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Applying Higher Order Asymptotics to Mixed Linear Models

1. Introduction

1.1 Introduction

Researchers have a variety of methods available to obtain p-values and confidence
intervals in Gaussian mixed linear models. In addition to exact and approximate methods
based on sums of squares, commercial optimization programs that give maximum
likelihood estimates have made likelihood based tests widely available. Likelihood based
tests such as the likelihood ratio test (LRT) offer a general method of making inference
about any parameter in any mixed model. However, like some sums of squares based
methods, these likelihood based tests are approximate and can be misleading when the
sample size is small compared to the complexity of the model. This thesis presents
methods of adjusting the likelihood to improve small sample inference. Based on recent
results in higher order asymptotics, the methods are straight forward to implement in any
model with current commercial software.

Specifically, the thesis shows how to apply three higher order asymptotic
procedures for making inference in Gaussian mixed linear models: the modified directed
deviance statistic introduced by LM. Skovgaard (1996), the modified profile likelihood,
defined by O.E. Barndorff-Nielsen (1983), and Barndoff-Nielsen's approximate modified
profile likelihood (1994b). Although our primary concern is to develop practical methods
for improving small sample likelihood inference, more fundamental issues of inference
will be addressed as well.

After defining the mixed linear model and discussing available tests and
confidence interval procedures, this chapter ends with a more technical discussion that

places the Gaussian linear mixed model in the context of exponential families. The



second and third manuscript chapters concern Skovgaard's modified directed deviance
statistic, 7, and Barndorff-Nielsen's approximate modified profile likelihood, Lfnp,
respectively. The final manuscript chapter discusses a useful decomposition of 7 and

some technical notes on its accuracy.

1.2 The Gaussian Mixed Linear Model

Encompassing both linear regression and analysis of variance procedures, the
standard Gaussian linear model is arguably the most widely used statistical method. In
these models an n x 1 response vector Y is modeled as a linear function of unknown
slope and intercept parameters and a normally distributed random error term with
independent components. In matrix form,

Y=X3+ ¢
where X is an n x pmatrix of constants, 3 is an unknown vector of parameters and the
error term ¢ is distributed multivariate normal with 0 mean and covariance matrix 1.

In many applications the assumption of independence is not appropriate. In a
repeated measures model Y consists of multiple measurements taken over time on a
group of subjects so that the inter-subject measurements are dependent. For this case and
others a generalization of the standard linear model is useful:

Y =XB + egand € ~ N,(0,V(p)),

where V(p) is a symmetric positive definite covariance matrix. Researchers identify
these models by the form of the covariance matrix; e.g., variance component models
(Searle, Casella, McCulloch 1992), random coefficient models (Longford 1993), and
multivariate analysis of variance models (Johnson and Wichern 1982).

Our main interest lies with the common case of Y consisting of m independent
sub-vectors, i.e., V is block diagonal. This common type of covariance matrix arises in

nested variance component models and repeated measures models. Since Y consists of



sets of independent vectors, the asymptotic properties of 7 and LI,,,, are straight forward
to derive, i.e., their behavior stabilizes as the number of independents units, m, increases.
Through out we will assume that V(p) is block diagonal; Miller (1977), Jiang (1996) and
Cressie and Laihari (1993) discuss the behavior of asymptotic tests when V' is not block

diagonal.

1.3 Inference in Gaussian Mixed Linear Models

Statisticians have proposed a variety of methods to obtain tests and confidence
intervals for mixed models that for convenience we will categorize as follows: exact
procedures, specialized approximate procedures, and approximate procedures based on
the likelihood. Of these methods, only the likelihood based tests are available for
inference about any parameter in any mixed linear model. Without a general method,
researchers may choose to only fit models with exact tests even if other models offer a
better fit. The likelihood ratio test (LRT), unlike the Wald test, has the important
property of parameterization invariance so we will focus on adjusting it in hopes of
obtaining a more accurate and general inference tool.

Exact procedures have been developed for two types of models: balanced
variance component models and multivariate analysis of variance models with no missing
data. To obtain tests and confidence intervals when exact methods are not available,
statisticians have developed several methods that extend the exact F-tests. Separate

methods were developed for inference about covariance parameters and fixed effects.

1.3.1 Covariance Parameter Inference
For variance component models, Mathew and Sinha (1988) and Seely and El-
Bassiouni (1983) describe exact optimal F-tests for variance components. These tests are

optimal in the sense that they are most powerful among either invariant or unbiased tests



(Lehmann 1986). However, in contrast to likelihood based tests, these procedures are
invalidated by the loss of even one observation or the addition of a continuous fixed
covariate. Furthermore even in the "ideal" balanced case, there is no method for
constructing exact confidence intervals for linear combinations of variance components
(Burdick and Graybill 1992).

For inference about variance components in unbalanced designs, Satterthwaite
(1941) introduced an approximate F-test. Although quite accurate in simple unbalanced
models, in models with several variance components the test is not unique; one can
construct several sensible approximate F-tests for the same parameter. In some cases
more accurate specialized approximations based on sums of squares exist (Ting et. al.
1991) but they too are not well defined in unbalanced models. The analyst then must
choose between several approximate procedures which may give contradictory results.

Both the LRT and the Wald are well defined in variance component models but
they may sometimes be inaccurate for small or moderate sample inference. Many
researchers prefer using a penalized likelihood called the residual, or restricted, likelihood
for making inference on covariance parameters. Introduced by Patterson and Thompson
(1973) the residual likelihood eliminates the nuisance fixed effects and gives unbiased
estimates of the variance components in balanced models. Li, Birkes, and Thomas (1996)
present a numerical study comparing the residual likelihood ratio to another exact, but not
optimal, test in a one way analysis of variance model and find that it performs quite well.
In chapter three we show that this residual likelihood is a special case of this approximate
modified profile likelihood.

1.3.2 Fixed Effect Inference
Currently, exact methods are available for most parameters of interest in

multivariate repeated measures without missing data and balanced variance component



models. However, in models with unbalanced data, missing data, or covariates,
researchers have to rely on approximate methods. One popular approximate method is
the generalized least squares (GLS) t-test. Analogous to the ¢-test constructed in the
standard linear model, the GLS ¢ is actually a modification of the Wald statistic that need
not follow a t distribution under the null hypothesis.

Calculation of the GLS t and F statistics requires two stages: one must first
estimate p and then calculate the GLS estimates of 3 as

B = (XVIP)X)IXVI()Y.
The covariance matrix of ﬁ is then estimated with X’V ~1(p)X. A test statistic
analogous to the simple t-test for testing §; = [, is given by

B =i
GLS t = =2—~,
t SE(B:)

The variance of ﬁ,- is estimated with the ith diagonal element of X'V ~2(p)X. If the
MLE is used to estimate p then the GLS ¢ reduces to the Wald test with the expected
(Fisher) information used to estimate the standard error. If other consistent estimators of
p are used, such as REML estimates, then in large samples the GLS ¢ generally follows a
normal distribution. For small samples, however, it is often compared to a ¢ distribution
the degrees of freedom of which are calculated in a variety of ways.

The estimator of the standard error of E, given above usually underestimates the
true standard error (Kackar and Harville 1984) so the p-values obtained from the GLS ¢
are too small and the confidence intervals too narrow when the GLS ¢ is compared to a
normal distribution. To remedy this, McLean, Sanders, and Stroup (1991) argue that the
GLS t should be compared to a ¢ distribution, rather than a normal, with degrees of
freedom determined by a Satterthwaite approximation. Although this ignores the
correlation of SE (,5,-) and E,-, the resulting test is exact for many balanced variance

" component models. The SAS® Institute implements this method with its MIXED

procedure. Kackar and Harville suggest using a Taylor series approximation to reduce



the first order bias of the standard error estimates. However, neither this adjustment nor
the approximate degrees of freedom method appear to be invariant to reparameterizations
of V.

The GLS statistic requires estimates of p. Using ML estimates gives the standard
Wald test but many researchers prefer to use residual maximum likelihood (REML)
estimates since they are believed to be less biased and yield exact ¢-tests in some balanced
models. Another point of contention is whether the statistic should be comparedto a ¢
distribution or a normal and when using a t distribution how should the degrees of
freedom be determined. Generally, the LRT is considered superior to the Wald test. As
the two manuscript chapters will demonstrate the LRT, adjusted for small sample
accuracy, can perform much better than the GLS ¢.

For making inference about fixed effects in multivariate repeated measures
models Hotelling's T gives exact confidence intervals and p-values. When there is
missing data, Pillai and Samson (1954) and McKeon (1971) provide approximate
extensions of Hotelling's T statistic. S.P. Wright (1994) reported that these tests are
superior to Wald type tests with REML variance estimates. However, using these tests
requires fitting an unstructured covariance matrix in lieu of another more parsimonious
repeated measures model, such as, an autoregressive model, that may offer a better fit.
We consider a multivariate repeated measures problem in chapter two.

Specialized tests exists in particular models for inference about some parameters
but the LRT is defined in all models for any parameter of interest. Recent advances in
software have made maximum likelihood estimates available for a wide variety of mixed
models so that the LRT is now a feasible alternative to the specialized non-likelihood
based approximations. However, some numerical studies (Lyons and Peters 1996 and
Wright 1994) indicate that these specialized approximations can be more accurate than
both the likelihood ratio test and the Wald tests for some models. In practice researchers

too often resort to fitting models that offer exact or specialized approximate tests even if



these models fail to reflect the experimental design, do not answer the question of
interest, or fit the data poorly. Furthermore, applying these procedures requires
specialized knowledge and judgment which distracts researchers from their principle task
of fitting and interpreting useful models.

By employing likelihood ratio tests that are adjusted to be at least as reliable as
the specialized approximations researchers could fit models without considering the
existence of exact or specialized approximate tests. This would also place mixed linear
model analyses in a general context since most of the specialized methods above are
peculiar to mixed linear models while the likelihood ratio test is applied successfully in
many contexts, e.g., generalized linear models. In the next two chapters we will develop
these adjustments. First though, we need to place mixed models in the context of

exponential families.

1.4 Exponential Families and the Gaussian Mixed Linear Model

Some authors view mixed models in the general context of random effects or even
as extensions of standard linear models. However, to understand how to apply higher
order methods, the Gaussian mixed linear model is best viewed as a member of a regular
or curved exponential family. It is convenient to adopt notation similar to that of
Barndorff-Nielsen and Cox (1994).

Let 6 = (3, p) be partitioned into a parameter of interest, 1, and a nuisance
parameter, x. We will write the likelihood of # as L(f) and its log as /(6).
Differentiation will be denoted with a sub-scripted / followed by the parameter, e.g., the
score U (6) = g and the observed information j(6) = — I(6)e . Evaluation of a quantity
at the maximum likelihood estimates, (17), X), or at the restricted maximum likelihood

estimates , (¥, X ), is denoted by a superior ~ and ~ , respectively; e.g., the profile log



likelihood for 4, I,(¥) = I(¥, X), can be written as 1. For a matrix X, R(X) will denote
the range space, r(X) its rank, tr(X)its trace and | X| its determinant.

Suppose that the random vector Y has density f indexed by the parameter w of
dimension p. The density f(Y"; 8) follows an exponential family if it is of the form:

f(Y;8) = h(Y)exp(w(6)' t(y) — r(w(9))) (1)
relative to some dominating measure. Here (y) , the canonical statistic, and w(6), the
canonical parameter, are vectors of dimension k. The smallest natural number k for
which (1) holds is called the order of this (k, p) exponential family. The statistic ¢(y) is a
minimal sufficient statistic (see Lehmann 1986).

If k = p then f is generally a member of a regular exponential family; if & > p
then f is a member of a curved exponential family. The binomial, gamma, poison and
normal densities all belong to regular exponential families. Most balanced variance
component models are members of a regular exponential family while the densities of
unbalanced models generally belong to curved families. If k < p then the model is not
useful since it is over-parameterized.

To see that the density of Y in a mixed model follows an exponential family note
that

inf(Y;B,p) = —3((Y — XBYVHp)(Y — XB) + In|V(p)]).

Hence if we let v;; denote the (i, j) element of V~!(p) we see that,

Inf(Y;B,p) =

“HY S usY — XBY(Y - XB) + WlV(p)]).

i=1 i<j

The minimal representation, and hence, the order will depend on the form of V=1(p) .
As an example consider one of the simplest mixed models, the one-way random

variance component model arising when k; measurements are taken on each of a clusters.

Consider the n x 1vector Y

Y=1,u + ¢



where € ~ N,(0,V (7, x))and
V(r,x) = I, +x(€B lk' %)

By inspection we see that
8
V_l = %P o + ;=21T_+1,C'-;‘-P'
S
where P, = . _6_9 Iy, — tlk‘, %) and P; is a block diagonal matrix with the ith block

given by - % Lk, 1k, This implies that

(Y — Mln)’V'l(T,x)(Y - uly)
= ly'PyY + Z —Ly'RY - % 1,PY

T+kix

S
- NAEALPY + 21V,
1

=

8
=1Y'PY + )

ARYRY = LRUY i 1Y
The last step follows since 1, P, = 0.

The order of the family depends on the number of distinct k;s. If k; = cforall
then the model is said to be balanced and the density forms a (3,3) exponential family. If
there are two distinct k;s the density forms a (5,3) exponential family. Generally, w
distinct k;s leads to a (1 4+ 2+w, 3) exponential family. A one-way analysis of variance
model with two distinct k;s then differs substantially from a model with one distinct k;.
In fact from the point of view of finding optimal tests or applying higher order methods
the densities of these two models differ in a more fundamental way than the densities of a
Binomial and Poisson, both of which follow a regular exponential family. This one-way
model will be considered again in chapter two.

