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Variations of Mathematics in College Algebra Instruction: An Investigation Through the Lenses
of Three Observation Protocols
1. Introduction
Throughout the past few decades, evaluating and improving the effectiveness of
undergraduate science, technology, engineering, and mathematics (STEM) teaching has been a
primary focus of many national organizations and researchers. Recently, the President’s Council
of Advisors on Science and Technology (PCAST, 2012) called for increased efforts to address
the mathematics provided in post-secondary mathematics courses. Within the context of
university mathematics instruction, College Algebra is cited as one of the most failed courses in
universities across the country (Mathematical Association of America [MAA], 2007). With
nearly half of students enrolled in College Algebra failing to advance to the next course,
addressing College Algebra teaching is a necessary step in improving undergraduate STEM
instruction.
Researchers agree that the content offered during instruction is linked to student success
(Porter, 2002). Further, how the mathematical content is presented affects student understanding
and comprehension (Seidel & Shavelson, 2007; Weinberg, Wiesner, & Fukawa-Connelly, 2014).
An improvement of the qualities of the mathematics in College Algebra classrooms could
increase student success in the course, helping to solve the alarmingly low pass rate. Historically,
investigating the qualities of the mathematics provided during instruction has been a popular
topic of study in primary and secondary mathematics education (Learning Mathematics for
Teaching Project, 2011), but there is a lack of corresponding research in undergraduate contexts
(Speer, Smith, & Horvath, 2010).
It is common to use an observation protocol to observe and assess teaching in K-12
settings. Thus, there are many available observation tools, each situated to capture specific
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aspects of instruction (Boston, et al., 2015). These observation protocols have not been applied
frequently in postsecondary settings, and the effectiveness of the protocols in capturing the
mathematics presented in undergraduate instruction has not yet been examined. Researchers have
asserted that further research is needed in assessing mathematics teaching (Blazar, 2015;
Schelsinger & Jentsch, 2016). Informed by this call for research on the mathematical content
presented during lessons and by the absence of studies using observation protocols in
postsecondary classrooms, I designed a study to examine the mathematical content present in
College Algebra instruction.
The College Algebra course was adapted and restructured at a large university in the
Northwest United States to increase student engagement and provide more active learning
opportunities for students. The intent was to raise the pass rate for College Algebra by placing
emphasis on teaching practices that are linked to student success (Freeman et al., 2014). To
assess if the intended practices were being enacted by instructors, the new College Algebra
course was video-recorded during its first stage of implementation. The modification of the
course involved adjusting the course structure through creating smaller class sizes and increasing
the frequency of student group work. Also, all of the instructors teaching the new College
Algebra course met once per week to develop a community of practice (Wenger, 1998) and used
the same course materials including student activities, online homework, course schedule, and
textbook. The unique context of the updated College Algebra course made it well-situated for
research.
In particular, because the materials were standard across all instructors, the main source
of variation in the content occurs during instruction. Furthermore, the videos collected offer an
accessible way to observe the instruction multiple times. Because of these affordances, I chose
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the College Algebra course and its accompanying video data for the subject of my study. In
previous research using this data, my colleagues and I observed wide variation across lessons in
the mathematics presented (Beisiegel, Gibbons, & Paul, 2016a; Beisiegel, Gibbons, & Paul,
2016b). This variation in the mathematics was unexpected given the standardized nature of the
course materials and organization. Therefore, to narrow my focus on the mathematical content
and to further investigate the variation in the mathematics, I chose to consider two mathematical
topics: Asymptotes and End Behavior of Rational Functions and Solving Quadratic Inequalities.
Then, to refine my observations and provide a set of lenses for viewing the instruction, I chose
three observation protocols to apply to the videos: the Mathematical Quality of Instruction (MQI,
Learning Mathematics for Teaching, 2014), the Reformed Teaching Observation Protocol
(RTOP, Sawada & Piburn, 2000), and the Teaching for Robust Understanding of Mathematics
(TRU Math, Schoenfeld & the Teaching for Robust Understanding Project, 2016).
The study described here hopes to answer the following research questions:
•

What mathematics is captured by the MQI, RTOP, and TRU Math protocols? Further,
how do the instruments differ in the mathematical content they capture?

•

Are the observation tools successful in identifying the variation of the mathematics
presented between instructors? What, if any, aspects of the mathematics are not
captured by the protocols?

Chapter 2 reviews literature related to post-secondary mathematics teaching and the use
of observation protocols for describing instruction. The methodology for this study is presented
in Chapter 3, where I clarify my rationale for choosing the selected mathematical topics and
observation protocols. In Chapter 4, I summarize, describe, and categorize the variation in the
mathematics that was presented during instruction. Further, I assess what mathematical content
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was identified by each protocol. Lastly, I discuss the success of each protocol in capturing the
variation in the mathematics in Chapter 5. This analysis is then used to provide considerations
and recommendations for future research in this area.

