with fixed step size n converges locally to * at an asymptotic

linear rate

p(H) = max{|l —n\|, |1 — nA4|}, (3.19)

where \; and \g are the largest and smallest eigenvalues of (AU )T AU~ , respec-

tively. The region of linear convergence is given by

() 1 — p(H) }

0) _ % . { *
T || < T
” Femmale) = @) - et)

(3.20)

where u, is given by (3.14).
The proof of Corollary 3.1 is given in Appendix 3.6.2.

Remark 3.2. Recall that u, defined in (3.14) is also the asymptotic linear rate of

gradient descent for the unconstrained least squares [167], i.e.,
u, = max{|1 — gA (AT, |1 — pA,(ATA)]).

Since Uy~ is a semi-orthogonal matriz, the eigenvalues of UL.AT AU, interlace

with those of ATA [101], which in turns implies \,(ATA) < A\g < A\ <\ (ATA).
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Thus, one can show that for n < 2/||Al|3,

p(H) < u, <1, (3.21)

with the equality u,, = 1 holding if and only if AT A is singular. Interestingly, (3.21)
implies the presence of the constraint in this case helps accelerate the convergence

of gradient descent to x*.

3.3.2 Proof of Theorem 3.1

This section presents the proof of Theorem 3.1. Our key ideas are: (1) using the
Lipschitz-continuous differentiability of Pc at * and at z; to establish a recursive
relation on the error vector 6 = x®) — g* (2) performing a change of basis
0®) = Q16® to establish an asymptotically-linear quadratic system dynamic
that upper-bounds the norm of the transformed error vector, (3) applying the re-
sult on the convergence of an asymptotically-linear quadratic difference equation
in [216] to obtain the number of iterations required for ||§®)] < €||6©|, and (4)
converting the convergence result on the transformed error ||| to the conver-
gence result on the original error ||[§®)||. In the following, we provide the complete

proof, with some details deferred to the appendix.

Step 1: Let us define the error vector of Algorithm 3.1 as 6% = a&®) — x*, for

k € N. Using this definition of the error vector, we can replace * = x* + §*
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and z**+) = z* + § 1) into (3.9) to obtain an equivalent update on the error

vector
6(k+1) — 'PC (w* + 6(k) — nAT(A(.’E* + (5(k)) — b)> —x". (322>

Based on the definition of 2} in (3.11) and the fact that =* is a fixed point of the

algorithm (see (3.10)), i.e., ** = Pc(z;), we can rewrite (3.22) as

8 = Po(z; + (I - nATA)S) — Po(z;). (3.23)

n

We are now in position to analyze the error update as a fixed-point iteration:

oD = f(6%)), where f(6) = Pe(z; + (I —nATA)d) — Pe(z;). The following
lemma provides a recursive equation on the error vector that is in the form of an

asymptotically-linear quadratic system dynamic:

Lemma 3.2. Recall H = VPe(z;)(I, — nATA)VPe(x*). If the error vector at

the k-th iteration satisfies

160 < min{cl(m*), } (3.24)

then the error vector at the k + 1-th iteration satisfies

S+ — st + q2(5(k))’ (3.25)
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where qs : R™ — R™ is the residual such that
lg2(8™)| < (IIVPe(zy)l2unea(®) + ca(z)up) |6V (3.26)

The proof of Lemma 2 is given in Appendix 3.6.3. Given the nonlinear difference
equation of form (3.25), we proceed with characterizing the convergence of the

error sequence {6} .

Remark 3.3. Dating back to 196/, Polyak [166] studied the convergence of non-

linear difference equations of form
a™ =T(a®) + q(a®), forkeN, (3.27)

where a® € R*, T : R* — R™ is a linear operator, and q : R* — R" satisfies
limg o supyq < llg(@)ll /[lall = 0. The author showed that if the operator T sat-
isfies || T%|l2 < c(C)(p + C)*, for some p < 1 and arbitrarily small { > 0, then

{a®}e2  approaches zero with sufficiently small ||a®||:
la®™ ] < C(O)lla® (o + )" (3.28)

Here ¢(¢) and C(C) are unknown constants that could grow to infinity as ¢ — 0.
Applying this result to (3.25) with a® = §%) and T = H, one can show that
the error vector of Algorithm 3.1 converges to O with the asymptotic linear rate
p(H), provided that p(H) < 1 and |69 || is sufficiently small. However, we note

that the proof of (3.28) in [166] is adapted from a more general result on the
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stability of differential equations in [14]. This technique can not provide the precise
control of the ROC and the number of iterations required to reach a certain accuracy
(i.e., how small [[a || is as well as how large the factor C({) is) needed for our
convergence analysis of PGD. Alternatively, we utilize our previous result in [216]
that eliminates the dependence on ( in the expression of the linear rate, at the
cost of an additional assumption on the diagonalizability of H.* Additionally,
our approach offers explicit expressions of the ROC and the number of required

iterations (as in (3.13) and (3.16), respectively).

Step 2: Our approach for analyzing the convergence of the nonlinear difference
equation (24) is to leverage the eigendecomposition H = QAQ~! and consider

the transformed error vector as follows.

Lemma 3.3. Let 6% = Q186%™ be the transformed error vector. If (5.13) holds
and the spectral radius of H s strictly less than 1, i.e., p(H) < 1, then, for all

k € N, we have

SED = AFH®) 4 gy (5W), (3.29)

where the residual g;(5%) = Q' qu(Q8W) satisfies |las(6™)]| < (a/1Q" )18

for q given in (3.15).

The proof of Lemma 3.3 is given in Appendix 3.6.4. Taking the norms of both

“In particular, the bound in (3.16) suggests ||a®)| < C||a?||p*, for constant C' = pr(Q)ec?,

which is tighter than (3.28).
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sides of (3.29) and applying the triangle inequality, we obtain

. ~ q =
1849 < (D8 + ot 60, (3:30)
QT

This inequality, holding for all £ € N, is the key to the convergence of the trans-
formed error sequence in the next step.

Step 3: If we replace the inequality symbol in (3.30) by the equality symbol,
then we obtain an asymptotically-linear quadratic difference equation whose con-
vergence is studied in [216]. Indeed, the following lemma states that the norm of
the transformed error vector is governed by this asymptotically-linear quadratic

system dynamic:

Lemma 3.4. Assume the same setting as Lemma 3.3. Then, for any desired

accuracy 0 < € < 1, we have ||6®|| < &|6©|| for all

log(1/€)

= m+63(p(ﬂ),T), (331)

where 7 = ql|6©/|Q 2/ (1 — p(H)) € (0,1) and

Ey (log m> — E <log %)

a7 = plos(1/)
1, log(1/p)
- 2p1 g<log(1/(p +7(1- p)))) b (3.52)

for E\(t) = [ <=dz being the exponential integral [2].

The proof of Lemma 3.4 is given in Appendix 3.6.5.
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Step 4: Finally, we show the convergence of ||6(*)|| based on the convergence of
16®)]|. From (3.31), substituting é = ¢/x(Q) and identifying cs as cs(p(H), ),
we obtain (3.16). Thus, it remains to prove that the accuracy on the transformed
error vector ||6®)|| < €|6©@|| is sufficient for the accuracy on the original error

vector ||[6®) ]| < ¢||6||. Indeed, given

~ o € ~
16™ < |6 = m”ém)H,
we have
189 = 1Q6™ | < [|Qll16™]
€ ~
< 1Qll-———— 5
1Qkignie
€ ~
= 107 < |69,
1Ql2
where the last inequality stems from [|6©] = |Q16©| < [|Q"||2]|6@||. This

completes our proof of Theorem 3.1.

3.4 Applications

In this section, we demonstrate the application of our proposed framework to a
collection of well-known problems in machine learning and signal processing. The
constraint sets in these problems vary from as simple as an affine subspace (A) and

a sphere (C) to more complex algebraic varieties such as the s-sparse vector set (B)



65

and the low-rank matrix set (D). We consider both problems with known conver-
gence rate results and problems for which the rate is unavailable. The former allows
us to verify the correctness of our analysis against the known rate results, while
for the latter numerical experiments are used to verify the rate. Additionally, we
illustrate how ROC can be obtained for each problem. Due to space limitation, we
restrict the illustration of our framework to the four aforementioned applications.
While we believe that additional applications can be considered (see the potential
applications of our framework in Section V), such applications may require a more
elaborate development. Our goal in this section is to offer a recipe for analyzing
the convergence of PGD for different applications using the proposed framework.
Table 3.1 describes the steps we follow to obtain the asymptotic linear rate and the
region of linear convergence in each application. Table 3.2 summarizes our local
convergence results on the four problems presented in this section. The detailed

analysis is given below.

3.4.1 Linear Equality-Constrained Least Squares

As a sanity check, we start with a simple example of the so-called linear equality-

constrained least squares (LECLS)

1
min EHA.’B —b|* st. Cx=d, (3.33)

xreR?
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Table 3.1: General recipe for local convergence analysis.

Step 1:
Step 2:

Step 3:

Step 4:

Step 5:

Step 6:

Identify A, b, C, and Pe.

Establish the conditions for * € C to be a Lipschitz stationary
point of (3.1). In particular, (i) P¢ is Lipschitz-continuously differ-
entiable at every x* with VPe(x*), ¢1(x*), and co(x*); and (71) the
stationarity equation (3.8) holds.

Establish the conditions for n > 0 such that (i) * is a fixed point
of Algorithm 3.1 with step size 7, i.e., * = Pe(z;), for z; = x* —
nA"(Ax* —b); and (i) Pc is Lipschitz-continuously differentiable at
zy with VPe(z;), c1(2)), and ca(2;).

Determine the asymptotic linear rate p as the spectral radius of H
given by (3.12). (If VPc(2;) = VPc(z*), (3.19) can be used instead.)
Establish the conditions for p < 1, which guarantees local linear con-
vergence. Thereby, combine these conditions with the previous con-
ditions obtained from Steps 2 and 3.

If H is diagonalizable, determine the region of linear convergence
given by (3.13). (If VP¢(2;) = VPc(z*), (3.20) can be used instead.)

where A € R™*" b e R™, C € RP*", and d € RP. In addition, we assume that

p < n and C has linearly independent rows. The LECLS problem finds application

in a wide range of areas such as linear-phase system identification [96], antenna

array processing [53], and adaptive array processing [69]. While this problem

can be solved efficiently using the method of Lagrange multipliers [177] or the

method of weighting [209], we limit our interest to using PGD to solve (3.33) to

demonstrate the applicability of our analysis. In the literature, this algorithm is

referred to as the projected Landweber iteration [17,60, 110, 143]. While these

works provide bounds on the linear convergence of PGD for different variants of

linear equality-constrained problems, we have not found any closed-form expression

of the asymptotic rate of linear convergence.
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Table 3.2: Summary of local convergence analysis for four problems: lin-
ear equality-constrained least squares (Sec. 3.4.1), sparse recovery (Sec. 3.4.2),
least squares with a unit norm constraint (Sec. 3.4.3), and matrix comple-
tion (Sec. 3.4.4). In the second row, v* = AT(Az* — b). In the third row,

= (AU, )"AU,-. We refer the reader to each of the corresponding sections for
further details.

Problem formulation | Condition(s) for linear convergence | Asymptotic rate of convergence p Region of convergence

min 1||Az — b|? K = (AV#)TAV has full rank
2 g ' max{|l — nA\ (K)|, |1 — nA,_,(K xr— x| < oo
i glldz —b TR =ML - (B} | 2=
min || Az — b|? )TAS, has full rank | lafyl=nllv*llse
S.l,.z ““IHU < Jl gyl max{|1 — n\ (K)]|, |1 — nA(K)[} |z — «*|| < min{ \F m}

{ }
min 3| Az — b||? {0<7]<oo if v < =\ (K)

0<n< mm{ HAS T o

t = Mu=1ATAly

2 max{ 1= g (K] 1= A (BJ} | 12— a7 < s, iy

st |zl =1 0<n<mm Otw

K= QLSQSTQL has full rank
0<n<

min éHsz(X - M)|%

. _ _ oy (1=p)or(X*)
s.t. rank(X) <r max{[1 = nA (K|, [1 = nAr(msn—n (K} | 1X = X*[|p <

8(1+/2)

HQTSYZS Q. ll2

Step 1: In this example, A and b are given explicitly in (3.33). The constraint

set C is the closed convex affine subspace

C={xeR"|Czx=d}.

The orthogonal projection onto this subspace is given in a closed-form expression
as Pe(z) =2 — CT(CCT)H(Cx — d), for all z € R" [151]. Since C has full row
rank, it admits a compact singular value decomposition (SVD) C = UcXcV,,
where 3o € RP*P is a diagonal matrix with positive diagonal entries, Uy € RP*P
and Vo € R™P satisfy UlUg = VJ Vo = I,. Denote V& € R™(P) the or-
thogonal complement of Vi, i.e., V& (VF) = I, — Vo V4 and (VF) Vg4 =1, ,.
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Substituting the SVD of C' back into the aforementioned expression of Pe yields

Pe(x) = VA (VE) e + d, (3.34)

where d = Vo 25'ULd = Cld.

Step 2: From (3.34), we obtain the difference between the two projections of
x + 6 and x onto C, for any &, 8 € R", as Pe(x + 8) — Pe(x) = VH(Vy)T4.
Using Definition 3.1 with the note that Il¢(x + &) is always singleton, we have P,

is Lipschitz-continuously differentiable at every & € R with
VPe(x) = Vi (V)T ci(x) = 00, c(x) = 0. (3.35)

Due to the independence from x, we also have P is Lipschitz-continuously differ-

entiable at every x* € C with
VPe(x*) = Vi (Va)T, ci(x*) = 0o, ca(x*) = 0.

Next, substituting VPe(x*) = V7 (V)" into the stationarity equation (3.8) yields
Ve (Va)TAT(Az* — b) = 0. Since Vi € R"*("?) has full-rank, we can omit the
left most V7 and obtain the condition for * € C to be a Lipschitz stationary

point of (3.33) as

(AV)T(Ax* — b) = 0, (3.36)
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which means Az* — b is in the left null space of AV

Step 3: Evaluating the projection in (3.34) at 2 = " —nAT(Ax* —b) and using
the stationarity condition (3.36) to eliminate the term nVz (V1) TAT(Ax* — b),
we have Pc(z;) = * for any > 0. Thus, the condition in this step for z* to be a
fixed point of Algorithm 3.1 is 7 > 0. In addition, substituting = 2 into (3.35),
we obtain Pc is Lipschitz-continuously differentiable at z; with

VPe(z)) = Vé(Vé)T, c1(z,) = 00, ca(z;) = 0.

n

Step 4: Since VPc(z)) = VPe(x*) = Vg (Vg)', using (3.19), we obtain the

asymptotic linear rate as
p =max{|1 = nAi[,[1 = nA.p|}, (3.37)

where \; and \,_, are the largest and smallest eigenvalues of (AV:)TAVz, re-
spectively.

Step 5: From (3.37), we have p < 1 if and only if (AV)TAV, has full rank
and 0 < n < 2/||AVg||%. Tt is noted that the latter condition is sufficient for the

condition n > 0 in Step 3.

*

n

*

Step 6: Since ¢;(x*) = ¢1(z ,

) = 00 and ca(x*) = c2(2) = 0, the region of con-

vergence given by (3.20) is the entire space R™, which implies global convergence.

Remark 3.4. The explicit expression of the convergence rate in (3.37) offers a

SHere, it is interesting to note that any stationary point of (3.33) is a global minimizer since

(3.33) is a convex optimization problem.
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simple method to select the optimal step size:

Nopt = argmin  max{|1 — n\i|, |1 — nA,—p|}
0<n<2/| AV I3

2
= — 3.38
A+ Aoy (3:38)
Using 1 = Nopt, we obtain the optimal rate of convergence
2
Popt = 1 (3.39)

CR((AVHTAVE) + 1

As a comparison, the optimal convergence rate of gradient descent for the uncon-

strained problem is given by [167]

2
S D
Hopt K(ATA) + 1

Recall from Remark 3.2 that popr < Uem due to the interlacing of eigenvalues of

(AVA)TAVE and ATA.

3.4.2 Sparse Recovery

In compressed sensing, one would like to reconstruct a sparse signal by finding
solutions to under-determined linear systems Ax = b, where A € R™*" and

b € R™ (for m < n). This problem can be formulated as an LO-norm constrained



71

least squares:

1
min §||A:v —b|* st ||z)o < s. (3.40)

pASING

In the literature, the PGD algorithm for solving (3.40) is often known as iterative
hard thresholding (IHT'), with myriad applications in medical imaging [56], MIMO
communication [75,195], antenna arrays [196], and scene recognition [234]. The
convergence of a special case of IHT in which ||A|2 < 1 and = 1 has been well-
studied in [20,21], under the restricted isometry property (RIP) assumption on A.
In the following, we demonstrate the application of our framework to establishing
a local convergence analysis of IHT with a range of different step sizes, without
requiring the RIP of A.

Step 1: In this example, A and b are given explicitly in (3.40), and the constraint

set C is the closed non-convex set of s-sparse vectors

C={z cR"|[z]o < s},

with the projection P¢ : R™ — R™ given by [20]

0 if |zl < \x[s]|
[Pe(x)]; = fori=1,...,n, (3.41)

x; i || > |x[s]|

where x; and x[; denote the ith coordinate and the sth largest (in magnitude)

element of a vector & € R", respectively. In the case  has multiple elements with
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the same magnitude as x[y), €.g., T[] = T[s4+1] > 0, we sort these entries based on
the (descending) lexicographical order so that (3.41) is well-defined (see [20]-p. 10).
Step 2: In contrast to the previous example, the projection here is nonlinear and
non-unique since the set C is a real algebraic variety but not smooth in those points

in R™ of sparsity strictly less than s. The smooth part of C is the subset
Coo ={w e R" [ [lzflo = s}

of vectors with exactly s non-zero elements. In Appendix 3.6.8, we show that any
x* € O and @ € B(x", |z} |/ V/2) share the same index set of s-largest elements
(in magnitude), denoted by Q. (x*).5 Let the indices in Q4 (x*) be i; < ... < i,

and Sy« = [e;,, ..., €] € R Then, we have (Sgz+) 'Sy = I, and
Pe(x) = Sp- S, T, Va € B(xz”, |xf5]|/\/§) (3.42)

By Definition 3.1, we obtain P¢ is Lipschitz-continuously differentiable at any

x* € d_, with

* * 1 * *
Vpc(w ) = Sag*s;:r*, Cl(w ) = E|ZL‘[S]|, Cg(m ) =0.

6Tt is interesting to note that |x?‘s]| /V/2 is the largest possible radius. A counter-example is

also constructed in Appendix 3.6.8.
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Similar to the previous example, the stationarity equation for * € C_; is given by

(AS,)"(Ax* —b) = 0. (3.43)

Thus, we obtain the conditions for * € C to be a Lipschitz stationary point of
(3.40) are =* € C—, and the vector v* = AT(Az* — b) satisfies v} = 0 for all
i€ Q).

Step 3: First, following a similar approach to that in [20], we show that the

condition in this step for * to be a fixed point of Algorithm 3.1 is

|$E<s] |

0<n< (3.44)

[o*]loo”

*

)i = x; for all

Since v = 0 for all 7 € Q,(x*), we have z; = " — nv* satisfies (2
i € Q4(x*). Moreover, for any indices ¢ € Q4(x*) and j € {1,...,n} \ Qs(x*), we

have

|(zy)5] = |5 = nvj| = nlvj]
|x>[k5]| * * * *
HU*Hoo’Uj’ < "T[s}‘ <l|zj| = \(Zn)zl,

where the second inequality stems from [v}| < [|v*|lo. Therefore, Q,(x*) contains
the s-largest (in magnitude) elements of z;, and hence, * = Pc(z;).

Second, we consider the Lipschitz-continuous differentiability of Pc at z;. Given
n in (3.44), by the same argument as in Appendix 3.6.8, one can show that

every point in B(z;, (|(2;)s] — |(z;)[5+1]|)/\/§) shares the same index set of s-
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largest elements (in magnitude) with zy, which is Q,(x*). Here, we note that
(201l = 1z 1511 | = |2yl = nllv*[loc. Thus, we obtain P is Lipschitz-continuously

differentiable at z,’; with

VPe(z) = Sp S,

* 1 * * *
c1(z,) = Eﬂ%ﬂ —nllv*flee), ca(z) =0.

Step 4: Since VPc(z;) = VPe(x*) = S-S, using (3.19), we obtain the asymp-

totic linear rate as
p =max{|l —n\|, |1 —nA|}. (3.45)

where \; and ), are the largest and smallest eigenvalues of (AS,+)"AS,-, respec-
tively.
Step 5: From (3.45), p < 1 if and only if (AS,-)"AS,- has full rank and

2
0<n< s 53 3.46
TS AS (3.46)

Combining (3.44) and (3.46) yields the condition on the step size

0<n< min{ 2 =i } (3.47)
|AS (3" [l S '

Here, we note that the condition (AS,-)"AS,- has full rank is related to the

restricted isometry property (RIP) assumption on A: (1 — d,) ||lz|* < ||Az|® <
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(14 6,) ||||*, for 6, € (0,1) and any s-sparse vector € R” [36]. In the reduced-

form, we can rewrite the RIP assumption as

0<(1-4)lyl* < |ASyl* < (1 +6,) [lyl”. (3.48)

for any y € R® and any selection matrix S € R"** obtained by randomly choosing
s columns from the n x n identity matrix. Substituting S = S, into (3.48), we
obtain (AS,)"AS,~ has full rank.

Step 6: Recall that cy(x*) = ca(2;) = 0. From (3.20), the region of convergence

is given by

I*S J;*S —n ’U* ~
A R L 10

|l — x| <min{ ,
V2 V2| L - nATA|

Remark 3.5. Similar to (3.38) and (3.39), the optimal step size and the optimal

convergence rate are given by

2
Tert = N (ASy-)TAS, ) + A\ ((ASy)TAS,.)’
2
p— 1 _— .
Popt <((AS,)TAS,-) + 1

(3.50)

We consider the following numerical experiment to verify the analytical rate in
(8.45). We start by generating A, x*, and b as follows. First, we sample an

200 x 300 sensing matriz A with i.i.d Gaussian distributed entries N'(0,1/200).7

"Note that such random matrix is shown to satisfy the RIP constraint [36].
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Figure 3.2: (Log-scale) plot of the distance between the current iterate and the local
minimizer of the sparse recovery problem, as a function of the number of iterations.
Each solid line corresponds to PGD with a different fixed step size. Each dashed
line represents the respective exponential bound p* up to a constant, where the
theoretical rate p is given by (3.45). In the experiment, we select m = 200, n = 300,
and s = 10. The optimal step size 7, = 0.97273 is computed by (3.50), with the
corresponding optimal rate p,, = 0.3613.
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Next, we create a 10-sparse solution x* by randomly selecting 10 coordinates and
assigning non-zero values to them based on i.i.d normal distribution N(0,1). Fi-

nally, we set b = Ax*. We apply PGD with different step sizes (listed in Fig. 3.2)

including pope in (3.50) and record the value of ||a:(k) —x*|| as a function of k. In
Fig. 3.2, the aforementioned curves are presented along with their analytic bounds
given by p* (up to a constant). The match in the slope between the analytic rate

curve and the empirical rate curve verifies the analytic rate predicts accurately the

asymptotic rate obtained empirically.

Remark 3.6. In Appendixz 3.6.8, we further show that any stationary point x*
must be a local minimum of (3.40). Moreover, the condition (ASyz:)"ASy has
full rank in Step 5 implies x* is a strict local minimum of (3.40). Finally, it is in-
teresting to note that in [20], the authors assume ||Al|, < 1 and select n = 1. With
these assumptions, the rate in (3.45) simplifies to p = 1 — A\, ((ASz)TAS,-) =
| L, — (ASy+)TAS,.

which is consistent with Eqn. (3.9) in [20].

27

3.4.3 Least Squares with the Unit Norm Constraint

A common constraint that arises in regularization methods for ill-posed problems
is the spherical constraint [87,149,202]. In particular, we consider the following

optimization problem

1
min §HA:1: —b|* st x| =1, (3.51)

xeR™
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where A € R™*™ and b € R™.
Step 1: In this example, A and b are given explicitly in (3.51), and the constraint

set C is the closed non-convex sphere

C={zcR"| |z =1},

with the projection Py : R™ — R"™ given by

2o ifx #£0,
Pe(x) = 7 (3.52)

e, ifax=0.

Step 2: In Example 3.1, we showed that the projection onto the unit sphere is
Lipschitz-continuously differentiable at any & # 0. Since 0 ¢ C, we have P¢ is

Lipschitz-continuously differentiable at every &* € C with

V(") = I, -z (z")', a(@) = o0, oo(z) =2,

In addition, substituting VFPe(x*) = I,, — =*(x*)" into the stationarity equation

(3.8) yields (I, — z*(x*) ) AT(Az* — b) = 0. Equivalently, we have

AT(Az* — b) = yx*, (3.53)

where 7 = (z*)TAT(Ax* — b) is the Lagrange multiplier at * (see Lemma 1

in [218]). Thus, we obtain the condition for * € C to be a Lipschitz stationary
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point of (3.51) is * and AT(Ax* — b) are collinear.

Step 3: First, the necessary condition for Pe to be Lipschitz-continuously dif-

ferentiable at z; is z; € singletonlle, ie., z; # 0. From (3.53), we have z; =

x* —nAT(Azx* —b) = (1 —nvy)x*. Hence, z; # 0 is equivalent to 1 —nvy # 0. Now

the projection Pc at z; # 0 is given by

(1—ny)z* 1—ny
PC z') = = iB*,
=) = =]~ 1=

which implies * = P¢(z;) if and only if 1 — 5y > 0. Thus, we obtain the

*

condition for n > 0 such that a* is a fixed point of Algorithm 3.1 and P is

Lipschitz-continuously differentiable at z; is 1 — 7y > 0, which is equivalent to

n € (0,00) ify <0,
(3.54)

ne(0,2) ify>0

Second, it follows from (3.6) that P¢ is Lipschitz-continuously differentiable at

z; with

)

1 25 (¥ T In ek () T
VEe(zy) = 3 (In— "<*”)2 ) - hozte)
=l Izl g
. . 2 2
o) =00 al@) = e = e
n

c(z

Step 4: Denote PL = I, — z*(x*)". From (3.12), the asymptotic linear rate is
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given by

1
p= p( P, (I, - nATA)Pgi*)
L=y
L
L—ny

PL(I,—-nATA)PL

2.

Let PL = U,.U).

x*

where U, € R™ (™1 ig a semi-orthogonal matrix whose
columns provide a basis for the null space of *. Then, following the same deriva-

tion as in the proof of Corollary 3.1, we obtain

1
p= = max{|L =l L=l (3.55)

1—

where A\; and \,_; are the largest and smallest eigenvalues of (AUw*)TAUw*,
respectively.
Step 5: Since [1 —nA| /(1 —n7y) < 1is equivalent tony —1 <1 —nA < 1—1ny,

we have p < 1 if and only if
Y < An1 (3.56)
and

n(v+n) <2 (3.57)
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Similar to (3.54), the inequality in (3.57) can be rewritten as

ne (0,00) ify <=\

ne€ (0,47 ifv>-A.

Finally, we note that conditions (3.56) and (3.57) together imply the condition
1 —ny > 0in Step 3 since 2ny < n(y + A1) <y + A1) < 2.

Step 6: To determine the region of linear convergence, we first recall that ¢;(x*) =

*

») = 00. Second, we have

C1 (Z

In — ¥ (m*)T

L=y

B 1
2 1_777‘

IV Pe(z)]l2 = ‘

Third, since H = P (I, —nATA)PJ /(1 — ny) is symmetric, one can choose Q
in the eigendecomposition H = QAQ™! to be orthogonal, with x(Q) = 1. Thus,

from (3.13), we obtain the region of linear convergence as

1—
la — 2% < 5 P (3.58)

(t2+1)’
where t = ||I,, — nATA||2/(1 — ny).
Remark 3.7. The local linear rate in (3.55) matches the rate provided by Theo-
rem 1 in [218]. Compared to the setting in [218], here we consider a special case

of the quadratic that is convex (and hence, Ny > 0). By minimizing the rate in

(3.55) over n, we also obtain the same optimal rate of linear convergence given by
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Lemma 5 in [218]:

A= A , B 2
Popt = A+ Ao — 2y DY

Interestingly, condition (3.56) implies x* is a strict local minimum of (3.51) (see
Lemma 2 in [218]). Since p < 1 is one of the conditions in Theorem 3.1, our
analysis requires * to be a strict local minimum of (3.51) in order to obtain linear

convergence. Finally, our framework provides the region of linear convergence in

(8.58), which is not given in [218].

3.4.4 Matrix Completion

3.4.4.1 Background

The last application is an application of our framework to the matrix case. In
matrix completion [33], given a rank-r matrix M € R™*" (for 1 < r < min{m,n})
with a set of its observed entries indexed by €2, of cardinality 0 < s < mn, we wish
to recover the unknown entries of M in the complement set Q by solving the

following optimization:

o1
min —

X — M)
- .T. < .
P o 2”77(2( )7 s.t. rank(X) <, (3.59)
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where Pq : R™*"™ — R™*™ is the orthogonal projection onto the set of m x n

matrices supported in €2, i.e.,

X, it (i) € O,
Pa(X )], = ’

0 if(i,j) € Q.

It is noted that while M is unknown, the projection Pqo(M) is unambiguously
determined by the observed entries in M. In the literature, the PGD algorithm
for solving (3.59) is also known as the Singular Value Projection (SVP) algorithm

for matrix completion [43,55,104,105], with the update

X =Py (X® —pyPo(X® — M)).

<r

Here, M., is the set of matrices of rank at most r, i.e.,
Mo, ={X e R™" | rank(X) < r}.

In addition, the orthogonal projection Pas_, : R™*" — M, is defined by Eckart—Young-Mirsky
theorem [61] as follows. Let SVD(X) be the set of all triples (X, U, V') such that
X =UXVTand

Y = diag(o1(X),...,0n(X)),

UcR™" VR . UU=V'V =1,
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Denote u;(X) and v;(X) the ith columns of U and V, respectively. Then, the

set of all projections of X onto M, is given by
Mare, (X) = {0 X)w(X)oi(X) | (2,U,V) € SVD(X) | (3.60)
i=1

The set Iy, (X) is singleton if and only if 0,.(X) = 0 or 0,.(X) > 0,41(X).
In the case ITx_, (X) has multiple elements, we define Ppq_ (X)) as the greatest
element in 1Ty, ST(X ) based on the lexicographical order. We re-emphasize that
our subsequent analysis holds independently of this choice.

In differential geometry, it is well-known that M, is a closed set of R™*" but
non-smooth in those points of rank strictly less than = [126]. Similar to sparse

recovery, the smooth part of M«, is the set of matrices of fixed rank 7:
M, ={X e R™" | rank(X) = r}.

At any X* € M_,, it is shown [211] that derivative of Py, is a linear mapping

from R™*™ to R™*" satisfying
VPum,, (X*)(A)=A - Py, APy, (3.61)

where Py, and Py, are the projections onto the left and right null spaces of X™,

respectively. More importantly, for any A € R™*" Theorem 3 in [211] asserts
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that

. i} 4142
wp Y - X VP (XA < YDA a62)
Yelny_, (X +A4) o (X*)

3.4.4.2 Vectorized version of matrix completion

To apply our proposed framework to matrix completion, we consider a vector-
ized version of (3.59) as follows. Slightly extending the notation, we denote
C = {vec(X) | X € M, } and vec(2) = {(j — 1)m + ¢ | (i,j) € Q} with s
distinct elements 1 < iy < ... < iy < mn. Let Sq = [e;,,...,€;,] € R™** be the

selection matrix satisfying

S,Sq =1,

vec(Po(X)) = SaS{ vee(X).

Then, problem (3.59) can be represented as

wglﬂggn %HSQSga: — 808 vec(M)||? s.t. x € C.
Step 1: In this vectorized version of matrix completion, we have A = SoS,
b= SqS,vec(M), and C is a closed non-convex set. For any vector & € R™ | let
X = vec () with Pr_ (X) = D07 0i( X)ui (X)vy(X) T, for some (X,U,V) €
SVD(X). The projection Pe is given by Pe(x) = vec(d ;_, 0:( X )ui(X)v:(X) 7).
")

Using the fact that vec(uv') = v ® u, for any vectors u and v of compatible
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dimensions, P¢ can then be represented as
Pe(x) = 0i(X) (0:(X) @ ui(X)). (3.63)
i=1

Step 2: In the following, we show that P¢ is Lipschitz-continuously differentiable

at any point in the set
Co, = {vec(X) | X € M_,}.

In particular, for any x* € C_,, we prove that P¢ is Lipschitz-continuously differ-

entiable at x* with

VPe(x*) = PIiVy ci(x”) =00, co(x’) = %7

where X* = vec™!(z*). Indeed, the constants c;(x*) and cy(x*) are obtained from
the matrix inequality form (3.62). Regarding VPc(x*), let Py, and Py, be the
projections onto the left and right null spaces of X™*, respectively. Denote Py v, =
Py, ® Py, and Py v, = L, — Py, v, . Since vec(ABC) = (CT® A) vec(B), for
any matrices A, B, and C of compatible dimensions, (3.61) can be vectorized to
obtain VP¢(2*)(8) = (I — Py, ® Py, )8 = Py, 6 for any § € R™.

Next, the stationarity condition (3.8) can be represented using VP¢(x*)(d) =
Pz v, 8 as Py v, SaS{(SaSjz*—SaS] vec(M)) = 0. Denote Q € Rmm>r(m+n=r)

the matrix satisfying Q Q. = Lgnin—r) and Q. Q] = Py v, . Then, we obtain
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the conditions for * to be a Lipschitz stationary point of (3.59) are «* € C—, and
QISQSg(:B* —vec(M)) = 0. (3.64)

Step 3: The stationarity condition (3.64) leads to two cases. The first case is

when Q[Sq has full (row-)rank and hence,
S¢S (x* — vec(M)) = 0. (3.65)

In matrix form, (3.65) can be rewritten as Pq(X*) = Po(M ), which implies X*
is a global minimizer of (3.59). Interestingly, this case enjoys the special setting

considered in Corollary 3.1 as
zy=x" — nSaSq(x* — vee(M)) = z*, (3.66)

for any n > 0. In the second case, if Q[Sq has rank strictly less than r(m + n —
r), then Sg(z* — vec(M)) may not be 0 (e.g., a non-zero right singular vector
of Q[Sq). This implies z, # x* and one needs to characterize the Lipschitz-
continuous differentiability of the projection Pc onto the set of low-rank matrices
at z; that may not have exact rank r. While the derivative of P¢ at a matrix with
rank greater than r has been studied in [64,211], it requires complete development
of the error bound on the first-order expansion of this operator to obtain the
constants ¢;(z;) and cy(z;). For the purpose of demonstration, we restrict our

n

subsequent analysis to the first case when @Q [Sg has full (row-)rank. Since z, =x"
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in this case, P¢ is Lipschitz-continuously differentiable at z; with

VPc(z;‘]) = PliVﬂ cl(z;) =00, o(z)) =

Step 4: Since VP¢(2;) = VPc(x*) = Py v, , using (3.19), we obtain the asymp-

totic linear rate as

p = max{[l =N, [1 = nArmin—nl}, (3.67)

where A; and A.(n4n—r) are the largest and smallest eigenvalues of QISQSJZQ 1,

respectively.

Step 5: From (3.67), we have p < 1 if and only if Q[SqS,@Q . has full rank and

2

0<n< .
7= 1QTSeSQ s

Here, we would like to point out the condition Q[SqSJIQ. has full rank implies
s > r(m +n — r), which can be interpreted as a requirement for the number of
observations being no less than the degree of freedom in matrix completion. The
invertibility of Q[SqSiQ 1 is also equivalent to the injectivity of the sampling
operator restricted to the tangent space T' to M<, at X*, denoted by Aqr in [33]-
Section 4.2. It is interesting to note that under the standard assumptions on
uniform sampling and incoherence property, Candes and Recht [33] showed that
Aqr is injective with high probability.

Step 6: Recall that ¢i(x*) = ¢1(2;) = oo. Since VPe(z;) = VPe(x*) = Py, y,,
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using (3.20), the region of linear convergence is given by

(1 —p)o (X7
8(1+v2)

| — 2" < (3.68)

Remark 3.8. Similar to (3.38) and (3.39), the optimal step size and the optimal

convergence rate are given by

2
ot = 3 (QTSaSIQL) + Mimin-n(QTS0SIQL)’
2
oot = 1 — :
Port K(QISeSIQ1) +1

(3.69)

We consider the following numerical experiment to verify the analytical rate in
(8.67). The data is generated randomly as follows. First, we sample two matrices
A and B with i.i.d normally distributed entries, of dimensions 50 x 3 and 40 X 3,
respectively. Next, we obtain the rank-3 matriz of dimension 50 x 40 as the product
X* = AB'. Third, we select 800 observations uniformly at random among the
2000 positions in X*. We apply PGD with different step sizes (listed in Fig. 3.3)
including Ny in (3.69) and record the value of HX(’“) — X*HF as a function of k.
It can be seen from Fig. 3.3 that the theoretical rate matches well the empirical

rate, reassuring the correctness of our analysis in the previous section.

Remark 3.9. The rate in (3.67) has not been proposed in the literature. However,
in the special case of using unit step size, it matches the rate established for the
IHTSVD algorithm in [46]. In their work, the authors provide the result relative to

the matriz (Sq) Py, v, S instead of Q1S0SIQ 1, where Sq € R™(mn=5) js the



90

X% — X*||p

500 1000 1500 2000
k

Figure 3.3: (Log-scale) plot of the distance between the current iterate and the
local minimizer of the matrix completion problem, as a function of the number
of iterations. Each solid line corresponds to PGD with a different fixed step size.
Each dashed line represents the respective exponential bound p* up to a constant,
where the theoretical rate p is given by (3.67). In the experiment, we select m =
50,n = 40,r = 3, and s = 800. The optimal step size 1,, = 2.2833 is given by
(3.69), with the corresponding optimal rate p,, = 0.9265.
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selection matriz that is complement to Sq. It can be shown that the two matrices
share the same set of eigenvalues while may only differ by the eigenvalues at 1.
Since IHTSVD uses n = 1, these unit eigenvalues do not affect the maximization
in (3.67). Compared to the local convergence result in [46], our application in this
subsection not only considers PGD with different step sizes but also includes the

region of linear convergence in (3.68).

3.5 Conclusion and Future Work

We presented a unified framework to analyze the local convergence of projected
gradient descent for constrained least squares. Our analysis provides the asymp-
totic rate of convergence in a closed-form expression, the number of iterations
required to reach certain accuracy, and the local region of convergence. Notably,
our technique relies on the Lipschitz-continuous differentiability of the projection
operator at two key points: * and z;. Finally, we demonstrated the application of
our proposed framework to local convergence analysis of PGD in four well-known
problems: linear equality-constrained least squares, sparse recovery, least squares
with a unit norm constraint, and matrix completion.

While the work here focuses on the specific setting of linear converges of the
PGD algorithm, we believe it can be expanded in several directions. First, our
framework can be utilized to analyze the following cases: (i) adaptive step size
schemes (e.g., the backtracking line search rule), (ii) accelerated methods (e.g.,

the Nesterov’s accelerated gradient and the Heavy Ball method), (7ii) general ob-
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jective functions other than least squares, and (iv) other algorithms for manifold
optimization such as Riemannian gradient descent. Another interesting research
direction is to sharpen the theoretical bound on the ROC in order to better explain
the actual region in which the algorithm converges to the desired solution. Finally,
the proposed framework can be used to further study the performance of PGD for
a variety of constrained least squares problems arising in the area of phase-only
beamforming [206], online power system optimization [94], spectral compressed

sensing [28], and linear dimensionality reduction [50].

3.6 Appendix

3.6.1 Proof of Lemma 3.1

Our goal in the proof of Lemma 3.1 is to show that if the fixed point condition &* =
Pe(z* —nAT(Az* — b)) holds, then the stationarity condition VPc(z*)AT(Az* —
b) = 0 holds. Note that if AT(Az* —b) = 0, then the stationarity condition holds
trivially. Hence, we focus on the proof for AT(Ax* — b) # 0. We first show that

for any 0 < a < 1, * = Pe(x* — nA'(Az* — b)) is a sufficient condition for
e (x* — anAT(Az* — b)) = {z"}. (3.70)

Then, using (3.70) and the differentiability of P at «*, we prove VP (x*) AT (Ax*—
b) = 0. We proceed with the detailed proof.

First, let v* = AT(Az* — b) and 2z, = x* — anv*. On the one hand, for any
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0<a<1andy €ll(z;,), we have

ly — =l = ity — =4,) + (22 — )]
< lly — 25 | + 25 — =)
— d(2,,0) + |25y — =

< le® =z, 1+ 25, — 2,1, (3.71)

where the first inequality uses the triangle inequality that holds when y — 27, =
B(z;,— =), for some 8 > 0. Using the fact that z; = *—nv* and 2, = =*—anv”,

we obtain

2" — 25, || + 125, — 2l = llanv™|| + [[(1 — a)nv™||
= [lanv® + (1 — a)nv*||
= |lnv*||

= ||lz* — 27| (3.72)

n

From (3.71) and (3.72), we have

ly =zl < llz” — =, (3.73)
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with the equality holding if and only if

Yy -z, = Bz, — 2),
! o (3.74)

ly — 25,1 = ll&” — 2, |-

Using the fact that 2 = x* —nv* and 2}, = x* — anv*, (3.74) holds if and only if

B = . aa and y = x*. (3.75)
On the other hand, since x* = Pc(z;) and y € C, we have
ly =z, = llz” — z|. (3.76)

From (3.73) and (3.76), we conclude that ||y — z;|| = |l=* — 2;||. Moreover,
from (3.75), the equality holds if and only if y = x*. Since this holds for any
y € ll¢(2},), we conclude that Ie(z;,) = {*} for all 0 < a < 1.

Next, using the differentiability of the projection Pe at * from Definition 3.1,

we have

s 18 Pel@) - VP (o)

=0.
a0 erre (z* —anv*) ||O./77’U* ||

Substituting Ie(z* — anv*) = Ie(2},) = {x*} and Pe(x*) = = into the last
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equation, we obtain

0 = lim |e* — x* — anVPe(x*)v*||
a=0 [[anv¥|
L on[VPe )|
a=0 an ||v¥
VPl
[[v*]]

Y

which only holds if VP¢(x*)v* = 0. This completes our proof of the lemma.

3.6.2 Proof of Corollary 3.1

In the following, under the assumption VPe(z;) = VPc(x*) = U,-U,., we show
that (i) the asymptotic convergence rate p(H ) is given by (3.19), (ii) the sufficient
conditions for p(H) < 1 are (AU )" AU, is full rank and (3.18) holds, and (iii)
the region of linear convergence can be simplified from (3.13) to (3.20).

First, we prove (3.19) by simplifying the expression of H in (3.17) and the fact
that U, .U,- = I, as follows. Substituting VP¢(x*) and VPc(z;) by U,-U,. into
(3.12) yields

H =U,U,.(I, —nA"A)U,.U,.

= U, (I, — nU.ATAU,.)U,.

x*

where the second equality stems from U U, = I;. Since H is symmetric, its



96

spectral radius equals to its spectral norm:

2.

p(H) = ||Uy(I; — nUATAU,. U,

Using the fact that the spectral norm is invariant under left-multiplication by
matrices with orthonormal columns and right-multiplication by matrices with or-

thonormal rows (see [151] - Exercise 5.6.9), we further have

p(H) = |Is = nU. A" AU,

2 (3.77)

Let U ATAU,- = UAUT be an eigendecomposition, where U € R™ is an
orthogonal matrix and A = diag(\(ULATAU,.), ..., \(ULATAU,.)). Since

U'U = I, (3.77) can be represented as

p(H) = UL~ nA)T"

o
2

) .

Now using the fact that the spectral norm of a diagonal matrix is the maximum

of the absolute values of its diagonal entries, we obtain

p(H) = max|1 — nAi(U;ATAUw*)

1<i<d

= max{|1 — nA], |1 — nA4|}.

Second, we establish the sufficient conditions for p(H) < 1 by bounding each
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term inside the maximum in (3.19) as follows. Since Ay > 0, we have
—1<1l—-—mM <1—m)\ <1, fore=1,...,d,

if 0 < n < 2/A\. It is also noted from the definition of the spectral norm that

|AU,- |2 = A\. Therefore, p(H) < 1 provided that (3.18) holds. The equality

p(H) = 1 holds if and only if Ay = 0, i.e., (AU,+)TAU,- is singular. In other
words, when (AU )" AU, is full rank and (3.18) holds, the linear convergence is
guaranteed as p(H) < 1.

Finally, the region of linear convergence in (3.20) is determined based on sim-
plifying (3.13) as follows. First, using Remark 3.1, we obtain x(Q) = 1. Second,
from (3.17), we have [|[VPc(z;)|l2 = || Pr,.(c)ll2 = 1. Third, substituting x(Q) = 1
and ||[VPe(z;)|l2 = 1 into (3.13) yields (3.20). This completes our proof of the

corollary:.

3.6.3 Proof of Lemma 3.2

Our goal is to show the error vector ¥ satisfies the asymptotically-linear quadratic
system dynamic in (3.25) and to bound the norm of the residual g» by (3.26).
First, our key idea in proving (3.25) is the Lipschitz-continuous differentiability

of Pc at «* and at z;. Specifically, for any k such that ®) admits a perturbation
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(I —nATA)6® that satisfies
(I —nATA)SW|| < ci(2]), (3.78)
applying the Lipschitz-continuous differentiability of P¢ at z; to (3.23) yields
"D = VPe(z)(I —nATA) ™ + q,(8W), (3.79)
where the residual q; : R" — R" satisfies

lar (6™ < ex(zp) (T — n AT AP

< ea(z)ul]| 5P (3.80)

On the other hand, using the fact that x* = Pe(x*), £ = Pe(x®), and the
Lipschitz-continuous differentiability of Pr at «* with the perturbation §*) €

B(0, ci(x*)), we obtain

S50 — pk) _ g
= Pc(CL'* + 5(k)) — Pc(w*)

= VPe(a")8") + q,- (6™), (3.81)

where the residual g« : R” — R" satisfies ||@z- (6%)|| < ca(x*)]|6™||2. We proceed
with the proof of (3.25) by combining the results from (3.79) and (3.81) as follows.
Since ||(I —nATA)SW || < || I -nATA|2|6®| = u,||6® ||, the sufficient condition
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for (3.78) is [ 6®|| < c1(z}) /uy. Thus, |6 < min{ecy(x*), c1(2])/uy} is sufficient
for both (3.79) and (3.81). Substituting (3.81) into the RHS of (3.79), we obtain
(3.25) with g2(6™) = VPe(z;)(I — nATA)ge(6®) + q1(6™)). Next, to bound

the norm of the residual gy, we apply the triangle inequality as follows
lgz(8™)| < [VPe(z))(I — nATA)ge (8P)] + llqi (6V)]]. (3.82)
On the one hand, the first term on the RHS of (3.82) can be bounded by

IVPe(z)(I = nATA)ge- (8V)| < [V Pe(2;)l|2ll T — 1A Alls]|ga- (6@

< [[VPe(zy)ll2unea(a") |64 (3.83)

On the other hand, the second term on the RHS of (3.82) can be bounded by
(3.80). Combining the two bounds, we obtain (3.26).

3.6.4 Proof of Lemma 3.3

In this section, our goal is to show the recursion on the transformed error vector
(3.29) holds at any k € N provided that the initial error vector lies within the
region of linear convergence described by (3.13). In the first step, we prove that if

the current transformed error vector lies within the region of linear convergence

o) alz)) 1—P(H>}_ (3.84)

5("/') < 3 , ,
1691 < win{ o oA @ T,
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then 6*+) = Ad® + g3(6*) and moreover, the next transformed error vector

also lies within the region of linear convergence

150+ <min{cl(m*) (=) 1_”(H)}. (3.85)

1Ql2 " |Qll2uy " ¢/11Ql2
Therefore, by the principle of induction, the initial condition on the transformed
error vector, i.e., (3.84) holds at k = 0, is the sufficient condition for (3.29) to
hold at any k£ € N. In the second step, we show that (3.84) holds at k = 0 if the
initial condition on the error vector (3.13) holds and hence, completes the proof of
lemma. We proceed with our detailed proof below.

First, let us assume that (3.84) holds. We have

18P = 1@ < lIQl1216®]

a(xz*) alz) 1-p(H) }
1QIl2 " [ Qll2uy " a/[1QI2
Cl(Z;;)

U

< 1Q|l2 min{

< min{cl(:v*),

3 (3.86)

Thus, by Lemma 3.2, we have §*+1) = H§®) +q,(6*). Substituting H = QAQ™*
and multiplying both sides with Q! yields Q6%+ = AQ 16" + Q1 q,(6™).

Replacing Q6™ by 6*) and §*) by Q6™ in the last equation, we obtain (3.29),
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ie., 60 = A§® 4 g4(6™). Here, the second term g3 can be bounded as follows

lgs(6™) [l = Q" @2(Q3™)|l < Q" [l2lla=(Q™)]
< 1@ fl2 (ea(a™) + [IVPe(z))ll2c2(2)) Q™M
< 1@ 2 (ea(a™) + IV Pe(z))[l2ca(2))) Q31|61

q ~
- HQAHQH‘s(k)HQ- (3.87)

Now, taking the norms of both sides of (3.29) and applying the triangle inequality

yield

[0FFV| < JASW|| + g5 (6™) |

< 5 4 5k)2
< p(H)[|6"]| + IIQ*IIz”(S |

< p(H)||6W] + (1 = p(H))||6™]|

= |6, (3.88)

where the second inequality stems from [|6®)|| < (1 — p(H))/(¢/||Q '||2). From
(3.84) and (3.88), we conclude that (3.85) holds. By the principle of induction, we
have (3.84) holds for all k£ € N provided that it holds at k£ = 0, i.e.,

a(@’) alz) 1-p(H) } (3.89)

5(0) < 3 , ,
1691 < mind S o i@ T,

Second, we prove that (3.13) is sufficient for (3.89). Using the definition 6*) =
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Q6™ we have

189 = Q6™ < Q118" (3.90)

Upper-bounding ||6*)|| by the LHS of (3.13) and substituting back into (3.90) yield

a(zt) alz) 1—P(H)}.

60 < Q! min{ e -
n

Finally, replacing (Q) by the product ||Q||2||@ |2 and simplifying yield (3.89).

This completes our proof of the lemma.

3.6.5 Proof of Lemma 3.4

In this section, we show the convergence of {[|6*)||}?2, using Theorem 1 in [216].