The sufficiency of the MLEs in the regular exponential family case not only
leads to a convenient reduction of the data but to a compact approximation with third
order relative error for the density of the MLE: the p* formula given by Barndorff-
Nielsen (Banrdorff-Nielsen and Cox 1989, ch. 9)

p*(8:0) = c(0)[j|"tet?
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Here c(6) is a norming constant that insures p* integrates to 1. For regular exponential
families the p* formula leads to both the modified profile likelihood, Ly, and r*
statistic.

Since in curved exponential families 9 is not sufficient, Barndorff-Nielsen and
Cox (1994 ch. 7) present a second order relative error approximation for the density of [
conditioned on an approximate ancillary statistic A:

p*(8:614) = c(0.4) 7| He .
Only the norming constant requires the specification of the ancillary statistic. This
decrease in precision from third to second order for curved families occurs in the statistics
discussed in chapters two and three as well. In practice, though, the order is only a rough
indicator of accuracy since the actual magnitude of the error depends on unknown
parameter values.

Sufficient conditions for the density of a mixed linear model to follow a regular
family are given in Chapter 4 but generally they follow curved families. The fact that the
MLEs alone are not sufficient in the curved case makes applying higher order methods
difficult since an ancillary statistic must be specified. Neither the score nor the directed
deviance ancillary are unique and calculating either 7* or L,,, while accounting for an
arbitrary ancillary statistic is difficult. Instead, Barndorff-Nielsen and Cox (1994) suggest
using methods that are stable in the sense that asymptotically they give the same inference
that would have been obtained by conditioning on any reasonable ancillary. In doing this
a degree of precision is lost but the approximations are relatively easy to calculate and can
greatly improve on existing methods. Finding stable higher order methods for mixed

linear models is the main focus of this thesis.



Chapter 2
A Simple Higher Order Asymptotic Test for Mixed Linear Models

Benjamin Lyons and Dawn Peters
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2. A Simple Higher Order Asymptotic Test for Mixed Linear Models

2.1 Abstract

The introduction of software to calculate maximum likelihood estimates for
mixed linear models has made likelihood estimation a practical alternative to methods
based on sums of squares. Likelihood based tests and confidence intervals, however, may
be misleading in problems with small sample sizes. This paper discusses an adjusted
version of the directed likelihood statistic for mixed models that can improve the
accuracy of the likelihood ratio test for any one parameter hypothesis. Introduced in
general form by Skovgaard (1996), in mixed models this statistic has a simple compact
form so that it is easy to obtain with existing software. Several simulations studies
indicate this statistic is more accurate than several specialized procedures that have been
advocated. Skovgaard's statistic, however, is available in mixed models where
specialized exact and approximate procedures have not been developed so that it offers an

automatic method of improving inference in many Gaussian mixed linear models.

2.2 Introduction

Gaussian mixed linear models are often used to model correlated data and a
variety of exact and approximate methods have been introduced to obtain p-values and
confidence intervals in some common models. Exact and approximate procedures based
on sums of squares are available in balanced and unbalanced variance component models
and similar approximations have been developed for multivariate analysis of variance
models. With the introduction of commercial programs to find maximum likelihood
estimates, tests based on either the full or residual maximum likelihood estimates are now
widely available. However, recent simulation studies, e.g., Wright (1994) and Wright
and Wolfinger (1997), indicate that first order likelihood based methods may be
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misleading. Furthermore, these likelihood based procedures are less reliable than some
specialized approximations that are not widely available.

For moderate sample sizes researchers are then faced with a choice between
unreliable likelihood based methods and specialized approximations that are not always
available. This hinders the application of non-traditional correlation structures, such as
the heterogenous covariance models discussed by Wolfinger (1996), where specialized
approximations have not been developed. These more parsimonious models may be
ignored in favor of correlation structures that admit reliable tests. Skovgaard (1996)
introduced a modified directed likelihood statistic, called 7, for curved exponential
families that offers a practical solution to this problem. The 7 statistic can substantially
improve the accuracy of the standard likelihood based methods, is available for most
models, and is straight forward to calculate with existing software.

We show below that 7 has a compact closed form depending on full and restricted
maximum likelihood estimates, observed and expected information, and other quantities
based on simple derivatives of the covariance matrix. It is not substantially more
complex then the wide variety of specialized approximations currently in use.
Simulations given below indicate that this statistic is a marked improvement on first order
likelihood methods and is often superior to specialized approximations when they exist.

We adopt notation similar to that used by Barndorff-Nielsen and Cox (1994) and
partition the parameter vector 8 into a parameter of interest, %, and a nuisance parameter,
x. The likelihood of § will be written as L(6) and its log as [(6). Differentiation with
respect to 6 will be denoted by a sub-scripted parameter, e.g., the score U (6) can be
written as lg and the observed information 5(8) as — [(8)¢s . The expected information is
denoted by i(#) = E(j(#)). Evaluation of a quantity depending on 6 at the full
maximum likelihood estimates , (;/3, X), or at the restricted maximum likelihood

estimates, (1,%), is denoted by a superior ~ and ™, respectively; e.g., the profile log
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likelihood for 9 is denoted by 7. For a matrix X , R(X) will denote the range space,
r(X) its rank, ¢r(X) its trace and | X | its determinant.

In section 2 we review some existing procedures. Section 3 gives some
background regarding Skovgaard's 7and the related statistic, Barndorff-Nielsen's r*.
Section 4 gives a compact form for 7in Gaussian mixed linear models. Section 5 gives

simulation results and some technical details are presented in the appendix.

2.3 Inference in Mixed Linear Models
Of interest here are models of the form:

Y, =XB + eande ~ N, (0,V(p)), (1)
where X is an n by pdesign matrix and V' is a covariance matrix that is positive definite.
Either the p-dimensional fixed effect vector 3 or the k dimensional covariance parameter
vector p may be of interest. We are primarily concerned with cases, such as repeated
measures models, where Y consists of m independent subsets and hence V(p) is block
diagonal and the likelihood based approximations improve as m gets large. It is easy to
see that the density of Y belongs to an exponential family that may be either regular or
curved.

In balanced variance component models a variety of exact F-tests can be formed
using sums of squares for many, but not all, fixed and covariance parameters of interest.
Besides being exact and easy to calculate, these tests are often optimal (Mathew and
Sinha 1988). Even in this ideal case, however, exact methods do not exist for important
parameters, such as the "between" variance component in one-way random analysis of
variance models and certain fixed effect contrasts in balanced split plot models (Milliken
and Johnson 1984 ch. 17). Similarly for many fixed effect hypotheses in multivariate

analysis of variance (MANOVA) models, Hotelling's T is exact and optimal.
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These exact methods can be extended to unbalanced models yielding tests that are
usually approximate. In unbalanced variance component models, approximate F-tests can
be calculated using the Satterthwaite procedure. Although these tests may perform well
in simple models they often fail in more complex models especially when the numerator
and denominator of the approximate F statistic are not independent (Tietjen 1974).
Furthermore, in more complex unbalanced models there are usually several approximate
F-tests and no method of choosing one over the other. In multivariate analysis of
variance models with missing data, approximate tests for fixed effects based on
Hotelling's T have also been developed and may be quite effective (see Pillai and Samson
1954 and Wright 1994).

These approximate methods do not extend easily to models with less traditional
correlation structures. In these and other useful models, specialized approximate or exact
methods have not been developed and only methods based on the full or residual
likelihood are available. The lack of exact or specialized approximate methods may
hinder the fitting of more parsimonious repeated measures models or random slope
models. Skovgaard's directed likelihood statistic can be applied to one dimensional

interest parameters in most of these non-traditional models.

2.4 Skovgaard's Modified Directed Likelihood

Developed for curved exponential families as an alternative to Barndorff-Nielsen's
(1986) r* statistic, Skovgaard's 7, is simpler to calculate than * but slightly less accurate.
Both statistics are modified versions of the directed likelihood statistics and they are
identical in regular exponential families.

If the log likelihood ratio statistic for the single parameter of interest v is

W) = 20 %Y) - l$e%Y)).
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then the directed likelihood statistic (Barndorff-Nielsen and Cox 1994) for testing 1 = 1,
is

(o) = sgn(® — %) VW ().
Quite generally, under the null hypothesis (1, ) is asymptotically standard normal with
absolute first order error, O,,(n‘%), in moderate deviation regions and Op(1) error in
large deviation regions.

‘To improve the accuracy of this approximation, Barndorff-Nielsen (1986)

introduced the modified directed likelihood statistic 7*:

(o) = (o) — misloa(55d).
The statistic u(1),), defined below, is a function of the observed and expected information
and two derivatives taken with respect to the data, i.e., sample space derivatives. This
statistic is standard normal with relative third order error, Op(n"%), in moderate
deviation regions and second order error, Op(n~'), in large deviation regions. Numerical
studies, see Pierce and Peters (1992), indicate that 7* can be very accurate in small
sample problems. Unfortunately, u(1,) is often difficult to calculate in curved
exponential families since it depends on the specification of an ancillary statistic.

The improvement in the order of the error does not fully capture the benefits of
using * or Tinstead of r. The accuracy of r and the Wald statistic decrease as models
become more complex since they fail to account for nuisance parameters as the modified
statistics do. For instance, when testing covariance parameter in mixed linear models, 7*
and 7, like the residual likelihood, correct for the nuisance fixed effects. Unlike the
residual likelihood, however, they also correct for nuisance covariance parameters.
Similarly, when testing fixed effects, where there is no eﬁuivalent to the residual
likelihood, 7* and 7 adjust for both nuisance fixed and covariance parameters.

Furthermore, unlike the Wald test, the modified and unmodified directed likelihood
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statistics are invariant to interest respecting reparameterizations (Barndorff-Nielsen and
Cox 1994 pg. 11).
The statistic u(1),) is a function of the full MLEs, the restricted MLEs, the
observed information and two sample space derivatives:
u(e) = [[op) @5 =Tl (117 Wogl Fad
where'_\f xx 18 the nuisance parameter block of the observed information. The sample
space derivatives, [,; and l5, are taken with respect to the data, specifically with
respect to 9. In the curved exponential family setting, an approximate ancillary statistic A
can be found so that 8 and Aare jointly sufficient (see Barndorff-Nielsen and Cox 1994).
The sample space derivatives, taken with A held fixed, are written as
lyg = 52=1(6:0, A) and L5 = 2.1(6;9, A).
In regular exponential families 9 itself is sufficient and calculating the sample space
derivatives is usually elementary. In curved exponential families, however, several
sensible ancillary statistics could be specified, each giving a different version of r*.
Skovgaard avoids specifying an ancillary statistic by approximating the sample
space derivatives:
T, * i adl; -7,
where l indicates equality to second order. The terms S and g are given by

S = Cove,(1s(81), l"(e"’))|o,=a Wy ™

q = Cova,(lf)(ol)vl(al)_l(GZ))Io,=3,92=7"'

Here, evaluation at Band 9 occurs after determining the covariance of the two terms.
Applying S and g to the u statistic gives Skovgaard's 7. Skovgaard shows that 7 is
standard normal with relative second order error in moderate deviation regions and first
order error in large deviation regions. If the density of Y belongs to a regular exponential
family, ¥ = r* and the higher order of accuracy is achieved. This is useful in the mixed

model setting where it is often difficult to determine if the density belongs to a regular
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family. Although¥is less accurate than r* it is much easier to calculate and has a very

compact form in mixed linear models.

2.5 Calculating Skovgaard's % in a Gaussian Mixed Linear Model

In mixed linear models the score and the deviance drop are functions of quadratic
and linear functions of Y, a multivariate normal random vector. In this case, using well
known results concerning the covariance of quadratic and linear forms and multivariate
random normal variables (Mathai and Provost 1992 ch. 3), it is elementary to show that S

and g have a compact form. For convenience we will write V! = 5% V-1and
S
Pi — Opj 4
We show in the appendix for the parameterization given in (1) that S and q have
the following forms. By partitioning S
s = ( Sps Sﬂp)
Spﬂ Spp

it can be shown that the components are

Sﬁﬂ = X’V_IX .
S pplis = 3tr(V, VIV, VY, for 4,5 = 1,..., k,
Spﬂ = 0,

and each of the k columns of Sg, are given by

Sgw = XVIX(B-B), fori = 1,..., k.
Similarly, partition the vector g as

= (% )

! ( 9

and it can be shown that its components are
g = XV'X(B-B)

with each of the k elements of g, given by

[go); = — %tr(i}p,.(i}“l - V‘l)) forj=1,...,k

Given full and restricted maximum likelihood estimates, the components of S and q are
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then easy to calculate with existing software when V), has a closed form. In certain
common models, such as balanced variance component models, the formulas for S and g
simplify.

Note that in all mixed models Sgz = X'V-1X , the fixed effect block of the
expected and observed information matrix. If the covariance matrix V is a linear function
of p, e.g., variance component models, then S,, = 7,,,,. To see this note that
V;j1 = -V v, V=1 (Graybill 1984 ch. 10) so that for known symmetric matrices
Qi,

k

V = ,._.Z% piQi =

[Spp)is = %tr( in—leV—l) = [?PP]ij and

A L A )] |

Another interesting simplification occurs when interest lies with p. Clearly, if for
fixed p, 'Z; = B then Sg, = Oand gg = 0. Using the terminology of Lindsey (1996),
B is estimation orthogonal to p. In Gaussian mixed models this is implied by Zyskind's

(1967) condition: R(V (p)X) C R(X) for all p.