5
2. Literature Review
In this chapter, I synthesize the existing literature describing the importance of studying
post-secondary mathematics instruction, the prominent use of observation protocols in assessing
primary and secondary school mathematics teaching, and the link between the qualities of
mathematics presented during instruction and student success. In addition, I describe three
observation protocols for investigating the content presented in mathematics instruction. The
following summary provides a review of the literature relevant to the study described in the
subsequent chapters.
2.1 Motivation for Effective Undergraduate Mathematics Teaching
In 2003, the National Research Council (NRC) published Evaluating and Improving
Undergraduate Teaching in Science, Technology, Engineering, and Mathematics, a report
synthesizing relevant and recent research in undergraduate STEM education. The report provides
a list of theories essential to the field, including “effective STEM teaching should be available to
every student,” and “evaluating teaching should be a collective responsibility” (NRC, 2003).
Additionally, the American Association for the Advancement of Science (AAAS) published
Describing & Measuring Undergraduate STEM Practices in 2012. This report is designed in
hopes of offering advice to STEM faculty and education researchers about assessing and
improving undergraduate teaching. The AAAS (2012) asserts that “the improvement of STEM
teaching is critical to the nation’s future” (p.1).
Many other leading organizations in the United States have called for a focus on
promoting effective undergraduate STEM instruction. Groups such as the National Science
Foundation, the National Academy of Sciences, the National Research Council (1996, 2003), the
National Council of Teachers of Mathematics (2000), and the National Science Teachers
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Association have pursued efforts in research and development for improving and understanding
STEM teaching. Furthermore, in 2012, the President’s Council of Advisors on Science and
Technology (PCAST) published five recommendations for the future of STEM education; one of
the recommendations is mathematics-specific, stating that the National Science Foundation,
Department of Labor, and Department of Education should “launch a national experiment in
postsecondary mathematics education to address the mathematics-preparation gap” (PCAST, p
18). Researchers and national organizations agree that undergraduate mathematics teaching is an
important component of STEM education.
Additionally, the American Mathematical Association of Two-Year Colleges
(AMATYC), the American Mathematical Society (AMS), the American Statistical Association
(ASA), the Mathematical Association of America (MAA), and the Society for Industrial and
Applied Mathematics (SIAM) are currently collaborating with the Common Vision project to
support efforts in changing the status quo of undergraduate mathematics teaching (Saxe &
Braddy, 2015). Despite efforts from many national organizations, there is not yet a standard
method for observing undergraduate mathematics education (PCAST, 2012). For this reason,
focusing research efforts into developing tools for observing undergraduate classrooms is
essential to future research in undergraduate STEM education (AAAS, 2012).
2.2 A Focus on Mathematical Content
College Algebra is continually cited as one of the most failed courses in universities
across the United States; approximately half of the 700,000 students enrolled in College Algebra
nationwide fail to complete the course each year (MAA, 2007). It is difficult to pinpoint the
particular causes for high failure rates in College Algebra, but the literature provides some
insight; in particular, the content of instruction has been shown to influence student achievement
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(Porter, 2002). While many factors influence the low pass-rate, understanding the mathematical
content offered in College Algebra could help to explain the struggles U.S. students face in
successfully completing the course.
The mathematical content provided by the instructor is linked to student achievement
(Porter, 2002). Weinberg, Wiesner, and Fukawa-Connelly (2014) determined that students are
unlikely to record information provided by the instructor if they are unsure how it relates to other
mathematical content. More specifically, Seidel and Shavelson (2007) assert that disciplinespecific aspects of teaching have the largest effect on student achievement. Also, researchers
have found that accurate presentations of the mathematics and the absence of mathematical
errors during lessons are linked to student success on low-stakes tests (Blazar, 2015).
Researchers agree that the mathematical content offered by the instructor affects student
understanding and achievement.
In the university setting, instructors often have limited control over many aspects of the
curriculum, such as the sequencing or emphasis of topics, the textbook and corresponding online
homework, or the overall course pacing and organization. However, instructors do choose what
to present during their lessons. In particular, instructors select examples to demonstrate and
emphasize during their presentation of the mathematics (Speer et al., 2010). The examples
offered during class have an effect on student comprehension of the mathematics since they
motivate content and illustrate how the related concepts work in practice (Speer et al., 2010;
Weinberg et al., 2014). Also, despite choosing an example that effectively demonstrates a
particular topic, students may still find the examples inaccessible (Mason & Watson, 2008).
Thus, knowing what comprises effective presentation of mathematical examples could improve
instruction and in turn increase student understanding (Speer et al., 2010). Because of their
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importance for motivating mathematical concepts, examples are a meaningful aspect of the
relationship between the teacher and the content.
Along with deciding how to motivate content and which examples to offer in a given
class session, instructors also choose what representations of the mathematics to demonstrate and
what rationale to provide when introducing new content (Speer et al., 2010). The Principles and
Standards for School Mathematics published by the National Council of Teachers of
Mathematics (NCTM, 2000) lists Connections and Representations as two of their standards for
promoting effective mathematics teaching; these categories describe the importance of providing
connections between mathematical ideas to improve understanding and retention and of using
multiple representations to help students build a toolbox of mathematical skills (Piburn &
Sawada, 2001). Since it is the instructor who chooses which connections and representations to
present, these two standards presented by the NCTM are significant to the teacher’s interaction
with the mathematical content offered to students.
Overall, researchers agree that efforts to improve undergraduate mathematics instruction
would be greatly improved by conducting research focused on the quality of the mathematics
provided during instruction. Schlesinger and Jentsch (2016) argue that there is not yet an agreedupon definition of mathematical quality of instruction, thus further research in this area is needed
to clarify what comprises quality instruction. Blazar (2015) agrees that investigating the teaching
practices associated with high-quality instruction is central to raising teacher quality and student
success. Additionally, Speer and colleagues (2010) justify that the rationale provided when first
introducing new material is influential to student success. Thus, examining the quality of
mathematical content offered in the classroom is an essential component of increasing the
effectiveness of undergraduate mathematics instruction.
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Despite its impact on student success, there is little research about the quality of
mathematics that is presented in post-secondary instruction. Speer, Smith, and Horvath (2010)
state that research about what undergraduate instructors present while teaching is “virtually nonexistent” (p. 99). Additionally, Mesa, Celis, and Lande (2013) assert that while there are many
investigations in K-12 mathematics classrooms about the interactions between the teacher and
the content, there are few similar studies at the post-secondary level. This lack of research about
the mathematics provided in undergraduate classrooms represents a gap in the literature,
especially given the array of research stating the importance of the mathematical content offered
during instruction for student success.
Therefore, before assessing the quality of the mathematics, it is first necessary to identify
the qualities of the mathematics offered to students. Throughout the remainder of this document,
“qualities of the mathematics” will be used to refer to the varying mathematical content present
during instruction. A discussion of what comprises quality mathematics is outside the scope of
this thesis. Furthermore, the term “mathematical content” is intended to include mathematical
symbols, representations, language, meanings, definitions, theorems, motivations, analogies,
metaphors, and problem-solving processes.
2.3 Observation Protocols as Research Tool
Data that provides a view of the mathematical content provided during instruction must
be collected when researching the qualities of mathematics present in undergraduate classrooms.
There are three primary means of collecting this data: teacher surveys, student evaluations, and
classroom observations. A survey of teachers can reach a large, representative audience and is
often convenient for both time-efficiency and data analysis. However, survey response rates tend
to be low (AAAS, 2012), and surveys rely on teachers to self-report their instructional behavior;
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this requires honesty, cooperation, and significant estimating from instructors. Additionally,
teachers may self-report in a way they believe is expected of them, or they may not understand
the terminology or what the research is being used for, thus altering the accuracy of the survey
data (Porter, 2002). Student evaluations are another commonly used data-collection method for
evaluating teacher performance. Despite their wide use, student evaluations have not been found
to be particularly reliable (Bradley & Bradley, 2005). Furthermore, evaluations require students
to report on their overall experience in a course and do not capture day-to-day presentations of
mathematical content.
A more direct method of collecting data about the mathematical content during
instruction is through classroom observation. Rather than interviewing instructors about their
teaching or surveying students about their experiences in class, classroom observations,
particularly when completed through the lens of an observation protocol applied to video
recordings, allow for researchers to view the lesson in its entirety precisely how it occurred in
real time (AAAS, 2012). Also, observations conducted using video recordings remove the
observer from the classroom, helping to preserve the natural classroom environment. Therefore,
an observation protocol is an ideal method for collecting data about what instruction is occurring
during a single mathematics lesson (Boston et al, 2015).
Observation tools are particularly useful for illuminating specific aspects of instruction
that would otherwise be hard to identify and isolate (Boston et al., 2015). Moreover, a protocol
facilitates the use of a common language about instruction that can be transferred across research
groups and professional development scenarios. Observation protocols serve the purpose of
describing the instruction that is present rather than evaluating its quality – when used by a
trained observer, the data from an observation protocol can capture a detailed, objective, and
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contextualized summary of the teaching practices and behaviors that occur in a lesson (AAAS,
2012). This data can then be used for facilitating professional development or for evaluating
instruction (Boston et al., 2015; AAAS, 2012).
Mathematics teachers at the university level are often hesitant to stray from lecture as the
primary means of instruction and cite large course enrollment as prohibiting them from doing so,
despite the evidence in the literature supporting the benefits of active learning (Freeman et al.,
2014; Lund et al., 2015). To make instructional change seem more accessible, an observation
protocol can help to identify specific areas where a teacher could implement more studentcentered practices. When used as a formative self-assessment tool, a protocol can serve as
motivation for teachers to modify their future instruction; that is, “Teachers can use the tools to
identify the presence and quality of specific practices and to provide concrete pathways for
instructional change” (Boston et al., 2015, p. 167). Thus, observations conducted through the
lens of a protocol could motivate instructors to adopt new teaching strategies.
Additionally, data collected about teachers’ presentation of mathematical content can be
used to inform professional development materials and programs for teaching undergraduate
instructors, particularly with the goal of helping teachers implement instructional techniques
correlated with student success. This notion is supported by the literature: Porter (2002) asserts
that “knowing the content of instruction […] is key to monitoring the implementation and effects
of education reform” (p. 3), and Speer and colleagues (2010) state that understanding teacher
practices would be valuable to those designing and administering professional development for
college teachers. Thus, an observation protocol can foster changes in instructional practices and
are thus well-suited for use in professional development programs for teachers (Boston et al.,
2015; Garet et al., 2016). Overall, when paired with an observation protocol, classroom
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observation provides a direct form of data collection that can help instructors improve and
change their teaching practices.
2.4 Observation Protocols for Primary and Secondary Mathematics Classrooms
Improving the effectiveness of science and mathematics instruction has been a focus in
primary and secondary education for decades (Marshall, Smart, Lotter, & Sirbu, 2011; Sawada et
al., 2002), and so mathematics teaching has been more frequently investigated in K-12 settings
than in post-secondary contexts. In particular, many observation protocols have been developed
for assessing aspects of instruction in primary and secondary school mathematics classrooms.
There are a variety of observation protocols available, each with its own purpose. Some
tools, such as the Teaching Dimensions Observation Protocol (TDOP, Hora & Ferrare, 2013) and
the Flanders Interaction Analysis (Flanders, 1970) are used to quantify the types of activities that
are facilitated during a lesson. Others, such as the Knowledge Quartet (Rowland, Turner,
Thwaits, 2014) and the Inside the Classroom Observation Protocol (Horizon Research, 2002),
place their focus on the mathematical knowledge required for teaching. Tools such as the
UTeach Observation Protocol (Marder & Walkington, 2014), the Instructional Quality
Assessment (IQA, Matsumura, Garnier, Pascal, & Veldes, 2002), and the Mathematical Quality
of Instruction (MQI, LMTP, 2011) assess the quality of the mathematics presented during
instruction. There are also protocols for capturing the amount of reform-based instruction that is
taking place in mathematics and science classrooms, like the Reformed Teaching Observation
Protocol (RTOP, Sawada et al., 2002) and Electronic Quality of Inquiry Protocol (EQUIP,
Marshall, Smart, & Horton, 2010). Lastly, the Teaching for Robust Understanding of
Mathematics (TRU Math, Schoenfeld, Floden, & the Algebra Teaching Study and Mathematics
Assessment Project, 2014a) protocol is a more recent protocol that combines the findings of
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previous observation protocols and is an attempt to create a cohesive tool for assessing
mathematics instruction.
Each observation protocol is designed for a specific use (AAAS, 2012), and so to
examine the qualities of the mathematics in lessons, it is important to choose a tool with a focus
on the mathematics rather than the types of student activities facilitated or a teacher’s
mathematical knowledge. In particular, the MQI and the RTOP consider aspects of instruction
that are specific to assessing the qualities of the mathematical content and are two of the most
frequently referenced protocols. Further, the TRU Math protocol is one of the newest
mathematics-focused instruments available, and so using the protocol to assess mathematical
content provides a first step in identifying its affordances and constraints. In the following
sections of Chapter 2, I provide broad descriptions of these three protocols. More specific details
of the protocols are described in Chapter 3.
2.4.1 The Mathematical Quality of Instruction (MQI) Protocol
The primary inspiration for this research is the Mathematical Quality of Instruction
(MQI) framework published by the Learning Mathematics for Teaching Project (LMTP, 2011).
The MQI provides one of the first frameworks of its kind – an observation tool focusing solely
on quantifying the quality of the mathematics in upper-elementary mathematics lessons. The
authors argue that “measuring the quality of the mathematics, as a separate and independent
construct, is critical” (LMTP, 2011, p. 26). This protocol looks past the pedagogical moves
present in the classroom, such as group work, questioning strategies, or hands-on activities, and
instead focuses on the mathematics that is offered to students (LMTP, 2011).
The developers of the MQI believe research about mathematics instruction often too
heavily emphasizes instructional techniques rather than mathematical clarity and accuracy.
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Further, they argue that considering mathematical characteristics of a lesson supports teaching
interventions and analysis of implemented changes in instruction (LMTP, 2011). Therefore, the
focus of the MQI makes it a valuable tool for professional development (Boston et al., 2015).
The complete MQI instrument includes four dimensions: Richness of Mathematics,
Working with Students and Mathematics, Errors and Imprecision, and Common Core Aligned
Student Practices (Learning Mathematics for Teaching [LMT], 2014). These four constructs
investigate the relationships between the teacher, the students, and the content; these interactions
are summarized by what the authors call the Instructional Triangle (Cohen, Raudenbush, & Ball,
2013). When scoring using the MQI protocol, the four dimensions are coded on a four-point
scale ranging from “not present” to “high.” If the instrument is used to score a full class session,
an additional section of overall codes is scored to provide a holistic picture of the lesson
(National Center for Teacher Effectiveness [NCTE], 2012). However, observers have the option
of using only a subset of the dimensions when conducting research (Boston et al., 2015).
Of particular interest for examining qualities of the mathematics are the Richness of the
Mathematics and Errors and Imprecision codes which seek to answer questions such as the
following: Does the lesson convey why mathematical ideas are true, examine and compare
problem-solving methods, and include instances of mathematical sense-making? Does the lesson
contain mathematical errors, imprecision in mathematical language or notation, or a lack of
clarity in the presentation of the mathematics (NCTE, 2012)? Specifically, the codes Richness of
the Mathematics and Errors and Imprecision focus primarily on the interactions between the
teacher and the mathematical content.
Like many observation protocols, the MQI is intended to be applied to video recordings
of lessons. The instrument is a segmented protocol in that it requires observers to code the video
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in 7.5 minute segments, scoring each dimension every 7.5 minutes (AAAS, 2012; NCTE, 2012).
This choice is informed by the notion that “many of the mathematically substantive elements of
classroom instruction occur in quick succession” (LMTP, 2011, p. 31). Thus, a recording
provides the opportunity to pause and replay portions of the lesson to capture fast-moving
mathematical developments. In this way, video observations allow the observer to revisit
segments as many times as needed to assign accurate scores.
The MQI has been validated for use in primary school settings. It is recommended that at
least three lessons per teacher are scored by two coders in order to generate a reliable overall
teacher score across all dimensions (Hill, Charalambos, & Kraft, 2012). However, it is also
appropriate to consider scores from a subset of the dimensions. For example, data from single
dimensions can be used to “provide formative feedback directly to teachers or aggregated to
inform professional development” (Boston et al., 2015, p. 162).
Because the MQI has been developed and tested only in upper elementary classrooms,
the instrument’s applicability in undergraduate settings is still unknown. For example, some of
the dimensions, such as Common Core Aligned Student Practices, may not be applicable to
undergraduate instruction because they were developed using standards for upper elementary
mathematics teaching. Also, since post-secondary mathematics has unique features
distinguishing it from primary mathematics, the MQI may not fully capture the variation in
mathematics that is presented in undergraduate classrooms. However, the MQI has been shown
to be a powerful tool in upper elementary contexts, and, as was intended by its developers, the
protocol is well-suited for capturing the qualities of the mathematics present in lessons. As such,
it provides an excellent starting point for observing post-secondary mathematics instruction.
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2.4.2 The Reformed Teaching Observation Protocol (RTOP)
With the goal of improving the preparation of beginning mathematics and science
teachers, the Arizona Collaborative for Excellence in the Preparation of Teachers (ACEPT)
created the Reformed Teaching Observation Protocol (RTOP). The RTOP aims to assess the
presence of reform-based practices in mathematics and science classes at all levels, including in
the university setting (Piburn & Sawada, 2001; Boston et al., 2015).
Reform is characterized by its desire to move away from traditional lecture-based
instruction and toward constructivist teaching practices. Because of its importance in the reform
movement, constructivism strongly influenced the development of the RTOP (Piburn & Sawada,
2001; Marshall et al., 2011). In particular, constructivism promotes the use of inquiry in the
classroom versus didactic instruction; this may take the form of posing questions, reading and
discussing existing research, providing explanations and predictions, or offering alternative
explanations (NRC, 1996). Furthermore, a classroom rooted in constructivism frequently
engages in rigorous discussion about the evidence and motivation for mathematical ideas (Piburn
& Sawada, 2001). Thus, although the RTOP places a heavy focus on identifying inquiry-based
teaching, it also captures other constructivist practices such as the presence of motivation of
content and explanations of mathematical ideas (Marshall et al., 2011; Lund et al., 2015).
The RTOP instrument is a 25-item Likert-scale questionnaire with three main item
groups: Lesson Design and Implementation, Content, and Classroom Culture. The latter two
groups are each divided into two subgroups: Propositional Knowledge and Procedural
Knowledge and Communicative Interactions and Student/Teacher Relationships, respectively
(Sawada et al., 2002). Each of the 25 items is scored on a five-point scale where a score of 0-4 is
awarded based on how the item was observed. A 0 represents that the item was never observed
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during the lesson while a 4 means that item highly characterized the lesson (Boston et al., 2015;
Piburn & Sawada, 2001). The observer is expected to have an understanding of how reformed
instructional practices appear in the classroom and to use this knowledge to inform their scoring
of the questionnaire.
In contrast to the MQI, the RTOP is a holistic protocol, meaning that it is used to provide
only an overall lesson score rather than scores for smaller segments (AAAS, 2012). When the
observation and coding is completed, the scores from each category are combined to provide a
total score out of 100. Larger scores represent instruction that is strongly aligned with reformbased practices (Piburn & Sawada, 2001). The RTOP is intended to be used as a means of
generating conversation with individuals or groups of teachers about how instruction could be
changed to feature more reform-oriented practices. The vision of the RTOP is that, because
reform practices have been shown to support student success, creating meaningful feedback for
teachers about their instruction through the RTOP will assist teachers in adjusting their practices
to thus improve student outcomes (Boston et al., 2015).
Through validity testing, the authors of the RTOP have found that the instrument has
high face validity, construct validity, and predictive validity (Sawada et al., 2002). Here, high
predictive validity means that “RTOP scores predict improved student learning in mathematics
and science classrooms at all levels” (Pilburn & Sawada, 2001, p. 24). Further, the RTOP is
strongly informed by the wide body of reform movement literature, and this contributes to its
reputation in the reform education community (Sawada et al., 2002). Since its publication, the
RTOP has been used in many analyses of inquiry-oriented education and is seen as the preferred
instrument for this area of study (Marshall et al., 2011; AAAS, 2012).
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The RTOP’s strong foundation in reform-oriented instructional practices may keep the
protocol from being useful in some undergraduate mathematics settings, especially in classrooms
where little student-oriented teaching occurs. The instrument is intended to be used in classrooms
where reformed educational practices are being implemented, and so users of the RTOP are
expected to “have some indication or expectation of the presence of [reformed-oriented
practices] in order for the RTOP to be an appropriate tool” (Boston et al., 2016, p. 164).
Additionally, some researchers have documented struggles in achieving the same level of interrater reliability as the authors of the instrument report (Lund et al., 2015; Marshall et al., 2011).
Despite this shortcoming, the RTOP has still proved useful in studying reformed education at the
undergraduate level (Boston et al., 2015). Overall, because of its reputation in the reform
education community and its proven validity, the RTOP is an appropriate tool for research about
the qualities of mathematics present during instruction.
2.4.3 The Teaching for Robust Understanding of Mathematics Protocol (TRU Math)
The Teaching for Robust Understanding of Mathematics (TRU Math) protocol is a recent
attempt, developed over the last five years, to synthesize and combine aspects of existing
observation tools to better capture aspects of excellent mathematics lessons (Schoenfeld, 2013).
Created as part of the Algebra Teaching Study and the Mathematics Assessment Project, the
TRU Math framework hopes to identify which pedagogies result in robust understanding of
mathematical concepts, particularly those related to algebra content. In further understanding
how students engage in sense-making with algebra topics, Schoenfeld and colleagues hope their
tool can be used for the coaching of mathematics teachers (Schoenfeld, 2013).
To create the observation protocol, the Algebra Teaching Study group used established
protocols, such as the MQI, IQA, and the Uteach Teacher Observation Protocol, on video
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recordings of instruction they believed to be high-quality teaching. However, the team identified
aspects of instruction that were not captured by any of the tools, and so they began work on their
own tool. The protocol is in its final stages of development, and documentation is still being
published about the usage and scoring of the instrument. In its current version, the TRU Math
protocol includes five dimensions: The Mathematics; Cognitive Demand; Equitable Access to
Content; Agency, Ownership, and Identity; and Formative Assessment (Schoenfeld et al., 2014a).
The first two dimensions, the Mathematics and Cognitive Demand are directly related to the
qualities of the mathematical content.
The Common Core State Standards Initiative (CCSSI, 2010) heavily influenced the
design of the first dimension, The Mathematics. This set of standards places strong focus on
mathematical skills such as “reasoning abstractly and quantitatively, constructing and critiquing
viable arguments, modeling with mathematics, and using appropriate tools” (Schoenfeld, 2013,
p. 616). In particular, this code captures whether the mathematics is coherent and connected to
other concepts and if mathematical habits are being formed and practiced (Schoenfeld et al.,
2014a). Although student and content interactions are considered here, the primary focus is on
the interactions between teacher and content.
The second dimension, Cognitive Demand, assesses how the instructor and students are
engaged in conceptually rich and highly substantive mathematics (Schoenfeld & the Teaching
for Robust Understanding Project, 2016). This code examines whether classroom interactions
offer an appropriate amount of scaffolding so that students face challenging mathematical ideas
and develop mathematical understanding in the process. A lesson with high cognitive demand
features frequent opportunities for students to develop mathematical skills and to grapple with
complex mathematical ideas “without sacrificing or diluting the important mathematics in it”
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(Schoenfeld et al., 2014a, p. 10). Similar to the previous code, this dimension considers both
interactions between student and content and teacher and content; in contrast, the Cognitive
Demand dimension places stronger emphasis on the student-content relationship. The overall
purpose of The Mathematics and Cognitive Demand codes is to capture whether the mathematics
is linked to conceptual underpinnings or if the mathematics has been “proceduralized”
(Schoenfeld, 2013).
A distinguishing feature of the TRU Math protocol is its categorizing of classroom
structures. Lessons are categorized into four types of activity: Small Group Work, Student
Presentations, Individual Work, and Whole Class Activities. The last category, Whole Class
Activities, is further classified as either Launch, Teacher Exposition, or Whole Class Discussion.
Finally, a summary rubric is also scored to capture the lesson as a whole (Schoenfeld et al.,
2014b). Then, all five dimensions are scored in each type of activity on a three-point scale. When
using the instrument, an observer can use all five dimensions, or they may choose one or two of
the codes to focus on (Schoenfeld & the Teaching for Robust Understanding Project, 2016).
Because it is a newly developed protocol, the TRU Math instrument has not yet been
tested for reliability or validity. However, the protocol is heavily influenced by the literature in
effective mathematics education, and the authors make some optimistic conjectures about the
tool’s usefulness. The TRU Math protocol is still being adjusted and completed, and so although
it is not yet ready for use as a teacher evaluation tool, the instrument is available to be used by
researchers. This protocol is unique in that it weaves teacher, student, and content interactions
throughout rather than considering each independently. Furthermore, the TRU Math instrument
is a promising new development in the world of observation protocols, and so it is a worthy
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addition to the selection of observation protocols I will use to assess the mathematical content
provided in undergraduate College Algebra classrooms.
2.5 Observation Protocols for Post-Secondary Mathematics Classrooms
Although there is an extensive selection of research in primary and secondary school
mathematics, there have been few studies specific to researching undergraduate mathematics
instruction (Bradley & Bradley, 2005; Feldman, 1989; Jones & Byrnes, 2006; Speer et al., 2010).
Furthermore, despite the variety of observation protocols available for assessing K-12
mathematics classrooms, there are few frameworks that have been developed for observing the
mathematics instruction provided to post-secondary students. This marks a noticeable gap in the
literature; observation protocols are frequently used by K-12 administrators to provide
professional development for mathematics teachers, but there are few analogous protocols
available for use in the collegiate setting, leaving administrators wishing to provide similar
professional development for undergraduate instructors without a tool to do so.
Some progress has been made toward creating observation protocols designed
specifically for undergraduate classrooms. First published in 1983, the Teaching Behaviors
Inventory is often used as an observation protocol for undergraduate classes; the tool asks
observers to report if a behavior occurs rather than judge its quality or effectiveness (AAAS,
2012; Murray, 1983). For this reason, it does not directly assess the qualities of the mathematical
content but rather indicates if certain teaching practices and techniques are present. Although
there are instruments for observing undergraduate mathematics courses, at this time I can find no
validated observation protocols specific to capturing the qualities of the mathematics in
undergraduate mathematics instruction.
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2.6 Purpose of the Study
When considering observation protocols, Schlesinger and Jentsch (2016) found that
“there is little or no consistency in the conceptualization and nomination of subject-specific
aspects” (p. 29). That is, it is difficult to find common dimensions across instruments that assess
the same components of a mathematics lesson. Further, most of the validated protocols for
observing classrooms are intended for use in primary and secondary school settings. Therefore, it
is unknown how these instruments transfer to use in the undergraduate setting, particularly when
applied to the mathematical content that is present during undergraduate mathematics instruction.
Based on this observed gap in the literature and the need for research about mathematics
instruction in post-secondary contexts, I designed a study to determine what mathematical
content is captured in College Algebra instruction when applying the available observation
protocols for mathematics teaching. I focus my efforts on the qualities of the mathematical
content that is offered during instruction; that is, I am using the protocols to assess the
mathematics that is present, rather than the instructional techniques, student activities, or teacher
behaviors.
With the idea of comparing a selection of College Algebra lessons across multiple tools
and multiple instructors, I selected three observation protocols: the MQI, RTOP, and TRU Math.
Also, because of its importance as a prerequisite for calculus, I identified two prominent
mathematical concepts from College Algebra that are also featured in the Calculus curriculum.
Through the lenses of the observation protocols and with my analysis of the scores and data they
provide, I aim to answer the following research questions:
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•

What qualities of the mathematics are captured by the MQI, RTOP, and TRU Math
protocols? Further, how do the instruments differ in the mathematical content they
capture?

