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ERROR CONTROL TECHNIQUES FOR THE Z-CHANNEL

1. INTRODUCTION

Error control coding plays an important role in designing highly reliable
digital computer and communication systems. The origin of coding theory comes
from a famous theorem of C. Shannon [37]; this channel coding theorem guarantees
the existence of codes that transmit information at rates close to capacity with
an arbitrarily small probability of error.

In most systems the source signals contain a lot of redundancy. Therefore
an encoder performs the important task of eliminating/reducing this redundancy
and transforms the message in a suitdble form for transmission. This is what is
called source encoding. Then, data to be transmitted over the channel is again
encoded. This is the so called channel encoding, which involves the addition of
redundancy so as to provide the means for detecting and correcting errors that
inevitably occur in any real communication process.

The error model used for most of the binary communication systems is
the binary symmetric channel. Let p be the probability that a binary signal is
received correctly and then 1 —p is the probability of incorrect reception. Usually
the probabilities of 1 — 0 and 0 — 1 errors are equal, as shown in Figure 1.1.

In general we assume that the elements of a finite field represent the under-
lying alphabet for coding. Encoding consists of transforming a block of k message
symbols ayay . ..a; € F into a codeword X = z;25 ... z,, where for each i, z; € F.
Here the some k symbols are the message symbols, i.e. z; = a; for 1 < j < k.
The remaining n — k elements of x are check symbols. The most common codes

used for the binary symmetric channel model are the linear codes. In this case



FIGURE 1.1. Binary Symmetric Channel

the check symbols can be obtained from the message symbols in such a way that

the codewords x satisfy the system of linear equations
Hx? =0,

where H is a given (n — k) X n matrix with elements in F.

Many techniques for efficient codes design have been developed [28], [34],
4], [25], [27], [5], [41], [35], [29], [36]. Nevertheless, none of these techniques give
code rates arbitrarily close to the channel capacity .

In optical networks, which will be one of the dominating communication
technologies of the future, 1's are represented by the presence of photons and
0’s by their absence. Upon transmission, photons may fade or decay, but new
photons cannot be generated. Thus, the observed errors are asymmetric and the
error characteristic of such a system can be modeled by the Z-channel [7], [6], as
shown in Figure 1.2.

Although linear codes and most of the codes developed for the binary
symmetric channel can also be used for the Z-channel, efficient coding calls for
different techniques. Many methods of asymmetric and unidirectional encoding
and decoding have been proposed over the last two decades ( [7], 3], [14], [10],
(23], [39], [16], [17], [8]). These codes were proposed to enhance the data rate of

the transmission system, or because of simpler encoding/decoding algorithms.
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FIGURE 1.2. Z-channel

Two types of errors are mentioned above: asymmetric and unidirectional.
When errors of only one type (say 1 — 0) occur during a transmission, they
are called asymmetric errors. However, if errors of both types occur during the
transmission, but not in the same codeword, then they are called unidirectional
errors. Obviously, unidirectional error detecting (UED) codes are also asymmetric
error detecting (AED); surprisingly, the converse is also true and it was proven in

[10].

1.1. Brief Overview of AED codes

The first asymmetric error detecting code was proposed by Berger [3], [14].
It can be constructed relatively simply by appending to the information word a
check symbol which is the number of ones in this information part, in binary. The
total number of check bits is log,(k + 1), where k is the length of the information
part. This is a systematic, all asymmetric error detecting code, and it is also
optimal.

Borden (7] proposed a d-UED code in which codewords of length n have

weight w that is congruent to [n/2| mod (d + 1). Thus, the number of codewords



of this code is N(n, d), where:

N(n,d) = 3 - <Z>

w=|n/2] mod

For d = 1, this code is an all single-bit error detecting code, like the parity
code. Also, if d = n/2, it is a constant weight code (e.g. n/2-out-of-n code) and
detects all unidirectional errors.

The Borden code is optimal (i.e it has the highest k/n rate, which is called
the information rate, for any information block of length k), but its main dis-
advantage is that it is nonsystematic. This means that, inside a codeword, the
information bits cannot be distinguished from’the check bits. Thus, in the case
of nonsystematic codes, the decoding and data manipulation cannot be done in
parallel.

Systematic AED/UED codes have been proposed by Bose and Lin in [10].
These codes can be summarized as follows .

The check symbols for detecting 2 and 3 unidirectional errors are wy mod 22
and wp mod 23, respectively, where w, is the number of 0’s in the information
word. So, the 2 and 3 asymmetric error detecting codes use 2 and 3 check bits,

respectively.
When r > 4 check bits are used, the code designed by this method can

detect up to 272 + r — 2 errors. In order to get the check, first
(br_2,...,b1,b9) = wp mod 27}

1s derived. Then, the check symbol is determined as:

(ar‘—la ar—?a Ar_3,... y a1, aO) - (bT‘—Za bT‘—21 bT‘-—31 ceey b11 bO)

When r > 5 check bits are used, the following alternate method of encod-

ing, with better detecting capabilities (in terms of the number of errors detected



per check bit) is used. First, calculate
(br_2,bp_3,...,by,by) = wy mod 3 - 2773,

Then, the 3 most significant bits, (by_2,b,_3,b,_4), which can be one of the pat-
terns in the set {000, 001, 010, 011, 100, 101}, are mapped into a 2-out-of-4 code.
A simple example of a mapping function is f(i) < f(j) fori < 5,0 <14,5 <5
ie. f(000) = 0011, f(001) = 0101, f(010) = 0110, f(011) = 1001, f(100) = 1010
and f(101) = 1100. The concatenation of such a symbol with the remaining
r — 4 bits (b,_s5,...,by,by) gives the check symbol. This code can detect up to
5.2"7% 4 v — 4 errors.

A compact description of these codes, which is useful for performance eval-
uation, is given in Chapter 3.

Comparing Berger-Freiman codes and Bose-Lin codes, we see that Berger-
Freiman codes can detect all asymmetric errors, but in most cases at the cost of
more check bits (lower rate). The Bose-Lin codes detect all errors up to some

weight (as well as some others), but with fewer check bits.

1.2. ARQ Protocols Overview

There are situations where it is more efficient to retransmit a part of a
message, given that errors were detected in 1t, than to correct those errors. In
such situations, a great deal of extra protection can be provided by the ARQ
(Automatic repeat ReQuest) protocols. This means that the system detects the
packet with errors, discards it, and requests a retransmission. These protocols
require two-way communication between the transmitter and the receiver and it
1s desired that the perturbation duration be shorter than the retransmission time,

such that the retransmitted packet will pass undisturbed across the channel, thus



1 1 1 1 1 1

idle AK idle 2 K 2 2 7 2

2 2 3 3 3 3
A Ak Ay

idle idle 4 2{6 dump 4 /’{()/ 4

3 3 S dump 5 5

. R( ; ){Q /@/

idle idle ] 7 dump 6 /K/ 6

3 3 3 > 3 3
A Q Ay

idle idle 4 /&( 4 8 /5/ 8

4 4 b 5 9 9

idle idle 6 6 10 10

Stop—and-Wait ARQ Go-Back-N ARQ Selective Repeat ARQ

(N=4)

FIGURE 1.3. Pure ARQ protocols

avoiding multiple retransmission attempts. However, the rate of retransmission
requests increases as the channel quality deteriorates, which affects the efficiency
of the system.

There are three basic retransmission protocols, stop-and-wait (SW-ARQ),
go-back-N (GBN-ARQ) and selective repeat (SR-ARQ). Their packet handling is
illustrated in Figure 1.3.

In general, we measure the performance of an ARQ protocol by two pa-

rameters:

1. the accepted packet error rate, Pg, which is the percentage of erroneous

packets accepted by the receiver and

2. the throughput, n, which is the average number of data packets accepted by

the receiver in the time it takes the transmitter to send one k-bit block.