2.6 Numerical Examples

We employ three models to illustrate the accuracy of Skovgaard's statistic: a
balanced variance component model, a repeated measures model with an unstructured
covariance matrix, and a repeated measures models with a heterogenous toeplitz
covariance matrix. In all three cases, exact tests do not exist for some parameters but
specialized approximations have been developed in the first two examples. The
simulations compare the empirical rejection rates given by r, 7, tests based on residual
maximum likelihood (REML) estimates, and several specialized approximate tests.

Results show that in each case 7 is a significant improvement on the likelihood based
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approximations. In examples where they exist, the non-likelihood based tests are more

accurate than the unmodified likelihood based tests but generally inferior to 7

2.6.1 Balanced Variance Component Model

Consider the one-way balanced variance component model with normal errors:

Yj=p+di + ¢ fori =1,...,s,andj=1,...,k,

where d and ¢ are independent normally distributed random vectors. The mean and
covariance of the multivariate normal vector Y of, dimension n, are given by E(Y') = ul,
and Var(Y) =021, + o2DD’ where Disthe n x s balanced classification matrix for
the random effect d. In order for the covariance matrix of Y to be positive definite the
eigenvalues of Var(Y') must be positive, i.e., 02 >0and o2 + koZ > 0. These are the
only constraints placed on the variance components.

In this simple model, there is no exact method of obtaining confidence intervals
on the "between" variance component, o2. A specialized approximation based on the
Cornish-Fisher expansion, introduced by Ting et. al. (1991), is known to work well and is
calculated here. The signed square root of the directed residual likelihood, REML r, is
also considered. Simulation results given in Table 2.1 were obtained by using the
MATLAB programming language withs =10,k = 2,4 = 1, and af = 1. Rejection
rates are given for testing 02 = 0, 0.5, and 1 against upper and lower alternatives in
Table 2.1. Othersimulations with ¥ = 3 and 4 gave similar results.

The density of Y in this three parameter model is a member of a regular
exponential fanﬁly, hence for moderate sample sizes one might expect first order
methods, such as 7 and REML r, to perform well. The results summarized in Table 2.1
indicate that these tests are very misleading especially for the smaller nominal levels.
Skovgaard's 7 statistic, equivalent to r* here, however, performs quite well at all levels.

Ting's test is exact when 02 = 0. In other cases it gives satisfactory results when the
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nominal levels are large but is inferior to 7 at the smaller nominal levels. The errors for r
and REML r are very asymmetric since both tests are too conservative for the lower
alternative and too liberal for the upper alternative. Ting's procedure and 7 correct this
asymmetry. The Wald tests based on the full and residual likelihood are inferior to the

both directed likelihoods and so are omitted.

Table 2.1

Empirical rejection rates in 100,000 repetitions for testing 02=0,.5, and 1 for the one-
way balanced variance component models.

Upper Lower
o2 Test 10% 5% 1% 1% 10% 5% 1% 1%
0| r 8316 4.114 .856 .114 14864 8326 2.114 .306
REMLr | 10445 5365 1.168 .145 10913 5.614 1.196 .135
Ting 10.069 5.031 1.029 .131 10.126 5.004 995 .106
r* 9894 4924 999 .126 10.355 5.151 1.038 .111
Sr 6.042 2870 546 .045 17478 10.044 2.625 .351
REML~r | 8899 4219 815 .082 12290 6.440 1399 .160
Ting 9595 4703 846 .071 10.152 5.159 1.050 .129
r* 9810 4968 1.009 .111 10.117 5.084 991 .110
1 |r 5477 2535 440 .034 18.498 10.607 2.796 .421
REMLr| 7934 3838 .704 .062 12.734 6.738 1.460 .169
Ting 9.621 4.684 819 .065 10205 5.124 1.064 .115
r* 9.738 4.889 .966 .089 10.234 5.115 1.042 .114

2.6.2 Repeated Measures Model
Gaussian mixed models are commonly applied to repeated measures data. To
illustrate the accuracy of 7we employ data presented by Pothoff and Roy (1964) which

consists of growth measurements of 16 boys and 11 girls at ages 8, 10, 12, and 14. For
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this simulation study, the mean will be modeled as linear in age with a gender by age
interaction:
E(Y;;) = p + Prgender; + Prage; + PBi(age x gen);;
i=12andj = 1,2,3,4.

In the first simulation, we fit an unstructured covariance matrix and empirical rejection
rates are given for 7. and four commonly used procedures. In the second simulation we fit
a heterogenous toeplitz covariance matrix and compares the empirical rejection rates
given by 7, a Wald test and . Both simulations were conducted in SAS® using its mixed
model optimization procedure. The nuisance parameters were set equal to their MLEs for
the Pothoff and Roy data.

In the first simulation an unstructured covariance matrix is fit where for each

subject
011 021 O3 o041
g [0} g g.
Vi = A Tz T T2 p=1,..,27.
031 032 033 043
041 042 043 Oy

Empirical rejection rates are compared for r, a Waldstatistic using REML estimates of
the covariance parameters, 7 and two specialized approximations: the Hotelling-Lawly-
Pillai-Samson trace (Pillai and Samson 1959) and the Hotelling-Lawley-McKeon
(McKeon 1971) trace statistic. As suggested by Wright (1994) we employed REML
estimates to calculate the HLM and HLPS statistics.

Table 2.2 displays the levels for testing 33 = — 1 against a two sided alternative.
Errors from the stated level were nearly identical for the lower and upper alternatives.
Both the REML Wald and the directed likelihood reject far too often. When the stated
level is lower than 2.5% the REML Wald and the directed likelihood, both compared to a
standard normal, reject over twice as often as they should. The directed likelihood is
slightly less liberal than the REML Wald but still far inferior to the HLPS, HLM, and 7

statistic. The two specialized approximate procedures are more conservative than the
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likelihood based tests. However, their performance varies with the stated level and so it
is difficult to choose between them. As in the other simulations, 7is more accurate than
its competitors at nearly every level. Simulations for testing 83 = 1and 0 gave similar

results.

Table 2.2

Empirical two sided rejection rates for testing 33 = — 1 with an unstructured covariance
matrix given by 100,000 simulations.

Pz Test Level 10% 5% 25% 1% 1%
-1|r 13.449 7.384 4.133 1.871 .255
REML Wald 14.679 8.492 5.170. 2.750 .594
HLPS 11913 5814 2701 0.881 .034
HLM 11.502 5.979 3.069 1.253 .112
T 10.193 5.181 2.587 1.020 .106

In our final example, we will evaluate Skovgaard's 7 statistic in a model where
no specialized approximations exist. The same means model as above is employed but
the more parsimonious heterogenous toeplitz covariance matrix (Wolfinger 1996) is fit.

Here the covariance matrix for each subject is

2
oy 010201 0103p2 0104p3
010201 U% 020301 0204p2 k
2 L]
010302 02030 g3 030401

O104P3 0204p2 0304P) ”2

Vi =

Skovgaard's 7 is compared to the directed likelihood and the REML Wald. The empirical
rejection rates are given in Table 2.3. In three cases the likelihood failed to converge and

in two other cased 7 could not be calculated since:;" was nonsingular.
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Even in this more parsimonious model the REML Wald and the directed
likelihood, compared to a standard normal, reject the null hypothesis of 33 = — 1 far too
often. The modified directed likelihood is substantially more accurate than either r or the
REML Wald. It gives relatively highly accurate levels for the larger nominal levels and

good accuracy at the lower nominal levels. Simulations for testing 83 = 0and 1 gave

similar results.
Table 2.3
Empirical two sided rejection rates for testing 33 = — 1 with a heterogenous toeplitz
covariance matrix given by 100,000 simulations.
B3  Test Level 10% 5% 25% 1% 1%
-1|r 12.316 6.658 3.571 1.602 .200
REML Wald 12.389 6978 3983 1.969 .357
7 10.503 5.335 2.730 1.194 .146

2.7 Conclusion

Skovgaard's 7statistic is easy to apply to many useful Gaussian mixed models
using existing software. The compact and general form of the adjustment makes it as
simple to implement as many specialized approximations. For testing both fixed or
covariance parameters, simulations indicate that 7gives substantially more accurate levels
than standard likelihood based approximations and is generally superior to available
specialized approximations. Skovgaard's statistic then offers a general and automatic
method of improving likelihood based inference in mixed models. Further work remains
to be done, however, to determine for which models and sample sizes 7 gives adequate
accuracy and power. It would also be useful to investigate the relationship between 7

and the residual likelihood. For instance, if interest lies in the covariance parameters
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Tcould be constructed directly from the residual likelihood. It might then be useful to
expand on Barndorff-Nielsen, Peters and Pierce's (1994) discussion of the relationship

between r* and Barndorff-Nielsen's modified profile likelihood.
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First we show that S(¢) has form the given in section 4.

Claim 1: S(¢) = (SSZ: gf:) where

Sgs = X'V-1X,

S =0,

Spp = %tr(l’}prV‘l V,,,V“)

and forr,l = 1,...,keach column of Sg, is given by

Sgp = X' VIX(B ~B) forr = 1,...,k

Proof: The score equations are proportional to

P
[UsB,p))i < YVIX; - _zlx,fv-lxjﬂj fori=1,...,pand
J=

0,8, 0); & — (Y = XBYV;AY = XB) + IV,
for j=1,...,k,
where In|V |, = 3% In|V'|. In both cases the score statistics are functions of linear and
quadratic forms of Y. The covariance of terms like these are well known (Mathai and
Provost 1992 ch. 3) and the result follows directly. O

Claim 2: q = (q,, )
9

with components givenby g, = X' V-1x (ﬁ - ﬁ ) and g, where the k elements of this
vector are given by

~ ~-1 ~
[gp]j = = 3tr(V,(V = V) forj=1,...,k

Proof: Note that the deviance drop
-~ ~ -~  ~=1 -~ ~
I -T = - }(Y-XB'V (Y -XB) + V)
+ (Y - XBYV-Y(y - XB) + V).

Like the score, this is a function of quadratic and linear forms of Y. O
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3. A General Modified Profile Likelihood for Gaussian Mixed Linear Models

3.1 Abstract

In mixed linear models researchers often use a penalized version of the profile
likelihood to make inference about covariance parameters since this residual likelihood
does not involve the nuisance fixed effects. This paper presents Barndorff-Nielsen's
approximate modified profile likelihood, Lfnp, as a generalization of the residual
likelihood, that can correct the profile likelihood for either fixed or covariance nuisance
parameters. This adjusted profile likelihood is a second order approximation to
Barndorff-Nielsen's modified profile likelihood, L,,,. Straightforward to obtain with
commercial software, the approximate modified profile likelihood corrects the bias in the

score of the profile likelihood and equals L,, , when the density is a member of a regular

exponential family.

3.2 Introduction
The introduction of software to obtain maximum and residual maximum

likelihood (REML) estimates in mixed models has made inference based on the profile
likelihood a viable alternative to more traditional methods that depend on sums of
squares. Unfortunately, in many problems inference based on the profile likelihood is
hindered by small sample sizes and large numbers of nuisance parameters which make
the profile likelihood misleading. Hence, many researchers use the residual likelihood for
inference concerning covariance parameters since it accounts for the nuisance fixed
effects. This paper presents a generalization of the residual likelihood that is easy to
construct for an arbitrary parameter of interest in any Gaussian mixed model.

Barndorff-Nielsen's approximate modified profile likelihood, L,Tnp, is a second

order approximation to Barndorff-Nielsen's modified profile likelihood, Ly,p, which often
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approximates the conditional or marginal likelihood appropriate for inference to third
order (Barndorff-Nielsen and Cox 1994). It is straightforward to calculate requiring only
restricted MLEs and derivatives of the covariance matrix and offers a sensible method of
correcting the profile likelihood for both fixed and covariance nuisance parameters. The
score of the LI,,,, statistic is asymptotically unbiased so LI,,p behaves more like a true
likelihood than the unadjusted profile likelihood. In regular exponential families, Lfnp is
equal to L.

Of interest here are models of the following form:

Y,=XB + cande ~ N, (0,V(p)) (1)

where X is an n by pdesign matrix and V is a positive definite covariance matrix. Here
either the p-dimensional fixed effects vector 3 or the k dimensional covariance parameter
vector p may be of interest. We are primarily concerned with cases, such as repeated
measures models, where Y consists of m independent subsets, and hence, V (p) is block
diagonal and the approximations improve as m gets large. It is easy to see that the
density of Y belongs to an exponential family that may be either regular or curved.

When the entire vector p is of interest, Patterson and Thompson (1971) suggest
maximizing the residual likelihood, that is, the likelihood constructed from the density of

Q'Y where Q is an n by n — pmatrix that satisfies

QR =I,- X(X'X)yX.
The density of Q'Y depends only on p. In balanced variance component models the
residual maximum likelihood (REML) estimates are, unlike the standard maximum
likelihood estimates, equal to the unbiased ANOVA estimates. Numerical studies
conducted by Swallow and Monahan (1984) indicate that the bias reduction extends to

unbalanced variance component models as well.
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Harville (1974) showed that the residual likelihood is equal to the product of the
profile likelihood for p and a penalty term consisting of the fixed effect block of the
observed information:

Leemi(p) = Ly(p)| X'V~ (p) X| 7%,

Because the fixed effects and the covariance parameters are information orthogonal, i.e.,

E(-25828) =,

the residual likelihood also equals the approximate conditional likelihood introduced by
Cox and Reid (1987).