•

Are the observation tools successful in identifying the variation of the mathematics
presented between instructors? What, if any, aspects of the mathematics are not
captured by the protocols?
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3. Methods
In this chapter, I describe the context of this study, the video data collected, my rationale
for choosing the MQI, RTOP, and TRU Math protocols, the dimensions of each instrument that
will be used to assess the qualities of the mathematics presented by instructors, and my
methodology for analyzing the results of the completed and scored instruments.
3.1 Context of the Study
College Algebra is one of the most failed courses at universities across the United States,
with about half of the students enrolled in the course annually earning a D, F, or Withdraw grade
(MAA, 2007). In an attempt to address and improve this issue at their institution, a large, public
university in the Northwest United States restructured their College Algebra course. This
included a revamping of the course structure, curriculum, and materials. Additionally, a
professional development program was implemented to assist College Algebra instructors with
the transition to the modified course. Informed by research connecting active learning practices
to student success (Freeman et al., 2014), the primary goal in redesigning the course was to
increase student engagement during class sessions.
Before the updates to the course were enacted, the College Algebra course was
predominantly lecture-based; class sessions occurred three times per week where 180 students
would attend a lecture from a single instructor. A recitation session, usually spent doing small
group work, occurred once each week. In the modified course, class sizes were reduced to a
maximum of 60 students and the four class periods per week were reorganized to feature small
group work every other day. During these group work sessions, students completed activities that
were intentionally scaffolded to walk students through new mathematical concepts. The
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remaining two days of class per week were structured as lecture sessions and were intended to
provide a synthesis and summary of the previous day’s activities.
Through discussions with some of the faculty involved with the restructuring of the new
course, I discovered that typically, around forty percent of students enrolled in College Algebra
are intending to complete degrees in STEM. Further, College Algebra is a prerequisite for
subsequent mathematics classes, including Calculus, that are required for most STEM majors.
Therefore, at the institution studied in this project, College Algebra is an important link in
supporting national efforts to retain STEM-intending students and improve STEM instruction.
That is, College Algebra plays an important role in the college careers of many students in
STEM.
During both the pilot term of the modified College Algebra course and the subsequent
scale up term, class sessions were video-recorded multiple times per week with the intention of
observing whether intended practices were being enacted. In a previous study of this data, my
colleagues and I observed wide variation in the mathematics that was being presented to
students; in particular, despite the common curriculum, materials, structure for the course, and
weekly meetings, the mathematical content varied drastically between instructors (Beisiegel et
al., 2016a; Beisiegel et al., 2016b). Based on this observation and informed by the literature
detailed in Chapter 2, I chose to focus my research on the mathematical content provided by
College Algebra instructors in the restructured course.
3.2 The Data
For the purpose of this study, video recordings of four instructors’ College Algebra
lessons were used. These videos were obtained by another group of researchers with the original
intention of observing the instruction taking place during the modified College Algebra class
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sessions. Four teachers’ lessons were recorded, including both the lecture and the small group
work sessions. Two instructors, a senior instructor, and a professor comprised the group of
teachers, thus representing a variety of experience levels.
When this data was collected, most of the class sessions were recorded each week. Using
video recording instead of in-person observation maintains the natural setting of the classroom
and prevents instructors from temporarily adjusting their behavior as a response to the presence
of an observer. Additionally, videos facilitate repeated viewing of the same lesson and thus allow
for the observer to capture more of the classroom activity. Using data collected by a third party
also allowed me to maintain my researcher role as an observer and not a participant. That is,
video observations facilitated my observation of the mathematical content and the instruction
without being intrusive or affecting the atmosphere and context of the classroom.
Despite the frequent recording of lessons, the data set is incomplete. That is, some
lessons from some instructors were not recorded, thus making it difficult to find video of all four
instructors teaching the same mathematical topic. However, this video data is unique in that the
same course structure, activities, homework, and exams are used by all instructors, and so the
primary source of variation is the content provided during instruction. For this reason, this video
data was used despite it being incomplete.
Motivated by the importance of Calculus as a stepping stone in the undergraduate careers
of STEM-intending students, I narrowed my focus to videos featuring mathematical concepts in
College Algebra that are also a part of the Calculus curriculum. An initial list of seven topics was
created; after considering the ability of these mathematical ideas to translate to Calculus, the list
was narrowed to three topics. Lastly, I went through the database of videos to determine what
recordings were available and included the most mathematical content. I chose nine total video
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clips covering the two topics of Solving Quadratic Inequalities and Asymptotes and End
Behavior of Rational Functions. Altogether, the data set includes 80 minutes of video.
Since increasing student engagement was a defining characteristic of the College Algebra
modification, many of the videos included small group work and only brief moments of
instruction provided to the entire class. However, because a wide variation was present in the
content provided during instruction, I dedicated my focus to the mathematical content. Thus, to
ensure an emphasis on the mathematical content, I intentionally selected video clips that featured
the instructor presenting mathematics to students.
Furthermore, in choosing lesson clips for observation, I was intentional about selecting
content that could be compared across instructors. Because the focus of this study was the
presentation of the mathematics, I wanted to compare lesson clips that featured instructors
completing similar examples and material. Instructors choose which examples to provide during
class (Speer et al., 2010), and so it is often the case that the problems examined vary drastically
between instructors. Although it would be worthwhile to investigate what examples are chosen
by instructors, how the instructor organizes these during the lesson, and why the instructor
decides to present particular examples, this consideration is not included in this thesis. That is, I
instead focus on the variation that occurs between instructors when presenting similar examples.
To limit my observational lens to only these instances during instruction, I deliberately
chose lesson clips that featured similar examples in each topic. When examining Asymptotes and
End Behavior of Rational Functions, the clips I selected include only cases where instructors
find the horizontal and vertical asymptotes of a rational function given its symbolic
representation. Similarly, in the case of Solving Quadratic Inequalities, the lesson clips feature
instructors solving quadratic equations given a symbolic representation of the inequality. By
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observing instruction that features similar mathematical problems, I focused my analysis on the
variation in the mathematics presented across instructors rather than the choices instructors make
about which examples to present or how to organize content during the lesson.
To clarify that segments of the complete lesson were used for my observations,
throughout the remainder of this document I use “video clip,” “lesson clip,” and “clip” to refer to
the shorter segments of the videos that I observed. In contrast, I use “lesson” when discussing the
full class session or referring to the lesson as a whole.
3.3 Observation Protocols
Informed by the prevalence and usefulness of observation protocols in primary and
secondary school settings, I elected to use a set of observation tools to assist in capturing the
variation in mathematics present in the video clips. Additionally, because of my research aims to
capture the qualities of the mathematics, an observation protocol is ideal since it provides a
description of what mathematics is presented during instruction. I identified a list of observation
protocols for consideration, viewed the documentation for each instrument, and searched several
research databases for publications using any or a combination of the protocols in mathematics
classrooms. During this process, I maintained my focus on instructor-content interactions,
looking specifically for tools that included dimensions that would capture the mathematics
presented by the instructor. Because a ten-minute video clip can take an hour to score using a
single observation tool, it is important to choose a small and effective subset of the possible
protocols. After these considerations, I chose three observation protocols: the Mathematical
Quality of Instruction (MQI), the Reformed Teaching Observation Protocol (RTOP), and the
Teaching for Robust Understanding of Mathematics (TRU Math). Furthermore, the selected
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video clips were transcribed in an effort to improve time-management and accuracy when using
the observation protocols.
3.3.1 MQI
One of the most commonly cited frameworks for assessing mathematics teaching is the
Mathematical Quality of Instruction (MQI) instrument. Developed by the Learning Mathematics
for Teaching Project (2011), this protocol is frequently used during teaching-training programs
for upper elementary educators. For example, there is an MQI Coaching program that offers
online support, training, and individual coaching to help instructors learn about the MQI and use
it as a tool for improving their own teaching (Garet et al., 2016). The MQI continues to be
funded to further study the instrument’s impact, validity, and adaptability for both research and
professional development purposes (NCTE, 2012).

Figure 3.1: The Instructional Triangle (Cohen, Raudenbush, & Ball, 2003)
The four dimensions of the MQI are categorized by their relationship to the teacher,
student, and the content. These relationships are summarized in what the MQI authors call the
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instructional triangle (see Figure 3.1). Since the intent of my research is to focus on the
interactions between the teacher and the content, I will use the dimensions associated with this
side of the triangle: Richness of the Mathematics and Errors and Imprecision. Choosing only two
of the dimensions is appropriate for the scope of this study; through my research about the MQI,
I concluded that the student-teacher codes would not be as successful in highlighting the
mathematical content presented during instruction, and I hypothesized that the remaining
dimensions would require additional consideration, and possibly some adaptation, to be
effectively applied to undergraduate instruction.
In the videos chosen for this study, Initiate-Response-Evaluate (IRE) is the primary
means of interaction between the teacher and the students; this type of teacher-student
conversation scores a “not present” or a “low” in all three subsections of the Working with
Students and Mathematics dimension. In my initial viewings of the chosen video clips, I
observed only slight variation in the student and teacher interactions present. Thus, I concluded
that this code would not be particularly illuminating when applied to the videos I selected – the
student-teacher interactions present in my chosen videos do not highlight the mathematical
content present, and so they would not assist me in answering my research questions. In addition,
I hypothesized that the student-content dimension Common Core-Aligned Student Practices
would potentially be challenging to apply in the undergraduate mathematics classroom given the
well-documented lack of student engagement in undergraduate mathematics courses.
To prepare for using the MQI as an observation protocol, I completed the 16-hour
training available online and read a selection of academic articles describing the rationale,
theory, reliability, validity, and applications of the instrument. Because using the MQI in pairs
improves inter-rater reliability to 65 to 100 percent for each code (LMTP, 2011), my advisor, Dr.
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Mary Beisiegel, also scored the videos. Dr. Beisiegel is a certified MQI scorer and participated in
the development of both the instrument and the online training modules. After scoring the
videos, we met to discuss our findings and assign an agreed-upon score for each code within the
two dimensions.

Table 3.1: Selected MQI Dimensions
The Richness of the Mathematics dimension includes six codes and one overall code,
while the Errors and Imprecision dimension has three codes and one overall code – these codes
are listed and summarized in Table 3.1. Further, the MQI must be scored every 7.5 minutes; if
this division creates segments of drastically different lengths, the clip is broken down into two
equal parts (NCTE, 2012). With this constraint applied to the nine video clips, I scored a total of
16 segments with the MQI with 11 codes for each video, resulting in 176 scores.
3.3.2 RTOP
Since its initial publication in 1999, the RTOP has been used in many studies of
mathematics and science instruction (Boston et al., 2015). In addition, researchers frequently use
the RTOP as a basis for the creation and analysis of new protocols (Boston et al., 2015; Lund et
al., 2015; Marshall et al., 2011; Morrell, Wainwright, & Flick, 2004). The RTOP is grounded in
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the theories of reformed education, and thus the instrument has many codes devoted to capturing
student engagement and activity. However, the protocol also features items specific to teachercontent interaction. I chose the RTOP as one of the observational protocols for this study because
of its importance in both past and present research about mathematics teaching and its
applicability to assessing the mathematical content presented by the instructor.
The reliability and validity of the RTOP confirm that the instrument is appropriate for
research purposes. In particular, in all levels of classrooms, the RTOP has been shown to predict
improved student learning in science and mathematics (Piburn & Sawada, 2001). Further, the
instrument has strong construct validity and high reliability when used by two trained observers,
and testing has shown that the instrument has high inter-rater reliability for single items (Sawada
et al., 2000). Lastly, the RTOP’s consistency is “exceptionally high” (Boston et al., 2015), both
between subscales and across items in a given subscale, and so the instrument exceeds the
reliability requirements for use in research (Boston et al., 2015).
Despite its proven reliability and validity, some researchers have reported that, when
using the RTOP, multiple observers score full lessons with a high level of variation (Lund et al.,
2015; Marshall et al., 2011). Furthermore, one study using the RTOP found that only three or
four items are required to predict most of the variance in the overall score given to the lesson
(Marshall et al., 2011). To accommodate these potential inconsistencies, I used only the ten
content-specific codes in the Content dimension; rather than comparing the scores from all 25
items, I chose this subset of the items with the intention of assessing what mathematics is
captured by the RTOP and how these codes attend to the mathematics.
The RTOP instrument was created as a means of assessing the amount of reform-based
teaching that occurs in a K-20 mathematics or science lesson (Piburn & Sawada, 2001). Because
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of the reform movement’s foundation in constructivism, many of the practices that are
categorized as reformed are centered around student experiences and engagement with the
material. Thus, most of the RTOP’s items are related to student-content and student-teacher
interactions; the 25 items of the RTOP are organized into five dimensions, Lesson Design and
Implementation, Content, Classroom Culture, and Student-Teacher Relationships. Of these five
dimensions, I argue that only the Content codes capture the in-class presentation of the
mathematics.
The nature of the restructured College Algebra course automatically determines the
scores of many of the items. For example, consider the first three codes in the Lesson Design and
Implementation dimension: “The instructional strategies and activities respected students’ prior
knowledge and the preconceptions inherent therein,” “The lesson was designed to engage
students as members of a learning community,” and “In this lesson, student exploration preceded
formal presentation” (Sawada & Piburn, 2000). The restructured College Algebra curriculum and
materials, which were used by all four of the instructors I observed, are intended to satisfy these
requirements. Thus, assigning scores for these items would be a means of evaluating the design
of the course, which is not the focus of this study.
The remaining two codes, Classroom Culture and Student-Teacher Relationships, do not
capture information about the mathematics provided by the instructor during a lesson. The RTOP
Training Manual states that, when scoring the Classroom Culture items, “the quality of the
content should not influence ratings” (Piburn & Sawada, 2001, p. 38). Thus, this dimension
assesses classroom activity that is outside the scope of this study. Furthermore, the StudentTeacher Relationships dimension does not contribute information that is relevant to my research
questions about content; as mentioned previously, I chose to study only video clips that feature
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instructor presentations of the mathematics. In these segments, teacher-student interactions are
sparse, and so the items in this dimension would receive low scores. Many of the StudentTeacher Relationships codes, such as “Active participation of students was encouraged and
valued” and “The teacher acted as a resource person, working to support and enhance student
investigations” (Sawada & Piburn, 2000), would receive high scores if applied to videos of
College Algebra sessions predominantly featuring group-work, but these videos were
intentionally excluded from this study.
In summary, my decision to use only the ten Content items is sensible for two reasons.
First, the Lesson Design and Implementation dimension captures data that is suitable for
assessing the restructuring of the College Algebra course itself, and the dimension does not
attend to the variation I observed in the mathematical content that was presented. Second, the
Classroom Culture and Student-Teacher Relationships dimensions are explicitly not applicable
when assessing qualities of the mathematical content.
To prepare for scoring with the RTOP, I completed the online training provided by the
developers (Sawada & Piburn, 2000). This program entailed watching, scoring, and discussing
with another observer three videos of a college physics class. Since the training is intended to be
completed in pairs, Dr. Beisiegel and I met to compare our results and to discuss the expert
scores provided for the videos. After completing the training, I solidified my decision to only
code the two dimensions that applied to the content of the video clips.
To assess the mathematics that is present in the video clips, I scored only the codes
within the Content dimension; this dimension has ten codes split between two subcategories: the
first subcategory, Propositional Knowledge, assesses the qualities of the content, while the
second subcategory, Procedural Knowledge, identifies the presence of processes necessary for
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inquiry-based learning (Piburn & Sawada, 2001). These ten codes are listed in their entirety in
Table 3.2. When using the RTOP, scores are assigned to each of the items after viewing the
entire lesson. Thus, scoring nine video clips using the ten content-specific codes resulted in 90
scores. A total score for each subcategory was also calculated to provide another point of
comparison across lesson clips, adding an additional two scores for each video. Therefore,
applying the Content dimension of the RTOP to my video set generated 108 scores.

Table 3.2: Selected RTOP Dimensions
3.3.3 TRU Math
Developed by Alan Schoenfeld and informed by a decade of his previous research in
understanding and enhancing student problem-solving, the Teaching for Robust Understanding
of Mathematics (TRU Math) protocol is one of the newest observation protocols. The tool is still
in development, with the most recent version of the framework published in July 2016
(Schoenfeld & the Teaching for Robust Understanding Project, 2016). One of the objectives in
creating TRU Math was to combine the ideas about effective teaching present in existing
observation protocols and professional development into a single framework. Because of its
youth as a framework and its goal to integrate existing ideas about effective mathematics

36
instruction, the TRU Math protocol is a fitting choice for my third observation protocol. In
particular, I consider the TRU Math framework to be a middle ground between the MQI and the
RTOP; while the MQI focuses on the quality of the mathematics taking place in the classroom
and the RTOP attends to the specific learning and teaching practices that occur, the TRU Math
framework captures some aspects from both ends of this spectrum.
During the process of refining the TRU Math framework, the authors used the
instructional triangle (Figure 3.1) as a means of organizing the tool’s constructs (Schoenfeld,
2013). This organization was revised later, but its presence in the creation process indicates that
an intention of the TRU Math protocol was to capture teacher-content interactions in some way.
Therefore, although the instrument is not explicit about which dimensions specifically attend to
the presentation of the mathematics, the TRU Math protocol should capture some of the content
presented by instructors and thus apply to my research questions about the variation of
mathematics offered in College Algebra lessons. Since the TRU Math protocol intends to include
aspects of the teacher’s interaction with the mathematics, it should do so when applied to the
video clips selected for this study even though it does not designate a set of codes specifically for
this purpose. This supports my decision to use this protocol for my research.
In its current form, a scoring rubric is used when applying the TRU Math protocol to
classroom observations. The TRU Math protocol is designed to be applicable for real-time
observations and is scored after the entire lesson is complete; having access to video recordings
simplified this process by allowing me to pause and replay the segment when desired. When
scoring, the observer completes a score sheet for each type of classroom activity present. The
TRU Math distinguishes four kinds of classroom activity: Small Group Work, Student
Presentations, Individual Work, and Whole Class Activities. The Whole Class Activities activity
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is further classified as Launch, Teacher Exposition, or Whole Class Discussion. By the design of
my study, every lesson clip I observed was characterized as Teacher Exposition. Thus, when
using the TRU Math protocol to score videos, I only completed the score sheet for Whole Class
Activities.
The TRU Math protocol interweaves aspects of effective instruction throughout each of
its five dimensions, and the authors acknowledge that there is some overlap, although minimal,
between the dimensions (Schoenfeld et al., 2014a). These five dimensions are the following: The
Mathematics; Cognitive Demand; Access to Mathematical Content; Agency, Authority, and
Identity; Use of Assessment. Within the activity-specific score sheet, a score of 1, 2, or 3 is
assigned to each dimension to indicate the extent to which the dimension is present.

Table 3.3: TRU Math Dimensions
Although two of the dimensions, namely The Mathematics and Cognitive Demand, are
more noticeably aligned with teacher-content interactions, it is not clear that the other three
dimensions do not also capture the relationship between the instructor and the mathematics.
Further, since only one score sheet is completed for each of my video clips, it was reasonable to
score all five dimensions even if they may not apply to some clips. Because the TRU Math is a
new protocol, it is not known how the framework captures the mathematical content offered by
the instructor. Therefore, it is possible that my intuition about which dimensions will capture the
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mathematics is incorrect, and so I scored all five dimensions for each video clip; the dimensions,
along with a short summary of each, are provided in Table 3.3.
Because the TRU Math protocol is still being refined and developed, at this time no
training exists for researchers or observers wishing to use the framework. Instead, to get familiar
with TRU Math, I read all the available documentation and the existing articles describing the
creation process and rationale of the protocol. Also, there is not yet information about the
reliability or validity of TRU Math, and the current aim of the protocol is to facilitate
conversation about instruction (Schoenfeld & the Teaching for Robust Understanding Project,
2016). I argue that the lack of validation or a training program do not diminish the importance of
this protocol in my study: my research does not ask “Does the TRU Math protocol provide
scores that reflect the variation in the mathematics?” but instead hopes to answer “How does the
TRU Math protocol capture the variation in mathematics present?” That is, when assessing this
protocol, I focused on how the protocol captures the mathematics rather than what scores are
assigned to the clips. The TRU Math framework provides five scores per video, and so, when
applied to the ten selected video clips, the observation protocol yielded 50 scores. The collected
scores provided a basis for my observations but primarily served as starting point for discussion
about the ability of the TRU Math protocol to capture the mathematical content present.
3.4 Data Analysis
The same textbook is used in all College Algebra classes at the institution in this study,
and so it serves as a primary source for course material for all instructors. Thus, to get a sense for
the mathematics that would be present in the video clips, I consulted the textbook for the course,
which is de-identified for this thesis. The required online exercises associated with this course
also come from the textbook, and so the mathematics students see in their homework is similar to
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that presented in the textbook. Because the textbook is used by all College Algebra instructors
and students, I compared the definitions and methods described in Algebra and Trigonometry
with Modeling and Visualization to the mathematics that is provided in the recorded video clips.