We define the probability of detected errors, P, (which is also the probability that
a retransmission request is generated) as the value to which the ratio of blocks

with detected errors (Ny) to the number of blocks transmitted over the channel



(N) converges in probability [19]:

, Ny
lim P{|=2 - P,
im { #

N—ooo

}:QV6>0 (1.1)

Similarly, the probability of undetected errors, P,, is the value to which the ratio
of the number of blocks with undetected errors (N,) to the total number of blocks

transmitted converges in probability:

N—ooo

lim P{’———P

}:Qv6>0 (1.2)

These probabilities characterize events which occur during the decoding process.
Pg can be computed by adding together the probabilities of all the events which

result in the acceptance of an erroneous packet:
Pgp=P,+ PP, + P:P, + P3P, + ..., (1.3)

as the erroneous packet can be accepted on the first transmission, or on the second

one, third one and so on. The series converges to:

Py
1-P;

Pgp = (1.4)

The throughput is defined as the average number of encoded packets ac-
cepted by the receiver in the time it takes the transmitter to send one information
word (k-bit packet). In a feedforward system, it is equal to the code rate, k/n. In
an ARQ system, it is a function of the average number of times a data packet has
to be transmitted before it is accepted. The explicit form of this function depends
on the protocol. This is a random variable with a geometric density function

(number of transmissions until the first success). Its expected value is:

=T = ZjP(T =) (1.5)

]1
= (1- P)) Z]P 1—Pd'



Throughput expressions for the three basic ARQ protocols are given in [41], [25]
and [19].

As already mentioned, if the channel quality deteriorates, the increased
frequency of retransmission requests has a severe impact on the throughput. To
deal with this problem, several hybrid protocols have been introduced. Although
there are major differences between them, they all have one thing in common: they
use forward error correction in order to correct the error patterns most frequently
caused by the noise on the channel, while the error detection is used to detect the
less frequently occurring patterns.

They can be categorized in several (usually overlapping) ways [41], [25],
[19]. We only mention here type I and type II hybrid ARQ and packet combining
systems. In the case of type I hybrid ARQ), each packet is encoded for both error
detection and correction by means of either one code capable of doing both, or
two codes, one for correction, the other for detection. When the packet arrives
at the receiver, it is first decoded by the feedforward error control (FEC) part,
then sent to the error detecting decoder. If errors are detected, a retransmission
request is generated. Type II hybrid ARQ protocols adapt to the changing channel
conditions through the use of incremental redundancy. This means that, in case
of retransmission requests, the transmitter will only send additional parity bits,
which are to be appended to the received packet with errors which is stored in
the receiver buffer. This allows for increased error correction capability.

Chapters 2 and 4 deal with such protocols for the Z-channel. Nevertheless,
the approach is a coding theory one: the transmission protocols are considered as
consequences of certain constraints, which are due to the codes which are used.

The protocols performance is evaluated by analyzing the codes.



On the same line, in Chapter 3 some bounds on the probability of unde-
tected error for systematic AED codes in general are derived and, more important,
this probability is determined for the Bose-Lin codes, thus solving a problem which

has been open for a while.
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2. DIVERSITY COMBINING

Error detection as part of a feedback error control system is a reliable
alternative to feedforward error correction in asymmetric channels. This is be-
cause of simpler hardware implementation of the encoding/decoding system and
further, the lack of asymmetric error correcting codes with better rates than the
corresponding binary symmetric codes.

The method proposed here improves the throughput of a feedback error
control for asymmetric channels using diversity packet combining. The idea was
first introduced by Sindhu in [38] who discussed a scheme that made use of the
packets that cause retransmission requests, which are simply discarded in basic
and type I hybrid ARQ protocols. Such packets can be stored and combined with
additional retransmissions of the packet, thus creating a single packet that is likely
to be the correct version of the transmitted one.

There are two basic categories of packet-combining systems: code com-
bining systems and diversity combining systems. In code combining systems the
packets are concatenated to form noise corrupted code words from increasingly
longer and lower rate codes. This is the basis for type II hybrid ARQ protocols
[26]. On the other hand, in diversity combining systems, the individual symbols
from identical copies of a packet are combined to create a packet with more reli-
able constituent symbols. Most of the discussions on diversity combining systems
are based on majority logic decoding [40], [11], or on soft channel outputs [15],
[12], [2], [18]. The Z-channel error characteristic provides a simple framework
which can improve the performance of an ARQ system without adding much to

the hardware complexity of the decoder.
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ERROR DETECTION

RECEIVER

y

FIGURE 2.1. Packet reusing scheme

First, the proposed asymmetric error correction scheme is introduced.
Then the undetected error probability and the average number of transmissions
are determined for unordered codewords under the assumption that there are at
most k — 1 retransmission requests for a given codeword [32], [20]. The case of
unlimited number of retransmissions, that is a codeword is retransmitted upon
error detection until accepted, follows immediately. Furthermore, some bounds
are proposed for the more general case when some codewords of the asymmetric

error detecting code cover others.

2.1. Diversity combining scheme and problem formulation

The way the saved packets are combined with the retransmitted ones is

shown in Figure 2.1.
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TABLE 2.1. Retransmission scenario. X, is the received vector in the rth trans-
mission, and z, is the combined word after r transmissions, that is z, = z,_; V X,

for r > 1. The bits in error are underlined to make the table easier to read.

T Xy Z,

0 - 0000000000000
1{0100010010001 0100010010001
2(0100101010001 0100111010001

3/0100101000101 0100111010101

Packet combining consists of a bit-by-bit logic OR operation. Assuming
only 1 — 0 errors (the 0 — 1 type will require complementing the words prior to
the OR operation), note that any bit in error may or may not be corrected, but
new errors cannot be created. An example is given in Table 2.1. We assume that
x = 0100111010101 is transmitted and suffers three bit errors during the initial
transmission. Assuming that the first two retransmissions yield the words shown
in Table 2.1, the codeword is recovered after these two retransmissions.

In other words, a codeword is transmitted repeatedly over a Z-channel.
At the receiving end, the OR of the received copies is stored (we will call this
the combined word). When the combined word becomes a codeword, this is
passed on, and a new codeword is transmitted. If the passed codeword is different
from the one sent, then we have an undetected error. This process is illustrated
in Figure 2.2, where the states T, RQ and FWD represent word transmission,
retransmission request and next word transmission, respectively. We will further

assume that there is a limit £ on the number of transmissions of a codeword, that

O
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is, if the combined word is not a codeword after k transmissions, it is discarded.
A special case of the protocol is a protocol without a limit on the number of
transmissions (that is, k¥ = c0).

the combined word is not

a codeword

received word is not the combined word is

a codeword a codeword

a codeword

is received

FIGURE 2.2. The graph of the proposed diversity combining scheme

In order to characterize an ARQ system which includes this scheme, we
need to consider the following two quantities: N, the expected number of transmis-
stons and P, the probability that the combined word is passed on with an undetected
error. In general, both N and P will depend on the channel error probability p,
the codeword transmitted x, the set X = X, of codewords y such that y C x
(y C x denotes that x covers y [1]) or, in other words, the support of y is a
proper subset of the support of x, and the maximum number of transmissions k.
Therefore, we include these in the notation and write Ny (x, X; p) and Py(x, X; p).

Further, we will consider the probability that all errors are corrected, that is, the

combined word passed on is the sent codeword. We denote this by Cy(x, X; p).




14

We assume that x # 0. Note that

Ni(x,X;0) =1, Py(x,X;0) =0,
Ni(x,X;1) =1, P(x,X;1)=1, if 0 € X,
Nk(X,X;l):k‘, Pk(X,X;].):O, 1f0€X

Therefore, from now on we will assume that 0 < p < 1. If we introduce
more codewords into X, N, will decrease and P, will increase, that is, if X C Y,
then Ni(x,X;p) > Nip(x,Y;p) and Py(x, X;p) < Pi(x,Y;p). One extreme case
is when all y C x are codewords. Then N, = 1 and P =1~ (1 — p)¥ (here
w = ||x||, the Hamming weight of x, that is, the number of elements in x that
are 1). The other extreme is when X is empty. Clearly, Py(x,0;p) = 0. Since
Ni(x,0;p) only depends on w = ||x||, p and k, we will use the shorter notation
Ni(w;p) = Ni(x,0;p) for this particular, important case. As we have noted,
Ni(||x[|; p) will be an upper bound on Ni(x, X; p) in general, and N, (x, X;p) will
be close to Ni(||x|];p) if Py(x, X;p) is small.

For this scheme we can view the accepted packet error rate Pg as the
probability that a forwarded codeword is different from the sent codeword. The
probability that a combined word is forwarded is Cy(x, X;p) + Py (x, X;p), and

SO

Pk(X,X;p)
X:p) = )
Pe(x Xip) Ci(x, X; p) + Py(x, X; p)

The throughput efficiency is defined as the ratio of the average number of
information symbols, successfully received to the total number of symbols trans-
mitted over the channel. This definition accounts for various delays, protocol
specific, such as the time of ACK (NAK) block transmission and the round trip
delay (details are given in [41] and [19]). We only consider here the Selective

Repeat ARQ protocol in conjunction with this diversity combining scheme.
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Ck(an;p) +Pk(x)X)p)
Nk(an;p) )

n= Rc

where R is the information rate of the code.

