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ELECTRON-PHONON INTERACTIONS AND DE HAAG-VAN ALPUEN BEFTECT IN

DILUTE NON-MAGNETIC ALLOYS.

1. INTRODUCTION

The de Haas-van Alphen effect (dHvA),discovered in 1930,has by
now become one of the most powerful tools in the study of Fermi
surfaces of metals and alloys as well as properties of electrons
moving on the Fermi surface.Whereas,measurements of oscillation
frequencies give the cross-sectional area of extremal orbits which
ultimately yield the size and shape of the Fermi surface,amplitude
measurements provide much valuable information regarding the many
body interactions.In this study we focus our attention on the electron
phonon interactions in general and those in dilute alloys in particular.
Let us first consider the case of a free electron gas in a magnetic
field.As shown in appendix A, the oscillatory effect arises because of
the quantization of the free electron states due to the magnetic field
The thermodynamic potential L) of the degenerate free electron gas

(25)

in the magnetic is given by

0 = _(mwc)%g (:—L)r Cos(% tz,T“r) Cos(vgﬁjrﬁ)

e = Y72

sinh Y’ﬂlde>
We
(1.1)

where all symbols used are defined in chapter IT as well as in appendix

C.From this to a good approximation,the magnetization is given by
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As is evident, there is an oscillatory behaviour in (1/B) with
frequency f,proportional to the extremal cross-sectional area of the

Fermi surface,given by

(1.3)

for the r-th harmonic.The amplitude of the r—-th harmonic is dictated by
the sinh term appearing in the denominator of eq.(1.2).The magnetic

fields and temperatures commonly used in the dHvA experiments are such
2

that 210 ke T
w)

[

s> .In such a situation the sinh term can be approxi-

mated as 2
| _am keTY
Rrw__“___,__,_,o—— - e We
Sinh KT‘Y’EEH) . am R T T (MC)
C‘ ~
= e (eB) (1.4)

thus giving an exponential amplitude factor.From eq.(1.4) we see that,
if we plot the logarithm of the amplitude vs. temperature,we get a
straight line whose slope is proportional to the electron mass.In pro-
ceeding beyond the free electron approximation to include the crystal
potential one may,in many simple metals,employ an effective mass appro-
ximation in which the bare electron mass is modified and called the

band-mass.



In the derivation of above formulae the electron states are regar-
ded as having infinite lifetimes.In the case that impurities are pre-
sent ,the electron states will acquire finite lifetime.This effect was

(3)

considered in an earliar work by Dingle in which it was shown that
if one introduces a Lorenzian broadening for the Landau levels then an
additional term appears for the amplitude which is given by
imp ~-Trr
Ay ~ € wo
(1.5)
where {7 1is the Landau level width.Since according to Dingle‘~=2"h;E)
it is possible to combine the two amplitude factors of eq.(l.h) and
eq.(l.S) and write B Qn2h81‘(T“*75)

Ay —~ c We

where Tp is called the Dingle temperature.

The Dingle temperature "apparently'" contains all the information
about Landau level broadening.In fact this idea is actively pursued by
experimental workers in this field in trying to understand the way in

) ) (13,23)
which electrons scatter as they move on the Fermi surface .
Ixtending Dingle's arguments to include the scattering due to

phonons one nalvely expects that as the temperature is raised from

absolute zero,the population of phonons increases and therefore the

(26)

suggested that including the effects of phonon scattering the Dingle

amplitude of the oscillations should further decrease.Shoenberg

temperature should depend on temperature as

3
To = 1o + LT



where estimates based on thermal conductivity suggest that o ~ “52.
Such a temperature dependence would‘be easy to find in a logarithmic
plot of amplitude vs temperature;or the logarithmic plots of field
dependence of amplitude at different temperatures.However,in the ex-
periments done on mercury,where such effects are expected because of
strong electron-phonon coupling in it,Palin(l6) found no such tempera-
ture dependence of the Dingle temperature for field strengths upto

100 kG. and temperatures upto l?oK.

In actual fact a much earliar work of Fowler and Prange(5 invol-
ving a field theoretic study of the electro-phonon interactions,in the
presence of magnetic field,predicted that the Dingle temperature would
be temperature independent.However,it was strictly speaking a high
temperature result and apparently was unknown to Shoenberg.An extension
of the arguments of Fowler and Prange (FP) was made by Engelsberg and
Simpson (ES)(M) in which they attempt,by numerical analysis using super-
conducting tunneling data,to go beyond the FP high temperature limit.
They suggest that at very low temperatures and extremely high fields
some temperature dependence of the Dingle temperature might be expected.
However, at these lower temperatures the rate of convergence of their
series is poor and their conclusions may not be as reliable as one
might hope.

In the present work we continue the investgation begun by FP and
carried on by ES and develop an extension of ¥FP high temperature result
which is valid at lower temperatures.

Tn our result we find that contrary to ES prediction,it is very

unlikely that one can see an amplitude of dHvVA oscillations due to



phonon scattering which differs appreciably from the quasi-particle
formula of eq.(1.2) except that now the electron-phonon enhanced mass
should be used in place of bare electron(free or band) mass.Further

more the result that we obtain has the advantage of being in a closed
form in which the effects of the electron-phonon interactions are easily
considered by calculating,according to the field theoretic prescriptions,
irreducible self-energies corresponding to the electron-phonon inter-
actions.We take advantage of the simplicity of this form for the dHvA
formulation to investgate as well,the consequences of impurities in the
form of a dilute substitutional alloy, on the dHvA effect.We consider

the case of both static and dynamical lattice impurities which will
modify the electron scattering.We also derive the result for fixed
impurity scattering in the case that the electrons have been renormalized

to include phonon scattering.



II. DE HAAS-VAN ALPHEN EFFECT IN INTERACTING SYSTEM.

2.1 General Formalism

The de Haas-van Alphen effect is an equilibrium thermodynamic
—
effect in which one measures the magnetization M of a metal or semi-~
metal.This can always be computed from the thermodynamic grand poten-

tial L ,which in turn i1s defined by

O - ___%; \n 2,

(2.1)

?

|
where ;EQ is the grand partition function and F’ =(Eif) ; ke is
3
Boltzman constant and T is the absolute temperature.By taking a deri-
vative of () with respect to the magnetic field B at constant temp-

rature T and volume V,we arrive at the magnetizationji.e.

Fﬁ o 3.0 )
- 28 /Ty (2.2)

The computation of ) ,for an interacting system can not be done
exactly.and very often perturbation theory, as cutlined in the following,
is used.