Figure 3.2: Scoring Document Template

Table 3.4: Sample Dimension from Completed Scoring Document
While watching and scoring each of the chosen video recorded lesson clips, I took notes
in a scoring document to record what I observed and what score I assigned for each dimension of
the protocols. A blank scoring document and a sample from part of an Asymptotes and End
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Behavior of Rational Functions scoring document is provided in Figure 3.2 and Table 3.4,
respectively; the completed nine scoring documents are included in Appendix A.
Upon completing all of the scoring using the observation protocols, I examined the
specific mathematical examples that were presented in each video. I recorded the problem
solving process exactly as presented by each instructor, and then I completed the problem using
my own understanding of the concept. In this process, I identified some common techniques used
for solving the problems, and I recorded which methods were present in each video. My
individual mathematics expertise together with the mathematics provided in the textbook and the
lesson clips comprise the foundation for my discussion and analysis of the mathematical content
presented in each video.
Through this process, I identified the variations in the mathematics present in each video
clip. Also, I compiled the scores and compared the notes collected from each observation
protocol and assessed what variations in the mathematics were captured by the protocols. Then, I
analyzed the ability of each observation protocol to capture the variation in the mathematical
content. Finally, I generated some ideas for improving the ability of each protocol to capture the
variation in mathematics I observed.
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4. Results
In this chapter, I describe the variation of mathematics presented during instruction and
detail the results of applying the MQI, RTOP, and TRU Math observation protocols to the
chosen College Algebra video clips. The nine selected videos clips cover two mathematical
concepts: Solving Quadratic Inequalities and Asymptotes and End Behavior of Rational
Functions. In this chapter, I summarize the concept-specific results, including what mathematics
was present, what mathematics was not included, and what mathematics was specifically
captured by the observation protocols. Then, I conclude with overall results from the observation
protocols.
4.1 Asymptotes and End Behavior of Rational Functions
The data set for the topic of Asymptotes and End Behavior of Rational Functions includes
five video clips featuring three instructors. To present the results of these observations, I
assigned codenames to the instructors and to the video clips. Instructors who are present in both
the Solving Quadratic Inequalities and the Asymptotes and End Behavior of Rational Functions
clips are given the same codename throughout this chapter. These codenames, along with the
duration of the video and examples presented by the instructor, are provided in Table 4.1. The
first three clips feature Instructors Casey, Bailey, and Drew going through a few examples of
finding asymptotes of rational functions. The last two clips were recorded on the same day in
two different class sessions taught by Instructor Drew; the same example is completed in both
clips.
Rational functions and their properties are an important concept in College Algebra;
students are first introduced to rational functions after learning about quadratic functions and
other nonlinear polynomials. The curriculum used by the university in this study emphasizes the
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following knowledge and skills for rational functions: the definitions of vertical and horizontal
asymptotes; how to identify vertical and horizontal asymptotes both from a graph and from the
symbolic representation of the function; finding other information about rational functions that
can assist in graphing, such as finding x-intercepts, y-intercepts, and removable discontinuities;
and solving equations and inequalities involving rational functions. Because of their relationship
to limits at infinity and infinite limits in Differential Calculus, the video clips observed focus
specifically on lessons discussing horizontal and vertical asymptotes.

Table 4.1: Asymptotes and End Behavior of Rational Functions Video Clips
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Rational functions are defined to be functions that have polynomials in both their
numerator and denominator; some examples of rational functions are provided in Figure 4.1.
Rational functions are defined for all x-values such that the denominator is not equal to zero
when evaluated at that x-value. Then, it is a common mathematical practice to find the horizontal
and vertical asymptotes, if they exist, in order to understand the general behavior of a given
rational function.

Figure 4.1: Examples of Rational Functions
A horizontal asymptote occurs where the function values, or the outputs of the function,
approach a finite value m as the x-values, or the inputs of the rational function, tend to either
positive infinity or negative infinity. In Calculus, this is equivalent to finding limits at infinity;
that is, finding the limit of a rational function as x approaches positive infinity or as x approaches
negative infinity can identify a horizontal asymptote of the function. If the limit does not exist,
then the function has no horizontal asymptote. If the limit does exist and is equal to m, then the
function has a horizontal asymptote at y = m.
A vertical asymptote occurs where the function values, or the outputs of the function,
tend to either positive infinity or negative infinity. In Calculus, this is equivalent to computing an
infinite limit; that is, finding the one-sided limit of a function as x approaches a finite value k can
identify a vertical asymptote of the function. If either of the one-sided limits do not exist and are
infinite, then the function has a vertical asymptote at x = k. An example of the College Algebra
specific definitions for rational function, horizontal asymptote, and vertical asymptote are
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included in Figure 4.2. Further, the College Algebra curriculum uses the word “hole” in the
graph of a rational function to describe what is often called a removable discontinuity or a
removable singularity in Calculus.

Figure 4.2: Definitions for Asymptotes and End Behavior of Rational Functions
In a typical College Algebra exercise involving asymptotes of rational functions, a
rational function is provided, and then the numerator and denominator are factored. Next, the
vertical asymptotes are identified by finding the x-values that make only the denominator zero
and do not also make the numerator zero; this eliminates the possibility of incorrectly selecting a
hole as an asymptote. Then, the horizontal asymptotes are identified by considering the behavior
of the rational function as the x-values approach positive infinity and negative infinity. To
simplify the process, the degrees of the numerator and denominator are compared instead; this
information is summarized by the course textbook into three cases, as is presented in Figure 4.3.
I illustrate a typical example of how the process of finding vertical asymptote and horizontal
asymptote is applied in Figure 4.4.
When discussing the asymptotes of rational functions, the three instructors began the
segment by providing a rational function to work with. Then, each instructor described how to
find the horizontal asymptotes and vertical asymptotes of the function. The instructors each
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completed the process using a slightly different procedure. These variations occurred in three
main categories:
•

how the rational function is factored or otherwise manipulated to identify the
asymptotes

•

the explanation of why a function has a particular horizontal or vertical asymptote

•

the discussion, or lack thereof, about holes and their relationship to vertical
asymptotes.

Figure 4.3: Horizontal Asymptote Identification Summary

Figure 4.4: Example of Finding Asymptotes
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4.1.1 Manipulating the Rational Function
The three instructors varied in their method for manipulating the rational function to
reveal the asymptotes. To identify the asymptotes, instructors used one of the four strategies: (1)
they factored the rational function and mentioned a comparison to the factored form of a
quadratic polynomial, (2) they did not factor the rational function and instead isolated the
denominator, (3) they simply factored the rational function, or (4) they completed the problem
without factoring.
In Asymptotes 1, Instructor Casey first identified the horizontal asymptote and
emphasized that leaving the rational function in its initial form was “nice” because it allowed
students to see “the degree of each polynomial really easily.” By comparing the degrees of the
numerator and denominator, the horizontal asymptote was identified. Then, Instructor Casey
used strategy (1), factoring the rational function so that the quadratic polynomial in the
numerator was in factored form; Instructor Casey was explicit about rewriting the function in
factored form because “all the questions about roots, vertical asymptotes, or holes are
comparisons of the factors in the numerator and denominator.” After factoring in this way,
Instructor Casey identified the vertical asymptote by selecting the factors present only in the
denominator.
Instructor Drew also used strategy (1) in Asymptotes 5. At the beginning of the segment,
Instructor Drew factored the rational function, asked the class if they found the same factored
form, and stated, “It really makes things a lot easier if you can factor that constant out to begin
with.” However, Instructor Drew used strategy (3) in Asymptotes 4, which featured Instructor
Drew completing the same example as in Asymptotes 5. In this lesson clip, there was no mention
of factored form even though Instructor Drew rewrote the numerator and denominator in
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factored form. The general procedure for finding horizontal and vertical asymptotes was the
same in both videos: the rational function was factored, the horizontal asymptotes were found by
comparing the numerator and denominator in the original form of the rational function, and the
vertical asymptotes were found by identifying the zeroes of the denominator.
Alternatively, in Asymptotes 2, Instructor Bailey isolated the denominator and factored it
independently. To find the horizontal asymptotes, the original form of the rational function was
used to examine the degrees of the numerator and denominator. Then, to determine the vertical
asymptotes, the denominator was set equal to zero and the resulting equation was solved. This is
strategy (3) because only the denominator was factored and the numerator was not considered. In
this process, Instructor Bailey incorrectly identified a hole as an asymptote; this error was not
corrected until 16 minutes past the end of the Asymptotes 2 clip. Thus, for the purposes of this
observation, this procedure of only finding the x-values that make the denominator zero did not
correctly identify the vertical asymptotes.
Lastly, in Asymptotes 3, Instructor Drew used strategy (4) and did not factor any part of
the rational function. Instead, the process was described verbally and little work was written on
the board. First, the highest degree terms of the numerator and denominator were compared in
order to find the horizontal asymptotes. Then, the zeros of the denominator were identified
mentally by observing the rational function, and the resulting zeros were substituted into the
numerator to check if they were also zeros of the numerator. The values that were only zeros of
the denominator were used to write equations for the vertical asymptotes.
4.1.2 Further Explaining Vertical and Horizontal Asymptotes
To further explain vertical asymptotes, two instructors discussed the behavior of the
rational function as its x-values approached a vertical asymptote. In summary, the two instructors
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described was that as the x-values approached a vertical asymptote, the denominator approached
zero, and so the function-values approached positive or negative infinity. When describing this
behavior in Asymptotes 2, Instructor Bailey provided the following brief exposition:
Remember when we got really, really close to zero in the denominator? The entire
ratio got huge, right? Think about four dollars divided by a dollar. You would
have four dollars. Four dollars divided by ten cents, you’d have 40 dimes. Four
dollars divided by pennies, you’d have 400 pennies. As we divide by something
smaller, and smaller, and smaller, our outcome is going to get bigger, and bigger,
and bigger. That’s where we get these vertical asymptotes. (Asymptotes 2)
Asymptotes 4 featured a more extended explanation of this concept from Instructor Drew that
spanned five minutes. Rather than providing the explanation directly, Instructor Drew solicited
student responses by asking questions such as, “What happens to the function as x gets near a
vertical asymptote?” and “Why do we know the output is getting bigger and bigger as x gets
closer and closer to [the vertical asymptote]?” During this discussion, Instructor Drew offered an
illustrating example similar to Instructor Bailey’s: “How many times does one tenth go into 28?
280 times. How many times does one one-hundredth go into 28? 2,800 times. How many times
does one one-thousandth go into 28? 28,000 times.” At the end of the discussion about the
function behavior, Instructor Drew concluded that the function values increase as the x-values
approach the vertical asymptote. Unfortunately, after providing this explanation for the function
behavior near the vertical asymptote, both Instructor Bailey and Instructor Drew incorrectly
identified a hole as a vertical asymptote and did not correct the error during the segment.
In Asymptotes 3 and Asymptotes 5, Instructor Drew instead described the behavior of the
rational function as its x-values approach positive infinity. This was explained as part of the
process of identifying the horizontal asymptotes, and this discussion replaced the procedure of
comparing the degrees of the numerator and denominator (see Figure 4.3) that was used by
Instructor Bailey and Instructor Casey in their lesson clips. Both videos of Instructor Drew
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featured a similar narrative, and so only Asymptotes 3 is discussed here. In Asymptotes 3,
Instructor Drew recalled that when previously examining polynomials, the “trailing terms” did
not affect the end behavior, and so the same is true for rational functions. Then, Instructor Drew
stated that the function is approximately equal to highest-degree term of the numerator divided
by the highest-degree term of the denominator, which Instructor Drew referred to as “leading
terms.” Next, Instructor Drew wrote a new rational function that was the ratio of leading terms of
the numerator and denominator and then simplified the new rational function by cancelling
terms. Generally, terms cannot be cancelled from a rational function because this removes a hole
in the graph, thus changing the domain of the function. However, Instructor Drew cancelled
terms in the new rational function without justification of why terms can be cancelled in this
instance.
To finish the discussion of function behavior at positive infinity and to correctly conclude
that no horizontal asymptote exists, Instructor Drew stated the following:
What happens to x when x gets really big? Well, x gets really big when x gets
really big, right? So what does that mean about horizontal asymptote? It means
the function is getting really big as x gets really big which means that as x gets
really big, this function is going off like this. Does that have a horizontal
asymptote? No. It’s going to go off and continue getting bigger and bigger and
bigger. (Asymptotes 3)
This language was vague and provided the only source of this explanation. Instructor Drew used
hand motions to draw the general behavior of the graph while saying “this function is going off
like this.” However, the description of the process or rationale was not written down.
Later in the video clip, when repeating this process using a different rational function,
Instructor Drew summarized one of the cases listed in Figure 4.3 for comparing the degrees of
the numerator and denominator by stating, “All I really have to look at is the leading coefficients
because when my degree is the same, all of the x’s are going to cancel out when I’m looking at
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only the leading terms.” Here, Instructor Drew implied the same procedure of cancelling terms in
the new rational function, and it was again not clear why the x-terms cancelled in this case when
they normally represented a hole in the graph.
4.1.3 Discussing the Relationship between Holes and Vertical Asymptotes
Only two of the five videos featured a discussion about holes and their relationship to
vertical asymptotes. In general, when identifying vertical asymptotes, it is critical to ensure that a
hole is not incorrectly identified as an asymptote. There are two methods for doing this:
substitute the identified x-value into the numerator to see if it is a zero of the numerator, or factor
the rational function and choose the x-values that are only present in factors in the denominator.
The former method was used in Asymptotes 3 while the latter was present in Asymptotes 1. The
other three videos featured no discussion of holes and consequently all identified incorrect
vertical asymptotes. For example, Instructor Bailey said while discussing vertical asymptotes
that the process is “all about the denominator.” This is incorrect and does not acknowledge the
importance of holes when finding vertical asymptotes. The errors created by not discussing holes
were remediated later in the lessons, but the corrections did not happen until at least ten minutes
after each video clip ended.
When distinguishing holes from vertical asymptotes, Instructor Casey summarized that
“when we list the roots, the vertical asymptotes, and the holes, there should be no x-value that
shows up in more than one of those lists.” Later, when finding the vertical asymptotes, Instructor
Casey stated, “This factor, we want to count, and this factor, because they show up only in the
denominator.” This process for identifying the vertical asymptotes involved factoring the rational
function and then observing which factors were only present in the denominator. Further,
Instructor Casey suggested that students should find the holes in the graph and then compare it to
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the set of vertical asymptotes; then, if a value was written as both a hole and a vertical
asymptote, “you should realize there has to be a mistake there.”
Although Instructor Drew was in three of the five videos, only one of the clips included
any mention of holes. During Asymptotes 3, Instructor Drew described the difference between
holes and asymptotes, stating, “What’s the distinction of when there is a vertical asymptote and
when there’s a hole? If the value of x that makes the denominator equal to zero, if there’s going
to be a vertical asymptote, what has to be true about the numerator? It can’t also be zero.” Then,
when identifying the vertical asymptotes, the possible values were substituted into the numerator
to check if they were also zeros of the numerator. Then, if the value was only a zero of the
denominator, it was listed as a vertical asymptote. Similarly, when presenting a second example,
Instructor Drew reiterated, “There’s going to be a hole whenever a value of x makes the
numerator and denominator both zero at the same x-value,” and then repeated the process of
checking the vertical asymptotes in the numerator to see if they were holes.
4.1.4 Asymptotes Through the Lenses of the Observation Protocols
In the videos where errors occurred, the MQI was the only protocol that captured the
mistake. The RTOP gives no guidelines for how to adjust scoring when a mathematical error is
present. Likewise, the TRU Math protocol does not provide explicit instructions for scoring
mathematical mistakes; however, the Mathematics dimension does mention accuracy of the
content, so this dimension could be scored to reflect the presence of errors. Because three of the
videos featured mathematical errors and there were no guidelines for how to score inaccurate
mathematics, the RTOP and TRU Math scores for these videos are likely unreliable.
The MQI Errors and Imprecision dimension captured all of the mathematical errors
present in the Asymptotes and End Behavior of Rational Functions videos. In particular, one of
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the codes in this dimension is called Mathematical Content Errors and is accompanied by
detailed instructions about how to score the mathematical errors present. In a lesson with no
content errors, imprecision in language, or lack of clarity, each of the four codes in the Errors
and Imprecision dimension score a Not Present. The score is increased depending on the severity
of the error and the degree to which the mathematics was obscured. The videos with
mathematical errors all scored at least a Low for the Mathematical Content Errors code.
Along with capturing errors, the MQI provided a lens for isolating mathematical sensemaking opportunities within the concept of Asymptotes and End Behavior of Rational Functions.
For example, the Mathematical Sense-Making code recorded two occasions where an instructor
discussed what makes a fraction equal to zero. This is important in the context of finding the
roots of rational functions and distinguishing these from holes. These instances were brief and
not sustained, and so they did not affect scores within the RTOP and the TRU Math protocols,
but they are captured by the Mathematical Sense-Making code within the MQI.
Furthermore, four of the five videos emphasized that asymptotes are lines, and so they
should be written as such. In Asymptotes 1, this presented itself in the form of a student question,
and thus it is recorded by the RTOP item “Students were actively engaged in thought-provoking
activity that often involved the critical assessment of procedures,” the TRU Math dimension
Agency, Authority, and Identity, and in the Mathematical Sense-Making code of the MQI.
However, in the other videos, the discussion about asymptotes as lines was facilitated entirely by
the instructor and was fairly brief. Thus, it was not specifically identified by the MQI, RTOP, or
TRU Math protocols. The notion that asymptotes are equations of lines is fundamental to
understanding how to correctly answer questions about the vertical and horizontal asymptotes;

53
therefore, even though the mention of this concept was brief in some of the videos, it is
concerning that none of the protocols identified its presence.
4.2 Solving Quadratic Inequalities
The data set includes four videos covering the concept of Solving Quadratic Inequalities.
The instructor and video codenames are provided in Table 4.2 along with the duration of each
clip and the quadratic inequalities present in each video. The videos Inequalities 2 and
Inequalities 3 are shorter clips and present the same quadratic inequality, while Inequalities 1
and Inequalities 4 are more complete examples of teacher exposition about Solving Quadratic
Inequalities.

Table 4.2: Solving Quadratic Inequalities Video Clips
After learning about linear functions, College Algebra students are introduced to
quadratic functions. A chapter of the course textbook is spent investigating properties of
quadratic functions such as their symbolic representations in standard, vertex, and factored form,
how to move between forms by factoring, distributing, or completing the square, solving
quadratic equations by factoring, completing the square, or using the quadratic formula,
transformations of quadratic functions, and solving quadratic inequalities. Although many of
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these ideas would be useful when studying Calculus, a method used for solving quadratic
inequalities also used with the first derivative test in Calculus. Thus, this technique teaches
College Algebra students a mathematical skill that will also appear in their subsequent
Differential Calculus course.