In contrast to the profile likelihood which can yield maximum likelihood
estimates with large bias and has a biased score function, the residual likelihood yields
variance components estimates with reduced bias and has a score function which is
unbiased. Hence the residual likelihood behaves more like a "real” likelihood than the
unadjusted profile likelihood. The residual likelihood, however, is defined only when p
is the parameter of interest and £ is the nuisance parameter vector. It can not be applied
if, as is often the case, interest lies in the fixed effects. If only some of the components of
p are of interest, the residual likelihood fails to account for the remaining variance
component nuisance parameters. The approximate modified profile likelihood, defined
below, is applicable for an arbitrary interest parameter and reduces to the residual
likelihood if the entire vector p is of interest. Hence, Bérndorff-Nielsen's approximate
modified profile likelihood generalizes the residual likelihood to other sets of interest
parameters.

We adopt notation similar to that used by Barndorff-Nielsen and Cox (1994) and
partition the parameter vector 6 into a parameter of interest, 1, and a nuisance parameter,
x. The likelihood of 6 will be written as L(#) and its log as {(8). Differentiation with
respect to 6 will be denoted by a / followed by a sub-scripted parameter, e.g., the score

U (8) can be written as ljy and the observed information j(6) as — [(6)9s . The expected
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information is denoted by i(8) = E(j(6)). Evaluation of a quantity dependent on  at
the maximum likelihood estimates (;/:v, X) or at the restricted maximum likelihood
estimates (v, Xy) is denoted by a superior ~ and ~ , respectively; e.g., the profile log
likelihood for ), is denoted by Tie, T = »(¥) = I(¥,X ). For amatrix X, R(X)
will denote the range space, r(X) its rank, tr(X) its trace, and | X| its determinant.

In section 2 both Barndorff-Nielsen's modified profile likelihood, L, , and his

mp>
second order approximation to it are presented. In mixed models this approximate
modified profile likelihood has a compact form requiring only calculation of the restricted
MLE:s and derivatives of the covariance matrix with respect to p. The specific adjusted
likelihoods for covariance and fixed parameters are discussed in sections 3 and 4,

respectively. In section 5 we present some numerical examples and the appendix

contains some technical results.

3.3 The Modified Profile Likelihood
The modified profile likelihood for 1 (Barndorff-Nielsen 1983) is

Lup(®) = D)7 ol 2 Ls(¥) )
where'; xx 1S the nuisance parameter block of the observed information and
D(y) = ||,

where Xy is the MLE of x when % is held fixed. D(%) is equal (Barndorff-Nielsen and
Cox 1994) to the ratio of the determinants of the observed information and the mixed
sample space derivative | i

D(y) = 1',5% 3)

%l
The sample space derivative, ;. = % 3%1, is the derivative of the log likelihood taken
with respect to the parameters x and with respect to the data through . In curved
exponential families it is possible to choose an approximately ancillary statistic A such

that (@, X, A) is sufficient. Hence, the mixed sample space derivative is well defined for
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a particular A. In practice, however, these derivatives can be difficult to calculate outside
of regular exponential families where the MLEs alone are sufficient.

Barndorff-Nielsen's modified profile likelihood has several favorable properties.
When the joint likelihood can be factored into either a conditional or a marginal
likelihood that isolates 9 in a reasonable way then the L,,,(1) approximates that
likelihood to third order. Also, unlike the unadjusted profile likelihood, the score of
Lpp() is asymptotically unbiased (Barndorff-Nielsen 1994a). In contrast to the Cox-
Reid approximate conditional likelihood (Cox and Reid 1987), L,,,(%) is invariant to
interest respecting reparameterizations (Barndorff-Nielsen and Cox 1994). That is,
reparameterizations of the form (3,x) < (¢,A) where ¢ = ¢(3) is a monotone function
of ¥, and A = A(#,x). Generally, however, outside of regular exponential families,
calculation of L,,,(%) requires the specification of an approximate ancillary statistic and
in curved families there may be several reasonable ancillary statistic. This complicates
the calculation of the sample space derivative in (2) for mixed models since outside of a
few important cases, e.g., balanced variance component models, the densities in mixed
linear models belong to curved exponential families rather than regular exponential
families.

Barndorff-Nielsen (1994b) gave a second order approximation to the sample
space derivative in (3) for curved exponential families. The approximation depends on
writing the density of Y in canonical form with canonical parameter 7(6), canonical

statistic T and cumulant generating function K (6):
m
10) = Zlm(())Ti(Y) - K(6).
1=
Ignoring factors that do not depend on 1, Barndorff-Nielsen showed that to second order

Wil = xR % - @
Approximating lev?' with Iﬁ'/xl? /m T /| in (4) gives Barndorff-Nielsen's approximate

modified profile likelihood:
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L}, () = DY) [7 ol Lp(®), (5)
where D(¢)) = |77“'/XI? Jm T 7 |- In regular exponential families the relation in
(4) is exact so that L}, (1) equals Ly,p(1). This is convenient in mixed linear models
since it is often a nuisance to determine if the density of Y in a given model is a member
of a regular or curved exponential family. Like L, ,, Lfnp (v) is invariant to interest
respecting parameterizations and does not require parameter orthogonality. Furthermore,
as shown in the appendix, it behaves more like a genuine likelihood since the score is
asymptotically unbiased.

Since writing mixed model densities in canonical form is sometimes difficult, it is
convenient to note that ’ﬁ'/xI? /M /x s equal to the covariance of the score evaluated at
the full and restricted MLEs:

Sxx(¥) = Covg, (Ux(61), Ux(62)) (6)

In a mixed model setting where interest lies with a component of 3 or of p, S, has a

91=3, 02='5 )

compact representation depending only on X, V, and derivatives of V with respect to
each component of p. Skovgaard (1996) proposed a similar approximation to the sample

A—IA
space derivative: the nuisance parameter block of S¢ j where S is

S(¥) = Coug, (U(6:), U(6)) ,

= 5, 02='5.
When the interest parameter ¥ is either a component of 3 or p we show in the

appendix that S has the following compact form:

w = (3 5n) wer

Ses = XV X,

S =0,

Spp = 3tr(V, V1V, V1) forrl = 1.k,

and the rth column of Sg, given by
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Sgp, = X'VILX(B - B) forr = 1,...,k.

The matrix Sy, (v) is then given by the nuisance parameter block of S. If acomponent of
either p or 3 is of interest then neither Sg, nor Sg, appear in the determinant of S, and
can be ignored.

The fixed effect portion of S, Sgg, is equal to the fixed effect block of the
observed and expected information matrices:

Sep =8 = Jgp:
The covariance parameter block changes substantially with the form of V. When V is
linear in p, as in variance component problems, this block is equal to the expected
information evaluated at the restricted MLEs. To see this note that

V(o) = S

i=1

sothat V), = Q;and
Spp = Mtr(V-1Q,V-1qy).
Elementary methods show that this is equal to?,,,, (see Searle, Casella, and McCulloch
1992). |
L}, differs from Ly, when evaluated at the full maximum likelihood estimate

losing a compelling property. When evaluated at the full MLE the sample space
derivative is equal to the observed information (Barndorff-Nielsen and Cox 1994),

7/0-5 = 7, hence D(;/;) = 1. It is clear from (6), however, that

Sxx(’z) = ﬁl/xI? /m ﬁ/x = ’i\xx
so that DY (;Zv) = 1 only when the nuisance parameter blocks of the observed and expected
information are equal. Skovgaard's approximation remedies this by multiplying S by ’z'\—l;
. However, since these two approximations are equal if the density follows a regular

exponential family and are equal to second order generally, we will employ Barndorff-

Nielsen's simpler approximation.
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3.4 Inference About Covariance Parameters
If the entire vector of covariance parameters p is of interest in the model defined

by (1) then because of parameter orthogonality, |%| = 1 to second order (Barndorff-

Nielsen and McCullagh 1993), so that the residual likelihood is a second order
approximation to L, (). For this case it is clear that the approximation D(p) =1s0
that the approximate modified profile likelihood is exactly equal to the residual
likelihood. Furthermore, the residual, modified profile, and approximate modified
likelihoods are exactly equal if 'E,, = B which implies that |%%| = 1 and hence

D(p) = D'(p) = 1. In mixed models, :[7,, = B is equivalent to Zyskind's condition
(Zyskind 1967): R(V~1(p)X) C R(X) Vp.

By itself Zyskind's condition, which holds in most balanced variance component
models as well as a variety of repeated measures settings, does not imply that the density
of Y belongs to a member of a regular exponential family. In this special case, the MLEs
are not sufficient but the ancillary statistic does not enter into the calculation of L,,,(p).
Generally, however, Ln,,(p) depends on the specification of an ancillary and so may
differ from the residual likelihood.

If only a subset of the covariance parameters are of interest the residual likelihood
fails to account for the covariance nuisance parameters. Supposethat p = (p,, p,) and
interest lies with p; so that the nuisance parameter x = (8, p2). The adjustment is then
made up of the familiar determinant of the fixed effect block of the observed information
and an adjustment for the covariance nuisance parameters:

inLl,, (p,) = InL(p,) - 3in| X'V (5 ) X]|

+ %lngp2p2|ﬁ| - lnlS,,z,,zl

where [ oo, sl is the observed information for p,adjusted for 3, i.e.,
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Gp,n,lﬂl =[7 (A -7 p,ﬂ(j;ﬂ)—f; ﬂp,l'
Again, if Zyskind's condition holds this term simplifies since it is easy to show that
?p,ﬂ = 0.

The extra adjustment for the nuisance covariance parameters insures that the score
of Lf,,p(pl) is asymptotically unbiased. In cases where the covariance parameter of
interest is a canonical parameter in a regular exponential family the modified profile
likelihood is a third order approximation to the conditional likelihood. For inference on
canonical parameters in a balanced variance component model, the extra adjustment turns
out to be a function of the data only, so that both the profile residual likelihood and the
modified profile likelihood are proportional to the conditional likelihood. In some cases

though, the extra adjustment may be appreciable.

3.4.1 Balanced Nested Variance Component Model
Here we consider models of the form
Yo = pla +6 €~ Ny(0,V(7,%)),

where the covariance matrix V(7,x) = 7, + xM with M = 6% le, Jrisak xk
1 =

matrix of 1s, and the variance of i is given by (t + kx). The variable a represents the

number of clusters and k the number of elements in each cluster. It is easy to see that
V3irx) =1 -Q) + TG

where Q = #M is the orthogonal projection operator on R(M). Suppose that interest
lies with 7 + kx. A convenient parameterization employs the canonical interest
parameter 9 = (7 + kx)~!, and nuisance parameter x = (x1, x2) = (71, u), where 7
and u are canonical and mean parameters respectively. In this case 9 and

(771, p) are estimation orthogonal since for fixed v
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% =p=2XlYand

-1

—7-1 _ n—a
TOST U= o). QU AL

The profile log likelihood is given by

(¥) x ~ 2Y'N,QN,Y + &iny
where N; = (I — X1,1}) is the orthogonal projection operator on R(1,)-.
The statistic (1 ,Y'N,QN,Y,Y'N (I — Q)N.Y)is a complete and sufficient

statistics in the full model so the conditional likelihood given by the density of

Y'N.QN,Y |G, Y'N,(I — Q)N,Y

can be used for inference. The term ¥Y’N,QN,Y is distributed as a chi-square random
variable with a — 1 degrees of freedom so that ¢ Y'N,QN,Y is ancillary when 7 is
held fixed. Noting that (%, Y'N,(I — Q)N,Y) form a complete sufficient statistic in
the model with 1 held fixed we see by Basu's theorem (Lehmann 1986) that the

conditional likelihood is given by
(W) x = $Y'NQN,Y) + “Zlin(y) = 1,(¢) — }in(y)

which differs from the profile likelihood by a factor — %lmp .
Noting that R(1,) C R(M) and that the restricted REML estimate of x;
coincides with the restricted maximum likelihood estimate, one can show that the residual

log likelihood is given by

~ -1
lprEML(Y) = Lp(¥) — 3in|1,V 1,
o lp(¥) — %ln(d’)
since (1}, Q1,) = r(1;,1,). Since the restricted MLEs of the nuisance parameters do

not depend on 1, the modified profile likelihood is equal to the Cox Reid profile
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likelihood, i.e., |%ix=¥| = 1. Noting further that j, , =0, ';xxx: is a function of x; alone,

and that %; = X; we see that

bnp(#) = L) — $nl1,¥ "' 1a] = 31 [y
o lp(y) — Liny.
Hence both the residual likelihood and the modified profile likelihood correct the profile
so that it is proportional to the conditional likelihood. This result generalizes readily to

other variance component models where Zyskind's condition holds.

3.4.2 Bivariate Normal
Suppose that m pairs of data follow a bivariate normal distribution and hence

have the following density:

' 2
(2:) ~N2((z21), Ei)WhereEi = (UX fz),z = 1tom.