Introducing a variable coupling constant g,one can write the

Hamiltonian H(g),of the interacting system,as

Hig) = He+ o (2.3)



so that g = 1 describes the interacting system whercas g = 0 describes

(1,6)

some simpler system.In terms of g, () is given by

Q=Q. v(25+'>“5 i}% pLh 2 Zg(wn) Gg(0n)

), = thermodynamic potential of the non-interacting system,

\V = volume of the system,

S = spin quantum number of the particles,

¥ = n/2,

h = Planck's constant,

Wn = (2n + 1)ﬂ/’3 = (2n + 1) NReT.
Gé\ﬂn) is the exact Green's function for the interacting system

and Ef‘on) is a quantity called proper self-energy which is related
to.the Green's function Gékﬂn) by an integral equation which is

Dyson's equation

Gig(wn) = Go(wn) - Go(wn) Tgq(n) Gglon)

where, GO(UOn) is the Green's function for the non-interacting system
corresponding to HO.The Wy = (2n + l)TE/p are points on the imaginary
energy axis.This rather peculiar state of points on the imaginary energy
axis is infact not so peculiar when it is observed that the finite
temperature Green's function is periodic along an imaginary time axis.

Thus the Green's functions may be expanded in the usual manner and the

wymerely represents the summation index for this Fourier series.



The plus sign in eq.(2.L4) correspond to fermions whereas minus
sign is taken for bosons.Thus for electrons we take positive sign,s =1/2

and using the units such that § = 1,we get from eq. (2.4)
|

ﬂ:~Qo+—V——ES (.)_ia.z

? o 9 4

At this point it must be stated that the most general method of

(wn\G\g(wn) (2.5)

computing ) is extremly complex and abstrad.It arises from a paper

1 .
by Yang and Lee( 2) and later recasted into the Green's function

language by Luttinger and Ward (lo).However,it is possible to demons-
trate reasonably clearly the basic elements of the general arguments

by focusing on a simple situation,which is being done in what follows.

Rewriting the Dyson's eq.(2.3) as

Gy = Go +Go2gGe T 77T (2.6)

where,for convenience,we SUpPPress all the functional dependences except

that on the variable coupling constant g.By writing in the form of eq.

(2.6) we have isolated the effects of interactions in the self-energy
Wn),

T g ()

Using eq. (2.6),the product ji% C;%4 can be written as

Z%G‘%:(Z%-&—E%GOZ%‘*‘“““‘“’)G\o (2.7)

It is convenient to represent the various terms of the series of
eq. (2.7) by Feynman diagrams.In particular the lowest order electron-
phonon proper self—energy; E:%)can be represented by the Feynman diagram
of fig. (2.1) where the solid line represents the electron Green's

function GO(Lﬁn) and the dotted line the phonon Green's function a( wn)



The vertex represents the coupling constants between the electrons

and phononaE?he form of the actual coupling constant is given in eq.(k.24)

of chapter IV],

Fig. 2.1
Thus, in terms of Feynman diagram of fig. (2.1) we can represent

the series in the parenthesis of eq. (2.7) as in fig.(2.2).
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Fig.2.2

The G,written outside the parenthesis in eq. (2.T),has the effect
of closing the open diagrams of fig.(2.2),thus giving the diagrams of
fig.(2.3) for the thermodynamic potential L.

However,the diagrams of fig.(2.3) can also be obtained by other

irreducible self-energies besides those of fig.(2.2).These are shown in

fig.(2.k).
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Thus ,the summation of the diagrams of fig.(2.3) for the thermodyna-
mic potential actually involves the summation of the two types of self-
energy diagrams of fig.(2.3) and fig.(Q.M).We note that there are two

diagrams in all higher orders except the first,hence the series for

Z%G% can be written as

Z%G% = Z%Cg -+ Q(Z%G623GO*~~W ___}
)

= (5,00 Z3GeTy et T T - 73
= 2 %be L 3.Ge

b 23G°
= 2925 - 926

(2.8)
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L
since Zﬁ = (} 2. for second order interaction in coupling constant.
It may be noted here that the self-energy 3% still has an implicit
ittt
dependence on the actual coupling constant for which we use the nota-
tion g.That dependence is shown explicitely in later calculations,
when we need the actual analytical form of 2_ .
Using eq.(2.8) in eq.(2.5) we get

(2.9)

d%(%zzgo }_%22(_;0

0= Q.+ LT X
P ) 3 - g6

Carrying out the integration over the variable coupling constant g,

we get

_(7- - QD.;_YY;_F{{‘—EM(I“ZG’IO\)_“‘%ECIOJ (2.10)

From the standard Dyson's eq. for the Green's function

G = Go F Gia 2 & (2.11)

we get,

G
G

(2.12)

(-56G) =

The thermodynamic potential for the non-interacting system is

. (10)
given by

A
LLe = _% lm(] G°\) (2.13)



Using eq.(2.12) and eq.(2.13),we can write eq.(2.10) as
- 4 |
(L = —v%—jv [&“(\é:w \‘5 2 Gol (2.1h4)

For the purpose of further generalization we write this as

O - YTz )4 26| v TS, 2 6

P (2.15)

Fig. 2.5

Basically what we are doing is constructing a quantity

LT G ) Z Go |

which over counts the lowest order contribution(shown in fig. 2.5) to

) of eq.(2.5),and then in the last term of eq.(2.15) we subtract off
the over counted diagram.This process can be extended to the summation
of all diagrams of a particular order in self-energy and not only of a

particular class,which were shown in fig.(2.3).However,for the general

case the counting and combinatorics becomes exceedingly complex.It is

at this point that the Yang-Lee-Luttinger-Ward argument bring the result



for the most general case into focus.These authors have argued that

the exact grand potential.ﬁl_,may be written in general as (10)

/
a +Q(6)
O — _ VT lm('—“ w26 |+ e (2.16)
- p |G

The structure of eq.(2.16) is very similar to that of eq.(2.15).

In fact the origin of all the terms,in the two equations,is quite
/
similar.The _fl.(61> represents the sum of all those diagrams in the
series for &)_ in which originally only unperturbed Green's functions
are used but then these unperturbed Green's functions are replaced
/
everywhere by perturbed or exact Green's functions.Thus, Q <653 can
be regarded as a functional of Y  whose purpose 1s to subtract off
s series of overcounted diagrams arising from the first two terms of
eq.(2.16).
(10) : : :

Luttenger and Ward have derived several important properties
of {) ,using the expression of eq. (2.16) ,among which the most
important is its property of stationarity with respect to first order

S(L

variations in the self-energy o ,i.e. -§7£_ = 0.This property of
stationarity allows some approximate calculations to be done in a very
elegant way as we shall see in the following.

For the interacting system of electrons and phonons we can write

the egvivalent of eq. (2.16) for the thermodynamic potential Lo pn

for a unit volume,



1h

L
Qaph = —+ 2 T { Il ) 3 (o) G(wn) |

Pl T ,*gg;ﬂ o) D)

(2.17)

wheré TT(QLQ is phonon self-energy and D(wn) is the exact phonon
Green's function;all other quantities are as defined above.

In writing eq.(2.l6) we have omitted electron-electron Coulomb
interactions,because as shown by Rice (17) this interaction gives rise
to little or no renormalization.However,screening effects can be taken
into account by using screened electron-phonon coupling constants.

Tn analysing eq.(2.17) we first note that the phonon contribution
to the oscillatory part of the thermodynamic potential is negligible.
This is due to the weak coupling between the density fluctuations and
the magnetic field(h);The phonon self—energy‘TT(LDn) is also indepen-
dent of magnetic field,except for a small oscillatory part coming from
the excitations of electrons near the Fermi surface,this too is quite
negligible(S).This means that the major contribution to the oscillatory

part of the thermodynamic potential comes from electronic states only.