2.2. The undetected error probability and the average number of trans-
missions

2.2.1. The special case when X is empty

We consider the following situation: a codeword x of weight w is transmit-
ted, and there are no codewords y of lower weight such that y C x. Let 7(w, r; p)

denote the probability that the combined word has weight w after r transmissions

Consider some fixed position. The probability that this is 0 after r trans-
missions is p". The probability that it is 1 after r transmissions is 1 — p”. Since
errors are independent, the probabilities for the various positions are independent
and so

m(w,rp) = (1-p")".
We continue transmitting until the combined word equals x, that is, it has weight
w. The probability that this happens after exactly r transmissions is m(w, r;p) —
m(w,r—1;p). Note that this expression is also valid for r = 1 since 7 (w, 0; p) = 0.
If the combined word is not x after k transmissions, we have used exactly k

transmissions. The expected number of transmissions is therefore
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k

Nu(wip) = 3 rlm(w,75p) = (w7 — 1;p)] 1)
+k [1 — Z[?r(w, rip) — w(w, T — 1;p)]]
=k - - 7(w,r;p). (2.2)

r=0

An alternative useful expression is obtained by expanding n(w,r;p) =

(1 — p")* and changing the order of summation:

w5 G
R ()ersy

An expression for Ny (w;p) follows directly from (2.3) since p* — 0 when

k — oo (remember that p < 1). Hence we get

Newin) = Y- (M)

=1 \J

For example, for a balanced code of length n = 100 (and w = 50), N (50,1072) ~
1.400032. For the same code and a protocol not using diversity combining (the
codeword is retransmitted upon error detection, until a codeword is received), the

expected number of transmissions is

o0

Y orl-1-p Tt a-p =

r=1

(1-p

Its’ value for w = 50 and p = 1072 is 1.652876.

I
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1

When p is small compared to w™", we may consider the first few terms of

the Taylor series expansion of Ny (w;p) to compute good approximations:

Neo(w;p) =1+ wp - [(g) —w} P’ + {(?) +w] p* +0(p").

For w = 50 and p = 1072, the first four terms of the Taylor series expansion give

the value 1.402150.

2.2.2. The case when X contains a single codeword

We now consider the case when X contains exactly one codeword, that is,
there is exactly one codeword y such that y C x. Let w = ||x||, v = ||y|| and
d = w — u. Since Cy(x,{y};p), Pe(x,{¥};p), and Ni(x,{y};p) only depend on
w, u, p, and k, we write Cy(w, u; p), Py(w, u;p), and Ni(w, u;p), respectively.

Suppose that the combined word becomes y after exactly r transmissions.
The d positions not in the support of y must be in error for all r transmissions
and the probability of this happening is p?". The u positions in the support of y
must become all 1 for the first time after exactly r transmissions. The analysis in

Section 2.2.1 shows that the probability for this event is
m(u,rip) = w(u,r = Lip) = (1= p))* = (1 —p' )"

Hence, the probability that the combined word becomes y after exactly r trans-

missions is

Pl =) = (1 =Y. (2.4)

Summing over all 7 we get

Pe(w,u;p) =) p"[(1—p)* = (1—p ).

r=1
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In particular (if £ > d),
P(w,u;p) = p*(1 — p)* + O(p™).

We can rewrite the expression for Pp(w, u;p) in a way similar to what we

did for Ny(w; p).

Pwin) = 3 [3 () - 3 (1) ]

r=1 j=0 j=0

u k
=3 (4) - pp g

7=0 J r=1

u — pkld+])
- CAVERITE AR ey i
I ([

0

~

For the average number of transmissions, we start by considering that we
keep transmitting whether or not the combined word is a codeword.

As explained before, the probability that the combined word is x after r
transmissions is (1 — p")¥, and the probability that the combined word is x for
the first time after » transmissions is (1 — p")¥ — (1 — p"1)¥.

Let F(r, s; p) denote the probability that the combined word was y for the
first time after s transmissions and x for the first time after r transmissions, and
let G(r;p) = ."_1 F(r,s;p) denote the probability that the combined word is x
for the first time after r transmissions and it has, at some previous step been y.

If we now return to the situation where we stop when the combined word
becomes a codeword, we see that the probability that the combined word is a
codeword x for the first time after r transmissions (this can only occur if the

combined word has not been y earlier) is given by

(I=p")* =1 —-p " =G(r;p). (2.5)
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Combining (2.4) and (2.5), we see that probability that the combined word

is a codeword (y or x) for the first time after r transmissions is

P - ) = A=)+ A=) - A=)~ G p). (2.6)

Before we go on, let us make a small digression. We note that (2.2) could

have alternatively been expressed as

o
Nk(w;p) = Z r[w(w, T;p) - ﬂ-(w) = 1;p)] + k Z [7‘(’(’(0) T;p) - ﬂ-(w7 - 1;p)]
r=1 r=k+1
(2.7)
Of course, we could have derived the expression (2.3) from (2.7) also. How-
ever, this derivation would have been a little more complicated. For Ni(w,u;p)
we similarly have two choices for a starting point, and it seems that, in this case,

the second choice gives the simpler derivation and we select it.

From (2.6) we therefore get

]~

Nu(w,uip) = Y7 [p*[(1 = p)" = (L= 57

r=1

+(1=p) = (L= )" = Grip)]

k3 - - (=)

+(1-p)" = (1= ) = Grip)]

= Ti(u; p) + Np(w; p) — Ay (w, u; p),

where

Pk(u;p) _ erdr[(l . pr)u . (1 _ pr—l)u] +k Z pdr[(l . pr)u _ (1 _ pr—l)u]

r—1 r=k+1



20

and
k

Ar(w,uip) = > rG(r;p)+k Y G(r;p).

r=1 r=k+1

The infinite sums Ty (u;p) and Ap(w,u;p) can be determined and trans-

formed to finite sums using the binomial expansion in a similar fashion as we have

done above.
First,
u u k 00
Euuip) = 3 (1) (=770 = ppe [l 0 1 S s
7=0 J r=1 r=k+1
LI ._ 1- pk(d+j)
= —1)71(1 - L S—
() evma-pp

§=0

Now, consider F(r,s). The probability that the combined word was y for

the first time after s transmissions is p®[(1 — p*)* — (1 — p*~!)¥] as explained
before. For next r — s transmissions, we only have to consider the d positions not
in the support of y. The probability that these d positions become all 1 for the

first time after r — s transmissions is (1 — p"~*)4 — (1 — p"~*"1)¢. Hence

F(r,s) =p®[(1-p")* = (1= p" )1 —p )¢ = (1 — pr 1))

= (§) 0= 3 (§) oy gy

u d
= 3 (j) 1—21 (7) (=1)7+(1 — p)(1 — ph)pl—t-ipld+i=bs,
Therefore
u d B
G(T’;p) = Z (j) Z (Cli) (—l)j‘H(l — p7)(1 pl)plr_l_]- Zp(d+j—l)s
Jj=1 =1 >

d+j—1 _ r(d+j-1)
) = pya - g

Il

.I_I‘ e
VRS
L., &2

—
R
TN
~

N—
]
TN
~ o

d—1 ] !
i1 P 1—']}7)(1'—17) r— i} (r—
)(_1)]+l (1 — de-l [pl( 1) _ p(d+])( 1)]'
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Substituting this into the expression for Ay (w, u; p) (and changing the order

of summation), we get

Ag(w,u;p) = i (j) g (7) (_1)J'+lpd—z(1 ;i}"z))gi;lpl)sk

j=1
where
[errl_i_kzprl] [erd—}—]rl_i_kzpd—i—]rl:'
r=k+1 r=k+1
1 — p kl 1 — p k(d+7)
T (1-p)? (Q-pt)Y
Similarly

Ci(w, u;p) = i {(1 —p )= (1= - G(T;p)]

r=1
7 d .
(1 ke u 4\, a1 =p)(1 - p)
~ == 30 (5) (7)o O e
where
) N ey _ L= L= pHed)
_ r—-1) _ Ner-1) _ _
Ck—gp ;p C1-pt 1-pHi