Our idea is to consider a surrogate sequence {ay }52, that upper-bounds {||6®) ||},

ao = [0,

apr1 = p(H)ay + ﬁai.

First, we prove by induction that

16W|| < ar VkeN. (3.91)
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The base case when k = 0 holds trivially as ag = [|6(?||. In the induction step,

given ||6®)|| < a, for some integer k > 0, we have

~ ~ q ~
[6% V| < p(H)[|6%]| + m||5(k)\|2
< pay, + Llai
Q1|2
= Of+41-

By the principle of induction, (3.91) holds for all £ € N. Next, applying Theorem 1
in [216], under the condition ag = [|6©|| < (1—p(H))/(q/||Q||2), yields a; < éaq
for any integer k satisfies (3.31). From (3.91), we further have [|6®)|| < a), < éag =

€)6©]|. This completes our proof of the lemma.

3.6.6 Related Work

In this section, we review existing approaches to convergence analysis of itera-
tive first-order methods in optimization including projected gradient descent. We
present several aspects of convergence, namely, convergence to a global versus a
local optimum and speed of convergence. Finally, we clarify our contribution in

this work with regard to previous works in the literature.
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3.6.6.1 Convergence of Iterative First-Order Methods

Convergence properties of iterative algorithms such as PGD often involve two
key aspects: the quality of convergent points and the speed of convergence. On
the one hand, the quality of convergent points provides useful insights into when
the algorithm converges, whether it converges to a stationary point or a set of
stationary points of the problem, and how big is the gap between the objective
function at the convergent point and the optimal objective value. On the other
hand, the speed of convergence concerns the order of convergence, the rate of
convergence, and the number of iterations required to obtain sufficiently small
errors. Let {:r:(k)}zozo be the sequence of updates generated by a certain iterative
first-order method (e.g., PGD). In order to prove the convergence of the algorithm,
it is common [16, 24, 140, 160, 167] to consider the convergence of the following
quantities to 0 as k — oo: (i) the norm of the generalized gradient (||%(a:(k“) —
x™)|)), (ii) the gap between current objective function and the optimal value
(| £ (™) — £*|), and (i) the distance to a convergent point (||x*) —x*||). Here, we
note that f* and &* are the limiting points of the objective function f(x*)) and the
parameter x¥) as the number of iterations k goes to infinity, respectively. In (i), the
convergence of the generalized gradient norm to 0 implies the stationarity condition
of the constrained problem is satisfied. It follows that the algorithm converges to a
set of stationary points of the problem. In (ii), the convergence on the function side
is often obtained via the monotonicity of the objective-value sequence { f(z*))},

(e.g., decreasing to a limiting value f*). This in turn implies the sequence {z®}2 |
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converges to a set of local optima that yields the same objective function value f*.®
In (i), the convergence of ||z*) — x*|| implies convergence to a unique point that
is often an isolated local optimum point of the problem. Typically, convergence on

the domain side is used in linear convergence proofs for strongly convex settings.

3.6.6.2 Convergence to a Global Optimum

In general, a stationary point can be a saddle point, a local/global minimum, or
local/global maximum of the problem. When both the objective function and the
constraint set are convex, it is well-known that all stationary points are also global
optima of the problem. Convergence analysis of iterative algorithm (e.g., PGD)
in convex optimization therefore focus on providing a universal upper bound on
the distance to the global solutions. Analysis on the domain side (iii) is usually
used in the presence of strong converity that guarantees the uniqueness of the
global optimum [140]-Section 8.6. Without the strong convexity, one may resort
to analysis on the function side (ii) in order to prove convergence to a set of
global optima [12]-Section 10.4.3. When convexity is not guaranteed, due to a
non-convex objective and/or a non-convex constraint set, convergence analysis
has recourse to a set of stationary points by bounding the generalized gradient

norm through iterations (i) [16]-Section 2.3.2. Notwithstanding, recent advances

8 An example for such scenario is minimizing a convex but not strongly convex function f(x) =
||z, subject to € R™ and ||:an = 1. The 2n vectors {e;}?_; and {—e;}"_; are local minimizers
that obtain the same objective function value. It is worthwhile mentioning that they are also the

global solutions of the foregoing problem.
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in structured non-convex optimization have shed light on convergence guarantees to
global solutions of the problem. By exploiting the special structure of some classes
of non-convex problems and using appropriate initialization, PGD can be shown to
converge to a unique global optimum despite the non-convexity of these problems.
Examples of such powerful results include sparse recovery with restricted isometry
properties [21], matrix completion with incoherence properties [144], empirical risk
minimization with restricted strong convexity and smoothness properties [116], and

spherically constrained quadratic minimization with hidden convexity [13].

3.6.6.3 Convergence to a Local Optimum

In general non-convex settings, domain-side convergence analysis is restricted to
the local region around the convergence point x*. Such points can be a saddle
point, a local minimum, or a local maximum of the problem. The ROC associated
with x* is the neighborhood in which the algorithm (e.g., PGD) is guaranteed to
converge to * when initialized inside this region. To a certain extent, the ROC in
the aforementioned global convergence analysis is the entire feasible space. How-
ever, while global convergence analysis does not require the initialization to be
close to the global solution, it often ignores the local structure near the solution
needed for establishing sharp bounds on the speed of convergence. In particular,
bounding techniques employed in global convergence analysis hold universally, in-
cluding worst-case scenarios. Thus, in many problem-specific settings where the

solution lies in a benign neighborhood, the global analysis could lead to conser-
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vative convergence rate bounds. As an illustration, in minimizing a smooth and
strongly convex function f, gradient descent with a fixed step size achieves the
rate of convergence at most (k — 1)/(k + 1) [168], where & is the (global) con-
dition number of f. Recall that the condition number of a differentiable convex
function is the ratio of its smoothness L to strong convexity p [160]. For any
quadratic function, this global bound is also an exact and attainable estimate
thanks to the fact that the objective curvature is unchanged everywhere. For
non-quadratic objectives, on the other hand, this global bound may be loose as
k takes into account the worst-case scenario, in which the objective function is
most ill-conditioned. The asymptotic behavior of gradient descent near the so-
lution indeed relies on the condition number of the local Hessian k(x*) of the
objective function, defining as Apax (V2 f(2*))/Amin(V2f (2*)). Generally, we have
< Amin(V2f (@) < Anax(V2f(2*)) < L, for any @ in the domain of f, which
implies k(x*) < k. This local condition number x(x*) can be significantly smaller
than the global condition number x and hence, a local convergence analysis can
yield a tighter bound that reflects the actual convergence speed of the algorithm near
the solution. Similar situation also occurs for constrained least squares in which
the Hessian restricted to the constrained set can depend on the local structure of

the set.
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3.6.6.4 Speed of Convergence

To illustrate the concept of convergence speed, let us consider the convergence on
the domain side, i.e., the distance Hm(k) — :v*” Let © be a number between 0 and
1. The convergence of {x®}%  to z* is said to be at rate u £ p({z®}2,) if

po=infyeyee limy o0 €q1 /€, for any monotonically decreasing sequence {eg}7°,

satisfying Ha:(k) —x*|| < ¢ for all index k. The asymptotic rate of convergence of
gradient descent to «*, denoted by p, is defined by the worst-case rate of conver-
gence among all possible sequences {m(k)}zozo that are generated by the algorithm
and converge to &*, i.e., p = SUP(pH e p({x®}2). Depending on the value of
p in the interval [0, 1], the convergence is said to be sublinear when p = 1, linear
when 0 < p < 1, or superlinear when p = 0. The lower the value of p is, the faster
the speed of convergence is and the fewer the number of iterations needed is to
obtain a close approximation of the solution. Thus, analytical estimation of the
convergence rate plays a pivotal role in convergence analysis. We would like to
note two distinct methods for linear convergence rate analysis dating back to the
1960s. The first approach was proposed by Polyak [167], based on his earlier study
into nonlinear difference equations [166]. The author analyzed the asymptotic con-
vergence of gradient descent for minimizing some objective function f. Assuming

x* is a non-singular local minimum of f, Polyak showed that for any § > 0, there

exists € > 0 such that if Haz(o) — *|| < € then the sequence {x®}°, generated by
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gradient descent satisfies

(p+ )k, (3.92)

< e — 2

o o

where p = max{|1 — NAnax|, |1 — 7Amin|} and Apax and Ay, are the largest and
smallest eigenvalues of V?f(x*), respectively. Here we emphasize that f does
not need to be smooth and strongly convex everywhere but only so around x*.
By setting nopt = 2/(Amax + Amin), the optimal rate of convergence is given by
Popt = (K —1)/(k*+1), where £* = Apax/Amin is the condition number of the local
Hessian V2 f(x*). When f is a strongly convex quadratic, the local result coincides
with the aforementioned global result in [168] (k* = k). The expression of p in
(3.92) is called the asymptotic convergence rate of gradient descent with fixed
step size 11.° The second approach was developed by Daniel [51] in 1967, while
studying gradient descent with ezact line search, i.e., choosing 1 that minimizes
the objective at each iteration. Utilizing the Kantorovich inequality [114], the
author proved that if (© is sufficiently close to a*, there exist a constant € and a

sequence {qx}72, such that

o -

k
<e[on  lim g — (5 —1)/(x" +1).
1=0

k—o00

Tt is worthwhile to mention that using a similar technique, Nesterov [160] proved that the
asymptotic rate is at most p = (k* 4+ 1)/(k* + 3). While this bound also exploits the local

information of the optimization problem, we note that it is not as tight as the bound in (3.92).
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Note that here the characteristics of convergence are also exploited through the
Hessian V2 f(z*). This result was then extended to study the asymptotic conver-

gence of projected gradient descent for constrained optimization [71,132,139].

3.6.7 Proof of Example 3.1

Our goal in this proof is to establish the Lipschitz differentiability of the projection
operator onto the unit sphere C = {& € R" | ||x|| = 1}. We start by establishing
the Lipschitz differentiability at a point on C and then extend it to any nonzero
point in R™. For the Lipschitz differentiability on C, we introduce the following

lemma:

Lemma 3.5. For any * € C, we have

sup  |ly —x* — (I — sc*(:c*)T)éH < 2H5H2. (3.93)
y€lle(z*+6)

Proof. We consider two cases:
Case 1: If & + & = 0, then IIz(0) = C and ||§|| = ||*|| = 1. For any y € C,
substituting § = —x* and then using the fact that I — x*(x*)" is the projection

onto the null space of *, we have

y—z'—(I-z' (@) )o=y—a"+ (I —z*(z"))a*

*

=y—x.
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Next, taking the norm and using the triangle inequality yield

ly — 2 — (I -2 (z") ")l = |y — 7|

< llyll + ll="|| = 20|,

where the last step stems from ||y|| = ||z*|| = ||d|| = 1. Thus, (3.93) holds in this
case.

Case 2: If £*+8 # 0, then Il (z*+4) is singleton containing the unique projection

T+ 0
Pe(x" +0) = 71
&= + 4
Hence, (3.93) is equivalent to
‘m*—”—w*— (I—m*(w*)T)aH < 262 (3.94)
&= + 4 - ' '

We prove (3.94) by (i) showing that for any scalars u > 0 and (1 —u)? < v <

(1+ u)?:

(17u — 2)v* — 2u(1 — u)?v + (1 — u)*(u + 2) > 0, (3.95)

and (i1) showing that (3.95) is equivalent to (3.94) with u = [|&* + §|| > 0 and
v=[6]*=0.

(i) To prove (3.95), let us consider the following cases:
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1. If 0 < u < 2/17, then for v < (1 + u)?, we have

(17u — 2)v* — 2u(1 — u)?v + (1 — u)*(u + 2)
> (17u — 2)(1 + u)* = 2u(l — w)*(1 +u)* + (1 —uw)*(u + 2)

= 16u*(u + 2)(u® + 2u +2) > 0.

2. If 2/17 < u < 1/2, then for (1 — u)? < v < (1 4 u)?, the following holds

(17u — 2)v* — 2u(1 — u)?v + (1 — u)*(u + 2)
> (17u — 2)(1 — u)* — 2u(l — w)*(1 + u)® + (1 — u)*(u + 2)

= 8u(1 —u)*(2 —u)(1 —2u) > 0.

3. If u > 1/2, using the quadratic vertex at v = u(1l — u)?/(17u — 2) as the

minimum point, we obtain

4(1 — u)*(4u? 4+ 8u — 1) S

2 2 4
_ _ _ _ >

0.

(ii) Now for u = ||z* + || > 0 and v = ||6]|* > 0, we have (x*)'é = (u*> —v —1)/2
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¥+ 0

3.94) & - —
(3.94) ‘nwwén

w — (I- m*(m*)T)(sH < 2(|8?
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& |l +0 —llz" + 8][(z" + 8 — (") '9) | < 4f|=" + o]*|8]*

& (1 —u)(z* +6) +u((z") 8z < 4u*?

2_p—-1

w—v—1uP—v+1

< 4u*o?

& (1—u)2u2+u2<u >2+2u(1—u)

2 2

< (3.95).
Finally, by the triangle inequality, we have

Mz + &l = ll" [l < [|o]] < [[=2"[| + [l=* + o],

2

which in turn verifies (1 — u)? < v < (1 +u)?. This completes our proof of the

lemma.

Next, to extend the result in Lemma 3.5 to any « € R\ {0},

x* =x/||z|| and § = §/||x| into (3.93) and obtain

H T xxr'\ &
sup y———(In— 2)—
e, ERIE

2
<218

Since the projection onto the unit sphere is scale-invariant,

x 0
Hc(m + m) = Hc<a’: -+ 5)

B Edl

]

we substitute

(3.96)

(3.97)
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Substituting (3.97) into (3.96) yields (3.6). Thus, by Definition 3.2, for any « # 0

we obtain

1 xx'
_<In — W), c(x) =00, ) = —.

VPC (:13) =

[Edl

3.6.8 Details of Application 3.4.2 - Sparse Recovery

3.6.8.1 Proof of (3.42)

In this subsection, we first show that any x* € ®_, and « € B(x*, |x’[k5]|/\/§) share
the same index set of s-largest elements (in magnitude), i.e., Q(x*). Then, we
construct a counter-example to demonstrate that |xE‘S]|/ V/2 is the largest possible
radius so that (3.42) holds.

First, we show that for any i € Qg (x*) and j € {1,...,n}\ Qs(x*), |z;| < |z

as follows. In particular, we have

|z; — af] + |2 — 27| < \/2((:cj —apy)? + (@ — 27)?)

< V2 — 2P < gyl

where the last inequality stems from the fact that |l& — " < |zf|/ V2. Now,
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since 25 = 0 for all j € {1,...,n}\ Q(z*), we have

25| = [x; — 2]
< x| — |z — 2]
<|zi| = |zi — ]

< faf + (s — 27)] = |l (3.98)

Therefore, every & € B(a", [z]y[/ v/2) shares the same index set of s-largest (in
magnitude) elements with *, i.e., Qs(x) = Q4(2*), which implies (3.42).

We now construct the counter-example as a point @ such that Qg(x) # Qg(x*)
and @ is not in B(x", |zj,|/ v/2) but arbitrarily close to its boundary. Without
loss of generality, assume that |27| > ... > |z} > |zi,,| = ... = |z;| = 0. For

arbitrarily small € > 0, define x as

(

xk /2 if i = s,
Ti=19q xt/24€ ifi=s+1,

T; otherwise.

\

Then, since 4,1 < =5, ® does not shares the same index set of s-largest (in

magnitude) elements with *. On the other hand, as € — 0, we have
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This means = ¢ B(x*, |xE‘s}|/\/§) but it can approach the boundary of the ball as

¢ decreases to 0.

3.6.8.2 Proof of Remark 3.6

In the following, we show any stationary point x* of (3.40) is also a local minimum
by proving that the objective function does not decrease if we add any perturbation
to * on C. Let us consider any perturbation & such that & € B(0,¢;(x*)) and
x =x"+6 € C. Since x € B(x*, ci(x*)), using (3.98), we have x| > ... |zq| > 0.
On the other hand, since & has no more than s non-zero entries, it must hold that
|Z(s1)] = ... = |zp| = 0. Therefore, = S,+S,.x, which implies § = S,-S,.9.

Now we represent the change in the objective function as

1 1 1
SIA@ +8) = bl = 5[l 42" — b|* = S6TATAS + 67AT(Az" — b)

= %Nsw*s; ATAS,.S!.6+6'S,.S.AT(Az* —b)
1
= §5TSw*(S;ATAS$*)S;6 > 0, (3.99)

where the last equality uses the stationarity condition in (3.43). From (3.99), we

conclude x* is a local minimum of (3.40).
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Chapter 4: On Convergence of Projected Gradient Descent for

Minimizing a Large-Scale Quadratic over the Unit Sphere!

Unit sphere-constrained quadratic optimization has been studied extensively over
the past decades. While state-of-art algorithms for solving this problem often rely
on relaxation or approximation techniques, there has been little research into scal-
able first-order methods that tackle the problem in its original form. These first-
order methods are often more well-suited for the big data setting. In this chapter,
we provide a novel analysis of the simple projected gradient descent method for
minimizing a quadratic over a sphere. When the gradient step size is sufficiently
small, we show that convergence is locally linear and provide a closed-form ex-
pression for the rate. Moreover, a careful selection of the step size can stimulate

convergence to the global solution while preventing convergence to local minima.

'This work has been published as: Trung Vu, Raviv Raich, and Xiao Fu. “On Convergence of
Projected Gradient Descent for Minimizing a Large-Scale Quadratic over the Unit Sphere.” In
Proceedings of IEEE International Workshop on Machine Learning for Signal Processing (MLSP),
pp. 1-6., IEEE, 2019.



118

4.1 Introduction

This chapter studies the problem of minimizing a quadratic with a norm constraint:

1
min ~x’ Az — b'x subject to ||z|| <1, (4.1)
z€R" 2

where A € R™*" b € R" and |-|| is the Euclidean norm.? This optimization prob-
lem arises frequently in many machine learning and signal processing applications
including contour grouping [73], graph partitioning [88] and seismic inversion [149].

If the global solution x, of (4.1) lies in the interior of the unit sphere, i.e.,
|lzs|| < 1, then @, is also the solution of the unconstrained problem. Thus, it is
more challenging to consider the case when ||x,|| = 1. To that end, we restrict our

interest to the following problem of minimizing a quadratic over a sphere:

1
m%@n —x"Ax — b'x subject to ||lz|* =1, (4.2)
zeR?

In this formulation, we assume that A is symmetric, but not necessarily positive
semidefinite. Hence, the objective function is potentially non-convex. Additionally,
the norm constraint is non-convex. Both (4.1) and (4.2) are instances of quadratic
constrained quadratic program with only one constraint (QCQP-1) and they have
been extensively studied in the literature. State-of-art methods for solving this type

of QCQP-1 problems in polynomial time include semidefinite relaxation (SDR)

2Generally, we can always assume A to be symmetric. Otherwise, one can define an equivalent

objective function using A = 1A+ AT).
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[142] and Lagrangian relaxation [165]. However, the problem size for these methods
often grows quadratically, making them inapplicable to large-scale problems.

From a different standpoint, problems (4.1) and (4.2) also arise in linear al-
gebra and optimization as the trust-region subproblem. There have been a few
extensions to large-scale settings. In [80], Golub and von Matt leveraged the the-
ory of Gauss quadrature and proposed a method to approximately solve (4.1) by
tridiagonalizing A using the Lanczos process. In another approach, Sorensen [187]
recast the trust-region subproblem in terms of a parameterized eigenvalue prob-
lem and developed an implicitly restarted Lanczos method. Related schemes can
also be found in [175,179]. In 2001, Hager introduced sequential subspace method
(SSM) [86,87], carrying out the minimization over a sequence of subspaces that
are adjusted after each sequential quadratic programming (SQP) iterate. Similar
to the aforementioned methods, SSM relies on Lanczos process to compute the
smallest eigenvalue and the corresponding eigenvector of A.

In this chapter, we focus on scalable first-order methods for solving (4.2) di-
rectly. We leverage the use of simple gradient projection and establish convergence
results in the non-convex setting of the spherically constrained quadratic minimiza-
tion problem, where most convergence guarantees in convex optimization start to
break. Our analysis provides a novel insight into behaviors of the algorithm in the
neighborhoods of the local optima. Understanding these convergence properties
enables us to (i) accommodate acceleration near the optimum—e.g., by using opti-
mal step size selection or momentum methods—and (ii) identify ways of enabling

convergence to global solution. Finally, we present numerical results that illustrate
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the theory developed in the chapter.

4.2 Solution Properties
Consider the Lagrange function

1 1
L(w,7) = 5o Az~ b"e — (]~ 1)
where « is the Lagrange multiplier. The first-order Lagrangian conditions for

optimality can be specified as

VieLl(x,7) = Ax —b—~yx =0,

ViL(x,y) = |z —1=0.

For notational simplicity, we denote the residual by »r = Ax — b and the unit
sphere by 8" ! = {x € R" : ||| = 1}. Formally, these conditions are given in the

following lemma.

Lemma 4.1 (Stationary conditions). The vector x, is a stationary point of prob-
lem (4.2) if and only if . € 8™ ' and there exists a constant y(x,) such that

r, = Az, — b=(x,) - ..

For the rest of this chapter, we use the shorthand notation v to refer v(x.).
Lemma 4.1 also implies v = rlx,. Denote Py = I — x.x!. Let A\, = 0 be
the zero eigenvalue corresponding to the eigenvector @, of the matrix Pj* AP;*

and A\ > Ay > ... > A\,_1 be the remaining n — 1 eigenvalues. Noticeably, the
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-2 0 -1 1 0 0

(d) A= b=

0 1 0 0 1 0

Figure 4.1: Examples of minimizing a quadratic over a sphere. Stationary points
are given in red stars. In 2D scenario, they can be either local minima or local
maxima (a-c). Furthermore, it is possible that a local optimum lies in a continuum
of optima (d).
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eigenvalues of P;- AP, can be bounded by

where Apin(A) and Ay (A) are the smallest and largest eigenvalues of A, re-
spectively. Moreover, the relationship among those eigenvalues and the Lagrange
multiplier provides necessary and sufficient conditions for determining the type of

a stationary point.

Lemma 4.2. A stationary point x, of problem (4.2) is a strict local minimum if

and only if y(x,) < An_1(x.). Furthermore, x, is a global minimizer of problem

(4.2) if and only if y(2+) < Amin(A).

Example 4.1. Figure 4.1 demonstrates various cases where there are different

numbers of stationary points. As an exemplification, let us examine the derivation

of the problem in Fig. 4.1(b):

1
min = (407 + 23) — 22, s.t. 27+ a3 = 1.
Z1,2T2

For each stationary point @, the matriz Py AP, has one zero eigenvalue cor-
responding to the eigenvector x,, and the other mon-zero eigenvalue \y = \,_1
(since n = 2) lies between Apmin(A) = 1 and Apmax(A) = 4. Omitting the detailed
calculation, we list the four stationary points of this problem as follows: (i) a
global mazimum at [x1,x9] = [—1,0] with v = 6,\; = 1; (i) a local maximum

at [x1, ) = [1,0] with v = 2,\; = 1; and (ii1) 2 local (also global) minima at
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(21, 25] = [2, 5] with y = 1, A = 8.

4.3 The Projected Gradient Algorithm

The projected gradient descent approach (see Algorithm 4.1) starts at an initial

point (¥, then performs the update
) = £ (x¥)) = Pgn (m(t) —a(Az® — b)), (4.3)

where a > 0 is the step size and Psn-1(-) : R" — R" is the spherical projection

uniquely given by

= if & # 0,

e if x =0,

with e € 8" ! such that e and Ae — b are not collinear. The definition of pro-
jection at 0 is just for numerical issues when the algorithm encounters the origin
at some iteration. In practice, we can choose e to be one of the natural basis,
i.e., [1,0,...,0]. Next, let us consider some important properties associated with

Algorithm 4.1.

Definition 4.1. A fized point of f, is defined as any vector & € R"™ such that
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Lemma 4.3. The vector & is a fized point of f. if and only if & € S*~! and there

exists a constant v < é such that ¥ = Ax — b = y.

Proof. Since & is a fixed point of f,, we have

& = fo(T) = Psn1 (& — a(AZ — b)).

Consequently, € € S"~!. Furthermore, if £ —a(AZ—b) = 0, then & = Pga-1(0) =

e. But this contradicts with the non-collinearity of e and Ae—b. Thus, it must be

the case that € — a(Ax — b) # 0, and hence & = 2=2

[[&2—a

el

e There exists a constant

kil

v such that » = y&. Substituting back into the fixed-point equation yields

~ (1—av)x l—ay @ ian(1 ). &
T = — = — =sign(l — avy) - Z.
[1—arylllzl] 1 —ay||z]

Therefore, the sign of 1 — ay must be 1 or 1 — ay > 0. O

From Lemma 4.2 and 4.3, we can establish the necessary and sufficient conditions

for a fixed point of f, to be a stationary point as follows.

Corollary 4.1. The vector x, is a stationary point of problem (4.2) if and only if

there exists a > 0 such that x, is a fixed point of f,.

Example 4.2. Continued from Example 4.1, we illustrate fixed points with differ-
ent step sizes in Fig. 4.2. When « is small enough, all stationary points can be
fized points. As « increases, only stationary points with the multiplier v < 1/«
remains to be fixed points of f.. Interestingly, while any convergence point of Al-

gorithm 4.1 with step size « is a fized point of the iterated function f., the vice
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Algorithm 4.1 Projected Gradient Descent (PGD)

1: Initialize ® € S"1
2: fort=0,1,... do
3 200 = 30 o (A — b)
4: D) — Pgnq(z(t“))
(a)0<a<1/6 (b)1/6<a<1/2  (c)1/2<a<l @) a1

Figure 4.2: Stationary points (red stars) versus fixed points (blue circles) with
different step size o in optimizing the quadratic objective 3 (42} 4 23) — 2z, over
the unit circle. Dashed lines are the contour levels of the objective value.

versa is not true: the global mazimum at [x1, 5] = [—1,0] is a fized point of f.,

for a < 1/6, but as can be seen in the next section, it is not a convergence point

of the algorithm.

4.4  Convergence Analysis

In this section, we present our result on the local uniform convergence of Algo-
rithm 4.1 with a certain choice of step size to a strict local optimum. The con-
vergence is shown to be linear and the asymptotic rate is given in a closed-form
expression. The challenges come the non-convexity of the norm constraint and
(potentially) the negative curvature of the objective function. Let us begin with

the analysis of the projection operator.
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Lemma 4.4 (Taylor series expansion of the projection). Let @ € R™ be a nonzero

vector and & be a small perturbation such that ||8|| < ||z||. Then,

1 < xx”

Pn—1w+6 :Pn—lw+ -

)3+ 0(181P).

Now, considering the convergence of Algorithm 4.1 in the region near a strict local
minimum x, where r, = Az, — b = yx,. Denote 6) = 2® — &, and reorganize

the update equation (4.3) as

") = Pgus (zh — a(Az, — b) + (I — aA)SY) —

= Pso1 (1 — ay)zs + (I — @ A)8W) — Psu1 ((1 — av)z.).

Substituting & = (1 — ay)z, and 6 = (I — aA)d? into Lemma 4.4 yields

1 1-— «(1— T
St — (I . ( 047)113 ( 0/27)33* )(I - Cw4)5(t) + O(||5(t)||2).
(1 = ay)z.|| (1 — av)e.|
Assume the step size is chosen such that ay < 1, and recall that ng; =1 -zt
for ||x.|| = 1. The recursion can be rewritten as
1
o — 1—Pj*(I —aA)8" +0(]|69)%). (4.4)

The stability of a general nonlinear difference equation of the form z**! = Tz* +
o(||z*||) has been well-studied in [15,166]. In particular, let p, be the spectral

radius of (1 —ay) ' P (I —aA), i.e., the largest absolute value of its eigenvalues.
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If p, < 1, then the series {6V} approaches zeros with sufficiently small §(°), where
1691 < K16 (po + 0(1))"

Therefore, to prove the local convergence of the PGD algorithm, it is sufficient to
show that p, < 1. We present our main result on the local uniform convergence

to a strict local minimum as follows.

Definition 4.2. Algorithm 4.1 with a fized step size « is said to converges locally
uniformly to x, if and only if there exists a constant € such that for any x®

<€ forallt = 0,1,... and

satisfying Haz(o) —:z:*H < ¢, we have Hac(t) —x,

limy o0 Ha:(t) — a:*H =0.

Theorem 4.1. The vector x, is a strict local minimum of problem (4.2) such that
v < An—1 if and only if there exists a > 0 such that Algorithm 4.1 with step size «
converges locally uniformly to x.. Furthermore, for any step size a > 0 such that

a(M +7) < 2, the sequence {z®M} satisfies

t
J2® — .|| < K[|z — 2. (pa + o(1))",

[1—aX;|
l—ary °

for some constant K > 0 and p, = maxj<;<p_1

The proof of Theorem 4.1 is given in the appendix. The theorem reveals PGD
converges to a local minimum at an asymptotic linear rate p,. Note that in our
problem, A is not necessarily PSD, meaning \; could be negative. To facilitate

acceleration, one can speed up the convergence by optimizing over the step size a.
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Lemma 4.5. The optimal rate of local convergence and the optimal step size for

Algorithm 4.1 are given by 3

M= Ap1 _ 2 .

Px = AM+Ap—1—277 Q= Al+An—1 Zf )\1 + Anfl >0
_ A1 _ h .

P =0 Ay = OO0 otherunse.

Example 4.3. Continued from Example 4.2, Theorem /.1 states that the PGD al-
gorithm only converges locally uniformly to the two local minima at [2/3, £+/(5)/3]
8

with A\y = 3. Notice that these points are fized points of fo for a < 1. Since

A = A\,_1, the optimal rate is p. = 0 with step size o, = 3. In this case, the

5
convergence is quadratic due to the residual term in (4.4).

Global convergence of the PGD algorithm. Theorem 4.1 also implies that
for any step size « satisfying p, > 1, the algorithm tends to move away from
the local minimum «,. This intuition leads us to the following strategy for step
size selection: choosing « large enough such that g(a,x,) > 2, where g(a, x,) =

a(A(z.) +y(x,)), for all strict local minimum @, except the global minimum .

Remark 4.1. Assume that there exists sufficiently large o satisfying g(o, @) < 2
for any global minimum x, and g(a,x,) > 2 for any strict local minimum ..
Then Algorithm 4.1 with step size o converges to one of the optimal solutions x,

at an asymptotic geometric rate of pa(xy).

3The proofs of Lemma 4.2 and Lemma 4.5 are given in the Appendix at the end of this chapter.
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S
02000 4000 6000 8000 10000 12000 14000 16000 18000 10° 10' 10° 10 10* 10°
t

(b) ()

Figure 4.3: (a) Local convergence of the projected gradient method with different
step sizes for solving a unit-constrained least squares. (b-c) Empirical evidence of
the convergence to global optimum where (9 is initialized near a local optimum
and « is chosen according to Remark 4.1. Dashed lines are added as an illustration
for the theoretical bounds for the convergence rate of fixed step size methods (up
to a constant).

4.5 Numerical Results

Motivating applications of problem (4.1) are the well-known trust-region subprob-
lem in nonlinear optimization [49], the variational problem in structural limit anal-
ysis [74], and the optimizing precoder method in transmitter based CDMA opti-
mization [97]. For the purpose of demonstrating the theoretical analysis, we will
focus on numerical results for local convergence of Algorithm 4.1 with different step
sizes, and empirical evidence for our conjecture about the global convergence with
an appropriate step size. In our experiment, we first generate a random symmetric
matrix A of size n = 1000 such that the smallest eigenvalue is far away from the
other eigenvalues. Then, we choose one multiplier for the global solution y(x,) <
Amin(A) and one multiplier for the local solution y(@,) > Anin(A). Next, the coef-
ficient vector b is chosen such that b? (A — v(x,)I)72b = b7 (A — y(z.)I) b = 1.

Finally, we compute @, = (A — v(x,)I)"'b and x, = (A — y(z.)I)'b.
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For local convergence, starting at an initial point (@ close to the local mini-
mum x,, we examine four PGD algorithms with different step sizes:

(i) Commonly used step size: & = 1/L, where L is the spectral radius of A. This

step size selection is often used in many classic proofs of convergence in convex
optimization, where an L-smooth objective function can be guaranteed to mono-
tonically decrease through PGD iterations.

(ii) Optimal step size: & = «, as in Lemma 4.5. We choose A and @, such that

A1+ Apo1 >0, hence a, = 2/(A1 + A\q).

(iii) Projected backtracking line search: rewriting the PGD update as generalized

gradient step Y = ) —0,G,, (x®), where G (x) = é(x_PSn—l (x—a(Az—
b))) Denote the quadratic objective by ¢(a). Starting with o« = 1, we shrink
a = Pa, for 0 < f < 1, while

Q
o(x — aGalw)) > 4(z) — a(Az — ) Golw) + 5 | Ga(a)]*.
In our case, this backtracking condition can be simplified to
1
Ga(w)TAGa(m) > a ||Ga(93)||2

(iv) Exact line search: finding the step size that maximizes the decrease in objec-

tive function

Omin = ran>i£1q(775n_1(:1: — a(Az — b))).

As can be seen from Fig. 4.3(a), the convergence of PGD with step size o =

1/L (blue) is the slowest among the considered methods, followed by the one
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with optimal step size a = 2/(A; + A,—1) (red). Note that they both match
the asymptotic rate predicted in theory. The adaptive schemes, namely projected
backtracking (yellow) and exact line search (magenta) perform slightly better than
the optimal fixed step size scheme.

For global convergence, we purposely initialize the algorithm at the same a(©)

that is close to the local minimum «,, and run the PGD algorithm with step size

1

2 ()\1 (.'E*)2 °

@) T @)@

o= ) It is easy to verify that « satisfies the condition
in Remark 4.1: g(a, @) < 2 < g(a, x,). Figure 4.3 demonstrates the convergence
of the algorithm to the global minimizer x,, in terms of the distance to the solution
(b) and the decrease in the objective value (c). In the first 5000 iterations, the
algorithm tries to escape from the local minimum. Then it experiences a period

of fluctuation before getting attracted by the global minimum. Notice that when

it reaches the neighborhood of x,, (monotonic) linear convergence is observed. *

4.6 Conclusion and Future Work

We analyzed the projected gradient descent approach to minimizing a quadratic
over a sphere. We showed that the algorithm always converges linearly to a strict lo-
cal minimum in its neighborhood. Further, we provided the closed-form expression
for convergence rate and identified ways of achieving optimal rate of convergence

near the optimum. Our analysis can be extended in the following directions: (i)

4This result is provided merely as an illustration of a typical run, not to be considered as an
empirical proof. In our experiments, we re-ran simulations multiple times with various problem

sizes and always observed convergence.
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minimizing a quadratic over an ellipsoid; (ii) acceleration of gradient projection

using momentum; and (iii) analysis of convergence to a continuum of optima.

4.7 Appendix

4.7.1 Proof of Lemma 2
Recall our optimization problem:

1
min —z’ Az — b’z subject to ||lz|* =1,
zcR™

The proof of the global minimizers is given by Lemmas 2.4 and 2.8 in [186]. Below
we provide the proof of the sufficient condition for strict local minima of problem
(4.2). This is a consequence of the second-order sufficient condition for optimality
in constrained optimization (see Chapter 3 - [16]). Notice that in our case, the
Hessian of the Lagrange function is V2_L(x,7) = A — vI and the Jacobian of
the constraint @ — 1 =0 is J(x) = . Let x, be a stationary point of problem

(4.2). Then @, is a strict local minimum if

Yy (A—yDNy>0 Yyst y Lz, (e y'z,=0). (4.5)
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Since P,y =y for all y 1 @, we have

y"(A— D)y =y"PL(A—I)Pry
= yTPmL* APgiy — 7yTPgi Paiy

=y (P, AP, —I)y.

Thus, condition (4.5) is equivalent to y* (P, AP,: —~vI)y > 0, or

yTPj* AP;* Y

5 Vyst ylax,. (4.6)
lyll

v <

On the other hand, by the definition of \,,_;, we have

TPL APL TA
An—1 = min M = min w = min y" Ay. (4.7)
i Y i R e

Combining (4.5), (4.6) and (4.7), we conclude v < \,_; implies x, is a strict local
minimum of problem (4.2).

It is noteworthy that the necessary condition for local minima of problem (4.2),
following a similar argument, is given by v < \,,_;. However, it is possible that a

strict local minimum associates with v = A,,_;. For example, consider the 2D-case

2 1 1/v/2 ) V2

) LTy = = ) fy:)‘n—lzl-

1 2 1/\/5’ V2

It can be seen that the curvature of the objective function almost coincides with
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that of the unit sphere at @, in the above example. The following lemma states

the necessary condition for strict local minima of problem (4.2):

Lemma 4.6. If x, is a strict local minimum of problem (4.2), then either of the

following condition holds
e 7 < )\nfl

o xTAx, > uTAu = =\, and xT Au =0 for u = argminy” Ay.
yla.
lyll=1

Proof. By definition of strict local minima, for any € S™ ! such that 0 <

|z — .|| < e with sufficiently small € > 0, we have

0 < f(z) = f(z.)

= (%mTAw — bTa;> — (%w*TAw* — bTﬁC*)

= <%mTAm — (Azx, — va:*)Ta:> — (%m:{Aa}* — (Az, — vw*)TiU*>

(since Az, —b=z,)

1
=3 (a:TAa: —2xT Az, + 2T Az, — 7(2:1333:* — 2wTa:*))

1 .
=5 (@-2)A@-2) —ylz-2.|)  (since 2] = 2] = 1)

Denote 6 = x — x, = 8, + 0, where 9, is collinear to x, and d, is orthogonal to

x,. The last inequality becomes

5TAS  STAS,+25TAS, + 6, A5,

v < -
1811° 1811°

(4.8)
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Using the fact that ||8]|* = [|8,]]> + ||6.]|* and

L= lz]” = [l + 81" = llae.|” + 161" + 2278 = 1+ [|0,[" + |8 ” + 29,

we obtain §, = —||0,| . and ||, || = \/2 104]| — ||0.]°. Substituting back into
(4.8) yields

e 18.]° &F Az, — 2|, \/2 18a1] = 10: 2! Au + (2|8l — 16" u" Au
2|0l

1
= - (18,0127 Az = 2\/2 (8.1 — 18,7 Au — 8, " Au) +u” Au, (19)

where wu is the unit-length vector that is collinear to §,. Now since ||d,| can be
chosen arbitrarily small and w can be chosen in any direction that is orthogonal to
T, taking ||8,]] — 0 in (4.9) yields u? Au > ~ for any unit-length vector u L x,.
Thus, from (4.7), we conclude that A, ; > 7. Furthermore, if \,_; = u? Au = 7,

then it holds that

10,]| xf Az, — 2\/2 102 = 10 2F Aw — ||, ]| u" Au >0 for all ||8,].
(4.10)

Notice that if 27 Au > 0, we can always choose sufficiently small ||d,|| so that
the second term (O(||8,]"/?)) on the LHS of (4.10) dominates the other terms
(O(]|82]])), which in turn forces the LHS to be negative. Otherwise, if x Au < 0,
we can replace u by —u and follows the same argument to expose the contradiction.

Therefore, it must hold that 7 Au = 0 in the case uZ Au = ~. In addition,
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substituting these quantities back into (4.10) yields 7 Az, > u” Au. O

4.7.2 Proof of Lemma 4

This lemma stems from the fact that the first-order derivative of the function

T

flx) = Ty 18 given by

1 1
—d — — =TT .
Izl )

V(@) =

4.7.3 Proof of Theorem 4.1

The proof of Theorem 4.1 is given as follows.
[=] First, if Algorithm 4.1 converges locally uniformly to ., our goal is to prove
¥ < An_1. By contradiction, assume that v > \,_; °. Then choosing (® =

x, + eu,_1, where u,,_1 is the eigenvector corresponding to \,_1, leads to

s = P= | 5o _ 1=t 5
1—ay 1—ay
1—al,_ 1—al,_
1—ay 1—ay

This contradicts with the assumption that the sequence {x®} lies inside the e-
vicinity of x,.

[«<] Conversely, we will show that if @, is a strict local minimum, then for any

5The case v = A,_1 leads to convergence to a continuum which we leave as a future work.
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a > 0 such that a(A\ + ) < 2, Algorithm 4.1 with step size o converges locally
uniformly to x.. By the same argument in [166], to prove the local stability of
equation (4.4), it is sufficient to consider the linear equation without the quadratic
residual

ot — - —— P (I - aA)sY
oy

The above equation implies 8 = Pt §® for t = 1,2,.... Thus, we have

L L
S — P, (I - aA)P; 5(t) _ P, —aP, AP, ¥10)
1—ay 1—ay
- aP}t APL)PQCl 50 I —aP- AP} 50
N 1—ay 1—ay '

Now consider the matrix P;- AP;-. There exists an eigenvalue decomposition

Pat AP;* =UAUT” where U = ['u,l, Ua, ..., Un_1, T, is an orthogonal matrix and
A =diag(A, A2, ..., An_1,0). Let y® = UT§®. Then
t
y (t+1) _ —UTS (t+1) _ I— O‘Ay(t) _ I—aA y(1)‘ (4‘11)
1—ay 1—ary

In addition, since the last column of U is @,, we can compute the last element of

y(l) by

y D = gT6W = (1 — z,27)6@ = 0. (4.12)
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From (4.11) and (4.12), we obtain

1-—(1Ai
1 —ay

t
Hy(t+1)H < 1%?33(—1 .

™1

Since x, is a strict local minimum, it follows from Lemma 4.2 that v < A\,,_1 < Ay,
Combining with the condition a)\; + a7y < 2, we obtain ary < 1. In order to show

convergence, it remains to prove the inequality

1—a)\ )
max &<1<:>\1—a)\i\<1—ory, V1i<i<n-—1.
1<i<n—1 1 — vy

Indeed, this inequality stems from the fact that al; + ay < 2 and v < \,_1 <

o< Aq.

4.7.4 Proof of Lemma 5

We have
1 —al\;
a, = argmin max &. (4.13)
a>0 1<i<n—1 1 — ary
a(A+7v)<2
1—aA

For v < A, the function is monotonically decreasing. Denote f(a) =

l—oavy

1—a; . .
maxj<j<n—_1 % Consider the following three cases:



o If 1 —a),_1 >1—a) >0, then (4.13) becomes

1 A _>\n7 1
. 1l —al_ f(A_1) = 1)\1,,y - if Ay >0
min f(a) = min —— =
@ axi<l 1 —ay .
foo) = == otherwise

o If 1 —a); <1—a)\,_1 <0, then (4.13) becomes

. . a; — 1 1 Al — A
mo}nf(oz) :a/\m,lfl>1 1—1047 :f<)\ )Z 1 x

o If 1 —a)l <0and 1—a),_; >0, then (4.13) becomes

. . Oé)\l -1 1-— Oé)\n,1
min f(a) =  min :
a aMitr-n<2 | 1 —ay’ 1 —ay

A1 —Ap— .
Fo—) = 3252 i + Apy) <2

f(oo) = % otherwise

In summary, we have

o If )\1 + /\nfl S O, then
. ) 1
min f(a) = min{ £ (1), f(o0) } = F(c0).
o If A\ + X1 > O, then

m(jnf(a):min{f(/\i),f( ! )’f(A1+2An_1)}:f( =

A +>\n—1).

139
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Chapter 5: On Local Linear Convergence of Projected Gradient
Descent for Unit-Modulus Least Squares!
The unit-modulus least squares (UMLS) problem has a wide spectrum of appli-
cations in signal processing, e.g., phase-only beamforming, phase retrieval, radar
code design, and sensor network localization. Scalable first-order methods such as
projected gradient descent (PGD) have recently been studied as a simple yet effi-
cient approach to solving the UMLS problem. Existing results on the convergence
of PGD for UMLS often focus on global convergence to stationary points. As a
non-convex problem, only a sublinear convergence rate has been established. How-
ever, these results do not explain the fast convergence of PGD frequently observed
in practice. This chapter presents a novel analysis of convergence of PGD for
UMLS, justifying the linear convergence behavior of the algorithm near the solu-
tion. By exploiting the local structure of the objective function and the constraint
set, we establish an exact expression of the convergence rate and characterize the
conditions for linear convergence. Simulations show that our theoretical analysis
corroborates numerical examples. Furthermore, variants of PGD with adaptive
step sizes are proposed based on the new insight revealed in our convergence anal-

ysis. The variants show substantial acceleration in practice.

IThis work is currently under review and available at https://arxiv.org/abs/2206.10832.
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5.1 Introduction

Unit-modulus least squares (UMLS) is formulated as the following optimization

problem:

1
min 5 |®w — hl

weCN

st. |wlP=1fori=1,...,N, (5.1)

where ® € CM*N and h € CM™. This problem arises in numerous machine learning
and signal processing applications including, but not limited to, phase-only beam-
forming [138,206], phase retrieval [35,220], radar code design [184,203], and sensor
network localization [70]. For instance, in phase-only beamforming applications,
the goal is to design a weight vector w associated with N antennas so that it re-
tains the power of each antenna and enhances reception of the signals from certain
directions while mitigating interference located at other directions. For a uniform
linear antenna array, ® can be the steering vector matrix with a Vandermonde
structure.

It is well-known that UMLS is a non-convex NP-hard problem [237]. One
traditional approach to this problem is semi-definite relaxation (SDR). In [141],
Luo et. al. recast (5.1) as a quadratically constrained quadratic programming
(QCQP) problem and then lifted it to an N2-dimensional problem with a rank-1
constraint. By dropping the non-convex rank constraint, the resulting problem

is convex and can be solved via interior point methods. The major disadvantage
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of SDR is the high computational complexity (O(NT) flops and O(N?) memory),
which is not suitable for large-scale problems in modern applications. Another
approach that has recently been proposed by Tranter et. al. [206] is non-convex
projected gradient descent (PGD). Since the projection onto the unit-modulus
manifold is simple and low-cost, PGD was shown to be efficient in large-scale
settings. Notably, the authors in [206] showed that, despite the lack of convexity,
the algorithm converges globally to a set of stationary points of (5.1) and the rate
of convergence is at least sublinear.

Motivated by Tranter’s result, this chapter studies an in-depth convergence
analysis of PGD for UMLS. First, we observe in practice that the algorithm fre-
quently exhibits linear convergence near a local minimum of the problem. This
is significantly faster than the sublinear convergence proven in [206]. Second, we
believe the bound technique in [206] is rather conservative since it focuses on global
characterization yet ignores the local structure of the problem around the solution.
In particular, while UMLS is not a globally convex problem, it can still possess a
benign geometry around a local minimum. In such scenario, one can expect that
PGD will converge linearly to the local minimum similar to gradient descent for
unconstrained minimization of a smooth and strongly convex function [160]. With
this intuition, our goal here is to provide an analytical framework to uncover the
fast linear convergence behavior of PGD near a local minimum of the UMLS prob-

lem.? By exploiting the local structure of the problem near local minima, we are

2Part of this work appeared in an earlier conference version [218], where we study the local

convergence of PGD for minimizing a quadratic over the unit sphere. When N = 1, the UMLS
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able to identify the sufficient conditions for local linear convergence of PGD with a
fixed step size and obtain an exact expression of the convergence rate. In addition,
we establish the region of convergence in which initializing the algorithm is guar-
anteed to converge to the desired local minimum. The theoretical rate predicts
accurately the empirical convergence rate in our numerical simulation. Finally, in
practical applications where prior knowledge of the solution is not available, we
propose two adaptive-step-size variants of PGD that requires the same iteration
complexity while offering faster linear convergence compared to the optimal fixed
step size in theory.

The rest of the chapter is organized as follows. Section 5.2 presents the real-
valued formulation of UMLS that is considered in this chapter and the PGD al-
gorithm for solving this problem. Section 5.3 summarizes existing results on the
convergence of PGD for UMLS in the literature, highlighting the fundamental sim-
ilarity between the UMLS problem and the spherically constrained problem. Our
convergence analysis is presented in Section 5.4, including solution properties, al-
gorithm properties, and linear convergence properties. In Section 5.5, we propose
two variants of PGD for UMLS that use adaptive step size schemes to effectively
obtain fast linear convergence without the prior knowledge of the solution. Finally,

in Section 5.6, we perform numerical experiments to verify our theoretical analysis.

problem and the spherically constrained LS problem coincide. For N > 1, UMLS introduces a

more complex constraint set in the form of the cross product of multiple spherical constrains.
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5.2 Problem Statement

In this section, we introduce fundamental concepts in formulating the UMLS prob-
lem as a standard constrained least-squares optimization and the PGD algorithm

for solving it.

5.2.1 Notation

Throughout the chapter, we use the notations |[|-|| and ||-||, to denote the Frobe-
nius norm and the spectral norm of a matrix, respectively. Additionally, ||-|| is used
on a vector to denote the Euclidean norm. Boldfaced symbols are reserved for vec-
tors and matrices. The ¢t x ¢ identity matrix is denoted by I;. The ¢t-dimensional
vector of all zeros and the t-dimensional vector of all ones are denoted by 0, and 1,
respectively. The notations ® denotes the Kronecker product between two matri-
ces and vec(-) denotes the vectorization of a matrix by stacking its columns on top
of one another. For a complex number 2z, ® and & denote the real and imaginary
parts of z, respectively. Given an n-dimensional vector @, z; denotes the ith ele-
ment of  and diag(x) denotes the n x n diagonal matrix with the corresponding
diagonal entries x1,...,x,. Given a matrix X € R™*" the ith largest eigenvalue
and the ith largest singular value of X are denoted by \;(X) and 0;(X), respec-
tively. The spectral radius of X is defined as p(X) = max; |A\;(X)| and is less
than or equal to the spectral norm, i.e., p(X) < || X||, [151]. If X is square and
invertible, the condition number of X is defined as x(X) = 01(X)/0,(X). Fi-

nally, we use X > 0 to indicate the matrix X is positive definite (PD) and X > 0
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to indicate the matrix X is positive semi-definite (PSD).

5.2.2 Real-valued Formulation of UMLS

For the convenience of analysis, we consider the following real-valued parametriza-

tion of (5.1):

1
min 5 | Az — b))

TCcR2N

st. a5, +ay=1fori=1,...,N, (5.2)
where A € R2M*2N ig partitioned into 2 x 2 blocks of form

i, - R(Pi;) —S(Py5) | (5.3)
(i) R(Dyy)
fori=1,...,Mandj=1,...,N. Inaddition, z = [R(w,), S(w1), ..., R(wy), S(wy)]"
and b = [R(h1),S(h1), ..., R(har), S(has)] " are real-valued vectors. Next, we in-
troduce the concepts of the 2-selection operator that selects the ith coordinate pair
of a 2N-dimensional vector. Since the unit-modulus constraint involves every pair
of coordinates of @, this operator allows us to simplify the representation of our

result in the rest of the chapter:

Definition 5.1. For each i =1,..., N, the ith 2-selection operator is defined
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by S; : RNV — R? such that

where & = [x1, 79, ..., Ton] .