Thus we can write

\ (on) Grfon) |+ L(G)
_Qel :"E%ﬂgl’“(lg(m)ﬂJﬁ@ ( } (2.18)

To isolate the oscillatory part of (L ,we note that the self-

energy > ( (Wn) can be decomposed into an oscillatory and a non-



oscillatory part

> (wn) = Znosc(w")*'zosc(w") (2.19)

where anOS%:UAn)is that part of the self-energy which has no dHvA
oscillations in it and ZZO$C<LDn> is the oscillatory part.If we now
use the stationary property of the thermodynamic potential C)  to

expand it around 7, ,c.{(Wn),we get

QO = Qe\ _ - Zﬁgbn(hzmsc(wﬂ)_;mn)a—

1
i
G ( Zvosc (L‘)"‘)> 2osc <~L‘>">§ +

’ 2
L gzhosc(w“)% 4—0%2051(“)"7% (2.20)

£Q

where due to the stationary property __ = O,there is no first order

L)

term.Engelsberg and Simpson have estimated the last term in eq.(2.20)

using an Einstein model and found it to be smaller by a factor (LQCAu)”&
than the leading term,so we can drop the last term in eq.(2.20).We can
also drop the magnetic field dependence of the self-energy because,as
can be shown,for a constant coupling Einstein model the non-oscillatory
part of the self-energy has no field dependence at all<h);and due to

the screened interaction between electrons and phonons,any other model
will not differ very significantly from the Einstein model.Writing

for the magnetic field independent non-oscillatory part of the self-

1
energy ,we have

1. We can calculate the self-energy using Bloch states or free electron
states.This,of course,introduces some "false" quantum numbers,i.e.
kx,ky,which necessitates taking some orbital average.We shall discuss

this point further on in the work.
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(2.21)

Since our primary interest is in the dHvVA oscillations,we can
now use Luttinger's argument +to separate the oscillatory part or L) .
(9) bart
Luttinger has shown that the oscillatoryhof QL giﬁ(uhﬂgis)to an
adequate approximation equal to the negative of the second term in eq.
(2.21).The basis of the argument is the non-analytical character of

the Green's function which is responsible for the dHVA oscillations.

We can finally write

I
Q= -T2 bn (125 1)

osc

= — LT da (6 zeGom=iwn))
= 5 -

(2.22)
where we have written 'ED()Ion>in place of Eo(ynd to point out expli-
citly that it is the finite temperature self-energy evaluated on the
imaginary energy axis.

As is mentioned in the footnote on the previous pageZ}(ih3n>is
actually z;,(htJhL)\u)n>where kz is the wave vector in the direction of
the magnetic field and k), 1is the wave vector transverse to the magnetic

: . . . . (13)
field,over which some suitable average will be defined .In the

following derivation depending on convenience,we will exhibit or suppress

the various dependences of the self-energy as well as the energy T



2.2 Basic formula for de Haas-van Alphen Lffect

Our objective now is to develop from eq.(2.22) a formula that
describes the dllvA oscillations in an interacting system.To begin with
we use the effective mass approximation for the band structure,which
is good for some metals at least near the Fermi surface.We can then

write the non-interacting single particle spectrum(Landau levels) as

Ra*

2m

—-\«<l+~\2—_>mc 0T B~ M

(2.23)

&
I3
il

(%'%4nc) the cyclotron frequency,

9]
1l

the magnetic field in the z-direction,

Mg = the Bohr magneton , <~Lkg = gih

i_l/E,are the spin quantum numbers of the electron,

q
!

[a¥e]
]

the electron band g factor,and

3N

m

the chemical potential,

the band mass of the electron,and 1 is the quantum number
for the cyclotron motion of the electron.
If we treat the logarithm of eq.(2.22) as a distribution we can

apply the following integral representations:

when Im &iwn—-z(i\oy\)} S0 5
baid _SEE_“‘)"+E(;‘U“3]

ds

I Wa 4 S (\wv\)J [ - e
E — | \ 5
L b o 4 (2.24)

and,,when IW\§\MM\-Z(\Q“3§ < 0, b

) +Z('ltova>]
lan ds ~sLemten
)'] - O S = €

b_1cd
(2-25)
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Now,from the spectral representation of the self-energy function

S (iwn) = ’;’n g o)y o) zo

— 0 'I(}Qy\——-‘k)

(2.26)
we note that,
0
- N b (_J\L) \’“(LJ}
T 7 (iww) = ~‘*_ng Jw Tlo)
p N 5
Zn_m kOn ‘*-\&) (2.27)

S0 , T Z(iwn)<0 when Qm?O H

and  Lwn 2 (1w0W) > 0 when Wn L0

Thus we can write () as a sum of contributions from (On > O and
from Wy, < O ,which we call Q—i- and _Q__ respectively,where

Q = (,(1 +>+ (Q_>

and )
b - 100

T ade ._SEE(.bz Qo) — Moy —\-Z(be)i@h\)]
| Ty / , = €
b (2.28)

b N N
ds —S[E(b‘bqlo‘>— Vv E('{.&)iwn)]
s
b- i (2.29)
Before we procecd further,we may verify that the above rclations

does indeed give the familiar result for free electrons i.e. for

Z(hl)]wn):().l\loting that Re s » Ojwe have the following results
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Mare over for Wn Y0 , Im s 7 0:
i iS(ZﬂJrl)TT/ﬁg B '_
e © 20 sin(ST)
and for Wx {0 , Im s < 0,
- LS neDTT/p !
€ =
Mn=o0 21 S, (S”/ﬁ)

With these sums and integrals done,the two integrals may now be

combined to give

v 1ed
m We 2 ' o M cac(MS/p) -2 ces M\"z‘%uw%?
L T sy
b-io :

(2.30)

from which the oscillatory behaviour can be extracted by applying the
(2n+1)Te
We

residue theorem at the poles along the imaginary s-axis at s =
wheren=_+_1>—_+_-2>—_&-g,~____. .
In the more general case (which is of interest here) whenZZ(P{lhgn)#C>

the evaluation of the oscillatory part is still straight-forward.First
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the sum over Landau levels and spin gives

0 by Lo . }\,’2‘_ N . ( s
-5 R L - 2 (R, )nlun>’l
S)-—F :—-’é‘ T_g(i)_; Z go“?gj (_)E e i 2'wm
21 n g
0 N
cosh( 5 § e BS)/g]nh(é%E)
(2.31a)

and b

o0 - q ézf"_/M-.l(Un _\—E (PQJ;OH)J

LB 5| dk, ‘ij— e v

0 bt //
cosh (3 2 5 e >gm%<>f9_‘/\ (5.210)

The kZ integration may also be done at this stage by,say,the method
of stationary phasesjbut it is not necessary for obtaining an extension
of the Fowler-Prange theorem,in which we would be interested.