Expressions for Py, (w, u; p), etc., follow directly from the above expressions

by letting & — oo:

e

prtwin =35 (%) ot 2

s J pd+]

Co(w,u;p) =1 — Po(w, u; p),

Noo(w, %; p) = Too(; ) + Neo(w; p) — Aco(w, u; p),
Potuin) =3 (4) 0

st S ()5 (e

j=1 J =1

{(1 —1p’)2 - —11?‘”5")2} '
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2.2.3. The values of Py(x, X; p) and N.(x, X; p) when the codewords
in X are unordered

We say that the codewords of X are unordered if y ¢ y’' and y' ¢ y for
all y,y' € X,y #y' € X. We observe that the event that the combined word
becomes x after having been y and the event that it becomes x after having been

y', where y # y', are mutually exclusive. Hence

Py(x,X;p) = Y Pu(x,{y};p)

yeX

and

Ni(x, X;p) = Ne(llx[l; ) + Y Te(llyllip) = D Ax(lIx], 1yl p)-

yeX yeX

In the special case where all the codewords in X have the same weight, u,

(and x has weight w) we get

k(d+j)

L - o1-
s i) = 513 ()0 0o
and

Np(x, X;p) = Np(w; p) + | X [Ti(u; p) — | X|Ag(w, u; p).

2.2.4. Bounds on the values of P,(x,X;p) and Ni(x,X;p) when
some codewords in X cover others

In the general case when the codewords in X are not unordered, to de-
termine Py (x, X;p) and Ni(x, X; p) becomes more complex and may not even be
feasible. Therefore, it is useful to get some bounds. Let T be the smallest value

of ||x|| — ||z|| over all codewords z and y such that z C y C x, (in particular,

T > 2d where d is the minimum distance of the code). Define the set Y by

Y={yeX|liyll>Ix]|-T}

O
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Then the codewords of ¥ are unordered. Hence Py(x,Y’;p) and Ni(x,Y;p) can

be computed as explained above. Moreover,
Nk(x) X)p) S Nk(X, Y)p)

Further, if p” is small, then Py(x,Y;p) is a good approximation for Py(x, X;p).
We will make this last claim more precise. On one hand, we know that
Pi(x,X;p) > Pi(x,Y;p). On the other hand, if the combined word becomes
a codeword not in Y, then after the first transmission, the combined word must
have weight w — T or less. The probability that the combined word is some vector
of weight w — T or less (not necessarily a codeword) after the first transmission is

w-T w-T

> (?)pw‘j(l —-p) <pT(1-p* T (1;)) <p'(1-pT2v.

=0 =0

Therefore,
Pu(x,Y;p) < Pu(x, X;p) < Pu(x,Y;p) + 2¥pT(1 — p)*~ 7,

Then, the corresponding quantities for the code are given by

Pk(c;p) = ﬁ ZPk(X, Xx;p)
xeC

and similarly for N (C, p) (assuming that each codeword is equally likely).
In practice we may be able to calculate exactly the probability of unde-
tected error and the expected number of transmissions for some codes, but most

generally we can give bounds on these two parameters.
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3. SYSTEMATIC AED CODES

In [10] it is shown that the multiplicity of errors that can be detected by
an unidirectional error detecting code depends on how the check bits are derived.
Moreover, it is shown that a code capable of detecting ¢t asymmetric errors is also
capable of detecting ¢ unidirectional errors.

An upper bound for the undetected error probability is derived in Section
3.1 [33], [31], [30]. This is done starting with estimating the probability of de-
tected errors in the case of asymmetric errors. Section 3.2 compares these bounds
for different versions of AED codes. Then the Bose-Lin codes are analyzed: a
new construction description is introduced (in Section 3.3), their probability of
undetected error is determined using this new description (in Section 3.5), and
the undetected error minimal weight problem is generalized (in Section 3.7) [22],

[21]. Finally, a couple of detailed examples are presented.

3.1. General bounds for the detected and undetected error probability

Let us denote by ¢ and 1 — ¢ the probabilities of the source generating 1's

and 0’s, respectively. If Z is the number of bit errors in the code word, then:

P.= Pz =)= ()ra-n (3.1

The weight of the code word w in (3.1) can be written as the sum of corresponding

weights in the information part in and the check symbol. Thus, (3.1) becomes:

Win +w5 2 Winf—2 w
Pz=< fz c)p (1—p)™m=*(1 — p)*e. (3.2)
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Note that the functions (“/*} and (1 — p)“ are increasing and decresing,

respectively, in we,, so:
Wing + Wes,,,; -
P, > ( " Csmm)pz(l — p)ins (1 — p)teames. (3.3)

Because the ‘1’ and ‘0’ bits are independently distributed in the information part,

equation (3.3) can be rewritten as:

k—z .
k —i i k—i+ Wesnin 2z —i—z w
RZE:Q)J ﬂ—@( ] )pﬂ—mk (1= p)eemmes. (3.4)
i=0
Note that:

k—i+4 Wes,,,\ (k-1 (k—i+1)(k—i4+2)...(k—1i+w,,,)

( 2 )—< 2 )(k—i—z+1)(k——i—z+2)...(k—i—z—i—wcsmm)
k—i\(k—i+4we,, —2+1)(k—i+we,,, —2+2)...(k—1i+wgs,,. )
( ) (k—i—z+1)(k—i—2+4+2)...(k—1) ’

z

for wes,,,, > 2z (the other case is similar). But,

k}“’l""u?csmm_z“'l >k_i+1lfcsmin_z+2>”'>k_i+wcsmin’
k—t1—2z+1 - k—t—2+2 - - k—1

SO

() = () () = (07) (v =)
> — = 1+ e
z z k—1 z k—1
k—1 Wes,.. \ ?
> —mn
—(z>(1+ k)

o
v
TN

o~
—
e
=
J
—_
[
|
e
~.
N
[
+
|2
3
:
N’
™N
TN
Prond
f
o
—
’BN
—~~
[
I
3
p
=
L
|
™
—~~
[
I
3
p
e
O
o
3
2
L]
—~~
w
ot
p
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Equation (3.6) gives a lower bound for P,, which is:
k wCsz‘n z 2,.2 w -2z
Pz (1) (14 M) g e -, (3)

The probability of detected errors can be related to P, by using the fol-
lowing well known inequality:
m
P,>> P, (3.8)
where m is the error detection capabilit;:z)f the code. There is no equality here,
because an AED code can detect more than the guaranteed number of errors, m,
in some situations. However, the two sides of this inequality become very close for
small p, thus (3.8) may be used as a good estimate of the probability of detected
errors in cases like optical communications, where the bit error rate is indeed very
small (p < 107%).

The undetected error probability is given by:
P, =1-P;— Py, (3.9)

where Fe; is the probability of error free transmission. Using (3.7) and (3.8) we

can also obtain an upper bound for P,:

P,<1-) P. (3.10)
z=0

3.2. Error detection performance

Equations (3.7) and (3.10) can be particularized for a Bose-Lin code. The

following examples are considered:

Case 1: 2 check bits

Since wes,,,, = 0 and we,, . = 2, we have that:

P> ; (5) ¢p*(1 - p)*(1 — pg)*> (3.11)
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and

P,<1-) (k) ¢'p*(1 ~ p)*(1 - pg)* . (3.12)

Case 2: 3 check bits

Similarly, ws,,, = 0 and w,,,_,, = 3:

Pi>> (i) ¢p*(1-p)°(1 - pg)*~* (3.13)
and ,
P,<1-) (i) ¢'p*(1 - p)*(1 - pg)*~. (3.14)

Case 3: 4 check bits

In this case, w,,,, =1 and w,,_,, = 3 so:

Py > XG: (i) (1 + %)zqu‘(l - p)°(1 —pg)** (3.15)

P,<1- Z: (i) (1 + %) ap*(1 - p)°(1 - pg)*~. (3.16)

Case 4: 5 and more check bits

Because of the mapping, wes,,,, = 2 and we,,,,, = r — 2

z

Py (5) (1+3) era-pa-pr= @

z=1

and
5-2"4—}—1'—4 k} 2 z
rzi- (N (143) era-pra-s ey

The above bounds for P; and P, are compared for different codes in Fig. 3.1 and

Fig. 3.2.