It is noteworthy that the 2-selection operators is linear. Using this operator, we

can represent any vector © € R?" as

T = Z e; ® S;(x), (5.4)

where e, is the ith vector in the natural basis of R"Y. Then, we define the constraint

set of the UMLS problem (5.6) based on the 2-selection operator.

Definition 5.2. The unit-modulus set is defined by
C={xecR?":|S(z)|*=1,Vi=1,...,N}. (5.5)
Using Definition 5.2, one can rewrite the optimization problem (5.2) as follows

1 2
min o |Ax — b||”. (5.6)

1

For convenience, we denote the objective f(x) = 5 [[Ax — b|’.
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5.2.3 Projected Gradient Descent for UMLS

To define the projection onto the unit-modulus set C, let us introduce the distance

function from a point & € R?" to C as
d(z,C) = inf{|ly —x|}. (5.7)
yeC
The set of all projections of & onto C is then given by
le(x) ={y € C||ly —z[ = d(z,C)}. (5.8)

It is well-known [210] that if C is closed, then for any & € R", [I¢(x) is non-empty.
Additionally, since the unit-modulus set C is non-convex, Il¢(x) can have more than
one element. An orthogonal projection onto C is defined as Pe : R2Y — C such
that Pe(x) is chosen as an element of Il¢(x) based on a prescribed scheme (e.g.,
based on lexicographic order). In particular, we define the orthogonal projection

Pc(x) as projecting each coordinate pair of z € R?Y onto the unit 1-sphere

E1E] if Si(=) # 05,

[1, O]T = S if SZ<.’B> = 02,

Si(Pe(x)) = (5.9)
for i = 1,...,N. Here we recall that S; is defined in Definition 5.1. It is noted

that when S;(x) = 09, the set of projections of 05 onto the unit 1-sphere is non-

singleton, i.e., the entire unit 1-sphere. In such case, we choose a certain element s
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Algorithm 5.1 Projected Gradient Descent (PGD)

Require: z(© ¢ R?N
Ensure: {x®},_,
1: for k=0,1,... do
2. ) =P (™ — nAT(Az®) — b))
3: > where Pc is defined in (5.9)

in this set (e.g., [1,0]") as the value of S;(Pc¢(x)). We emphasize that this choice
of the projection does not affect our subsequent analysis of local convergence.
Starting from some initial point £(®), the PGD algorithm for solving (5.6)

performs the following iterative update (see Algorithm 5.1):
D = P (2™ —nAT(Az®) — b)), (5.10)

where n > 0 is a fixed step size. In the literature, PGD is also known as the

gradient projection (GP) algorithm (e.g., [206]).

5.3  Preliminaries

This section presents a brief overview of existing results on convergence analysis of

PGD for UMLS and the related problem of least squares with unit-norm constraint.

5.3.1 Existing Convergence Results on PGD for UMLS

The sublinear convergence of PGD to a set of stationary points of UMLS was

studied in [206]. First, Tranter et. al. showed that any limiting point x* of the
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sequence {m(k)}zozo generated by Algorithm 5.1 is also a stationary point of (5.6).
Second, they proved that for PGD with a fixed step size 0 < 5 < 1/[|A][3, the
convergence of {x¥)}2°  to a set of stationary points of (5.6) is sublinear. In
particular, the authors provided a sublinear bound on the distance between two

consecutive iterates as follows®

pin [0+ a0 < | [PUED - TE) (.11
& (1= ARk

However, it is noted that the sublinear bound given by (5.11) is based on the
worst-case analysis. In practice, we observe the algorithm enjoys fast linear con-
vergence to a local minimum «* of (5.6). Figure 5.1 illustrates the striking dif-
ference between the bound on ||z*) — z®|| given by the RHS of (5.11) (sub-
linear in blue dashed line) and the corresponding empirical value obtained by
running the PGD algorithm (linear in blue solid line). The additional bound on

Hm(k“) — ) H (red dashed line) is derived from the bound on ||z® — z*

given
later in (5.21) and the application of the triangle inequality: |z®+) —z®| <

Hw(k“) —x* . We observe the red dashed line and the blue solid

+ [|z® — 2

line are parallel to each other, while the blue dashed line deviates quickly from
the other two lines as k increases. In the next section, we study this unexplained

convergence phenomenon of PGD for UMLS. We will provide exact formulations

3We note that in [206], the authors actually derived the convergence bound on a surrogate
function Q(+) that quantifies the stationarity condition of (5.6). From Eqn. (23b) in [206], we have
the value of Q(-) at iteration k equals to n% Haz(k“) —x®) H2 In the literature, such convergence

metric is related to the generalized gradient norm, (e.g., [12]-Section 2.3.2).
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Figure 5.1: Plot of Hw(’““) — ™) H (blue solid) generated by PGD for UMLS with
a fixed step size 7 = 0.9/ ||A||2. The blue dashed line represents the sublinear
bound given by (5.11). The red dashed line is based on our linear upper bound
proposed in this work. Further details of the data generated for this figure are
given later in our simulation in Section 5.6.

of the region of convergence and the linear convergence rate. The selection of the
fixed step size n < 1/||Al|5 is conservative as it may not be the optimal choice
to attain a quick convergence speed. We will demonstrate in our simulation that

larger step sizes enable faster convergence of PGD for UMLS.
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5.3.2 Least Squares with Unit-Norm Constraint

A closely-related problem to UMLS is the unit-norm least squares (UNLS)

min = ||Az — b|?
eRN
st |lz)® =1, (5.12)

where A € RM*N and b € RY. While UMLS requires each of the N coordinate
pairs of the solution lies on the unit 1-sphere, UNLS requires the solution itself
lies on the N — 1-sphere. Unlike the case of unit-modulus constraint, minimizing a
quadratic form over the unit sphere is not NP-hard and is solvable as an eigenvalue
problem [87,187]. The convergence of PGD for UNLS has recently been studied
in [13,218]. Table 5.1 summarizes the existing convergence result on UNLS and
the new convergence result on UMLS we derive in this chapter, highlighting the

connection between the two works.

5.4 Convergence Analysis

This section presents the convergence analysis of PGD for UMLS. We begin with
the properties of the solution of the problem and the PGD algorithm. Next, we
present the main result on the convergence of PGD for UMLS. Finally, we provide

the detailed proof at the end of the section.

4This is a more intuitive but not the most general constraint on the step size. The original

version of this condition on the step size is given in Theorem 5.1.
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5.4.1 Solution Properties
The Lagrange function corresponding to (5.6) is given by

1

N
1
Liw.y) =5 1Az = bl = 53" e, + 3~ 1),
=1

where v € RY is the Lagrange multiplier. The derivatives of L with respect to x

can be computed as

Vol(z,v) =A'(Az —b) - (diag(y) ® L),
(5.13)

Vil(z,y) = ATA—diag(y) ® L.

It can be shown that any feasible point & € C is also a regular point of the
constraint set. Specifically, we first represent the constraints as h : R?V — RY
such that h(xz) = Oy, where h;(x) = ||S;(x)||* — 1 for i = 1,..., N. Then, the

Jacobian of all the constraints at @, defined as J;; = 0h;(x)/0x;, is given by

el ® S| (z)
J(x) = e RV*2N,

ey ® Sy(x)
Since J () is full row rank for any @ € C, we have x is a regular point of the

constraint set (see Chapter 11 in [140]). The following lemma establishes the first-

order necessary conditions for local optima of UMLS problems.

Lemma 5.1. The first-order necessary conditions for &* € R2N to be a local
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minimum of (5.6) are €* € C and there exists a Lagrange multiplier v = ~(x*) €

RY such that

AT(Az* — b) = (diag(y) ® L,)x". (5.14)

Any point satisfying the foregoing first-order necessary conditions is called a sta-

tionary point of (5.6).

By setting V,L(z,v) in (5.13) to 0, the proof of Lemma 5.1 follows the same
derivation in [140]-Chapter 11.3. Next, we examine the second-order conditions
for local optima of problem (5.6) via the basis of the tangent plane to C at x*.

The following lemma provides further insight into these conditions.

Lemma 5.2. Let x* be a stationary point of problem (5.6) with the corresponding
Lagrange multiplier ~v. A basis of the tangent space to C at x* is given by the

semi-orthogonal matriz Z € R*N such that

N
Z = ZeieiT@)vi, (5.15)
i=1
where v; = [—a3;, 5. ,]". Denote the reduced Riemannian Hessian associated
with * by
H=Z"ATAZ — diag(~). (5.16)

The second-order necessary condition for x* to be a local minimum of (5.6) is
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H > 0y. The second-order sufficient condition for * to be a strict local minimum

of (5.6) is H = Oy.
The proof of Lemma 5.2 is given in Appendix 5.8.1.

Remark 5.1. The concept of Riemannian Hessian has been well-studied in differ-
ential geometry (e.q., [124]). From (5.16), one can see that the first term takes
into account the curvature of the objective function restricted to the unit-modulus
manifold C. On the other hand, the second term characterizes the curvature of the
manifold C. While this is an elementary result in differential geometry, we include

the proof detail in Appendiz 5.8.2 for self-containedness.

5.4.2 Algorithm Properties

The PGD algorithm can be viewed as a fixed-point iteration and hence, can be an-
alyzed via the existing tools from fixed-point theory. We first define the convergent

point of the PGD update (5.10) as follows.

Definition 5.3. The point x € C is a fized point of Algorithm 5.1 with step size

n > 0 if it satisfies
x =Pc(x—nA'(Az —b)). (5.17)

If the constraint set C is convex, any fixed point of Algorithm 5.1 is also an optimal

solution of the constrained least squares problem [16]. Since the unit-modulus
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constraint set is non-convex, we show that any fixed point of Algorithm 5.1 is a

stationary point of (5.6) as follows.

Lemma 5.3. The vector x* is a fized point of Algorithm 5.1 with step size n > 0
if and only if * is a stationary point of the non-convex problem (5.6) and the

corresponding Lagrange multiplier «y satisfies

v <1/n  if Si(x*) # s

Y <ln  of Si(xt) =s

Vi=1,...,N, (5.18)

where s is defined in (5.9).

The proof of this lemma is given in Appendix 5.8.3. Lemma 5.3 suggests that
when 7 is sufficiently small, all stationary points of (5.6) can be fixed points of
Algorithm 5.1. As the step size 7 increases, only fewer stationary points satisfying
(5.18) can be fixed points of the algorithm. Next, we study the first-order Taylor

expansion of the projection Pe about a point in C in the following proposition:

Proposition 5.1. For any € C and § € R*™, we have
Pe(x+68)=x+ZZ'6+q(9), (5.19)

where Z = Zf\;l e.e] @ v;, for v; = [—x9, 1], and q : R*N — RN satisfies
2
la(d)[| < 2]8]"

The proof of this proposition is given in Appendix 5.8.4. It is noteworthy from

Proposition 5.1 that the projection Pe is differentiable at any & € C. Second, the
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derivative of Pe, given by ZZ', coincides with the orthogonal projection onto the
tangent space of C at x [129]. Third, the expansion (5.19) is universal, regardless

of the magnitude of 4.

5.4.3 Main Result

We are now in position to state our main result on the linear convergence of PGD

for UMLS.

Theorem 5.1. Consider a stationary point x* € C of the UMLS problem (5.6)
with the corresponding Lagrange multiplier v = ~v(x*) € RY defined in (5.14) and
the reduced Riemannian Hessian H = H(x*) € RN*N defined in (5.16). Let
{x®}2  C RN be the sequence generated by Algorithm 5.1 with a fived step size

n > 0. Assume that
(C1) H > Oy (sufficient condition for x* being a strict local minimum,),
(C2) ny; #1 foralli=1,...,N, and

(C3) p(M,) < 1 where
. —1
M, =TIy - n(IN - nd1ag(’y)> H. (5.20)

Then, there exists a finite constant co(x*,m) ° such that for any £ € C satisfying

o -

< co(x*,n), the sequence {||e® — x*||}72, converges to 0. Further-

A closed-form expression of co(x*,7) is given in Lemma 5.9.
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more, if Ha:(o) — :I:*H < p(M,)co(x*,n), it holds for any integer k > 0 that

|2 =2l ) 20—t Ny (5.21)
—_— - . .
2@ — 27| o(M)co(x,m)) 7

In (5.21), Algorithm 5.1 with fizved step size n is said to converge linearly to x*
with a rate of p(M,)).

Theorem 5.1 suggests that PGD in Algorithm 5.1 initialized near a strict local
minimum as indicated by (C1) with a proper step size 7 following the require-
ments in (C2) and (C3) converges linearly to the local minimum. The theorem
establishes three key results for the linear convergence of Algorithm 5.1: the region
of convergence, the rate of convergence, and the bound on the error through itera-
tions. Notably, while the previous result in [206] proves the sublinear convergence
to a set of stationary points of (5.6), our result in Theorem 5.1 shows the linear

convergence to a strict local minimum. It is worthwhile mentioning that the linear

convergence of {||z*) — x*||}72, given by (5.21) matches with the definition of
R-linear convergence in [112]-Appendix A.°
Note that Theorem 5.1 does not explicitly suggest an upper bound on 7 that

ensures convergence and it may appear that PGD with arbitrarily large step size 7

still converges. However, to ensure convergence, the implicit condition on 7 in (C3)

SCompared to Q-linear convergence, R-linear convergence concerns the overall rate of decrease
in the error, rather than the decrease over each individual step of the algorithm. A more elaborate
bound on the convergence of non-linear difference equations of form (5.61) is developed in [216],
in terms of the number of iterations to reach certain accuracy. In this work, we use a simpler

result in Lemmas 5.13 and 5.14 to demonstrate the linear convergence.
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must hold. To provide an intuition for the step size requirement in this condition,

let us consider a more restrictive condition that suffices (C3):
Lemma 5.4. Let n > 0 be a step size such that

(C3°) n(A\(H) + 27) < 2, where ¥ = max; ;.
Then, Condition (C3) in Theorem 5.1 holds, i.e., p(M,) < 1.

The proof of Lemma 5.4 is given in Appendix 5.8.5. When \;(H) + 25 < 0, any
step size n > 0 satisfies (C3’) and hence, satisfies (C3). When A\, (H) + 27 > 0,
(C3’) suggests an upper bound on 7 that is sufficient but not necessary for (C3),
e, n<2/(A\(H)+27). As can be seen from Table 5.1, Condition (C3’) is similar
to the convergence condition in the case of unit-norm constraint.

In Theorem 5.1, Condition (C3) suggest a non-linear relationship between the
convergence rate p(M,) and the step size 7. In principle, one can find the optimal

step size for local linear convergence by solving the 1-D optimization

n" = argmin p(M,(z*))

n>0

= axgmin p( Iy — 5(Iy — ndiag((x"))) " H(z")).

n>0

In the last equation, we spell out the dependence on x* to emphasize that the
prior knowledge of the local minimum is critical for determining the optimal step
size. In the next section, we propose two variants of PGD with adaptive step size

schemes that do not require prior knowledge of M, to select the optimal step size.
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The proposed algorithms enjoy the fast convergence of PGD with a fixed optimal

step size while remaining the same computational complexity per iteration.

5.4.4 Proof of Theorem 5.1

This subsection presents a proof of Theorem 5.1, arranging the key ideas into
lemmas and deferring their proofs to the appendix. Let us begin with the claim
that the strict local minimum «* in Theorem 5.1 is also a fixed point of PGD with

the appropriate choice of the step size 7.

Lemma 5.5. Consider the same setting as Theorem 5.1. Assume that Conditions
(C1)-(C3) in Theorem 5.1 hold. Then, x* is a fized point of Algorithm 5.1 with
the given step size n and its corresponding Lagrange multiplier v satisfies v; < 1/n,

forallt=1,... N.

The proof of Lemma 5.5 is given in Appendix 5.8.6. Next, we establish a recursion
on the error vector, based on the first-order approximation of the projection in

Proposition 5.1.

Lemma 5.6. Consider the same setting as Theorem 5.1. Assume that Conditions
(C1)-(C3) in Theorem 5.1 hold. Let D, = (Iy —ndiag(y))~! and 6® = z® —

be the error vector at the kth iteration of Algorithm 5.1. Then, for any integer
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k>0, we have

") = ZZ (D, ® L) (Iy —nATA)" + q((D, ® L)(Iy —nATA)§"),
(5.22)

where Z at x* and q are defined in Proposition 5.1.

The proof of Lemma 5.6 is given in Appendix 5.8.7. Equation (5.22) can be
viewed as an approximately linear dynamic on the error §%). As the error becomes
sufficiently small, the residual term q((D, ® L,)(I,y — nATA)§®) is negligible
while the linear term ZZ (D, ® I,)(I,y — nATA)§® dominates. It has been
well-studied in the literature [15,166,215,216,218] that the linear convergence rate
of (5.22) is the spectral radius of the linear operator ZZ (D, ® I)(I,x —nATA).
However, following the argument about the structural constraint on the error vector
in [215], we emphasize the fact 6% = Pe(x* + 6*)) — Pe(x*) is the difference
between two points on the unit-modulus manifold and show that the error vector

is dominated by the component on the tangent plane to C at x*.

Lemma 5.7. Consider the same setting as Theorem 5.1. At the kth iteration of

Algorithm 5.1, we have
0" = ZZT6W + q(6™), (5.23)

where Z at x* and q are defined in Proposition 5.1.

The proof of Lemma 5.7 is given in Appendix 5.8.8. Next, combining Lemmas 5.6
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and 5.7, we obtain a recursion on the error vector that implicitly enforces it to lie

on the tangent plane to C at * as follows.

Lemma 5.8. Consider the same setting as Theorem 5.1. Assume that Conditions
(C1)-(C3) in Theorem 5.1 hold. Then by Lemmas 5.6 and 5.7, the error vector at

the kth iteration of Algorithm 5.1 satisfies
o* ) = ZM, Z"6™ + g(6™), (5.24)

where Z at x* is defined in Proposition 5.1, q : R*N — RV satisfies ||q(8)|| <

2,y + 1) 812, and ¢ = (I — nding(7)) " © L) Iy — nATA)]|,.

The proof of Lemma 5.8 is given in Appendix 5.8.9. Finally, we show that the
convergence of the sequence {6}, by recognizing that (i) the spectral radius of
ZM,Z " is the same as that of M, and (i) the recursion (5.24) is an approximately

linear difference equation that is convergent for §(%) sufficiently close to Oay.

Lemma 5.9. Consider the same setting as Theorem 5.1. Assume that Conditions

(C1)-(C3) in Theorem 5.1 hold. Let us define ¥ = max;~y;, 7 = min; y; and

1—p(M,)1—n7
2¢,(c, +1)1 — nf_y’

co(x*,m) = (5.25)

where ¢, is defined in Lemma 5.8. If || 6| < co(x*, ), then the sequence {8 }52

converges to Oqn. Furthermore, let ¢i(x*,n) = p(M,)co(x*,n). Then, for any
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HJ(O)H < c1(x*,n) and integer k > 0, we have

SO N L=—ny\"?
ol < (1- 2L (F22) sl sa0

The proof of Lemma 5.9 is given in Appendix 5.8.10. With this lemma, we complete

our proof of Theorem 5.1.

5.5 Implementation Aspects

This subsection describes two practical variants of PGD with adaptive step size
that can be used when no prior knowledge of the solution is available: PGD with
backtracking line search (Algorithm 5.2) and Nesterov’s accelerated PGD with

adaptive restart (Algorithm 5.3).

5.5.1 Backtracking PGD (Bt-PGD)

In backtracking PGD, the step size is chosen to approximately minimize the ob-

jective function f(x) = 1 || Az — b||* along the ray {x — ng, | n > 0}, where

gy = %(a} — Pc(zc — T]AT(A:B — b)))
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Algorithm 5.2 Backtracking PGD (Bt-PGD)
Require: (» € R?M «a € (0,1], B € (0,1)
Ensure: {z®},_,

1: Mo = 1

2: for k=0,1,2,... do

3 gi=AT(Az® —b)

4: e = 'flk/ﬁ

5: repeat

6: M = B

T: 9y = nik(w(k) - Pc(m(k) - 77k9k))
8: until g;,;ATAan < Lk HgnkH2

9: kD) — pk) NG,

10: Mit1 = M/

is the generalized gradient. To guarantee certain decrease in the objective function,

we use the following backtracking condition [12]

f(@=ng,) < f(@) =g, V(@) + 1 |3, (5.27)

Since f(-) is a quadratic, it can be expanded as

fl@—ngy) = f(x) —ng, V(@) +n°g, V[ Gy, (5.28)

Substituting (5.28) back into the LHS of (5.27) and using the fact that V2f =
A'A, we obtain the simplified backtracking condition g, ATAg,, < lk G ]” as
in Algorithm 5.2-Line 8. It is worthwhile to note that a factor of 1/« is applied
to increase the step size at the end of each iteration to encourage the algorithm to

explore larger step sizes with faster convergence. We emphasize that this strategy
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is different from the well-known backtracking line search method in the literature
(e.g., [24]), in which the step size 7 is reset to 1 before the backtracking line search
is performed. As a result, the constant o in Algorithm 5.2 should not be interpreted

as the fraction of the decrease in the objective function as in [24]-Algorithm 9.2.

5.5.2  Adaptive Restart Nesterov’s Accelerated PGD (ARNAPGD)

Next, we present an acceleration technique for PGD, named adaptive restart Nes-
terov’s accelerated projected gradient descent (ARNAPGD). In unconstrained op-
timization, it has been well-known that Nesterov’s accelerated gradient (NAG)
[160] can dramatically improve the linear convergence rate of gradient descent
(GD) for minimizing a p-strongly convex, L-smooth function. As pointed out

in [128]-Proposition 12, GD with a fixed step size & = 1/L has convergence

rate p < /(L —pu)/(L+ p), while NAG with fixed parameters o = 1/L and
B=L~- )L+ /u) has convergence rate p < /1 — \/u/L. Since NAG
requires a specific choice of parameters that depends on L and p, Donoghue and
Candes [164] proposed a more practical variant called the Nesterov’s accelerated
gradient with adaptive restart (ARNAG) that recovers the same rate of conver-
gence with no prior knowledge of function parameters. In this work, we modify
ARNAG with gradient scheme to the context of PGD for constrained optimization.
Specifically, each iteration uses backtracking line search for determining the pro-
jected gradient step n and the generalized gradient scheme for determining when

to restart the momentum. The advantage of this acceleration is it has the same
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Algorithm 5.3 Adaptive restart Nesterov’s accelerated PGD (ARNAPGD) with
gradient scheme

Require: 2 € R?M a € (0,1], B € (0,1)

Ensure: {x®};_,

1: T = 1
2: 00 — 1
3. 40 — £

4: for k=0,1,2,... do

5 grn=AT(Ay® —b)

6: Mk = M/ B

T repeat

8: = Bk

9: Gn. = = (y* — Pe(2™ — nugy))

7
100 until §LATAG,, < L (g, |
1: z® D =y — g,

26
12: 9k+l = W’;im
13: Bry1 = Oc(L = 0) /(67 4 Ors1)
14- y(k+1) — g(k+1) 4 Bk+1(w(k+1) _ w(k))
15: Nes1 = N/
16:  if g) (@*t) —2*)) > 0 then
17: Ori1 =0

computational complexity per iteration as PGD and Bt-PGD” while achieving sig-
nificantly faster convergence rate. Further details on ARNAPGD are provided in
Algorithm 5.3. In the next section, we compare the performance of PGD with a

fixed optimal step size, Bt-PGD, and ARNAPGD for UMLS.

"The number of matrix-vector products in ARNAPGD is exactly the same as that in Bt-PGD.
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5.6 Numerical Evaluation

This section demonstrates the correctness of our theoretical result on the linear
convergence of PGD for UMLS in Theorem 5.1. We show through numerical simu-
lation that our predicted rate of convergence matches the decrease in the distance
to the solution through iterations. Moreover, we illustrate the effectiveness of the
two variants of PGD with adaptive step sizes proposed in Section 5.5. Finally,
we present a simple 2-D example of the region of convergence to demonstrate our

theoretical bound in (5.25).

5.6.1 PGD with a Fixed Step Size

Data generation. In the following, we create an UMLS setting in which x* € C

satisfies

A'(Az* - b) = (diag(v) ® L)z",

H=Z"ATAZ — diag(y) = Oy

as follows. First, we generate two matrices &8 and & of size M x N, where M =
50 and N = 40, with i.i.d normally distributed (N(0,1)) entries. The matrix
A is computed from R and & using (5.3) Second, we generate a random vector
v € RY with 4.5.d normally distributed (N(0,0.1%)) entries and a random vector

t € {—1,1}" with uniformly distributed entries. Then, we obtain x* and ~ by
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Figure 5.2: Convergence of PGD with a fixed step size for UMLS. (a) Plot of the
convergence rate p(M,,) as a function of the step size . The black dashed line is the
line n = 1, emphasizing that the local convergence is guaranteed when p(M,,) < 1.
The blue start represents the maximum step size fmax such that p(M,, . ) = 1,
while the blue hexagram represents the optimal step size is n* = argmin, ., p(M,)).
(b) Plot of the distance between the current update and the local minimum as
a function of the number of iterations for various fixed step sizes. Dashed lines
represent the corresponding upper bounds with exponential decay, i.e., p*(M,,) up
to a constant.
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setting

=t }}Si<ATv)|| fori=1 N

Si(x*) = Si(ATv)/v;

Next, the matrices Z and H are obtained by (5.15) and (5.16), respectively. If H
is not PD, we re-run the foregoing generation process multiple times until H > 0.
This guarantees Condition (C1) in Theorem 5.1 is satisfied. Finally, we compute
b = Az* — v and initialize (® near x* by adding a random vector with 4.i.d
normally distributed (A(0,0.001%)) entries.

Results. Figure 5.2(a) demonstrates the convergence rate p(M,,) (blue solid line)
as a function of the step size n. Recall that M, = Iy —n(Iy —ndiag(y)) ' H and
hence, p(M,) is a non-linear function of 1. It can be seen from the plot that p(M,,)
approaches 1 (slow convergence) when 7 approaches either 0 or 7. = 2.44. The
optimal step size that yields the fastest convergence for PGD with a fixed step size
is n* = argmin, ., p(M,) = 2.4328. Figure 5.2(b) shows the convergence of PGD
with various fixed step sizes. We observe that for n > 7., (the red and yellow
solid lines), the algorithm diverges from the designed strict local minimum x*. For
step sizes less than 7.y, our theoretical rate (dashed lines) matches well with the
empirical rate (solid lines). Moreover, PGD with the optimal step size n* converges
roughly twice as fast as one with the step size n = 1/||A||> proposed in [206],
suggesting that the latter choice, while being commonly used in the literature, is

conservative.



170

5.6.2 Adaptive Schemes for Step Size

To illustrate the role of « in exploring larger step sizes with faster convergence
while balancing the cost of backtracking steps, we plot the error through iterations

o~ o

against the number of matrix-vector products, which dominates the
computational complexity per iteration, in Fig. 5.3. The data used in this simula-
tion is the same as in the previous section. While the smaller values of a seems to
yields faster convergence (see Fig. 5.3(a)), they indeed require more backtracking
steps at each iteration (see Fig. 5.3(b)). As a result, the overall computation is
higher for smaller values of a. It can be seen from Fig. 5.3(c) that the best choice
of a is o = f = 0.8. In addition, we observe that the total cost of Bt-PGD is
comparable to that of PGD with the optimal fixed step size. However, Bt-PGD
does not use any prior knowledge about the solution *. Finally, Fig. 5.3(d) shows
the fluctuation in the step size n around the optimal step size n* = 2.4328. It is
interesting to note that even though 1 > M.« at some iterations, the algorithm is
able to converge to the designed local minimum x*.

Figure 5.4 depicts the fast convergence of ARNAPGD compared to PGD and
Bt-PGD. The data used in this simulation is the same as in the previous section.
Finally, we note that both of the foregoing adaptive schemes do not come with
convergence guarantees in our setting since C is non-convex. Nonetheless, they
do not require prior knowledge of the solution and their effectiveness is depicted

clearly through our numerical results.
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Figure 5.3: Convergence of Bt-PGD with various values of a and a fixing value of
= 0.8. (a) Plot of the distance from the current update of Bt-PGD to the local
minimum as a function of the number of iterations. A dashed blue line is included
as an illustration of the convergence of PGD with the fixed optimal step size n*. (b)
Plot of the number of matrix-vector products used by Bt-PGD as a function of the
number of iterations. (c) Plot of the distance from the current update of Bt-PGD
to the local minimum as a function of the number of matrix-vector products. (d)
Plot of the change in the backtracking step size n through the first 20000 iterations
for Bt-PGD with o = 8 = 0.8. A zoomed plot is included on top of the original
plot for enhanced visualization. After a few thousand iterations, we observe that
the adaptive step size 7 fluctuates around the optimal step size n* = 2.4328 (red
dashed line).
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Figure 5.4: Plot of the distance from the current updates of PGD with the fixed
optimal step size n*, Bt-PGD with o = § = 0.8, and ARNAPGD to the local
minimum x* as a function of the number of iterations. It is highlighted that
ARNAPGD outperforms the other two algorithms significantly while remaining
similar computational complexity per iteration.
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5.6.3 Region of Convergence

In this subsection, we demonstrate the region of local convergence for PGD in a
2-D setting. Since N = 1 in this case, the constraint set C is indeed a 2-D circle. As
can be seen from Fig. 5.5, the least-squares objective has an unconstrained global
minimum at x¥,, = [0.7,0.2]", with A = diag([5,1]) and b = [3.5,0.2]". Using

Lemma 5.1, we can find the four stationary points of the 2-D UMLS problem by

solving the following system of non-linear equations

(

24 .2
ri+ax; =1

§ 2521 — 17.5 = vy

To — 0.2 = ya,.
\

Moreover, based on the positivity of the reduced Riemannian Hessian h = 25x3 +
22—~ (which is a scalar in the 2-D setting), one can apply Lemma 5.2 to determine
the two local maxima (purple hexagrams) and two local minima (green asterisk and
red diamond). Additionally, for each local minima, the rate of convergence is given
by p, =1 —nh/(1 —ny), with the maximum possible step size Nmax = 2/(h + 27).
In Fig. 5.5, we pick n = 0.0755 and compute the theoretical region of convergence
for each local minima using (5.25). On the other hand, the empirical region of
convergence is obtained follows. First, we run PGD with n = 0.0755 and 1000
different initialization uniformly distributed on the unit circle. Second, we check

whether the algorithm stops inside the theoretical region of convergence after 1000

iterations to determine if it converges to the corresponding local minimum. Finally,
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Figure 5.5: An 2-D illustration of the region of convergence given by the constant
co(x*,n) in (5.25). On the circle, the two purple hexagrams denote the local max-
ima, while the green asterisk and the red diamond denote the local minima of the
problem. The red star located inside the circle is the solution to the unconstrained
least squares. For a given fixed step size 7, each local minimum is associated with
(i) an estimated region of convergence (dashed circle) given by co(x*,n) and (ii) an
empirical region of convergence (circular arc with matching color) given by running
PGD with the fixed step size n and initialization at a given point on the circle to
verify which local minimum it converges to.
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we color the initialization points by the color of the corresponding local minimum
PGD converges to (either green or red). While Fig. 5.5 verifies that our theoretical
region of convergence falls inside the empirical region of convergence, it also reveals

that our bound is conservative in this example.

5.7 Conclusion and Future Work

We performed a novel analysis of linear convergence of projected gradient descent
for the unit-modulus least-squares problem. Our analysis reveals that near the
solution, the convergence is actually linear instead of sublinear. Moreover, we
identified the sufficient conditions for linear convergence and provided an exact
expression of the linear convergence rate. The theoretical rate predicts accurately
the asymptotic convergence of PGD for UMLS in our numerical simulation. On
the practical side, we propose two variant of PGD with adaptive step sizes that
obtain fast convergence without prior knowledge about the solution.

For future work, we plan to improve our bound on the region of convergence.
This requires further investigation into the bounding techniques used in the proof
of Theorem 5.1. Another potential direction is to develop the analysis for linear
convergence of Bt-PGD and ARNAPGD. While convergence guarantees for back-
tracking line search and Nesterov’s accelerated gradient have been proposed in the
optimization literature [24,160], they often involve the spectral radius that depends
linearly on the step size n. The UMLS problem, on the other hand, involve the

spectral radius p(M,,) that depends non-linearly on 7. This makes it challenging
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for determining closed-form expressions of the optimal step size in both plain PGD

and accelerated PGD.

5.8 Appendix

5.8.1 Proof of Lemma 5.2

Since the constraint gradients are of form {e; ® S;(x*)}Y,, the tangent space to

C at x* is given by

N
ToC = {y € B | (Y eie] @ Si(a")) 'y = 0n }.

i=1

Denote v; = [—a3;, 25; 4] fori =1,..., N. A basis of T,-C is given by {e;®@v; }I¥,,

i.e., the columns of Z. Alternatively, T,-C can be represented as
TpC={Zz|zeR"}. (5.29)

(=) From Chapter 11.5 in [140], the second-order necessary condition for a sta-

tionary point x* to be a local minimum of (5.6) is y'VZL(z*,v)y > 0 for all
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y € T,-C. In other words, for any z € R, we have

0<(Z2)"(ATA — diag(v) ® I,)(Z =)

2 (Z"TATAZ — Z'(diag(v) ® I,)Z) 2

2 (ZTATAZ — Z"Z diag(v)) 2

2 (Z"ATAZ — diag(v)) =,

where the second equality stems from Lemma 5.11 and the third equality uses the
semi-orthogonality of Z. Thus, we conclude that H > Oy.

(<) From Chapter 11.5 in [140], the second-order sufficient condition for a sta-
tionary point x* to be a local minimum of (5.6) is y'V2L(x*,v)y > 0 for all

y € T,+C. By the same argument, this is equivalent to H > Q.

5.8.2 Proof of Remark 5.1

Recall that the objective function is given by f = || Az — b||* /2. By definition of

the Riemannian Hessian [124], for any vector fields U,V : C — TC on C, we have
Hessf(U,V) = (Vygradf, V), (5.30)
where gradf : C — T'C is the Riemannian gradient given by

gradf(z) = ZZ'Vf(x) = ZZ"A"(Ax — b), (5.31)
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for x € C and Z is the corresponding basis matrix of the tangent space to C at x
(see Lemma 5.2). In addition, Vygradf is the covariant derivative of the vector
field gradf in the direction of the vector field U. It is fact that the covariant
derivative is the orthogonal projection of the directional derivative onto the tangent

space of the manifold, i.e.,

Vygradf(x) = ZZ " Dygradf(x)

— 77Tlim grad f(x + tu) — grad f ()
t—0 t

: (5.32)

where u = U(x). Substituting (5.31) into the numerator on the RHS of (5.32) and

simplifying the expression, we obtain
Vygradf(xz) = ZZ'(A"Au— BA'(Az — b)),
where
> T T
B = Zeie;@) (Si(u) (Si(z)) + Si(z)(Si(u)) )
i=1
Now, denoting v = V(&) and evaluating (5.30) at x yields

Hess fz(u,v) =v'ZZ(A"Au— BAT(Az — b))

=v'(A"Au — BA'(Az - b)), (5.33)
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where the last equality stems from v € T,C and hence, v = ZZ "v. In the case
x = x* is a stationary point of (5.6) with the Lagrange multiplier 7, one can

substituting (5.14) into (5.33) to obtain
Hess fz(u,v) = v (ATAu — B(diag(y) ® I)z). (5.34)

Notice that = Y., e; ® S;(x) and (Si(u))TSi(a:) =0foralli=1,...,N.

Therefore, the second term on the RHS of (5.34) can be simplified as
N
B(diag(vy) ® L)z = Z%ei ® Si(u)
i=1
= (diag(y) ® L)u.

Substituting back into (5.34) and reorganizing terms, we obtain the Riemannian

Hessian as
Hess fz(u,v) = u'(ATA — (diag(y) ® I))v. (5.35)

Finally, it follows from (5.29) that there is an one-to-one correspondence between

the tangent space T,C and RY, i.e., u = Zu and v = Zv for w,v € R". Hence,
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we can define a bilinear function H : RY @ RN — R:

H (1, ) = Hessfz(u,v)
= (Zu)"(ATA — (diag(y) ® I))(29)

=a' (Z'ATAZ — diag(v))v,

where the last equality stems from Z'Z = Iy. In other words, Hessf, admits a

compact matrix representation
H=Z"ATAZ — diag(y).

5.8.3 Proof of Lemma 5.3

(=) Assume x* is a fixed point of Algorithm 5.1 with step size n > 0, i.e.,

x* = Pe(x" —nr), (5.36)

where » = AT(Az* — b). We will show there exists v € RY such that for all

i=1,...,N,

Si(r) = 7:Si(x) (5.37)
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and

W<y i Sia) #s,

v <1/n if Siz*) = s,

(5.38)

where we recall that s = [1,0] .
For i =1,..., N, applying the 2-selection operator S;(-) to both side of (5.36)
and substituting the RHS by the definition of P¢ in (5.9) yield
S i Si(@' — ) # 0,

1S (z* —nr)]|

Si(z*) = (5.39)

s if S;(x* —nr) = 0,.

We split (5.39) into two cases based on the value of S;(x*). If S;(x*) # s, then
(5.39) implies

Si(x* —nr)  S;(x*) —nS;(r)

S s =]~ IS -l

which in turns can be reorganized as S;(r) = v;S;(x*) for

Lol ||Si<w7)]—n5i(r>|| - % (5.40)

If S;(x*) = s, we consider two sub-cases:

1. If S;(x* —nr) # 0y, then by the same argument as the previous case, we obtain

(5.40).
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2. If S;(x* — nr) = 0y, then using the linearity of S;, we have S;(r) = ,S;(x*)

where ; = 1/n.

In all cases, we have (5.37) and (5.38) hold. Finally, we note that the stationarity
condition (5.14) is equivalent to S;(r) = v;S;(x*) foralli =1,..., N.

(<) Assume x* is a stationary point of (5.6) (i.e., (5.37 holds for all i =
1,...,N) with the corresponding Lagrange multiplier v satisfying (5.38) for all

i=1,...,N. We will prove (5.36) by showing that
Si(Pe(x* —nr)) = Si(z”), (5.41)

forany:=1,..., N.

By the definition of P¢ in (5.9), we have

Si(x*—nr . %
m if S;(x* —nr) # 0.,

Si(Pe(x* —nr)) = (5.42)

s if S;(x* —nr) = 0,.

Using the linearity of S;(-) and then the stationarity condition in (5.37) yield

Si(x* —nr) = Si(z") — nSi(r)

= 8i(x") — nv:Si(x*) = (1 —n7)Si(x"). (5.43)

Since x € C, ||S;(x*)|| = 1. Taking the norm of both sides in (5.43) and using
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(5.38) to remove the absolute value, we obtain

18i(2™ —nr) || = [|(1 = n7:) Si2”) |

= [1=m[lISi(z")]| =1 =

Therefore, (5.42) is equivalent to

Si(Pe(x* —nr)) = @) 7 (5.44)

s if 1 —nvy =0.

o If 1 —ny; #0, then (5.41) holds trivially.

e If 1 — 1y, =0, then S;(Pe(x* —nr)) = s and v; = 1/n. From (5.38), the latter
only holds if S;(x*) = s. Thus, we obtain S;(Pc(x* —nr)) = S;(x*) = s.

In both case, we have (5.41) holds for all i = 1,..., N. This completes our proof

of the lemma.

5.8.4 Proof of Proposition 5.1

The proof of this lemma is based on the following result for the projection onto

the unit sphere [217]:

Lemma 5.10. (Rephrased from Lemma 5 in [217]) Let & be a point on the unit
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sphere S"~1. Then, for any & € R", the projection onto S"~! satisfies
Psn-i(x+6) =+ (I —zz")d + gsa-1(9), (5.45)

where [|gs.1(8)] < 2|6]".

Applying Lemma 5.10 to the unit circle 8! (corresponding to the case n = 2), we

have, for eachi=1,..., N,

Si(Pe(x 4 6)) = Ps1 (Si(x + 6))
= Si(x) + (I — Si(x)(Si(x)) ") Si(8) + gs1 (Si(9))

= Si(x) + v,v] 5i(8) + gs1(Si(9)),

where v; = [—x9;, 2;_1]". Using the property of the 2-selection operator in (5.4),

we further have

Pe(z +6) = Zei ® S;(Pe(z + 8))

=1

Il
ing
o
&
—

Si(@) + viv, 5,(6) + 451 (:(9)))

N

= Z e; ® Si(x) + Z(ei ®v;v,)Si(8) + Zei ® gs1(S:(9))

—x+ZZ'8 +q(d), (5.46)
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where g(6) satisfies S;(q(d)) = gs:(S;(d)) and

=

la(®)1” = I1Si(a(8))]* = Z lgs (S

=1

<D (21549) Zzns

=1
N

=4(> (93,4 +03) 262 =4]5]".

i=1

=2

This completes our proof of the lemma.

5.8.5 Proof of Lemma 5.4

In this section, we show that when Conditions (C1) and (C2) in Theorem 5.1 hold,

Condition (C3’), i.e

n(M(H) 4 2v) < 2, (5.47)

for all ¢ = 1,..., N, is sufficient for Condition (C3). First, we prove that D, =
(In — ndiag(y))~" is PSD. Second, we show that all the eigenvalues of D, H lie
between 0 and (1 — ;) "'\ (H) (exclusively). Third, we claim that the spectral
radius of M,, = In —nD,H is strictly less than 1.

In the first step, rearranging (5.47), we obtain nA;(H)/2 < 1 —n;. By Condi-
tion (C2), we have A (H') > 0. Since > 0, it follows that 0 < nA\(H)/2 < 1—n;.

Thus, the diagonal matrix D, has all positive entries and hence, is a PSD matrix.
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In the second step, we use the inequalities for the eigenvalues of the product of

two PSD matrices in [223] to obtain

AN (D,)Ax(H) < \(D,H) < \(D,)\(H). (5.48)

for all # = 1,...,N. Since both D, and H are PSD, we can lower bound the
eigenvalues of D, H by \,(D,H) > X\(D,)Ay(H) > 0. On the other hand,
substituting \;(D,) = (1—n~,;)~" into the upper bound in (5.48) yields \;(D, H) <
(1 = nv) *A\i(H). Finally, using the fact that \;(M,) = 1 — n\;(D,H) and
0<N(DyH) < (1—nv)"\i(H), foralli=1,..., N, we obtain

n
1-— M(H) < M\(M,) < 1.
L= !
Now, rearranging (5.47) to obtain 1— 1_’;% M (H) > —1, we have all the eigenvalues

of M, lie between —1 and 1 (exclusively). Since the spectral radius is the maximum
of the absolute values of these eigenvalues, we conclude that p(M,) < 1. This

completes our proof in this section.

5.8.6 Proof of Lemma 5.5

In the first part of this proof, we show that 7, < 1/n for all i = 1,..., N. From
Condition (C2), we have D, = (Iy — ndiag(y))~* is invertible and hence, the

expression of M, in (5.20) is well-defined. In addition, from Condition (C1), H
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1/2

has a unique PD square root H'/?, with the inverse H~'/2. Thus, we have

-1
H'2M,H? = H'? (IN . 17<IN - ndiag(»y)) H) H?

= Iy —nH'*D,H"* % M,

This shows that M, and Mn are similar matrices with the same set of eigenvalues.
Combining this with Condition (C3), we obtain p(M,) = p(M,) < 1. Since M,

is symmetric, it then holds that
M, =Iy—nH"Y*D,H ' < Iy,

which in turn yields H1/2D77H1/2 > Opn. By the definition of PD matrices, for
any vector u € R, it holds that w"HY2D, H'?u > 0. Alternatively, we can
write vTDnv > 0, where v = HY?u. Notice that the mapping between u and v
is bijection, which means v'D,v > 0 also holds for any v € R". Consequently,
D, = diag([(1 —=n71) 7%, ..., (1 = nyn)~Y]) must be a PD matrix. Equivalently, we
have v; < 1/pforalli=1,... N.

For the second part of the proof, we note that v; < 1/n, for alli = 1,..., N,
are sufficient conditions for the Lagrange multiplier condition (5.18) in Lemma 5.3.
Since a strict local minimum is also a stationary point of (5.6), * must be a fixed
point of Algorithm 5.1 with the given step size 1. This completes our proof of the

lemma.
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5.8.7 Proof of Lemma 5.6

Using the PGD update in (5.10) and rewriting £® = x* 4+ §*), we derive a

recursion on the error vector as follows

SUHD) — (k1) _ g
=Pc (a:(k) - nAT(Aa:(k) — b)) —x
—Pe ((a:* + W) —nAT(A(z" + 6% — b)) .

=Pe ((w* —nA'(Az" — b)) + (Loy — nATA)5<k>) —z, (5.49)

Since x* is a stationary point of (5.6), we have AT(Azx* — b) = (diag(y) ® L,)z*.
Then, the first term inside the projection Pe on the RHS of (5.49) can be repre-

sented as

xt —nAT(Az" — b) = (Iy — ndiag(y) © L) x*
<(IN — ndiag(y)) ® IQ>513*

(D' ® L)x* = (D, ® I,)"'x".

where we recall that D, = (Iy — ndiag(y))™" > Ox by Lemma 5.5. Thus, we

rewrite (5.49) as

S = P, ((D,7 ® L) 'z* + (Ly — nATA)5<k>) _ oz
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Now let y = * + (D, ® I,)(I,ny —nATA)6™ and using the modulus scale-invariant
property of the projection Pe((D, ® I) 'y) = Pe(y), for D, > Oy, we further

obtain
okt = P, (a:* + (D, ® I)(Ion — UATA)é(k)> — . (5.50)

Finally, applying Proposition 5.1 with the perturbation § = (D, ® I5)(Ion —

nATA)8™ at x = x* € C, we have

Pe(a* + (D, ® ) (L — nATA)6™)

=2+ ZZ'(D,® L)Ly —nATA)0" + q((D, ® L)(I,xy —nATA)§%).

Substituting this back into (5.50) yields (5.22). This completes the proof of the

lemma.

5.8.8 Proof of Lemma 5.7

Since ¥ lies in C, we can represent the error vector as

50 — ) _ g

= Pe(x* +6W) — z*. (5.51)
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Using Proposition 5.1, we have
Pe(x* +6%)) =x* + ZZT6™ + q(6M).
Substituting this back into the RHS of (5.51) yields
0" = zZ76W + q(6™).

This completes our proof of the lemma.

5.8.9 Proof of Lemma 5.8

Substituting (5.23) back into the first term on the RHS of (5.22), we have

0" = ZZ'(D, ® L) (I,x —1nATA)ZZ 6%
+ZZ (D, ® L)(I,xy —nATA)q(6")

+q((D, ® L)(ILy —nATA)6W). (5.52)
From Lemma 5.11 and the fact that ZTZ = Iy, we can represent (5.52) as

0" = ZD, Z I,y —nATA)ZZ 6% + g(6™)

= ZD,(Iy —nZ"ATAZ)Z"6® + G(6™), (5.53)

where ¢(6) = ZZ(D, ® L)(I,y —nATA)q(8) + q((D, ® L,)(I,y — nATA)d).
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Recall that H = ZTATAZ — diag(vy). Thus, (5.53) is equivalent to

54+ = ZD,(Iy — ndiag(y) — H)Z'6® + 4(5)

= Z(Iy —nD,H)Z"§® + ¢(6®).

By the definition of M, in (5.20), the last equation is the same as (5.24).
To bound the norm of g(6*)), we use the triangle inequality and the product

norm inequality as follows

14(8)|| < ||ZZ (D, ® I)(I.y —nA"A)q(d)|| + ||g((D,, ® I)(I.y —nATA)é)||

<||zZ'|,||(D,® L)(I.y —nA"A)|,lla(8)| + ||g((D, ® L)(I,x —nATA)d)|| .

Since ||q(6)]| < 2||8]| (see Proposition 5.1) and ¢, = (D, ® I)(Ion — nATA)HQ,

we further obtain

1G) < ||Z2Z7|, - ¢, 2118]* + 2 |[(D, ® L) (Tax —nATA)5H2
<2¢,||ZZ7||, 161" + 222 |16

2 2
< 2¢y 8] + 2¢;, [|4]I°,

where the last inequality stems from HZ ZTH , < 1 since Z Z" is an orthogonal

projection matrix. This completes our proof of the lemma.
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5.8.10 Proof of Lemma 5.9

The proof in this section relies on Lemmas 5.8, 5.13, and 5.12. Let %) = (D;1/2®
I,)6® . Left-multiplying both sides of (5.24) with (D, 2 I,), we have
S(k-‘rl) — (D;1/2 ® IQ)ZanTé(k‘) + (D;1/2 ® IQ)qA((S(k’))

= (D,'?® I,)ZM,Z"(D)* ® I,)6% + (D, '* ® I,)§((D,/* ® I,)6").

(5.54)

Using Lemma 5.11 and substituting M, = Iy —nD,'H into the RHS of (5.54)
yield

§*+D) = ZD V2 (Iy — nD; ' H)DY?Z6® + (5™

_ —1/2 —1/2 TS(k ~rs(k
= Z(Iy —nD,;"*HD_*)Z"6® + g(6"), (5.55)
G50 — (D2 S((DY? 5(k) -
where q(6'") = (D, 7 ® I,)q((Dy'~ ® I,)6'")) satisfies

s < 10

(D)2 ® )5 >)H

=D,

D1/2 ®I2 H

< HD;1/2” . 2077(0?7 + 1) H<D717/2 ® I2)S(k)H2

o
o

~ 2
— 26y (g + 1)(1 = 19) /31— 379) || 6]

< 2¢,(cy + 1) || D2, || D)2

< 26(ey + 1) |0y L, | D}

Y
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where the last equality stems from | Dy |, = (1 — n7)/? and DY), = (1 -

7)) "Y2. Let ¢ = 2¢,(c; + 1)(1 — ny)"?(1 — 77)~*. Taking the norm of both sides

of (5.55) and then using the triangle inequality on the RHS, we obtain

H 51

— HZ(IN — gD HD; %) Z7T5® (j(5<k>)H

< |2ty ~np, 2D, 2750 + a6

Since Z(Iy — nD{l/zHDgl/z)ZT is symmetric, its spectral norm equals to its

spectral radius. The last inequality can be rewritten as

(5.56)

~ - ~ 2
L R

Moreover, it can be seen from (5.55) that

Z(Iy — 9D, ?HD,"*)Z" = (D;'? ® I,)ZM,Z"(D;'* © I,) ",

which in turns implies the two matrices Z(Iy — nD,?l/zHD;l/Q)ZT and ZM,Z"

are similar and have the same spectral radius. In particular, we have

p(Z(Iy —nD,;'PHD ) Z") = p(ZM,Z")

= P(Mn)7
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where the second equality stems from Lemma 5.12. Thus, (5.56) can be represented

as

o] < a5 + o5

Applying Lemma 5.14 with b, = ||6%®)|, p = p(M,,), and

czp(M")(lq_p(M">) (1 — )" %er(a”,m),

it holds that if |6®| < ¢, then

o)< (- ) oo o5

Recall that 6% = (Dl/2 ® I,)6™). On the one hand, the LHS of (5.57) can be

lower-bounded by (1 — n7)"/2 ||6%|| since

|69 = (D2 & )59 < [|Dy? @ L]l ||6% |

= (1D, {|6°

9 = (1 =y

5®) H .
On the other hand, the RHS of (5.57) can be upper-bounded as follows. Since

50

= 07" © 1)) < [P} @ B, 60

= || D, 2], 69 = (1 = ny)' 72 [|6”]], (5.58)
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we have

50 (1 —ny)Y2]6O) N\
(1 ” ”) ||6<0>||pk<Mn>s(1— : ) (1= ny) (189 (M)

C

(189 ook
(1 . m)) (1 )2 [169 04 (M),

(5.59)

From the lower bound (1 —77)"/? ||§*)|| and the upper bound in (5.59), we obtain
(5.26). Finally, the region of convergence ||6(°|| < ¢;(x*,7) is sufficient to guaran-
tee that |6 < ¢ = (1 —17)2ci(z*,7) due to (5.58). This completes our proof

of the lemma.