For this case the density of Y follows a regular exponential family. Suppose that the
parameter of interest is

T
which is a canonical parameter, and that the nuisance parameters are 72, g2, u; and
2, which are mean parameters in this case. Since x > 0 is equivalent to 3 > O the
former can be tested through a canonical parameter. The restricted MLEs for the
nuisance parameters are

é(yli -y)? ~ 2 g(yb -7y - f:llu . f:llzi

N2_ — =1 — =l — i=ml
0" = S—0pp—, T = m o b= So,and py, = =,

Given the estimates of 72 and o2, the parameter Y is a nonlinear function of 1 and the

adjustments are:



2 Vid -
1Sl = = % G 1X'V'X| = (3 (b - and

laal = = (@ * +nxt(w) — 4 *xP(¥) + 45 °F) + (- 4+
4 HR() — 47 %7+t - 47 X2 (y)
+47°7) W) - FF )

The log of each of these terms depends on 9 so, unlike the previous example, the
covariance nuisance parameter adjustment is a function of .

The density formed from the residual likelihood also is a member of a regular
exponential family with ¢ a canonical parameter. The restricted residual maximum
likelihood estimates for the nuisance parameters 7 and o are given by

g(yu -y)? ~ '-El(llz. -7)?
OREML = ~— m—1 and Trppr = S5

so that for moderately large m the fixed effect adjustment, | X’ 1% _IX |, of the modified
profile likelihood will be very close to the residual likelihood's adjustment. Unlike the
previous example, however, the covariance parameter adjustment term

%lnl’;“,2 p,18] = In|Sp,p,| is a function of 4 so there may be an appreciable difference
between the residual and modified profile likelihoods. Since the modified profile
likelihood approximates the conditional likelihood for % to third order any difference

between the modified profile and the residual profile likelihood may be important.

3.5 Inference About Fixed Effects

For fixed effects, Barndorff-Nielsen's approximate modified profile likelihood
compliments the residual likelihood by adjusting for the distorting effects that the
covariance and other fixed effects nuisance parameters have on the profile likelihood.

Suppose interest lies in a parameter p defined as
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E(Y) = Au + X,0.
Hence the nuisance parameter vector x = (G,, p). The approximatc modified profile

likelihood is then given by

LInp(ﬂl) = ISxxl Gxxﬁ p(ﬂl)-
= |X:V_1Xr|_%ISpprleplﬁﬁ (1),

where GpplﬂJ = Gpp _?pﬂ, (XW“(b’)Xr)‘%p,l-

Unlike the covariance parameters, the profile score of a single fixed effect is
always asymptotically unbiased. Cox and Reid (1992) noted this fact for mean
parameters in regular exponential families and a short proof in the appendix shows that
this holds for all mixed models. The unbiasedness of the profile score also implies that
the adjustment is 0,(1) rather than O,(1) and so may be less important. Despite this, for
small samples the profile likelihood may still be misleading especially if the covariance
matrix is complex. Lyons and Peters (1996) present simulation studies that indicate that
the unadjusted likelihood ratio test may be very misleading, rejecting too often. Another
numerical study of tests based on the Wald statistic presented by Wright (1994) indicates
that the Wald test is also too liberal.

The problem with the profile likelihood is analogous to the problem of inference
about mean parameters outlined in Example 8.2 of Barndorff-Nielsen and Cox (1994).
They show that the modified profile likelihood for an orthogonal contrast in a standard
linear model is a much closer approximation to the likelihood based on the exact
t-statistic than the unadjusted profile likelihood. Below we show that this result also
holds for orthogonal fixed effect contrasts in some mixed linear models, such as,

balanced variance component models. A sketch of the proof is given in the appendix.

Theorem 3.5.1 : Suppose that the mixed model satisfies the following two conditions

insuring that the density of Y follows a regular exponential family:
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k
(2) The covariance matrix can be rewritten as V(p) = )" Xi(p)Q;

=1
where the matrices Q); are known symmetric, idempotent, non-negative

k
definite, pair-wise orthogonal and }_Q; = I. Also, A(p) is a one to one

i=1
continuous and differentiable function of p.
(%) Zyskind's condition: R(Q;X) C R(X) V.
Suppose also that the scalar fixed effect parameter of interest is ; where
XB=Ap + X6, .
Together with conditions (z) and (i%) the next two conditions insure that there is an exact
t-test for testing 41 = i,
(i1i) A'X, = 0.
(iv) R(A) C R(Q;) forsome i.

Then for testing 4 = p, the statistic

-~

t = SE_J(#) i

where SE(1) is, in variance component models, the usual ANOVA standard error for 7,
follows a t distribution exactly with r(Q;) — r(Q;X;) — 1 degrees of freedom. Also, the
profile likelihood, modified profile likelihood, normed so that they have maximum 1, and

the likelihood based on the ¢ statistic are given by

-

2

_ 2
Ly(w) = (1 R (P (o s ) ,

tz "!Ql' ):_rsz Q|-Xr)+l
Lmp(p) = (1 T @ —r(QiP:)-1 ) )

o -rgQi);"'SQ.'Xr)
and Ly(p) = (1 t @R ) -

Since in this case the density of Y follows a regular exponential family the
approximate modified profile likelihood equals the modified profile likelihood. In

hierarchical mixed linear models, such as split plot models, the rank of Q; X, is the



number of fixed effect nuisance parameters on the same "level" as . The profile
likelihood errs by not accounting for these variables while the modified profile likelihood
is nearly identical to the likelihood induced by the ¢ statistic. This result is illustrated by

the following two split plot examples.

3.5.1 Fixed Whole Plot Effect in a Balanced Split-Plot
Suppose we wish to make inference concerning an orthogonal whole plot contrast
1 in a balanced split plot model. To apply the above theorem this model can be written as
Yo =Ap + X1 + Xof2 + €
€ ~ Na(0, V(7, X))

where A'[X;X5] = 0, B; has dimension py, and (32 has dimension p;. The covariance

matrix V(7,x) =7I, + xM, where M = é’él.]kand Ji is a k x k matrix of Is.
1=

Hence, V can be written as,

Vr,x)=1(In - Q) + (kx + 7)Q
where @ = LM is the orthogonal projection operator on R(M) and (I, — Q) is the

orthogonal projection operator on R(M)*. It is easy to see that

VX =2 (Il - Q) + Gy @
Since A is a whole plot effect it is easy to show that R(A) C R(Q) which gives
QA = A. Also, without loss of generality, we can assume that R(X;) C R(Q) so that
r(Q@X1) = p and that R(X,) C R(Q)* sothat 7(QX,) = 0. Hence, the profile
likelihood, modified profile likelihood and the likelihood induced by the ¢ statistic,

normalized so that the maximum of each is 1, are

Lw =(1+ =) 7,

Lmp(n) = (1 + GT:‘:{ )—=}+’-;1+%

1Y

?
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a
2

and Li(w) = (1 + =5 )—%Jr
If the number of fixed effects at the whole plot level, py, is large compared to the number
of whole plot units, a = r(Q), then the unadjusted profile likelihood will differ
substantially from the likelihood given by the ¢ statistic since it in effect ignores the
nuisance fixed effects. On the other hand the modified profile likelihood accounts for

these effects and is nearly identical to L;(u).

3.5.2 Fixed Sub Plot Effect in a Balanced Split-Plot
If instead p is an orthogonal subplot contrast where (I — Q)A = Athen the
normed profile likelihood, modified profile likelihood and the likelihood induced by the ¢

statistic are given by
_a!k;l[

Lp(#) = (1 + a(k—ltz—m-—l ) ’

S gy
me(ﬂ') = (1 + ak_ltz—m_l ) ’ )
—ok-D) +2

and Ly(p) = (1 + a(k—ltz—p;—l ) o,

where 7(X32) = p,. The difference between the modified and unadjusted profile
likelihood will usually be less marked here then in the whole plot case since ﬂ-'f;—IL is

usually large relative to p;.

3.6 Numerical Example

In a one parameter model, a plot of its profile likelihood neatly summarizes the
information available for that single parameter. As we have seen in the example above,
in more complex models with many nuisance parameters the profile may be misleading
because it assumes that the nuisance parameters are known; that is, it fails to account for

the uncertainty of the nuisance parameter estimates. The following repeated measures
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example illustrates how the adjustment modifies the profile likelihood to account for
these nuisance parameters.

Pothoff and Roy (1964) presented a repeated measures example consisting of the
growth measurements of 16 boys and 11 girls taken at ages 8,10,12, and 14. For this
example the mean is modeled as linear in age with a gender by age interaction:

E(Y;;) = a, + angen; + onage; + B(age x gen);;
i =1,2andj = 1,2,3,4.

For inference about the interaction coefficient (3, various variance structures can

be fit to account for the within subject correlation. A saturated model is given by the

unstructured covariance matrix:

011 021 031 041
yun — 021 022 032 042
031 032 033 043
041 042 043 Oy

A variety of other more parsimonious covariance matrices have been proposed and can be
fit with commercial software. For any covariance matrix, the nuisance parameters may
distort the profile likelihood of 3 giving a profile that is too narrow.

Figures 3.1 and 3.2 show the profile and approximate modified profile
likelihoods, normed so that they have maximum one, for the unstructured covariance

structured above, as well as the more parsimonious heterogenous toeplitz structure (see

Wolfinger 1996):

2
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Vi 010201 0% 020301 0204p1
]
0103p2  0203py O3 0304p1

0104p3 0304p1  0304p1 03



Figure 3.1
Profile and Approximate Modified Profile Likelihood for 5:
Unstructrued Covariance Matrix

Figure 3.2
Profile and Approximate Modified Profile Likelihood for 5:
Heterogenous Toeplitz Covariance Matrix

47
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In both cases the profile and approximate modified likelihoods give nearly
identical point estimates of 3. However, the approximate modified profile likelihood is
wider than the profile likelihood especially in the unstructured case and when g is far
from the its MLE, i.e., the larger deviation regions. The profile likelihood is indeed too
narrow. Simulations presented in Lyons and Peters (1996) showed that the unmodified
profile likelihood gives confidence intervals that are too narrow in both models. It fails
egregiously in the more complex unstructured model and at the higher nominal levels of
coverage, that is, where the profile and approximate modified profile likelihood differ the
most. The appreciable difference between the profile and approximate modified profile
likelihoods in this case then indicates potential problems in using the LRT and other first

order methods, such as, the Wald test, to construct confidence intervals and p-values.

3.7 Conclusion

The approximate modified profile likelihood, L}, (), constructed for an arbitrary

P
interest parameter in a complex linear model sensibly corrects for the nuisance parameters
giving an approximately unbiased score. Furthermore, it is often a good approximation to
what is generally regarded as the correct likelihood. The adjustment improves profile
likelihood based inference since it takes into account the uncertainty associated with the
nuisance parameter.

For inference about a single parameter, plotting the profile likelihood and the
approximate modified profile likelihood may indicate whether the nuisance parameters
are having a substantially adverse effect on the likelihood ratio test. For more formal
inference about an individual parameter, such as, the construction of confidence intervals
and p-values, the modified directed deviance statistic (see Lyons and Peters 1996 and

Skovgaard 1996) may be more appropriate. This statistic is known to be standard normal

to second order in moderate deviation regions and first order in large deviation regions.
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To obtain p-values and confidence regions for several parameters at a time further
research is required to determine the efficacy of a deviance drop based on the

approximate modified profile likelihood.
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First we develop the form of S(¥).

Claim1: S(v) = (SSZ g::) where

and the rth column of Sg, is given by
~ -1 ~ -~
Spgp, = X'V /p'X(ﬂ —-pB) forr = 1,.., k.
Proof: The score equations are given by

P
[Us(B.p)i = Y'VIX; - z:lxgv-'xjﬂj fori=1,...,pand
Jj=

a8, )]s = = 3(Y = XBYV MY ~ XB) + InlV],)
for j=1,...,k.
The score statistics are made up of linear and quadratic forms of Y. The covariance of
linear and quadratic terms like these are well known (see Mathai and Provost 1992) and

the result follows directly. [J

Claim 2: The score statistic of the approximate modified profile likelihood is

asymptotically unbiased.

Proof. The bias in the profile score statistic for a parameter of interest 1 can be written
as (see Barndorff-Nielsen and Cox 1994)

E(lwy(¥)) = - %tr(i;; (Tx + Txxw))
where 2 implies equality to first order. The terms 7y, 4 and Txx,w are functions of joint
moments of derivatives of the log likelihood:

Tt = Vixd — Vooxigeiow A4 Ty = Vyxd = Vxxoxdrixts

for vy xjx, = £ (blx;tx) and Vxixix, = F (bex; b )-

Barndorff-Nielsen (1994a) showed that
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—infl x| + InfGy] + 3inf7 ) —§inliyl 2
~ 1 — DG P + Txxw),
where the left hand side is the adjustment term of the modified profile likelihood. Using
the results of Barndorff-Nielsen (1994b) it is straightforward to show using a first order
Taylor expansion that
~ Sl + infil L~ tnll 51 + 10,5 ~ in() +0(v)
where 1 denotes equality to second order and C(Y") is an Op(1) function of the data.
Clearly, then up to an additive constant
— Il + Infi| + §inlj | - Hin Gl 2
-3 @ - ’/’)t"(g;;(?xx,ﬁb + Txxw))-
Taking derivatives we see that the score of the approximate modified profile likelihood,

L:np(¢v) is also asymptotically unbiased.

Claim 3: The score of the unadjusted profile likelihood is asymptotically unbiased if the

parameter of interest is a fixed effect.