# of check bits:

0.15 0.2 0.25 0.3

0.05 0.1

FIGURE 3.1. Lower bounds on P; for k = 100

# of check bits:

FIGURE 3.2. Upper bounds on P, for k = 100

28
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3.3. The Bose-Lin codes - An alternative description

In this section the Bose-Lin codes are described using a somewhat different
notation than the one used in [10]. A common characteristic of the codes is
that the check bits are determined as a function of the number of zeros in the
information bits.

We first introduce some notation. Let F = {0,1} and let F* be the set
of all binary vectors of length k, and for x € F* let u(x) denote its number of
zeros and ||x|| its number of ones (the Hamming weight). For a non-negative
integer a, ||a|| denotes the number of ones in its binary expansion. For example,
u((011101)) = 2, [|(011101)] = 4, ||21|| = 3 (since 21 = 2% + 22 +1).

For two vectors x and y, x C y denotes that y covers x, that is, z; < y;
for all s.

For integers a and n, let [a}, denote the (least non-negative) residue of a
modulo n.

For non-negative integers a and s, where a < 2%, let
Bs(a) = (as—la As—25 -+, aO) € F?

where
s—1
a = Zaﬂi, a; € F.
i=0
The Bose-Lin codes are systematic. A codeword consists of a k bits infor-

mation vector and an r bits check vector. In addition, there is another (integer)

parameter v satisfying 0 < 2v < r. Let
2v
o= (1/)’ 6 =27 and y = o6.

Finally, let b,(0),b,(1),...,b,(c — 1) be a listing of all the balanced vectors of

length 2v, that is, the vectors of Hamming weight v.

O
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For an information vector x, let v = u(x), and define a by
[u], = af + [u]s where then 0 < o < 0.

The check vector is given by (b,(a), Br_2.([u]s))-

Bose and Lin showed that this code detects all asymmetric errors of weights
up to (¢ — 1)8 + r — 2v, whereas some errors of weight (¢ — 1) +r — 2v + 1 are
not detected.

For k < 27, the code with v = 0 is optimal (it reduces to the all error
detecting Berger-Freiman code [3], [14] in this case).

The following lemma was known to Bose and Lin, but not explicitly stated.

This lemma was the reason they only considered v < 2.

Lemma 1. For k > 2", (0 — 1)8 +r — 2v is mazimal for v =0 whenr = 1,2,3,

and for v =1 whenr =4, and for v =2 when r > 5.

Proof. Suppose r is fixed, and for 0 < 2v < r let

9
V) _ 1}2“2” fr—2u

v

Av)=(c—1)0+r—2v= {(
Then simple algebraic manipulations show that

A +1) — A(v) = 2T—2"—2{3 - - i - (2V> } _o.

Hence for v > 2, A(v + 1) < A(v). Further,
A2) - A1) =2"*—-2>0

for r > 5 and

A1) - A0)=2"2-2>0
for r > 4. O

In the following , we will consider the general v, since it does not yield

more complex derivations.

-
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3.4. Undetectable errors

Suppose x € F* is encoded using the Bose-Lin code and transmitted over
a Z-channel. An undetectable error occurs if the received vector is another code-

word. The next theorem characterizes the undetectable errors.

Theorem 1. Suppose that a codeword
(x, by (), Br_2,([u]e))

has been transmitted over the Z-channel and | > 0 errors occured in the infor-
mation part X. Let u = u(x) and A = [=l],, then | = ju — X\ where j > 1. An

undetectable error has occured if and only if

i) b,(a) is not changed in the transmission,

i) A< [ug,

i) Bro2,(A) C B,_a,([uls),

w) Br_a,([u]g) is changed in exactly the positions where

Br_gy(/\) s 1.

Proof. Since the information part of the corrupted codeword has u + I zeros,
the errors are undetectable if and only if the check part c(u) has been changed to
c(u+1) during the transmission. We will show that this is equivalent to conditions

i-iv. Clearly, this is possible only if
c(u+1) Cc(u) (3.19)
First we note that c(u+1) = c(u—A) since [u+1], = [u—\],. By definition

c(u) = (by(a), Br_2,([u]p)),

c(u—A) = (b,(a), Br_a,([u — Ag)),
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where « and o' are defined by

[u], = af + [u]y,

[u— A, = '8+ [u— A
Hence (3.19) is satisfied if and only if
a=d (3.20)
(this is condition 1) and
B, 2. ([u — Alg) C B, _2,([u]s). (3.21)

If A >0, then a # o and so (3.20) and hence (3.19) are not satisfied. If [u)y <
A < 6, then [u — Alg > [u]p and so (3.21) and hence (3.19) are not satisfied.
This proves ii. Further, if 0 < A < [u]g, then (3.21) is satisfied exactly when
B, _2,(\) C B,_2,([ulg). This proves iii. Finally, we observe that under condition
iii, B,_2,([u]g) is changed to B, _2,([u]s — A) exactly when condition iv is satisfied.

This completes the proof of the theorem. O

3.5. The probability of undetected error

Suppose that an information vector x is chosen from F* according to some
probability distribution P, then x is encoded by a Bose-Lin code and transmitted
over a Z-channel with error probability p (that is, a 1 can change to 0 with
probability p). The probability that the received vector is another codeword (i.e.
that an undetectable error has occured) depends only on u = u(x) and p, and we

denote it by P,.(u,p). Then the probability of undetected error for the code is



33

P.(C,p) = ) _ P(x) )

xcFk
k
- Z Pue(uap) Z P(X)
u=0 xEFk u(x)=u

The part 3 gk (x)=y P(X) is the probability that the information vector contains
u zeros, and it depends on the distribution P. An important special case is when
the bits in the information vector are i.i.d. with probability ¢ of being a zero. In

this case

> pe=(F)ea-or

xEFk u(x)=u

In particular, if the codewords are uniformly distributed, (i.e. ¢ = 1/2), then

ZxEF"“,u(x):u P(X) = (5)2~k

3.6. Determining P, (u,p)

Suppose (x, c(u)) is transmitted and [ = ju — A > 0 errors occur in x. The
probability of this event is (})p'(1 — p)*~ (recall that w = k — u). By Theorem
1, an undetected error has occured if and only if i-iv are satisfied, and if so, then
there are ||B,_2,(A)|| = [|A]| errors in the check part (all of them in the part
B,_2.([ulp)). Since ||b,(a)|| = v, the probability of this is p!lMI(1 — p)¥+Iulell-IIAl
(note that by iv), the locations of the errors are determined by ).

From these facts we get:

T S N s

. Br ZV(A)CBI’ 2v ([ulg)

pllx\ll(l _ p)V+|I[ ulgl=[1A]
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= Z pllf\ll(l _ p)V+H[U]9||—II>\II

A
B, _2,(MCB,_3,([ulp)

'Z(

j21

u)\ w]u+)\
L A)pf (1-p)

Thus we have the following theorem:

Theorem 2. For 0 < u < k the probability of undetected error, Py.(u,p) is given
by
Z Pl — pyr+iilel=iNl g (),

A
Br—ZV(A)gBr—Zu([“]G)

where

T

Frnw(p) = Z (

forA=0,1,...,u—1.

J— A

For the sums f ,.,(p), A=0,1,..., u—1, there are alternative expressions
that will be more suitable for computation when w is large. Let ¢ = e2"¥/#_ For

0<s< u—1 we get

Solving these u equations for fy,.,, A = 0,1,...,u — 1, we get the following

lemma.
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Lemma 2. Let € = e*™/#, Then

—

=

fouw(p) = 1+ =1)p)” - (1-p)",

IS
T w
[
=l

Prouw(p) = M1+ (5= 1)p)¥ for 0 < A < p.

T -
(=]

@
Il

3.7. The minimal weight undetectable errors

As mentioned in Section 3.3, Bose and Lin [10] showed that the minimal
weight of an undetectable error is (0 — 1)8 + r — 2v + 1 (they only considered
v < 2). For completeness we prove this for general v. Moreover, we determine

the exact number of errors of minimal weight.