5.8.11 Auxiliary Lemmas

Lemma 5.11. Given a matriz Z € R**N qs in (5.15). Then for any diagonal

matriz D € RN*N | we have (D ® I,)Z = ZD.

Proof. Recall from (5.46) that Z = Zfil ee] @ v;, where v; = [—19;, T9;_1]". By
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: N
representing D = >"." | D;;e;e/, we have

(D® I,)Z = < ZD“ee ®I2> Ze]e] ® v;)

=1

M=
Mz

@
I
—_
<.
Il
—

<(Diieiei) (ej D) ® (I - v;)

M-
M =

s
Il
—

Dii((e;ej) . eieD ® v;

Il
—

J

D”(eze:) X vU;

M-

@
Il
=

WE
Mz

((eie)) - (Disese])) @ (v 1)

N
eieiT® 'Uz') . ((Z Djjeje;r) X ].)
i=1

N

eieiT@Uz‘) (D Dijese;))
=1

.
Il
i

Il
2 —_-

J

— =
.Mz.

—_

—_

I
N
»

where it is noted that
1 ifi=j,
0 ifi+#j.
O

Lemma 5.12. For any eigenvalue X of ZM,Z", either A = 0 or X is an eigenvalue
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of M,,. Consequently, we have

p(ZMnZT) = p(My).

Proof. Let (A, u) be a pair of eigenvalue and eigenvector of ZM,Z". Then, we

have

ZM,Z u = \u. (5.60)

Left-multiplying both sides of (5.60) by Z " and using the semi-orthogonality of Z,

we obtain

M,(Z'u) = \(Z'u).

This means either Z'u = Oy or Z 'u is an eigenvector of M,,. In the former case,
we have A = 0. In the latter case, we have A is an eigenvalue of M,,. Finally, since
the spectral radius is the maximum absolute value of all eigenvalues, it is trivial

that p(ZM,Z") = p(M,). O

Lemma 5.13. (Rephrased from the supplemental material of [212]) Let {ax}32, C

R, be the sequence defined by

ari1 = pag + qai fork=0,1,..., (5.61)

where 0 < p <1 and ¢ > 0. Then {ax}32, converges monotonically to 0 if and



198

only if ag < %. A simple linear convergence bound can be derived for ag < p%

in the form of

-1
aoq k
ar < (1 — —— app” . 5.62
’ ( p(l—p)> " (562)

Proof. For each k € N, let us define dj, = ay./(agp®). Substituting a = aodyp" into

(5.61) and defining 7 = apq/(1 — p), we obtain

dy =1,

dr1 =dp, +17(1 = p)pF=td2 for k=0,1,....

Since 7(1 — p)p*~1dZ > 0, the sequence {d;}2, is strictly increasing and positive.

Thus, using d; > d;;1 > 0, for any ¢ = 0,1,...,k — 1, we have

1 1 dign —d;  dipq — d;

— - = < =71(1—p)p"
& dini dinds g T
Summing over ¢ = 0,1,...,k — 1, we obtain
1 — T T
1—— <Y 7(1=p)pt=~(1-p"<-. (5.63)
de P P

Substituting dy = ay/(agp®) and 7 = agq/(1— p) into (5.63) and rearranging terms
yield the desired bound on ay in (5.62). O
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Lemma 5.14. Let {bx}32, C Ry be the sequence defined by

bri1 < pby + qbi, fork=0,1,..., (5.64)

where 0 < p < 1 and ¢ > 0. If by < ?, then {by}7>, converges to 0. If

bp<c2 pl%qp, then for any integer k > 0, we have
b\ L
b < (1 - —0) bop”.
c

Proof. Let us define a surrogate sequence {a;}32, that upper-bounds {b;}2, as

follows

ag = b07

Ups1 = pag + qag.
First, we prove by induction that

The base case when k£ = 0 holds trivially as by = ag. In the induction step, given

br. < ay for an integer k > 0, we have
b1 < pby, + qby, < pag + ai = a1

By the principle of induction, (5.65) holds for all £ € N. Now, by Lemma 5.13, we
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have

-1
aopq k
bkgak§<1_—) app
p(L—p)

boq -
=(1-—" ) byt
< p(l—p)) ’

This completes our proof of the lemma. n
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Chapter 6: Perturbation Expansions and Error Bounds for the

Truncated Singular Value Decomposition®

Truncated singular value decomposition is a reduced version of the singular value
decomposition in which only a few largest singular values are retained. This chap-
ter presents a novel perturbation analysis for the truncated singular value de-
composition for real matrices. First, we describe perturbation expansions for the
singular value truncation of order r. We extend perturbation results for the singu-
lar subspace decomposition to derive the first-order perturbation expansion of the
truncated operator about a matrix with rank greater than or equal to r. Observ-
ing that the first-order expansion can be greatly simplified when the matrix has
exact rank r, we further show that the singular value truncation admits a simple
second-order perturbation expansion about a rank-r matrix. Second, we introduce
the first-known error bound on the linear approximation of the truncated singular
value decomposition of a perturbed rank-r matrix. Our bound only depends on
the least singular value of the unperturbed matrix and the norm of the perturba-
tion matrix. Intriguingly, while the singular subspaces are known to be extremely

sensitive to additive noises, the newly established error bound holds universally

!This work has been published as: Trung Vu, Evgenia Chunikhina, and Raviv Raich. “Per-
turbation expansions and error bounds for the truncated singular value decomposition.” Linear

Algebra and its Applications, vol. 627, pp. 94-139, 2021.
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for perturbations with arbitrary magnitude. Finally, we demonstrate an applica-
tion of our results to the analysis of the mean squared error associated with the

TSVD-based matrix denoising solution.

6.1 Introduction

The singular value decomposition (SVD) is an invaluable tool for matrix analysis
and the truncated singular value decomposition (TSVD) offers a formal approach
for a rank-restricted optimal approximation of matrices by replacing the smallest
singular values by zeros in the SVD of a matrix. TSVD has numerous applications
in science, engineering, and math with examples including linear system identifica-
tion [146,147], collaborative filtering [33,104], low-rank matrix denoising [182,231],
data compression [225], and numerical partial differential equations [131]. In addi-
tion, TSVD is well-known for solving classical discrete ill-posed problems [89, 90].
This chapter is concerned with the effects of errors on the truncated singular value
decomposition of a matrix.

Perturbation theory for the SVD studies the effect of variation in matrix entries
on the singular values and the singular vectors of a matrix. Using perturbation
bounds or perturbation expansions, one can characterize the difference between
the SVD-related quantities associated with the perturbed matrix and those of the
original matrix. The first perturbation bound on singular values was given by
Weyl [226] in 1912, stating that no singular value can be changed by more than

the spectral norm of the perturbation. Later, Mirsky [153] showed that Weyl’s
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inequality also holds for any unitarily-invariant norm. Perturbation bounds for
singular vectors are often established in the context of singular subspace decom-
position. In 1970, Davis and Kahan [52] introduced a fundamental bound on the
distance between the subspaces spanned by a group of eigenvectors and their per-
turbed versions based the ratio between the perturbation level and the eigengap.
This result is also referred as the so-called sin © theorem for symmetric matrices
in the literature. Shortly afterwards, Wedin [224] generalized part of this result to
cover non-symmetric matrices using the singular value decomposition, bounding
changes in the left and right singular subspaces in terms of the singular value gap
and the perturbation magnitude. In a recent work, Cai and Zhang [29] further es-
tablished separate matching upper and lower bounds for the left and right singular
subspaces. When the structure of the error is concerned, one may draw interest
in perturbation expansions to approximate the perturbed quantity as a function
of the perturbation matrix. As the perturbation decreases towards zero, the ap-
proximation is more accurate since the higher-order terms in the expansion become
successively smaller. In 1973, Stewart [190] showed that there exists explicit expres-
sion of the perturbed subspaces in the bases of the unperturbed subspaces, which
can be leveraged to obtain error bounds for certain characteristic subspaces asso-
ciated with the SVD. This breakthrough result has started a long line of research
on perturbation expansions and error bounds for the SVD, including the work of
Stewart [191], Sun [198], Li et al. [130], Vaccaro [208], Xu [230], Liu et al. [135],
and more recently, Gratton et al. [82]. Specifically, in [191], Stewart utilized the

bounding technique in [190] and obtained a second-order perturbation expansion



204

for the square of the smallest singular value of a matrix. In a different approach
based on the theory of implicit functions, Sun [198] provided the first analytical
expression for the second-order perturbation expansion of simple non-zero singular
values of a matrix. One of the first significant results on perturbation expansion
of singular subspaces was introduced by Li and Vaccaro in 1991. In [130], the two
authors analyzed a variety of subspace-based algorithms in array signal processing
and developed the first-order perturbation expansion for the signal and orthogonal
subspaces of the rank-deficient data matrix. Later on, Vaccaro [208] extended this
result to the second-order perturbation expansion of these subspaces. A more fine-
grained analysis of the perturbation expansion for the individual singular vectors
rather than the singular subspaces was given by Liu et al. [135], uncovering the
fact that the signal subspace has an impact on the first-order approximation of
the individual singular vectors, but not on the first-order approximation of the
signal subspace spanned by these vectors. We note that the aforementioned re-
sults on perturbation analysis of singular subspaces make an assumption that the
unperturbed matrix is rank-deficient, i.e., all singular values corresponding to one
of the singular subspaces are zero. In 2002, Xu [230] relaxed this constraint by
only requiring those singular values to be equally small. Recently, Gratton and
Tshimanga [82] were able to eliminate this constraint completely, presenting the
second-order perturbation expansion for singular subspaces with no restriction on
their corresponding singular values.? It is notable that the last result is devel-

oped directly from those by Stewart in [190]. A more comprehensive description

2The only constraint is the singular-value separation between the two subspaces.
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of the aforementioned results is given in Section 3. Interested readers can also
find in-depth surveys on matrix perturbation theory in [192,193] and references
therein.

The aforementioned results on perturbation analysis of the SVD is the fulcrum
for the perturbation analysis of the TSVD. While the former characterizes the ef-
fect of perturbation on the singular values/singular subspaces of a matrix, the later
studies the combined effect (from both singular values and singular subspaces) on
the resulting reduced-rank matrix. Analyzing such an effect helps understand the
local behavior of algorithms that utilize the low-rank optimal approximation of
matrices, such as SVD-based channel estimation methods in multi-input multi-
output (MIMO) systems [109,134,162] and iterative hard-thresholding algorithms
for low-rank matrix completion [104,213,214]. In a recent work, Gratton and
Tshimanga [82] presented a second-order expansion for the singular subspace de-
composition and make use of the result to deduce the second-order sensitivity of the
TSVD solution to least-squares problems. However, since their application focuses
on the expansion of the truncated pseudo-inverse rather than the TSVD itself, no
specific result in perturbation expansion of the TSVD is mentioned. In a different
approach to analyzing the TSVD operator, Feppon and Lermusiaux [64] studied
the embedded geometry of the fixed-rank matrix manifold and characterized the
projection onto it as a smooth (C*°) map. Based on this geometric interpretation,
the authors provided an explicit expression for the directional derivative of the

TSVD of order 7 at a certain matrix with rank greater than or equal to r.> On

3Despite the fact that Theorem 25 in [64] reads “greater than 77, both the proof of the theorem
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the one hand, the result directly suggests the first-order perturbation expansion
of the TSVD. On the other hand, the differential geometry-based approach, while
offering a clear path for calculating the derivatives, does not offer a direct recipe
for obtaining the error bound on the first-order approximation or the higher order
terms in the expansion. At the time of writing this chapter, we are not aware of
any explicit expression of the second-order derivative of the TSVD.

In this chapter, we present a novel perturbation analysis of the truncated singu-
lar value decomposition. First, by utilizing the perturbation expansion for singular
subspaces in [82], we derive the first-order perturbation expansion of the TSVD.
Our result matches the result on the directional derivative of the TSVD in [64].
Furthermore, we extend our analysis to study the second-order perturbation expan-
sion and show that when the matrix has exact rank r, the TSVD of order r admits
a simple expression for its second-order expansion. To the best of our knowledge,
this is the first explicit result for the second-order perturbation expansion of the
TSVD. Third, we establish an error bound on the first-order approximation of
the TSVD about a rank-r matrix. Our bound holds universally for any level (or
magnitude) of the perturbation. Finally, we demonstrate how the proposed per-
turbation expansions and error bounds can be applied to study the mean squared

error associated with the TSVD-based matrix denoising solution.

and the direct communication with the authors (on September 17, 2020) suggest the result should

also include the case of rank-r matrices.
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6.2 Notation and Definitions

Throughout the chapter, we use ||-|| and ||-||, to denote the Frobenius norm and
the spectral norm of a matrix, respectively. Occasionally, |||, is used on a vector
to denote the Euclidean norm. Boldfaced symbols are reserved for vectors and
matrices. In addition, the s x t all-zero matrix is denoted by 0,4; and the s x s
identity matrix is denoted by I,. We also use e; to denote the i-th vector in the
natural basis of R®. When understood clearly from the context, the dimensions
of vectors/matrices in the aforementioned notation may be omitted. As a slight

abuse of notation, we define the big O notation for matrices as follows.

Definition 6.1. Let A be some matriz and F(A) be a matriz-valued function
of A. Then, for any positive number k, F(A) = O(||A|%) if there exists some

constant 0 < ¢ < oo such that

F(A
lim sup M:c
=07 jaf= [ AR

We emphasize the difference between the commonly used big O notation in the
literature and the O notation used in this chapter. While the former requires ¢
to be strictly greater than 0, our notation includes the case ¢ = 0 to imply both
situations that F(A) approaches 0 at a rate either equal or faster than [|A|/%.
Similarly, when used for a vector, we replace the Frobenius norm by the Euclidean
norm in Definition 6.1 to denote the corresponding quantity.

In the rest of the chapter, unless otherwise specified, the symbol X is used to

denote an arbitrary matrix in R™*". Here, without loss of generality, we assume



208

that m > n. The SVD of X is written as X = UXVT where £ is a m x n
rectangular diagonal matrix with main diagonal entries are the singular values
01> 09> ...> 0, > 0. For completeness, we denote the “ghost” singular values
Opi1 = ... = 0y = 0in the case m > n. Additionally, U € R™*™ and V € R™*"
are orthogonal matrices such that UUT = UTU = I,, and VVT = VTV =1,.
We note that the left and right singular vectors of X are the columns of U and V,
e, U= [up,ug,...,uyland V = [v,vy,...,v,]. Thus, X can also be rewritten
as the sum of rank-1 matrices: X = Y "  o;u;v]. Next, we define the singular

subspace decomposition as follows.

Definition 6.2. Given 1 < r < n, the singular subspace decomposition of X €

R™*™ 4s given by:

X 0 v T T
X = |:l'j1 U2:| = U121V1 + UQZQ‘/Q , (61)
0 | v
where
diag(oy41,...,0n
21 = diag(al, e 7JT) - RTXT, 22 = g< + ) c R(m—r)x(n—r)7
0

with the singular values in descending order, i.e., o1 > 09 > ... > 0, > 0, and

Ui = |:’U,1 s ’u'r:| € Rmxr? U, = |:'Uz7~+1 - ’U,m:| S Rmx(mfr)’

Vi= |}Ul ’vr‘| GRHXT’ Vo= |:’Ur+1 ’Un:| ER”X(nfr).
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It is clear from Definition 6.2 that

>, 0
U:[Ul U2:|7 = J V:{V1 Vz}
0 3

Here the columns of U; and U, (or V; and V5) provide the bases for the column-

space (or row-space) of X and its orthogonal complement, respectively.

Definition 6.3. The orthonormal projectors onto the subspaces of X are defined

as:

Py, =UU{ =) wu!, Py,=0U) =1I, - Z uuy
=1 = 7“+1

Py, =ViV/" =) v, Py, =WV, =1, Py, = sz
= i=r+1

Generally, matrices Uy, Us, Vi, and V5 are not unique. In particular, for sim-
ple non-zero singular values, the corresponding left and right singular vectors are
unique up to a simultaneous sign change. For repeated and positive singular values,
the corresponding left and right singular vectors are unique up to a simultaneous
right multiplication with the same orthogonal matrix. Finally, for zero singular
values, the singular vectors can be any orthonormal bases of the left and right null
spaces of X. On the other hand, the singular subspaces spanned by the columns
of Uy, Uy, Vi, Vi, and their corresponding projectors are unique provided that

o, > 0,41 [89]. We are now in position to define the singular value truncation.

Definition 6.4. The r-truncated singular value decomposition of X (r-TSVD) is
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defined as

r
Po(X) =) o =U S VY. (6.2)
i=1

By Eckart-Young theorem [61], P.(X) is the best least squares approximation

of X by a rank-r matrix, with respect to unitarily-invariant norms. Therefore,
this operator is also known as the projection of X onto the non-convex set of
rank-r matrices. P,(X) is unique if either o, > 0,41 or o, = 0. In the special
case when X has exact rank r, we have o, > 0,01 = ... = 0, = 0 and the
projectors onto the subspaces of X, namely, Py,, Py,, Py,, and Py, are unique.
However, the matrices Uy and V, can take any orthonormal basis in R™™" and
R, respectively, as their columns. Finally, for a rank-r matrix, we define the
pseudo inverse of X as X = U;37'V{T. Tt is worth mentioning that || X||, = o

while || XT||, = 1/0, in this case.

6.3 Preliminaries

Two elemental bounds for singular values were given by Weyl [226] in 1912 and

Mirsky [153] in 1960:

Proposition 6.1. Let A € R™*" be a perturbation of arbitrary magnitude. Denote

X = X + A with singular values 61 > 09 > ... > 6, > 0. Then,

o Weyl’s inequality: |6; — o;| < ||All,, fori=1,...,n,

o Mirsky’s inequality: \/> i (6; — ;)2 < || Al
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Proposition 6.1 asserts that the changes in the singular values can be bounded using
only the norm of the perturbation. By leveraging the specific values of the entries of
the perturbation matrix, the behavior of singular values under perturbations can
be described more precisely through perturbation expansions. In [191], Stewart
showed that if o, is non-zero and distinct from other singular values of X, then

its corresponding perturbed singular value can be expressed by

Gn = 0n + ul Av, + O(||A[]%). (6.3)

It is later known that the result in (6.3) also holds for any simple non-zero singular
values [193]. In another approach, Sun [198] derived a second-order perturbation
expansion for simple non-zero singular values. For a simple zero singular value,
Stewart [191] claimed that deriving a perturbation expansion is non-trivial and
proposed a second-order approximation for 62 instead. Most recently, a general-
ization of (6.3) to a set of singular values that is well separated from the rest is
proved in [194].

While the singular values of a matrix are proven to be quite stable under per-
turbations, the singular vectors, especially those correspond to a cluster of singular
values, are extremely sensitive. It is therefore natural to bound the perturbation
error based on the subspace spanned by the singular vectors. Consider the sin-
gular subspace decomposition in Definition 6.2. We define the singular gap as
the smallest distance between a singular value in ¥; and a singular value in 3.

When the spectral norm of the perturbation is smaller than this gap, Wedin’s
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sin © theorem [224] provides an upper bound on the distances between the left
and right singular subspaces and their corresponding perturbed counterparts in
terms of the singular gap and the Frobenius norm of the perturbation. Further-
more, Stewart [190] showed that there exist explicit expressions of the perturbed
subspaces in the bases of the unperturbed subspaces, which can be leveraged to
obtain error bounds for certain characteristic subspaces associated with the SVD.

Let us rephrase this result in the following proposition.

Proposition 6.2. (Rephrased from Theorem 2.1 in [82], which is based on Theo-
rem 0.4 in [190]) In addition to the setting in Definition 6.2, assume that o, > 0y41.

For a perturbation A € R™ " denote the singular subspace decomposition of

X=X+Aby

I I I 'R N A 7
X=0xv'=\g, U, ) .
0 | |Vf]

Let us partition UT AV conformally with U and V' in the form

gray _ |UTAV UlAV:| 1 En Be| 6.4)
UI'AV, UI'AV, E5 Es

If

Or — Or41
1A, < T+’ (6.5)
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then there must exist unique matrices Q € RU™="x7 P ¢ RO=")X" whose norms

are in the order of ||Al|p such that

QX1+ Eyn) + (32 + Exn)P = —Ey — QE P,

(3, + E;)PT + Q" (2 + Ey) = Ey + Q"E, P,

Moreover, using

U, = (U —U.Q)(I, + QTQ>_1/27
ﬁQ = (UQ + UIQT)(Im—T + QQT)_I/Qu
Vi=(WVi+WP)I, + P"P)"'/2

Vo = (Vo — ViP))(I,_, + PPT)™1/2,

(6.6a)

(6.6b)

(6.7a)
(6.7b)
(6.7¢)

(6.7d)

we can define semi-orthogonal matrices Ul, U}, Vl, and Vs satisfying U'ITTJ'Q =0

and VlTVg = 0, which provide bases to the same unique subspaces of U, U,, V;,

and Vg, respectively, i.e., Py = Py, Py, = Pyg,, Py, = Py, and Py, = Py, .

It is important to note that U,, (72, Vl, and Vi may differ from U;, Us,, V4,

and Vi, respectively. However, their corresponding subspaces are identical. This

result will be useful later when replacing Pp, and Py, in the following version

of the r-TSVD P,(X) = PUIX Py, with Py and Py.. The substitution allows

us to write an explicit expression of the r-TSVD using A and terms that are in

order of ||Al[, such as @ and P. Equation (6.6) also enables the perturbation

expansion of the SVD through the coefficient matrices @ and P. In 1991, Li and
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Vaccaro [130] considered a special case of rank-r matrices (X5 = 0) and introduced
the first-order perturbation expansion for @ and P as a method to analyze the
performance of subspace-based algorithms in array signal processing. Later on,
Vaccaro [208] extended their approach to study the second-order perturbation
expansion for the singular subspace decomposition. A more general result in this
approach was proposed by Xu [230] in 2002, through relaxing the constraint ¥ = 0
to X130, = €I, for small € > 0. It was not until recently the second-order analysis
with no restriction on ¥y was provided by Gratton [82]. We summarize this result

on second-order perturbation expansion for Q and P as follows.

Proposition 6.3. Given the setting in Proposition 6.2. Then

vec(Q) = Byl pr + Byl ps — B Ry + O(|Al), (6.8)
where
S =22 1I,_, — I, ® (Z,27),
¢ = (S EL+E X)), ,— I, ® (ZEL + ExXD),
ny = — VGC(EQEE + Ey %), Mo = — VeC(E22E;Fz + EQlEﬂ)a
and

vee(P) = W lm + Ul — N O + O(| AL, (6.9)
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where

v, = E% QI —I,® (2522%
U, = (B +E[2)®1, , —I,® (3] Exn+ EpnX,),

T — —VeC(EgEgl + EEEl), Ty = —VGC(E;EH + ESEH)
Corollary 6.1. Suppose in Proposition 6.2, X has rank r, i.e., X5 = 0. Then

Q= —EnX' — ExELYT? + En X EnST + O(| A7),

P=ELS' + ELE, X - ELX'ELST + O(|A}).

Finally, we devote the rest of this section to discuss condition (6.5) in Propo-
sition 6.2. As mentioned earlier, the singular subspaces corresponding to Uy, U,
Vi, and Vj are unique if and only if 6, > &,.,. By Weyl’s inequality (see Propo-
sition 6.1), we have |G,41 — 0,11 < ||A|l,. Since [|A|, < (0, — 0v41)/2 and
|6r11 — 0p41| > Gre1 — 0441, One can further upper bound the r + 1-th perturbed

singular value by

~ r— Ur r O
Grit < Oy 4+ T4l Or T O (6.10)
2 2
Following a similar argument, |6, — o,| < |[|A||, leads to
G, >0, = Tl Or Ot (6.11)

2 2
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It follows from (6.10) and (6.11) that the gap between &, and G, is strictly greater

than 0:

O + Oryq -
T T <

5 Gy (6.12)

Orq1 <

As mentioned in [82], condition (6.5) is more restrictive, but simpler, than the
original condition specified in [190]. Based on the aforementioned preliminaries,

we are ready to present our results.

6.4 Perturbation Expansions for the r-TSVD

This section presents perturbation expansion results for the r-TSVD operator.
In order to guarantee the uniqueness of the expansions, we assume throughout
the section that the r-th and r + 1-th singular values are well-separated and the
perturbation A has small magnitude relative to X.

Let us begin with a non-trivial result on the first-order perturbation expansion
of the m-T'SVD. The result is consistent with Theorem 25 from [64], in which Feppon
and Lermusiaux utilized differential geometry to derive a closed-form expression for
the directional derivative of the r-TSVD. Using tools from perturbation analysis,
we are able to obtain the same result on the first-order perturbation expansion of
P,.. The additional benefit of the technique used here, as can be seen later, is that
it can be leveraged to further derive the second-order perturbation expansion and

the bound on the approximation error of the first-order expansion about a rank-r
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Theorem 6.1. Assume o, > o,.1. Then, for some perturbation A € R™ "™ such

that ||A|l, < ==, the first-order perturbation expansion of the r-TSVD about

X is uniquely given by*

s n 2
g
J T T T T
+ g g (02 = (wiu; Avjv; + uwju; Aviv;)

i=1 j=r+1 \ @ j
;0 ;
+ 7 (! ATugo] + ujo] ATuiviT)) Lo(lal2).
i j

(6.13)

The proof of Theorem 6.1 is based on perturbation expansions of the coefficient
matrices Q and P in Proposition 6.3. Interested readers are encouraged to find
out the details in Appendix 6.8.2. As mentioned earlier, the first-order term in

(6.13) is equivalent to the directional derivative given by Theorem 25 in [64]:

VAP, (X) = Py, APy, + Py, A+

m
O-A
j T T T T T T
> e ((ai'u,j Av; + oju] Avj)u;v] + (o0ju) Av; + o] Av;)uv; )

(6.14)

It is worthwhile to mention that we arrive at the first-order perturbation expansion

in Theorem 6.1 while working independently on the error bounds for TSVD (see

4We recall that throughout this chapter we assume m > n.
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Section 6.5).

Note that the condition |A|, < (0, — 0,41)/2 guarantees a non-zero gap
between the r-th and the r + 1-th singular values of the perturbed matrix (see
(6.12)), and hence guarantees P,(X + A) on the LHS of (6.13) is unique. At the
same time, each term on the RHS of (6.13) is well-defined due to the uniqueness of
singular subspaces associated with each group of singular values of X. The term
A — Py, APy, can be viewed as the projection of A onto the tangent space of the
manifold of rank-r matrices [4]. On the other hand, the double summation stems
from the curvature of this manifold when X does not lie on it (with rank greater
than r). To demonstrate the first-order expansion in Theorem 6.1, let us consider

the following examples.

Example 6.1. Consider the matriz X with its SVD as follows:

4 —4 7
110 0 =9
X =3 (6.15)
4 8 1
8§ 4 -1
-1 1 1 1 6 0 0 T
1 2 2
111 -1 1 1 06 0 1
=13 3 2 1 -2 . (6.16)
1 1 -1 1 0 0 3
-2 2 -1
1 1 1 -1 0 00




In this example, note that o1 = o9 > o3. From Definition 6.4, we have

In addition,

N | —

-9

6
0

. with |A, =0.2985 < § = 1.5,

0
6

1

1
3 2
-2
Py, =

T

—2

219

(6.17)

(6.18)

(6.19)
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(6.18) leads to

2 -2 -1

3 2 —2 —1
2 =2 -1

-2 2 1

Now the double summation in (6.13) can be represented as

1 2
G(A) = §(u1u1TAv3v§ + usul Avyvl) + g(ulfvlTATugvg + uzvi Al uyvl)

1 2
+ g(ugugAvg'vg + uzul Avyvy ) + g(ug'vQTATug'vg + uzvy Al uyvl).

While the singular vectors of X are not unique (due to o1 = 05), the singular

subspaces of X are unique. Therefore, by representing G(A) as

1 1
G(A) = g(ululT + uzug)Afvg’vg + §u3u§A(vlvip + v2v2T)

2 2
+ g(ulvip + ugvs ) ATuzvl + gugngT(ulvip +uvl),  (6.21)

we observe that G(A) is well-defined since wiul + ugul | uzul, viv] + vovd,
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v3vl, wv! +uyvl and usvl are all unique quantities, namely,

1 -1 0 0 1 1 -1 1
1 (-1 1 0 0 1 1 1 -1 1
'u,lfu,lT + ugug =Py, = 3 , ugug = 1 ,
0 01 1 -1 -1 1 -1
0 01 1 1 1 -1 1
5 4 2 4 —4 =2
1 1
vivf + vy =Py = 4 5 -2, vavi =Py, =~ |4 4 2|,
2 =2 8 —2 2 1
3 =3 12 2 —2 -1
3 3 -12 1l 2 —2 41
w v + upvi = 5 , uzvi = 6 . (6.22)
9 9 0 -2 2 1
9 9 0 2 =2 -1

Substituting the values of the 6 aforementioned terms in (6.22) and the value of A

in (6.19) back into (6.21), we obtain

- 6.23
200 ( )




The substitution of (6.17), (6.19), (6.20), and (6.23) into (6.13) yields

Po(X + A) =

0.9850
—1.0650
3.0600
2.9850

—0.9100
0.8700
3.1300
3.0900

3.8800
~3.9600 ,
+O([AlR):
—0.0400

—0.1200
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(6.24)

On the other hand, running a simple numerical evaluation by Definition 6.4, we

can compute Po(X + A) and obtain

P X +A) =

0.9840

—1.0632

3.0650
2.9870

—0.9088 3.8792-
0.8689 —3.9615
3.1284 —0.0403
3.0890 —0.1213_

The approximation error of the first-order perturbation expansion has magnitude

of 0.0043, which is much smaller than the approximation error of the zero-order

expansion, i.e., |Pao(X + A) — Po(X)|| - = 0.3016.

Example 6.2. Let us consider a counter-example in which the condition ||Al], <



(0, — 0,11)/2 is not satisfied. In particular, by setting

Po(X + A) =

P X + A) =

or

_0.1 0 0
0 —-05 O
0 0 05

i 0 0 0

o o o o

Po(X + A) =

+ O(|All7).

21 0 0

0 0 0
0 0 1.5
0 0 0

223

It can be seen that our first-order approximation is no longer accurate if the later

truncation is considered.

One immediate consequence of Theorem 6.1 is when the matrix has exact rank

r, the double summation on the RHS of (6.13) vanishes since ; = 0 for all j > r.
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Thus, we obtain a simple expression for the first-order expansion of P.(-) about a

rank-r matrix.

Corollary 6.2. Let X € R™*" be a rank-r matriz. Then, for some perturbation
A € R™" such that ||All, < 0,/2, the first-order perturbation expansion of the

r-TSVD about X is uniquely given by
P.(X +A)=X +A - Py, APy, + O(| A7) (6.25)

We observe that while the first-order term depends on the perturbation A and
the two projections Py, and Py, it is independent of the singular values of X.
Motivated by the simple result in Corollary 6.2, we further study the second-order
perturbation expansion of the r-TSVD about a rank-r matrix in the following

theorem.

Theorem 6.2. Let X € R"™" be a rank-r matriz. Then, for some perturbation
A € R™" such that ||Al|, < 0,./2, the second-order perturbation expansion of the

r-TSVD about X is uniquely given by

P.(X +A)=X + A - Py, APy, + X' AT Py, APy, + Py, APy, A" X'

+ Py, AXD APy, +O(|A]).  (6.26)

The proof of Theorem 6.2 is given in Appendix 6.8.3. The theorem states that
P.(X + A) admits a simple second-order approximation that only depends on

Py,, Py,, and X' in addition to X and A themselves. Notice the dependence
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of the three second-order terms on the RHS of (6.26) on the pseudo inverse of X
indicates the first-order approximation is sensitive to the least singular value of
X. In the next section, we shall prove that the error bound for the first-order

approximation of P,(X + A) depends linearly on 1/0,.

Remark 6.1. The differentiability of P, at a rank-r matriz, as shown in Corol-
lary 2 and Theorem 2, matches with the well-known result in differential geometry
that a projection onto the base of the normal bundle of any smooth manifold is
a smooth map on the tubular neighborhood [123]. In particular, P, is a classic
smooth (C*°) map in a small open neighborhood containing the manifold of rank-r

matrices.

Remark 6.2. [t is known that the r-TSVD is differentiable at any point (ma-
triz) with a non-zero gap between the r-th and r + 1-th singular values and hence,
admits a first-order perturbation expansion about such point. While our result in
Theorem 6.2 only considers a special case of rank-r matrices, we suspect there ex-
i1sts a second-order perturbation expansion of the r-TSVD about a matriz X with
rank greater than r. However, given the complexity of the first-order expansion, it

certainly requires more elaborate work. We leave this as a future research direction.

6.5 FError Bounds for the »-TSVD

This section introduces upper bounds on the difference between the r-TSVD and
its first-order approximation. While in Section 6.4 the perturbation expansions are

derived under the assumption that ||Al|, < (o, — 0,41)/2, the error bounds in this
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section do not require this constraint and indeed they hold for A with arbitrary
magnitude. It is important to note that, without the constraint on the level of
the perturbation, P,(X + A) may not be unique since there is no guarantee that
0. > 0,41. The value of P.(X + A) in case 7, = 7,1 depends on the choice of the
singular subspace decomposition of X = X +A (see Definition 6.2). Nevertheless,
we shall provide error bounds that hold independent of the choice of decomposition.

Let us consider the first-order expansion in (6.25). One trivial bound on the

approximation error can be derived as follows (see details in Appendix 6.8.4):

Lemma 6.1. Let X € R™ " be a rank-r matriz. For any A € R™ " and any

valid choice of subspace decomposition of X + A, we have
[Pr(X +A) = (X + A= Py, APy, < | X|p +2[|Allf

Lemma 6.1 suggests that for large A, the approximation error grows at most
linearly in the norm of A. However, for small A, the aforementioned bound is not
tight since Corollary 6.2 implies the error should be in the order of | Al[7. In order
to tighten the bound for the small perturbation, we need to develop a different
approach that is more meticulous about intermediate inequalities. We state our
main result regarding the global error bound on the first-order approximation of

the »-TSVD as follows.

Theorem 6.3. Let X € R™ "™ be a rank-r matrix. Then, for any A € R™*"

and any valid choice of subspace decomposition of X + A, the first-order Taylor
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expansion of the r-TSVD about X s given by
P (X +A)=X+A— Py,APy, + Rx(A), (6.27)
where there exists a universal constant 14 1/v/2 < ¢ < 4(1 4+ v/2) such that
|Rx (&)l < Al (6.28)
Furthermore, the following inequality holds
R(@)l <20+ VO Al pmin{ 2 A 1) (629)

The proof of Theorem 6.3 is given in Appendix 6.8.5. It is noticeable that the
first three terms on the RHS of (6.27) are uniquely given by the rank-r singular
subspace decomposition of X. On the contrary, the LHS may not be unique (e.g.,
when &, = &,,1) and hence, so does the residual Rx (A). However, it is interesting
to note that the theorem makes no assumption on the norm of A, as well as the
choice of the r-TSVD of X + A. The bound on the residual (or the remainder) in
Theorem 6.3 is similar to the Lagrange error bound in univariate first-order Taylor
series. It not only asserts that the approximation error can grow no faster than a
quadratic rate but also determines the constant attached to ||Al%. Furthermore,
the bound depends only on the o, and ||A||, as one may expect from the second-

order perturbation expansion of the r-TSVD in Theorem 6.2.

Remark 6.3. We conjecture but are unable to prove that the lower bound on
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c is tight, i.e., ¢ = 14 1/\/2. Partial result in this direction regarding A of
certain structure is also given in the proof of Theorem 6.3. In our numerical

experiment, we ran multiple optimization procedures to mazimize the quantity

o, |Rx(A)||p/ ||All5 with respect to A and obtained the same constant 1+1/v/2.

The bound in (6.29) suggests an interesting behavior of the residual Rx (A). When
the perturbation is small, the error depends quadratically on the magnitude of
the perturbation and inversely proportional to the least singular value of X. In
particular, as o, approaches 0, the first-order approximation becomes less accurate.
On the contrary, for large A, the upper bound is linear in the norm of A and
independent of .. Compared to the bound in Lemma 6.1, we observe that the
dependence on X is eliminated. Asymptotically as ||A| approaches oo, the
simple bound in the lemma becomes tighter than the bound in (6.29).

We conclude this section by describing the behavior of the residual term for
small perturbations. While it is challenging to establish a tight bound on || Rx (A)||
(as a function of ||Al| ) for large A, it is possible to project the first-order approx-
imation error for small perturbation based on the knowledge of the second-order
perturbation expansion of the m-TSVD (see Theorem 6.2). We provide the result

in the following theorem, with the proof given in Appendix 6.8.6.

Theorem 6.4. Asymptotically as ||All, approaches 0, the norm of the residual

term in Theorem 6.3 can be upper-bounded tightly by

A 1
lim  sup [Rx(A)llp _

=0t A= [|A]% o3
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Remark 6.4. While Theorem 6.1 provides the first-order perturbation expansion
of the r-TSVD about an arbitrary matrix X with o, > o,.1 > 0, extending Theo-
rems 6.3 and 6.4 to that case remains to be one of our future research directions

due to the difficulty of bounding the double summation in (6.13).

6.6 An Application to Performance Analysis in Matrix Denoising

This section presents an application of our result to the performance analysis of
the TSVD for matrix denoising. In many applications such as image denoising [85],
multi-input multi-output (MIMO) channel estimation [134], collaborative filtering

[118], low-rank procedures are often motivated by the following statistical model:

X =X+ A,

where X € R™ ™ is the unknown matrix with rank » < min(m,n) and A is a
random matrix whose entries are 7.i.d. normally distributed with zero mean and
o?-variance, i.e., Aj; ~ N(0,0%) fori=1,...,mand j =1,...,n. To denoise the

data, the TSVD is applied to the noisy matrix X to obtain the following estimator:

~

X =P.(X).

We would like to assess the mean squared error (MSE) of this estimator using our

perturbation analysis of the TSVD. As a baseline for our analysis, we consider the
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MSE of the noisy matrix X:

3

- 2 ik
E[HX—XHF} N ;;E = o2mn. (6.30)
Next, we study the MSE of the estimator X, i.e., ]E[HX - XH2F] To the best
of our knowledge, there exists no closed-form expression of this quantity due to
the non-linearity of the truncated singular value operator. In the following, we
provide the first-order approximation, the second-order approximation, and the

. 2
upper bound for E[HX — X|| | based on the results presented in this chapter.
F

1. The first-order approximation:

Let X, = X + A — Py, APy, be the first-order approximation of X. We have

E[HX} XH] El|A - PUQAPVQH]

=E

[
[C8

(by Lemma 6.8-2)

|(Lun — Py, © Por) vee(A) |}

E [(vec(A))T(Imn — Py, ® Pu,) (I — Py, ® Py,) vec(A)].

(6.31)

Using the fact that Py, and Py, are projection matrices, I, — Py, ® Py, is

also a projection matrix, and hence, (I,,, — Py, @ Py,)" (In, — Py, @ Py,) =
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I, — Py, ® Py,. Thus, (6.31) can be further simplified as

E[HXl - XH?] = E[(Vec(A))T) (Ipn — Py, ® Py,) vec(A)}

E [tr((Imn — Py, ® Py,) vec(A) (vec(A))T)}
(by the cyclic property of the trace)

- tr((Imn — Py, ® Py,)E[vec(A) (vec(A))T]).
Since A;; "% N (0, 02), E[vec(A) (VGC(A))T} = 0I,,,. Thus,

~ 2
E[HX1 - XHF} — 6 tr(Lpn — Py, @ Py,)
= o*tr(L,) — tr(Py,) tr(Py,)

=o*r(m+n—r), (6.32)

where the second equality uses Lemma 6.8-4 and the third equality stems from
the fact that tr(Py,) = tr(UUY) = tr(UfU,) = tr(I,,_,) = m —r (and

similarly tr(Py,) =n —r).

. The second-order approximation:

Let

X, = X+A—Py,APy,+ X AT Py, APy, + Py, APy, A" X1+ Py, A(XT) APy,
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be the second-order approximation of X . We have

~ 2
X=X, -
F

2|
E [HA — Py, APy, + XIATPy, APy, + Py, APy, ATX' + P AXD APy,

.

= E[HA - PU2APV2H§«“}

2
+E[||X!AT Py, APy, + Py, APy, ATX' + P, A(X") APy, i
+E [2 tr((A — Py, APy,)"(XTAT Py, APy,
T xt o
+ Py, APy, ATX' 1 Py, A(XT) APVQ))] (6.33)

Since A;; RN (0,0?), the expected value of the third-order term on the RHS

of (6.33) is zero, i.e.,

E [2 tr((A — Py, APy,)T(XTAT Py, APy,

+ Py, APy, ATX + PUQA(XT)TAPVQ))} —0.
Therefore,

R 2
E[|X. - X| | =E[la - Po,aPy]

2].

+ E[HXTATPUQAPVQ + Py, AP ATX! + Py, AX) APy,

Since the first term on the RHS is given by (6.32), we proceed with the calcu-
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lation of the second term on the RHS, i.e.,

E[HXTATPUzAPVQ 4 Pu, AP, ATXT + Py, AXD APy,

il

Since XT = Py, X' Py,, the three terms inside the norm are orthogonal to each

other, i.e., their inner products are zero. Hence,

2
HXTATPUQAPVQ + Py, AP, ATX' + Py, ACXY APy |

2

~ | X' ATPu, APy + | PuAPLATX | + | Pu A AP

(6.34)

Using the cyclic property of the trace and the idempotence property of Py, the

first term on the RHS of (6.34) can be computed as

| XTAT Py, APy, Hfm = tr(X'AT Py, APy, Py, A" Py, A(XT)")

= tr(AT Py, APy, A" Py, A(X")" XT1).

Similarly, one can compute the second and the third terms on the RHS of (6.34),
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then taking the expectation to obtain

E| HXTATPU2APV2 + Py, AP, ATX' + Py, AXD APy,

]

_E [tr(ATPUQAPVQ ATPUQA(XT)TXT)]
+E [tr(ATXT(XT)TAPVZ ATPU2APV2)]

+E [tr(A(XT)TAPVQATXTATPUQ)]. (6.35)

Next, to compute the three terms on the RHS of (6.35), we consider the following

lemma:

Lemma 6.2. Assume the matrices A, B,C, and D in each of the following

statements are of compatible dimensions such that the matriz product is valid.

Then,

(a) E[tr(ATAABATCAD)| = tr(ATC) tr(B'D) + tr(AC) tr(B) tr(D) +
tr(BD)tr(A)tr(C)),
(b) E[tr(AAABATCATD)| = tr(ATBCTD)+tr(DCBA)+tr(AC) tr(B) tr(D).

The proof of Lemma 6.2 follows a similar derivation of the fourth-moment prop-

erties in [161] and hence is omitted. Applying Lemma 6.2 to the RHS of (6.35)
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and using the orthogonality between X' and Py, Py,, we obtain

E[ HXTATPUQAPVQ + Py, AP, ATXT + Py, AXD APy,

]

= tr(Py,) tr(Py,) tr((X 1) XT) + tr(Py,) tr (X (XT)T) tr(Py,)

+ (XN XT) tr(Py,) tr(Py,)

:304(m—r)(n—r)HXTHi,, (6.36)

where the last equality stems from tr(Py,) = m — r and tr(Py,) = n — 1.

Substituting (6.32) and (6.36) into (6.33) yields

E[HX’Q—X i] = o%r(m+n—1)+30 m—r)n—r) | XT|%.  (6.37)

. The upper bound:

From Corollary 6.2, we have
X-X=P(X)-X=A-Py, APy, + Rx(A).
Hence, by the triangle inequality, it holds that

HX _ XHF < |A = Py, APy, | + | Rx(A)| -
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Taking the expectation of the squared norm yields
N 2 2
E[|X - x]|| | <E[(IA - PuaPul, + IRx(@A)]:) | (6:39)

Applying Minkowski inequality [93], we can bound the RHS of (6.36) as

E[(IIA — Py, APy, ||, + ||RX(A)||F>2i|

< (yEla - Puara] + fBllrxaz])

(6.39)

From (6.29), we can bound E[HRX(A)HH by

(| Rx(A)]}] <E[(2(1+ V3 min{ - &I 4]}

2 2
<winf (100+ VI E[l1aN], (204 v2) B[1aLE] |

(6.40)

where the last inequality is a special case of Jensen’s inequality [93] with the

minimum of two linear functions as a concave function. The fourth-order term

on the RHS of (6.40) can be computed as

E[lal] - E[(C 3 43)7 = T E[a2an] - ot 301+ 26

i=1 j=1 0,9,k 0,5,k

= o*(m*n® + 2mn). (6.41)
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Substituting (6.32) and (6.41) back into (6.40), then taking the square root, we

have

\/E[HRX(A)HH < min{4(1 +v2) Z/m2n? 1 2mn, 2(1 + \/E)M}.

Oy

Substituting the bound in the last inequality and the equality in (6.32) into

(6.39), we obtain the upper bound as

2

of|x - x

] §a2< r(m+n—r)

F

+ min{4(1 + \/i)aix/m‘zn? + 2mmn, 2(1 + ﬁ)ﬁ}) . (6.42)

Due to the nature of the bound given in (6.29), the bound in (6.42) is taken
as the minimum between a component that is linear in the norm of A and a

component that is quadratic in the norm of A.

Remark 6.5. Asymptotically as o — 0, all the ratios of the first-order approzi-
mation (6.32), the second-order approzimation (6.37), and the upper bound (6.42)
to the MSE of the noisy matriz (6.30) converge to r(m +mn —r)/mn. In general,
this ratio is less than or equal to 1, however, in low-rank scenarios it can be signif-
tcantly smaller. This indicates the TSVD estimator is effective in noise reduction

when the noise is small, especially when the matrix X has low rank.

Remark 6.6. The upper bound in (6.42) attains the same value of the baseline
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o’mn when o = 04, where

ngar(\/m_—\/r(mjLn—?“)) (6.43)
4(1 +V2)vVm?n? +2mn '

guaranteeing the superiority of the upper bound over the baseline in the case o < 0.

Remark 6.7. Let us define the p-knee point between two increasing functions of
o, e.g., f(o) and g(o), as the point at which f(o) = pg(c) (for p > 1). Then,
the p-knee point between the upper bound (6.42) and the first-order approximation
(6.32) can be determined by

”r = or(v/pP— 1)/ r(m+n— r)‘ (6.44)

4(1+v2)vVm2n2 + 2mn

In addition, the p-knee point between the second-order approzimation (6.37) and

the first-order approximation (6.32) is given by

03 = \/ <p_1)r(m+n_r> > 01. (645)
3(m —r)(n—r) || X5

Figure 6.1 demonstrates the aforementioned analysis on the performance of
the TSVD-based estimator for matrix denoising through a numerical experiment.
Data generation. We generate a matrix X with m = 100,n = 80, and » = 3 by
(i) taking the product of two random matrices, whose entries are 7.i.d. normally
distributed A (0, 1), of sizes 100 x 3 and 3 x 80, respectively; (ii) and dividing each
entry of the obtained matrix by its Frobenius norm such that the resulting matrix

satisfies || X || = 1. In the experiment, we consider 51 values of ¢ in the interval
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of [107%,10°], namely o € {1076,1075%8 107576 ... 10°}. For each value of o, we

compute the following quantities:

R 2
1. the empirical MSE of the TSVD-based estimator E[HX — X|| | by averaging
F

the quantity ||P.(X + A) — X||% over 1000 i.i.d. instances of A,
2. the MSE of the noisy matrix given in (6.30),

3. the first-order approximation of the MSE of the TSVD-based estimator given
in (6.32),

4. the second-order approximation of the MSE of the TSVD-based estimator

given in (6.33),
5. the upper bound on the MSE of the TSVD-based estimator given in (6.42).

We display each of the aforementioned quantities as a function of o in Fig. 6.1.
In addition, we calculate the points corresponding to 07,09 and o3 using (6.44),
(6.43), and (6.45), respectively, with p = 1.1, and include them in Fig. 6.1. Results
and Analysis. It can be observed from the plot that the empirical MSE of the
TSVD-based estimator (solid blue) increases quadratically as a function of o (in the
log-log scale, it appears as a straight line with slope equal to 2). The first-order
approximation (dash-dotted yellow) and the second-order approximation (dash-
dotted purple) match the empirical average well for o < o3 ~ 1072, In this range
of o, all of the three aforementioned quantities are lower than the MSE of the
noisy matrix (solid red). On the other hand, the upper bound (solid green) holds

tightly when o < oy ~ 107, providing an efficient guarantee on the performance
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Figure 6.1: The MSE of the TSVD-based estimator X for matrix denoising as
a function of ¢. The solid blue line represents the empirical estimate of MSE of

. . 2
X, ie., IE[HX — XH |. The solid red line is the MSE of the noisy matrix, i.e.,
F

2

E[ X-X = o*mn. The dash-dotted yellow line and the dash-dotted purple

F] )
line represent the first-order and second-order approximations of E[HX - X H ],
F

2

N . 2
ie., ]E[HXl — X|| | and ]E[HX2 - XH ], respectively. The solid green line is the
F F

R 2
upper bound on IE[HX -X H ] given in (6.42). The knee-points o and o3 repre-
F

sent the value of ¢ for which the upper-bound and the second-order approximation
deviate from the first order approximation by more than 10%, obtained by (6.44)
and (6.45) with p = 1.1. The point o9 is the intersection between the upper bound
and the MSE of the noisy matrix, given by (6.43).
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of the TSVD-based estimator for denoising with the presence of small additive
noises. However, as the noise variance increases, the upper bound appears loose,
exceeding the MSE of the noisy matrix when o > o5 ~ 4 x 107*. The bound
is developed for the worst-case noise scenario, in which the noise is adversarially
selected to yield the largest perturbation error (see the proof of Theorem 6.3 in
Appendix 6.8.5) and not for the random noise case. Consequently, it is far more
conservative, predicting a larger MSE than the actual MSE of the TSVD-based
estimator. Developing bounds for average-case scenario is a potential direction for

future research.