Proof. Suppose that the interest parameter is 1) = [; so that the nuisance parameters are
given by x = (B2, p). We will only consider the case where 3, is a scalar. Then, as given
above
E(lys(¥)) 2 - %tr(i;;%("'xx.ﬂl + Txx))-
By the orthogonality of 3, and p it is clear that ig, = 0 and ig,} = 0 so that
E(lus(¥)) 2 — 3tr(i50, (s + Taums)) = 387Gy (Tops + Tops))s
where the 7 terms are given above. Then, using elementary facts concerning the
covariance and quadratic forms of Y’ (Mathai and Provost 1992), it can be shown that
VBB Pk = Vg, PiPi = Vg, pi,p; =0 and vg g5 = vgp,8 =0.
From this it follows that E(lys(v)) 2 0.0
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Proof of Theorem 3.5. l Recall the assumptions

(@) V(p) = Z)\ (p)@i, EQ, = 1 and the Q), 's are symmetric, idempotent and
i=1

pair-wise orthogonal. Also, A(p) is a one to one continuous and
differentiable function of p.
(i) R(Qi[A X;]) € R([A X;]) fori=1 to k (Zyskind's condition).
(i) A’X, = 0.
(iv) R(A) C R(Q;) for some i.
For convenience assume that R(A4) C R(Q;) which implies that Q;A = 0
Vj # 1. The proof has two parts. In the first part we show that the profile likelihood has
the form given in the theorem. This is shown primarily by noting that u is estimation
orthogonal to (B, {A;};x1); i.e., for any fixed p, B, = E,and T,- = Xj forj #1. In
the second part of the proof we turn our attention to the adjustment term.

First for fixed 8 and p the restricted MLE of ); is given by

0y Y -Ap—X.8,)Q;(Y —Ap-X,
X ) = CAKBIG tectih)

which implies that the profile likelihood for (i ,3,) is
~ k N (.8) =il rQ;)
Ly(p Br) o [V} o JI(1 + 2B=Rl)=55,
] L
The last step follows since the k distinct eigenvalues of V' are given by A; with
multiplicity r(Q;). Next we show that Zyskind's condition and the orthogonality of A
and X imply that when interest lies with u then
SiwB) —X(@.8)
1 —l——sé——
1] (1 + SB35
is a function of the data alone.

For fixed u it can be shown using conditions (i) — (iv) that

R(QiX;) C R(X,) Vi
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so that Zyskind's condition holds in the sub model with p held fixed. With A’X, =0
this implies that for fixed p, 'B’,. = ﬁr. By inspection of the form of 'X(u, B) and the fact
that Q;A = Ofor j # 1 it follows that

Ly(p) o< (1 + D)3,
Next we show that this quantity is related to the usual £ statistic.

Observe that

Xi— X = (Y —Au—XB,YQuY - Au—X.B,)

— (Y - 45 - X,BYQuY - AR - X.B,))/7(Qy).

Zyskind's condition in the full model implies that (4, 3,)' = (X' X)~'X'Y and we have
already shown that 'E, = E,. By noting that Q; A = A and that X/ A = 0it can be easily
shown that

Xi =X = (HA@E - p? /r(@Q),
where (A’'A) is a scalar. Also, the standard error estimate, obtained from REML
estimates, or from sums of squares in balanced variance component models, of the
variance of i is given by,

ay _ (AA)NY —AG-X,BYQ (Y -AB=-X.B,) M (AAN(Q
Var(p) = r@)- (@1 X)-1) = UJ_(L(_)—Sr Q:)—r Q.X,l)—l
Hence,

FYE VA T (@ —p)?
( M ) T (@)= r(QiX;)-1)Var(y)

which gives

L(w) « (1+ 4~
wheredf = r(@Q1) — r(@:1X,;) —1and

t = &4, and SE(R) = Var(@)?.

To see that ¢ follows a ¢ distribution with d f degrees of freedom we first introduce
a reparameterization of X, that will be useful here as well as for calculating the
adjustment.

Because of conditions (4z) and (4i7) it is possible to find X; and X, such that
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R(X;) + R(X3) = R(X,),

R(X1) C R(Q1)and

R(Xz) C R(Q:)*
from which it follows that X] X> = 0. Without loss of generality we can then
reparameterize:

X.8 = X1b + Xof3.
This gives

(Y — AR - X.B)Q (Y - Afi - X.B,)

=Y'(I - PA— Py — P, Qi (I — P4~ P, - P,)Y

where P;, = X;(X]X2)™1X] is the orthogonal projection operator on R(X;) and Py4
and P, are defined analogously. This term then reduces to the typical ANOVA Type I
sums of squares in balanced variance component models and elementary methods show
that it is a chi-squared random variable with degrees of freedom r(Q;) — r(@1 X, ) — 1.
Noting that

Cou(fi, Qu(I — Py Po, — P,)Y) =0
we have the result that ¢ follows a ¢t — distribution with d f degrees of freedom.

Turning to the adjustment of the modified profile likelihood, equal to the
approximate modified profile likelihood in these models, recall that the modified profile

likelihood can be written as

L - RTINS e
me(l‘l’) 158 E,%I% J xxI%ISXXI IIJxxl %hxx'-
By (%) and (iv) we see that forall j # 1
QY —X,8,— Af) =0

which implies that? A8 = 0. The form of jy, simplifies further since Q;Q; = 0for
i # j and the form of by given above implies that
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TM=Jm= diag(ﬂ:\%!l, ceey ﬂ%‘g)

which in tumn gives

Bl =11(2%2).

J=1 i

The linearity of V in p implies that S =7A,\ and hence
: - o =1 —1y Y
G xxﬁlsxx"l = IX:'V Xfl %G‘I\XI%[{A/\l !
= |X:V_1Xr|_%ﬁ‘,\x|_%-

The assumption that X, = [X;X5] yields
VT Xe| = XX /MK (E0Q5) Xl
3

Recalling from above that 'Xj = Xj we have that,
L(s) 10 -l
me(“) 158 ﬁ%] xx|%|Sxx| IIJxxl %szxl
= ZEIXx /X ) X xR ()
1 1
o ()E = (1 + D-hymp
M M
where py = r(X1) =r(@1X1) =r(Q1X;). This gives the desired result that

~r(Qq)+r(Q1 Xr)+1
2 Ut BUCIRL
Lyp(p) (1 + =X :

Furthermore, by inspecting the score of Ly,,(1), it is clear that like the profile, the
modified profile likelihood is maximized at iz which is the uniformly best linear unbiased

estimator in this model. O
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Chapter 4
Decomposition of the 7 Statistic for Curved Exponential Families with Application to the
Gaussian Mixed Linear Models

Benjamin Lyons, Dawn Peters and David Birkes
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4. Decomposition of the 7 Statistic for Curved Exponential Families with
Applications to Gaussian Mixed Linear Models

4.1 Abstract

Lyons and Peters (1997a and 1997b) demonstrate that Skovgaard's modified
directed likelihood statistic, 7, and Barndorff-Nielsen's approximate modified profile
likelihood, Lfnp, are simple methods of improving small sample inference in curved
exponential families, such as, Gaussian mixed linear models. This paper discusses a
decomposition of the adjustment that forms Skovgaard's 7 statistic. Like the
decomposition of r* presented for canonical parameters in regular exponential families by
Pierce and Peters (1992) and, more generally, in Barndorff-Nielsen, Pierce and Peters
(1994), this decomposition incorporates LI,,p's nuisance parameter adjustment.
Simplifications of this adjustment are presented for the most common curved exponential
family: the Gaussian mixed linear model. These simplifications may help researchers

gauge the accuracy of the modified directed deviance.

4.2 Introduction

For regular exponential families and transformation models, Barndorff-Nielsen's
modified profile likelihood, me, and modified directed likelihood, 7*, can greatly
improve small sample inference. Unfortunately, in curved exponential families these
statistics are difficult to calculate since they require the specification of an ancillary
statistic. To remedy this, Skovgaard (1996) introduced another modified directed
likelihood, 7, that is standard normal to second order and, as shown by Lyons and Peters
(1997a), is easy to calculate and very accurate in Gaussian mixed linear models.
Barndorff-Nielsen (1994a), using techniques similar to Skovgaard's, introduced an
approximate modified profile likelihood, L;fnp, for curved exponential families. Lyons

and Peters (1997b) showed that Lfnp is simple to construct for Gaussian mixed linear



models and is a sensible generalization of the residual likelihood introduced by Patterson
and Thompson (1971).
Our concern here is to investigate the relationship between Barndorff-Nielsen's

L}, and Skovgaard's T and suggest a decomposition of 7 's adjustment term similar to

"
the decomposition of r* presented by Pierce and Peters (1992) and Barndorff-Nielsen,
Pierce and Peters (1994). By examining the magnitude of the different adjustment terms,
researchers may be able to determine if 7 will be accurate enough for inference. Since
T is particularly useful for Gaussian mixed linear models, we derive some simplifications
of the adjustment in this setting. We hope that the simplifications outlined will serve as
the foundation for a more thorough understanding of 7's accuracy. Specifically, it may
help determine which designs and models can be analyzed effectively using higher order
methods.

We adopt notation similar to that used by Barndorff-Nielsen and Cox (1994) and
partition the parameter vector 6 into a parameter of interest, 1, and a nuisance parameter
x. The likelihood of § will be written as L(#) and its log as /(6). Differentiation with
respect to 6 will be denoted by a / followed by a sub-scripted parameter, e.g., the score
U (6) will be written as Iy and the observed information j(6) as — [(6)99 . The expected
information is denoted by i(8) = E(j(6)). Evaluation of a quantity dependent on 6 at
the maximum likelihood estimates (;/:, X) or at the constrained maximum likelihood
estimates (v, X) is denoted by a superior ~ and ~ , respectively; e.g., the profile log
likelihood for 4 is denoted by T, i.e.,{ = l(¥) = l(1,%). Foramatrix X, R(X) will
denote the range space, r(X)its rank, ¢r(X) its trace, and | X| its determinant.

In section 2 we present 7 and Lfnp. In section 3 we develop the decomposition of
the adjustment and in section 4 we apply this decomposition to Gaussian mixed linear

models. Additional technical results are discussed in the appendix.
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4.3 Modified Dil;ected Likelihood

The modified directed likelihood corrects the directed likelihood: the signed
square root of the likelihood ratio statistic r. For testing a single parameter 9 = 1, in the
presence of a nuisance parameter x,

r(1o) = sgn(¥ - %) 2@, X) ~ ¥ . 7))}
which, under the null hypothesis, is standard normal with absolute first order, i.e.,
Op(n‘%), error. To improve its accuracy Barndorff-Nielsen (1986) proposed adjusting ,
obtaining the r*statistic:

(o) = 7(10) — hylog(Zd).
Barndorff-Nielsen's r* statistic is standard normal with relative third order, Op(n‘% ,
error in moderate deviation regions and second order, O,(n~ 1), error in large deviation
regions. The statistic u(1),) is a function of the full MLEs, the constrained MLEs, the
observed information, and two sample space derivatives:

u(o) = [{e5) U5 =T, [117F Mozl Tl
where [ (T ,0;5)‘1 (7/;3 =T +5) 1, is the element of this vector corresponding to 1.

In the curved exponential family setting, an approximate ancillary statistic A can

be found so that @ and A are jointly sufficient (see Barndorff-Nielsen and Cox 1994 ch.

7). The derivatives [,

and ! 1 are taken with respect to the data, i.e., with respect to ]
while A is held fixed. The sample space derivatives can then be written as

Leg = 2-1(0:0, A) and L = 2.1(6;6, 4),

the derivatives taken with the ancillary statistic held fixed. Numerical studies, e.g., Pierce
and Peters (1992) and Lyons and Peters (1997a) have shown that r* gives quite accurate
p-values and confidence intervals for a variety of models. Unfortunately, the sample
space derivatives are difficult to calculate and require the specification of an ancillary

statistic.
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By accounting for nuisance parameters, the modified profile likelihood generally
provides improved inference about 1) compared to the profile likelihood. Like *, it is a
function of the observed information and sample space derivatives:

Lmp(¥) = I'T/x;i |~ Gxxlé p(Yo),
whereT,x;i and'}"xx are the nuisance parameter blocks of 719;5 and’; respectively. In
many cases Ly, is a third order approximation to the conditional or marginal likelihood
of the parameter of interest. In all models the score of L,,,(1), unlike the unadjusted
profile likelihood score, is asymptotically unbiased (Barndorff-Nielsen 1994b). Hence,
L, behaves more like a "real” likelihood than the unadjusted profile likelihood.

In practice, however, calculating either r* or L, is difficult. Constrdcting the
sample space derivatives requires the specification of an exact or approximate ancillary
statistic. It is technically difficult to take the derivative with respect to the MLE holding
the ancillary statistic fixed and in curved exponential models there are several possible
approximate ancillary statistics and hence neither r* nor L,,, are uniquely defined. For
curved exponential families both Barndorff-Nielsen (1994b) and Skovgaard (1996) have
proposed approximations to some sample space derivatives that do not require the
specification of an ancillary statistic. Rather, both approximations depend on the
covariance of the score statistic and the deviance drop and are relatively simple to
calculate.