Figure 4.5: Examples of Quadratic Inequalities
A quadratic function is defined by a polynomial of degree two which may be expressed
in the form f(x) = ax2 + bx + c where a is nonzero. This is the first non-linear function students
are taught in College Algebra and represents a significant part of the curriculum. After students
have learned about the properties of quadratic functions and how to manipulate them
symbolically, the concept of solving quadratic inequalities is introduced. Some examples of
quadratic inequalities are provided in Figure 4.5. For the remainder of the chapter, when the form
ax2 + bx + c < 0 is referenced, this is meant to include any quadratic inequality with zero
isolated on one side where < could also be >, £, or ³.
There are two general procedures presented in the course textbook for solving quadratic
inequalities: graphing the quadratic function and creating a table and checking intervals. Both of
these methods are applicable to any quadratic inequality as long as the correct procedure is
followed. The first two steps of the procedure as described in the textbook are the same for both
solution methods: rewrite the inequality in the form ax2 + bx + c < 0 and then solve the equation
ax2 + bx + c = 0. The methods diverge after the solutions to the equality are identified. In the
graphing method, a graph is drawn of y = ax2 + bx + c, using the solutions found in the previous
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step as the x-intercepts and considering the sign of the leading coefficient a to determine whether
the graph opens upward or downward. Then, depending on the inequality symbol, the correct
solutions are identified and written as intervals by looking at where the graph is above or below
the x-axis. An example of this procedure is provided in Figure 4.6.

Figure 4.6: Quadratic Inequalities Example using the Graphing Method
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The graphing method uses the symbolic representation of the function to draw a
corresponding graphical representation, and so this process provides a meaningful connection
between representations. However, the symbolic method is also important because it develops
the common mathematical procedure of creating a table of intervals to test values. The steps in
the symbolic method include creating an equality, solving the equation, creating intervals using
the solutions as boundary values, and testing a point in each interval to look for a particular
property. An example problem is solved with this method in Figure 4.7. A similar method is used
in Differential Calculus when determining function behavior, relative maximums and minimums,
inflection points, or where the function is increasing, decreasing, concave up, or concave down.
An example of how this process is applied to finding where a function is increasing is described
in Figure 4.8. Creating a table with test points is an important mathematical practice that has
value in both College Algebra and Calculus.

Figure 4.7: Quadratic Inequalities Example using the Table Method
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Figure 4.8: First Derivative Test Example using the Table Method
When presenting solutions in the four Solving Quadratic Inequalities videos, all of the
instructors emphasized that the equality should be solved first. In all cases, the instructor rewrote
the inequality as an equality and then found the solutions to the resulting equality. Next, these
solutions were used to identify which intervals satisfied the inequality; at this step, instructors
chose two different paths. The correct intervals were identified either by graphing the quadratic
function present in the problem or by creating a table of values and testing points in each
interval. One or both of these methods were presented in each video. Overall, the primary
sources of variation in the mathematics are the following:
•

Manipulating the inequality to write it as an equality and its effect on the choice of
the symbolic method or the graphing method

•

Providing the rationale for using a method or describing characteristics of a chosen
method
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4.2.1 Manipulating the Quadratic Inequality
The process in the textbook indicates that, regardless of whether a table or a graph is
used, the given inequality should always be written in the form ax2 + bx + c < 0. Two instructors
used this first step, but the third instructor did not rewrite the inequality in this form at any point.
This choice made it difficult to use the graphing method to solve the inequality, because having
terms on both sides of the equality meant it was not as simple as looking for the intervals where
the graph was above or below the x-axis.
To illustrate this, consider the following example presented by Instructor Drew in
Inequalities 1. The quadratic inequality –3x ³ 9 – 12x2 was provided, and Instructor Drew said,
“The problem with this inequality is if I get that to be zero on one side, I’m always going to
wonder should I be reversing the equality? What should I be doing here? So, let’s not even
bother with that. Let’s just write it as an equality: –3x = 9 – 12x2.” It is unclear what Instructor
Drew meant here. It would have been valid to move –3x to the right-hand side or to move the
9 – 12x2 to the left-hand side; this is the first step of the procedure as described in the textbook.
However, Instructor Drew seemed to believe that this method was confusing and instead decided
to write the equality immediately. This resulted in a set of possible intervals for the solution,
which were used for the table method. In the process of choosing the table method, Instructor
Drew considered using a graph, but then said, “It’s a little hard to tell because, again, I have part
of each side of the inequality symbol. That makes it a little bit difficult. […] How about I just
build a little table.” If the quadratic inequality was written in the form ax2 + bx + c < 0, the
graphing would have been straightforward.
As discussed in the previous example, the choice of which method to use in the final
stage of the procedure depended on the steps taken by the instructor in earlier stages of the
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problem. In the four videos, if the inequality was not written in the form ax2 + bx + c < 0, the
instructor did not use the graphing method. The videos Inequalities 2 and Inequalities 3 provided
a clear demonstration of the impact of rewriting the quadratic inequality; these clips featured
presentations of two different student solutions to the same quadratic inequality. In the first
video, Instructor Drew used the table method, but in the second video, Instructor Alex used the
graphing method. Prior to choosing either the symbolic or the graphical solution method, the
only difference between the mathematics presented was that Instructor Alex rewrote the
inequality in the form ax2 + bx + c < 0 whereas Instructor Drew did not include this step.
When the equality was solved and it was time to choose a method for solving the
inequality, the instructors provided different explanations. Instructor Alex justified that the
solutions to the equality were the x-intercepts of the quadratic function, and so the graph could
be drawn using the “additional piece of information” of the leading coefficient of the rewritten
quadratic inequality in the form ax2 + bx + c < 0. Instructor Alex explained, “We know that this
parabola has to open down because we have this negative sign here. […] Now that we have a
picture, we can go back and find the corresponding solution set to the inequality.”
Conversely, Instructor Drew chose the table method, despite the presence of a partially
drawn graph in the student solution. Instructor Drew intended to use the graph drawn by the
student, but instead changed to the table method: “I want to figure out where on the graph is this
thing true. Is it the part that’s above the x-axis, or is it the part that’s below the x-axis? And all I
really need to do is what? Maybe pick a test point?” The choice to switch methods seemed to be
informed by the absence of a rewritten inequality; because the inequality was left in its original
form, it was not clear if the positive or negative values of the graphed function were desired.
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Furthermore, it was also difficult to determine the sign of the leading coefficient without
rewriting the inequality in the form ax2 + bx + c < 0, but Instructor Drew did not mention this.
4.2.2 Providing Rationale for Choosing a Solution Method
In the cases where the table method was used, instructors often explained why only one
test point per interval was needed. However, the length and specificity of these explanations
varied between instructors. At the beginning of Inequalities 1, Instructor Drew stated, “The only
way to get from positive to negative is to cross the axis.” This would support the notion of only
needing one test point per interval. However, when the table method is used later, Instructor
Drew chose test points in each interval without linking back to the previous explanation.
Alternatively, Instructor Casey provided an explanation for choosing only one point: “I want to
know is it positive or greater than zero in between or on the outsides? And so if I pick one value
here and it’s positive, then all of these values have to be positive, because I can’t switch to a
negative unless I’ve gone through a zero.” Explaining why only one test point is needed could
provide some conceptual understanding of the procedure and seems especially valuable because
this same point-testing technique is used in Calculus.
Instructors sometimes provided rationale for the drawing of the graph when using the
graphing method. The graphical representation of the solution is present in Inequalities 1,
Inequalities 3, and Inequalities 4; in particular, in the latter two videos, the instructors
emphasized that the exact shape of the graph was not relevant but that the important information
was whether the quadratic function was facing upward or downward. In both cases, the instructor
drew graphs facing the correct direction but with different shapes to illustrate that only a sketch
was needed. In Inequalities 1, Instructor Drew simply pointed out the leading coefficient and
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stated, “So this goes like this” to describe the orientation of the function. This is a strong contrast
from the exposition provided by Instructor Alex after drawing three possible graphs:
Something that’s interesting to take away from this is, does it matter whether I
draw my picture like this or like this or like that? Does that change the solution to
this inequality? No. So, we don’t need to know exactly what the function looks
like. You don’t have to go through and graph the function perfectly. All we need
are where are the zeros and whether it opens up or down because once we have
any of these three pictures, we’re able to find the solution set from any of them.
(Inequalities 1)
Across the four Quadratic Inequalities videos, only Instructor Casey discussed both the
symbolic and the graphical method. Since either method can be used with any quadratic
inequality, it is noteworthy that both methods were only discussed in one segment. In
Inequalities 4, Instructor Casey presented a quadratic inequality, found the solutions
symbolically using a table, and then repeated the process but using the graphing method. Then, it
was confirmed that both methods work. Because the inequality presented was in the form
ax2 + bx + c < 0, no rewriting of the inequality takes place. However, at the end of the video
clip, Instructor Casey mentioned that in cases where the quadratic inequality is not given in this
form initially, a “good first step” is to move all of the terms to one side of the inequality;
Instructor Casey did this with a given example and stated, “This statement is exactly the same as
[the original statement]. Whatever x-values will make this true will also make this true.” This
was a correct explanation, although somewhat vague, and it asserted that both the graphical and
symbolic processes discussed in the lesson clip applied to any quadratic inequality as long as it
was first written in the form ax2 + bx + c < 0. Instructor Casey was the only instructor to
mention that both methods can be used with any quadratic inequality.
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4.2.3 Quadratic Inequalities Through the Lenses of the Observation Protocols
The most distinguishable variation in the mathematics occurred when instructors chose
either the graphical method or the symbolic method, and so it is important to assess if any
observational protocol codes captured this. This difference in the procedures was captured by
both the MQI and the RTOP, but in varying degrees. Because the two methods involve two
different representations, a table or a graph, the RTOP item “Students used a variety of means
(models, drawings, graphs concrete materials, manipulatives) to represent phenomena” identified
if multiple representations were present. However, this code does not identify if the two methods
were used concurrently. For instance, in Inequalities 1, two examples were completed, each
using a different method, and so this video clip scored a 3 out of 4 on the RTOP item. However,
Inequalities 4 received the same RTOP score in this code even though both methods were
applied to a single example and the methods were explicitly compared.
The MQI dimension Multiple Procedures or Solution Methods more accurately captured
the variation; the three segments of Inequalities 1 scored Low, Not Present, Mid in this
dimension, while Inequalities 4 scored Low, High, High. That is, the lesson that explicitly
compared solution methods scored higher in this code than the lesson that used solution methods
separately. Further, like the RTOP’s “variety of means” item, the MQI’s Linking Between
Representations dimension provided a lens to consider the connections between the quadratic
inequality and the graphing method; the MQI has more specific descriptions of what types of
links should earn each score such as how to differentiate if both representations are written and
comparisons are made between them or if an additional representation is simply mentioned out
loud. Thus, the results in this code of the MQI are more varied than the scores of the RTOP code,
which does not explain what presentations of representations correspond to each score.
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Lastly, the TRU Math protocol provided scores with little variation; in all cases, three of
the four videos in each dimension were awarded the same score in each dimension, and so it is
difficult to connect these scores with the observed variation in mathematics presented in the
videos. The grain-size of the TRU Math protocol is large, and so it did not capture the nuanced
differences in the mathematics such as the presence of multiple solution methods, linking
between symbolic and graphical representations, or the rationale provided for choosing a certain
method.
4.3 Combined Results from the Observation Protocols
The aggregated scores from the observation protocols are presented in the following set
of tables; the MQI scores are provided in Table 4.3 and Table 4.4, one for each of the dimensions
used (Richness of the Mathematics and Errors and Imprecision), the RTOP scores are in Table
4.5 and Table 4.6, one for each of the Content categories (Propositional Knowledge and
Procedural Knowledge), and the TRU Math scores are in Table 4.7.

Table 4.3: MQI Richness of the Mathematics Scores
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Table 4.4: MQI Errors and Imprecision Scores

Table 4:5: RTOP Propositional Knowledge Scores

Table 4.6: RTOP Procedural Knowledge Scores
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Table 4.7: TRU Math Scores
In both sets of videos, many instances of casual language were observed. In particular,
instructors often used a string of phrases such as “that thing,” “this one,” or “looks like this.” For
example, in Quadratic Inequalities 4, Instructor Casey said the following when discussing the
solution to an inequality: “Once I’ve found this value, these two values, I’m done because I
know this looks like that, and so if I want where the function is positive, I need everything out
here.” Without having some context for the problem or without seeing what Instructor Casey was
gesturing to, this statement is meaningless. Similar instances occurred in nearly all of the lesson
clips.
Because the MQI has two codes, Mathematical Language and Imprecision in Language
or Notation, that attend to language, the variation in language and vocabulary that was presented
in the video clips was successfully captured by the MQI. However, mathematical language is not
a component of the RTOP or the TRU Math protocols. The Mathematics dimension of the TRU
Math protocol could potentially reflect the use of casual versus rigorous mathematical language,
but the three-point scale does not explain how this scoring should be completed. Furthermore,
the RTOP item “The teacher had a solid grasp of the subject matter content inherent in the
lesson” seems as though it may encompass the mathematical language used by the instructor, but

66
the description of this item in the RTOP documentation does not mention language and instead
emphasizes pursuing student ideas and the ability of the instructor to sense the “potential
significance of ideas as they occurred in the lesson” (Piburn & Sawada, 2001). All in all, the
quality of the mathematical language was not captured by the RTOP or the TRU Math protocol.
The TRU Math protocol asked some interesting questions about the lesson that were
distinct from the other observational tools, but the scores did not reflect the wide variation in the
mathematics that was observed. Within the TRU Math protocol, The Mathematics and the
Cognitive Demand dimensions did not capture enough detail to provide a complete picture of the
mathematical content that was present in the lesson clips; the three-point scale is not fine-grained
enough to accurately capture the nuanced variation in mathematics present. Further, only two of
the nine videos scored above a 1 out of 3 in the Uses of Assessment dimension; the chosen
segments are mostly teacher exposition and thus do not offer many instances of the types of
student engagement that score a 2 or a 3 in this dimension.
Lastly, the TRU Math’s Agency, Authority, and Identity and Access to Mathematical
Content dimensions offered some questions about mathematics lessons that are worth
considering: Did the instructor make an effort to ensure every student has equal access to the
mathematics? Did students have a voice in the classroom that was heard and respected by the
instructor? These questions discuss important characteristics of the mathematics classroom that
may be overlooked, but these dimensions did not attend to the mathematics present in the
classrooms. Thus, they did not capture the variation in content that was observed in the video
clips.
Many of the RTOP items point at how the instructor presented the mathematics and if
these presentations included any conceptual discussions or abstractions. However, it is difficult
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to assign scores in these areas because it is not clear how a 4-point score would differ from a 1or 2-point score. For example, the RTOP item “The lesson promoted strongly coherent
conceptual understanding” attends to the presence of a conceptual discussion about the
mathematics, but there are no guidelines for how mathematically vague or incorrect language
affects the scoring. Further, it is unclear how a lesson that is entirely conceptual should score
differently from one that is mostly procedural with explanations for each step. Similarly, the
RTOP code “Elements of abstraction (i.e. symbolic representations, theory building) were
encouraged when it was important to do so” is difficult to apply without having an understanding
of what an abstraction looks like within Asymptotes and End Behavior of Rational Functions and
Solving Quadratic Inequalities. Even if it was clear what an abstraction would look like in these
settings, it is not obvious when or if it is important that the abstraction is provided. The RTOP
places a focus on important aspects of the mathematics such as conceptual understanding and
abstraction, but it is not clear how to accurately score these dimensions, and thus the variation in
mathematics present in the videos is not noticeably captured by the protocol.
Overall, the MQI captured the most detail in the variation of the mathematics presented
during instruction, particularly when considering the presence of multiple procedures, the
connections between representations, and mathematical errors or casual language. However, the
scores alone do not explicitly reflect the variations in the mathematics. Instead, the dimensions
narrowed the observation to a specific component of the lesson, helping to identify and classify
the differences in the mathematical presentations. Therefore, although the scores do not reflect
all aspects of the variation, the MQI offered the most insight into the variation in mathematics by
focusing the observation on areas where variation could occur.
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5. Discussion
The purpose of this study is to address the variation in mathematics presented in College
Algebra classrooms and to analyze how three observation protocols – MQI, RTOP, and TRU
Math – capture this variation in content. With this intention in mind, I summarize in this chapter
the key results from observing Asymptotes and End Behavior of Rational Functions and Solving
Quadratic Inequalities lesson clips. Also, I consider ways to adapt the observation protocols for
better use in post-secondary contexts, and I discuss implications and ideas for future research.
5.1 Variation in the Mathematics
The mathematics presented during the video clips varied greatly despite commonalities in
the course structure across instructors. The instructors in this study met weekly to discuss the
course; the purpose of these meetings was to create a community of practice (Wenger, 1999),
and the instructors involved used the same course materials including in-class activities, online
homework, and overall content organization. Because of this standardized course planning, I
anticipated that the mathematics presented during instruction would also be similar. However,
there was a wide variation in the mathematics offered by instructors. These variations can be
summarized into three categories: Step-by-Step Instruction, Multiple Solution Methods, and
Mathematical Errors. The overall ability of each protocol to capture these three types of
variation is provided in Table 5.1.