Once again,the oscillatory contribution arises from the poles
introduced by the sum over Landau levels,which are located on the
imaginary s-axis at s = 231&?, r= +1,+2,.... .If we deform the con-

We
tours of ﬁ:l+.and f:z__to encircle the poles in the upper half of the

s-plane and the poles in the lower half of the s-plane respectively;we

have from the sum of the residues at these poles-

o0 -
o4 . -, T . - .

o W - - -——?_Hl,ir ’\?_- B U ITN \‘PO?,) ')](OY\)\

_Q 4 T - ""C'" ‘2_7_ S () K)} Z__ L_].__ (’) ’ LQC (_4 2 W ' " )

P n=0 (=) Y -

S wre o)

(2.32a)
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and o0 .
PN 0 . 5 .
™ We N - Y —| '—2\\”_ \ \'" — AA l'Z R T(L)ﬂ\J
() = -_ — 2“ g dk{ / <\ Q) WU)C_ o / ( 2D /v
TP w=0 vo1 T ‘
— o0
SN T A g
X CoO= < 2
We (2.32b)

Finally, we combine the two parts to give

=)
ob 1
2w LW, gy 20r ee?f%guom}
L = — Z d, Z éml oS Sy {Zm — A 5
'ﬂ ﬁ =0 . \
W
(2.33)

Except for the remaining kZ integration,the above equation may be
recognized as the well known Fowler-Prange theorem.The above derivation
shows with clarity,how the dHvA oscillations of the magnetic suscepti-
bility separates the real and imaginary parts of the self-energy,when
evaluated on the imaginary energy axis.

Our aim now is to extend the Fowler and Prange's high temperature
result,to a region including lower temperatures by carrying out an
approximate sum over n.Since we are primarily interested in the amplitude
we ignore the real part of the self-energy E(ﬁzDhow)which appears in
the frequency.With this simplification,it becomes convenient to do the

kZ integration by,say,the method of stationary phase to give

3 o0 1 , RPN

We) = — wy 2T M —am QHQnJ

Q= -2 <Wj ?? > D E,Q COS(\%T,_WA\UW ) Tbg[: " ( )
4 We

N

-Tr M=o Y=

Twe (2.34)
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where k7 (the quantum number of the orbit) is zero in this case.

Now,rather than using the customary method(lo) for doing the

sum,we use the Poisson sum formula
o0 c 2Ty
% ]C[(z_njm)m] =5 ga% ?[(E’_%)fiﬁj e F
=0 P B Y=="22 5

(2.35)

If we expand Im ZZ(Zj+OHf around y = O,and retain only the linear

P
term;we have
| N STy 2 T 3 (23108
ImEKZ”“N% = I (ﬁ)-¥&a} h B lyo
T 5 (Twe) v "afj{9m§ow@

P
(2.36)

where (W = T}é.The dHvA amplitude becomes then

“ —2T¥ Doo—lmz(fwoﬂ gw oLy 4 )

? ewc }@

Yom o A ©

%Jﬂfﬁ%[“ﬁfMZUmu}
e we

(2.37)

Performing the now trivial y-integration yields for the amplitude
L |
_ 2T T 5t J , T ST
We ITm Z (‘w()) } SQW (,) +- i”)(i g | — 2 _I,m P (lwoj i
[ & L o

€ e ¢ LY

Y- —A -

(2.38)
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The infinite sum over )/ is just a Mittap-lLeflf{ler cxpansion of

— I T We ga \,_ O Tm Z(@O)E

- ) We DWo

(2.39)

Thus,to this approximation,the amplitude finally takes the form

’ZWW“ Lwo S 2(\u>o)\

N Y > o (o)

VAW o

(2.40)

and the oscillatory part of the thermodynamic potential is

- k,uQ

>/ s
—2im LQC > - (i@ - T {\l e ’r
o - ( 5 ) o %< _L%}x

T [y T 300
T % M T B\S e we

. ‘MZ r -
w 417 o u)<W
c Z \’_ e “wos (l (\@l}mZ(l 0

(2.41)

"As an application of the above formula to see how various
interactions contribute to amplitude effects,we now consider two
specific cases (1)the self-energy due to phonon scattering in a pure
system and (2) the self-energy due to fixed impurity scattering.later
in chapter III,we will derive the expressions for phonon scattering in

an impure (substitutional binary)alloy as well.
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(1) The electron-phonon self-cnergy :The electron-phonon self-

energy in a pure metal ,when evaluated at the first pole of the Fermi

function(from eq. 4.32 of ch. 1IV) is

Z(bkzo)tpo\>:—k@0>\i
(2.42)

where >\ is the enhancement factor.Further more

N -

9 Iy 2 (P%:O)w0> = )

oo (2.43)

to order of magnitude considered.

(2) Fixed impurity scattering : Any self-energy in general can be

(2)

written in terms of its spectral representation as

o

z E?/ U)’Y\> = _,l‘ j\ ‘_»ﬁ_:_ ______ . .CDLO

QW”DO W — (W=-m)
(2.4h)
where (-(ﬁjtu) is the self-energy spectral function,and
R _ S (K >
((Re)= =2Tw T(E) 2 0 (2.1

where () is always on the real energy axis.F(&qu is in fact the dis-
continuity in the self—energy'z(é;uy) across the cut on the real energy
axis.In the case of randomly placed uncorrelated scattering potentials,

the spectral function may be expressed in terms of the scattering

(%)

t-matrix as
2.

B (w- Eg)

((Rw) = 2m N 2 ('@2)5

(2.46)

which is essentially the optical theorem.
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Now for the purpose of our formulalion,we requirce the dlivA orbilal

average of

s
” — Do q—-({J)> /l B
» - O W e —— s .
j—m s (k2_07 O> 277 Wa 4 (=) 2
(2.47)
as Well as Of
)
\ > | X (/‘U> o
O I")’\’? 2 (&E:O b W 0> - _42_;( »w*kz_“ﬂ» VVVVV ’M’——‘_”;
2 W (W)
Hwo . ) ‘
- fh(u3> Ao
2 e ( T
,‘{,— - .
,.an []L;;l‘wk ((C)«/Lk) ’}

(2.L48)

Examining eq.(E.hY) and the first term of eq.(2.h8),we shall take
the customary low temperature limit used in treating impurity scattering

Then as T-% Q,we have

i e T o (W) (2049)

.

228" 5 2
(/()D’ao W - <(’O‘/(A)

()
. T X'( ka=o0 We20) = e (2-50)
so that, Jlﬁﬂ < L F(NJ
*() /:4/] Z ( Pa=0> \—()0"70) = 7:(;—;0 (2-5’)
and B’Ll‘)!) -

where ,we have ignored the second term of eqg. (2.48).If we assume that
the self-energy due to static impurity is temperature independent,then
the only contribution comes from eq.(2.50).In this case we have for

the contribution to the amplitude from static impurity scattering as
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st {mfo 2t (IWZ(M)) —2nf )
D¢ ~r (3 We, 2. (2.52)

Comparing this with the expression defining the Dingle temperature

L 2\,‘2_ T _
TD i.e. (S A—— PBIE ,we see that
We
b M)
T (2.53)

2 ke
This then is the finite temperature derivation of Dingle tempe-
rature.
Tncluding both impurity and phonon scattering,we can write for the

amplitude of the r-th harmonic of the dHvA oscillations as

*
—orr () — 2T% o T
— C we 2z o e ™
Ay = [
T ey, [ T 1
‘ —_— e _L)C hadl o wudo

o 20T 1'(“)% u)o:if -
o T T

W e
(2.54)

’YY\*

where we have used the relation N o= (Yn '\> . m"is called the el-ph

enhanced mass.