6.7 Conclusion

In this chapter, we derived a first-order perturbation expansion for the singular
value truncation. When the underlying matrix has exact rank-r, we showed that
the first-order approximation can be greatly simplified and further introduced a
simple expression of the second-order perturbation expansion for the r-TSVD.
Next, we proposed an error bound on the first-order approximation of the r-TSVD
about a rank-r matrix. Our bound is universal in the sense that it holds for
perturbation matrices with an arbitrary norm. Two open questions raised by our
analysis are: (i) when the underlying matrix has arbitrary rank, whether there
exists an explicit expression for the second-order perturbation expansion of the
TSVD; (ii) and given the result in Theorem 6.1, whether it is possible to establish

a global error bound on the first-order approximation of the r-TSVD.



242

6.8 Appendix

6.8.1 Auxiliary Lemmas

This section summarizes some trivial results that will be used regularly in our
subsequent derivation. The proofs of Lemmas 6.3-6.7 can be found in [151] -

Chapter 5. The proof of Lemma 6.8 can be found in [81] - Chapter 2.

Lemma 6.3. Assume the same setting as in Definition 6.2. The following state-

ments hold:
1L U, =vivi=1,,U/U,=1,_,, and V;)' Vo, =1,_,,
2. UlUs = 0, (m—r) and Vi"V = 0, (),
3. Py, Py, =0 and Py, Py, = 0.
Furthermore, if X has rank r, then
1. Py,X =0 and X Py, =0,
2. X = Py, X = XPy,,
3. X(XNW!'= Py, and XTXT = Py,.

Lemma 6.4. Assume the same setting as in Definition 6.2. The following state-

ments hold:
1. P.(X) = U121V1T = Py, X = X Py, = Py, X Py,,

2. X = P(X) =UsX,V," = Py, X = X Py, = Py, X Py,.
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Lemma 6.5. For any matrices A and B with compatible dimensions, the following

inequalities hold

IABI, < [|AB||p < min{|[Al[; [ Bl [All, |Blls} < Al Bl s -

Lemma 6.6. (Pythagoras theorem for Frobenius norm) For any matrices A and

B such that tr(ATB) = 0, it holds that

|4+ Bl = /IAI% + | B>

The matrices A and B in this case are said to be orthogonal to each other.

Lemma 6.7. Let U be a semi-orthogonal matriz with orthonormal columns and
Py = UU?. Then, for any matrices A and B that have compatible dimensions
with U, the followings hold

L UA[, = [[All, and [UA]|p = || Al|,

2. |BUl, = |BPyll, < ||Bll, and | BU||p = || BPy |z < [|Bl|f-

Lemma 6.8. For any matrices A, B, C, and D with compatible dimensions such

that the matriz products are valid, the following holds
1. (A® B)(C® D) =(AC) ® (BD),
2. vec(ABC) = (CT @ A) vec(B),
3. | A® Blly = | Al Bl

4. tr(A® B) = tr(A) tr(B).



244

6.8.2 Proof of Theorem 6.1

Recall that in this proof, we consider a matrix X having rank greater than or

equal to . With a slight abuse of notation, let us define Rx(A) as follows:

Rx(A)=P (X +A) - (P.(X)+ A - Py,APy,) (6.46)

= (P(X+A)— (X +A))+ (X -P(X)) + Py,APy,.  (6.47)
Since X = X + A, applying Lemma 6.4 to (6.47) yields

Rx(A)= —Py X Py, + Py, X Py, + Py,APy,

= — Py, X Py, + Py, X Py,.

Denote 8 py, = Pg, — Pu, and o py, = Py, — Py,. By rewriting Py, = Py, + 0 Py,

and Py, = Py, + dp,,, we can further simplify the last equation as
Rx(A) = —6p, XPy, — Py,X6p, —0p, X6p,, . (6.48)

Lemma 6.9. The perturbations of singular subspaces satisfy

dpy, =U1QTU) + U:QUT + O(||A|7). (6.492)
dp,, = —ViP"V," —V,PV" + O(||A|}). (6.49b)

The proof of Lemma 6.9 is given at the end of this section. From this lemma, it is
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clear that dp, and dp,, are in the order of ||Al|,. Substituting X = X + A into

(6.48) and collecting second-order terms yield
Rx(A) = —8p,, X Py, — Py, Xbp,, + O(|A|}). (6.50)
Substituting (6.49a) into the first term on the RHS of (6.50), we obtain
Spy, X Py, = (U1Q"U; + U,QU UV, + O(|| A7)
Since UJ U, = I and UL U, = 0, we further have
Spy, X Py, = U1Q" S,V + O(| A7), (6.51)
Similarly, the second term on the RHS of (6.50) can be represented as
Py, X0p, = -UsS, PV + O(J|A|7). (6.52)
Substituting (6.51) and (6.52) back into (6.50), we have

Rx(A) = -U,Q"S, V)" + U,S PV + O(|Al7). (6.53)
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Now we can vectorize (6.53) and apply Lemma 6.8 to obtain

vec(Rx(A)) = (VX] @ Uy) vee(—QT) + (Vi @ Uy %) vee(P) + O(||Al[7).
(6.54)

Let us now consider each term on the RHS of (6.54). From Proposition 6.3, it

follows that

vee(—Q") = (I, @ X2 — o2 @ 1) ' vec(E XL + 2 EL) + O(|Al7).
(6.55)

Replacing E;; = UF' AV;, for i,j € {1,2}, and using Lemma 6.8, (6.55) becomes

VeC(—QT) = (Im—r ® E% - 2225 ® Ir)_l ((22‘/2T ® UIT) VeC(A)

+ Uy @ 21 V)") vee(AT)) + O(| A7) (6.56)

Since X, and X, are diagonal, so is (I,,_, ® X2 — 3,37 ® I,)~. The following

lemma provides an insight into the structure of this inversion.

Lemma 6.10. Let D = (I,,_, @ ¥? — 3,217 @ I)7L. Then

D= Y3 dulel (e ) @ (el(el)).

wheredik:ﬁr,forizl,...,r andk=1,...,m—r.
i r+k

The proof of Lemma 6.10 is given at the end of this section. Now using Lemma 6.10
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and left-multiplying both sides of (6.56) by (VoX1 @ Uy;), we obtain

(V233 @ Uy) vee(—Q")

= Z Z_ dip(VoX5 @ Uy) ((e?"“(e?"’)T) ® (ef(e?)T)) (Z.V,E @ UY) vec(A)
=1 k=1

r o m-r

3 a0 ) (e r(ep ™)) @ (ef(el))) (UF @ VT vee(AT)

i=1 k=1

+O(|A[7). (6.57)
Moreover, applying Lemma 6.8-1, we have

Vel o U) ((e;n*T(e;n*T)T) ® (e (e} )T)) (VY ®UT)
= (VaSley " (ef ") SV ) © (Usel(el)TUT)

= 07k (V) © (wi]), (6.58)
and similarly,

(Vex] o Un)( (e (e ™)) @ (ef(en)”) ) (UF @ W)

= oiar+k(vr+ka+k) ® (w;v] ). (6.59)

Substituting (6.58) and (6.59) back into (6.57) and performing a change of variable
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J =1+ k, we obtain

r m 2
o-
(VoS5 @ Un)vee(—QT) =D D ———(v;v]) ® (wiu]) vec(A)
i=1 j=r+1 ? J

+Z Z wy (vjul) ® (wiv]) vec(AT) + O(|A|7). (6.60)

i=1 j=r+1 Z

Following a similar derivation, we also have

(Vi @ Uy3,) vee(P Z Z

vi) @ (ujuj) vec(A)

i=1 j=r+1 Z
T m 0.0

53> 02_;2<vzuT)®(ug of ) vece(AT) + O(A]12)
i=1 j=r41 % 7J

(6.61)

Substituting (6.60) and (6.61) back into (6.54) yields

vec(Rx (A Z Z ( (vv]) @ (wiw]) + (viv]) @ (uul)) vec(A)

i

=1 j=r+1
0;0;
+ 5 () ® (wiv]) + (viw]) @ (uv)) VeC(AT)> +O(|A]7)-
? J

(6.62)

Truncating the inner summation, with o; = 0 for j > n, and applying Lemma 6.8-2
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to the RHS of (6.62), we obtain

r n 2
o
Rx(A) = Z Z ( : (uiuZTA'vj'U]T + uj’u,]TA'ui'u;[)

2 2
o — 0
i=1 j=r4+1 >t J

0;0;
+ o 302 (ui'viTATuj'va + ujv;-rATui'viT)> + O(HAH%)
i Yj

Our theorem now follows on the definition of Rx(A) in (6.46).

6.8.2.1 Proof of Lemma 6.9

Using the fact from Proposition 6.2 that Py, = P , we can re-express the subspace

difference as

op

v, = Pg, — Py, = Py, — Py, = U} — ULU; . (6.63)
Substituting (6.7b) into (6.63) yields

8, = U2+ UQ) (L + QQT)'(UY + QU ~LUY.  (6.64)
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Since @ = O(||Ally) and (I + QQ") ™" = I, — QQ" (I, + QQ")™" =
I, .+ O(|A]?), (6.64) can be simplified by absorbing second-order terms:

op

U.

= (U +U,Q")(U] + QUY) — UUY + O(||All%)
= U,Q"U! + U,QUT + U,Q"QUT + o(|Al%)

= U,Q"U! + U,QUT + O(||Al%).

The equation dp,, = -V, PV, — VoPVT + O(||Al%) can be proved by a similar

derivation. Since @ and P are in the order of ||Al|p, so do dp,, and dp,, .

6.8.2.2 Proof of Lemma 6.10

Recall that

2 2
o ... 0 Oriq «-- 0

x = ER™  and  E,%] = € Rm=rx(m=r),

3[\')

By the definition of the Kronecker product, we have

PR SES y a  Rrxineey,
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Therefore, we can invert this diagonal matrix by considering each of the r x r

blocks:

D=, ,®% -3 ®I,)"
(22 —02, ) ... 0,
0, (B2 -0AI) !

Now it is easy to verify that, for + = 1,...,7 and £k = 1,...,m — r, the ¢-th
diagonal entry of the k-th diagonal block, is dy = 1/(0? — 02,,). Furthermore,

since (e]' (e ")T) ® (ef(e])T) is a (m — r)r x (m — r)r matrix of all zeros but

the ¢-th diagonal entry of the k-th diagonal block is 1, we represent D as the sum

of (m — r)r rank-1 matrices:

D= dir (e "(ep™")") @ (ef(e)").
6.8.3 Proof of Theorem 6.2
By the definition of the »-TSVD in (6.2), we have

P.(X) = Py X Py, . (6.65)
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Since we assume X has exact rank r, the perturbed matrix can be represented as
X =X +A=UX, V" + A. Substituting this back into (6.65) yields

Pr(X +A) = Py (U V] + A)Py,. (6.66)

Similar to the derivation of (6.64), we obtain Py = (U;—U,Q)(I,+Q" Q) (U] -
Q"UY) and Py, = (Vi + VoP)(I, + PTP) (V" + PTV;'). Substituting the

expressions of Py and Py, back into (6.66), we obtain

Pr(X +A) = (U -UQ)I +Q"Q)" (U - Q"Uy )(UiZ, V' +A4)

- (Vi + oP)(I, + PTP)"Y(V[" + P"V,").  (6.67)

By orthogonality, the product of three terms in the middle of the RHS of (6.67)

can be expanded and simplified as

U/ - Q'U, )(Ui1 V) + A) (Vi + V,P)

= (31 + En) + (ExP — Q"Ey — Q"ExP).
Therefore, (6.67) is equivalent to

P(X +A)= (U -U,Q)I, +Q'Q)™ (X1 + En)(I, + P'P)" (V] + P'V,))
+ (U —UQ)(I, + Q"Q) ' (E12P — Q"Ey — Q" ExP)

(I, + PP P Y (V! + PTV]). (6.68)
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Let us first focus on the first term on the RHS of (6.68). Similar to the result after
(6.64), we have (I, + QTQ)™' = I, — (I, + QTQ)'Q"Q and (I, + PTP)™! =
I. — PTP(I, + PTP)™!, and hence

(U, -UQ)I, +Q"Q) (=1 + En)(I, + PTP)!
= (U - 0:Q)(L ~ (L +Q"Q)'Q"Q) (%1 + Buy)
(I,, ~PTP(I, + PTP)—1> (V" + PV
= (U - U,Q) (%1 + En)(Vi' + PV
— (U, - U,Q)(=1 + En)PTP(I, + PTP) (VT + PTV))
— (U -U:Q)(I, + Q"Q)'Q'Q(Z:1 + Ev) (I, + PTP) (V' + P'V,).

(6.69)

Recall that X = U; 3, VI and Ey; = UL AV;. The product (U; — UsQ) (X +
E) (V' + PTV,") can be expanded as

(U, = U:Q) (%1 + En)(V + P'V,') = X + U En V!
+U\(Z1 + En) PV —U,Q(2, + En) V! —U,Q(2, + En) PV,

(6.70)

In order to make up the first-order terms that involve A, we need to decompose

the perturbation into 4 components corresponding to different subspaces as follows.
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Since Py, + Py, = I,,, and Py, + Py, = I,,, we have
A = Py, APy, + Py,APy, + Py, APy, + Py,APy,. (6.71)
Reorganizing terms in (6.71) as
Py, APy, = A — Py, APy, — Py, APy, — Py, APy,
and using the definition of E in (6.4), we further have
UE,V!'=A-Py,APy, —UE\,V, —U,E, V. (6.72)
Thus, substituting (6.72) back into (6.70) and rearranging terms yield

(U, = U,Q) (%1 + En) (V" + PTV,')
=X + A — Py,APy, + Uy ((Z, + En)PT — Ep,) V!

-U, <Q<El + Ell) + E21)V1T - U2Q(21 + En)PTVgT.
(6.73)
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Substituting (6.69) and (6.73) back into (6.68), we obtain

P(X +A)=X+A—Py,APy, + Ui ((Z1 + En))PT — En)Vy'
— U, (Q(Eh + Eyp) + E21)V1T ~U,Q(Z + En) PV,
+ (U, -U,Q)(I, +Q"Q)™! (—(Ir +Q"Q)(Z1+ En)P"P+Q"Q(: + Eyy)

4 (EwP — QTEy — QTEQQP)) (I, + PTP) YV + PTVY).  (6.74)
Applying (6.6), we have

U, ((21 + E,)P" - E12)V2T - U, (Q(Zl + Ey) + E21)V1T
- U,Q(%, + E11)PTV2T
=U1Q" (Es1 P — E5)Vy + Usy(Ey — QE;5) PV,

+ Us(Ey + EyP + QE\,P)PTV)], (6.75)
and

(I, + Q"Q)(%1 + En)P"P + Q"Q(1 + En) + (Ei2P — Q"Ey — Q"ExP)
= (ExP — (2, + Ei))P"P) — (Q"Ey + Q"Q(Z + Ev))
+ Q" (Ex+ Q(Z: + E;)P")P
= (Q"E» — Q"Ey P")P — Q"(Ex»P + QE»P) + Q" (Ex

+Q(Z1 + En)P")P. (6.76)
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Substituting (6.75) and (6.76) back into (6.74), we obtain

P (X +A)=X+ A~ Py, APy, + U Q" (Ey PT — Ey)Vy'
+ Uy(Ey — QE ;) PVE + Uy(Ey + ExP + QE\,P)PTV,"
+ (U -U,Q)(I, +Q7Q) - <(QTE22 —Q"E;P")P — Q"(Ex»P + QE,P)
+ QT (Byn+Q(3y + EH)PT)P> (I, + PTP)" (VT + PTV]).

(6.77)

Since Q, P, Ey, E15, Ey;, and Ey; are first-order, and (I, +Q7Q) ™', (I,+ PTP)™!
are zero-order in terms of ||A||;, we can collect all the third-order terms on the

RHS of (6.77) and obtain

P(X +A)=X+A - Py, APy, — U Q"EpnV, + Uy, Ex, PV;"

+ U,E» PTVE + O(|AL). (6.78)

Finally, the matrices @ and P in the second-order terms is eliminated by the

following variant of (6.6):

Q= _(E21 + QEy P — Expy P — QEM)Efla

P = 21’1(E12 + QTE21PT - QTE22 — E11PT)-
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The substitution and collection of third-order terms on the RHS of (6.78) yield

P(X+A)=X+A - Py, APy, + U X 'El, E», V)] + U,EnELY 'V
+U,En 3 EnVy + O(|All7)
=X +A - Py, APy, + U S 'VIATU,U AV, VS
+ DUy AV ATUST 'V + U,UF AViST U AV + O(| A
=X+ A - Py, APy, + X'ATPy, APy, + Py,AP,, ATX"

+ Py, AXD APy, + O(|A]2).

This completes our proof of the theorem.

6.8.4 Proof of Lemma 6.1

By the triangle inequality, we have

[PH(X +A) = (X + A)+ Py, APy, || < [P(X + A) = (X + A)||p + | Pu,APy | -
(6.79)

The first term on the RHS of (6.79) can be bounded as follows. Since X = X + A,

applying the norm absolute homogeneity property yields

IPAX +8) = (X +A)|; = |

PX)-X| =|x-PX) . (650
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From Lemmas 6.4 and 6.7, we obtain

i -m, = o], - 5 o

.

Since X5 is a submatrix of 3 containing n — 7 small singular values of X in the

diagonal, it holds that

i, <12, -1, o
P F P
Additionally, using the triangle inequality we can bound HX HF by
||| = 1% + All < 1X )+ 1AL (6.83)
From (6.80), (6.81), (6.82), and (6.83), we have
[Pr(X +A) = (X + A)[p < I X[+ Al (6.84)

On the other hand, it follows from Lemma 6.7 that the second term on the RHS

of (6.79) satisfies

1Pu, APy, || < [|A]lf - (6.85)

Substituting inequalities (6.84) and (6.85) into (6.79) completes the proof of the

lemma.
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6.8.5 Proof of Theorem 6.3

The following proof is developed for the case of a rank-r matrix X. We first derive

the proof of (6.28) and then use this result to prove (6.29).

6.8.5.1 Proof of the bound in (6.28)

Our goal is to prove that the residual in (6.27) is always bounded by
|Rx(A)||, < Ui IA|%,  for some 1+ 1/v2 < ¢ < 4(1+V?2).

Let us begin with the upper bound on ¢ by showing that

1Rx () < LD A (6.56)

T

Rearranging terms in (6.27) and replacing X + A by X, we have
Rx(A)=P,(X)—- X + Py,APy,. (6.87)

Using the singular subspace decomposition in Definition 6.2 with descending order

of singular values 61 > 65 ... > 7,, let us decompose X as follows

X =U,>,\V! + U5,V (6.88)
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Since in this theorem we consider perturbations of any magnitude, X can take
any value including the case in which 6, = 6,41 and the decomposition (6.88)
may not be unique. Nevertheless, the proof holds for any valid choice of singular
subspace decomposition. From such a choice in (6.88), P,(X) is well-defined as:
P.(X) = U, 2, V{. Substituting X = X + A into (6.48) and using the fact that
Py, X =0 and X Py, = 0, we obtain

Rx(A) - _6PU2X6PV2 - PU2A5PV2 - 5PU2APV2 - (SPUQA(SPVQ

= —0p,, X8p,, — Pu,Adp, — 0p, AP, (6.89)

Here, from Lemma 6.3, we can replace X = X (X")TX in the first term on the

RHS of (6.89) and obtain
Rx(A) = —(0p,, X)(X"(X6p,,) — Py,Abp, — 0p, APy, (6.90)

Taking the Frobenius norm and using its absolute homogeneity property, (6.90)

becomes
IRx(A)] = [|(8py, X)(X 1) (X8py,) + Py, Adpy, + 8py, APy, | ..
By the triangle inequality, the norm of Rx(A) is then bounded by

IRx (A)[lp < ||(0py, X)(XN(X0p,,)|| . + || PuAdpy, || . + || 05y, APy, || .-
(6.91)
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Let us proceed to upper-bound ||Rx (A)|| by finding the upper bounds for each of
the three terms on the RHS of (6.91) with respect to ||Al|%.. Our proof technique
utilizes the following lemmas.

Lemma 6.11. max{H(spUQXHF , HX(SPV2 HF} <2|Al 5.

Lemma 6.12. maX{HPUQJP%AHF ; HA(ipV2PV2HF} <2 |Al.

— op

The proofs of Lemmas 6.11 and 6.12 are given at the end of this subsection. Let us
proceed with the task of bounding the first term in (6.91). Applying Lemma 6.5

twice and using the fact that HXTH2 = 1/0,, we have
1
1(8py, X) (XN (X bp,,)||,, < - |66y, X || .|| Xdpy, |- (6.92)

By Lemma 6.11, the terms H6PU2XHF and HXJPV2 HF can each be bounded by
2||Al| . Applying the upper bounds on the RHS of (6.92), we obtain the following

bound on the first term in (6.91):
4
[(8p,, X) (XN (X4, < . 1A% (6.93)

Next, we shall bound the second term in (6.91), i.e., HPUQAépv2 HF From Lemma 6.7,

we have
| Py, Adp,, HF < ||Adp,, HF. (6.94)

Since Py, + Py, = I,,, the matrix on the RHS of (6.94) can be expanded as the
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sum of two orthogonal terms:
Adp,, = Adp,, (Py, + Py,) = Adp,, Py, + Adp, Py,.
Notice that Py, and Py, are orthogonal. By Lemma 6.6, we have

|Adp, I[; = 400, Py + [|Adm, Pyl
= HA(SPV2XT)(T||f7 + HA(SPV2P\/'2||2F (since Py, = XTXT)

= A0, X2+ | Abp, P (6.95

Each term on the RHS of (6.95) can be bounded as follows. Applying Lemma 6.5

twice, we initially bound the first term on the RHS of (6.95) as follows:
1
|A(X0p,) "X, < — 1A || X 6py, | .-

By Lemma 6.11, we upper-bound ||X(‘5PV2 ||F by 2 ||Al|» and obtain the bound on
the first term on the RHS of (6.95):

2
|A(X6p,,)" XT||, < — Al (6.96)
To bound the second term on the RHS of (6.95), we apply Lemma 6.12 and obtain

4
|Adp, Py, < Al (6.97)
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Substituting the bounds from (6.96) and (6.97) back into the RHS of (6.95), we

have
2 2 2 2 4 4 8 4
| 86p, 15 < (- 1AIE) + 5 1ATE = 5 1Al
Taking the square root of the last result and substituting it back to (6.94) yields
2f

| Po. ARy ||, = == 1A (6.98)

This offers a bound on the second term on the RHS of (6.91). Similarly, we bound

the third term on the RHS of (6.91) by
om0, AP |, < 27 A5 (6.99)

Finally, summing up (6.93), (6.98), and (6.99), and substituting back into (6.91),
we obtain (6.86) and thereby completes the first part of the proof.

For the second part of the proof, we show that ¢ > 1+ 1/ V2 by constructing a
perturbation A such that the ratio | Rx (A)|, / | Al|% approaches (1+1/+/2)/0,.

Consider perturbations of form
A= (0—0,—uv +ou v, for0<e<o<o,. (6.100)

Since u,v! and w, v! 41 are orthogonal, we can compute the norm of A using
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Lemma 6.6:

|AI% = (0 = 0 = 0 [[uof [+ 02 [Juraola [
= (o’—o'r—e)2+0'2, (6'101)

where the second equality uses u,v! = u, ® v and Lemma 6.8-3. Using the SVD

of X and the definition of A in (6.100), we have

X+A= Z oiuv; + (0 — 0, — €)uv! + ouv)
i=1
r—1
= Z ciuv! + (0 — eu,vl +ou, vl . (6.102)
i=1
After perturbation, the r-th singular value of X is changed from o, to 0 —e and the
r 4+ 1-th changes from 0 to o, thereby making the singular value corresponding to

u,11v.,, larger than the singular value associated with u,v;. Thus, the -TSVD

of X + A is given by
r—1
P(X +A)= Z ciuv! +ou,v) . (6.103)

=1

- _ N T _ N T
On the other hand, since Py, = > " ., wu; and Py, =) " ., v;v;, we have

m n
T T T T
Py, APy, = ( E wu; ) ((0 — 0, — €)u,v, + aurﬂer) < E v;v; >
i=r+1 i=r+1

= oU, 110, (6.104)
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where the second equality stems from the fact that

1 ifi=j

T, _ T, _
U; u; = v; v; =

0 ifij.

Substituting (6.102), (6.103), and (6.104) into (6.87), we obtain

r—1
Rx(A) = (Z o] + Uu,,+1’UTT+1)

i=1

r—1
T T T T
- ( E ouv;, + (0 —€e)u,v, + aurﬂvrﬂ) + oUr 110,
i=1

= —(0 — u,vl + auTHv;ﬂrl.
Similar to (6.101), one can compute the norm of the residual by
IRx(A)[lz = V(0 —€)? + 02 (6.105)

From (6.101) and (6.105), we have

IBRx(A)llp V(0 —¢)?+0

A5 (or +e—0)2+0%




Now maximizing over ¢ while taking e to 0 gives us a lower bound on c:

¢ IRx(A)]y

o acrmn  ||A]%
— 24 2
> max lim Cll i
0<o<or es0+ (0, + € —0)% + o2

0\/§
= max .
0<o<or (Ur — 0')2 + 02
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(6.106)

The maximization can be obtained at o = o,/ V2. Therefore, substituting back

into (6.106) yields ¢ > 1 + 1/v/2. This completes our proof of the first half of

Theorem 6.3. We recall from Remark 6.3 that we conjecture the structure of A

given in (6.100) yields the maximizer of |Rx (A)| /A%

Proof of Lemma 6.11  Let us rewrite dp, X = Py, X — Py, X. Since Py, X =

0, we obtain

Spy, X = Py X
= P02(X —A) (since X = X + A)
= U, U] X — PgA.
Substituting X = U, X, Vi + U, X, VT yields
8py, X = LU; (U5, V' + U3, Vy') — Py, A

= U5V, — Py A,

(6.107)
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where in the last equality we use the fact that UJU; = 0 and UJU, = I,,.

Therefore,
l6p, X, = [0:2V5 — Po,a| (6.108)
By the triangle inequality and the absolute homogeneity, (6.108) implies

l6p, X, < |Ca52V5

LT | Py, Al - (6.109)

We shall bound each term on the RHS of (6.109) as follows. First, using Lemma 6.7,
we can remove the semi-orthogonal matrices from within the Frobenius norm with-

out changing the value of the norm:
v, = [, =[5,
F F F
Since Xy = 0, we further obtain
HINIQE:QVJH - Hiz—zz” . (6.110)
F F

In addition, recall that 3, and X, are sub-matrices of X and X, respectively.

Thus,

SQ—EQH SHS—EH . (6.111)
F F
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Moreover, by Mirsky’s inequality in Proposition 6.1, we have

5 EH - 6.112
[=-=], (6.12)
From (6.110), (6.111), and (6.112), it follows that

HI?QEQVQT LAl (6.113)

Next, the second term on the RHS of (6.109), by Lemma 6.7, is bounded by
| P, Al < 1Al (6.114)

Summing up (6.113) and (6.114), and combining the resulting inequality with

(6.109), we conclude that
18pu, X[ < 2] A5

The proof of || X8 Py, I » < 2[|A||p follows a similar derivation.

Proof of Lemma 6.12 In this subsection, we shall show that HPU25PU2AHF <

= |A|7. The proof of || Adp,, Pyl < 2 |A||% can be derived similarly. Since



269

Definition 6.3 implies dp,, = Py, — Py, = Py, — Pg,, we have

Py,0p, A = Py,(Py, — Pg,)A

= —Py,Pg A, (6.115)

where the second equality is due to Py,Py, = 0 (see Lemma 6.3). It is now

sufficient to bound the norm of Py, Py A by = |A|l%. Let us consider two cases:

o If ||AJl, > 0,/2, then applying Lemma 6.7-2 twice yields
| Po, Py, Al < IA]l5. (6.116)
Since [|A|| > [|A]l, > 0,/2, multiplying both sides by 0% | Al yields
2 2
1Al < — Al (6.117)

From (6.116) and (6.117), we obtain HPUzPILAHF < % A3

o If |Al|, < 0,/2, we need to use a different approach as follows. First, from

Lemma 6.5, we have
1 Po. Po, All o < || Po P, [, 1Al - (6.118)

Let us examine the product Py, Py, . Let Xl = ﬁlfllfflT and XQ =X —Xl.
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From Weyl’s inequality [226], we have
|5i—0¢|§||A||2<% fori=1,...,n.

Thus, for any 1 < ¢ < r, it holds that

oy o, O
5. >0 — L >0, — L =215, 6.119
0i>0i— 4 20 5 5 ( )

Therefore, 3, = diag(éy, ..., d,) is invertible. We can now denote the pseudo

inverse of X; by X! = U, 27'V;T. We have

Py,Py, = Py, X, (X])" (since Py, = X1 (X])")

= Py,(X - Xo)(X])T

= Py, X(XD7T (since Xo(X))T = 0)
= Py, (X + A)(X])"
= Py, A(XD7T. (since Py, X = 0) (6.120)

On the other hand, applying Lemmas 6.7 and 6.5, and the fact that HXT H2 =

1/0,, we obtain

|Po.ach?|, <14l (6.121)
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From (6.119), we can bound &, by:
5, >0, — =2 (6.122)
From (6.120), (6.121), and (6.122), we obtain

- 1 2
|Po. Py, = [Po.AKDT| < = Al < = 1Al (6129

Finally, substituting (6.123) back into (6.118) immediately yields HPUQP&AH <

2
o IAllE-

Since in both cases HPU2P01AHF < U% |A|%, we conclude from (6.115) that

| Pu,bp,, Al < 2 | A]l7 for any A.

6.8.5.2 Proof of the bound in (6.29)

Taking Frobenius norm on both sides of equation (6.89) and using its absolute

homogeneity property, we obtain:
IRx(A)lz = ||6py, X8py, + Pu,Adpy, + 0p,, APy,|| .. (6.124)
Applying the triangle inequality to the RHS of (6.124), we have

IRx (A < ||8py, X6py, ||, + | PuAbpy, ||, + |0k, AP, || .. (6.125)
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To bound the RHS of (6.125), we proceed by bounding each of the terms on the
RHS. The first term on the RHS of (6.125) can be bounded as follows. From
(6.107), we have dpy, Xdpy, = Py, Xdp,, . Using Lemmas 6.7 and 6.11, it follows

that

H(SPUzX(sPVQ HF - HPUQXJPVQ HF
< [ X0ry, I,

<2)Al,. (6.126)

Next, the second term on the RHS of (6.125) can be rewritten as the sum of two

orthogonal components
Py,Adp,, = Py,Adp, Py, + Py,Adp, Py,.

By Lemma 6.6, we have

1P ARy, ||, = /|| PoaBdpy, P ||’ + || P Adp, Py (6.127)
On the one hand, we consider the first term on the RHS of (6.127). Since

opy,, Pvi = (Py, — Py,) Py,

= Py, Py,, (by Lemma 6.3)
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we obtain

| Pu, Adpy, Py, ||,. = || Pu, APy, Py, (6.128)

I

Applying Lemma 6.7 to the RHS of (6.128) in order to eliminate the three projec-

tion matrices, we obtain

| Pu, A8y, Py ||, < Al (6.129)
Similarly, we have

| Pu, A8y, Pyy|, < A (6.130)
Substituting (6.129), and (6.130) back into (6.127), we have

| Py, Abpy, ||, < V2I|Al (6.131)
Similarly, we also obtain

16p,, APy, < V2|Al5. (6.132)
Substituting (6.126), (6.131), and (6.132) back into (6.125), we obtain

IRx(A)|p <21+ v2) A . (6.133)
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The proof of (6.29) is concluded by taking the minimum between the bounds in
(6.133) and (6.28).

6.8.6 Proof of Theorem 6.4

Let us denote

Rox(A) = XTATPy, APy, + Py, APy, ATX'! + Py, A(X)) APy,
It is straightforward to verify from (6.26) that Rx(A) = Ryx(A) + O(||A[2).
Thus,

A) — A
lim sup | Bx(A) IEQX( )HF:O. (6.134)
=07 A = AR

Lemma 6.13. Let f and g be some bounded real-valued functions defined on the

set C. Then it holds that

< itélg!f(w) —g(x)|.

sup f(x) — sup g(x)
xeC xeC

Applying Lemma 6.13 to (6.134), we obtain

IRx (Al 1Rex(B)]p]

| Rx(A)]l — | Rex (A)| .
A= A% lalp= A7

2
Az

Al p=e

(6.135)
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On the other hand, by the triangle inequality, we have
[Rx(A)lp — [Rox(A)l[p| < | Rx(A) = Rox (A)][ - (6.136)

From (6.135) and (6.136), it holds that

[Bx(A)lp o IRex(B)|

|Rx(A) — Rox(A)l 5 '
PNV A= Al

2
1Az

Al p=e

(6.137)

Thus, taking both sides of (6.137) to the limit ¢ — 0 and rearranging terms yield

Rx(A Rox (A
lm  sup | Rx( 2)HF:hm " | zx(2)HF_
=0t A= || Al =0t A= AR

It now is sufficient to show that

Ryx (A 1

lim sup | Bax( Q)HF - . (6.138)
=0t A= AR V3

Indeed, due to the orthogonality among the addends, we have

T 2
|Rox (A)[} = | XTATPU,APy, + Py, AP, ATX + Py, AXY APy

2

~ | XTATPu, APy + [P AP ATX + | Pu A AP

(6.139)
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Using the definition of FE in (6.4), (6.139) can be represented as

|Rox (D)} = ||UST EL BV ||, + U2 B ELET WV || + |[U2En S7 B VY

S BB+ | B 4 [ BaST B, (6140

where the second equality stems from Lemma 6.7. Using Lemma 6.5 and the fact

that || 37|, = 1/0,, we can bound the RHS of (6.140) by

1
2 2 2 2 2 2 2
[Rox (A7 < p(HEmHF | Bl + [ Bl p | Bl + | Evellr ||E21||F>'

T

(6.141)

Lemma 6.14 (Chebyshev’s sum inequality [93]). For any a,b,c € R, we have
3(ab+bc+ ca) < (a+ b+ c)’.

Applying Lemma 6.14 to (6.141) with a = ||Ey||%,b = || Exl7 and ¢ = || Eyl[7,

we obtain

2
o 1 (Bl + | Bl + | Brll2)
| Rax (A} < — :

T

2 2 2 2\2
< (I Bullz + [ Baollp + [ Bl + [ Bollz)”  IEF _ Al

= 2 2 2
307 307 30+

(6.142)

where the last equation stems from | E||, = HUTAVHF = ||Al|;. From (6.142),
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taking the square root and then taking the supremum yield

A 2
[Ale (6.143)

sup || Rox (A)|p <
A= T o3
To show that (6.143) implies (6.138), we describe a particular choice of A such
that the inequality holds. Let us choose

€
T T T
(wvl ) + o) +urv)y),

Ale) = ﬁ

where w,, u,1,v,, and v, are the corresponding left and right singular vectors

of X. Similar to (6.101), one can verify that ||A(e)||, = e. In addition, from

Proposition 6.2, we have

€
E, = Ul A(e)V, = ﬁei(e?_r) , By = U A(e)V) = 7€T_T(€:)T7
el (el 7. (6.144)

€

Ey=U/A(e)Vy = —

22 2 ( ) 2 \/g
Substituting (6.144) back into (6.140) yields

2

| Rax (A)) [}

) 2 2
= %Efle:(eT—T)Tegn—T(e?_r)T + ’ %eT_r(eqf_T)Te?_T(e:)Tzl_l
i F
; 2
[ Serrersie e
F
Al
I ||F (since ||A(€)||F =€)

11 1y
S 9\02 02 o02) 302
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Therefore, the equality in (6.143) holds when A = A(e), for any € > 0. This

completes our proof of the theorem.

6.8.6.1 Proof of Lemma 6.13

Since f(x) — g(@) < |f(x) — g(@)], we have f(z) < |f(x) — g(@)| + g(@). Taking

the supremum yields

sup f(e) < igg{u(m) ~g(@)| + g(a:)}

xeC

<sup |f(x) — g()| + sup g().

xel xeC
Thus, we have
sup f(z) — sup g(@) < sup| (@) — g()]. (6.145)
xeC xzeC xeC

Changing the roles of f and ¢, we also obtain

sup g(x) — sup f(x) < sup|f(x) — g(x)|. (6.146)

xeC xeC xeC

Our inequality follows on combining (6.145) and (6.146).
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Chapter 7: On Local Convergence of Iterative Hard Thresholding

for Matrix Completion'

Iterative hard thresholding (IHT) has gained in popularity over the past decades
in large-scale optimization. However, convergence property of this method has
only been explored recently in non-convex settings. In matrix completion, existing
works often focus on the guarantee of global convergence of IHT via standard as-
sumptions such as incoherence property and uniform sampling. While such analysis
provides a global upper bound on the linear convergence rate, it does not describe
the actual performance of IHT in practice. In this chapter, we provide a novel in-
sight into the local convergence of a specific variant of IHT for matrix completion.
We uncover the exact linear rate of IHT in a closed-form expression and identify
the region of convergence in which the algorithm is guaranteed to converge. Fur-
thermore, we utilize random matrix theory to study the linear rate of convergence
of IHTSVD for large-scale matrix completion. We find that asymptotically, the
rate can be expressed in closed form in terms of the relative rank and the sampling
rate. Finally, we present various numerical results to verify the aforementioned

theoretical analysis.

IThis work is currently under review and available at https://arxiv.org/abs/2112.14733.
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7.1 Introduction

Matrix completion is a fundamental problem that arises in many areas of signal
processing and machine learning such as collaborative filtering [176, 188,189, 200],
system identification [136,137,156] and dimension reduction [31,228]. The problem
can be explained as follows. Let M € R™*"2 be the underlying matrix with rank
r and €2 be the set of locations corresponding to the observed entries of M, i.e.,
(i,7) € Q if M;; is observed. The goal is to recover the unknown entries of M,
belonging to the complement set Q.

To understand the feasibility of matrix completion, let us describe M as

r
§ T

M = o;u;v; ,
i=1

where o; is the i-th largest singular value of M, u; and v; are the corresponding
left and right singular vectors. Since each set of the left and right singular vectors

are orthonormal, the degrees of freedom of matrix completion is given by
T+ Z(nl — i)+ Z(nz —J)=(m +n2—1)r,
i=1 j=1

which is significantly less than the total number of entries in M when r is small.
This implies possibility of recovering the entire matrix even when only a few en-
tries are observed. However, not every matrix with more than (ny + ng — 7)r
observed entries can be completed. For instance, if an entire column (or row) of

a rank-one matrix is missing, then the matrix cannot be recovered. Similarly, if a
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low-rank matrix contains too many zero entries, then the observed entries might
end up being all zero, thereby not providing any clue about the missing entries.
The aforementioned argument motivates the two standard assumptions in matrix
completion: the incoherence condition and the random sampling model. Under
these assumptions, Candeés and Recht [33] showed that matrix completion can be
solved exactly for most settings of the low-rank matrix M and the sampling set
). This breakthrough has started a long line of research on efficient methods for
solving matrix completion.

In the same work, Candes and Recht [33] proposed a convex relaxation approach
to matrix completion, replacing the original linearly constrained rank minimiza-
tion problem by a linearly constrained nuclear norm minimization problem. Their
result leads to a well-known class of proximal-type algorithms for nuclear norm
minimization [27,107,145,205] with rigorous mathematical guarantees and exten-
sions of classic acceleration techniques. Nonetheless, convex-relaxed methods are
generally considered slow compared to their non-convex counterparts in practice.
While interior-point methods for solving the nuclear norm minimization problem
is computationally expensive and even infeasible for large matrices, proximal-type
algorithms suffer from slow convergence due to the conservative nature of the soft-
thresholding operator [117,213].

Another approach to matrix completion is known as iterative hard threshold-
ing. To address the computational concern from the use of convex relaxation, IHT
methods have been proposed to directly solve the non-convex rank minimization

problem [79,104]. Each THT iteration takes one step in the opposite direction of
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the gradient and another step projecting the result onto the set of rank-r ma-
trices. Since the process resembles hard-thresholding singular values, we refer to
the class of algorithms using this technique as iterative hard thresholding. When
the solution is low-rank, hard-thresholding algorithms is more efficient than their
soft-thresholding counterparts in both computational complexity per iteration and
convergence speed. Variants of plain IHT with faster convergence have also been
developed, including normalized IHT [201], conjugate gradient IHT [18], Nesterov’s
accelerated gradient IHT [213], Heavy-Ball IHT [214], just to name a few. The
drawback of THT methods, however, is the lack of mathematical guarantees on
their convergence behavior. As pointed out in [104], the restricted isometry prop-
erty (RIP), which is widely-used in establishing the global convergence in matrix
sensing, does not hold for matrix completion. Therefore, the global convergence
of THT methods for matrix completion is still an open question. Until recently,
the only guarantee on the global convergence of a IHT method, to the best of our
knowledge, is provided in [105]. In their work, the authors considered a variant of
the singular value projection (SVP) algorithm with resampling scheme and proved
the fast linear convergence of the proposed algorithm with a sample complexity
that depends on the condition number and desired accuracy. Notwithstanding,
this result imposes some limitations at conceptual, practical and theoretical lev-
els due to the requirement of resampling [199]. In a different perspective, local
convergence of IHT methods has also been studied by Chunikhina et. al. [46]. In
particular, by considering a special case of the SVP algorithm with unit step size,

called iterative hard-thresholded singular value decomposition (IHTSVD), the au-
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thors showed that IHTSVD converges linearly to the solution M as long as the
algorithm is initialized close enough to M. Consequently, this analysis explains the
superior performance of IHT methods over proximal-type methods in practice.? A
similar approach can be found in the unpublished work of Lai and Varghese [120].
However, we remark that while the later work proves the existence of an upper
bound on the linear convergence rate of IHT'SVD, the former provides an exact
expression of the rate that depends directly on the structure of M and (2.

The most popular approach to matrix completion is non-convex factorization.
This approach stems from the Burer-Monteiro factorization [26], whereby the low-
rank matrix is viewed as a product of two low-rank components. The resulting
least squares problem is unconstrained albeit non-convex. Recent progress in this
approach has shown that any local minimum of the re-parameterized problem is
also a global minimum [76,199]. Thus, basic optimization procedures such as gradi-
ent descent [43,144,199] and alternating minimization [40,91,92,106] can provably
find the global solution at a linear convergence rate. The exact linear convergence
rate of gradient descent for matrix completion has recently been studied by Vu and
Raich [215]. In Table 7.1, we summarize the aforementioned approaches to matrix
completion and the corresponding algorithms existing in the literature.

This chapter is developed based on the work of Chunikhina et. al. [46] on the
local convergence of the IHTSVD algorithm for matrix completion. Our main con-

tribution is three-fold. First, we propose a novel analysis of the local convergence

2Convergence guarantees on proximal-type methods for matrix completion are often sub-

linear [27,205].
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of IHTSVD for matrix completion. The proposed analysis establishes the region of
convergence that is proportional to the least non-zero singular value of M. More-
over, we show that the convergence is asymptotically linear and the exact rate
can be described in a closed-form expression of the projections onto the (left and
right) null spaces of M and the sampling pattern 2. Second, based on the exact
linear rate, we utilize random matrix theory to study the asymptotic behavior of
IHTSVD in large-scale matrix completion. As the size of M grows to infinity, we
uncover the linear rate of IHTSVD converges to a deterministic constant that can
be expressed in closed form in terms of the relative rank and the sampling rate. Fi-
nally, we present extensive results to verify our proposed exact rate of convergence

as well as the asymptotic rate of IHT'SVD in large-scale settings.

7.2 Preliminaries

7.2.1 Notation

Throughout the chapter, we use the notations |||, [|-[|5, and [|-[[ ., to denote the
Frobenius norm, the spectral norm and the ly/l,, norm (i.e., the largest Iy norm of
the rows) of a matrix, respectively. Occasionally, ||-||, is used on a vector to denote
the Euclidean norm. The notation [n| refers to the set {1,2,...,n}. Boldfaced
symbols are reserved for vectors and matrices. In addition, let I,, denote the n x n
identity matrix. ® denotes the Kronecker product between two matrices.

For a matrix X € R™*" X, refers to the (i,j) element of X. We denote
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Omax (X)) and o, (X)) as the largest and smallest singular values of X, respectively,
and denote K(X) = 0max(X)/0min(X) as the condition number of X. vec(X)
denotes the vectorization of X by stacking its columns on top of one another.
Let F(X) be a matrix-valued function of X. Then, for some k£ > 0, we use

F(X) = O(|X|3) to imply

F(X
lim | F( lHF
=0 x| =5 || X%

7.2.2 Background

Let us use M to denote the underlying n; x ny real matrix with rank
1 <r <m =min{ny,na}. (7.1)

The sampling set €2 is a subset of the Cartesian product [n,] X [ns], with cardinality
of 1 < s < niny. Furthermore, the orthogonal projection associated with €2 is given

in the following:

Definition 7.1. The orthogonal projection onto the set of matrices supported in

Q is defined as a linear operator Pg : R™M*"2 — R™*"2 satisfying

[Pa(X)]i; =

0 if (i,7) € Q,

where Q denotes the complement set of €.
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If we consider vector spaces instead of matrix spaces, the orthogonal projection

Pq can also be viewed as a selection matrix corresponding to 2:

Definition 7.2. The selection matrix Sq € R™™*% comprises a subset of s

columns of the identity matriz of dimension niny such that

S3So = I,

vec(Po(X)) = SaS{ vee(X).

Corresponding to the complement set 2, we also define similar notations for Pg :
RmMXn2 _y RMXn2 gnd SQ c Rnlnzx(nlnzfs)‘

Next, using the notation of Pg, we can formulate the matrix completion prob-
lem as follows:

1
min 5 |Pa(X — M)|% s.t. rank(X) <7 (7.2)

XeRnl Xng

One natural approach to the optimization problem (7.2) is projected gradient de-
scent. Starting at some X (), we iteratively update the current matrix by (i) taking
a step in the opposite direction of the gradient and (ii) projecting the result back

onto the set of matrices with rank less than or equal to r. It follows that
X =P (X® — yPo(X® — M), (7.3)

where 7 is the step size and P, is the rank-r projection (formally defined later

in Definition 7.3). Due to the singular value truncating nature of the projection
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P,, PGD is often referred as the iterative hard thresholding (IHT) method for
matrix completion [79]. In [104], IHT with step size n = nyng/s is also named
as the Singular Value Projection (SVP) algorithm for matrix completion. In the
literature, PGD with step size 7 = njny/s is also known as the Singular Value
Projection (SVP) algorithm for matrix completion [104]. It is interesting to note
that under certain assumptions, [105] showed that the algorithm enjoys a fast
global linear convergence with this choice of step size. On the other hand, setting

the step size n = 1 yields the following update

XD =P (X® —Po(X® — M))

= P, (P5(X™)) + Po(M)). (7.4)

Note that Po(X®) + Pq(M) is a linear orthogonal projection of X*) onto the
set of matrices with the same support as M in (). This motivates the IHTSVD
algorithm [46] that alternates between two projection steps: the set of low-rank
matrices and the projection onto the set of matrices with the same support as M
in Q (see Algorithm 7.1). This chapter, developed based on [46], focuses on local
convergence properties of IHTSVD. Compared to the existing global convergence
analysis for matrix completion, our setting does not require certain assumptions
such as the incoherence of M, the uniform randomness of €2, and the low sample
complexity, e.g., s = O(r°nlogn) in [105]. We also note that the proposed analysis
can be extended to other variants of PGD with different step sizes.

Finally, we present a formal definition of the rank-r projection. Consider matrix



289

X € R™m*™ with the singular value decomposition

where 01(X) > ... > 0,,(X) > 0 are the singular values of X and {u;(X),...,u,(X)},
{v1(X),...,v,,(X)} are the sets of left and right singular vectors of X, respec-

tively.

Definition 7.3. The rank-r projection of X is defined as
Pr(X) = ol X)ui(X)o(X).
i=1

The rank-r projection of X is unique if and only if 0,.(X) > 0,41(X) or 0,.(X) =0
[61]. Since P,.(X) zeroes out all the small singular value of X, it is often referred

as the singular value hard-thresholding operator. Since M is a rank-r matrix, we

have
M =P,(M) =) ouwv/ =UZX,V,,
i=1
where 3, = diag(oy, ..., 0,) contains the singular values of M and U, = [uy, ..., u,| €

R™*" 'V, = [vy,...,v,] € R"™*" are comprised of the first r left and right singu-
lar vectors of M, respectively.® Denote U, = (Ui, ooy Up, ] € R > (m1=7) and

Vi = [Uri1,. ., Uny) € R2X(M277) The projections onto the left and right null

3In the rest of this chapter, we omit the parameter in the notation of the singular values and

the singular vectors of M for simplicity.
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spaces of M are uniquely defined as

r
T § : T
PUL = ULUL = In1 - u;u; ,
=1
T

Py, =V,V =1, -> vy,

=1
7.2.3 Related Work

Traditional approaches to matrix completion often make assumptions on the in-
coherence of the underlying matrix M and the randomness of the sampling set.
First, the incoherence condition for matrix completion, introduced by Candes and

Recht [33], is stated as:

Assumption 7.1 (Incoherence). The matriv M = U, X, V. is u-incoherent, i.e.,

ur ur
Ol < /25 and (Vi < /27

Intuitively, an incoherent matrix has well-spread singular vectors and is less likely
in the null space of the sampling operator. A common setting that generates

incoherent matrices is the random orthogonal model:

Definition 7.4 (Random orthogonal model). The Haar measure provides a uni-
form and translation-invariant distribution over the group of n X n orthogonal
matrices O(n). M is said to follow a random orthogonal model if U, and V, are

sub-matrices of Haar-distributed matrices in O(ny) and Q(ny), respectively.
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Second, in order to avoid adversarial patterns in the sampling set, it is also common

to assume that each entry in (2 is selected randomly:

Assumption 7.2 (Uniform sampling). The sampling set §2 is obtained by selecting

s elements uniformly at random from the Cartesian product [ni] X [ng].