Table 5.1 Categories of Variation and the Observation Protocols

69
In both the Asymptotes and End Behavior of Rational Functions and Solving Quadratic
Inequalities videos, it was uncommon for two instructors to present the same solution method.
There were some overlapping qualities between lesson clips; for example, the instructors used
similar vocabulary to describe mathematical concepts, and there were standard themes presented
with each of the topics. These themes included the notion that vertical asymptotes involve
considering the denominator and the process of first solving an equality when given a quadratic
inequality. Despite some commonalities, there are no unifying features in the processes used in
these videos.
For both of the mathematical concepts I studied, the textbook provides step-by-step
procedures that are applicable to all examples. In contrast, none of the instructors presented the
solution methods described in the textbook. Moreover, some instructors applied procedures that
were only useful for problems presented in a specific form. At most, the methods provided by the
instructor and the textbook were similar, but not identical. Because the online student homework
is taken from textbook materials and exercises, many students will be exposed to the textbook
procedures at some point during their independent work. Therefore, it may be beneficial for
instructors to integrate the methods described in the textbook into their lessons.
Further, the instruction I observed featured disparate levels of conceptual explanations
and mathematical sense-making. Some instructors spent the majority of the video clip discussing
why a particular process was appropriate for finding the requested solution, while others focused
on the procedure and the purpose of each of its steps. There was variation within these
instructional types as well; for example, when choosing a solution method, some instructors were
explicit about why the decision was made, but others simply chose a procedure and did not
mention the other options available.
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This scenario of multiple methods presented independently without comparison or
explanation has implications for student success. Without rationale for why one procedure is
more suitable than another, students are not likely to know which method should be applied in a
given situation. On average, nearly half of the students who enroll in College Algebra will not
pass the course (MAA, 2007), and because many of these students require College Algebra for
their degree, they will need to complete the course again during their college career. Given the
variation in the mathematical procedures I observed, it is possible that, when retaking the course
with a different instructor, a student could be exposed to a solution method they had not
previously seen. Further, this method could be presented with little mention of the other available
procedures or their applicability. In this situation, a student would be learning a new procedure to
solve a problem they potentially already knew how to complete using a different process.
The presence of multiple solution methods could be helpful to student learning. Knowing
which mathematical technique to apply to a given example is a useful mathematical skill, so
providing multiple solution methods could help students build their mathematical knowledge.
However, in most of the video clips where more than one procedure was presented, the methods
were presented separately, applied to different examples, and not compared to each other.
Instructors seem to have some mathematical intuition about which procedure will work best in a
particular situation, but I observed that this thinking is often not communicated to students. In
general, the affordances and constraints of a given method are not discussed in the videos I
analyzed. It is an important mathematical skill to be able to consider multiple solution methods
and decide which is most suitable for a given problem, but this practice was rarely developed in
the lesson clips I studied.
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5.2 Usefulness and Applicability of the Observation Protocols
The MQI, RTOP, and TRU Math observational tools were used as a lens to view the
mathematics present in College Algebra instruction. In particular, my research goals were to
determine and assess what mathematics was captured by these protocols and to address the
differences in the mathematical content each protocol identified. I observed wide variation in the
mathematics in both the Asymptotes and End Behavior of Rational Functions and Solving
Quadratic Inequalities video clips, and I was optimistic that the protocols could provide a finegrained view of what was happening mathematically during instruction; however, the protocols
varied in their ability to do so.
Overall, none of the instruments were entirely successful in capturing the variation in
mathematics. The RTOP and TRU Math protocols prompted my thinking about the qualities of
the mathematics in the lessons, but the lack of detailed scoring guidelines made the tools difficult
to apply. While some of the RTOP and TRU Math codes applied to the mathematical content,
others focused on aspects of the lesson that were not present in most of the video clips. In
contrast, the MQI provided the most detailed depiction of the content and was best-suited for
capturing variations in the mathematics.
The purpose of the RTOP is to identify the presence of reform-based teaching practices in
mathematics and science classrooms (Piburn & Sawada, 2001). When applied to the College
Algebra video clips in this study, it was difficult to know how to score accurately with the
RTOP. The nine lesson clips used were chosen specifically because they featured primarily
teacher exposition. Because reformed teaching prioritizes student-centered activities, I
anticipated that the teacher-centered videos I chose would have some characteristics the RTOP
did not capture. However, I did expect that the RTOP would capture some of the mathematics
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present, particularly because I chose to score only the content-specific codes. Although the
RTOP did provide interesting insight and ideas for future research questions about the
mathematical content present in College Algebra, it did not succeed at capturing the variation
present during instruction.
In particular, the following three RTOP items pointed at important mathematical ideas
but were not specific enough to score consistently or to accurately capture the variation in
mathematics:
•

“The lesson involved fundamental concepts of the subject.”

•

“The lesson promoted strongly coherent conceptual understanding.”

•

“Elements of abstraction (i.e. symbolic representation, theory building) were
encouraged when it was important to do so.”

These items are worthy points of discussion when determining how to teach mathematical
concepts, and it would be meaningful to explore how each of these items present themselves
when applied to specific College Algebra topics. However, conducting this analysis is not within
the bounds of this project, and without clarification of how these items look in practice, it was a
struggle to assign scores reliably.
Additionally, although the RTOP does have one item that attends to the presence of
multiple representations, “Students used a variety of means (models, drawings, concrete
materials, manipulatives, etc.) to represent phenomena,” this code was not extensive enough to
capture the variation in solution methods observed in the lesson clips. Furthermore, some of the
practices captured by the RTOP items were not present in the videos and were thus not useful for
my observations. For instance, the “Connections with other content disciplines and/or real world
phenomena were explored and valued” and “Students made predictions, estimations, and/or
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hypotheses and devised means for testing them” codes apply to practices that were not present in
most of the videos. Overall, the RTOP provided insight about the mathematical content that
could be present in College Algebra lessons, but it did not attend to the variation in the content
that was observed in the videos chosen for this study.
The TRU Math protocol also had dimensions that attended to aspects of instruction that
did not occur in the observed lessons. In particular, the Equitable Access to Content and Agency,
Ownership, and Identity codes address the ways in which the instructor allows for equal student
participation and uses student contributions. These codes prompt interesting questions about
what a mathematics classroom could look like, particularly in creating an equitable learning
experience for all students. However, these dimensions do not attend to the teacher-led
presentations of mathematics that I observed and thus were not insightful when considering the
variation in the content.
Further, the grain-size used by the TRU Math protocol for capturing the mathematics was
too large; that is, the five dimensions scored with the three-point scoring scale did not provide
enough nuance to address the variation in mathematics. In the TRU Math framework, The
Mathematics dimension addresses if the content is appropriate for the context, if the instruction
offers connections between mathematical ideas, and if students have opportunities for “building
a coherent view of mathematics” (Schoenfeld et al., 2014b). While this does capture some
differences in the mathematics, it does not provide room to distinguish between closely-related
presentations, such as two video segments featuring the same mathematical procedure but with
different levels of explanations and justification. Similarly, the Cognitive Demand dimension
attends to the opportunities for “conceptual richness” and “productive struggle” that are available
to students (Schoenfeld et al., 2014b), but it is difficult to apply this code to a lesson clip where
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the instructor lecture is mostly procedural and no time is provided for students to independently
work with the mathematics.
From my use of the TRU Math protocol, it seems that the protocol would be more useful
if applied to complete lessons where the observer can learn more about the instructor’s intentions
and goals for the session. This way, the three-point scale could be used to provide a broad
analysis of the full lesson or address how the instructor achieved their intended goals for the
class session. This conversation between the instructor and the observer is suggested in the TRU
Math documentation (Schoenfeld & the Teaching for Robust Understanding Project, 2016), and
from my experience with the protocol, I assert that this is a more suitable application for the
TRU Math protocol.
In addition, neither the RTOP or the TRU Math instruments explicitly address how to
adjust scoring when mathematical mistakes occur. Therefore, these protocols were difficult to
apply in instances where mathematical errors occurred or vague language was used. On the other
hand, the MQI dimension Errors and Imprecision is specifically designed to capture these types
of inaccuracies. Because there are three individual codes in the Errors and Imprecision
dimension to capture different types of mathematical flaws, the MQI was able to provide more
insight into the precision and rigor of mathematics than I was able to observe without the
instrument. Therefore, this dimension was one of the primary affordances of the MQI.
Furthermore, the Richness of the Mathematics of the MQI dimension also provided
insight about the mathematics present in the lesson clips, but there were still characteristics of the
content that were not captured. For instance, some the aspects of instruction deemed important
by the MQI do not seem applicable to College Algebra content. In particular, the mathematical
presentations were often heavily procedural with occasional sense-making discussions. However,
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the MQI does not attend to the steps of the procedures and instead captures whether multiple
methods were presented or if the procedure was explained. In particular, the MQI scores “why”
explanations and does not capture “how” explanations that are often present when describing
procedures. This indicates that the codes may need to be adapted to be more suitable for postsecondary contexts. Also, the scores themselves do not describe the observed variation; that is,
with only the scores to compare, the variation in the mathematics is not obvious. A more
accurate picture of the mathematics is visible when the notes and the scores are viewed together.
Overall, none of the observation protocols capture the variation in the procedures that
were presented. Much of the teacher exposition I observed in the video clips was primarily
instructors describing the procedures used to solve a problem. There were occasionally
explanations of why a particular step was appropriate, and this was captured by the MQI, but the
procedures were generally explained step-by-step. Further, the steps chosen by instructors were a
large point of variation in the mathematics. All three observation protocols place emphasis on
conceptual rather than procedural explanations and sense-making, but the video clips I observed
featured primarily exposition of procedures.
Procedural explanations may not be the most effective way to communicate mathematics,
and making this judgement about is outside the scope of this project. However, it is important to
note that step-by-step instruction was used frequently in the lesson clips I viewed and was not
captured by any of the protocols. The MQI, RTOP, and TRU Math protocols are intended to be
descriptive rather than evaluative, and so ideally the protocols would describe all of the
instruction observed regardless of its effectiveness. Thus, because presentation of procedures
was frequently present in the College Algebra instruction I observed, the protocols would more
accurately describe the lesson clips if they included codes for capturing step-by-step instruction.
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To improve usability in post-secondary classrooms, it would also be worthwhile to
consider the presence of important mathematical concepts and methods during instruction and
how these are presented. For this study, I chose two topics that translate to Calculus contexts,
particularly because they utilize important mathematical skills, namely testing intervals to
determine characteristics of a function and understanding behavior of rational functions. I
expected the observation protocols to reflect the presence of these practices, but none of the
instruments fully captured them.
In some videos, the instructor explains why a certain procedure is appropriate; this is
done by relating the method to a procedure used in other mathematical contexts or by discussing
its applicability to more complicated problems. At most, this was captured by some of the
meaning-making or explanation-focused codes in the instruments; none of the observation
protocols focused specifically on capturing discussions about the usefulness of these procedures.
Therefore, in developing or adapting the observation protocols to be used in post-secondary
contexts, it would be beneficial to consider how the presence of important mathematical concepts
and methods can be best captured.
Although none of the observation protocols were perfectly-suited for capturing the
variation in mathematics I observed, it was still useful to have the instruments as a lens. The
MQI, RTOP, and TRU Math protocols are not specific to undergraduate mathematics classes,
and this did affect their usefulness when viewing the selected College Algebra clips. The RTOP
and TRU Math protocols were difficult to apply to the shorter, teacher-specific videos I chose,
but they prompted intriguing questions about the mathematics. The two dimensions of the MQI I
applied to the videos were more straightforward to score with; the codes generally corresponded
to practices that were present in the video clips, and the accompanying scoring guidelines and
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online training modules helped me understand how to use the codes. Overall, the MQI was an
effective tool for observing my chosen College Algebra lesson clips.
5.3 Considerations for Future Research
Beginning this project, I had hypothesized how the observations would unfold. I had
viewed some video clips of other mathematical concepts from the College Algebra video data for
previous research (Beisiegel et al., 2016a; Beisiegel et al., 2016b), and so I was aware that there
was variation in the mathematics presented. Thus, I anticipated some variation in the content
when I began watching lessons in Asymptotes and End Behavior of Rational Functions and
Solving Quadratic Equations for this study. However, I did not expect to see as many differences
as I did. In my observations, it was uncommon for the same solution method to be presented in
any two video clips. Even in the cases where there were two or three lesson clips featuring the
same instructor, a different mathematical procedure was presented in each of the segments. This
is especially shocking because the course was in some ways standardized; the instructors met
weekly to create a community of practice (Wenger, 1999), and common activities, content
organization, and online homework were used by all instructors. Therefore, in my observations,
the variation in the mathematics occurred because of the instructors’ decisions in the classroom,
not because of the curriculum or the course materials.
The restructured College Algebra course in this study provides a unique setting for
studying the mathematical content presented by instructors. Looking forward to future research, I
believe having common course materials and planning between instructors is ideal for
investigating variations in the mathematics. By controlling variables such as student homework
and activities, the organization of content, and exams or other assessment, the choices made by
the instructor during a lesson can be isolated and examined. Further, there are benefits to having

78
an outside perspective and watching recorded videos without context or information from the
instructor, particularly in capturing the course without any observer interference. However, I
suggest that future researchers embed themselves more intentionally into the lesson-planning
process. In particular, it would be meaningful to discuss the mathematical content with an
instructor before the lesson and to record their plans for presenting the mathematics. This could
take place individually or in the weekly course meetings. From my observations, I hypothesize
that the weekly meetings taking place for this study were focused on planning and organization
and not how the mathematics was going to be presented.
This research confirms that there can be widely varying mathematics offered to students
in a College Algebra class. Instructors make a choice to present the mathematics in a particular
way, and it is possible that they are not deliberate about this decision or aware that there are
alternative solution methods or techniques they could discuss. It would be meaningful to meet
with instructors before their lessons to explore these ideas. Then, the class session could be
observed, potentially using one of the observation protocols used in the present study, to identify
what aspects of the planned curriculum were enacted. Broadly speaking, I suggest that future
researchers ask, “Why do mathematics instructors teach the mathematics the way they do?”
Additionally, researchers may consider observing complete lessons rather than video
clips. Applying a fine-grained protocol such as the MQI to a longer video would drastically
increase the amount of time needed to collect data, but a condensed protocol like the RTOP or
the TRU Math protocol would be more time-efficient. Because all three protocols were used in
this study, it was appropriate to use only video clips rather than entire segments. This reduced the
time needed to score the protocols and allowed me to focus specifically on the variation in the
mathematics presented between similar examples. However, considering a lesson from beginning
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to end or observing consecutive lessons covering the same mathematical concept could provide
interesting results about how instructors motivate important mathematical ideas or relate new
topics to previously covered material.
Another possibility for future research is to investigate the multiple methods presented by
instructors when teaching a specific mathematical concept. In my observations, no two
instructors used the same procedure. Thus, there are many options for how to solve a given
problem. This variation made it difficult to apply the RTOP and TRU Math frameworks – many
of the dimensions in these protocols require the observer to make judgments on the quality of the
mathematics presented. For example, what abstractions and representations would be present in a
high-quality lesson about solving quadratic inequalities? How does an instructor best balance
conceptual discussion and procedural explanations about horizontal and vertical asymptotes?
Considering these questions would provide insight about how to best apply the RTOP and TRU
Math protocols to College Algebra lessons.
I believe that to improve the pass rates of College Algebra, it is essential to address the
variation of mathematics offered to students. Applying the MQI, RTOP, and TRU Math
protocols to a subset of College Algebra lessons illuminated the many disparities in the
mathematical content and solution methods that instructors present. The next step is to consider
why this variation is occurring. I suggest that future researchers become involved in the course
through meetings with instructors both before the teaching occurs and in post-lesson interviews.
Because wide variation occurs in the solution methods used, researchers should talk with
instructors about their decisions to present particular procedures.
A protocol could be used to observe what mathematics is enacted during lessons; the
MQI was most effective for capturing the mathematical content, but it did have some constraints.
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In particular, the MQI training is time-consuming, and the instrument must be applied to video
recordings. A more condensed protocol is needed for researchers who intend to conduct prelesson meetings, class observations, and post-lesson interviews. The RTOP and the TRU Math
protocols have fewer dimensions and could be implemented more quickly to provide feedback to
instructors, but I found that many of their codes are not applicable when analyzing the
mathematical content. Therefore, a more condensed observation protocol that also includes
additional procedure-focused codes to capture step-by-step instruction would be ideal for further
studying the qualities of the mathematics presented during College Algebra instruction.
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Appendix B: Video Clip Transcripts
Asymptotes 1 Transcript
Teacher:

So, the first question, we gave you a rational function, and we basically
asked you the usual: What are the roots? What are the asymptotes? Are there
any holes? So, we’re just analyzing this function. So, there’s one of the parts
here that I can answer right away with the function in the form that it’s in.
What part can I answer right away?

Student 1:

Whether there’s a horizontal asymptote.

Teacher:

Whether there’s a horizontal asymptote. And why is it nice when the
polynomials are in this form?

Student 2:

Because you can see the highest degree.

Teacher:

I can really see the degree of each polynomial really easily. So, I have a
degree 3 on the bottom, a degree 2 on top. What does that mean?

Student 3:

[Inaudible] [00:00:52].

Teacher:

Yeah, that means the denominator’s growing faster, so I have fractions that
are getting smaller and smaller, or going to 0. So, I have a horizontal
asymptote at y = 0, and we always write it as an equation, y = 0. The
asymptote is not 0; it’s y = 0.
Okay. Now, for the rest of these parts, what do I want to do to my function?

Student 4:

Factor its [inaudible].

Teacher:

I want it in factor form because all the questions about roots, vertical
asymptotes, or holes are comparisons of the factors in the numerator and the
denominator. So, what can I factor out on top?

Student 4:

-2 on the top.

Teacher:

Yeah, -2 on the top. So, I get (x² + x – 6). And what can I factor out on the
bottom, for starters?

Student 5:

x.

Teacher:

x. So, I get x * (x² - 7x). And your version might have been slightly different
than this, but it’s the same procedure. So, what do I do from here? What do
I get on top? I have an (x + 3) and an (x – 2). These multiply to -6 and add
to positive 1.
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What about on the bottom? I’m gonna have an (x – 5) and an (x – 2). Again,
these multiply to a positive 10 and add to a -7.
So, these are my factor forms for the top and the bottom. So, now you can
just read off the answers for the remaining parts from this function. So, the
first one asks about the roots, so where do I look to find the roots of a
rational function?
Student 6:

The numerator.

Teacher:

The numerator. So, are my roots at -3 and 2?

Student 7:

No.

Student 8:

It’s actually I think “+ 2x” in the first part on the sheet.