2

TIT. DLECTRON-PHONON INTERACTION TN DILUTE ALLOYG.

As noted in the previous chapter,to calculate the thermodynamic
potential for an interacting system,we need to know the electron self-
energy of interaction on the imaginary energy axis.Then we can use €q.
(2.41) to calculate the amplitude of the oscillations.

A formal calculation of the electron-phonon gelf-enerpy in a dilute

(7)

substitutional binary alloy has been done by Hicks .In Hicks calcula-
tion modification of ionic force constants was ignored.Although there
are obviously cases for which this effect is important,no attempt to
include the effect has been made in the present work.In the following
we give a brief outline of the procedure used and then in chapter IV go
on to calculate the self-energy contributions which are of relevance in
our case.

The starting point in the calculation is to write the full

Hamiltonian of the alloy as

.2 - s 91

H= = P L WR-RO-Le Do
Lo2mo e SRRSO TR

2. 2

)
b BOow Ly v(BeRaez b
4 ! 2 0(1"(} > P
(3.1)
here,
i and j sum over electron co-ordinates ;; and ‘Fj 5

—

o and P sum over all ion co-ordinates R, and ﬁp .
)\ sums over impurity co-ordinates,
V, is electron-ion interaction on the «-th site,

M is electron mass,



M is host ion mass,and

!
™M is impurity ion mass,

[ | I
-= = —= = .= 3 and (3.2)
p. and Exdenote the momenta of the 1-th electron and «-th ion

respectively.

It is possible to separate the above Hamiltonian into two parts

th and Hel corresponding to phonons and electrons respectively using
an extension of the Born-Oppenheimer theorem to the case of continuum
electron states(18).We have
s —s PZ.
2 =’ <= —_—
Hy = 2 o, s V(R -Re)+ 2 Fe (R Qﬁ>+? 2a e
Y - UL‘.
2 2 M 2 agp i (3.3)
2. — pA
. —t - e
l{eq = Z. MElA ) Ve <Kg-— Qx) *~—é_ji-. e
[ 2. M .k.)ol L,’:P) \\(L — \(Q\ (3-2“')

The term 2 EK(%%——ﬁe ) represents electronic energies for fixed
=P
ion separation ( R; - Rp ) .Though in general this correction depends

on the individual electronic states ( as indicated by the suffix ﬁ),it

N
is slowly varying in k for the electronic states near the Fermi surface

Therefore dropping the subscript k and absorbing the energy E into V by

writing it as Veff ,we get

o)

et s Ny (B Fyez D
Hpw = 2o 25;{_{5 b ‘5' E

2™ (3.5)

For states that show binding Veff has the shape typical of bound

molecular states.Assuming then that the displacement of the o-th ion,

—
from its equilibrium position of minimum energy, ngo is small, we can

=5
expand >Veff about its equilibrium position Ruo and get
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o« P

ﬂ"'Pl |
){Fh = & = "2 i%%p £, R

< o S (3.6)

where 1 and k sum over the three possible vector directions.

/\dJP 2; Vag% ( Qii“ é% )
L, B e
- () Rma RKF IQ.( = Rbgo
Rp = e (3.7)
and, b3 > —
4l Vg (RaRp)
= >
1y - SR
R {7}(;& oR (u (3 - %f"
Ep - RPO
(3.8)
Now defining Matsubara Green's function as
Difm L T Rl S Rep(0) )
(3.9)

where ESRgx(Z) is the ionic displacement operator as expressed in the
Heisenberg picture in which ixt (t = real time) has been analytically
continued to (1/kaT) = T jand T is the imaginary time-temperature
ordering operator.The bracket <§ - - - ;7 represents a thermodynamic
grand canonical ensemble average.

With the definition of eq.(3.9) for the phonon Green's function and
kwith the Hamiltonian of eq.(3.6) it is possible to generate a heiarchy
of equations of motion and an iterative process which will permit its
(i.e. D:!i( 7) ) determination to some order in the coupling constants.

When this is done it is easy to get the phonon Green's function for the



disordered mass substitutional lattice.llowever, for the purpose of
separating the various contributions to view them eventually as
corrections to the normal host system(a),it is convenient to obtain
three different types of ensemble averaged Green's functions which
correspond to correlations of host and impurity atoms amongst themselves
and with each other.Thus one has

1. For host-host correlations

&\+Pﬂc—<VC>M~

L 5 wl(dh ds@wg
€ ¢ N q

—» ds ‘i\u)“) < -
<D5<Q“M">> ( |— Fe (g w©n)

(3.10)

2. Tor impurity-impurity correlations

A st (Q 1\07\)

Ad, - M
g |wn) = —
{ D ( )= )
% o we(§ )M U—c) ? ds (5 @w)} (3.11)

3. For host and impurity correlations

M det (éﬁ(’ii}

a , . _ M
C Pe (q10)7 /) —F (Glwn)
(3.12)
|
T = B N "= 2 Y\T\' L
were, H(T100) = T T e

g lon) = el Wi (G) ds (Glom) | /
M | < 2’ 57 d Cj\;\wv\)
Jr%(\ac) M é/Mw (§) asl E

N
(3.13)
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and concentration ¢ = Ni/ N ; where,N is the number of host atoms in a

unit volume and Ni is the number of impurity atoms in a unit volume.We
the

assume that,k concentration ¢ is low so that N>\/Ni

After getting these phonon Green's functions for the impure lattice
one has to consider some process of coupling these with the electron
Green's function.In coupling the electrons to the phonons,according to

(15)

the famous and important theorem of Migdal , all vertex corrections
to the interaction may be ignored as they contribute to order (m/M)l/2
i.e. square root of electron to ion mass ratio,compared to the lowest
order term.So the principal contribution to the electron-phonon self-

energy comes from the term with the Feynman diagram as shown in fig.

(3.1).

Fig. 3.1

There are then three different contributions to the electron self-
energy which arises from the correlation of host and impurity sites in

the lattice.These to order linear in concentration ¢ (per unit volume )

are
L L s Gl (8 >§>d (”mo_@x>
> — o VRS =S "
Ta(Rfon) = Cf;;)hl PoSw .
« N(R-R) [(E—R.\ cs )

(3.1h)



(3.16)

>
where the diagonality in k arises from the uncorrelated ensemble
averages over the impurity sites,and A is the Fourier component of

the difference in the scattering potential at the impurity sitejand

L

LR-T . BT
V(R) = | fd? V(T) e[’ky: fc’l‘( v(7) e

(3.17)
for a unit volume.
In the next chapter several approximations are made and these
three contributions are evaluated for points on the imaginary energy
axis.Infact,as the formulation in the previous chapter indicates,

evaluation at the point o =TTt 15 all that is important.