Theorem 3. For a Bose-Lin code with parameters k, r, and v, where 2v < r, the

minimal weight of an undetectable error is (6 — 1)0+r — 2v + 1, and the number

of undetectable errors of this weight is 3", , (t’;tll) (fn__tzig)

Proof. From the proof of Theorem 1, we see that for a given u, the weight of an

undetectable error is of the form
A+ 5 = A== (A= [|Al]) (3.22)
where j > 1,0 < A< [ulp <0 -1 and
B,_2,(A) C B,_2,([ulg)). (3.23)

For a minimal weight, clearly 7 = 1. Further, if

r—2v—1

A= 2{: ai2ﬂ
1=0
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then
r—2v—1

A== Y w - 1)

i=0
Hence, if B,_2,(\') C B,_3,(\) where X' = ZZ:_OZ"_I a}2%, then

A=A = (= 1IX) = Y, @-1)>0

except if A is odd and A’ = A — 1. Hence, for fixed [u]y,

' —A=1PPDY=n- _ ,
/\:Br_zu(,\r)%lgr_%([u]g){u ( MDY = 1= ([u)s = [lulol])

and the minimum is obtained for A = [u]y and, if [u]g is odd, also for A = [u]s — 1.

Since § — 1 =2""% — 1 is odd and B, _,,([u]s) C B,_5,( — 1) for all v,

min{u — ([ulp — lfulsl)} == (6 -1 (r - 2v))

=(c-1)f+7r—2v+1,

and this minimum is obtained in three cases:

[ug=0—-1 Xx=60-1,
[up=60-1X=0-2,
[up=0—-2 A=60-2.
We note that [u]g = 6 — 1 if and only if u = ¢ — 1 for some ¢t > 1 and similarly

for § — 2. The number of minimal weight undetectable errors where v = 0 — 1 or

u = tf — 2 is therefore 27* times

k k—t0+1
t0—-1)\ u—0+1
k k—td+1

+
t0—-1/\pu—60+2

LB \(kot0+2) (ka1 (k1042
t0—2)\u-0+2) \th-1/\pu—-0+2)"

Summing over all ¢ > 1, the theorem follows. 0




37

From our discussion we see that there are detectable errors of all weights
(up to the maximum weight of a codeword), but undetectable errors of only some
of these weights. The exact determination of these weights was first done by El-
Mougy and Gorshe [13] (for v < 2). In the general case, a complete description
of the possible weights of undetected errors is determined by (3.22) and (3.23)
above.

For small p, the cases where undetectable errors have minimal weight will
provide the main contribution to P,.(C,p). Since 1 — p &~ 1, we get the following

corollary.

Corollary 1. For small p and q = 1/2,

k+1\[k—1t0+2
~ plo—1)0+r—2v+1 —k
Pue(C,p) = p Z<t0_1><u_0+2>2 :

t>1

3.8. A couple of examples

Example 1. In this example v = 2 andr = 5. For these parameters,c =6, = 2,
and pp = 12. The minimal weight of uncorrectable errors is (6—1)0+r—2v+1 = 12.

From Theorem 2 we get:

[u]2 Pue(uap)
0 (1 - p)2f0
1 1(1=p)Pfo+p(1—p)f

Here f\ = fai2—u(p) for A =0,1.
The values of P,.(C,p) and its approrimation given in Corollary 1 for

q=1/2 and k = 50 are given in the Table 1 for some values of p.



TABLE 3.1. P, (C,p), k=50
P Pue(C,p) approz.
0.00001 |0.3874981970 - 10~%2|0.3875815183 - 10~%2
0.0001 [0.3867490905 - 10~%°(0.3875815183 - 10~°
0.001 |0.3793352274 - 107280.3875815183 - 1028
0.01  |0.3124162376 - 10716/0.3875815183 - 10~1¢
0.1 0.4246867240 - 10~° |0.3875815183 - 1074
0.2 0.1668633091 - 1072 |0.1587533899
0.425 [0.4001579456
0.5 0.3180626249
1 0

TABLE 3.2. P, (C,p), k=100
p P (C,p) approz.
0.00001 {0.2908927440 - 10~*80.2910280410 - 10—48
0.0001 [0.2896778669 - 10~360.2910280410 - 1036
0.001 [0.2778016844 - 10~24/0.2910280410 - 10~24
0.01 0.1825826102 - 10712{0.2910280410 - 10~12
0.1 0.2453695931 - 1072 |0.2910280410
0.2277 [0.7190816340 - 107!
0.5 0.2364620679 - 10~}

0

38
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The function P,.(C,p) has its mazimum for p ~ 0.425. We see that the
approrimation is reasonably good for p < 0.01. For p > 0.235 (approzimately),
the approxrimation has a value larger than 1.

For k = 100 the situation is similar. The mazximum is obtained for p ~
0.2277. The approzimation is larger than 1 for p > 0.1109. Some selected values

are given in Table 1.

Example 2. For v =1 and r = 5 we get:

[u]s | Pae(u, p)
0 [(1=p)fo
1 [(1-p)?fo+p(1-p)f
2 |(1=p)fo+p(l—p)fa
3 |(1=pPfo+p(l-p>(fr+ fo) +P*(1 —p)fs
4 1(1=p)*fo+p(1-p)fs
5 ((L=p)fo+p(L—p)*(fi+ fa) +p*(1 - p)fs
6 |(1=plfo+p(l—p)>(fat fa) +p°(1 —p)fe
T (L =p)fo+p(l—p)>(fr + fo+ fa)
+0°(1 = p)*(fa+ fs + fo) + P*(1 — ) f2

Here fy = fatex-u(p), A=0,1,...,7.
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4. A ONE-CODE TYPE I HYBRID ARQ SYSTEM

Hybrid protocols use forward error correction in conjunction with error
detection. Thus, the FEC part of the protocol is designed to correct the most
frequent error patterns, caused by noise on the channel, while the error detec-
tion part deals with the less frequently occurring error patterns. These patterns
are generally most likely to cause decoder errors in the FEC system. The most
common approach is the type I hybrid ARQ which can be implemented as a one
code or a two code system. The first method may use only a FEC code and
retransmission requests are generated either if the number of errors exceeds a cer-
tain threshold, or in the event of FEC decoder failure. A two code system uses
separate feedforward error correcting and feedback error detecting codes.

The existence of high information rate t-AEC/d-AED codes suggests a
good opportunity for using type I hybrid ARQ protocols for the Z-channel. More-
over, these codes can correct ¢ asymmetric errors, and simultaneously detect d
(d > t), and their encoding/decoding complexity is comparable to the existing

error correcting codes.

4.1. Reliability and Efficiency

The reliability of any ARQ protocol is given by the final error probability
(or the accepted packet error rate), by definition, the value to which the ratio of
the number N, of received blocks with undetected errors to the total number of

received blocks NV converges in probability [19]:

N—oo

N,
lim P{|=%— P
1m {‘N E

>6}:O,Ve>0 (4.1)
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We have given some bounds on the final error probability for the Z-channel
with ARQ in [33]. Essentially, it does not depend on the delays introduced by
any specific basic ARQ protocol and it may be calculated as:

P,

Pg =
F=1_p

(4.2)

where Py is the probability of detected errors and P, the undetected error proba-
bility). For a hybrid ARQ protocol, we also need to consider P, (the probability
of corrected errors), which is a characteristic of the feedforward part of the ARQ
system. Note that P, + P; + P, = 1 and we include the error free codeword
probability into P.. The final error probability is given again by (4.2). However,

in this case P, and Py are related in a different way and we may also write:

—_— Pu
P+ P’

The delivery time is characterized by the expected number of channel symbols
required to deliver one information symbol to a user. This is called the throughput
efficiency, or short throughput, and it does depend on the delays introduced by
various ARQ protocols. For analysis purposes we will consider here only SR-ARQ,
for which these delays are not important. Since each retransmission request results

in the retransmission of only one packet it follows:

n = g(l — Py). (4.4)

4.2. t-AEC/d-AED codes construction and performance

The necessary and sufficient conditions for a code C to be t-EC/d-UED are
given by either of the following [24, 1]:
(a) N(X,Y)>t+1land N(Y,X) >t +1,
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(b) D(X,Y) >t+d+1,
for any distinct X,Y € C. Here, N(X,Y) is the number of crossovers from X to
Y and D(X,Y) is the Hamming distance between X and Y.

A somewhat weaker condition (b’) D,(X,Y) > d + 1 (D, stands for the
asymmetric distance) replaces (b) for the necessary and sufficient conditions of
t-AEC/d-AED.