We note that a similar but not equivalent assumption on the sampling set is the
Bernoulli model in which each entry of M is observed independently with proba-
bility s/nins [199]. Under these two standard assumptions, Candes and Recht [33]
showed that symmetric matrix completion of size n can be solved exactly provided
that the number of observations is sufficiently large, i.e., s = O(n'*rlogn). Later
on, global convergence guarantees for various matrix-completion algorithms have
been actively developed, with improved bounds on the sample complexity. Exam-
ples of these works include [92,105,144,174,199]. It is worthwhile mentioning that
ideally, one would like to recover the low-rank matrix from a minimum number
of observations, which is in the order the degrees of freedom of the problem, i.e.,
O(nr).

In this chapter, we study the convergence of IHT for matrix completion from a
different perspective. Without any assumptions about the incoherence of M and
the randomness of the sampling set €2, we identify a deterministic condition on the
structure of M and ) such that the local linear convergence of IHTSVD can be
guaranteed. Compared to the aforementioned bounds on the global convergence
rate, our result is exact and tighter thanks to the exploitation of the local structure

of the problem. Our technique utilizes the recently developed error bound for
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the first-order Taylor expansion of the rank-r projection, proposed by Vu et. al.

in [211]. The result is rephrased below.

Proposition 7.1 (Rephrased from [211]). For any A € R™*" we have
P.(M+A)=M+ A — Py, APy, + R(A), (7.5)
where the residual R : R™"*™2 — R™"*"2 sqtisfies:
IR < 1Al

for some universal constant 1+ 1/v/2 < ¢; < 4(1 4+ /2).

The rest of the chapter is organized as follows. In Section 7.3, we provide
the local convergence analysis of IHTSVD for matrix completion and the proof of
the main result. Next, Section 7.4 presents a brief summary of related results in
random matrix theory, followed by our novel result on the asymptotic behavior
of the convergence rate in large-scale settings. The numerical results to verify
the analysis in Sections 7.3 and 7.4 are given in Section 7.5. Finally, we put the

detailed proofs of all the main theorems and lemmas in the appendix.

7.3 Local Convergence of IHTSVD

This section presents our analysis of local convergence of IHTSVD. First, we lever-

age the results in perturbation analysis to identify the Taylor series expansion of



293

Algorithm 7.1 THTSVD

Require: Po(M),r, K

Ensure: X (%)

. Initialize X ©)

:for k=0,1,..., K —1do

Y = P, (X))

XD = P (Y ) + Py (M)

the rank-r projection. Next, the approximation allows us to derive the nonlinear
difference equation that describes the change in the distance to the local optimum
through IHT iterations. Closed-form expressions of the asymptotic convergence

rate and the region of convergence are also given as a result of our analysis.

7.3.1 Main Result

Our local convergence result is stated as follows:
Theorem 7.1. Let {X("‘)} be the sequence of matrices generated by Algorithm 7.1,
e, fork=0,1,...:

XE) = P (P (X D)) + Po(M) (7.6)

and assume that Ay (H) > 0 and X satisfies:

1x© — pg|,, < Do) (7.7)

C1
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where

H = S)(Py, ® Py,)Sq € RMmn2ms)x(mma=s) (7.8)

Then,

X® — MHF converge asymptotically at a linear rate of

Specifically, for any e > 0, HX(’“) — MHF <e HX(O) — MHF for all k such that

log(1/€) + ¢z
k2N = Logu/(l - Amm<H>>>] (7.10)

where ¢; > 0 is a constant depending only on X©) and M.

Theorem 7.1 provides a closed-form expression of the linear convergence rate of
THTSVD for matrix completion. As can be seen in (7.10), the speed of convergence
depends strongly on how close the smallest eigenvalue of H is to zero: as Ay (H)
approaches 0, the number of iterations needed to reach a relative accuracy of e,
i.e., N(e€), grows to infinity. In fact, when A\yi,(H) = 0, the condition in (7.7)
cannot be satisfied and hence, there is no linear convergence guarantee provided
by our theorem in this case. On the other hand, from (7.8), one can verify that
all eigenvalues of H lie between 0 and 1 since the norm of either a projection
matrix or a selection matrix is less than or equal to 1. This combined with the
aforementioned condition that A, (H) > 0 ensures the linear convergence rate p

in (7.9) belongs to [0, 1).
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Remark 7.1. Theorem 7.1 does not guarantee linear convergence when \yin(H ) =

0. Interestingly, one such situation is when H is rank-deficient. Let us represent

H=S8)(VioU)(V,oU,)'Sqg=WW',

where W = S (VL @ U,) € Rimn2=s)x(m=nn2=r) " [f W s q tall matriz, i.e.,

s < (ny+mng —m)r, (7.11)

then it follows that H is rank-deficient and My (H) = 0. We note that in this case

the number of sampled entries is less than the degrees of freedom of the problem.

Remark 7.2. When s > (ny +ng —1)r, it is possible that Apin(H) = 0 for certain

(adversarial) sampling patterns. For ezample, consider a 3 X 2 rank-1 matrix

10 1

.

M:00=0-{10}
00 0

One choice of the matrices U, and V| 1is

0 0
UJ_: 1 0 andVl:

01

If we observe s = 4 entries of the first two rows of M, the selection matrix Sg is
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given by

001000
000O0O0T1

Then, we have

T T O O
1122;SQ(‘Gﬁ@DI]L)(‘Gf@D[[L);SQ==
01

and Amin(H) = 0. While Theorem 7.1 does not guarantee linear convergence of
IHTSVD, one may realize that it is impossible to recover the last row of M in this

case.

Existing convergence analyses of algorithms for low-rank matrix completion
often rely on standard assumptions, such as the incoherence of the underlying
matrix M and the uniform randomness of the sampling pattern © [33]. Under
these assumptions and a sample complexity bound on the number of observed en-
tries s, linear convergence to a global solution can be guaranteed (see [106] for
alternating minimization and [55] for IHT), with an upper bound on the rate of
convergence p < 1/2. Our analysis, on the other hand, do not use the aforemen-
tioned assumptions but introduces a quantity that is fundamental to the problem
in terms of optimization. By exploiting the local structure of the problem, we
characterize the exact linear rate of local convergence of THT. Similar to standard

assumptions in prior works, the closed-form expression we obtained can be used to
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determine sufficient conditions that ensure linear convergence. However, since our
expression is exact, one can identify conditions that are potentially less stringent
than existing conditions. For further details, we refer the interested readers to the

Appendix 7.7.1.

7.3.2 Proof of Theorem 7.1

This section provides an overview of the proof of Theorem 7.1. We starts by formu-
lating the recursion on the error matrix from the update (7.6) and the linearization

of the rank-r projection:

Lemma 7.1. Let us define the error matriz and its economy vectorized version,

respectively, as
E® =x® _ M and  e® = 8] vec(EW).
Then, we have

E®) = po(E® — Py, E® Py, + R(EW)), (7.12)

et = (I - S§(Py, ® Py,)Sq)e™ +r(e), (7.13)
where R(-) is the residual defined in Proposition 7.1 and

r(e) = SJ vec (R(V_GIC(SQ€>)) for e e RMm™7%,
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Here we recall that vec™'(+) is the inverse vectorization operator such that (vec™! o vec)
15 1dentity.
Note that E®) belongs to the set of matrices supported in €2 and hence, || E®) || P=

He(k)HQ. Next, using the definition of the operator norm, one can obtain the

following bound on the norm of the error matrix:

Lemma 7.2. The Frobenius norm of the error matrix satisfies
B < (1= A (HD) [ BW|, + = | ED[. (7.14)

The nonlinear difference equation (7.14) has been well-studied in the stability
theory of difference equation [15,166,216]. In fact, our theorem follows on applying
Theorem 1 in [216] to (7.14), with ag = || E®||,, &« = 1 = Apin(H), and = ¢1/0,.

The proofs of Lemmas 7.1 and 7.2 are given in Appendix 7.7.3.

7.3.3 IHT with Step Sizes Different than 1

Recall that IHTSVD is a special case of IHT with a unit step size. Thanks to
the alternating-projection view in (7.4), the error E®) = X*) — M is guaranteed
to be in the set of matrices supported in €, i.e., Po(E®) = E®. Hence, the
error analysis reduces from the space R™*" for E*) to the space R™"2~* for
e = Sl vec(E™®). While this appeal no longer holds for step sizes different than
1, one can one can follow a similar track to obtain an exact rate analysis in the

general case.
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Indeed, the linear convergence of IHT with a fixed step size n > 0 has recently
studied in [217]. In particular, Vu et. al. proved that for 0 < n < 2/|| K||2, where
K = Q[S,8)Q, € Rrimtnz—nxr(mina=r) and Q, € RMm2xr(m+n2=r) gatisfies
QIQL = I,(n,4n,—r) and QLQI =1I,,,, — Py, ® Py, the local linear convergence

rate of IHT with a fixed step size 7 is given by

o = max{|L — A (K], [1 = 0sgnnn) (K} (7.15)

By comparing the two matrices K = Q[SqS/Q, € Rr(mtna=mxr(nitna=r) apq
H = S)(Py, ® Py,)S; € R(mn2=s)x(mn2=5) e recognize that they share the
same set of eigenvalues in the interval [0, 1) while may only differ by the eigenvalues
at 1. Thus, substituting n = 1 into (7.15) yields the same expression of the rate in
(7.9).

It is also interesting to note that the optimal step size and the optimal conver-

gence rate are given by [217]

2
Topt = Al(QISQSgQL) + /\r(ernfr)(QISQSg—]rQi)’
2
- K(QTSaS3Q.) +1

Popt = 1 (716)

While this results in faster convergence compared to IHTSVD, we focus on the
latter in this work for simplicity and convenience of the analysis in the asymptotic
matrix completion setting in Section 7.4. Further discussion on IHT with different

step sizes is also given in Appendix 7.7.2.
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7.4 Convergence of IHTSVD for Large-Scale Matrix Completion

In this section, we study the convergence of IHTSVD for large-scale matrix com-
pletion, a setting of practical interest in the rise of big data. Using recent results in
random matrix theory, we show that, as its dimensions grow to infinity, the spec-
tral distribution of H converges almost surely to a deterministic distribution with
a bounded support. Consequently, we propose a large-scale asymptotic estimate
of the linear convergence rate of IHTSVD that is a closed-form expression of the

relative rank and the sampling rate.

7.4.1 Overview

We are interested in the asymptotic setting in which the size of M grows to infinity,
i.e., m = min{ny,na} — oo. Let us assume that the ratio n;/ny remains to be a
non-zero constant as m — oo. In addition, we introduce two concepts that are the

normalization of the degrees of freedom and the number of measurements:

Definition 7.5 (Relative rank). The rank r increases as m — oo such that the

relative rank remains to be a constant

pr—l—\/(l—L)(l—L) e (0,1]. (7.17)

ni n2

Definition 7.6 (Sampling rate). The number of observations increases asm — o0



301

such that the sampling rate remains to be a constant

S

ps = e (0,1]. (7.18)

ning

When py < 1 — (1 — p,)?, we recover the case in Remark 7.1 where the number of
measurements is less than the degrees of freedom. As far as the local linear rate

of THTSVD is concerned, we only consider the case ps > 1 — (1 — p,)%

Remark 7.3. When r = m, we have p, = 1. Moreover, when n; = ny = m,
the relative rank is exactly the ratio r/m. As can be seen below, the proposed
definition of the relative rank incorporates both dimensions of M to enable the

compact representation of p in terms of p,. and ps.

We are in position to state our result on the asymptotic behavior of the linear rate

p in large-scale matrix completion:

Theorem 7.2 (Informal). For p, > 1— (1 —p,)?, the linear convergence rate p of

IHTSVD approaches

Poo=1— (\/(1 — )20 =V pr(2— pr)(1 - ps))27 (7.19)

as m — Q.

Note that p., is independent of the structure of the solution matrix M and the
sampling set 2. Moreover, it depends only on the relative rank and the sampling

rate. Figure 7.1 depicts the contour plot of p,, as a function of p, and p,. It
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Figure 7.1: Contour plot of ps, as a 2-D function of p, and ps given by (7.19). The
isoline at which p,, = 1 is represented by the dashed line. The white region below
this isoline corresponds to the under-determined setting p; < 1 — (1 — p,).

can be seen that for a fixed value of p,, the asymptotic rate decreases towards
0 as the number of observed entries increases. This matches with the intuition
that more information leads to faster convergence. Conversely, for a fixed value
of ps, the algorithm converges slower as the rank of the matrix increases, due to
the increasing uncertainty (i.e., more degrees of freedom) in the set Q. On the
boundary where p, = 1 — (1 — p,.)?, there is no linear convergence predicted by our
theory since po, = 1. In this case, we recall that the number of observed entries

equals the degrees of freedom of the problem.
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Our technique relies on recent results in random matrix theory to exploit the
special structure of H. First, when n;/ny remains constant, it holds that n =
ning — oo as m — oo. Then, H can be viewed as an element of a sequence of

matrices
n n\T
H,=W: (W7, (7.20)

where W, € RPmm2x@mnz ig g truncation of the orthogonal matrix W" = V"2 @
U™, for U™ and V| orthogonal matrices of dimensions n; x n; and ns X no,

respectively, and

ning — S
p=——=1-ps
Tn1No
(ng —7r)(ng — 1)
q= =(1- pr>2-
nine

As n grows to infinity, we are interested in finding the limit (or even the limiting
distribution) of the smallest eigenvalue of H,,, which is a random truncation of the

Kronecker product of two large dimensional semi-orthogonal matrices.

7.4.2 Truncations of Large Dimensional Orthogonal Matrices

Random matrix theory studies the asymptotic behavior of eigenvalues of matrices
with entries drawn randomly from various matrix ensembles such as Gaussian
orthogonal ensemble (GOE), Wishart ensemble, MANOVA ensemble [62]. The

closest random matrix ensemble to our matrix ensemble {H,,} is the MANOVA
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(a) (b)

Figure 7.2: Scaled histogram and the limiting ESD of H,, = WZZ(WPT;)T’ where
W, is the pn x gn upper-left corner of an n X n orthogonal matrix W, for
n = 10000, p = 0.16, and ¢ = 0.36. In (a), W, is the orthogonal factor in the QR
factorization of a 10000 x 10000 random matrix with i.7.d standard normal entries.
In (b), W, = Q1 ® Q2, where Q; and Q- are the orthogonal factors in the QR
factorization of two independent 100 x 100 random matrices with ¢.i.d standard
normal entries. The histograms with 50 bins (blue) are scaled by a factor of 1/pnw,
where w is the bin width. The limiting ESD (red) is generated by (7.22). It can be
seen that the histogram in (a) match the limiting ESD better than the histogram
in (b).
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ensemble in which truncations of large dimensional Haar orthogonal matrices are
considered. Here we recall that the Haar measure provides a uniform distribution
over the set of all nxn orthogonal matrices O(n). Indeed, it is a unique translation-
invariant probability measure on Q(n). If we assume that the matrix M follows
a random orthogonal model [33], then U, and V| are essentially sub-matrices
of Haar orthogonal matrices in Q(n;) and O(ny), respectively, and {H,} is a
truncation of the Kronecker product of two Haar orthogonal matrices.

There has been certain theoretical work on truncations of Haar invariant ma-
trices in the literature. In 1980, Wachter [219] established the limiting distribution
of the eigenvalues in the MANOVA ensemble. Later on, the density function of
the eigenvalues of such matrix has been shown to be the same as that of a Ja-
cobi matrix [37,47,68]. Shortly afterward, Johnstone proved the Tracy-Widom
behavior of the largest eigenvalue in [111]. More recently, Farrell and Nadakuditi
relaxed the constraint on the uniform (Haar) distribution of the orthogonal matrix
considered the Kronecker products of Haar-distributed orthogonal matrices, which
is similar to our matrix completion setting in this chapter. The authors showed
that the limiting density of their truncations remains the same as the original case
without Kronecker products. Further results on the eigenvalues distribution of
truncations of Haar orthogonal matrices were also given in [57,108,239]. To the
best of our knowledge, no result has been shown for the limiting behavior of the
smallest eigenvalue of random MANOVA matrices.

In our context, we leverage the recent result in [171], which assumes the ran-

domness on the truncation rather than the orthogonal matrix. This variant, while
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differs from the classic MANOVA ensemble in random matrix theory, is well-suited
to the setting of matrix completion. Let us begin with the following definition of

the empirical spectral distribution:

Definition 7.7. Let H, be an n x n real symmetric matriz with eigenvalues
A,y An. The empirical spectral distribution (ESD) of H,, denoted by
1L, , 1S the probability measure which puts equal mass at each of the eigenvalues of

H,:

1 n
[, = - ;5,\”

where 0y 1s the Dirac mass at .

Next, we define the concepts of a sequence of row sub-sampled matrices and the

concentration property:

Definition 7.8. For eachn € N*, consider the nxqn matric W = [wf, ..., w}|’

n 2

where w} € R™ and q is a constant in (0,1). Let P, be a pn-permutation of [n]
selected uniformly at random, for p is a constant in (0,1), and W, € RP" " be the
random matriz obtained by selecting the corresponding set of pn rows from W
Then, the sequence {Wq”}neNJr is called a sequence of g-tall matrices, and the

sequence {W;Z}new 1s called a sequence of row sub-sampled matrices of

{vvqn}nGI\Pr .

Definition 7.9. Given the setting in Definition 7.8, for each j € P,, denote
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PJ = P,\{j}. In addition, for = € C, define
-1
B (St 1)
iepP]

Then, the sequence {W } en+ is concentrated if and only if for any j € P, and

z € C, we have
(w;‘)TRj(z)w? —Ejps [(w;z)TRj(z)w;-‘] 0. (7.21)

In the following, we consider examples of sequences of matrices that are concen-
trated, as well as an example of the sequence of incoherent matrices that are not

concentrated.
Example 7.1. Random settings:

1. The sequence of q-tall matrices { A7 }nen+, where the entries of Ay are i.i.d

N(0,1/n), is concentrated.

2. The sequence {B] ® C7 }pent, where { B} }nen+ and {C] }nen+ are two se-
quences of q-tall matrices whose entries are i.i.d N'(0,1/n), is also concen-

trated.
We provide the detailed explanation of this example in Appendix 7.7.4.
Example 7.2. Deterministic settings:

1. The sequence of q-tall matrices {D;‘}neN+, where the entries of Dy are all

1, is concentrated.
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2. The sequence of 1/2-tall matrices {E}'},en+ where

0.6,/ 28,5
E' = ,
0.8,/ 2H,»

for Hy s being a Hadamard matriz of order n/2 [95], is not concentrated. On

the other hand, one can verify that E; is p-incoherent, for

2 n
= ll0.8v/2/nH, H 198
K H /a2 Fn/2

Thus, the concentration assumption considered in this chapter is stronger

than the widely-used incoherence assumption.

With these definitions in place, we now state the result on the limiting ESD
of a truncation of orthogonal matrices. To fit our matrix completion setting in
this chapter, we rephrase the result in [171] to the case of row sub-sampled semi-
orthogonal matrices (as opposed to column sub-sampled semi-orthogonal matrices

in the aforementioned paper).

Proposition 7.2 (Rephrased from [171]). Let {W},en+ be a sequence of q-tall
matrices that is concentrated. In addition, assume that W' is semi-orthogonal for
alln € N*, ie., (W)'Wr = I,. Let {W},en+ be a sequence of row sub-

sampled matrices of {W }pen+. Then, as n — oo, the ESD of H,, = W;}Z(WPZ)T
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converges almost surely to the deterministic distribution p,, such that

q ptqg—1
dityg = (1 — ]—9>+5(x)dm + <T>+5(x — 1)dx
A0 A < 0 < Ada, (7.22)

2mpx(1 — x)

where 0 is the Dirac delta function and

— (Val=p) £ Vol =)

The proposition asserts that the limiting ESD of H,, exists and depends only on
the row ratio p and the column ratio ¢, provided that {Wq”}new is concentrated.
We note that the distribution p,, is exactly the same as the limiting distribution

of the MANOVA ensemble. Indeed one can show that the MANOVA ensemble as

a special case of the concentrated sequence:

Lemma 7.3. Let W™ be a Haar-distributed orthogonal matriz in O(n) and W7
be the semi-orthogonal matrices obtained from any qn (for ¢ € (0,1)) columns of

W™, Then the sequence {W' }en+ is concentrated.

Furthermore, the Kronecker product of two Haar-distributed orthogonal matrices

also possesses the concentration property:

Lemma 7.4. Let U™ and V" be Haar-distributed orthogonal matrices in O(ny)
and O(ny), respectively. Define U7t and V)2 as the semi-orthogonal matrices ob-
tained from any q1 and qa (for q1,q2 € (0,1)) columns of U™ and V™2, respectively.

Then the sequence {W = U @ V22 }cn+ (with ¢ = qiqz) is concentrated.
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Lemmas 7.3 and 7.4 are immediate consequences of Lemma 3.1 in [63], so we omit

the proof of these lemmas here.

7.4.3 Proposed Estimation of p

In order to apply Proposition 7.2 to our matrix completion setting, we recall that
W, can be viewed as the n-th element of a sequence of row sub-sampled matrices
of {W }nen+, where W' = V[ @UT". If the sequence { W' },,cn+ is concentrated,
then (7.22) holds for p = 1 — p, and ¢ = (1 — p,)?. Therefore, one might expect

that the smallest eigenvalue of H,, = W, (W2)" converges to

A= (Vat—p) — Vo1 =)™

Thus, by Theorem 7.1, the convergence rate p converges to 1 — A~. The following
theorem is an immediate application of Proposition 7.2 to our large-scale matrix

completion setting:

Theorem 7.3. As m — oo, assume that M is generated in a way that the Kro-
necker product W' = V"> @ UT" forms a sequence of semi-orthogonal matrices
that is concentrated. Then, provided ps > 1 — (1 — p,)?, the ESD g, converges

almost surely to the deterministic distribution jui,, . such that
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where )‘i = <\/(1 - pT)st + \/pr<2 - pr)(l - ps)>2-

While the theorem claims the convergence of the spectral distribution of H, it
does not imply the convergence of its smallest eigenvalue to A~. In fact, it is not
trivial to prove this fact. We leave the following as an open question for future

work.

Conjecture 7.1. Assume the same setting as in Theorem 7.3. As m — oo, the

linear rate p defined in (7.9) converges almost surely to ps, defined in (7.19).

7.5 Numerical Results

In this section, we provide numerical results to verify the exact linear convergence
rate of IHTSVD in (7.9) and to compare this analytical rate with the asymptotic

rate in (7.19) in large-scale settings.

7.5.1 Analytical Rate versus Empirical Rate

In this experiment, we verify the analytical expression of linear convergence rate
of IHTSVD by comparing it with the empirical rate obtained by measuring the
decrease in the norm of the error matrix. Our goal is to demonstrate that they
agree in various settings of p, and p;.

Data generation. We first set the dimensions n; = 50 and ny = 40. Next, for
each rin {1,2,...,12}, we generate the rank-r matrix M as follows. We construct

the random orthogonal matrices U and V' by (i) generating a 11 X ny random matrix
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Figure 7.3: Estimation of the empirical rate using the error sequence
{||x® — MHF IZ?QZkl' Due to the numerical error below 1072, we need to identify
the ‘turning point’ at ko and then set k; = [0.4ko| and ko = [0.9k].
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Figure 7.4: Comparison between the analytical rate and the empirical rate of
convergence of IHT'SVD in various matrix completion settings for ny = 50, ny = 40.
(a) Contour plot of the analytical rate as a function of p, and ps. (b) Contour
plot of the empirical rate as a function of p, and ps. (c) Probability of linear
convergence based on the analytical rate. (d) Probability of linear convergence
based on the empirical rate. The black color corresponds to linear convergence,
while the white color corresponds to no linear convergence. In each plot, the data
is interpolated based on a 12 x 21 grid over p, and p, in which the value of each
point is evaluated by 1000 runs. Additionally, a dashed line is included to indicate
the line 1 — p, = (1 — p,)%. It can be seen that there is a perfect match between
the analytical rate and the empirical rate.
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whose entries are i.i.d normally distributed A/(0, 1) and (ii) performing the singular
value decomposition of the resulting matrix. The matrices U and V are comprised
of the corresponding left and right singular vectors. Then, the rank-r matrix M
is generated by taking the product U; 3, V,', where ¥, = diag(r,r —1,...,1) and
U,,V; are the first r columns of U and V', respectively. Finally, for each s in
the linearly spaced set {0.2n,0.23n,0.26n,...,0.8n}, we create the 1000 different
sampling sets, each of them is obtained by generating a random permutation of the
set [n] and then selecting the first s elements of the permutation. Thus, we obtain
a 12 x 21 grid based on the values of r and s such that (i) grid points corresponding
to the same rank r share the same underlying matrix M (ii) each point on the
grid corresponds to 1000 different sampling sets.

Estimating Analytical Rate and Empirical Rate. We calculate the analyti-
cal rate for each aforementioned setting of M and 2 using (7.9). Due to numerical
errors in computing small eigenvalues, we need to set all the resulting rates that
are greater than 1 to 1, indicating there is no linear convergence in such cases. For
the calculation of the empirical rate, we run Algorithm 7.1 in the same setting with
K = 10000 iterations. The initial point X is obtained by adding 4.i.d. normally
distributed noise with standard deviation o = 10™* to the entries of M. Here we
note that ¢ is chosen to be small for two reasons: (i) for large matrices, even small &
for individual entry can add up to a large error on the entire matrix; and (ii) while
the cost of computing Ay, (and hence, the region of convergence) is prohibitively
expensive for large matrices, choosing small ¢ empirically guarantees the initial-

ization is inside the region of convergence. Then, we record the error sequence
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{HX k) — M H F},i(:l and determine if the algorithm converges linearly to M by
checking whether there exists K < K such that HX(I%) — MHF <e€ ||X(0) — MHF,
for e = 1078, If the relative error is above €, we set the empirical rate to 1 to in-
dicate that the algorithm does not converge linearly. However, it is important to
note that this heuristic does not perfectly detect linear convergence since it over-
looks the case in which the linear rate is extremely close to 1 and it requires more
than K = 10000 iterations to reach a relative error below €. As can be seen later,
to compromise this computational limit, we resort to setting the analytical rate
that is greater than 0.998 to 1 when making a comparison between the analytical
rate and the empirical rate?. In case the relative error is less than e, we terminate
the algorithm at the K-th iteration (early stop) and perform an estimation on the
error sequence {HX k) — M || F}kf{:1 to obtain the empirical rate.

After obtaining the analytical rate and the empirical rate over the 2-D grid,
we report the result in the contour plots of the rate as a function of p, and p; in
Fig. 7.4-(a) and (b). Since our original grid is non-uniform, we perform a scattered
data interpolation, which uses a Delaunay triangulation of the scattered sample
points to perform interpolation [7], to evaluate the rate over a 1001 x 1001 uniform
grid based on p, and ps. Due to the aforementioned limitation of estimating the
empirical rate, we apply a threshold of 0.998 to both of the interpolated data for
the analytical rate and the empirical rate, setting any value above the threshold to

1. In addition, we calculate the probability of linear convergence for the analytical

4Substituting e = 1078 and N(e) = 10000 into (7.10) and assuming the constant cy is negli-

gible, we obtain Ay (H) ~ 1.8 x 1073,
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rate and the empirical rate and visualize the result in Fig. 7.4-(c) and (d). As
mentioned, we use a threshold of 0.998 to determine the linear convergence.

Results. Given the values of the analytical rate and the empirical rate of 1000
matrix completion settings for each point on the 12 x 21 grid, the mean squared
difference between the two rates in our experiment is 2.9659 x 10~°. Figures 7.4 il-
lustrate the similarity between the analytical rate and the empirical rate evaluated
under various settings of matrix completion. In both Fig. 7.4-(a) and Fig. 7.4-(b),
we observed a matching behavior as in Fig. 7.1: smaller rank and more obser-
vation result in faster linear convergence of IHT'SVD. However, the contour lines
in Fig. 7.4 are not as smooth as those with asymptotic behavior in Fig. 7.1 due
to the large variance when n; and ny are relatively small. On the other hand, it
can be seen in Fig. 7.4-(c) and Fig. 7.4-(d) that there is a linear-convergence area
(black) above the boundary line at 1 — p, = (1 — p,)? and a no-linear-convergence
area (white) below the boundary line. The transition area (gray) near above the
boundary line corresponds to the settings in which some sampling sets result in
Amin(H) = 0 (no linear convergence) while some other sampling sets result in non-
7er0 A\min (H ) (linear convergence). Note that in order to obtain the analytical rate,
we need to compute the smallest eigenvalue of a (n — s) X (n — s) matrix, which is
computationally expensive for large n = nyns. In particular, when s = O(n), the
cost of computing the analytical rate is O(n?). On the other hand, the empirical
rate offers an alternative but more efficient way to estimate the convergence rate

via running Algorithm 7.1 whose computational complexity per iteration is O(nr).
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7.5.2 Non-asymptotic Rate versus Asymptotic Rate

In this experiment, we compare the asymptotic rate given in Theorem 7.3 with the
convergence rate of IHT'SVD for large-scale matrix completion. For convenience,
we refer the later as the non-asymptotic rate. As mentioned in the previous sub-
section, we use the empirical rate instead of the analytical rate to estimate the
non-asymptotic rate due to the computational efficiency.

Data generation. We consider two settings of (n1,ns): ny = 500, ny = 400 and
ny = 1200,n, = 1000. Similar to the previous experiment, we generate M and
2 based on a 2-D grid over r and s. While the values of s are still selected from
the set {0.2n,0.23n,0.26n, ...,0.8n}, the values of r are chosen differently for each
setting of (ny,ng). In particular, for n; = 500, ny = 400, we select the values of r
from the linearly spaced set {1,4,7,...,118}. For n; = 1200, ny = 1000, we select
the values of r from the linearly spaced set {1,9,17,...,297}. Therefore, in the
former setting, the grid size is 40 x 21, while in the later setting, the grid size is
38 x 21.

Implementation. The calculation of the empirical rate is the same as the previous
experiment. For computational efficiency, we omit the points on the grid that
are below the boundary line, i.e., s < (n; + ng — 7)r, since it is evident that
there is no linear convergence at such points. No analytical rate is given in this
experiment because calculating the smallest eigenvalue of a (n—s) x (n—s) matrix
is computationally expensive for large n; and ns. On the other hand, the contour

plot of the asymptotic rate is easy to obtained using (7.19).
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Figure 7.5: Comparison between the empirical rate and the asymptotic rate of
convergence of IHTSVD in various matrix completion settings. (a) Contour plot
of the empirical rate as a function of p, and ps for ny = 500, ny = 400. (b) Contour
plot of the empirical rate as a function of p, and p, for ny = 1200, 75 = 1000. (c)
Contour plot of the asymptotic rate as a function of p, in range [0.05, 0.25] and p; in
range [0.2,0.8]. (d) Probability of linear convergence based on the empirical rate in
(a). (e) Probability of linear convergence based on the empirical rate in (b). (The
black color corresponds to linear convergence, while the white color corresponds
to no linear convergence) (f) Contour plot of the asymptotic rate as a function of
pr in range [0,1] and p, in range [0, 1]. The red solid rectangular corresponds to
the zoom-in region in (c). In each plot, the data is interpolated based on a 2-D
grid over p, and p,, in which the value of each point is evaluated by 100 runs.
Additionally, a dashed line is included to indicate the line 1 — p, = (1 — p,)?.
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Results. Fig. 7.5 compares the non-asymptotic rate and the asymptotic rate
in various settings of p, and p,. As n; and ny increase, we observe that the
contour lines of the non-asymptotic rate become smoother and approach those of
the asymptotic rate. Compared with Fig. 7.4, it can also be seen that the isoline

of the same value shifts down towards the boundary line as n; and n, increases.

7.6 Conclusion and Future Work

In this chapter, we established a closed-form expression of the linear convergence
rate of an iterative hard thresholding method for solving matrix completion. We
also identified the local region around the solution that guarantees the convergence
of the algorithm. Furthermore, in large-scale setting, we leveraged the result from
random matrix theory to offer a simple estimation of the asymptotic convergence
rate in practice. Under certain assumption, we showed that the convergence rate
of IHTSVD converges almost surely to our proposed estimate.

In future work, we would like to extend our local convergence analysis to other
IHT methods with different step size, e.g., SVP [104] and accelerated THT [213,214].
Moreover, it would be interesting to study the non-asymptotic behavior of the
convergence rate in large-scale settings. Finally, we believe the technique presented
in this chapter can be applied to study the local convergence of other non-convex

methods such as alternating minimization [106] and gradient descent [199].
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7.7 Appendix

7.7.1 Comparison to prior results

In our main theorem, the rate of convergence depends on
H = S(—g(PVL & PUL)SQ c R(n1n2—s)><(n1n2_s)’

where Sg € R™m2x(mn2=9) i the selection matrix corresponding to the complement
set Q. Py, and Py, are the projections onto the left and right null spaces of M.

Viewing H as a function of M and €2, let us consider the set
S={(X,Q)| H(X,Q) is full rank }.

In the following, we show that our proposed set S contains the set of
incoherent matrices and uniform sampling patterns. In other words, if M
is incoherent and 2 is a uniform sampling, then (M,Q) € S w.h.p. First, we
highlight the fact that the invertibility of H is related to the injectivity of the
sampling operator restricted to Ths(M<,) - the tangent space T' to M<, = {X €
Rm>m2 | rank(X) < r} at M. In particular, recall that this operator is of the
form Aqgr = PoPr, where Pq : R™*™ — R™*" is the orthogonal projector onto

the indices in Q and Pr : R™*" — R™*" is the orthogonal projection onto T
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(see [33]-Eqn. 3.5)
Pr(X)=PyX +XPy — Py XPy=X— Py, XPy,
for all X € R™*"™. Using vectorization, one can show that
vec(Po(X)) = SqSqvec(X) = (Lnn, — SaSJ) vee(X)
and

VeC(PT(X)) = (Imnz - PVL ® PUL) VeC(X)

= QLleec(X),

where Q € Rmn2xr(m+n2=n) g the basis of Thr(M<,), i.e., QLQ| = I, n,— Py, ®

Py

. Therefore, the eigenvalues of the operator AfAqr = PrPoPr : RM™ —

R™"2 restricted to Thr(M<,) are the same as those of the r(ny +ng —r) x r(ny +

ny — r) matrix

ﬂ - QI(IanLQ - SQS(—;—)QJ_ = Ir(n1+n27r) - ISQSgQL

Now representing H = Sg(Ir(n1+n2,r) -Q.iQ)So = I,y s — SngQISQ, it
can be showed that H and H share the same set of eigenvalues except those at 1.
Equivalently, the injectivity of Aqr restricted to Ths(M<,.) implies the invertibility

of H. Second, we recall the so-called result from Candes and Recht that the
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operator Aqr is most likely injective when restricted to Ths(M<,). Specifically,
Eqn. (4.11) in [33] states that if © is sampled according to the Bernoulli model
with probability p &~ s/nin, and the solution M is a rank-r matrix satisfying

p-coherent property, then for all Y € R™*"2:

(1 =1plPr(Y)|p <(PrPoPr)(Y)ll

<(@+mpllPrY)lp,  whp,

where 7 is an arbitrarily small constant such that CR\/% <7 <17 for
n = max(ny,ny). Finally, translating this into our context, we can show that
under the same assumptions (uniform sampling and incoherence property) and

w.h.p., the matrix H is full rank with the property
[Hzl| = (1 -7)pllx|, VeeR™™™.

This implies A\pin(H) > (1 — 7)p > 0. We conclude that if M is incoherence
and  is a uniform sampling, then (X,Q) € S w.h.p. Beyond these traditional
assumptions, the definition of S allows us to identify other cases that can guarantee
linear convergence (e.g., in deterministic settings of Q2 and various structures of X

that does not satisfy incoherence property).

°In [33], Cr is some absolute constant that is independent of the problem parameters and the

authors pick 7 = 1/2.
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7.7.2 Convergence of IHT with the Optimal Step Size for Large-

Scale Matrix Completion

It is noteworthy that the exact expression of the convergence rate provides more
insights into the asymptotic behavior of PGD that can be independent of the
local structure of the problem. As it is studied in Section IV of the original chap-
ter, our result extends outside the fixed (low) rank regime considered in existing
works and offer a way to evaluate the behavior of IHTSVD under more challeng-
ing conditions. In particular, when U and V are selected at random (e.g., from
the Haar ensemble) with r ~ O(min{n;,ns}) and s ~ O(nyns), we show that the
convergence rate approaches a limit which is independent of the actual matrix X

and only depends on its dimensions (n1,ns), its rank r, and the sampling rate s:

i = max{ |1~ (VT 9o Pope + Vo2 p) (0 —p0) |

(VT oo~ Vor@ @) 1} (729)

When 7 = 1, we have (7.24) becomes

o =1 (V=0 — /@ p ) p)) - (7.25)
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Figure 7.6: Contour plots of p° and pgp, as 2-D functions of p, and ps given by
(7.25) and (7.26), respectively. (a) and (c): the entire feasible range p, € (0, 1]
and ps € (0,1]; (b) and (d): zoomed-in version of (a) and (c) near the bottom-
left corner, respectively. The isoline at which pi® = p(7, = 1 is represented by the
dashed line, corresponding to the case p; = 1 — (1 — p,)?. The yellow region below
this isoline corresponds to the under-determined setting p, < 1 — (1 — p,)%. The
common setting considered in the literature (e.g., [55,104, 105] is the zoomed-in
region where p, < ps < 1. On the other hand, our local convergence analysis
covers the entire region in which the rank ratio and the sampling rate are not
necessarily small.
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Figure 7.7: Convergence of THT with step size n = miny/s under the setting
ps = .2 and p, = 0.0001. With the matrix dimension being 10000, the difference
between 77 = niny/s and the optimal step size 1., given in (7.26) is as small as
0.003. The blue solid line represents the error through IHT iterations. The red
and yellow dashed lines represent the exponential decrease at rates pg), = 0.056
given in (7.26) and 0.5 given in [55], respectively. It can be seen that our estimate
of the rate is tighter than the 0.5 global upper-bound in this asymptotic regime.
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In addition, the optimal step size selected using this strategy and the corresponding

optimal rate are given by

~ 1
Topt = )
& (1 - pr)st + pr(2 - pr)(l - ps)
o 2V (=2 Ppapr(2 = pr)(1 — 1)
ot (L= pr)?ps + pr(2 = pr) (1 — ps)

(7.26)

Figure 7.6 demonstrates the rate of convergence in various setting of p, and p;.
Note that if we evaluate this step-size choice under the regime suggested in [104,

105], i.e., iMupingns no}—oo Ps = 0 and limy,, o p,/p? = 0, then

Nopt = ! = i(1 +o(p ))
P e+ 2p+olps)  ps V)
20,
Popt = 2 p (1+ o(ps)). (7.27)

Comparing this with the step size 1/ps selected in [55,105], this provides the in-
sight that the step size used in the approach of [105] not only guarantees linear
convergence but also is optimal and cannot be improved upon. Notwithstanding,
our local convergence analysis offers more precise estimate of the convergence rate
compared to the 1/2 upper bound in prior works. In particular, in the aforemen-
tioned regime (p, < ps), our estimate of the rate p,,; approaches 0, which is much

faster than the upper bound 1/2 (see Fig. 7.7).
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Figure 7.8: The coefficient of variation (on a loglO scale) of the empirical rate
shown in Fig. 7.5-(a) and (b), respectively. In each plot, the black dashed line
corresponds to the boundary line 1 — p, = (1 — p,)? and the black region on
the bottom-right corner corresponds to the settings where no linear convergence
is observed (i.e., the empirical rate is set to 1). The darker color in the right
plot demonstrates the increasing concentration of the empirical rate as a random
variable when the dimensions grow larger. It is also interesting to note that the
variability in relation to the mean decreases as it approaches the boundary line
(i.e., from the top-left corner to the bottom-right corner).
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7.7.3 Proof of Theorem 7.1

7.7.3.1 Proof of Lemma 7.1

By the definition of the error matrix, we have

E(k-H) _ X(k-‘rl) - M
— (Pa(P (X)) + Po(M)) — (Po(M) + Po(M))

— Po(P.(M + E®) — M). (7.28)
From Proposition 7.1, we can reorganize (7.5) to obtain
P.(M +E®) - M =E® — Py E®Y Py, + R(EW).

Substituting the last equation back into (7.28) yields the recursion on the error
matrix as in (7.12).
Next, let us denote e®) = ngec(E(k)), for k =1,2,.... Vectorizing equation

(7.12) and left-multiplying both sides with Sg yield

e = 8 vec(Po(E® — Py, E® Py, + R(E™))).
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Using the property of selection matrices in Definition 7.2, we further have

e = 818587 vec(EW — Py, E® Py, + R(E™))

= S vec(EW — Py, E® Py, + R(EW)).

Since vec(Py, E® Py, ) = (Py, ® Py, ) vec(E®), the last equation can be repre-

sented as
™) = §lvec(EW) — Sl (Py, @ Py,)vec(EW) + S(—Tzvec(R(E(k))). (7.29)
On the other hand, (7.12) implies, for any k& > 1, E®) = Pq(E®) and
vec(EW®) = VGC(PQ(E(k)>) = 858/ vec(E®) = Sqel®).
Substituting the last equation into the RHS of (7.29) yields (7.13).
7.7.3.2 Proof of Lemma 7.2
Applying the triangle inequality to the RHS of (7.13) yields

=], < [T - e, + e, (730)
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where we recall H = S{(Py, ® Py, )Sq. By the definition of the operator norm,

we have

[~ H)e®]|, < |1~ Hl, ],
= max{[1 = A(ED} - [le®]

= (1= Auin(H)) [le®]],, (7.31)

where the last equality stems from the fact that all eigenvalues of H lie between

0 and 1. From (7.30) and (7.31), we obtain
[e® I, < (1= Auin(HD) [[ €], + [[r(e™)]],. (7.32)
The conclusion of lemma follows from the fact that

e, = [Pa(B®)] - = |2

I N

and

C
[re®)], < [ REM)], < L B
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7.7.4 Details of Example 7.1

7.7.4.1 The first case

Using the same argument as in Lemma 5.3 in [232], we can replace the complex

matrix in (7.21) by a real PSD matrix and prove the following lemma:

Lemma 7.5. Let a = [ay,...,a,])" is a random vector with i.i.d entries, where
a; ~ N(0,1/n). Then for any sequence of gn x gn PSD matrices M, with uni-

formly bounded spectral norms || My, ||,, we have
T 1 P
(a'My,a — - tr(M,,)) — 0 as n — oo.

Proof. To simplify our notation, let us denote the (¢, j)-th entry of M, by M,;
and ¢;; is the indicator of the event ¢ = j. Since a; are ¢.7.d normally distributed,
we have

1
, Ela;ajara] = (8ij01 + irdj + 0adjr.)

E[(IZ] = 0, ]E[aiaj] = 51’]’ ﬁa

(7.33)

S|

for any indices 1 <4, j,k,1 < n. In order to prove (a'My,a — + tr(M,,)) 50, it

is sufficient to show that

E[aTqua] = %tr(qu),

Var(a"M,,a) — 0 as n — oo.
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First, by the linearity of expectation, we have
Ela' [Z i a]] Z Ela;a;]
i,J

Second, by rewriting the variance of the summation ) . ; Mijaia; in terms of the

sum of covariances, we obtain

Var(aTqua) = Var (Z Mijaiaj>
4,

= Z Cov(M;;aa;, Myaga;). (7.35)
ig kil
Using the formula
Cov(X,Y) = E[XY] — E[X]E[Y], (7.36)

and the linearity of expectation, (7.35) can be represented as

Var(a qua Z Mkl< a;ajara;) — E[aiaj]E[akalD

7,7,k,l

1
Z Mkl zk5ﬂ + 5'Ll§]k)

i,9,k,l

2 2
=50 My =5 Mol (7.37)
Y]

Since M, is PSD and has bounded spectral norm, all of its eigenvalues are
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bounded by 0 < X\;(M,,,) < C, for some constant C, and hence,
M, = ZAQ ) < qnC?.
Thus, substituting back into (7.37) yields
T 2 2
Var(a Mya) < —qnC” =0 as n— oo.
n

This completes our proof of the lemma. n

7.7.4.2 The second case

Similarly, we consider the following lemma:

Lemma 7.6. Let b = [by,...,by] and ¢ = [c1, ..., cqn] are random vectors with
ii.d entries, where by, c; ~ N(0,1/n). Denote m = n* k = ¢* and a = b® c.
Then for any sequence of km x km PSD matrices My, with uniformly bounded

spectral norms || My, ||y, we have

1
(aTMkma - — tr(Mkm)) 20 asn — .
m

Proof. Denote M;; is the (4, j)-th gnxgn block of My,,. Then it is straightforward
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to verify that

a'M;,,a = Z bi(cTM[ij]c)bj.

)

In order to prove (a,TMkma — % tr(Mkm)) 20, it is sufficient to show that

E[aTMkma] = % tl"(Mkm),

Var(a'My,,a) — 0 as n — oo.

First, we use the linearity of expectation to obtain

Ela' M;,,a] = [Zb c M[Z]]c ]

=Y E[bib;]E[c"M;c].
From (7.34) and Lemma 7.5, the last equation is equivalent to
1
a Mkma Z(Szj— — (M[’Lj]) mtr(Mkm),
Second, we have

Var(a' Mj,,a) = Var(z b;(c' M;jc)b;)
1,J
=Y Cov(bi(c"Mje)b;, bi(c"Myc)b). (7.38)
1,7,k,l
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From (7.36), each covariance on the RHS of (7.38) can be represented as

Cov(b (C M )b], bk(C M[kl]c)bl) E[bzbjbkbl] . E[CTM[U]C . CTM[kl]C]
— E[bib;] - E[bybi] - Elc" Mi;ic] - E[e" My c].
(7.39)

Lemma 7.7. Let P and Q be matrices in RT"*%", Then

tr(P) tr(Q) + tr(PQ") + tr(PQ) |

n2

Elc'Pc-c'Qc] =

The proof of Lemma 7.7 is straightforward from (7.33) and is omitted in this

chapter. From Lemma 7.7 and (7.33), we can simplify (7.39) as

1
Cov (b; (" Mje)b;, b (e My, o)) = vy <tr(M[ij]M[kl}) + tr(M[ij]M[—krl])
+ trZ(M[ij}) + tl"(M[%j]) + tr(M[ij]M[iTﬂ)

(M) tr(Mily) + (M) ).
Substituting the last equation back into (7.38) yields

Var(a' Mj,,a) = (Ztr ij]) + Ztr i) M)

+ Z tr(M], M) + Z tr(ME)). (7.40)

Next, we bound each term on the RHS of (7.40). To that end, we utilize the
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following lemma:

Lemma 7.8. For any matrices A, B € R™*" it holds that
1Al < vl All,
2. t’(A) < n || Al
3. tr(A'B) < ||A|p | By < nllAl, 1Bl
J. tr(A2) < |AIL = tr(ATA).

The proof of Lemma 7.8 can be found in [151] - Chapter 5. Applying Lemma 7.8

with the blocks of size gn x gn, we obtain

>t (M) < Y an || My |[;, = an | M7

,J ,J

< (qn)’ | M||, < C(qn)®,

> (M M) < qn || M ||, || My,

1] ]

<Y an||M|, [|M]l, = C*(qn)*,

1,J

S (M M) = || M|, = M7 < C(qn)?,
1,J

]
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2
D (M) < 3 ||M [ = M7 < Clan)®
i, b3
Therefore, (7.40) can be bounded as
2
Var(a' Mj,a) < F(C’(qn)g’ + C*(gqn)? + 2C(qn)?).

The conclusion of the lemma follows by the fact that the RHS of the last equation

which approaches 0 as n — oo. O
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Chapter 8: Accelerating Iterative Hard Thresholding for Low-Rank

Matrix Completion via Adaptive Restart!

This chapter introduces the use of adaptive restart to accelerate iterative hard
thresholding (IHT) for low-rank matrix completion. First, we analyze the local
convergence of accelerated IHT in the non-convex setting of matrix completion
problem (MCP). We prove the linear convergence rate of the accelerated algo-
rithm inside the region near the solution. Our analysis poses a major challenge
to parameter selection for accelerated IHT when no prior knowledge of the “local
Hessian condition number” is given. To address this issue, we propose a simple
adaptive restart algorithm for MCP to recover the optimal rate of convergence
at the solution, as motivated in [164]. Our numerical result verifies the theoreti-
cal analysis as well as demonstrates the outstanding performance of the proposed

algorithm.

!This work has been published as: Trung Vu and Raviv Raich. “Accelerating Iterative Hard
Thresholding for Low-Rank Matrix Completion via Adaptive Restart.” In Proceedings of IEEE
International Conference on Acoustics, Speech and Signal Processing (ICASSP), pp. 2917-2921.
IEEE, 2019.
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8.1 Introduction

Low-rank matrix completion is a fundamental problem that arises in many areas of
signal processing and machine learning such as collaborative filtering [176], system
identification [137] and dimension reduction [31]. The problem can be explained
as follows. Let M € R™*" be the underlying matrix with low rank r and a subset
its entries S = {(4,j) | M;; is observed}. We aim to recover the unknown entries
of M, belonging to the complement set §¢. Alternatively, one would solve the
following optimization problem:

Xn%in rank(X) st. X;; =M, V(i,j) €S. (8.1)
e mxXn

In one of the pioneer works, Candes and Recht [33] introduced a convex relaxation
to the original non-convex matrix completion problem and presented conditions
under which the solutions of the two problems coincide. Moreover, they provided
an expression for the number of known entries required to recover the original ma-
trix. This breakthrough leads to the class of proximal-type algorithms for nuclear
norm minimization [27,107, 145, 205] with rigorous mathematical guarantees and
extensions of classic acceleration techniques. The disadvantage of convex-relaxed
methods, nonetheless, is either high computational complexity (for interior-point
methods) or slow convergence rate (often sublinear for proximal-type methods).
To address those issues, iterative hard thresholding has been proposed to directly
solve the non-convex rank minimization problem [79,104,125]. Each IHT iteration

takes one step in the direction of the gradient and one step projecting onto the
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set of rank-r matrices. Since the process is akin to hard-thresholding singular val-
ues, we refer to the methods using it as iterative hard thresholding algorithms, as
opposed to their aforementioned soft thresholding counterparts. When the solu-
tion is low-rank, IHT is extremely efficient in both computational complexity and
empirical convergence (linear rate). Notwithstanding, mathematical guarantees
of non-convex IHT algorithms for MCP are generally restricted to local conver-
gence [46,120].