Skovgaard proposed approximating the sample space derivatives with
7/9;3 is ﬁ—l and T/;? - T/;ﬁ u q;”':—l’
L indicates equality to second order. The terms S and g are given by

S = Covs, ( lg(61), z,(oz))|o 2oy ™
h=#0,0,=

where

a=Cove,(1a(61), 1(61) = 182))], 5 -

Applying these approximations to u gives Skovgaard's 7 statistic which is approximately

standard normal with second order relative error in moderate deviation regions and first
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order relative error in large deviation regions. Using S itself to approximate 7/0;5 in the
formula for L,,, gives Barndorff-Nielsen's approximate modified profile likelihood, L,*,,p,
a second order approximation to the modified profile likelihood. For Gaussian mixed
linear models, Lyons and Peters (1997a and b) show that S and g have compact forms so
that 7 and L}, are easy to calculate with existing software.

In regular exponential families, no ancillary statistic is necessary since the MLEs
alone are sufficient. In this case, both ¥ and L},, reduce to r* and Ly, and so, 7 has
third order accuracy. In curved exponential families, however, the accuracy of 7 depends
on properties of the ancillary statistic (see Skovgaard 1996). Our decomposition will

attempt to account for this.

4.4 Decomposition

Pierce and Peters (1992) explained that in problems with nuisance parameters it is
useful to decompose the higher order adjustment, u(1), into two parts: one analogous to
the adjustment needed in one parameter models and the other pertaining to the nuisance
parameters. Our decomposition is similar but in addition highlights a component due to
the ancillary statistic.

Using Skovgaard's approximation we can approximate u with u,:

us(¥) = [S72q), (7 51 HSclISuw — S, (Si) S L MEI51,
here [ S~! q], is the element of the vector corresponding to the interest parameter. To
obtain the nuisance parameter adjustment, note that the approximate modified profile
likelihood can be written as

L, ) = D'®) (7 oI Lp(w),

where Dt(y) = rgslxill— Multiplying L},,

Lhy () o« CH(y) Ly(¥),

(1) by the 1 independent factor, Gxxl%’ gives

where



CH(w) = D) {fxﬂl}

In a regular exponential family, the nuisance parameter adjustment C* (;ﬁ) = 1since
Sxx (1’,5) =" and the observed and expected information are equal. This is not the case in
curved exponential families where C! (;Zr) # 1. A method for preserving this equality is
discussed below.

The other adjustment in regular exponential families is often called the
information adjustment since it tends to be large when the adjusted information is small.
If no nuisance parameters were present, it would constitute the entire adjustment.
Denoted by ¥ this adjustment is given by

U(¥) = (57 g, [Tyyl ™ | Spwix| where

Spwix = Sy — wa(sxx)_lsw and jyyix = Jyp — ij(jxx)—ljxw‘

In regular exponential families 7* is

r*(¥) =r(®) — FHn(CT W) + Fin( EH).

Calculating 7 in curved exponential families, however, requires an additional function of
FIm i3 )

T() =1(¥) - FHIn(C' W) + Fyin( 3F) + Fyin( ).

Large values of the final term above would suggest that the ancillary statistic is influential
and may affect the accuracy of the 7 statistic.

In one parameter families the Efron-Hinkley, or affine ancillary statistic is defined

a=(4-1/%
where « is a function of the expected information, the expectation of the square of the
observed information, and the expectation of the product of the score and the observed
information (see Barndorff-Nielsen and Cox 1994). This statistic is standard normal to
first order and hence approximately ancillary. In the one parameter setting, large values

of ln(%) corresponds to large values of this ancillary statistic.



65

It is convenient to decompose the ancillary adjustment into two terms: one
dependent on the nuisance parameters and another that would be present in a one

parameter family. That is, write

1 7y 1 gl 17013 gul

len(%) = - r(—'pyln(rij) _Wln(]ff,j)'
For ¢ = ;Zv:

)kl =1

so that the first adjustment and the nuisance parameter term cancel in this case. The other
adjustment term, the ratio E WIXWWIX |, would be present in one parameter models.
Generally, this ratio would be used to form the affine ancillary statistic in the model

defined by the profile likelihood.

4.5 Decomposition for Gaussian Mixed Linear Models

Gaussian mixed models are the most commonly used models where the density
often follows a curved exponential family and Skovgaard's 7 statistic is particularly useful
in this setting. Of interest here are models of the form:

Y. = XB + eande ~ N,(0,V(p)), (1)
where X is a known n by pdesign matrix and V is a positive definite covariance matrix
that depends on the unknown covariance parameter vector p of dimension k. Either the
fixed effects vector 3, dimension p, or p may be of interest. Since only one dimensional
hypotheses of 3 are considered, we can assume without loss of generality that X has full
column rank. We are primarily concerned with cases, such as, repeated measures
models, where Y consists of m independent subsets, and hence V' (p), is block diagonal
and approximations improve as m gets large. It is easy to see that the density of Y
belongs to an exponential family that may be eifher regular or curved. If this density
belongs to a regular exponential family then7 = 7* and hence its accuracy may‘ improve a

great deal.
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The accuracy of 7 depends explicitly on the type of mixed model being fit. Most
balanced variance component models belong to regular exponential families as do
balanced multivariate analysis of variance models. Many unbalanced variance
component models and repeated measures models are, however, curved. Sufficient
conditions for the density of Y to follow a regular exponential family are given in the
appendix. Unlike the Wald and the directed likelihood which are first order standard
normal regardless of the design, the accuracy of 7 improves in "nice " mixed models.
Our aim in giving the simplifications below then is to help lay a foundation for a more
systematic study of when7 will give accurate inference outside of regular exponential
families.

In Gaussian mixed models Lyons and Peters (1997a) show that S and ¢ have a
compact form if either a component of p or 3 is of interest. Below V),, = a%V. Writing

s = ( Sps S ) :
Spﬂ Spp
the component matrices have the form:

Ses = XV X,

[Spolis = 4tr(V/u V77,0 for iyj = 1,..., k,

Ses =0,
and the ith column of Sg, is given by

Spp = X'VIX(B -B)i=1,...,k

Similarly, ¢ = <Z" ) where ¢, = X' V‘W(E -3 ) and the jth elements of
p

gp are given by
-~ ~=-1 ~ -1 .
(g0); = — %tT(Vp,-(V =V Yforj=1...,k.

The simplifications of the adjustment will be presented separately for p and .
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4.5.1 Inference About a Covariance Parameter
Suppose that the scalar ¢ = p; is of interest and x = (3, p2) so noting that

Spgs ='_7iJ pp and that S, = 0, the nuisance parameter adjustment can be written:
|X’17_1X| 7 |,9|i G |;9|i

In(Ct(y)) = %ln(m) + In( == ),

Where 5,518 = Jppp — Jpa8(X'V, 1 X) Vg, The first term corrects for the fixed effects
while the second term corrects for the nuisance covariance parameters. Also, the two

parts of the ancillary adjustment term also simplify since ig, = O:

in(lizdy = jn(Limaaly ang

ipl(B.er) = toior — boen (0 22n) imam = Gpuprlen -

Other notable simplifications occur when either Zyskind's condition (Zyskind
1967) holds or the covariance matrix belongs to a commutative quadratic subspace. As is
shown in the appendix, together these conditions imply that the density of Y belongs to a
regular exponential family and that ¥ = r*.

In the appendix we show that for fixed p, Zyskind's condition ,

R(V,'X) C R(X)V p, implies that 3 is estimation orthogonal (see Lindsey 1996):

fB' = E This in turn implies that ';,,2,3 = 0 so that the adjusted and unadjusted
information matrices for p, are equal:? ol ='3'l ppe- This simplifies both the nuisance
parameter and ancillary adjustments.

Zyskind's condition holds not only in balanced variance component models but in
many repeated measures models where there is no missing data and a saturated means
model is fit to the fixed effects. Other interesting simplifications occur when the
covariance matrix belongs to a commutative quadratic subspace (CQS).

In balanced variance component models the covariance matrix can usually be

written as
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V(o) = ;f:lx,(p)cz.-

where the matrices Q); are known symmetric, idempotent, non-negative definite, and
pair-wise orthogonal matrices that sum to the identity and A(p) is a one to one
continuous function of p. When these conditions hold, V' (p) belongs to a CQS (Seely
1977). This condition does not depend on the form of the fixed effect design matrix X
and so may be satisfied without Zyskind's condition. For example, the CQS condition
may be satisfied in balanced incomplete block models and split plot models with
covariates.

If interest lies in the parameter ), so that x = (8, {\d}441), then the information

adjustment % simplifies. Noting that
k

Vi) = ¥ Qi

=1

it is easy to see that the covariance parameter block of the observed information is given

by jaa = O0fori % 1and
s (y-x;s)'??.-(}'-xm _1 ﬂgﬁ

J A 2

and hence i, is a diagonal matrix with (1,7)th element given by

i = 530

The MLE for J; is

N, = Y=XB)Q:Y-Xp)
v r(Q:) )

Hence, we see that 1) = ?,\ » even though the density of Y may not be regular. Since V'

is linear in A, we also have Sy = i)). The parameterization orthoganality of \; and
{Ad}a1 as well as the fact that Sy, = 0 implies that Sy »,;, = Sx,»,. Finally, the g,
term can be written as

- Q
laph = — 32( £ — £) sothat

i " -1
¥ o= - TH(E 1) o™
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To illustrate the decomposition when interest lies in a covariance parameter, we
will employ a balanced analysis of variance or covariance model with sub-sampling.
Suppose that k samples are taken from a experimental units and that the response vector,
with length n = a x k, follows the Gaussian mixed linear model:

Y, = XB+¢, e~ Nu0,V(7,X)).

Assume the covariance matrix V(7,x) = 71, + xM where M = é’é ) Ji,and Jj is a
1=

k x kmatrix of ones. So V' can be rewritten as

Vin,x)=7(n — Q) + (kx + 1)@,
where Q = }M is the orthogonal projection operator on R(M) and I, — Qis the
orthogonal projection operator on R(M)*. Clearly, V belongs to a commutative
quadratic subspace. Since the treatments are applied to the experimental units, it is easy
to see that R(X) C R(M) regardless of the form of X, for instance the columns of X
could be either continuous or discrete.

Suppose that interest lies with the sub-sampling variance component 7. In this
case (I, — Q)X = 0. This implies that'.;",g,\l = 0 and with since j, is diagonal this fact
implies estimation orthoganality (see Barndorff-Nielsen and Cox 1994 pg. 99); that is, for
fixed A1, ':\Jd =2 aford # 1land ﬁ = 'B' This leads to the entire nuisance parameter
adjustment disappearing.

Since Vis linear in A, S),), = iy,), so that

[ agagld G angl?
|S'\dAd|

In( ) =0.
The fixed effect portion of the nuisance parameter adjustment disappears since

XVX =X(SEQ)X = X(TEQ)X =XV X

Finally, the orthogonality implies that i) ), = a2, and jx,,1x = Ja,, SO that one
portion of the ancillary adjustment disappears, specifically ﬁ;\l axl = B»\: bl

Thus, there is no nuisance parameter adjustment and
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T Ll In
(1) = r(n) + FHin(E) + FH (dexdwl)
where W = — 26U ( L _ %)zz . If Zyskind's condition holds, i.e., the density belongs

to a regular exponential family, then the ancillary adjustment disappears entirely:

(1) = r(7) - F5in().
In this case, 7* has the same form regardless of .the number of fixed effects in the model
and the discussion above can be extended for an arbitrary number of random effects as

well.

4.5.2 Inference About a Fixed Parameter
Suppose that interest lies with a one dimensional component 3; where
XB = X161 + X252 sothat x = (B2, p). The nuisance parameter adjustment reduces

to

inC'(9) = Yin(SLEL ) 4 (D Gnl
where o5, = Joo — Joss(X4Vs " X2)jg,p . The ancillary adjustment simplifies in a
similar manner.

The most interesting simplification, however, lies in the information adjustment.
Using results given by Graybill (1983), it is easy to show that

§lg= ( S3% =~ 5535 o qp)

S oo

and that S5qs = (8 — B) and hence,

[Sqls = (B - B) - (83556, S ppq la:-
It is common to estimate the variance of ﬂ with (X' v X )~1so that an estimate of the

standard error of ﬁl is given by (?ﬁ‘ ﬂllﬂz)—%’ We see then that U can be written as a

function of this popular version of this Wald statistic:

= (Wald - [S5358, Sy dola [ s i s A7 s 217 sl

U
where Wald = 1—'-1-3 1=8
lisais|
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Pierce and Peters (1992) found it convenient to write ¥ as a function of the Wald

statistic since In(%24) will be small when the likelihood is quadratic in the interest
parameter. Below we show that the term [S31Sp, S ;pl 9)8, ﬁﬂ; ﬂllﬂz”% is generally
O,,(n“%) while the Wald term is O,(1). In some special cases this adjustment simplifies
as well. The Wald statistic and r are easy to obtain from existing mixed model software
so their ratio offers a simple way of gauging U's size.

Recallthatp — 7 = Op(n“%), in moderate deviation regions, and hence so are
the elements of the difference V! — V-!which implies that gg is 0p(n§). Similarly,
B-8 = O,(n~%) sothat Sg, is Op(nt). Noting that each element of %,8sp, and
S,p are Op(n) we find that the entire term [S3555, S;; Blalipslt is Op(n~t). In
addition, if 5;and (3, are orthogonal with respect to the observed information, i.e.,

x1¥ "(p)X; =0,9p,
thenp =P = Oy(n~NandB — B = O,(n~!)(see Cox and Reid (1987)) so that
1S55S80 Spptelarlimainl? is Op(n3).