Encoding and decoding procedures for these codes are given in [1]. Al-
though good AEC codes exist [9], their information rate is not much better than
that of some error correcting codes for the binary symmetric channel. Moreover,
efficient encoding procedures are not known yet. In this paper we will concentrate
on t-AEC/d-AED codes construction, which can be summarized as follows:

Let C' be any (n', k, 2¢+1) systematic code where n’ is the length of the code
word, k is the length of the information part and ¢ is the number of correctable
errors. Define the D-sequence of length r with parameters ¢t and d by D[r,¢,d] €
{s0,51,...,8m-1}, where each s; is of length . Then C = {Y(X,m)|X € C'},
where Y (X, m) is the codeword obtained by appending Su(x)modm t0 X, is a
t-AEC/d-AED code of length n = n' + r.

Moreover, in [1] it is also shown that any ¢-EC code can be changed into a
t-EC/t + r-AED code by adding an extra tail of r check bits. For small values of
7, the resultant code is an efficient one. This tail sequence can be constructed as:

D[r,t,t+r]:{uwl,uMOMSigr—l}. (4.5)
r—1-i i r—1-i i

This specific construction suggests that P, depends only on the inner sys-
tematic code C'. On the other hand, P, and P, are related only to the D tail
sequence. However, in order to determine them, the weight distribution of the

codewords needs to be considered, thus they depend on C’ in this manner.
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4.2.1. t-AEC/d-AED weight distribution

The weight distribution of a ¢-AEC/d-AED code using D tail sequences

(4.5), is given by the following theorem:

Theorem 4. Let Aj,i = 0...n', be the weight distribution of C', where C' is
a (n',k,2t + 1) systematic code. The t-AEC/t + r-AED code C, constructed by
appending the Dir,t,d] tail sequence (4{.5) to the codewords of C', has the weight

distribution given by:

0, if 251 <@ < (2§ + 1)ry

Ay ojrayr  Anisjaoyrr (27 +1)r < <(25+2)r 1,
forallj=0,1,...,|n'/2].
Proof. Because the tail check of any word of weight 7 is 8; moq 2r, the weights of

the codewords of C are at least r. Moreover, they take values which belong to

discrete sets of r elements. This is shown in Table 4.1.

TABLE 4.1. The weights of the codewords in C are given by adding the corre-

sponding check sequence weights to the weights of the codewords in C’

we |01 2 3 . 2r=22r=112r2r+1 ...

wplrr—1r—1r—-2 ... 1 0 r r—1 ...

welr 7 r+1r4+1...2r—12r-1|3r 3r

The weight of any codeword in C is in a set of the form {ir,ir+1,..., 2ir —
1}, where 7 is odd. Note the ‘gaps’ in the weight distribution of C' which are
due to the D-sequence “re-adjustments” of weight. They correspond to {ir,ir +
1,...,2ir — 1} sets, where 1 is even. Taking into account these considerations,

equation (4.6) follows directly. O
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4.2.2. FEC decoder

Let P}’ be the probability that a received word has j crossovers from a

weight w code word. Assuming only ‘1 — 0’ errors, with probability p we have:

P = (Y)wa-ne (4.7

Let us assume a codeword X of weight w is received. The probability that it

contains correctable errors (or no errors at all) is then:

t

P.(X,w,p) =Y P (4.8)

§=0
Then the probability of correctable errors for this system can be calculated by
multiplying the probability of correctable errors for a codeword of a certain weight
with the probability that the information word corresponding to that codeword

is generated. Assuming that each information word is equally likely we have:

1 n t .
P(C,p) = Y A P (4.9)
1=0 =0

The FEC decoder errors occur whenever the received codewords become valid
codewords after more than d errors occur during the transmission. Note that
if less than d errors occur in the received codeword, a retransmission request is
always generated. Some patterns with more than d errors may also be detected;
however not all such patterns are valid codewords. The decoder failure (that
is, passing codewords with undetectable errors) only happens when the received
codeword is a valid codeword that is different from the transmitted one .

If more than d errors occur during the transmission, the received word Y
1s at an asymmetric distance of more than d + 1 from the transmitted word X.

The probability of a word passing with undetected errors is upper bounded by:

P{wy <wx —d—-1}n{Y ec}).
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However, not all the received words with d + 1 crossovers are undetectable as
mentioned above. In order to select those which are valid codewords, we need to
consider the weight distribution of the received words.

A listing of all the codewords of C from the lowest to the highest weight

looks like:
\
00...0
......... r...2r—1
00...1
J
00...1 W
......... 3r...4r—1
......... )
......... qr...qr +s,
11...1
where
(| 202 | whpo mod 77 4+1) i | x| s 0dd
(¢,8) =
(P“,‘“J + 1, w),,, mod r + 1) if PﬂrMJ is even,
and w,,,,, is the maximum weight of C'.

The right column gives the weight range of the codewords from C corre-
sponding to the C' codewords in the left column. Because of the nature of errors
(only 1 — 0), a received word contains undetectable errors and thus produces
a FEC decoder error only if the transmitted codeword belongs to a lower weight
group. Any error pattern with a weight within the gaps between legal codeword

weights is detectable. In other words, if the received word Y has a legal codeword
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weight and is at a distance of more than d + 1 from the transmitted codeword X,
then the decoder will pass it with undetected errors.

We can rewrite the bound on undetected error probability as
PuSP(wy e{r,...,2r—1}U{3r,...,4r—1}U---U{vr,...,wx—d—1}),
if v = | 2x=9=1] 5 0dd, or,
PuSP(wye {r,...,2r—1}U{3r,...,4r—l}U---U{(v—1)r,...,vr—1}>,

if v is even.
In a compact notation:

(
P(wxz € U1g§v_2{ir,...,(i+ Dr—1}u{or,...,ux —d— 1}),

todd

P, < if v is odd

P(wxl € U1Si§v_1{’i’l‘, ceey (’L + 1)7‘ — 1}), if v is even.
{ b

todd

In other words, this upper bound is given by the probability that the number of

errors occurred during transmission yields a valid codeword of lower weight.

{
Y YT H( Ay — PP + Y8 H( A,y — 1) PP,

lodd

Pu(/w’da Tap) S lf'U 18 Odd
\ Z)d% Z;’:ii)r_l H(Ay—; - 1)P, if v is even.
(4.10)

Here, H(-) is the Heaviside step function, and it has the role of ‘filtering out’ the
words which are not legal codewords from each {ir,..., (i 4+ 1)r — 1} set. Thus, if
the word of weight w — j is not a codeword, the probability to reach its weight is

not counted.
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Assuming that each codeword is equally likely to be transmitted, the un-

detected error probability for the code C is then:

P,(C,rp) < ZAPzdrp. (4.11)

4.3. Examples

4.3.1. A SEC/3-AED code

We consider the (7,4) Hamming code to be the inner error correcting code.
As explained in Section 4.2, we can obtain a SEC-3AED code by appending a tail
sequence of r = 2 check bits.
TABLE 4.2. The weight distribution of the SEC/3-AED code constructed from

the (7,4) Hamming code

we (0347

’(UD2020

’w02367

The (7,4) Hamming code contains the all zero and all one codewords, thus
A'(0) = A'(1) = 1. All the other codewords are of either 3 or 4 weight. It follows
A'(3) = A'(4) =7 and A'(1) =0 for ¢ = 1,2,5,7. Then, equation (4.6) and Table
4.1 give the weight distribution as shown in Table 4.2.

The probability of undetected error can then be upper bounded according

to equation (4.11) as

11

1
P’u 27 < — AiPu .7 2a .
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TABLE 4.3. The probability of undetected error of 2 t-EC/d-AED codes

[ logigp l -7 -6 -5 -4 -3 -2 -1 ]
P,(C,4,p)

SEC/3-AED
P.(C,6,p)

2-EC/8-AED

8.25 x 10728 8.74 x 10724 8.74 x 10-2° 8.74 x 1016 8,73 x 10712 8.56 x 10~% 8.74 x 10™%

9.33 x 10751 9.33 x 10752 9.33 x 10-*3 9.31 x 1073% 9.16 x 1072% 7.75 x 1071% 1.35 x 107

Because of the weight distribution of this code, the summation has only
four nonzero terms. P,(i,4,p) is the probability that the weight of the received
codeword belongs to the set of legal weights of C and it is at distance more than
3 from the transmitted one. Then,

1

P.(C.4.p) <
w(C,4,p) < T

7
1
ZAiPu(ia27p) =16 [A7(P{ + P]) + AsP;]
i—a
7

= 1—16147[<4>p4(1 ~p)?
+ (;)ﬁ’(l - p)?]
+ 1_1(5A6 (2)})4(1 —p)>.