P
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IV. ELECTRON-PHONON SELF-ENERGY ON THE IMAGINARY

ENERGY AXIS FOR A DILUTE ALLOY.

From chapter III we have the formal expressions,egs.(3.14),(3.15)
and (3.16),for the various contributions to the electron-phonon self-
energy in a dilute alloy.

Rewriting eq. (3.14),we have

S (Rlony=-CZ L5 G (Rlox) B3 (Tlun) %

'y
S/ IRI ,3 (-On

.

A (R-8,) | (RR)-Es ]

Ay

(3.1k)

-d
For convenience we denote, (k H.) ( Ry low’ ) DZ (§]ww W' )

d-d .
Then substituting for D, (qluh;wog)from eq. (3.11) and using for the

electron Green's function (;'o (E'l\wh'): ___,_4__\_-#ﬁ ,where g‘—z‘ = ( *-R’,“‘M)
- &
we get
|
Sa< k,lq ) o e e t\_j_ X

‘»07\ (A)“'——— E‘? M -
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z

t

i ds(ﬂ‘\on Wn)(“” nMwS({i)‘l" %/

-0l s m wﬁ(a )‘s\s(‘\ ‘m,.-w,,)

A
“ N g'/ ()4.1)
prod 2,
Considering an isotropic phonon spectrum,so that W (ﬂ)—(u ﬁ;)and

using

|
I | |

‘o W Oy e i . i 1 -
ds (G om0 M (ag-wn) s wi (3) M (onmwn!) - wi(8)

we get
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where Wp is the Debye freguency.

Converting the (5w’ sum into a contour integral in the standard

\
way using the Fermi function,f(x) = —ax o which has poles at
e +

, .
4 L
X = D) T so that the sum is reproduced exactly by the

ey b
P
integral,we have
7 l (5 F (x) ,,,’ ha
a< bt p N o/ o X R (tow=X) =" (- ;
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2, Wi >7<4 | LQ,Y\ e \ ]
( \—'—Au_\ (3)7 ,,,) (O - Y (D ) -
- . S S - ap

- 2 L2 (Lom =) 2 | X \ g
|4 A L(‘UDY\ ¥ )W -+ 3 Wp g A \*\5“':';‘ oD X -



35

where A = j?;g .The contour C and the analytical structurce of the
o

integral is shown in fig.(4.1).In the complex A plane the integrand
has simple poles at é};, Wn+w(d)and Ww+ WL and logarithmic branch
points at W, + wWo,Here WL is the frequency of the localized mode
which occurs for light impurity ( 2% positive) as a pole of the phonon
Green's function of the disordered lattice.If the impurity is heavy
there appears a "virtual level" and in that case we can put Wc = 0 in
the following derivation.Now deforming the contour outward to infinity
(fig. L.2) we pick up contributions from the poles as well as the branch
points.In appendix (B) we show that the branch point contributions are

negligible.Hence,omitting them from consideration,we get from Cauchy's

residue theorem

Sa(RLF) = - ({i» (-2ni)
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Pl
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Substituting the above expression for Sa(£.\§> in eq. (3.1L4) we have
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A first principle evaluation of the above equation fbr-Za(b‘hun)
(in particular the E} integration ) is analytically not possible.On
the other hand,as is commonly done in the theory of superconductivity,
it is convenient to take some averages,suitably modified for dHvA
studies,over the Fermi surface in order to explore the magnitudes and
dependences of the effects being considered.We now change the sum over

ﬁ, into an integral,as follows

where Vg 1s the velocity of the electrons at the Fermi surface.Since
w(g) &oes only upto Wp,for large values of l gg\ the integrand
falls off very rapidly.This allows us to extend the lower limit of
integration to = o without much error.We can now perform the é};
integration in the complex plane by closing the contour in the upper

half-plane to get _
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(4.8)

2
since [ﬁ<‘§id;'\'/§5:} = k:?z<f\_ LQG}Q‘;‘B and where it is
assumed that £§(£§_E.> does not vary much with energy so that it
can be considered as constant.We can also take this constant value as
the one at the Fermi surface.Now,before doing the surface integration,

we. note that the residual relaxation time ‘?(ﬁ;> may be defined by

L —os 2ung A (Rer) (1-os0RE ) B (ER - Ee)

T(R) %3} (h.9)

where, gF: is the Fermi energy and Ni is the number of impurity atoms
in a unit volume.
Thus writing c = Ni/N’ we see that we can identify the surface
integration as the reciprocal of the relaxation time;remembering that
the

the delta function restriction is already implied inAderivation.Now

considering only the case n = O,as required by our general formulation



we have
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So that after simplification,we find that
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Now carrying out the'E integration also,using a Debye model,



we finally get

Ta(Flwsy = —b el kem L

(L.13)

In the end,we can now define some suitable average ,over extremal

orbit for example, and write

(h.1h)

where <f~—w t)

N here denotes average over some extremal orbit i.e.
&Y by

N C]@ rfff_ _I,
<§c§>/@4ﬂk N Raze v (F) TR
}Q_Lm FoSe
CS; Sk,
re=e Vo lE) (h.15)
h_x. on ¥ S

where V) (k') is the component velocity of the electron in the orbit

plane.

To find the second contribution to the electron self-energy,we have

from eq.(3.15)
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Substituting for Dq(q]u%ru%d from eq.(3.12) we get
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For convenience denoting the (o»' sum in the square bracket by Sb(ﬁig)

and using an isotropic phonon spectrum,we have

b-a = ' Mo j
S (Bd)=5 1 S
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| —
£ >
I (- on) i (a)

where as before

Converting the sum over Wn' in to a contour integral,as in the
case of Ziaﬁﬁa]ujn) and then,deforming the contour in the same way we
pick up contributions from the poles of electron Green's function and
phonon Green's function including the 'localized mode',if any.The result
of all this is
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In terms of Sb (K = Q3) we can write Zb<)§|wn> as

S (Rlon) = —Ne 3 S £pg,w@) { (@) b(-9)+V(-7) A(g”)}x
ES

(4.19)

. 1 > .
If we restrict ourselves to normal processes ,then a sum over q is

1. The ensemble averapging actually gives delte function restrictions

for both'normal'and 'umklapp' processes.Umkalapp processes are no doubt
important for resistivity,where large angle scattering dominates jhowever,
for dlivA effect their effect may not be as big as in resistivity.In any
case ,because of the parametrization that we do,the effect of umkalpp

processes can also be taken into account in the end.
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eqvivalent to a sum over k,, since in this case q = (k" - k,).This

allows us to write (for a unit Yplume)

_ ~ L,
%; = J\ clgz SNELWﬁ |
! o Vg (2m)

(h.20)

where Vg 1is the velocity of the electrons at the Fermi surface.It is
also convenient to separate the phonon contribution by introducing a

delta function.We have
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Now performing the /gg integration by closing the contour in the upper

half plane,we find
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Considering only the n = 0 case,as 1s required by our general
formulation,we get after simplifying
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Now using the relation for the electron-phonon coupling constant

in terms of the scattering potential<2o)
2 N ( ~ =
- - -® i pi ;,) Z _1‘?») 2
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Finally,taking the average over k,at the extremal orbit kZ:O,we

arrive at
=3
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(2t

(L.26)

where F(Lo) is the phonon density of states and analogous to the

theory of super-conductivity,we have defined
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Thus the new parameter that appears in the interference term has
— -_ 2
the product Glw) A (w) instead of g («w) which appear in the

unperturbed system.