Teacher:

So, you might have had a different form, yeah. So, there are a couple
versions of this, so this might not be your exact equation, but, again, it’s the
same general procedure.
So, for this one here, are my roots at -3 and 2? Just at 3. Why? 2 shows up
in both. 2 is gonna be a hole in the graph, and so a lot of you listed it as a
root and as a hole. It can only be one or the other. So, when we list the roots,
the vertical asymptotes, and the holes, there should be no x value that shows
up in more than one of those lists.
So, the only one we have for the roots, we’re looking for factors that are in
the numerator but not in the denominator. So, for the roots, we only have a
root at x = -3.
Okay, so what about the vertical asymptotes? The vertical asymptotes are
where only if the denominator is 0. So, again, we can’t include 2, so is it
just x = 5?

Student 9:

0.

Teacher:

And 0. And everybody always forgets about this poor little x that’s out here
by himself. Don’t forget about it, even though it’s not x minus a number. If
you want, rewrite it as (x – 0). That is a factor. It contributes to the degree.
It contributes to the vertical asymptote or the roots. So, this factor, we
wanna count, and this factor, because they show up only in the denominator.
So, those two, we get x = 0, and again, these are equations. They’re not 0
and 5. They are x = 0 and x = 5.
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And so, finally, that leaves us with a hole in the graph at x = 2 because this
one shows up in both. So, that’s where we find the holes in the graph.
So, again, a lot of you had multiple ones of these points listed in different
lists here. It can only be a root or a vertical asymptote or a 0. It can’t be any
combination of those. So, again, if you had written down 2 here, but then
you get to this part and you write it down as where there’s a hole in the
graph, you should realize there has to be a mistake there.
So, any questions on that? Yeah?
Student 10:

How come you write vertical asymptotes as “x =” instead of “x ≠”?

Teacher:

So, what is a vertical asymptote or a horizontal asymptote? They’re a line,
right? It’s a line, a horizontal line or a vertical line, that the function is
approaching. So, it’s true that the function is not defined there, so x cannot
equal 0 or 5, but they way that we describe the asymptote is the equation of
that line. So, yeah, the function, that’s not in the domain, but we’re, again,
just describing how we draw that dotted line. What is the equation of that
dotted line? That’s the actual asymptote. Yeah?

Student 11:

So, the horizontal asymptote is just because the degree of the top is higher
than the one on the bottom?

Teacher:

Yes.

Student 11:

That makes it 0 every single time?

Teacher:

Every single time because that means the denominator grows faster, so
we’re getting fractions that are bigger and bigger denominators, so they’re
shrinking down to 0.
So, a lot of you did write that it should be -2. When do we do that? When
would it be y = -2?

Student 12:

When they’re the same degree.

Teacher:

When they’re the same degree, then we compare. Or, a lot of you were
looking here, and you’re like, “Oh, it’s a -2 over just a 1,” because you don’t
think of this as a factor, you think of it as a coefficient. This is not a
coefficient, so that’s why we want to look here again.
And then, the third case is if the top is a greater degree than the bottom, then
what happens then? No horizontal asymptotes.
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So, any questions on this? Okay, so the last question, there were some
problems with the – maybe I’ll just talk about it really briefly.
[End of Audio]
Duration: 7 minutes
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Asymptotes 2 Transcript
Teacher:

Got it? [Inaudible] [00:00:21]. If you look for the horizontal asymptote of f of x.
Y equals zero in the x-axis, because the degree of the denominator is greater than
the degree of numerator. So, we’re just going to have y is equal to zero on the xaxis. So, f of x, we’re going to have y equals zero, which is the x-axis. What about
g of x, where’s that horizontal asymptote there?

Student 1:

Three.

Teacher:

The line y equals three. That means we draw horizontal line, where y would be
equal to three, and that’s because the degrees are equal, so let’s do the ration of
the leading coefficients. So, y equals three and what about h of x?

Student 1:

Two.

Teacher:

Two, right? Same idea. Y equals two. Good so far? Piece of cake, that’s easy.
Who said math was hard? Alright, vertical asymptotes; we talked about this last
week. It’s really division by zero, right? We talked about how – you guys are so
tired. You’re all yawning like at the same time. I should bring coffee to class. So,
vertical asymptotes, we had this division by zero thing happening. Remember
when we got really, really close to zero in the denominator? The entire ratio got
huge, right? Think about four dollars divided by a dollar. You would have four
dollars. Four dollars divided by ten cents, you’d have 40 dimes. Four dollars
divided by pennies, you’d have 400 pennies.
As we divide by something smaller, and smaller, and smaller, our outcome’s
going to get bigger, and bigger, and bigger. That’s where we get these vertical
asymptotes. They’re shooting off to positive infinity or negative infinity. The
vertical lines make vertical asymptotes happen when the denominator is zero. So
you have to take a look at the denominator and find out what values of x make the
denominator zero. Take a look at those three functions on your paper, f of x, g of
x, and h of x. We’re going to be looking at those for the next half hour. So what
makes the denominator of each of those zero?
We’ll have to use some factoring, everyone’s favorite f word. Let’s see,
[inaudible]. You’re here, cool. [Inaudible] So what makes the denominators zero?
[Inaudible] I hear a conversation here. What’s up? What is–?

Student 2:

Denominator

Teacher:

Denominator versus numerator, right? For vertical asymptotes, it’s all about the
denominator. We’ll get to the numerator when we’re talking about x-intercepts,
but for vertical asymptotes, it’s all about the denominator. What makes the
denominator of f of x equal zero? Let’s take a look at the second denominator
equal to zero. So, x cubed minus x equals zero. We always want to take a look. Is
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there a common factor first? Do both of these terms have something in common?
They both have an x. So, I’m going to factor out an x first and I’m going to be left
with x squared minus one. X squared minus one follows a pattern. It’s a
difference of squares and I can factor that as x minus one, x plus one.
Now notice that each of those factors equal zero, including the x. So x equals
zero, x minus one equals zero, x plus one equals zero. So, f of x will have vertical
asymptotes at zero, one, and negative one. It’s going to have three. That’s more
vertical asymptotes than f of x. How about g of x? How many vertical asymptotes
does it have? Lizzy, you said one? How do you factor the denominator of g of x?
Student 3:

It can factor down to x plus four squared.

Teacher:

Okay, so x plus quantity four squared.

Student 3:

Which just equals negative four.

Teacher:

Another way to write this is x plus four times x plus four. So, I set those equal to
zero, and I solve – I can write today. So x equals negative four and x equals
negative four, so it’s the same value, right? So I’m only going to have one vertical
asymptote for g of x and that’s going to have a negative four. What about h of x?
How many vertical asymptotes? What do you think? Yeah, [inaudible] [00:07:16],
how do you factor the denominator?

Student 4:

X minus two, x minus one.

Teacher:

X minus three, x plus two equals zero. What two numbers multiply to give you a
positive two and add to give you a negative three? X minus two times x minus
one, so we’ll have two and one. So, f of x is going to have the three asymptotes, g
of x is going to have one asymptote, because these factors are actually the same,
and then h of x should have two asymptotes, two and one. Any questions so far?
How very exciting. Okay, so, another thing–

[End of Audio]
Duration: 8 minutes
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Asymptotes 3 Transcript
Teacher:

So let's see here. What about that first function there? Does it have a
horizontal asymptote? If it does, what is it? Yes, no, maybe? So what do we
want to look at in terms of thinking about whether it has a horizontal
asymptote or not? Pardon? Well, the – we want what? The numerator is part
of it but we have to look at the –

Student 1:

The degree.

Teacher:

Both the degree of both the numerator and the denominator, right? Anything
else, anybody else want to add to that? What do you look at when we're
looking at horizontal asymptotes.

Student 2:

The leading coefficients.

Teacher:

Pardon?

Student 2:

The leading coefficients.

Teacher:

The leading coefficients. Do we always look at the leading coefficients?

Student 2:

For horizontal, you should.

Teacher:

Okay. Okay. What's horizontal asymptote, what are they about really?
Yeah.

Student 3:

The smallest acute root you can get from [inaudible] [00:01:45.8] so it's
partly [inaudible].

Teacher:

Okay. Right. It's about end behavior. Horizontal asymptotes are about end
behavior, right? We talked about end behavior early on with polynomials.
Does a polynomials itself ever have any horizontal asymptotes? No. Never
but we still talk about end behavior and end behavior of a polynomials is
determined by the degree, whether it's odd, it's going in opposite directions
and the leading coefficient whether it's positive or negative.
Right. If it's even, the ends are going in the same direction up or down
whether the leading coefficient is positive or negative. Because this is end
behavior, we do not care about the trailing terms. We only care about the
leading terms. What are the leading terms of the numerator of F here?
What's the leading term in the numerator?

Student 4:
Teacher:

X squared.
X squared. So F of X is approximately equal to X squared. What's the
leading term in the denominator? X is approximately equal to this when X
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is B, negatively or positively. And so what's this reduce down to? Well, X
over one or just X, right.
What happens to X when X gets really big? Well, X gets really big when X
gets really big, right? So what does that mean about horizontal asymptote?
It means the function is getting really big as X gets really big which means
that as X gets really big, this function is going off like this. Does that have
a horizontal asymptote? No. It's going to go off and continue getting bigger
and bigger and bigger.
Now, what's going to happen to this one when I look at the leading
coefficient or the leading terms? G of X is going to be approximately what?
One over X? Does that make sense? X over X squared reduces to one over
X. As long as we're only thinking about end behavior this is virtually true.
What happens when X gets really big here? One over 10, one over 100. One
over a thousand, one over a million, one over a trillion. What's happening
to this value of this function, the output when X gets really really big?
Student 4:

It gets smaller.

Teacher:

It's getting smaller. It is going to zero. So we have a horizontal asymptote
at Y equal zero. This function is looking like this. And over here, the end
behavior is this. I don't know what's going on in here and I don't really care.
What's going on in the middle there doesn't really have anything to do with
horizontal asymptotes. Okay. Okay. What about vertical asymptotes? The
top one. Does it have any vertical asymptotes?
What did we talk about last time in terms of vertical asymptotes? What has
to be the case?

Student 1:

Finding roots.

Teacher:

Finding roots of the denominator so the values that make the denominator
zero. Are all of those always going to be vertical asymptotes? No. What has
to be true?

Student 5:

One can be a hole.

Teacher:

One can be a hole so what's the distinction of when there is a vertical
asymptote and when there's a hole? If the value of X that makes the
denominator equal to zero, if there's going to be a vertical asymptote, what
has to be true about the numerator? It can't also be zero. So on the top one,
what makes the denominator zero? Zero. Does zero also make the
numerator zero?

Student:

No.

138

Teacher:

No. Therefore, for the top one, X equals zero is a vertical asymptote. What
about the bottom one? Does it have one, two, three, four, none vertical
asymptotes?

Student 1:

Two.

Teacher:

Two, what are they?

Student 1:

[Inaudible] [00:07:16.9].

Teacher:

Okay. Vertical asymptotes are X equal one and X equal negative one.
Neither of those make the numerator zero. What about holes? How do I
determine if there's a hole?

Student 1:

[Inaudible].

Teacher:

Okay. So what does that mean in terms of zero? You're exactly right.

Student 1:

[Inaudible].

Teacher:

So holes are going to happen where the denominator is zero, where the
function is undefined but what has to be true about the numerator? For a
hole, rather than a vertical asymptote.

Student 1:

Also zero.

Teacher:

Also zero. There's going to be a hole whenever a value of X makes the
numerator and denominator both zero at the same X value. Do either of
these have a hole? Is there any value that makes the numerator and the
denominator zero at the same point? No. Right. The only thing that makes
the denominator zero in the first one is zero and that makes the numerator
negative one. The things that make –

[End of Audio]
Duration: 9 minutes
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Asymptotes 3 Transcript (continued)
Teacher:

The denominator zero [inaudible] [00:00:01] plus or minus one and they don’t
make the numerator zero. Either of those, right? What about the zeroes, or the
root, or the x-intercepts of these two functions? What do I need to have happen
for it to be a zero?

Student 1:

Find the zero.

Teacher:

Find the zeroes of the numerator. When is a fraction equal to zero? What over five
is equal to zero? Zero, only zero. What over zero is equal to zero? Nothing.
Nothing over zero is equal to zero because I can’t divide by zero, okay? So what I
need for the zero is for the numerator to be zero and the denominator to be?

Student 1:

Not zero.

Teacher:

Not zero, right. Okay, so you can have those three cases: numerator zero,
denominator not zero; denominator zero, numerator not zero; and both zero.
Those are the three different things that we’re looking at. So the zeroes for f are
what? X equals plus or minus one. Neither of those makes the denominator also
zero. The zeroes for g are x equals zero. I know that’s all those are reciprocals of
each other, so what’s the vertical asymptote of one and zeroes on the other, what’s
the zeroes on one and the vertical asymptotes on the other, right? So, let’s see.
What about – oh, almost gave the answers away. What about this one? Oops, I
don’t have the right order for it.
Horizontal asymptote, does it have one? And if it does, what is it? Here’s a case
where you’re talking earlier about the leading coefficients when the degree is the
same. Now why is that case? Why can I look at the leading coefficients when the
degree is the same? Well, what did I call this one? H of x. What’s the leading
term of the numerator of this thing? X squared. What’s the leading term of the
denominator of this thing? X squared. So this is approximately equal to x squared
over x squared when x is big, but what is x squared over x squared?

Student 2:

One?

Teacher:

One, right? So this has a horizontal asymptote of y equal one. Now, let’s just
assume that this term was ax squared minus one and this is bx squared minus
three x. In other words, I have an a and a b here. Now what’s that term? If I
reduce this down, what do I get?

Student 3:

A over b.

Teacher:

A over b. All I really have to look at is leading coefficients because when my
degree is the same; all of the x’s are going to cancel out when I’m looking at only
the leading terms. What’s left? Just the two leading coefficients, the way you
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show the two leading coefficients. This has the horizontal asymptote at? Y equals
one. The leading coefficients, both of them are one. One over one is one. These
are now the vertical asymptotes. How many? One, where is that? X equal?
Student 4:

Two.

Teacher:

Two. Two does not make the numerator zero. In factored form, it’s easy to see
that. What about x equals one? What is that?

Student 4:

A hole.

Teacher:

It’s a hole, because of x equals one, I’m going to get zero over zero. Because if I
put one in the numerator up here, I’m going to get zero times two, and if I put one
here, I’m going to be zero times negative one. Zero over zero, either way. Okay, I
kinda wanted to–

[End of Audio]
Duration: 6 minutes
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Asymptotes 4 Transcript
Student 1:

Oh. Okay. Okay, okay, okay. That makes sense.

Student 2:

What about two and four?

[Crosstalk]
Teacher:

Okay. How about the asymptotes? Has everybody got a chance to figure out
what the asymptotes are? We’re gonna take a look at that last problem. So
unless you’re working on this one. So on this problem that’s up on the
screen –

[Crosstalk]
Teacher:

Has everybody figured out what the asymptotes are?

Student 3:

Yes.

Teacher:

Does it have any horizontal asymptotes?

Student 4:

Yes.

Teacher:

Yeah. Okay. Does it have any vertical asymptotes?

Student 4:

Yes.

Teacher:

Yeah. Okay. Let me see here what I have. Okay. Here’s what I factored it
into. Let me see what my first question. What is, if any exist, the horizontal
asymptote?

Student 4:

Two.

Teacher:

Anyone?

Student 4:

Two.

Teacher:

Two? What do you mean by two?

Student 5:

Two.

[Crosstalk]
Teacher:
[Crosstalk]

Okay.
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Teacher:

Is that how you write a horizontal asymptote? You just put two?

Student 4:

No.

Teacher:

Okay. How do you write a horizontal asymptote? Asymptotes are lines.
They happen to be vertical lines and horizontal lines.

[Crosstalk]
Student 4:

Y equals two.

Teacher:

Pardon?

Student 4:

Y equals two.

Teacher:

Y equals two. Okay. Why do you know that? How do you know that that’s
a horizontal asymptote from the information we’re given here? Anyone?
Maybe someone else. Yes.

Student 6:

Because I feel like the degrees are the same so they’re both two.

Teacher:

Okay. So their degree is the same.

Student 6:

So you do –

Teacher:

Numerator and the denominator. Right? A rational function is what? What’s
the definition of a rational function?

Student 7:

A function that’s rational.

Teacher:

Pardon?

Student 7:

A function that’s rational.

Teacher:

Well, okay. Okay, a function that’s rational. Describe to me a function that’s
rational.

Student 7:

It has a numerator and a denominator and it produces a graph.

Teacher:

Okay. So F of X equals … yeah. That’s a little … yeah. Okay, so what’s in
the numerator and what’s in the denominator?

Student 8:

[Inaudible] [00:02:46] equal degrees.

Student 7:

Quadratics.
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Teacher:

Quadratics. And there may be real numbers but take a look here. What do
we have in the numerator? What’s the numerator of this function?

Student 4:

Two X squared plus two X minus 12?

Teacher:

Two X squared plus two X minus 12. What is that?

[Crosstalk]
Teacher:

What kinda function is that? I just heard somebody say it.

Student 4:

Polynomial.

Teacher:

Polynomial. So a rational function is the ratio of two polynomials. So when
we’re analyzing rational functions, a lot of what we’re doing is we’re
analyzing the numerator and we’re analyzing the denominator. Okay. So
we’re looking at those things. Sometimes, separately, but sometimes
together. Okay? I might wanna come back to this but let’s move on here a
little bit more. What are the vertical asymptotes? Yes. Somebody we
haven’t heard from yet. Sorry. Thank you –

Student 4:

It’s alright.

Teacher:

Very much.

Student 9:

Two and four.

Teacher:

Two and four. Do you want to express those a little more clearly?

Student 9:

X equals two.

Teacher:

X equals two and X equals four. Okay. Anybody, everybody have that?
Okay. You have something different.

Student 8:

Since there’s X minus two in the numerator and the denominator, they
cancel each other out and that doesn’t count as horizontal asymptote.

Teacher:
Student 4:

Okay. Okay. So what happens to the function as X gets near a vertical
asymptote? Graphically, what happens to the function?
It gets close to it.

Teacher:
Student 4:

Pardon.
It gets infinitely close to it.