This probability of undetected error is shown in Table 4.3 for some values of p.

4.3.2. A 2-AEC/8-AED code

Let us consider the (31,21) binary BCH double correcting code, given by

the the following generator polynomial:

glr) =z 4+ + 28 + 2+ 2P + P+ L




TABLE 4.4. A 2-EC/8-AED code weight distribution

w'|C" weight distribution | w|C weight distribution
0 1] 6 Ag=1
5 186| 8 Ag=1
6 806| 9
Ag = 3441
7 2635| 9
8 790510
A = 26815
9 18910(10
10 4160211
Apr = 127162
11 8556011
12 142600|18
A1s = 337900
13 195300|18
14 251100(19
A9 = 553071
15 301971{19
16 301971|20
Agp = 553071
17 251100(20
18 195300(21
Ay = 337900
19 142600|21
20 85560|22
Ago = 127162
21 41602|22
22 18910|23
Asz = 26815
23 790523
24 2635|30
Aszo = 3441
25 80630
26 186{31 A31=186
31 1/33 Agz=1

49
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Note that this is a primitive narrow-sense BCH code and thus, apart from

the all zero codeword, its dual has [25, 41]:

;

(25 —1)(22+2) codewords of weight 25 — 22,
294241 codewords of weight 24, and

(2° = 1)(2°—2) codewords of weight 25 4 22,

\

The weight distribution of the BCH code can be determined by using the
MacWilliams equation [25, 41] and it is shown in Table 4.4. The weight distribu-
tion of the 2-AEC/8-AED code is determined according to Theorem 4 and it is
also shown in Table 4.4. The probability of undetected error is shown in Table

4.3.
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5. CONCLUSION AND FURTHER RESEARCH DIRECTIONS

5.1. Summary

In this thesis, results that are both of theoretical and practical interest are
derived for AED and t-AEC/d-AED codes. Also, feedback error control techniques

are proposed and analyzed. Specifically, new results are given on:

e The probability of undetected error for the Bose-Lin code.

e Bounds on the probability of undetected error for general classes of system-

atic AED codes and for t-AEC/d-AED codes.

e Diversity combining for the Z-channel.

Chapter 2 introduced a particular scheme of diversity combining, specific
to the Z-channel. The stored result of a bit-by-bit OR operation between any
retransmitted codeword and the result of the previous transmissions was used
towards increasing both the reliability and the throughput at the receiving end.
First the probability of undetected error Py(x, X;p) and the average number of
transmissions Ng(x, X; p) were considered for each codeword x, with its set X of
covered codewords. Assuming that each codeword is equally likely, the probability
of undetected error for an AED code can be calculated as:

1
P(C;p) = il > Pu(x, Xy p).

xeC

A similar equation was derived for N (C, p). In realistic situations, we will

be able to compute Py(x, Xy;p) exactly for some x’s, and give bounds for other

X’s.
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Lower and upper bounds for the probabilities of detected and undetected
errors in the received words, respectively, were determined in Chapter 3. These
bounds may be very useful tools for characterizing ARQ systems performance by
providing good starting points for estimating the throughput and the accepted
packet error rate. Then, in the same chapter, the Bose-Lin codes were analyzed
by providing a new parameterized form for them which includes all the method
designs, for any number of check bits. Based on this approach, their probability
of undetected error was calculated.

The type I hybrid ARQ protocol with ¢t-AEC/d-AED coding was ana-
lyzed for the the Z-channel transmission in Chapter 4. The parameters which
characterize this protocol, the final error probability and the throughput were in-
troduced in Section 4.1. Both can be completely determined by the undetected
error probability and the probability of error correcting. For t-AEC/d-AED codes
with a D[r, t,d] tail sequence as check symbol, the probability of error correcting
was calculated and an upper bound on the probability of undetected error was
also determined. This bound took into account the weight distribution of these
codes, which was determined in Section 4.2 based on the inner error correcting
code weight distribution. A couple of detailed examples were given, starting with

Hamming and binary BCH codes as inner codes.

5.2. Further Research

In Chapter 3, a powerful class of AED codes has been investigated and
analyzed: the Bose-Lin codes. A new parametrized description and the complete
derivation of the probability of undetected errors, leaves only one open problem:

the complete optimality investigation. Thus, we know that these codes are optimal




o

33

in the cases of 2, 3 or 4 bits check sequences. However , a generalization to any
number of check bits (if true) is highly desireable.

Because of the difficulty in designing systematic t-AEC codes with a better
information rate than the corresponding t-error correcting BCH codes, there is an
alternate direction one may take; namely, to design t-AEC codes with simpler
encoding/decoding techniques.

A t-AEC code design is briefly described in the following [9].

Let {ag = 0,1, 03, ..., } be the elements of GF(n + 1). We define the

function F from the binary n-tuples to GF(n + 1) as:

F:GF@2") — GF(n+1)

by
Fi(z)
F(r
Fay= | |
| Fule) |
where
Fi(z) = Fi((zyz2 ... zn)) = Z o;
z;=1
and
FZ(I‘) = Z 7O TP ¢ 7 9
J1<iz <<
wh:wh:"':whzl
for ¢« = 2,3,...,t. Now, F partitions 2" tuples into (n + 1)* classes

C1,Cs, ... Clny1y, such that, if X,V € C;, then F(X) = F(Y). It can be proven

that each of C;, i = 1,2,...,(n+ 1)t is a t-AEC code and there exists a class

which contains at least ﬁ codewords.
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Suppose we choose the Cy code such that:

- — - -

Fi(z) 0

Fgl' 0
py | 0| _

_Ft(:c)_ | 0]

Let X and X' be the transmitted and the received words, respectively, and X'
has s, s <t, 0 — 1 errors (similar results hold for 1 — 0 errors). Then, it can be

proven that:

FI(XI) =S =0 76 0

Fy(X')=8Sy=03#0

Fy(X')=S,=0,#0

Fs+1(XI) = SS+1 =0

where the o;’s are the symmetric functions of the error location values. Thus,
from the syndromes, it is possible to find the number of errors and, furthermore,
the syndromes directly give the symmetric functions of the error location values.
Then, the errors location can be determined by using Chien search ( [4], [25], [34]).

In the case of BCH codes decoding, the major step is to find the symmetric
functions of the error location values from the syndromes. Thus, these t-AEC
codes have a much simpler decoding procedure.

One pbssible research goal is to find simple encoding methods for these

codes; in particular, methods of encoding in a systematic form. The analysis of
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these codes within the frame of feedback error control systems is another goal.
Thus, a combination of AEC with Bose-Lin codes may provide a valuable hybrid

ARQ technique for the Z-channel.
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ARQ, 5 UED, 3
type I, 8, 40, 52 combined, 13, 18
type II, 8, 10 cover, see unordered
crossover, 42, 44
channel, 6
BSC, 1 decoding, 8
asymmetric, 10 majority logic, 10
Z-channel, 2, 10, 31, 41 diversity combining, 10, 51
check encoding, 2, 8, 40, 42, 53
bits, 4, 5, 24, 27, 52
error
symbol, 3 accepted packet error rate, 6, 14,
i code 40, 52
t-AEC, 53

asymmetric, 24, 40

t-AEC/d-AED, 40, 51 correctable, 13, 42

AED, 3, 26, 51 correction, 8, 40

balanced, 16 detection, 40

BCH, 48, 53 location, 33, 54

Bose-Lin, 4, 9, 26, 51 undetectable, 31, 40, 44

efficient, 42 undetected, probability of, 11, 15,
Hamming, 47 23, 32, 46, 50, 51
inner, 42, 47

unidirectional, 24

nonsystematic, see systematic
errors

optimal, 3 asymmetric, 2, 5

systematic, 3, 29, 42 undetected, 7



unidirectional, 2

geometric

density function, 7

Heaviside, 46
hybrid

protocol, 8, 41
MacWilliams equation, 50

photons, 2

primitive, see code, BCH

rate
data, 2
information, 4, 15, 40, 42
retransmission requests, 6
redundancy, 1
reliability, 51
retransmission, 5, 8, 11, 41

request, 44

support, see unordered

syndrome, 54

throughput, 6, 8, 14, 41, 51
transmission
average number, 18, 51

packet, 7

unordered, 11, 22

weight, 5, 24
distribution, 43, 47, 50
Hamming, 29
minimal, 35, 37

range, 45
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