Despite the similarity between IHT and projected gradient methods, there have
been but a few efforts in accelerating IHT and characterizing the performance
thereby. In a very recent work, Khanna and Kyrillidis [116] introduces the use
of acceleration to plain THT yet in the context of rank minimization with affine
constraints (ARMP). The authors provided convergence guarantees based on re-
stricted strong convexity and smoothness properties of the loss function. However,
as pointed out in [33], the results and techniques for ARMP cannot apply to
MCP for which the restricted properties does not hold. Additionally, they left an
open question on the optimal momentum step sizes that guarantee better perfor-
mance over plain IHT. While determining an optimal tuning is NP-hard [204], our
experiment indeed shows that a careless choice of step sizes might worsen the per-
formance of plain IHT in a matrix completion setting. Thus, we believe answering
this question is the key to the practicality of accelerated IHT in both ARMP and
MCP.

In this chapter, we consider IHT for solving low-rank matrix completion and

connect the classic theory of accelerated gradient methods with recent analyses of
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the local convergence of plain IHT in [46]. The contribution of our work is three-
fold: (i) we propose a variant of Nesterov’s Accelerated Gradient in a MCP-IHT
setting and analyze the local convergence thereof, (ii) we identify the choice of
momentum step sizes that guarantees the optimal acceleration, (iii) we propose an
adaptive restart algorithm that can asymptotically recover the local rate in prac-
tice. The numerical experiment verifies our theoretical analysis and demonstrates
the superior performance of the proposed algorithm compared to common existing

methods for low-rank matrix completion.

8.2 Preliminaries

We begin with a review of some preliminaries on iterative hard thresholding meth-

ods for low-rank matrix completion.

Definition 8.1. Let M € R™"(m > n) be a rank-r matriz and M = USVT be
its singular value decomposition (SVD), where ¥ is a diagonal m x n matriz with

diagonal entries

012092 ...20,>0,41=...=0,=0

and U,V are m x m and n X n unitary matrices, respectively. We partition U, 3,V
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as follows:
X1 0
oo o= e o
0 X
where ¥y = diag(oy,...,0,), 39 = 0; Uy, Vi and Uy, Va are semi-unitary matrices

corresponding to the partition of 3.

Definition 8.2. A row selection matriz S € R*™(s < m) is a semi-unitary
matriz obtained by a subset of s rows from the identity matrix I,,. Left-multiplying
a matriz X € R™*™ by S returns an s X n matrixz corresponding to set of rows in

X.

Definition 8.3. Sampling operator Xs maps the matriz entries not in S to 0:

[Xslij =
0 if (i,7) € S

Definition 8.4. Let X € R™*" be a matriz with arbitrary rank. Define the rank-r
projection of X as:

P.(X) € argmin ||Y — X s.t. rank(Y) <.
YeRmxn

The solution of this minimization is obtained by computing the top r singular
values and vectors of X [61]. Moreover, this projection is unique if either o, (X) >

or11(X) or 0,.(X) = 0, where o0,(.) denotes the r-th largest singular value. In
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the rest of this chapter, we implicitly refer the solution of problem (8.1) and its
SVD to the notations in Definition 8.1. This also implies our assumption that
rank(M) = r. Furthermore, we denote the cardinality of S by s and the row

selection matrix corresponding to S¢ by S, € R(mn—s)xmn

8.3 Background

8.3.1 ARMP-IHT versus MCP-IHT

Iterative hard thresholding for low-rank matrices was first proposed in the context
of ARMP. In [104], Jain et. al. considered the following robust formulation of
ARMP:

1 2
min — — t. < :
min o |A(X) = 0|5 s.t. rank(X) <r (8.2)

where A : R™*" — R® is an affine transformation and b € R? is the set of indi-
rect observations. Adapting the idea of projected gradient descent, the authors

proposed the Singular Value Projection (SVP) algorithm with the basic update
X® =P (XED — o AT(AX D) —b)).

Under assumptions on Restricted Isometry Property (RIP) of the affine operator A,
the authors showed that their algorithm converges to the solution at a linear rate.

In an independent work, Goldfarb and Ma [79] proved the geometric convergence
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Algorithm 8.1 Iterative Hard Thresholding

1: XO = Mg
2: for k=1,2,...do
3: XK =P (XED — qp [ XED — M]s)

for a special case of unit step size. Later on, there have been efforts in improving
the performance of ARMP-IHT, namely Normalized IHT [201] and accelerated
IHT [116]. All of these works use the standard RIP assumptions in order to prove
the global convergence.

The matrix completion problem is a special case of ARMP where the affine

operator A is a sampling operator:

in || Xs — Ms|% s.t. k(X) < 7. 8.3
i [ Xs — Ms|lp s.t. rank(X) <r (8.3)

Unfortunately, this operator does not satisfy RIP in general, shattering the global
convergence guarantees established in ARMP. Still, Jain et. al. suggested to ap-
ply SVP for solving MCP (see Algorithm 8.1) and made a conjecture that SVP
converges linearly to the solution matrix M with high probability, provided M is
incoherent [104]. It took some time before the first theoretical guarantee is ob-
tained in [46], considering a special case of SVP, called IHT'SVD algorithm. When
the step size ay equals 1, one can simplify the gradient update in Algorithm 8.1
as X*D — q, [X*D — M]s = [X*D]sc + Ms. For convenience, we call this op-
erator the observation projection, denoted by Py s. It simply sets entries of X (k)
that are in § to those corresponding values of M. The IHT iterates now serve

as alternating projections between P, and Py;s. More importantly, the authors
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provided a quantitative analysis on the local convergence of IHTSVD, based on
the approximation of rank-r projection operator near the solution. Let us restate
their results in Theorem 8.1 and Theorem 8.2. We use our own notations for the

purpose of consistency.

Theorem 8.1. (Rephrased from [46]) Given the matriz M in Definition 8.1. De-
note € = min {o; — 0;41}. Let A € R™ " be a perturbation matriz such that
0;>0541

|Allz < 5. Then the rank-r projection of M + A is given by

Pr(M+A) =M+ A —UsUF ALV + Q(A)

where Q : R™™ — R™" satisfies || Q(A)|| = O(HAH2F)

Theorem 8.2. (Rephrased from [46]) If the matriz S.(Vo ® Us) has full rank, then
Algorithm 8.1 with a unit step size converges to M locally at a linear rate 1 — o2,
where 0 = Opin (SC(VQ ® Ug)). In other words, there exists a neighborhood E(M) of
M and a constant C such that if X©©) € (M), then

IX® = M|, < c(1-0%)" X - M|,

8.3.2 Nesterov’s Accelerated Gradient for ARMP-IHT

We consider the plain IHT as a first-order gradient method and apply momentum
techniques to accelerate it. In [160], Nesterov demonstrated a simple modification

to gradient descent that provably improves the convergence rate dramatically. The
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method, known as Nesterov’s Accelerated Gradient (NAG), can be described as

follows

o =y 0, V()

y® = ) 4 g (2®) _ k1)

where f : R” — R is a continuous differentiable, smooth convex function to be
minimized. For optimizing an pu-strongly convex, L-smooth function, it is well-

known that NAG obtains a linear convergence rate at 1 — /u/L by setting [160]

1 1= /pu/L
7 Be= T+ /L (8.4)

. =

This scheme is often called optimal since it achieves the lower complexity bound
for first-order methods on minimizing a strongly convex, smooth function derived
by Nemirovski and Yudin [158].

The idea of accelerating IHT has recently been studied in [116,119] for ARMP.
It is similar in spirit to the Accelerated Proximal Gradient algorithm for solving
nuclear norm regularized linear least square problems [205]. While these algorithms
enjoy the convexity of the norm operator and copious theoretical guarantees of
proximal methods, the burden of non-convex projections over the rank constraint
bears heavily on IHT methods. Moreover, as we mentioned, convergence guarantee
for accelerated ARMP-IHT in [116] does not hold for MCP-IHT. To the best of

our knowledge, there is no convergence analysis for accelerated IHT in a matrix
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completion setting to date.

8.4 Accelerating MCP-IHT

In this section, we first describe an accelerated scheme for Algorithm 8.1 and
provide some analysis of the local convergence of the algorithm. It remains a
challenging problem on parameter selection that guarantees better performance of
accelerated over plain IHT. To address this issue, we propose an adaptive restart
technique that allows us to asymptotically recover the optimal rate of convergence

in practice.

8.4.1 An NAG-variant of MCP-IHT

Motivated by the result in Theorem 8.2, we propose an NAG-variant of IHT in
Algorithm 8.2. First, notice the specific choice of gradient step size (ap = 1)
unveils the observation projection Py s. Interestingly, this choice of aj matches
the setting in (8.4), as the Lipschitz constant of the sampling operator is L = 1.
Second, the order at each iteration guarantees the sequence {Y ¥} is consistent
with the observation S, i.e., Ys(k) = Ms. As aresult, the error matrix depends only
on the entries in §¢, disentangling the subsequent analysis of convergence. Finally,
the algorithm terminates when a stopping criteria is met, returning Y*) as an

estimate of the matrix. We state our main theoretical result for the convergence of



348

Algorithm 8.2 NAG-IHT

XO =y©O = Mg

:for k=1,2,...do

X® =p (Y(k—l))

y k) — Purs (X(k) + Be(X®) — X(kq)))

w2

NAG-IHT in Theorem 8.3.2 Note that the convergence rate is described in a closed-
form, which can be verified through experiments. By contrast, RIP constants in the
standard analysis for ARMP are NP-Hard to compute [204]. Mainly, the optimal
fixed step size for NAG-IHT is identified, guaranteeing the better performance of

accelerated schemes over plain IHT in theory, i.e., 1 — o versus 1 — o2,

Theorem 8.3. If the matriz S.(Vo ® Us) has full rank, then Algorithm 8.2 with

momentum step size B = ;—Z converges to M locally at a linear rate 1 — o, where
0 = omin(S:(Va ® Uy)). In other words, there exists a neighborhood E(M) of M

and a constant C such that if Y© € (M), then
[y ® =M <c(t-o) |y - p,.

Further, this is the optimal rate for any fired momentum step size in Algorithm 8.2.

2The proofs of Theorem 8.1 and Theorem 8.3 are given in the Appendix at the end of this

chapter.
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Algorithm 8.3 ARNAG-IHT

2
=1, XO = YO — Mg fy = fogo) — MSH

F
2: fork::1,2,... do

3: =P, (Y kfl))
4: Y k) = 'PMS(XU‘?) _2|_ ;_;(x(k:) _ X(k;—l)))
-

6: if fr > fio 1thent—1elset—t+1

8.4.2 An Adaptive Restart Scheme for NAG-IHT

Theorem 8.3 provides a theoretical guarantee for NAG-IHT but it implies that
fixed-step-size strategy is impracticable when the value of ¢ is unknown. In this
section, we propose a simple way to work around this issue. The idea stems from
adaptive restart techniques for accelerated gradient schemes [164]: reset the mo-
mentum back to zero whenever we observe an increase in the function value. This
facile heuristic was shown to asymptotically recover the local rate of convergence
of NAG on minimizing a strongly convex smooth function and is generally used in
sparse signal recovery. To the best of our knowledge, this work is the first to adopt
adaptive restart heuristics to accelerate IHT. We describe our approach, named
ARNAG-IHT, in Algorithm 8.3. It is important to highlight that the momentum
need to grows from one iteration to the next in order to apply restart techniques.

As a result, we use the incremental step size 3, = &% recommended in optimizing

t+2
smooth convex functions [160]. The difference comes with conditional restarts (set-
ting t = 1) whenever the square loss increases. Clearly, all three aforementioned

algorithms share the same computational complexity per iteration.
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8.5 Empirical Result

This section presents a numerical example to demonstrate our analysis for low-
rank matrix completion. First, we generate a solution matrix M € R"™*™ of rank
r by taking the product of an m x r matrix and an r X n matrix, each having i.i.d.
normally distributed entries. Next, we sample the observation set S uniformly at
random. We compare ARNAG-IHT with the following methods: SVT [27], SVP-
NewtonD [104], NIHT [201] and IHTSVD [46]. Although the analyses of SVP-
NewtonD and NIHT only apply for ARMP, it is worth examining their empirical
performance on MCP. In our own implementation of these algorithms, we use the
set of parameters as suggested by the authors. For SVT, we set the step size
6 = 1.2%% and the threshold 7 = 5v/mn. For SVP-NewtonD, we set the step
size ny = 4. NIHT, IHTSVD and ARNAG-IHT are parameter-free. Finally,

1.2s
we add NAG-IHT with two different fixed step sizes fp = L‘r—g and [ = Z—jré for
comparison.

Figure 8.1 illustrates the Frobenius norm of the error matrix as a function of the
number of iterations. The dashed lines correspond to the theoretical convergence
of IHTSVD (purple) at rate 1 — 0* and NAG-THT with step size 8, = 172 (green)
at rate 1 — 0. As can be seen from the figure, both of the algorithms match the
performance predicted in theory. SV'T exhibits the slowest convergence due to the
conservative nature of proximal-type algorithms. By contrast, all IHT algorithms

enjoy a fast convergence at linear rates. Without acceleration, SVP-NewtonD

and NIHT are clearly faster than ITHTSVD. This can be explained by the fact
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that THTSVD is a special case of SVP when the gradient step size is 1, whereas
SVP-NewtonD and NIHT are improved versions of SVP with adaptive step sizes.
Notwithstanding, ARNAG-IHT outperforms all other algorithms, asymptotically
recovering the convergence rate at 1 — 0. It approaches the “ideal” NAG-IHT

with optimal step size in this experiment. Finally, we can observe the periodic

k-1

behavior of momentum by setting the step size 0y = 175,

as experienced in the
original version of NAG. However, it can be seen in Fig. 8.1 that this setting does

not generally help improve the convergence of plain THT.

8.6 Conclusion and Future Work

We proposed the use of NAG to boost the performance of IHT for low-rank matrix
completion. We analyzed the local convergence of NAG-THT and established the
optimal step size to guarantee faster convergence over plain IHT. We further in-
troduced an adaptive restart algorithm that helps recover the optimal linear rate
of convergence in practice. Our numerical evaluation showed evidence that the
proposed scheme dramatically improves the performance of IHT for matrix com-
pletion problem. Still, understanding when and how our approach works in case
the input matrix is noisy and not close to being low-rank is left as an open question

for future work.
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Figure 8.1: The distance to the solution (in log-scale) as a function of the number
of iterations for different algorithms (solid) and their corresponding theoretical
bounds up to a constant (dashed). The parameters are set to m = 50,n = 40,r =
3, and s = 1000. Asterisks indicate algorithms using theoretical step sizes that are
not available in practice.
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8.7 Appendix

8.7.1 Proof of Theorem 8.1

First, we prove the order of singular values is preserved in a neighborhood of the

rank-r matrix M. Using Weyl’s theorem, we have
loi(M + A) — o] <Az, for 1 <v < n.

For any i such that o; > 0,41 since [|All, < § < =L the following inequality

holds

g; — 0; g; — 0;
0'i+1(M—|-A) < 041+ TH =0; — TH < Ul(M—l—A)

Thus, the order of singular values is preserved. Moreover, since o.(M + A) —
or1(M+A) > 0, the top r singular value components are unique and consequently
P.(M + A) is unique.

Let M = >, osu;v] be the rank-r matrix of interest. From matrix perturba-

tion theory [130], we can describe the decomposition of the perturbed matrix

i=1

i=r+1

where 0;, du;, and 0v; have norms in the order of O(||Al|;). Since the top-r

singular values of M are preserved under perturbation, we have P.(M + A) =



S (o5 + 6:) (u; + duy)(v; + 6v;)T and (8.5) can be reorganized as

i=1

Po(M+A) = M=A— 3" &u; + 0uy)(v; + 0v;)"

i=r+1

= A= wow] +O0(|A7).

i=r+1

Further, substituting M = >0, oyu;v] into (8.5) yields
A= Z (6;uiv] + oduv] + opuidn”) + O(J|A]1%).
i=1

Then using the orthogonality of u;,v;, we can obtain

ul Av; = 6; + oy(u] du; + 5'UiTUi) + O(||A||%),

uf Av; = O(||A]l7).

The second term on the RHS can be computed as follows

n

T= (i + 8 (s + du)"

i=1

= 1= u;[uZ =1+ U?CSUi + du; u + O(HAH%)

= uf6u; = O(|A[lR)-

354

(8.6)

Similarly, we also have v7dv; = O(||A]%). Substituting back to (8.7), we get
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8; = ul Av; + O(||A|%). Thus, (8.6) can be rewritten as

Po(M+A) =M =A- " wu Avpw] +O(| A7)

i=r+1

= A — U,UTAVVE + O(|AI%).

where the last equation stems from (8.8).

8.7.2 Proof of Theorem 8.3

The error matrix can be represented as follows:

E® =y ® N =Py (X<k> +AX® X(k—l))) M
= [(1+8) (XY — M) - B(XE — M)]se

= (1+ B)[P(Y* ) — Mse — B[P (YD) — M]s..

Using a vectorized version of Theorem 8.1, we can reformulate the above equation

as
) = (14 )Ty — H)et ™) = B(Ta — H)el*™ + (1 + B)q(e* ™)) — g(e*~?).

where d = mn — s, e®) = S.vec(EW), H = S.(Va ® Uy)(Va ® Uy)T ST and

q(S,vec(A)) = S, vec(Q(A)). By stacking e and e*~1 together, the recursion
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can be rewritten as follows

e(k) (1+8)Iy—H) —BIy—H)| |e®D

e(F=1) Iy 0 e(F=2)

(1+ B)q(e®=) — Bg(e2))
0

Now, using Lemma 10 in [166], we obtain the upper bound

e(k) e

e(k_l)

2 2

where p(T') is the spectral radius of T" and is equal to the maximum magnitude of
any eigenvalue of T.

We compute p(T) as follows. Since H is a real symmetric in R4 let H =
UAUT be the eigenvalue decomposition of H, where U is a unitary matrix and A

is a diagonal matrix whose entries are the eigenvalues of H:

M>X>. >N =0

Define the permutation 7 as

' 25 —1if 7 <d,
m(j) =
2j — 2d otherwise.
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Denote the permutation matrix associated with 7= by P.. Then, T' can be shown

to be similar to a block diagonal matrix

T
Top U 0| |Q+8)Ia—H) —BI,—H)| |U 0 pr
I 0 0
T, 0 0
0 T 0
0 0 ... Ty

where each 2 x 2 block T is of the form

(1+8)1=2) =B =N
1 0

for j =1,...,mn. Thus, the eigenvalues of T are also the eigenvalues of all blocks

T;. Finding optimal step size 3 is equivalent to solving the following problem
mﬁinmax Ir|  such that 7* — (1 + B8)(1 — \j)r + B(1 — \;) =0,

for some j € {1,...,d}. Since H is a semi-unitary matrix, we have \; < 1 for all

j. Each quadratic equation has three cases:

1L EA=(1-)) ((1 —\)(1+8)*— 45) =0or f=0;= ;g, then there

are two real repeat roots rj; = 10 = \/B(1 — \;).
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2. It A > 0or B < 37, then there are two real distinct roots r;1,7;2. The conver-

gence rate depends on max{|r;i|,|r;2|}, which is greater than /|3(1 — A;)|.

3. It A < 0or > f, then there are two conjugate complex roots satisfying

7ol = |rjel = /B(1 = Aj).

In any case, we have p(T') = max; |r;| > 1/|5(1 — Ag)|. The equality holds when

1-/Ag

setting § = TV
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Chapter 9: Local Convergence of the Heavy Ball method in

Iterative Hard Thresholding for Low-Rank Matrix Completion?

We present a momentum-based accelerated iterative hard thresholding (IHT) for
low-rank matrix completion. We analyze the convergence of the proposed Heavy
Ball (HB) accelerated IHT near the solution and provide optimal step size pa-
rameters that guarantee the fastest rate of convergence. Since the optimal step
sizes depend on the unknown structure of the solution matrix, we further propose
a heuristic for parameter selection that is inspired by recent results in random
matrix theory. Our experiment on a simple matrix completion setting verifies our
analysis and illustrates the competitive rate of convergence that can be obtained

with the proposed algorithm.

9.1 Introduction

This chapter studies the problem of low-rank matrix completion. Given an m x n
matrix M with low rank r and a set S C [m] x [n] of its observed entries, where

m] = {1,2,...,m}, the goal is to recover the remaining entries of M. Similar to

!This work has been published as: Trung Vu and Raviv Raich. “Local Convergence of the
Heavy Ball method in Iterative Hard Thresholding for Low-Rank Matrix Completion.” In Pro-
ceedings of IEEE International Conference on Acoustics, Speech and Signal Processing (ICASSP),
pp. 3417-3421. IEEE, 2019.
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sparse recovery, the matrix completion problem (MCP) is shown to be NP-hard
[45], considering the non-convexity of the problem rooted in the rank constraint.

In 2009, Candes and Recht [33] achieved a major breakthrough in matrix com-
pletion. The authors presented a convex relaxation approach to MCP by replacing
the non-convex rank minimization with a (convex) nuclear norm minimization.
They showed that one can perfectly recover most low-rank matrices provided the
cardinality of § is sufficiently large. Following this work, a plethora of algorithms
have been proposed for low-rank matrix completion via nuclear norm minimiza-
tion. Among which, first-order methods (e.g., proximal-type algorithms) have
grown more attractive due to their simplicity and scalability. However, the conser-
vative nature of the soft thresholding operator associated with such methods often
results in slow convergence.

To improve convergence while maintaining scalability, the original non-convex
formulation of the problem was revisited. Empirical evidence indicated that it-
erative approaches to the non-convex rank minimization are faster to converge
compared to their convex counterparts. Notwithstanding, theoretical convergence
guarantees for such methods are non-trivial and often rely on the Restricted Isom-
etry Property (RIP) of the affine transformations in matrix sensing. Most known
examples in this category include iterative hard thresholding (IHT) [104] and alter-
nating minimization (AMMC) [40]. Unfortunately, RIP does not hold for matrix
completion even though this problem is a special case of matrix sensing. Thus,
recent efforts in understanding algorithms for MCP are limited to probabilistic

convergence guarantees [106, 115] or local convergence analysis [46, 120]. More-
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over, acceleration techniques have been introduced to improve the performance of
IHT in matrix sensing [116,119]. Under similar assumptions to matrix RIP, the
authors provided an analysis of momentum behavior and proved the linear conver-
gence of accelerated IHT. Empirically, the authors of [116] demonstrated a faster
convergence of accelerated THT relative to plain IHT. However, they stated that
the sufficient conditions to guarantee such acceleration remain as an open question.

In this work, we develop an accelerated variant of IHT for solving MCP. While
the aforementioned approaches to accelerating IHT employ Nesterov’s Accelerated
Gradient method, we utilize Heavy Ball method due to its faster local convergence.
In particular, we provide a theoretical analysis on the local convergence of the
proposed algorithm and identify the choice of step sizes that guarantees optimal
acceleration. Since it is computationally expensive to perform line search for the
momentum parameters, we propose a simple heuristic to approximate the optimal
values based on recent results from random matrix theory. Our experiment verifies
the convergence rates obtained in our analysis and illustrates the efficiency of the

proposed algorithm.

9.2 Notation

Without loss of generality, assume m > n. Assume the solution matrix M = UXV7

is a rank-r matrix with singular values 0y > 092> ... >0, > 0,41 =... =0, = 0.



362

We partition U, Y,V as follows:

X1 0
ol e
0 >

where ¥, = diag(oy,...,0,), 39 = 0, and Uy, V4, Us, V, are semi-unitary matrices
corresponding to the partition of X.

Let X € R™™ be an arbitrary matrix. We define the rank-r projection P,
as Po(X) = >0 0i(X)w(X)vi(X)T, where 0;(X), u;(X), and v;(X) are the i-th
singular value, column vector, and row vector, of X, respectively. This projection
produces the best rank-r approximation of X [61] and it is unique if either o, (X) >
0r11(X) or 0,(X) = 0. Further, we denote the cardinality of S by s. The sampling

operator Xg is given by

X if (4,5) € S,
[(Xslij =
0 if(i,)) € S

where S¢ is the complement of S. Let S¢ = {i+m(j —1) | (1,j) € 8¢}. We define
S, € Rmn=s)xmn a5 the row selection matrix obtained by selecting a subset of rows

corresponding to the elements of S¢ from the mn x mn identity matrix.
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Algorithm 9.1 Iterative Hard Thresholding

1: XO = Mg
2: for k=1,2,...do
3: XK =P (XED — qp [ XED — M]s)

9.3 Background

Iterative hard thresholding for matrix recovery was first introduced by Jain et. al. [104]
and quickly became a very attractive method for solving this problem, thanks to
its simplicity and efficiency over the proximal-type algorithms [27]. Despite the
successful development in theoretical analyses of ITHT for matriz sensing [116,201],
there has been little progress in understanding the convergence of IHT for low-rank
matriz completion. The lack of RIP guarantees for MCP leaves the global conver-
gence of IHT for MCP as an open question. Nonetheless, empirical performance
analysis of the algorithm often shows linear convergence of the approach. Hence,
there have been efforts to establish local convergence guarantees [46,120]. Notably,
the authors of [46] showed that the local rate of convergence of MCP-IHT can be
described in a closed-form. We review the IHT algorithm for matrix completion
in Algorithm 9.1 and restate the local convergence results in Theorem 9.1 and

Theorem 9.2, using our aforementioned notations for consistency.

Theorem 9.1. (Rephrased from [46]) Let A € R™*" be a perturbation matriz such
that ||Allp < §, where e = min {o; —0s41}. Then the rank-r projection of M + A
0;>05+41

s given by

Po(M+A) =M+ A - U,UT ALV + Q(A) (9.1)
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where @ : R™*™ — R™" satisfies ||Q(A)||p = O(||A||§)

Note that (9.1) can be vectorized as vec (P,(M + A)) = vec(M) + (Lnn — (V2 ®
Us)(Va ® Us)T) vec(A) + g(vec(A)), where g(vec(A)) = vec(Q(A)). Denote the
error vector e®) = S, vec(X*) — M). Then considering Algorithm 9.1 with a unit

step size (ag = 1), one can show a recursion of the error vector as follows
ek — (Ipn—s — H)e(k—l) + q(e(k—l))

where H = S, (Vo @ Uy) (Vo @ Us)T'ST. Further, let L = A\pax(H) and p = Apin (H)
be the largest and smallest eigenvalues of H, respectively. Since H is positive semi-

definite and S,, V5, Uy are semi-unitary matrices, it holds that 0 < pu < L < 1.

Theorem 9.2. (Rephrased from [46]) If u > 0, then Algorithm 9.1 with a unit
step size converges to M locally at a linear rate 1 — . In other words, there exists

a neighborhood E(M) of M and a constant C' such that if X© € £(M), then
X0 = ]|, < O (10— )" [ X~ p]] ..

Interestingly, the convergence rate 1 — 1 depends only on the solution M and the
set of observed entries S. It is also noteworthy that similar local linear convergence
has been studied later in [120]. However, there is no explicit formulation of the
convergence rate specified by the authors.

To gain intuition into accelerated THT, let us start with classic results on the

convergence of first-order methods for minimizing convexr quadratic functions. In
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Table 9.1, the parameter selection is optimal in the sense that no other choice
of fixed step sizes achieves faster convergence rate (see details in [128]). We list
methods in ascending order of the convergence rate. In fact, Heavy Ball method
not only has the fastest rate but also achieves the lower bound on convergence rate
for any first-order methods for minimizing u-strongly convex, L-smooth functions
[158]. Extending these results to study the local convergence of those algorithms
for optimizing a non-convex function, one could argue that the objective function
can be well approximated by a quadratic inside the region near the optimum.
Hence, we consider an HB-variant of MCP-IHT and analyze its local convergence

behavior.

9.4 Main results

We begin this section by a brief discussion on parameter selection for plain IHT. In

[104], the authors suggested an empirical choice of o, = where 0 is a constant

mn
(1+9)s?
determined from experiments. To further investigate the step-size selection, we

examine the local convergence rate for Algorithm 9.1 and obtain the optimal step

size in the following theorem.

Theorem 9.3. If u > 0, then Algorithm 9.1 with step size oy = converges

2
L+p
to M locally at a linear rate 1 — L—Q& In other words, there exists a neighborhood

E(M) of M and a constant C such that if X(©) € £(M), then

2
|x® =Ml <c- m)’“ |X® = M.
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Algorithm 9.2 HB-IHT

X0 = x(0 = pr
2: for k=1,2,...do
3: XEHD) =P (X — [ X®) — M]s) + B(X®) — X =)

Although the optimal step size in Theorem 9.3 is similar to the classical result in
Table 9.1, we note that the analysis addresses the issue on the non-convex nature

of the rank-r projection.

9.4.1 HB-IHT

Similar to the classic Heavy Ball method, we propose an accelerated algorithm
that adds a momentum term to the update in plain IHT (see Algorithm 9.2). This
simple modification to plain [HT maintains the computational complexity of the
algorithm with one additional step of calculating the difference matrix. On the
other hand, the local rate of convergence can be improved significantly. Theo-
rem 9.4 characterizes the local convergence of HB-IHT by providing the optimal

parameter selection that guarantees improvement over plain IHT.?

Theorem 9.4. If u > 0, then Algorithm 9.2 with step sizes ay, = (

(ﬁf\/ﬁ 2,/1i
VItV VL+u'

exists a neighborhood E(M) of M and a constant C such that if X € £(M), then

2 2 _

In other words, there

)2 converges to M locally at a linear rate 1 —

(k) _ 2V k)
[x® - M|, <c1 \/ZJF\/E) [ X — M|,

2The proofs of Theorem 9.1, 9.3 and 9.4 are given in the Appendix at the end of this chapter.
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Further, this is the optimal rate among all fized «, (3.

It is noteworthy that despite the operation of non-convex rank-r projections, we
still end up with the similar result given in Table 9.1, thanks to the approximation

of P, given in (9.1).

9.4.2 A Practical Guide to Parameter Selection

Step size selection is critical to the performance of HB-IHT in practice. In this
section, we propose a simple heuristic to determine the values of «; and fj in
Algorithm 9.2 with no prior knowledge about L and u. The idea is to exploit the
special structure of H in order to estimate its extreme eigenvalues. We express

this matrix in form of H = WW?, where

W =28,(Va@U) =SV &U)(Sey @ Sor)”,

and Sopy € Rm=m>xm G, ¢ RM=7X" are row selection matrices. Note that W is

S

a submatrix of the Kronecker product V' ® U with the row ratio p =1 — > and

the column ratio ¢ = (1 — %)(1 — Z). In this representation, the structure of H is
closely related to the MANOVA random matrix ensemble, and more interestingly,
the limiting density of its eigenvalues is identified by Watcher [219], dating back
to the early 1980s. In his study, Watcher showed that as the size of a MANOVA
matrix with parameters (p, ¢) approaches infinity, its empirical spectral distribution

(ESD) converges to a deterministic probability measure supported on the interval
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(A, AT] U {0, 1}, where A* = (y/p(1 —q) £ /q(1 — p))Q. Recently, similar result
was also found by Raich and Kim [171] for the truncation of random unitary
matrices. Moreover, Farrell and Nadakuditi [63] extended the results from Haar
(uniformly) distributed unitary matrices to Kronecker product case. The authors
proved that the ESD of random matrices of the form IT; (U® V), (URV)*I1;, where
Ty, 11, are orthogonal projections of ranks pn and gn, respectively, also converges
to the same limiting distribution. Considering H to be an instance of this case,
we conjecture that its spectral distribution will be close to the aforementioned. In

particular,

1. if p < g, then H has no zero eigenvalue and the smallest eigenvalue of H is

close to A~ with high probability,
2. if p+¢q > 1, then H has unit eigenvalue and the largest eigenvalue of H is 1.

It is worthwhile to note that both conditions usually hold in practice when ¢ is

rather close to 1. Hence, we propose the following estimation of L and u:

A

L=1, p=(Va@—p) - p(l—q)" (9.2)

Empirically, we observe this heuristic significantly outperforms plain IHT in terms
of convergence. However, understanding when and how it works would involve
the non-asymptotic theory of random matrices [180]. For instance, characterizing
the variance of extreme eigenvalues, i.e., difference between g and ji, in case of

Kronecker unitary matrices is much more challenging than their Haar-distributed
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counterparts. Our experiments suggest that they tend to have wider fluctuations.

We leave this analysis for future direction.

9.5 Numerical Evaluation

This section presents an empirical evaluation of several methods for low-rank ma-
trix completion including the proposed approach. First, we generate a low-rank
solution matrix M € R™*" by taking the product of an m x r matrix and an
r X n matrix, each having i.i.d. normally distributed entries. Next, we sample the
observation set S uniformly at random. In our experiment, we choose m = 50,
n =40, r = 3, and s = 1000. For comparison, we consider the following methods:
SVT [27], SVP [104], IHTSVD [46] and AMMC [106]. Although the convergence
guarantee of SVP does not hold for MCP in general, it is interesting to compare
its empirical performance with optimal step size given in Theorem 9.3. In our own
implementation of these algorithms, we use the set of parameters as suggested by
the authors. For the proximal-type SVT algorithm, we set the step size 6 = 1.2
and the threshold 7 = 5y/mn. For SVP, we set the step size n, = {5¢. IHTSVD
and AMMC are parameter-free. Finally, we add HB-IHT with the aforementioned
theoretical optimal step sizes and heuristic step sizes for comparison.

Figure 9.1 illustrates the Frobenius norm of the error matrix as a function of
the number of iterations. The dashed lines correspond to the theoretical conver-
gence of IHTSVD (purple) at rate 1 — p, optimal step size SVP (yellow) at rate

1— f—fu and optimal step size HB-IHT (green) at rate 1 — \/%\f i These three
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—SVT
SVP (optimal)*
—IHTSVD
~———HB-IHT (optimal)*
~————HB-IHT (estimated) | 1
— AMMC

X" — M|p

Y
50 100 150 200 250 300 350 400 450 500
k

Figure 9.1: The distance to the solution (in log-scale) as a function of the iteration
number for various algorithms (solid) and their corresponding theoretical bounds
up to a constant (dashed). Asterisks indicate algorithms using theoretical step sizes
that are not available in practice. All algorithms share the same computational
complexity per iteration except AMMC.
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algorithms certainly match the performance predicted in theory. SVT exhibits
the slowest convergence as expected from our foregoing discussion. By contrast,
all IHT algorithms enjoy the linear convergence. Without acceleration, SVP with
step size either {4 or LLW is clearly faster than IHTSVD. Nevertheless, HB-IHT
with estimated step sizes outperforms all plain THT algorithms, yet still slower
than HB-IHT with theoretically-optimal step sizes. Finally, we compare the per-
formance of HB-IHT with optimal step sizes with AMMC, which is shown to
converge linearly at rate faster than 1/4 in [106]. While our accelerated algorithm
obtains a comparable rate, it requires significantly less computation per iteration
thanks to the recent breakthroughs in k-SVD algorithms [5], i.e., the iteration
complexity for HB-THT is O(mnr + poly(1/¢)), compared to O(sm?r? + m3r?) for
AMMC as claimed in [106].

9.6 Conclusion and Future Work

To summarize, we introduced the use of Heavy Ball method to significantly accel-
erate IHT for low-rank matrix completion. We analyzed the local convergence of
HB-THT and established the optimal step sizes to guarantee better performance
over plain IHT. We further provided evidence that these optimal values can be
approximated by a simple calculation in practice. Our experiment verified the
analysis and demonstrated the efficiency of the proposed algorithm. Study of our

approach in the noisy case is left for an extended version of this work.
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9.7 Appendix

9.7.1 Proof of Theorem 9.3

Vectorizing Theorem 9.1 yields
vec(Pr(M + A) — M) = (Inn — (Vo @ Us) (Vo @ Up)") vec(A) + q(vec(A))  (9.3)
where g(vec(A)) = vec(Q(A)). From the IHT update, the error matrix is

EF — x® _
— P, (XUH) —ax®D M]S> M
=P (M + E®) — o[E¢V]s) - M

From (9.3), we have

k) — Vec(E(k))
= (Ln = WWT) vee(E®D — a[E®Vg) + g(vec(B*D — a[E* V)
= (Lnn = WWT) (L — aST8)e" ™V + g ((Lnn — ST S)e™ )
= (Lnn = WW")((1 = a) Lun + ST S.)e™ ™V 4 Crg(e* )

1
- (Imn - a((jmn - WWT)(Imn - SCTSC) + EWWT>)6(I€_1) + ClQ<€(k_1))7
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where W = Vo ®@ Uy € Rmx(m=n)(n=1) and | is some positive constant. Now,
denote

1
Zo = (L — WWH(I,,,, — STS,) + aWWT.

Using Lemma 10 in [166], we obtain the upper bound

1e®1], < (p(In — aZ4) + 0(1))* |||

27

where p(1,,, —aZ,) is the spectral radius of I,,, —aZ, and is equal to the maximum
magnitude of any eigenvalue of I,,, — aZ,. Denote \y > Xy > ... > \,,, > 0 are
eigenvalues of Z, and assume that Z, is diagonalizable. Then, finding optimal

step size « is equivalent to solving the following problem

min max 11— a);l. (9.4)
The solution of the optimization problem (9.4) is given by a = ﬁ and the
— Alf)\mn

optimal rate p(I — aZ,) = Now, using the following lemma to simplify

)\1 +>\mn ’

the calculation of \;, we obtain Ay = L and A, = p.

Lemma 9.1. For any A € A(Z,), we have either A =L or X =1 or A € A(H),
where H = SWWTST,

Proof. For any \ € A(([mn - WWh) (I, — STS.) + éWWT>, there exists v €
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C™ v # 0 such that
1

Left-multiplying both sides with (I,,,,,—WW?) and recall that WTW = L=y (n—r)>

we have
(Lin — WWI) (L — STS)v = ML — WW ).
Substituting back into (9.5), we get
ML — WWHw + éWWTU =\ = (é - OWWhy =0.

Hence, we have either A = é or WWTy = 0. In the later case, we can substitute

into (9.5) again to obtain
M= (I — WWI) Ly — SES)v = (L — SES. + WWTSTS, v (9.6)
Left-multiplying both sides with S, and recall that S.ST = I,,,,,_s, we have
SWWTST(Sw) = A\(Sev).

If Sco = 0, then plugging into (9.6) yields A = 1. Otherwise, we have \ €

A(SWWTST). This completes our proof of the lemma. O
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9.7.2 Proof of Theorem 9.4

The error matrix can be represented as follows

B0 — x ) _ pp = p. (XW —alx® M]s) 4 A(X® — x kDY

- <PT(M + E® — o[EW]g) — M) n B(E(k) - (EUH)).
Similarly to Theorem 10.1, we can vectorize the above equation as
pk+1) — ( L. —a Za) e® 1 B(e® — e®-D) 4 Cyq(e®),

By stacking e®®**1) and e® together, the recursion can be rewritten as follows

e+ (14 B)n — Zs —BLy| | e® Chq(e®)
+

e(k) L 0 elk=1) 0

Vv
T

Now, using Lemma 10 in [166], we obtain the upper bound

2 2
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where p(T') is the spectral radius of 7. Assume that Z, is diagonalizable, then T

is similar to a block diagonal matrix with 2 x 2 block 7} of the form ?

1+6—Oé/\j —ﬁ
1 0

for j = 1,...,mn. Thus, the eigenvalues of T are also the eigenvalues of all blocks

T;. Finding optimal step size 3 is equivalent to solving the following problem

miﬁnmax|r| such that 72 — (14 8 — aX;)r + 8 =0, for some j € {1,...,mn}.

(9.7)
Since A = (1 + 8 — a))? — 40, it is easy to verify that
e if A <0, then |oy] = |oa| = /|5,
e if A > 0, then max{|oy|, |o2|} > /|5]-

The optimization (9.7) becomes

mlﬂn\/g st. (I+B8—a))’—4p<0forall 1 <j<mn

st. f>(1— \/oz)\j)2 forall 1 <7 < mn.

(9.8)

& min max ’1 VALY
a?ﬁ j

3This is shown by performing a change of basis on orthogonal space of H, following by per-

mutations on rows and columns.
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The solution of the optimization problem (9.8) is given by

2

(=2 VA= VA2
R/ S, '

= A

Finally, we obtain the optimal rate p(7") = \/*/%;—\/7 ”i’"" Now, using Lemma 9.1, we

obtain A\ = L and \,,,, = pu.



379

Chapter 10: Exact Linear Convergence Rate Analysis for Low-Rank

Symmetric Matrix Completion via Gradient Descent!

Factorization-based gradient descent is a scalable and efficient algorithm for solv-
ing low-rank matrix completion. Recent progress in structured non-convex op-
timization has offered global convergence guarantees for gradient descent under
certain statistical assumptions on the low-rank matrix and the sampling set. How-
ever, while the theory suggests gradient descent enjoys fast linear convergence to
a global solution of the problem, the universal nature of the bounding technique
prevents it from obtaining an accurate estimate of the rate of convergence. This
chapter performs a local analysis of the exact linear convergence rate of gradient
descent for factorization-based symmetric matrix completion. Without any addi-
tional assumptions on the underlying model, we identify the deterministic condi-
tion for local convergence guarantee for gradient descent, which depends only on
the solution matrix and the sampling set. More crucially, our analysis provides a
closed-form expression of the asymptotic rate of convergence that matches exactly

with the linear convergence observed in practice. To the best of our knowledge,

!This work has been published as: Trung Vu and Raviv Raich. “Exact Linear Convergence
Rate Analysis for Low-Rank Symmetric Matrix Completion via Gradient Descent.” In Proceed-
ings of IEEE International Conference on Acoustics, Speech and Signal Processing (ICASSP),
pp. 3240-3244. IEEE, 2021.
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our result is the first one that offers the exact linear convergence rate of gradient

descent for matrix factorization in Euclidean space for matrix completion.

10.1 Introduction

Matrix completion is the problem of recovering a low-rank matrix from a sampling
of its entries. In machine learning and signal processing, it has a wide range of
applications including collaborative filtering [176], system identification [137] and
dimension reduction [31]. In the era of big data, matrix completion has been
proven to be an efficient and powerful framework to handle the enormous amount
of information by exploiting low-rank structure of the data matrix.

Let M € R™™ be a rank r matrix with 1 <7 < min(n,m), and Q = {(7,7) |
M;; is observed} be an index subset of cardinality s such that s < nm. The goal
is to recover the unknown entries of M. Matrix completion can be formulated
as a linearly constrained rank minimization or a rank-constrained least squares
problem [33]. Two popular approaches to solving matrix completion are convex
relaxation via nuclear norm and non-convex factorization. The former approach,
motivated by the success of compressed sensing, replaces the matrix rank by its
convex surrogate (the nuclear norm). Extensive work on designing convex opti-
mization algorithms with guarantees can be found in [27,33,107,145,205]. While on
the theoretical side, the solutions of the relaxed problem and the original problem
can be shown to coincide with high probability, on the practical side, computational

complexity concerns diminish the applicability of these algorithms. When the size
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of the matrix grows rapidly, storing and optimizing over a matrix variable become
computationally expensive and even infeasible. In addition, it is evident this ap-
proach suffers from slow convergence [117,213]. In the second approach, the origi-
nal rank-constrained optimization is studied. Interestingly, by reparametrizing the
n xm matrix as the product of two smaller matrices M = XY ', for X € R"*" and
Y € R™*", the resulting equivalent problem is unconstrained and more computa-
tionally efficient to solve [26]. Although this problem is non-convex, recent progress
shows that for such problem any local minimum is also a global minimum [76,199].
Thus, basic optimization algorithms such as gradient descent [43,144,199] and al-
ternating minimization [40,91,92,106] can provably solve matrix completion under
a specific sampling regime. Alternatively, the original rank-constrained optimiza-
tion problem can be solved without the aforementioned reparameterization via the
truncated singular value decomposition [46,79,104,105,201,213,214].

Among the aforementioned algorithms, let us draw our attention to the gra-
dient descent method due to its outstanding simplicity and scalability. The first
global convergence guarantee is attributed to Sun and Luo [199]. The authors
proved that gradient descent with appropriate regularization can converge to the
global optima of a factorization-based formulation at a linear rate. Later on,
Ma et. al. [144] proposed that even in the absence of explicit regularization, gra-
dient descent recovers the underlying low-rank matrix by implicitly regularizing
its iterates. The aforementioned results, while establishing powerful guarantees on
the convergence behavior of gradient descent, impose several limitations. For some

methods, the linear convergence rate depends on constants that are not in closed-



382

form and are hard to verify in numerical experiments even when the underlying
matrix is known. Second, a solution-independent analysis of the convergence rate
typically offers a loose bound when considered for a specific solution. Third, the
global convergence analysis requires certain assumptions on the underlying model
which largely restrict the setting of the matrix completion problem in practice.
Among such assumptions, one would consider the incoherence of the target ma-
trix, the randomness of the sampling set, and the fact that the rank r and the
condition number of M are small constants as n, m — oo.

To address these issues, we consider the local convergence analysis of gradient
descent for factorization-based matrix completion. In the scope of this chapter, we
restrict our attention to the symmetric case. We identify the condition for linear
convergence of gradient descent that depends only on the solution M and the
sampling set 2. In addition, we provide a closed-form expression for the asymp-
totic convergence rate that matches well with the convergence of the algorithm in
practice. The proposed analysis does not require an asymptotic setting for matrix
completion, e.g., large matrices of small rank. We believe that our analysis can be

useful in both theoretical and practical aspects of the matrix completion problem.

10.2 Gradient Descent for Matrix Completion

Notations Throughout the chapter, we use the notations |||, and |||, to de-
note the Frobenius norm and the spectral norm of a matrix, respectively. On the

other hand, ||-||, is used on a vector to denote the Euclidean norm. Boldfaced
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symbols are reserved for vectors and matrices. In addition, the ¢ x ¢ identity ma-
trix is denoted by I,. ® denotes the Kronecker product between two matrices,
and vec(-) denotes the vectorization of a matrix by stacking its columns on top
of one another. Let X be some matrix and F(X) be a matrix-valued function
of X. Then, for some positive number k, we use F(X) = O(||X||%) to imply
lims o supy ;=3 |1 F(X)[|p / [ X || < oc.

We begin by introducing the low-rank matrix completion problem. For sim-
plicity, we focus on the symmetric case where M is an n x n positive semi-definite
(PSD) matrix of rank r and the sampling set ) is symmetric.? Assume the rank-r

economy version of the eigendecomposition of M is given by
M =UAU",

where U € R"™" is a semi-orthogonal matrix and A € R™" is a diagonal matrix
containing r non-zero eigenvalues of M, i.e., A\ > ... > \. > 0. Since M can be

represented as
M = (UA1/2)(UA1/2)T,

we can write M = X*X*', such that X* = UAY2?2 € R"™". Therefore, the

factorization-based formulation for matrix completion can be described using the

2If the sampling set is not symmetric, one can symmetrize it by adding (j, 1), for any (4, j) € €,

to Q since Mji = M”
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Algorithm 10.1 (Non-convex) Gradient Descent
Require: X°, Po(M), n
Ensure: {X*}

1: for k=0,1,2,... do

2 XM= Xk pPo(XFXF — M)X*

following non-convex optimization:

.1
g 30 (XX = by (10.)
(4,5)€Q

Denote Pg : R™*™ — R™*" the projection onto the set of matrices supported in €2,

ie.,

Zy it (i,§) € Q,
Pal(2)], = ’

0 otherwise.

The objective function in (10.1) is rewritten as f(X) = 1[|[Po(XX T — M)Hi7

The gradient of f(X) is given by
VHAX)=Po(XXT-M)X. (10.2)

Starting from an initial X° (usually through spectral initialization [144]), the gra-
dient descent algorithm (see Algorithm 10.1) simply updates the value of X by

taking steps proportional to the negative of the gradient V f(X).
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10.3 Local Convergence Analysis

This section presents the local convergence result of Algorithm 10.1. While recent
work on the global guarantees of the algorithm has shown the linear behavior
under certain statistical models, we emphasize that no closed-form expression of
the convergence rate was provided. Our result in this chapter, on the other hand,
does not make any assumption about the underlying model for M and €2, and
provides an exact expression of the asymptotic rate of convergence. Let us first

introduce some critical concepts used in our derivation.

Definition 10.1. Denote Q = {(i—1)n+j | (i,5) € Q}. The row selection matriz
S is an s X n? matriz obtained from a subset of rows corresponding to the elements

in Q from the n? x n? identity matriz I,z.

Definition 10.2. The orthogonal projection onto the null space of M is defined
by PUL = In — UUT

Definition 10.3. Let T2 be an n? x n® matriz where the (i, j)th block of T2 is
the n x n matriz eje; for 1 < i,j < n. Then T, can be used to represent the

transpose operator as follows:

vec(E") = T2 vec(E)  for any E € R™",

We are now in position to state our main result on the asymptotic linear con-

vergence rate of Algorithm 10.1.
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Theorem 10.1. Denote P, = I, — Py, QPy, , P, = %(In2+Tn2), and P = P, P;.

In addition, let
H = P(L:—n(M & M)(S'S))P,

where MO M = MQI,+1,2M is the Kronecker sum. Define the spectral radius
of H, p(H), as the largest absolute value of the eigenvalues of H. If p(H) < 1,
then Algorithm 10.1 produces a sequence of matrices Xkxk! converging to M at
an asymptotic linear rate p(H). Formally, there exists a neighborhood N (M) of
M such that for any X°X°' € N(M),

HX’“X’“T—MH §C’HX°X°T—MH p(H)F, (10.3)
F F

for some numerical constant C > 0.

Remark 10.1. Theorem 10.1 provides a closed-form expression of the asymptotic
linear convergence rate of Algorithm 10.1, which only depends on M, Q and the
choice of step-size ). We note that the condition for linear convergence, p(H) < 1,
15 fully determined given M, ), and n. It would be interesting to establish a
connection between this condition and the standard statistical model for matriz
completion. For instance, how the incoherence of M and the randomness of )

would affect the spectral radius of H? This exploration is left as future work.

In our approach, the following lemma plays a pivotal role in the derivation of
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Theorem 10.1, establishing the recursion on the error matrix X*X LA Y/ &t

Lemma 10.1. Let EF = X*X*" — M. Then
E"' = EF — 5)(Po(E*)M + MPo(E")) + O(||E*|)}).