This entire term simplifies in the special case Bz = 'Ez which, as shown in the
appendix, is implied by Zyskind's condition holding in the sub-model and design
orthogonality, i.e., R(V, ' X3) C R(X:z)and X]X; = 0. This estimation orthoganality
implies that for each of the k columns of Sg,

~ -1 ~ -~
Som= XV )X (F -5)

~ - (XiV1x,
= ( B — ,31) ,1 ~_l_pi ’
effectively removing B, from the adjustment. Noting that I—El]'—ﬂPISﬂp is Op(n) we see
-
¥ = BB (1 - (S8, S0 pl8) = Wald(1 = Op(n™})).

lEmmis, |
Furthermore, as shown in the appendix, the remainder term is actually

Lin(]1 — Op(n~1)]), in moderate deviation regions, since
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R(V1X,) C R(X3)and X| X, =0
implies that X!V ~1(p) X, =0, Vp.

In regular exponential families, [ is generally a mean parameter and the
likelihood is quadratic in 3. Hence, as Pierce and Peters (1992) noted, %ln(—Wrﬂ) should
be small for moderate sample sizes. In this cases the ratio of Wald and  may be an
accurate guide to the magnitude of the information adjustment. The appendix contains a
more technical discussion of conditions that guarantee estimation and information
orthoganality of 3; and (B, p).

To illustrate the decomposition in the fixed parameter cases, we will employ a
balanced analysis of covariance model with sub-sampling. Suppose there are a blocks of
size k sothatforn =a x k

Y, =XB8+¢e,e~N0,V(r,x))
the covariance matrix V' (7, x) having the same form as in example 1.

Suppose that interest lies in g :

EYn) =X1f1 + Xap
where X is a covariate that varies with either each sub-sample or with each experimental
unit. Suppose further that X is a balanced classification matrix representing treatments
measured on each experimental unit. Hence, Zyskind's condition holds in the sub-model:
R(X;) c R(Q) = R(V'X;3) = R(QX2) = R(X3). If we assume further that
X1 X, = Othen for fixed 3, 73“2 = ﬁz and % can be simplified:

¥ = BB 1 - 0,(n ).

el
The magnitude of the information adjustment is well approximated in this case with the

ratio of the Wald statistic to r.
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4.6 Conclusion

The greatest difficulty in applying asymptotic methods, with or without higher
order adjustment, is determining if one has enough data to obtain accurate p-values and
confidence intervals. The decomposition given in section 3 may help researchers use 7 in
curved exponential families. By gauging the magnitude of the adjustment terms they can
diagnose accuracy problems. In section 4 we showed how these adjustment terms
simplify in the case of the most common curved exponential families, the Gaussian
mixed linear model, and indicated that the same conditions that result in Y being a

member of a regular exponential family leads to simplifications of the adjustment term.
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Claims 1 and 2 below are similar, but less general, to results given by Seely
(1977) and Zyskind (1967) respectively. We feel some redundancy is warranted,
however, since our methods differ slightly and our motivation differs a great deal from
that of those authors. Specifically, we would like to place these results in the context of
likelihood based inference and we wish to determine when¥ = r* or when the
adjustment terms simplify in some useful way. Claims 3 and 4 are consequences of
Claims 1 and 2.

Again, we are concerned with the model Y, = X3 + € where ¢ ~ N, (0, V(p)).
Here V' (p) depends on the k dimensional vector p and is positive definite for all p. The p
dimensional vector 8 € RP and X is assumed to have full column rank. The first claim
establishes sufficient conditions for the density of Y to be a member of a regular
exponential family implying that 7T = r*, and hence both are standard normal to third

order. For convenience, in this section we will let V, denote V'(p).

Claim 1: Consider the multivariate normal families indexed by (4,p):
F ={Nn\(XB,V(p)): B€ RPandp €T,}
with T, = {p € R* : V, s positive definite}.
Sufficient conditions for the family defined by F to be regular in the sense defined by
Barndorff-Nielsen and Cox (1994 pg. 63), and hence 7 = r*, are given by
(i) Forp €T,, V1 = zk_‘i)\,-(p)Q.- where Q; s are known symmetric and linearly

independent matrices. Furthermore, foreach A € R, 3 a W, such that

k
Wy =Y A\Qiandif A ey ={\ € RF : W, is positive definite} then

i=1
W, = Vp_l.
(i1) A(p): T, — T, is a bijective continuous function implying, in particular,

that A(T,) =T).
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(#ii) R(Q;X) C R(X)fori = 1, ..., k, which is equivalent to Zyskind's
condition in this model.
Proof : By (i)
Wp,B) = — %Y’(iZk;Q.v\,-)Y + Y'W), XB - 18X'W) XB — iin|W,|.

For fixed A, condition (iii) =

R(W, X) C R(X)= 3D,,dimensionp x p, suchthat W)X = XD,

= X'XDy =X'Wy X = D\=(X'X)"1X'W, X.

Hence, YW\ X8 =Y'XD\f=Y'X(X'X) 1 X'WrX8.

This implies that a p + k vector of canonical statistics is

T = (YQY,...,Y'Q:Y, (X'X)1X'Y)
and the p + k vector of canonical parameters is

0=\
where v = X'W, X . For the density indexed by 8, let

& ={0: [e T < 0}.
It can be shown using a decomposition argument similar to the one presented in Kendall
and Stewart (1987 pg. 477) that [ e~#*T < oo if and only if W) is positive definite and
hence ® = TI'), x RP. By the independence of the Q;, ® has dimension k + pso that
the above canonical representation is minimal. Now we will show that @ is open.

W, is a continuous function into K, the space of symmetric matrices. Note that
Iy = W;}(D) where D is the subset of K containing all positive definite positive
definite matrices. Since D is open, I'y and & are also open (1994 pg. 62). By (i7) (p,5)
one to one with (\,7) so that any density in ¥ is also a member of a regular exponential
family.

To see that?™ = r* is such cases note that in these regular families the mean
parameterization defined by E(T) = 7 is one to one with @ so that the density indexed

by (p, B) can be indexed with 7. Furthermore in such cases, % = T so that
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n(p, ﬁ) = T. By Lemma 1 of Skovgaard (1996), n(ﬁ,ﬁ) = T implies that S and g are

exactly equal to the sample space derivatives they approximate which gives ¥ = r*. O

The simplest way to obtain a A such that condition (i%) holds is to find a
parameterization of V such that E(Y'Q;Y) = p;. This will be demonstrated with the

following corollary which is applicable to most balanced variance component models.

Corollary to Claim 1: Suppose that V, is an element of a commutative quadratic

subspace so that V' can be written in terms of its spectral decomposition

k
Vo =2 piQi

i=1

where the Q);'s are symmetric, idempotent, pair-wise orthogonal matrices such that

k
2.Qi =1

=1
If p varies freely over the set I', = {p € R* : V(p)is positive definite} and if
R(@Q;X) C R(X)Vithen¥ = r*.

Proof: In this case it can be checked that
k
V! =% 1Q; where

i=1

pi = E(Y'Q;Y) define the eigenvalues of V.
k
Let\; = % and W, = Y. \Q;. Notethat the mean parameterization n = (, 3) so

i=1

that (47) holds (Barndorff-Nielsen and Cox 1994 pg. 62). O

The next claim shows that Zyskind's condition alone give estimation orthogonality

By

of p and B.

Claim 2: If condition (iii) of Claim 1 holds then for fixed p the constrained MLE of S is
B = (X'X)~1X'Y and hence B = (X'X)"1X'Y.
Proof: It is well known that for fixed p the constrained MLE of § is given by
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B =XV, ix)Ixvy.
By condition (iii) we have that R(V,”'X) C R(X) which implies that
VX = X(X'X)IX'VIX
since X(X'X)~1X' is the orthogonal projection operator on R(X). Hence
B = xVIAX)IXVY = (XVOIX) TN XVIX)(XO X)L XYY
= (X'X)"1 X'Y.
In particular, this holds for p = p which implies B=7.0

Claim 3: If Zyskind's condition holds then for fixed p
Tss=0.
Proof: This is a direct result estimation orthogonality, since in all models

X =X € Jxy = 0 (see Barndorff-Nielsen and Cox 1994 pg. 99). O

Claim 4: Suppose that

E(Y) = X161 + X252
and that interest lies in the parameter 3; so that x = (B2, p). We will discuss the
relationships between the first four conditions concerning the relafionship between X and
V, and estimation and parameter orthogonality:

(1) Zyskind's in the full model: R(V, ' X) C R(X), Vp.

(2) Zyskind's in the sub-model: R(V,(p)X3) C R(X:), Vp.

(3) XiX2 =0

(4) V71 orthoganality: X1V,"1X; =0, Vp.

(5) Estimation orthoganality of 3, : 'ﬁz = :B}.

(6) Expected Information orthoganality:

By - 52 = Op(n~1)andP —p = Op(n?).
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Claim4.1: (4) = (3).
Proof : All sensible models of interest can be parameterized so that for some p,,

Vp:l x 1.0

Claim 4.2: (2) and (3) = (5).

Proof : For fixed 3, ﬁz is the MLE for the model
Y, =Y - Xip1 ~ N(X25,V(p)).

Claim 2 gives, B2 = (X5X2) ' X}Yp,
= (X3X2) 7' X3(Y - X1f1)
= (X3X2) ™' X3Y by (3).

In particular for 8; = Ellwe have ’51 = EID

Claim 4.3: (4) = (5).
Proof: Clearly, (4) implies that 3; and 3, are parameter orthogonal in the sense defined
by Cox and Reid (1987) since

g = X{V,,’le =0.
Elementary methods show that i, = 0 so that the entire vector 3; and (52, p) are
orthogonal with respect to the observed information. This implies (Cox and Reid 1987)
that B2 — By = Op(n~Y)and? —5 = 0,(n~1) 0

Claim 4.4: (2) and (3) = (4).
Proof: (2) = 3D, such that V71 X; = X, D, which with (3) =
Xin—IX2 = XinDp =0.0
Claim 4.5: (1) and (4) = (2).
Proof: As shown in the proof of claim 1, (1) = 3 D, such that Vp‘lX = XD, where
D, = (X'X)‘IX’VP'IX. (3)and (4) =
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p. = [ XiX)™ 0 XV, X 0
r= 0 (XL Xp)™! 0 XX,

_ [ xix)T XV X 0 _(Pa O
0 (X5X2) "1 X3V, 71X, 2

V7lX = XD, = (XiDp X2Dp) =
VilXs = Xp(X5Xa) ' XGVX, =
3Dy, suchthat V71 Xy = XyD5, = R(V, ' X3 ) C R(X;3). By symmetry we also
have R(V," X, ) c R(X,).0O
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5. Conclusion

This thesis is concerned with applying new higher order asymptotic methods to
the venerable subject of mixed linear models. Gaussian mixed linear models are among
the oldest class of problems where optimal and exact frequentist methods are not
available while higher order asymptotics is a relatively recent arrival to statistics with
Skovgaard's seminal paper on7 being published in 1996. In this way, this thesis
amounts to putting old wine in new bottles and I hope I have not spilled too much.

The first paper demonstrated that Skovgaard's modified directed deviance statistic
is simple to apply in Gaussian mixed linear models and is worth the trouble because of its
simplicity, generality, and accuracy. The second paper showed that Patterson and
Thompson's residual likelihood is a special case of Barndorff-Nielsen's approximate
modified profile likelihood and discussed the appropriateness of applying the latter if
interest lies with a subset of covariance parameters or in the fixed effects. The third and
final paper discussed two related topics: decomposing the adjustment term used in ¥ in a
sensible manner and determining in what models Skovgaard's statistic will be accurate.

The last paper builds a foundation of, what I hope, will not only be a better
understanding of the accuracy of Skovgaard's statistic but a reconciliation between
likelihood inference in mixed models and other time tested sums of squares methods.
The connection begins in noting that Skovgaard's modified directed likelihood is equal to
Barndorff-Nielsen's third order accurate r* statistic when the density Y is a member of a
regular exponential family. The regularity of Y depends on the form the mixed model,
specifically the form of the covariance matrix and its relationship with the fixed effects.
These are the very same conditions discussed by Zyskind and Seely in a different context

years before commercial software made likelihood based inference practical.
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In practice this means that when applying higher order methods the venerable
fundamentals of mixed model design, e.g., balance and the orthogonality of fixed and
random effects, still matters. Contrast this with first order likelihood methods where the
design does not generally affect the accuracy of either the LRT or the Wald test. Ifind
the fact that the design has no bcarihg on the accuracy of the likelihood ratio test
unsatisfying and the fact that ¥ = r* when the data is "nice" intuitively appealing.

Of course the converse is also true: 7 decreases in accuracy when the data is
"messy." Ialso find this, perhaps perversely, appealing since a third order modified
directed deviance could, in principle anyway, be constructed using a particular non-
unique anéillary. The ambiguous results arising from different ancillaries is not unlike the
more familiar ambiguity of different sums of squares giving different F-tests. That is,
messy data gives messy third order test statistics. This takes likelihood inference in
mixed linear models back to the future where messiness matters once again. This time,
however, we might have a chance of quantifying messiness since the accuracy of
Skovgaard's statistic is affected by the magnitude of an unspecified ancillary. By actually
calculating an ancillary we might arrive at a useful definition of messiness that could

serve as a guide to practitioners.
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