The third contribution to the electron self-energy Ei:(ﬁlwh>from

eq. (3.16) is
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Considering only the normal processes,as before, and denoting
SC(57I§):£?,GO(E/@”JDS(ﬂwfqdwe have,for an isotropic phonon spectrum
n /
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(4-29

Because for dHvA effect the impurity concentration is typically
of the order of 1 %, we would be interested only in terms which are
linear in concentration.Rearranging the denominator and expanding it,

assuming c small, we get (upto terms linear in concentration)
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The third term in the above sum has a double pole and it is

convenient to evaluate it by the following approximate procedure rather
. . w(q)
than by contour integration.Because the function R

. Lo <
[?’(*’ n-tdn') PR ﬂ.)J

is very sharply peaked near GUn~@%ﬁ) - o~ ,most of the contribution

to the integral will come from the region close to this.Hence,using
ﬂ@n,taw/).: o in the last term of the above eq. (4.30), we find

that its contribution is
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which,as we can easily verify,will give a contribution to the self-
energy that exactly cancells the contribution from the second term.
Thus to lowest order in concentration,the contribution from Z.(w.) is

only from the host atoms without any modification i.e.

d O

2 g(w) Flw)
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. L.32
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It is interesting to note that the approximation that we used
above in evaluating the last term in eq.(4.30) may indeed be a very
good one, because if we use the same approximation in the second term
of the same eq.(4.30) we get exactly the same result as we get by doing
the contour integration.Thus there is some cancellation effect which

all the more seems to justify our approximation.



V. RECULTS AND DISCUSSION

In chapter II we presented a new derivation of the basic formula
for the dHvA effect,in particular for the dHvA amplitude.We have been
successful in extending the calculations of Fowler and Prange(S),which
1s essentially a high temperature calculation to lower temperatures by
approximately summing contributions from all the poles of the Fermi
function on the imaginary energy energy axis.Now in our new formula,
there explicitly appears the divergent effects at very low temperatures
that one finds in the work of Engelsberg and Simpson who tried to sum
over all the poles on the imaginary axis numerically.More over the form
that we obtained is a simple algebraic closed formiwhich seems to be
highly useful in understanding the basic character of the dHvA oscilla-
tions.

We’see from the analysis of chapter II that the dHvA effect is an
extremly unusal and useful experiment.¥First,as we pointed out earliar
the amplitude and frequency of the oscillations depend on the imaginary
and real part of the self-energy respectively for any short range
interaction potential.For electron-phonon interaction we know that the
real part of the self-energy on the imaginary energy axis is zero.This
then has the consequence that the band-mass of the electron which occurs

in the frequency of dllvA oscillations is not affected by the electron-

phonon (el-ph) interactions.Thus,by measuring the band-mass by f{requency
measurements and el-ph enhanced band-mass by amplitude measurements,
one can measure the el-ph enhancement factor A .0ince the enhancement

factor,thus obtained,does not depend on temperature one can measure it



in any temperature range in which dHvA experiments can be done.This then
provides very much of flexibility from the experimental point of view.
From the explicit calculations of chapter IV,we find that the el-
ph self-energy,even in a dilute disordered alloy,has its imaginary part
linearly proportional to temperature.On the other hand the self-energy
due to scattering from the fixed impurities is,to a good approximation
independent of temperature.Thus the temperature independent self-energy
shows up in the form of 'Dingle temperature' and causes a reduction in
the amplitude of oscillations.For the el-ph self-energy the linear
temperature dependence has the effect that it simply enhances the elec-
tron mass.Thus,the two self-energies (one temperature dependent and
other independent) can be investgated separately.In this regard we like
to point out that whereas some authors(gh) believe that the el-ph
enhanced mass should be used in the co-efficient of Dingle temperature
others(l3) think that only the band-mass should be used there.As an
application of our earliar derivation of Dingle temperature,we show
below that at least in the zero temperature limit,the mass used in the
co-efficient of Dingle temperature is not the el-ph enhanced mass.
Consider eq.(2.44) again,but now let us modify the electron lines

to include renormalization due to phonon scattering.We get for the el-ph

self-energy due to static impurity

[2a)

TP (o) = I
277 B
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and,therefore,the imaginary part,evaluated at the first pole on the

imaginary energy axis,is
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(5.2)
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Now if we take the limit T ->O0,we find that the el-ph renormali-
zation effects go away,and we get back the original ummodified express-
ion for the Dingle temperature.This is one of the very important result
of the new approch.It may be remarked here that the above process can
be done self-consistently by including the static impurity self-energy
also in the renormalization process,but that should not change the
conclusions already drawn.

We feel that the new derivation will have useful application in
the theory of steady diamagnetism.Where,for example,one can possibly
extend our arguments and derive the theorem that el-ph interactions do
not contribute to steady diamagnetism.This theorem arises from the fact
that the el-ph self-energy has no real part when evaluated on the
imaginary energy axis.We also feel that the concepts developed in the
new derivation will be useful in more detailed studies of magnetic
breakdown in metals.

In chapter IV we derived explicitly the various expressions for

el-ph self-energy in a dilute substitutional binary alloy.We included
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both effects arising from changes in the el-ph coupling and mass
associated with the impurity.To order linear in concentration,there

are two terms,which appear as corrections to the el-ph enhanced effect-
ive mass in the host.One due to scattering from impurity site displace-
ment ;and other due to succesive scattering from host and impurity atoms
respectively or vice-versa.Where as the first correction (due toZiXQon§)
is always positive,the correction due to the second term can be positive
or negative depending on the valence difference of the impurity from
the host.It is also clear that in general these corrections depend on
the orbital averages considered.The effective mass parameter % now,
in the impure system,is given by

N - - 07 (iwn) _ - 2] Za (,wn+§(/wn)+§ (/‘OH)]

a(!-u)n) ()/ u)y,)

for n = Q0 case,we get
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where %;ﬁ 1s the enhancement factor in the host.If we denote the
first two correction terms on the right hand side of eq (5.4) by Jg

and )b respectively,we have
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where we have restored -H back( which was taken as unity throught in

the text) and

Glw) AG () F(w)
Ny = f< AR

(5.6)

In general the coefficient of the residual relaxation time in
q.(5.5) is small.Using the datas given in"Introduction to Solid State
Physics"(fourth edition) by Kittle,we find that the factor

has the following values

for, Au-Ag 5 ¥ lO—lrr sec.,

and for, Mg-Al 2 % 10_16 sec.