Furthermore, denote A = I» —n(M @& M)(S'S) and e* = vec(E*), the matrix

recursion can be rewritten compactly as
et = Aet + O(||et|[2). (10.4)

Remark 10.2. Figure 10.1 illustrates the effectiveness of the proposed bound on
the asymptotic rate of convergence given by Theorem 10.1. In Fig. 10.1, the low-
rank solution matrix M is generated by taking the product of a 20 x3 matriz X and
its transpose, where X has i.1.d. normally distributed entries. The sampling set €}
is obtained by randomly selecting the entries of M based on a Bernoulli model with
probability 0.3. Neat, we run the economy-SVD on M to compute X* = UAY?.
The initialization X° is obtained by adding i.i.d. normally distributed noise with
standard deviation o = 1072 to the entries of X*. Then we run Algorithm 10.1
with X°, Po(M), and n = 0.5/ ||M]||,. It is noticeable from Fig. 10.1 that our
theoretical bound ||€°||, p(H)* given by the green line predicts successfully the rate
of decrease in ||Ek||F, running parallel to the blue line as soon as HE’“HF <1072

As far as the approximations are concerned, we compare the changes in the error

3We provide proofs of all the lemmas in the appendix at the end of this chapter.
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modeled by e**' = Ae* and the error modeled by e**' = He*. While the former

for HEk <1072,

[

(represented by HAkeOH2 in black) fails to approrimate HE’“HF

the later (represented by HH’“eoH2 in red) matches HE”c surprisingly well.

I

In the rest of this section, we shall derive the proof of Theorem 10.1. First,
we present a major challenge met by the traditional approach that uses (10.4)
to characterize the convergence of the error towards zero. Next, we describe our
proposed technique to overcome this difficulty. Finally, we show that our bounding

technique recovers the exact rate of local convergence of Algorithm 10.1.

10.3.1 A Challenge of Establishing the Error Contraction

The stability of the nonlinear difference equation (10.4) is the key to analyze the
convergence of Algorithm 10.1. In essence, linear convergence rate is obtained by

the following lemma:

Lemma 10.2. (Rephrased from the supplemental material of [212]) Let (ay)nen C

R, be the sequence defined by
n1 < pay + qa? form=0,1,2,...,

where 0 < p <1 and ¢ > 0. Then (a,) converges to 0 if and only if ag < %. A

simple linear convergence bound can be derived for ag < ,olep in the form of

-1
a, < agKp", for K = (1 — &) :
p(1=p)
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Figure 10.1: Linear convergence of gradient descent for matrix completion. The
decrease in the norm of error matrix E* through iterations is shown in the blue
dashed line with triangle markers. The black solid line with square markers and
the red dotted line with circle markers represent first-order approximations of
the error using A and H, respectively. Finally, the green dash-dot line is the
theoretical bound (up to a constant) given by |€°|, p(H)*. We use different
markers, i.e., triangle versus circle, to better distinguish the blue line from the
red line, respectively.
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In order to apply Lemma 10.2 to (10.4), one natural way is to perform the eigen-
decomposition A = QaAAQ,", where Q4 is the square matrix whose columns
are n? eigenvectors of A, and A 4 is the diagonal matrix whose diagonal elements

are the corresponding eigenvalues of A. Then, left-multiplying both sides of (10.4)

by Q7 vields
Q:ekﬂ _ AAQzllek + @(||€kH§)a

where Q' does not affect the © term since its norm is constant. Applying the

triangle inequality? to the last equation leads to

JQa'e ], = [as@ziet], + O] (103)

With the definition of the spectral radius of A using the spectral norm of A 4, we

have

||AAé||2

lell;

p(A) = ||[Aall, = sup{ e R &+ O}. (10.6)

Now, using (10.6) and the fact that O(HekH;) = O(HQ;‘lekH;), (10.5) can be

4Given a = b + ¢, by triangle inequality, we have ||a|| < ||b]| + ||c|| and ||a| > ||b]| — ||¢/| (since
b= a+ (—c) and hence |[b]| < [[a]| + || = cll = [la]| + llc]| or [lal[ = [[b]] = [|c]|). Consequently, we

can write |[|al| —[[b[|] < [|¢[| and hence [|al| = [[b[| + O([|c]))-
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upper-bounded by

lQa'e" ||, < p(A) |Q7'e" (|, + O[|Q7"e"[|3). (10.7)

If p(A) < 1, then by Lemma 10.2, the sequence HQ;‘IGkH2 converges to 0 linearly
at rate p(A). Unfortunately, one can verify that p(A) > 1 by taking any vector
v € R" such that v; = 0 for all i € Q. Since Av = v, 1 must be an eigenvalue of
A.

The failure of the aforementioned bounding technique is it overlooks the fact
that B¥ = X*X*' — M. By defining & = {XX'— M | X € R™"} and
Ea=1{Q,' vec(E) | E € £}, a tighter bound on |AAQ4 €|,/ ||Q4' €|, can be

obtained by

A1é 3
pf(A,0) —sup{% cec&y,e#0,€|, gé}, (10.8)
€ll2
for some constant § > 0. Taking into account the structure of E¥, one would
expect p(A) = lims_,0 p°(A, d) is a more reliable estimate of the asymptotic rate
of convergence for (10.4). Nonetheless, (10.8) is a non-trivial optimization problem

that has no closed-form solution to the best of our knowledge.

10.3.2 Integrating Structural Constraints

To address the aforementioned issue, we propose to integrate the structural con-

straint on E* into the recursion (10.4). As we shall show in the next subsection,
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this integration enables the application of Lemma 10.2 to the new recursion in
order to obtain a tight bound on the convergence rate. First, let us characterize

the feasible set of error matrices £ as follows:
Lemma 10.3. E € £ if and only if the following conditions hold simultaneously:

(C1) P.(M+E)= M+E, where P, is the truncated singular value decomposition
of order r [61].

(C2) ET=E.
(C3) v'(M + E)v >0 for all v € R".

Our strategy is to integrate three conditions in Lemma 10.3 into the linear oper-
ator A so that the resulting recursion will implicitly enforce E* to remain in &.
Specifically, for condition (C1), we linearize P, using the first-order perturbation
analysis of the truncated singular value decomposition [211]. For condition (C2),
we leverage the linearity of the transpose operator. Finally, while handling con-
dition (C3) is non-trivial, it turns out that this condition can be ignored. In the
following lemma, we introduce the linear projection that ensures the updated error

EF remains near €.

Lemma 10.4. Recall that P, = I, — Py, @ Py, , P» = %(Inz + Tnz). Then, the

following statements hold:

1. Py corresponds to the orthogonal projection onto the tangent plane of the set

of rank-r matrices at M .
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2. Py corresponds to the orthogonal projection onto the space of symmetric ma-

trices.
3. Py and Py commute, and P = P, P, = P, P, is also an orthogonal projection.
4. For any E € &, vec(E) = Pvec(E) + O(|| E||7).

By Lemma 10.4-4, we have e* = Pe” + (’)(HekHz) for all k. Using this result with
k + 1 instead of k and replacing €*** from (10.4) into the first term on the RHS,

we have

et = P(Ack + O(2) + O [[).

Substituting e* = Pe* + (’)(Hek”;) and using e"*! = O(||e*||,), we obtain
e’ = PAPe" + O(Hek”;) (10.9)

It can be seen from Lemma 10.4-1 and Lemma 10.4-2 that the projection P en-
forces the error vector €* to lie in the space under conditions (C1) and (C2) in

Lemma 10.3. Now replacing the definition H = PAP, (10.9) can be rewritten as
ettt = Hek + O(||e"|;). (10.10)

Similar to the derivation with A, let H = QuAp Q7 be the eigendecomposition

of H and define é* = ;{lek . Then, we have

€42, = lame], + O]l (10.11)
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In addition, denote £y = {Q4 vec(E) | E € £}, we can define

Aé
p(H) :sup{HIj—eH2 ; éER"Q,é;«EO} and (10.12)
€]l
Awé 3
s s IRl e e gy e 20, < 5. (10.13)
2

Since (10.4) and (10.10) are two different systems that describes the same dynamic
for E¥ € &, one would expect they share the same asymptotic behavior. In par-
ticular, their linear rates of convergence should agree when the constraint E* € &£

is considered.

Lemma 10.5. Let p*(H) = lims_,o p*(H, ). Then,

While using H instead of A preserves the system dynamic over &, it provides
updates of the error that ensure that it remains in £. Consequently, we can ignore

the constraints that are implicitly satisfied in our analysis when using H.

10.3.3 Asymptotic Bound on the Linear Convergence Rate

We have seen in Subsection 10.3.1 that applying Lemma 10.2 to (10.4) fails to
estimate the convergence rate due to the gap between p®(A) and p(A). In this
subsection, we show that integrating the structural constraint helps eliminating the

gap between p®(H) and p(H) (even when condition (C3) is omitted). Therefore,
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applying Lemma 10.2 to (10.11) yields p(H) as a tight bound on the convergence

rate. To that end, our goal is to prove the following lemma:

Lemma 10.6. As § approaches 0, we have p(H)—p®(H,§) = O(). Consequently,
it holds that p(H) = pf(H).

Let us briefly present the key ideas and lemmas we use to prove Lemma 10.6. Our
proof relies on two critical considerations: (i) p(H,d) < p(H), (ii) there exists a
maximizer €* of the supremum in (10.12) such that the distance from é* to g is
O(6%). While (i) is trivial from (10.12) and (10.13), (ii) is proven by introducing

Fs as a surrogate for the set £ as follows:

Lemma 10.7. Denote the eigenvector of H corresponding to the largest (in magni-
tude) eigenvalue by q,. Define G as the n x n matriz satisfying vec(G) = dq;. Let
Fs be the set of n x n matrices satisfying the following conditions: (i) || F|| < 20;
(ii) FT = F; (ii) | Py, FPy, ||y < 6% and (iv) v (M +F)v > 0 for allv € R™.

Then, there exists F' € Fs satisfying
IF - G|l =0(7).

Lemma 10.8. For any F' € Fs, there exists E € £ satisfying
|E - F| = 0(5%).

From (i) and (ii), it follows that the difference between p¢(H, §) and p(H) is O(6).
Thus, p(H) = p°(H) when taking the limit of p*(H, ) as § — 0. Our derivation
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of Theorem 10.1 is completed by directly applying Lemma 10.2 to (10.11).

10.4 Conclusion and Future work

We presented a framework for analyzing the convergence of the existing gradient
descent approach for low-rank matrix completion. In our analysis, we restricted
our focus to the symmetric matrix completion case. We proved that the algorithm
converges linearly. Different to other approaches, we made no assumption on
the rank of the matrix or fraction of available entries. Instead, we derived an
expression for the linear convergence rate via the spectral norm of a closed-form
matrix. As future work, using random matrix theory, the closed-form expression
for the convergence rate can be further related to the rank, the number of available
entries, and the matrix dimensions. Additionally, this work can be extended to

the non-symmetric case.

10.5 Appendix

10.5.1 Proof of Lemma 10.1

Recall the gradient descent update in Algorithm 10.1:

Xk+1 — Xk o nPQ (XkaT . M)Xk‘

= (I, — nPo(E*)) X*. (10.14)
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Substituting (10.14) into the definition of E**! we have

Ek+1 _ Xk+1xk+1T - M

= (I, — jPo(E*)) X* X* (I, — nPo(E*)) " — M.

From the fact that E* is symmetric and Q is a symmetric sampling, the last

equation can be further expanded as

EF — xhxhT _ nPQ(Ek)XkaT

— X" X* Po(EY) + n*Po(EF) X X*

Po(E") — M. (10.15)
Since X*X*' = M + EF, (10.15) is equivalent to

E" = E* — (Po(E*)M + MPo(E*)) — n(Po(EF)E* + EXPo(E"))

+ 1?Po(E") MPo(E*) + n*Po(E*) E*Po(E"). (10.16)

Note that HPQ(E’“)HF < HE’“HF Hence, collecting terms that are of second order

and higher, with respect to HE’“”F, on the RHS of (10.16) yields
E"' = BF — )(Po(E*)M + MPo(E")) + O(||E*|)%).
Now by Definition 7.2, it is easy to verify that

SS'=1I,. and vec(Po(E"))=S'Se".
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Using the property vec(ABC) = (C'®A) vec(B), (5) can be vectorized as follows:
ettt = e — (M @ I,,) vec(Po(E*)) — (I, © M) vec(Po(E")) + O(||€").
The last equation can be reorganized as

ehtl = <In2 (M@ M)(STS))ek +O(|e"|2).

10.5.2 Proof of Lemma 10.3

(=) Suppose E € £. Then for (Cl),ie., ET=E, E = XX"~ M is symmetric
since both X X " and M are symmetric. For (C2), i.e., P,(M + E) = M + E,
stems from the fact M + E = X X T has rank no greater than r for X € R"*".

Finally, for any v € R", we have
vV (M+Ev=v"(XX"v= HXT'UHE > 0.

(<) From conditions (C1) and (C3), M + E is a PSD matrix. In addition,
P.(M + E) = M + E implies M + E must have rank no greater r. Since any
PSD matrix A with rank less than or equal to r can be factorized as A =YY '

for some Y € R™*" we conclude that E € £.
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10.5.3 Proof of Lemma 10.4

First, recall that any matrix IT € R *"” is an orthogonal projection if and only if

IT? = IT and IT = IT". Since Py = Py, , we have

Pl =(I,-Py, @Py)"
=1),-Pj ® Py,

=1,.— Py ® Py =P.
In addition, since Pg = Py, , we have

P?=(I,:— Py, @ Py, )L — Py, ® Py,)"
=1? - 2Py, ® Py, + (Py, @ Py,)?
=1, 2Py, ® Py, + (P} ®P%))
=1I,.—-2Py ® Py, + Py, ® Py,

~I.- Py ®Py =P,

Second, using the fact that T?% = I,,» and T,,» is symmetric, we can derive similar

result:

Lo+Tpo\' Io+T,
PJ:(Q) _wtiwe _p

2 2
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and

(In2 -+ Tn2)2
4
I->+2T,+ TT?Q
4

B 21,2 + 2T, »

B 4
. I->+1T,:
2

=P,

Third, we observe that P; and P, are the vectorized version of the linear

operators
II,(E)=FE — Py, EPy,
and
1 T
IL,(B) = 5(E + E),

respectively, for any E € R™*". Hence, in order to prove that P; and P, commute,

it is sufficient to show that operators Il; and II, commute. Indeed, we have

ILIL(E) = 5 ((E ~ Py, EPy,) + (E — Py, EPy,)')

— N =

1
— _(E+E") - PUL§(E + ENPy,

\)

- H1H2(E)
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This implies II; and II, commute. Since P is the product of two commuting

orthogonal projections, it is also an orthogonal projection.

Finally, let us restrict E to belong to £ and denote e = vec(E). Using Theo-

rem 3 in [211], we have

P.(M + E)=M + E — Py, EPy, + O(|E|%).

Since P.(M + E) = M + E, it follows from (10.17) that
Py, EPy, = O(|E|[}).
Vectorizing the last equation, we obtain
(Py, ® Py,)e = O(| E||}).
On the other hand, since E is symmetric,

I:+T,:
e — Tn26 = <L>e

2

From (10.18) and (10.19), we have

e= (L2~ Py, @ Py e+ O(|E|})
I->+T,

= (Lo — Py, ® Py, ) (7

Je+ OB},

(10.17)

(10.18)

(10.19)

(10.20)
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Substituting
I>+1T,: )

P=PP =z Py @ PUL)( .

into (10.20) completes our proof of the lemma.

10.5.4 Proof of Lemma 10.5

Let £ = {vec(E) | E € £}. Recall that for any e € &,
e = Pe + (9(He||§)
Therefore, by the triangle inequality, we obtain

|Ael, = ||[A(Pe + O(e]2)||

< |APe|, + |AO(|e|?)],-

Since the second term on the RHS of the last inequality is O(||e]|3), it is also O(5?)

for any e € £ such that |el|, < d. In other words,

lAe], < [|APell, + O(6%). (10.21)



Similarly, we also have,

lAell, > | APell, — [ AO(lle],)]],
= [[APell, — O(?).
From (10.21) and (10.22), it follows that

|Aell, _ [APel|,

lel, el

+0(6).

Taking the limit of the supremum of (10.23) as § — 0 yields

A
pg(A) = lim sup —” ll,
60 eeg HeH2
e#0
llell,<é

|APel,

= lim sup W
2

6—0 ecé
e#0
llell;<é

Now following similar argument in Lemma 10.6, we have

p*(AP) = p(AP),

pf(PAP) = p(PAP).

= p°(AP).
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(10.22)

(10.23)

(10.24)

(10.25)
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Given (10.24) and (10.25), it remains to show that p(AP) = p(PAP). Indeed,

using Gelfand’s formula [77], we have

1/k
2

p(AP) = lim |[(AP)"||

k—o0

and p(PAP) = lim || (PAP)"|,"
—00

2

By the property of operator norms,
I(AP)*]|, = [A(PAP), < [lA, [[(PAP)*],.

Thus,

1/k
2

ICaP)’|

2

_1)\ (b=1)/k

Taking the limit of both sides of the last inequality as k — oo yields p(AP) <

p(PAP). Similarly, since
I(PAP)|, = [|P(AP), < |[(AP)"],,

we also obtain p(PAP) < p(AP). This concludes our proof of the lemma.
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10.5.5 Proof of Lemma 10.6

Without loss of generality, assume A; is the eigenvalue with largest magnitude,
i.e., |A\1| = p(H). By the definition of G, we have |G|, = 0. Since H vec(G) =
M vec(G) and H = QuApQy, it follows that

QuAuQy vec(G) = A vec(G). (10.26)
Multiplying both sides of (10.26) by Qj;, we obtain
AuQy vec(G) = M Q4 vee(Q).

Taking the L2-norm and and reorganizing the equation yields

HAHQ;II VeC(G)||2
|Q vec(G)l,

= [Mi| = p(H). (10.27)

Therefore, G leads to a solution of the supremum in (10.12). We now prove that

G is symmetric and (Py, ® Py, )vec(G) = 0. First, since P, P, and P = P, P,
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are orthogonal projections, we have
P,H = P,PAP
= P,P,P AP
= P,P AP

= P P,AP

=PAP=H.

Thus,

A\ vec(G) = H vec(G)
= P, H vec(G)

= )\1P2 V€C<G). (1028)

Substituting P, = 3(I,,2 4+ T,2) into (10.28) yields

vec(G') =T2vec(G) or G=G'.

Second, since PH = H, we obtain

A vec(G) = H vec(Q)
= P H vec(G)

= A\ P, vec(G). (10.29)
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Substituting Py = I, — Py, ® Py, into (10.29) yields
(Py, @ Py, )vec(G)=0 or Py GPy, =0.

Since |[E - G| < |E—-F| + ||[F — G| (by the triangle inequality), Lem-
mas 10.7 and 6.4 imply the existence of E € & such that |[E — G|, = O(&?).

Denote é = Q' vec(E) € Ex, we have

AHé = )\1é - ()\1In2 - AH)é
= )\1é — <)\1In2 — AH)Q;-_Il VeC(E)

= )\1é — ()\11-”2 — AH)Q;-_Il VeC(E — G)

where the last equality stems from the fact that \, Q4 vec(G) = AgQ7 vec(G).

Next, using the triangle inequality, we obtain

|Amell, > [Miéll, — (ML — Am)Qy vee(E — G)

> p(H) ||l = M I — Arll, [|Q ||, lvee(E — G,

Dividing both sides by ||€|, yields

ML — Al || Qi [, vec(E — G,

el

Age
H {I H2 > p(H)
el

(10.30)
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Since ||E — G| = O(6%), (10.30) can be rewritten as

|Amell, S

E p(H) — O(5?). (10.31)

On the other hand, for any e € Emr, we also have

[Anél, _

el = p°(H,8) < p(H). (10.32)

Combining (10.31) and (10.32) yields p(H) — pf(H,6) = O(9).

10.5.6 Proof of Lemma 10.7

Denote Py = UU', for any v € R”, we can decompose v into two orthogonal

component:
v=vy + v,

where vy = Pyv and v, = Py ,v. Without loss of generality, assume that

v]l, = ||UUH§ + HU¢||§ = 1. Thus, we have

v' (M + G)v = (vy +v) (M + G)(vy +vy)

= v Muvy + v,Gvy + v,Gv, +v|Goy +v Gvy, (10.33)
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where the last equation stems from the fact that M = Py M Py and Py Py, = 0.

Since Py, GPy, = 0, we have
’UIGUJ_ = ’UTPUJ_GPUJ_’U = 0.
Thus, (10.33) is equivalent to
v (M + G)v = v;Mvy + v,Gvy + 2v,Gv,.. (10.34)

Now let us lower-bound each term on the RHS of (10.34) as follows. First, by the

Rayleigh quotient, we have
viMuy >\, |lvolf;, (10.35)
and
vpGoY 2 Aain(G) [vull; = = |Gl vuls - (10.36)
Next, by Cauchy-Schwarz inequality,

vpGuL > — |G, [lvully lvill, = = Gl llvoll, - (10.37)
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From (10.35), (10.36), and (10.37), we obtain

v (M +G)o > (N~ [Glip) lvull; = 2(Gll lvull,. (10.38)

Note that |G| = ¢ and the quadratic g(t) = (A, — d)t* — 24t is minimized at

Combining this with (10.38) yields

2
v (M + G)v > _752’

T

for sufficiently small . Let F = G + %(52In. Now we can easily verify that
|F — G|, =0(§) and F € F .

10.5.7 Proof of Lemma 6.4
We shall show that the matrix E = P,.(M + F) — M belongs to £ and satisfies
|E — F||, = 0(%). (10.39)

First, since F' € F5, M + F must be PSD. Thus, P,(M + F') is a PSD matrix of

rank no greater than r and it admits a rank-r factorization P,(M + F) = ZZ",
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for some Z € R™*". Therefore, by the definition of £,
E=P(M+F)-M=ZZ"- M c&.
Next, using (10.17), we have

E-F=P,(M+F)-M—F

= PULFPUL + O(HFH%)

Since F € Fs implies Py, FPy, = O(||F||3), we conclude that E — F =
O(|F|7)-
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Chapter 11: Adaptive Step Size Momentum Method For

Deconvolution?

In this chapter, we introduce an adaptive step size schedule that can significantly
improve the convergence rate of momentum method for deconvolution applica-
tions. We provide analysis to show that the proposed method can asymptotically
recover the optimal rate of convergence for first-order gradient methods applied to
minimize smooth convex functions. In a convolution setting, we demonstrate that
our adaptive scheme can be implemented efficiently without adding computational

complexity to traditional gradient schemes.

11.1 Introduction

Deconvolution is the process of reversing the effects of convolution [227]. It is
widely used in the areas of signal processing and image processing [10,19]. In image
processing, this term also refers to recovering the original image by deblurring [8].
Recently there has been an increasing interest in machine learning approaches
for deconvolution including nonnegative matrix factorization [155], sparse coding

[122,185], convolutional dictionary learning [39,233].

!This work has been published as: “Adaptive Step Size Momentum Method For Deconvolu-
tion”, In Proceedings of IEEE Statistical Signal Processing Workshop (SSP), pp. 438-442. IEEE,
2018.
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Deconvolution is usually performed by representing the convolution in the form
of a linear shift-invariant operator and utilize a minimum mean square error as an
optimization criterion. From machine learning perspective, the objective function
can also be extended to other loss functions like Hinge loss or logistic regression cost
function. Deconvolution can be done on either the time domain using circulant
matrices or the frequency domain by computing the Fourier Transform [99]. A
major challenge of this inverse problem is the ill-posed nature of continuous data
that results in ill-conditioned matrices in the optimization [157]. Several techniques
have been proposed to accomplish this using regularization theory. One direct way
is to compute the closed-form solution of the problem. However, this approach is
often inefficient due to the computational complexity of the inverse operator, and
more importantly, it only works for apparently simple objective functions [§]. A
more common method is to use iterative algorithms, in which various optimization
techniques can be exploited to find a close approximation of the solution. With the
increasing number of large-scale problems, this approach have been shown to be
very well suited to deconvolution. Besides, other deconvolution techniques include
recursive filtering [157], wavelets [65], and neural networks [229].

The most widely used among iterative algorithms for deconvolution is gradient
descent. Although this method suffers from the slow convergence rate of first-order
methods, its low cost and simplicity turn out to be very useful in practice. On the
other hand, second-order methods such as Newton-Raphson obtain a rapid conver-
gence rate but require the computation of the Hessian and its inverse, which can

be prohibitively expensive for large scale problems [24]. To compromise, momen-
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tum method has been proposed to accelerate the convergence of gradient descent
while remaining the computational complexity. This slight modification of gradi-
ent descent was shown to achieve a fast convergence rate on minimizing a smooth
convex function [159]. Nevertheless, while multiple approaches are available for
choosing optimal step sizes in gradient descent (e.g., backtracking line search), lit-
tle is known for step size selection in momentum method when prior knowledge of
the function curvature is limited.

To address this issue, we propose an adaptive schedule that uses the gradient
information to compute the step size for momentum method at each iteration ac-
cordingly. In a convolution setting, the special structure of the objective function
allows us to implement the algorithm efficiently without heavy computations of the
Hessian. We provide analysis to show that our method asymptotically recovers the
optimal convergence rate determined by the Hessian at the solution. Compared
to gradient descent methods, the proposed method requires only twice as many
as the number of operations per iteration, while dramatically accelerates the con-
vergence in many cases when the objective function is ill-conditioned in general
but locally well-conditioned at the solution. Lastly, we present a numerical evalu-
ation that verifies the effectiveness of the proposed approach and suggest potential

applications to other domains.
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11.2  Preliminary

Consider the problem of minimizing a twice differentiable, smooth and strongly
convex function f(z) : R — R. In particular, [I < V2f(x) < LI , Vo. We shall
denote by x* the unique solution of this optimization problem and f* = f(z*).
We further assume that A\; and Ay are the largest and smallest eigenvalues of the

Hessian at x*, respectively. Thus, we define the global condition number of f as

A

L AL
K N

r = £ and the local condition number of V2f* as k = 21. For quadratics, these
two number are the same. However, for non-quadratic functions,  is smaller than
r. Exploiting the gap between k and r is often an efficient way to accelerate the
convergence of iterative methods.

In gradient descent method, the solution is initialized to = z(® and the

following step is used to update x:

2D = 1) _ o By f (k) (11.1)

Various algorithms have been proposed to choose the step size a¥) in order to
obtain an optimal convergence rate. One notable result from Nesterov regarding

fixed step size gradient descent methods is given by Theorem 11.1.

Theorem 11.1. (Theorem 2.1.15 in [160]). The gradient descent method with

. k) _ 2 . _r—=1 _ L-I
fized step size o' = =5 has a global linear convergence rate of R = == = 77,
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1.e.,

Alternatively, adaptive schedules like exact and inexact line search are generally
preferred in practice. It has recently been shown to converge at the same rate
R for smooth convex functions on the worst-case scenario [54]. However, beyond
the worst-case scenario, we should note that the asymptotic convergence rate is
generally better for non-quadratic functions, where the objective function is lo-

cally well-conditioned, and the asymptotic convergence rate is defined by the local

K—1

=, which is smaller than

condition number of the Hessian at the solution: K =
R.
Momentum method adds a second term from the previous iterate to the update

equation of gradient descent

20D = 5@ — WY f(g®) 4 g0 (28 — g1, (11.2)

In [166], Polyak showed that this method achieves a faster convergence rate of

ﬁﬁ on a quadratic by setting

: o (VI VY
=) = () -

It is noteworthy that analyses of convergence in this case usually involve performing

a change of basis on the domain size y*) = U T(a:(k) —a*), where U comes from the
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eigenvalue decomposition V2f* = UAUT. The convergence rate is then defined
by the slowest decreasing component in y*), denoted by yj(.k). Similar to gradient
descent, fixing the momentum step size does not recover the optimal convergence
rate for non-quadratic smooth convex objective function. An in-depth analysis
on different momentum regimes which is based on the behavior of second-order
dynamic systems is discussed in [164]. The authors also suggested a restart strategy
in order to achieve an even faster convergence rate that depends on the condition

number of Hessian at solution, 7 = ﬁ;} . However, the proposed algorithms

are based on Nesterov’s Accelerated Gradient method, a variant of momentum
method, and hence its motivation is rather the restarting mechanism than choosing

the optimal step sizes.

11.3 Problem Formulation

In deconvolution, we are given a training set of {&,,, ¥, })7_, and the objective is
to learn a convolution kernel w to minimize a cost function f(w) = S.0_ C(a,, *
w,Yn,) + Q(w), where 2 is a regularization term. Assume all training examples
are of the same dimension n and are zero-padded at both ends, we can denote
T = [Tm(1), . ()], Y = [Ym(1), .. Ym(n)] T, and w = [w(1),...,w(h)],
where h is the window size. Let T; = [2(t), 2 (t—1), ..., 2 (t —h+1)]T be the

tth sliding window segment in the mth signal. If C can be broken down to each
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sliding window, the objective function is rewritten as

M n

=D clw @, Y1) + Qw). (11.4)

m=1 t=1

We make a further assumption that the cost function c¢(a,b) is smooth convex

and the regularizer Q(w) is smooth and strongly convex, and both are twice dif-

ferentiable with respect to @ and w, ie., 0 < aS;ZT =< pl and A\ < ﬁ%r =<
~I, for 1, A,y > 0. Note that c¢(a,b) can be a distance metric (e.g., |la — b||*),
a divergence metric (e.g., Y . (bi logZ—i + a; — b,-) where a;,b; > 0) or a more
general loss (e.g., log(}_,e*) — > .a;b; where b, € {0,1}). Consider a logis-
tic loss with L2-regularization for example, c(a,b) = log(l + e*) — ab, where

b e {0,1}, and Q(w) = ||w|*, the aforementioned assumption is supported by

d%c __ Oc
0 < da? _%(1

< % and me = AI. For simplicity, we provide analysis

da ) dwdw

for the case where the cost function parameters a, b are scalars. From (11.4), we

obtain

M n
d*Q)
_ . UL 11.

mZ::“:l o( Taz mt) owiz, 2 twmt+ dwdwT (11.5)

In this setting, the special structure of the Hessian recalls the autocorrelation

T T : :
R s - - - ,:cm(mhfl)] is obtained

Tm

= X} X, where the circulant matrix X, = [z

from padding zero to x,, and x,, is the time-reversed version of «x,,. If all signals
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are normalized to zero mean and unit variance, the Hessian can be bounded by
M
A 2 VPf(w) X p Y Ra, +71 Vw. (11.6)
m=1

Since the power spectrum of z,, can be expressed as the Fourier Transform of its
autocorrelation function, the maximum eigenvalue of R;  is also the maximum
power spectrum Sz, (0). Thus, (11.6) provides us with a decent estimate of the
function parameters: [ = A and L = ,uzn]‘f:l Sz,,(0) + A. In this estimation, the
lower bound depends on the choice of the regularization factor, while the upper

bound depends on the data itself.

11.4 Adaptive Step Size Scheme

Motivated by line search approach in gradient descent, this section presents an
adaptive schedule to choose the optimal value of step size for each momentum itera-
tion. First, we notice that the optimal convergence rate for momentum, and in gen-
eral for first-order methods, depends on the condition number of the Hessian at the
solution. Indeed, asymptotic analyses of convergence often assume the function can
be locally approximated by a quadratic in the region near the optimum, and con-
sider the rate of convergence inside this region. In case of gradient descent, recover-
ing the optimal rate is practically done by backtracking line search. Another inex-

act line search method stems from second-order Taylor expansion of the objective

function f(w—aV f(w)) = f(w)—aV f(w) 'V f(w)+10?V f(w) 'V f(w)V f(w).
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The superscripts are omitted for brevity. The step size at each iteration is then

determined by minimizing this quadratic function with respect to «, yielding

V) Vi(w)
Vi (w) V2 (w)V f(w)

(11.7)

Since quadratic functions have the same Hessian everywhere, it follows from Sec-
tion 11.2 that the resulting iterates obtain the optimal asymptotic convergence
rate K inside the quadratic region near the solution.

Naturally, we bring this intuition to the updates in momentum method. Let
Aw® = w® —wE=D. D, = [Vf(w®), —Aw®)], and n® = [a®, 3BT, From

(11.2), we can approximate
1 T
f® = Din™) ~ f(w") = V{(w®) D™ + 5n™ DIV f(w™) Din®.

Minimizing this quadratic function with respect to n®*) yields

-1
n® = (D,I v2f(w<’“>>Dk) DV f(w®). (11.8)
We can further simplify (11.8) as follows
-1
a VIV2IVf —Aw'VfVf VfIVf
B —Aw'V2fVf Aw'VZfAw —Aw'Vf

Note that the inversion in this equation only involves a 2 x 2 matrix, and should not
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Algorithm 11.1 Adaptive step size scheme for momentum.

1: Given initial guess w® and w®.
2: repeat for k =1,2,...

3 Aw=w® —wkY > O(h)
4: Vf = Zm,t mwmt -+ Aw > O(Mnh)
5: form=1,....M,t=1,...,ndo > O(Mnh)
6: Pmt = m;tvf7 Amt = CB;L—LtA’lU

7: Cmt — 82C/8(memt)2

8: u=Vf'Vf,v=Aw'Vf t=Aw'Aw > O(h)
9: a=M S Py + Au > O(Mn)
10: b= Efle > ContPmtGmt + AU > O(Mn)
11: d= Zf‘r{:l S ot Ct Qg + A > O(Mn)
12 o = el 50 = tua > O(1)
13: Update w**V) using (11.2). > O(h)

14: until convergence

be confused with the inversion in Newton-Raphson method. More interestingly,
computing this matrix only requires the same complexity as computing the gradient
thanks to the decomposition of V2f into multiple terms of the form zx'. We
propose the adaptive step size momentum method in Algorithm 11.1, with L2-

regularization for simplicity.

N
VA1

The detailed proof is not given here due to space limitation. The intuition is

The resulting iterates obtain a provably asymptotic convergence rate 7 =

each iteration Algorithm 11.1 decreases the objective function more than that of
fixed step size momentum chosen by (11.3). Therefore, inside the optimal region,
it converges at least as fast as fixed step size chosen by the local parameters.
Although the behavior outside the optimal region is unclear, this adaptive scheme

is often helpful in practice.
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Table 11.1: Computational complexity of fixed step size gradient (GD), adaptive
step size gradient (AGD), fixed step size momentum (MO), adaptive step size
momentum (AMO), and Newton’s method. € is the relative accuracy.

Method | # Ops. / Iter. | Cvg. rate | # Iters. needed
GD O(Mnh) % “Llog(1/e)
AGD O(Mnh) :H =l ]og(1/e)
MO O(Mnbh) e Vi og(1/e)
AMO O(Mnh) e Vel log(1/e)
Newton |  O(Mnh?) quadratic O(1)

To simplify the complexity analysis, we assume the calculation of derivatives
of ¢ and Q is O(1). Table 11.1 shows the computational complexity per iteration
of the proposed approach is the same as other methods, but it requires the least
number of iterations to reach a certain accuracy to the solution. The computation
can even be more efficient if the window size is large enough (h ~ n), by using the

Fast Fourier Transform to obtain O(Mnlogn) complexity per iteration.

11.5 Numerical Example

In this experiment, we consider a convolutive logistic regression model for recog-
nizing a sequence of handwritten digits. Our goal is to illustrate the convergence of
the proposed algorithm and compare it with the theoretical analysis in the previous
section.

Setting. From MNIST database, we generate a dataset of M = 10 composite

images as follows. Each image of size 28 x 150 is created by sequentially adding four
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Figure 11.1: Top - an image generated by randomly inserting a sequence of 0, 1,0, 1.
Bottom - the corresponding label series.
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28 x 28 digit images to a zero background such that the bottom left corner of the
ith digit is chosen uniformly between positions 28(i—1)+1 and 28i along the width
of the composite image (see Fig. 11.1). We create the feature vector x,,, of h = 784
elements by vectorizing the 28 x 28 window centered at tth position along the width
of the mth image (n = 150). For the purpose of illustration, we only consider
images with two digits 0 and 1. Thus, we aim to learn a classifier w for C' = 3
classes 0, 1 and -1 (for non-digit positions). The parameter w thereupon has 2352
elements (= 3 x 28 x 28), making the Hessian exceedingly large and infeasible to
apply Newton’s method. Finally, the label y,,(¢) is determined by checking whether
the window centered at tth position matches exactly with the digit positions. We
represent the label as a vector of class membership 4,,(t) = [Ymi1, - - - » Ymic] -

Recall the multinomial logit-model is given by

C

Pmtc = P(ymtc|mmta ’UJ) = eymtcw;rmmt/(z ew;mmt)
7j=1

and the cost c¢(a,b) = log(3.", e%) — 3. acb.. The Hessian can be extended

from (11.5) as

1
vzf = Mn (Apmt - pmtp;t) & wmtm:rm
where P = [Pmit1, - -, Pmec] | (see [22]). Since we have Ap,.. — DD, = %([C =

(%Tl), a rough estimate of the Lipschitz constant is L = 5> Sz (0). The

strong convexity constant [ is controlled by the L2-regularization factor A = 1072,

Thereupon, we implement four other methods in comparison with our proposed
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Figure 11.2: The log-scale decrease in the distance to the solution on domain value
side through iterations.

method, namely fixed step size gradient descent, adaptive step size gradient de-
scent, fixed step size momentum, and gradient descent with backtracking line
search. For fixed step size schemes, we use the optimal step sizes described in
Theorem 11.1 and Equation (11.3). For backtracking line search, we set the pa-
rameters a = 0.2, = 0.5. Our adaptive step size schedules require no tuning
parameters.

Results and analysis. Figure 11.2 compares the empirical convergence of
the five methods in terms of the distance to the solution. The dash lines are

added to the plot in order to depict the theoretical convergence rate corresponding
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to the global and local condition numbers given in Table 11.1. Not surprisingly
all the methods match their theoretical convergence rates. The convergence of
adaptive step size momentum deems to be slightly faster than the optimal rate at
the solution (group 4), and clearly outperforms the other four methods. Adaptive
schemes applied to gradient descent also results in a competitive convergence to
backtracking line search, i.e., purple line versus yellow line (group 2). Fixed step
size gradient descent and momentum method converge almost at the rate predicted
by the analysis (group 1 and 3). Obviously, those approaches are slower than
their adaptive versions because they only depend on the global parameters of
the objective function and cannot recover the optimal rate at the solution. For
quadratic objectives, this distinction is occluded by the fact that the Hessian is

constant everywhere.

11.6  Conclusion

To conclude, we proposed an adaptive schedule for choosing step size in momen-
tum method, under deconvolution settings. It can be readily implemented without
adding computational complexity to fixed step size schemes. We showed that our
method outperforms other aforementioned iterative methods in terms of conver-
gence rate. It is promising that the proposed approach can be applied to a wide

range of problems in the domain of digital signal and image processing.



11.7 Appendix

In this section, we consider a simple quadratic function

fl@) = >t = SeAz,
V(@) = A,
V2f(z) = A.
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(11.9)

(11.10)

(11.11)

The results can be generalized to asymptotic analysis of other convex functions

based on the following proposition

Proposition 11.1. Let (fi) be the sequence defined by the recursion fri1 = afy +

bfE, fork=1,2,.... Ifa<1and f; < 177“, then (fx) converges to 0 at asymptotic

rate a.

Proof. Since (fy) is strictly decreasing, it is easy to show that , with a < 1,

o If fi > 2, (fi) diverges.

o If fi = 1;“, (fx) = 1*7“

o If fi < 52, (f) converges to 0.

Consider the case when (fx) converges to 0. There must exist ko such that f <

@, for all k > k.

l1—a

Suppose that f; = a=3*, where 0 < a < 1. Let us define a sequence (hi) as
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h, = #fk Then for k > kg

1 1 a(l—a) 1

= < = . 11.12
frak—1 Jr frak1 b aak—2 ( )

hy,

The recursion for (hy) is given by

hiv1 = hi + (1 — a)ab=2h3.

Notice that (hy) is also strictly increasing, and the following inequalities hold

o hgpi—he  hpp—he 1 1
= a(l—a)d?= > =— —
( ) hi hy1hi hi,  hip
k-1 k—1
1 1
i—2
= Z a(l —a)a ‘ (h_z — hi+1>
i=ko i=ko
k—1—ko 1 1
=  a(l —a)d? a’ > — — —
R S
1 — gFFo 1 1
= ol ko=2 — =
Cl/( (I)CL 1—a hko hk
1 1
= — > — —aa™ (1 — ")
hy, ko
1
= h < )
k (hL — aakoq) + aak—2
ko

From (11.12), the sequence defined by the RHS must converge to a constant

W. Consequently, (hy) is upper-bounded by this sequence and also con-
ko

verges. Finally, we obtain lim hy = lim 2 £k

ook <00, yielding the asymptotic conver-
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gence rate of (fx) to 0 is a. O

11.7.1 Fixed Step Size Gradient Descent

From the update z**+) = z®*) — oV f(z®) = 2® — aAz® we have

Fa®D) = Z(2® — aAz®)TA(2® — aAz®)
= (™) (I — aA)A(T — aA)z™

(Al/Qw(k))T(I . OéA)2(A1/2$(k)>

N~ N RN~ -

< = | = Al [[AY22®)||” = max(1 — a),)* f(z®).

we obtain

oo < (32

By setting a = MTZ/\d’

A+ A\

11.7.2 Fixed Step Size Momentum Method

From the update z**1) = 2 — oV f(2®)) + g(z® — 2*~D) we have

e A+ BT —ar —pI| | 2®
x « T
y(k+1) — — ( ) — My(k)

w(k) I 0 w(k_l)
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and

1 1A O
frer = f@®) + f(2®) = §y(’€+1) y+)
0 A
y(k)TMTAMy(k) =
_ 1 (I)TMkTAMky(l)
1 A N ~ ~ A
= §(A1/2y(1))T<A1/2M’“TAMkA1/2) (A2
1 A A A — N ~ ~
= §(A1/2y(1))T((A1/2MkA 1/2)T(A1/2MkA 1/2)) <A1/2y(1))
1+ ~ 20 ~ 2 R R 9
< 5 HAl/2]\4kA71/2 Al/2y(1) — [|AV2p R A-1/2 f
A A — 2 \?
< ([|AY? [ p¥]| ||A 21y fy = Yl )\—éfy
[ 22|

= 1,2 the spectral radius p(M) = max;{|\;(M)|} determines

Since limy_, o SADE =

(1+8)] —aA —BI
I o |

the convergence rate of the series (fx). Recall that M =

We define the permutation 7 such that

' 25 —1if 5 <d,
m(j) =
2j — 2d otherwise.

2Gelfand’s formula.
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Then ) _
M, 0 ... O
- 0 M, 0
M~ P.MP, =
0 0 ... M,
is a block diagonal matrix with eigenvalues are simply those of My, My, ..., M.
For any j = 1,...,d, the eigenvalues of M; are the root of the characteristic

: : 2 /o2
polynomial 02 — (1 + 8 — a)\;)o + . Since o = (m) B = (%) , the

two complex roots are given by

O-jl’jQ:%(1+B_a/\jj:\/(1“”5—&)\]-)2—45)‘

It follows that the magnitudes of all eigenvalues are equal to /3. Thus p(M) =

VB.

11.7.3 Adaptive Step Size Gradient Descent

From (11.9), we have

F@®) = f(@®) — q, V(z®) 'V (z®) + %@zv F(@®) V2 ™)V ().
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Vi@®) 'V i®)
Vi(@®) V2 f(@®)V f(a®)

Substituting ay = , we obtain

' (Vf(w(’“))TVf(w(’“))f

2V f(@®) V2 f(a®)V f ()
k) TA27(k))2
:f(;,;(k))_l(m TAm )
2 2k TA3p(R)
(mw)TAzw(k))?

(k)
( (a:(k)TAgm(k))(w(k)TAx(k)))f(ac )
2
AM A )
: (1 - ﬁ) f=™) = (Ai - Aj) Fla®)

The last inequality uses Kantorovich Inequality

fla) = fa®) -

1 —

(y"A%y)” Y
(yA3y) (yTAy) — (M +a)?

11.7.4 Adaptive Step Size Momentum Method

For asymptotic analysis, we consider the region near the optimum, in which the
objective function can be well-approximated by a quadratic. We know that fixing

k 2 :
a® to FoEw yields

o) < Y )
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On the other hand, choosing adaptive step size

-1

Qa VIV2IVf —Ax'V2fVf VFIVf
B —Ax'V2fVf Azx'V’fAzx —Az'Vf

minimizes the quadratic with respect to «, 5. That means the resulting ¥ satis-

fies

J547) < [l < YA )]

VE+1

Hence, each iteration of adaptive schedule decreases the distance at least as much
as each iteration of fixed step size scheme. The convergence rate therefore is

upper-bounded by the one of fixed step size scheme inside the quadratic region,

. VE—1
Le., Ve
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Chapter 12: Conclusion and Future Work

In summary, the contributions of this dissertation are as follows:

e A closed-form bound on the convergence of iterative methods via fixed point
analysis is developed in Chapter 2. This enables the establishment of the con-
vergence rate, region of convergence, and the number of required iterations

to reach certain accuracy.

e A unified framework to study the local linear convergence of projected gradi-
ent descent for constrained least squares is proposed in Chapter 3. The pro-
posed framework relies on three key steps: (i) the introduction of Lipschitz-
continuous differentiability to provide tight error bounds on the linear ap-
proximation of the projection operator near the solution, (i) the establish-
ment of an asymptotically-linear recursion on the error iterations, and (i)
the derivation of the linear rate and the region of convergence of the error

sequemnce.

e Utilizing this unified framework, the convergence rate analysis of projected
gradient descent for minimizing a quadratic over a sphere is developed in
Chapter 4 and then the result to the unit-modulus constrained least squares
problem is generalized in Chapter 5. In each problem, acceleration techniques

is further proposed to improve the performance of the algorithm in practice.
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e Next, the convergence analysis of iterative hard thresholding for matrix com-
pletion is established. Thanks to the aforementioned unified framework, con-
vergence analysis is shifted to the characterization of the rank-r projection
operator. The perturbation expansion and error bound for this projection
are developed in Chapter 6. Then, the exact rate of convergence and its

asymptotic behavior in large-scale matrix completion setting are analyzed in

Chapter 7.

e In Chapters 8 and 9, two acceleration techniques for IHT that can be used
to exploit the asymptotic convergence results and obtain the optimal conver-

gence in practice are demonstrated.

e Chapter 10 analyzed gradient descent for the factorization-based formulation
of matrix completion. Under the view of fixed-point iterations, the first

known closed-form expression of the convergence rate is established.

e Finally, a practical algorithm for selecting momentum step sizes in deconvo-
lution applications is proposed. The proposed method recovers the optimal
rate of convergence for the Heavy-Ball method while remaining the same

computational complexity as traditional gradient schemes.
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12.1  Asymptotic Convergence Rate for Low-Rank Asymmetric Ma-
trix Completion via Factorized-Based Gradient Descent

The asymmetric matrix completion problem is a more general version of symmetric

matrix completion [215]. It can be formulated as
1 2
JXY) =5 [Pa(XYT = M),
The derivatives of f(X) with respect to X and Y are

Vxf(X,Y)=Po(XY - M)X

and Vy f(X,Y) = Po(XYT-M)'Y.
The PGD update is given by

X (k+1) X (k) pQ(X(k)(Y(k))T — M)X(’“)
Ui
Y (k+1) Y (F) pQ(X(k)(Y(k))T — M)Ty(k)

For the non-symmetric case, instead of considering a direct recursion on the error
matrix E¥ = X*(X*)T — M, we need to construct the recursive equations on
two separate error matrices, i.e., [AX 1 AY*1] = g(JAX* AY*]). The next
challenge is to find a first-order expansion of the function g that can approximate
it well in the neighborhood of the solution where the error matrices are small.

Finally, one would determine the asymptotic linear convergence rate by analyzing
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of the behavior of the linear operator under structural constraints of the problem

(as we have seen in the symmetric case).

12.2  Minimum-Norm Adversarial Attacks using Gradient Projec-

tions with Spherical Constraints

Given an image a € R" that belongs to class c. The problem of finding an adver-

sarial instance for a can be formulated as

m%gn |z — all subject to C(x) =1, (12.1)
TeR™

where C'(x) is the output label assigned by the classifier for image x and ¢t # ¢
is the target class. Since the constraint C'(x) = t is often highly non-linear (e.g.,

neural networks), we consider an objective function f : R™ — R such that
flx)>0 if C(x) #t,
flx) <0 ifC(x)=t.

Thus, problem (12.1) can be reformulated as [38]

m%R{n |z — all subject to f(x) < 0. (12.2)
reR?

The above problem can be solved via iterative expanding radius approach as fol-

lows. Starting from a sufficiently small radius R = Ry, the algorithm works in a
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way that it alternates between (i) minimizing the objective function on the sphere
with center a and radius R and (ii) increasing the radius by an appropriate amount.
The iterative process stops when we find @ such that f(x) < 0. Thus, our op-
timization problem is essentially reduced to solving a sequence of optimization
problems:

m]iRn f(x) subject to ||z — al| = Ry, (12.3)
xTeR™

where R; is the radius at the ¢-th iteration. In order to solve the subproblem (12.3),
we use the so-called projected gradient descent method (PGD) with fixed step size,

where the projection onto the sphere with center a and radius R is defined as

a+ RII::ZII if x # a,
Par(x) = (12.4)

Re, ifx=a.

One advantage of this approach is that it allows to trace the trajectory of optimal
solutions as the radius increase. By keeping the iterates close to the optimal tra-
jectory, one may hope that the algorithm will be able to find a good solution at
the end of the path. Given the analysis we performed with spherical constrained
quadratic minimization problems [218], it would be interesting to propose such
efficient algorithm with theoretical guarantees. Since f is highly nonlinear and po-
tentially non-smooth, there are several challenges with the analysis here including
the guarantee on the convergence to stationary points and the strategy to expand

the radius so that the iterates remains close to the optimal trajectory.
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12.3  Other Long-Term Research Directions

Below are some topics that are of interest in this dissertation but require more

time and effort to work on. They can be classified as long-term goals.

1. Derivative of the projection onto manifolds using shape operators:
The gradient of the projection operator can be further computed using recent
results in differential geometry on the shape operator. It would be interesting

to see how it can be applied to our expression of the asymptotic rate.

2. Matrix Completion in different asymptotic regimes: In most of recent
works on the global convergence of algorithms for low-rank matrix comple-
tion, the setting of interest is the asymptotic case when the rank is constant
and the number of observations grows almost linear in the dimension of the
matrix. It would be interesting to make connections between our local con-
vergence result and the existing global convergence result, e.g., the selection
of the step size, the region of convergence, the rate of convergence, how

random matrix theory can be applied in such regime.

3. Convergence of PGD with backtracking and/or exact line search:
It has been well-known that PGD with exact line search obtains the optimal
rate of convergence. Interestingly, this coincides with the optimal fixed step
size in our aforementioned analysis. It is interesting to study why this hap-
pens and how our analysis for the fixed step size scheme can extended to the

schemes with adaptive step size.
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