The average reciprocal-relaxation time in these alloys is of the

order of lO13 sec—l.It appears ,therefore, that the effect is too small

to be measurable.However,we note that the measured transport relaxation
time is usually an average over the entire Fermi surface,whereas the
residual relaxation time which occurs in eq (5.4) is an average over

some orbit.Because of anisotropy,it is quite possible that this factor

for
. !
Ue ¢Zb>) may be largeAsome orbits.In such cases one may observe an

appreciable enhancement of the el-ph mass.This seems to be the case in

(22)

the experiments of Tripp and co-workers .In alloy-of 0.8 % Cu in Be
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1

(2k)

Tripp et al found that there was about 50 % enhancement of the
electron's effective mass for the neck orbit.We can suggest one other
system in which the effect may be measurable.Because Sn has s reasonably
high Fermi energy and reasonably low Debye temperature,it may be a good
substance in which the addition of a light impurity like Mg or Be should
give a measurable change in the enhancement factor on alloying.

The second term Ab is directly proprtional to the concentration
and,for dHVA experiments,is small in general.However,if the change in

the electron-phonon coupling constant, Aéﬂtq),is large,then this term

may also give rise to a measurable effect.
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APPENDICES



A. DE HAAS-VAN ALPHEN EFFECT

Consider a large pure crystal in a magnetic field directed along
the z-axis.In the one electron approximation,the Shrodinger equation

of an electron ( disregarding spin for the moment) can be written as

2

S (Fog Ry i = B =

—>

where B = Curliﬁ,and we choose the gauge such that A= (0,xB,0).V(7¥)
i1s the potential energy of the electron in the periodic lattice-
potential.In a very rough approximation (which is good in many cases
atleast for electrons near the Fermi surface) the influence of the
lattice can be taken into account by replacing the free electron mass
by an effective mass called the band-mass.Since the main behaviour of
the electron is not affected by this approximation,we will useiin the

following.Thus assuming that m now represents the band-mass,eq.(A-1)

reduces to

m

2
_L ( ; — —e_ 5) k{) — L{)
° (A-2)
-3
Expanding the bracket and remembering that,in the gauge chosen, p

->
commutes with A,we get

k] - ‘1 2 .
,*’? ¢ (k) v S.nA )\p =LY
C‘L.

2w m( 2w

(A-3)

-3 . . .
Replacing p by its explicit operator form p = -1 1 and using

A = (0,xB,0) we get
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The solution of this will be of the form
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Using (A-5) in (A-4) we get the condition on U{x)
2 2
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X P
E./ = <E — J_R_ k-27—> (A“T)
2w

From (A-bL) it is clear that the motion of the electron in the
z-direction is exactly like a free electron;however)for motion in the

x-y plane we have to solve the differential eq.(A-6).Rewriting it as

2

— t{f BZMQ _‘m(eﬁ ok k3>U(\x): ¢ Uix)

. X T
Z i ¢ .
(A-8)

2w DXz

we note that this is the equation of a one dimensional harmonic

oscillator with frequency
e B
We =
" C

centered on the point ( | Ky >
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Thus y
£ = (le—ii) ke

and 2
/ ks k -
L = (’n*"’i)t@r_ LRk E¥ ks

Z Y

when spin is also included,we get

2 2
57 Ke Lg 3
c = (y\,\. L)*t;u)c \- h }\_? ! G—%kf’

(‘Y‘) ka_ )O’A - 2

(A-9)

Wwhere (¢ = +(})and Ug = fiji

_2 2w C

These én)hk)c‘ are the Landau levels of an electron in a
magnetic field.Since W, = (eB/mc),the energy of these levels
directly depends on the magnetic field and they become wider and
move up as the strength of the magnetic field increases,

Another important thing about these levels is their degenracy,
which is given by

b= D00 Lty = S5 Ly

21 kT 20 % C (A-10)
where LX,Ly,LZ are the dimensions of the crystal.The degenracy of each
level is thus also a function of the magnetic field.As the magnetic
field increases the energy level starts to move up and the energy of
the system increases,but the degenracy of each level is also increasing
at the same time.When the topmost level starts crossing the Fermi
surface it begins to empty,because the lower levels now can hold
more electronsjand while it is emptying the encrgy of the system

J

decreases.Thus the free energy of the system oscillates which in



turn gives rise to oscillations in the magnetic susceptibility :The

de Haas-van Alphen Effect.

A1



B. LINE INTEGRAL

In chapter IV while evaluating E{a;<J;\LOV7> by contour

integration technique,we said that the integrals around the branch

cuts are negligible.In this appendix we show this explicitly.We have

for the line integral which arises in the evaluation of EQX(E\w“)as

Do
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(B-1)

The branch points are at x = W, +Wp and we take the branch cuts as

shown in fig. (L4.1).Let us first evaluate the line integral around the

branch point at x= W,+Wp.To do this let us put
X Lom Wb = 1Y

we get,denoting this part of the integral by Il’
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For large y the integrand goes as(l/y ), therefore any
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important contribution can only come from the region y >0 (i.e.
around the branch point).Therefore,we can put y = 0 in terms other
than the singular terms.However,if we put y = O in the denominator of
the unperturbed phonon Green's function,it would correspond to its
analytical continuation on to the real axis and therefore we must do
this carefully.Instead of putting zero,we replace(ixy>by i 5 in that
term;where at the appropiate stage,we can take the limit &> 0.We

thus have

L[ gy ([dy)  resd@ ] [

I = —%4>~—’~_’,——_."—:/ T e e e T T T T
1 §=o (Loy + W0~ & ) ((u0+/8)—w/‘}) /- #A[/‘/w —‘ffiém/»z_t;oj
D R N | (0 ;@7[ Dol | L N 1]
§so /wn~+@o—£k) Q”D*’S) w(%) +‘A[“*w Az;yggdmtgk;
2 7
ety T (B-3)

Now,though it is not easy to get rid of the logarithmic singu-
larity,we see that in the region of interest y -3 O,when the logarithmic
terms tend to get large they cancel out in the numerator and denominator
On the other hand,due to the presence of the Bose factor n( Wp),the
over all contribution is very small,always.Hence we are justfied in
neglecting the branch point contribution.Similar arguments apply to

avound.
the integrationﬂthe other branch point as well as to the corresponding

integrations in 2, (&'|wn)and 2 ( E\umi),which are also omitted from

consideration in the text.



C. LIST OF FREQUENTLY USED SYMBOLS

SYMBOL MEANING

e charge of an electron

m effective band-mass of an electron

h Planck's constant

A Planck's constant h divided by 20

kB Boltzmann constant

T Absolute temperature

P 1/kgT

B Magnetic field (usually in the z-direction)

Wn (2n+l)ﬂ/ﬁ

O Thermodynamic potential for the interacting system
Lo Thermodynamic potential for the non-interacting

system.
M 1) Magnetization,or 2) Ion mass of the host in a

dilute alloy.

/L, Chemical potential of the system of electrons.

We (eB/md); cyclotron resonance freqﬁency.

c 1) velocity of light or 2) concentration of the
alloy.

g electron band g factor ( also used for variable

coupling constant in ch. II )

Screened electron-phonon coupling constant.

03}

Un @'ﬁ/EmQ; the Bohr magneton.