Teacher:

It gets infinitely close to it but what happens – you’re exactly right. The
graph gets infinitely close to it but if the graph is getting infinitely close to

144
a vertical line, what’s happening to the value of the function as X gets closer
and closer?
Student 4:

It’s increasing?

Teacher:

It increases, right? So the function gets bigger and bigger as X gets closer
and closer to, let’s say, four. Right? Why does that happen? Yes.

Student 2:

Because you can’t actually reach for it because it’s an asymptote so it’s gets
as close as it possibly can without actually getting to four.

Teacher:

So yeah. Okay. Very good. But a little bit more than that. Why really is it
getting closer? Or why is it getting bigger and bigger? Why do we know the
output is getting bigger and bigger as X gets closer and closer to four? What
happens to the denominator when X gets really, really close to four? What’s
the denominator get really close to here?

Student 8:

I don’t think we know.

Teacher:

Well, how would you find out then?

Student 2:

Zero.

Teacher:

Zero. Why do you say zero?

Student 2:

Because I pulled the four in for the denominator in zero.

Teacher:

If I get really, really close to four, what’s this value right here gonna get
really, really close to?

Student 3:

Zero.

Teacher:

Zero. Whether it’s 3.99. X is 3.99 or X is 4.01 or 4.0001. As I get really
close to X, this gets really close to zero. And this get’s really close to what?
About two. And what’s two times something really close to zero?

Student 9:
Teacher:

Zero.
It’s virtually, zero. Right? It’s very small. What’s the numerator gonna be
at or very close to four?

Student 8:

28.

Teacher:

Is that a hard question?

Student 4:

No.
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Teacher:

Should we be able to look at that? What am I asking you to do here when I
say, “What’s the numerator when X gets really close to four or X is four?”
What do you need to do to figure that out?

Student 4:

Plug four in to the –

[Crosstalk]
Teacher:

Plug four in for X in the numerator to determine what that value is.

Student 8:

It gets close to 28.

Teacher:

It gets close to 28. Okay. So what’s gonna happen to that ratio if the
numerator gets really close to 28 and the denominator gets really, really
close to zero? How many times does something really, really close to zero
go into 28?

Student 8:

A bunch.

Teacher:

A lot. Right? One tenth. How many times does one tenth go into 28? 280
times. How many times does one 100th go into 28? 2,800 times. How many
times does on 1,000th go into 28?

Student 4:

28,000.

Teacher:

28,000 times. So when X gets closer and closer to four, this denominator is
getting really small. So what’s happening to the function value?
It’s increasing.

Student 8:
Teacher:

It’s increasing because the closer I get to four, the smaller the denominator
gets. Right? And the smaller the denominator gets, the more times it’s gonna
divide into the numerator because the numerator is pretty close to what, you
say, 28? Right? And the closer I get to four, the numerator’s gonna stay
really close to 28. But the denominator is getting smaller and smaller. Now,
what about it if I get really, really close to two? What’s gonna happen to the
denominator?

Student 3:

Gonna get close to zero.

Teacher:

It’s gonna get really close to zero. Right? What does this happen if I put in
1.9? What’s this part of it? .1, one tenth times, if I put in two, I get negative
two. So I get negative .2. What if I put in 1.99? What’s this part gonna be?
.01 times something really close to negative two is negative .02. I get a little
bit closer. What’s happening to the denominator? Getting closer and closer
to zero. Part of what I’m doing here is what you will very well need to do
to think about some of these problems. It’s the process of just saying,
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“Okay. If I put something really in there. Okay. What’s gonna happen to the
numerator when I get really, really close to two?”
Student 4:

It’s really close to zero.

Teacher:

It’s gonna get close to zero. So how many times does something close to
zero go into something close to zero? Well, the real answer to that is we
don’t know. We have no idea. So something different is happening here at
two than is happening here at four. Right? And it’s because I have a
common factor in the numerator and the denominator. At that common
factor, when X gets close to two, the numerator and denominator are both
getting closer and closer to zero. And I have no idea what something close
to zero divided by something else close to zero is. If you go on to take
calculus, you will understand that idea a little bit more.
But when I get close to four, the denominator gets close to zero and the
numerator gets close to some constant. So what’s that mean about the output
when the denominator gets close to zero and the numerator gets close to
some non zero constant? What’s that mean about the output? It gets –

Student 8:

Bigger.

Teacher:

Bigger and bigger and bigger as this denominator gets smaller and smaller,
closer and closer to zero. And if I have something that’s getting bigger and
bigger as I get close to value, what is happening there? Well, I’m getting a
vertical asymptote where the denominator goes to zero. Now, let me show
you one other thing. If you would like to join some –

[End of Audio]
Duration: 13 minutes
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Teacher:

Okay. So let’s see here. So in fact or form, I believe we get this right here.
Right? That what everybody got in fact or form? Okay. Some of you may
not have factored the two out but it really makes things a lot easier if you
can factor that constant out to begin with.
Okay. So let’s see. What, if any, are horizontal asymptotes are there?
Anybody find a horizontal asymptote? There’s no horizontal asymptotes?

Student 1:

Isn’t it two?

Teacher:

Okay. Two. Okay. Okay. Yeah. I think that’s right but what would be a little
more correct way of saying that? How do we wanna refer to asymptotes? Is
an asymptote just a number? What is an asymptote? Is it a parabola?

Student 2:

It’s a line.

Teacher:

It’s a line. So when we refer to them, we wanna refer to them in terms of a
line. So a horizontal asymptote, is that gonna be X equal or Y equal? On a
horizontal line, is the Y always the same value on that horizontal line or the
X always the same value? The Y. So you’re exactly right. The Y intercept
– or sorry. The horizontal intercept is Y equal – the horizontal asymptote is
Y equal two. Right? How do we know that? Anyone? Why would you say
that the horizontal asymptote is two or why do you think he thinks the
horizontal asymptote is two?

Student 3:

Leading coefficient.

Teacher:

It’s a leading coefficient. Okay. So is there anything special about when it
is or isn’t the leading coefficients? What has to be true of the rationale
function so that you know that the horizontal asymptote is the ratio of the
leading coefficients?

Student 4:

Same degree.

Teacher:

They have to be the same degree or these two, is the numerator and
denominator here in the same degree? Yes. Now, let me just give a little bit
of reasoning why that’s the case. I didn’t do this last hour but I think it might
help here. Let’s look at this top point. Now, horizontal asymptotes are really
about what? Where do you determine if something has a horizontal
asymptote? They’re really about end behavior. Horizontal asymptotes are
about what happens to the function when X gets really big positively or
really big negatively. Does it get closer and closer and closer to some
constant number? Okay. Does it basically become a line? Almost. Right?
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So horizontal asymptotes are about end behavior. We really don’t care what
goes on in the middle. Okay? It’s only about when X gets bigger than some
number. Now, for different function that number’s gonna be different. So
when we were talking the other day about polynomials and end behavior,
remember, we had that table and we said that it was like two X to the fifth
plus a bunch of other terms? Right? And we looked at how much two X to
the fifth contributed to that whole sum of all those terms compared to how
much everything but the two X to the fifth. And what did we find out? When
X got kinda big, how much did the non leading terms contribute to that sum?
Student 1:

Not much.

Teacher:

Very little. In fact, in 1,000, it was .15 percent. Less than two fifths of 1
percent were contributed by the fourth degree plus the third degree plus the
second degree plus the first degree terms. 99.84 percent was contributed by
the two X to the four. And so what that really told us was that when we look
at end behavior, the lower degree terms really don’t matter. It’s just the
highest degree terms. So when I look at this thing, this, when X gets really
big – I’ll just put X big here. This thing is approximate equal to two X
squared over X squared. The ratio of the leading terms. But can I cancel
something out here?

Student 1:

X squared.

Teacher:

I can cancel the X squared out and I’d get two over one. Well, where did
the two come from? It came from the leading coefficient in the numerator.
Where did the one come from? It came from the leading coefficient of the
denominator? But that’s only gonna happen when all the Xs of the leading
terms cancel. Right? And what has to be true about the two polynomials for
the leading Xs to cancel? All of them. If I had an X cubed and an X squared,
would all the Xs cancel? No.
The degree has to be the same for it to end up just being the ratio of the
leading coefficients. Because I know when I’m looking at end behavior, this
whole thing is gonna look – it’s gonna be relatively indistinguishable from
this thing because these lower degree terms don’t make much difference.
Less than a tenth of a percent difference. Not much when X gets really big.
And the bigger X gets, the less they contribute.
Okay. So the reason that I know it’s a horizontal asymptote is the degrees
of the polynomial or the two polynomials making up the rational function
are the same. And so the horizontal asymptote is the ratio of the leading
coefficients. And the reason that works is exactly what we just talked about
because those are the lower terms, don’t really add much when we’re
looking at end behavior. And horizontal asymptotes are about what’s going
on in the function out away from the origin of both directions. Yes.

149

Student 2:

So if they don’t have the same degree like X squared, X squared, if it’s X
squared and X cubed, does that mean there is no horizontal asymptote?

Teacher:

Well let’s look at something that the leading coefficients are something like
this. Okay. So we’re saying that we have some P of X over Q of X over
here. And the leading coefficients just happen to be these two things. Now,
what’s that gonna reduce down to?

Student 2:

Two X over five.

Teacher:

Two X over five. And what happens to this thing when X gets really big?

Student 2:

The top number or the whole thing?

Teacher:

The whole thing.

Student 2:

It gets large.

Teacher:

It gets big. Right? Goes to big. So what does that mean about a horizontal
asymptote?

Student 2:

It gets big.

Teacher:

Well, a horizontal asymptote is horizontal and if the function’s getting
bigger and bigger and bigger, is it approaching a horizontal line? No. Right?
In other words, it means there is no horizontal asymptote. Okay. Let’s flip
that over. What happens if we have five X squared over X cubed? What
does that reduce to? Well, five over X. Right? Oops. I forgot the two in
there. Now, when X gets really, really big, what happens to this?

Student 2:

Small. Really, really small.

Teacher:

This goes to zero. Now, notice whenever the degree of the denominator is
bigger than the degree of the numerator, you’re gonna get something like
this with no X in the numerator and only Xs in the denominator. And the
bigger Xs get, the closer this thing gets to zero. So the function, as X gets
bigger and bigger, gets closer and closer and closer and closer to zero. So
it’s flattening out and laying right down on the X axis.
If I’m in this situation where the degree of the numerator is bigger than the
degree of the denominator, whether it’s way bigger or just one bigger, I’m
gonna get something like this. This is gonna get big whether this is an X, an
X squared or an X cubed or an X to the 100. Right? As long as there’s no
Xs in the denominator. So whenever the numerator is bigger, this ratio, once
I cancel my X out, is always getting big. Whenever the numerator degree is
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less, this ratio is always getting small to zero. Okay? Does that help some?
Okay.
Okay. What are the vertical asymptotes? Oops. Here we go. Of this thing?
Student 5:

Two and negative three.

Teacher:

Okay. So vertical asymptotes. So how would those be talked about in the
equation form? Horizontal was Y equals – what did we say? Y equal two so
what are the verticals gonna be?

Student 5:

X equals two and negative three.

Teacher:

Let’s see. Okay. Any comments on that? How many of you agree that X
equal negative three is a vertical asymptote? How many of you disagree?
Okay. Would anybody like to expound on that? Yeah?

Student 6:

It’d be four, I think.

Teacher:

Okay. So this is an easy point to get a little bit confused. Is you were finding
the zeros of the –

Student 5:

I read the wrong part.

Teacher:
Student 1:

Oh, you read the wrong part. Okay. Okay. The vertical asymptotes occur at
the zeros of the …
Denominator.

Student 3:

Denominator.

Teacher:

Denominator because that makes the function undefined. Okay? The zeros
of the function occur at what? What makes a fraction zero? Somebody tell
me a fraction that’s equal to zero.

Student 2:

Anything with numerators or anything where the numerator is zero.

Teacher:

Anything where the numerator is zero. So if I wanna find the zeros of this
thing, I have to find the values of X that make the numerator zero. It’s a
little bit more to this as we go along though. Okay. So we had X equal,
what? Four and two? Okay.

[End of Audio]
Duration: 14 minutes
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Teacher:

…equal, I believe, 2, be graphed.
Now, because I have a Y intercept it was nice because plugging in one here or zero
here, this makes the arithmetic a little bit easier. Right? But if this was the point
negative two, negative 6, I would just have a negative 2 here, a negative 2 here, a
negative 2 here. Wouldn’t make any difference. The fact that it’s a Y intercept just
makes it a little nicer, but it could be any point.
Want to talk a little bit about – I’m okay here – about inequalities. Let me go back
to another sheet here. What do we need to know about the graph of a function F?
Or what do we know, not what do we need. What do we know about the graph of a
function F if F of x is greater than 0 on this interval? What do we know?

Student:

[Inaudible] [00:01:29]

Teacher:

Pardon? It opens down. Why do you know that?

Student:

[Inaudible].

Teacher:

Okay. When you’re doing inequalities, the most important thing at the beginning is
to draw the picture. What’s the picture of this thing gonna look like? Let’s see.
Here’s negative 1 and here’s 5. It says F of x is greater than 0 on that interval so
what’s it got to look like? Greater than 0 means what? Means what graphically?

Student:

[Inaudible].

Teacher:

Above the X axis, right? All Y values, all outputs are greater than 0 above the X
axis; all outputs are less than 0 below the X axis. So I know right away that this
thing looks like this. Right away, I know that. What else do I know? What can I
write down about the formula’s function from this picture? Do I know the vertex?
No. Does that formula work very well. Probably not. I know the zeros, right? If this
thing is greater than 0, between negative 1 and 5, it’s actually gotta be 0 at negative
1 and at 5. Right? If it’s greater than 0 on this interval and nowhere else, it’s gotta
be either 0 or negative everywhere else. The only way to get from positive to
negative is to cross the axis. Right away, I know this thing looks like that. Just like
being told that it’s greater than or equal to 0 on an interval.
Again, the information given symbolically, I need to connect that to the picture.
And it’s very powerful to work with both of them together. That’s very important.
That’s one of the things we know. We know the zeros and we know where the
parabola is above the X axis and where it’s below the X axis.
That said, what do we need to know about a function F to determine where it’s
above or where it’s greater than 0 or less than 0? What do we need?
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Student:

[Inaudible] [00:04:35].

Teacher:

We need the X intercepts. How do you find zeros?

Student:

[Inaudible].

Teacher:

Set what equal to zero?

Student:

The equation?

Teacher:

The equation. Not the inequality. You set the equation equal to 0. You need to solve
the equation not the inequality. Let’s just take a look at this particular one.
We want to find where this is true. I’m gonna even forget about it being an
inequality and all I’m gonna do is I’m gonna go over here and I’m gonna say –x2 +
x + 6 = 0. I’m gonna solve that equality. Whenever we’re dealing with inequalities,
and I know this may be different than what you were taught previously, but if you
go with the route of what you were taught differently, half of you will not be able
to do that process correctly. I can almost guarantee that. I’ve been doing this for a
while.
All I really need to do is solve this. How can I solve this? Equals. Factor it. Again,
the first question I ask is how can I get a –x2 by multiplying the first times the first?
I need one x and one –x. How can I get a positive 6? I can do a 6 times a 1 or a -6
times a -1, or I can do a 2 times a 3 or -2 times a -3. What can I put in there to get
the correct middle term? If I put 3 here – let’s just try it. If I put a 3 here and a 2
here, I’m gonna get a –x2; I’m gonna get -2x plus 3x is gonna give me a plus X plus
6, so that must be correct.
So there’s no reason for you ever to get the factor form incorrect – the factoring. I
shouldn’t say factor form because there is a little bit – because all you have to do is
multiply it back out and see that it’s correct.
What I know then is x + 2 = 0 or –x + 3 + 0. So here x = -2 and here x = 3. Again,
combine the symbolic with – thank you – with the graphical. I know those are the
zeros. What else do I know here. There’s my equation.

Student:

[Inaudible] [00:08:20].

Teacher:

It opens –

Student:

Up.

Student:

Down.
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Teacher:

What’s my sign of my leading coefficient?

Students:

Negative.

Teacher:

So it opens –

Students:

Down.

Teacher:

– down. So this goes like this. Where’s that thing less than 0? It’s less than or equal
to 0 from this point out to infinity. Right? And from this point – or minus infinity
– out to infinity. This is true from minus infinity to -2, and because it’s an ‘or equal
to,’ I include those ends points, union 3 to infinity. There’s my solution. It’s easy.
All I have to do is solve the equation. Make it an equality and find the zero. Then
use stuff we already know. Sketch a little graph and go from there.
The most disappointing thing to me when I grade exams is the lack of any pictures.
Everybody wants to be able to read the problem and write down the answer. That’s
really not very productive, most times. Combine the two representations.
I wanna show you one other thing, here. I wanna come back and look at this one
here. The problem with this inequality is if I get that to be 0 on one side, I’m always
gonna wonder should I be reversing the equality? What should I be doing here? So
let’s not even bother with that. Let’s just write it an as equality: -3x = 9 - 12x2.
I don’t care. We’re just solving the equality now, so we don’t have to worry about
the direction of the inequality symbol. I always like my leading coefficient to be
positive, so I’m gonna add 12x to both sides minus 3x minus 9 equals 0. What
should I do now? What did I say was always the first step in factoring? Look to
factor out a single term. What’s common to this? It makes the other part of the
factoring much easier.
Now I have 3 times, well, let’s see. I could either put a 4 times a 1x in here or a 2x
times a 2x. I don’t know. Let’s try a 2x and a 2x. And if I minus 3 – I don’t think
that’s gonna work, is it? You can try this, but if this is minus 3 then this has to be a
plus 1, and my middle term’s gonna be minus 5 or minus 4, I believe.
Let’s go on and try the other one. First term could be 4x and the first term in the
second could be an x. If I put, let’s see, a minus 1 and a plus 3, is that correct? Is
that gonna give me the right middle term? Am I gonna get a minus x here? I get
three Xs minus four Xs is gonna give me a minus 1x. That’s always my [inaudible]
[00:12:16].
Is this in factored form?

Student:

No.
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Teacher:

Technically, what is factored form? Factored form is a(x – r) (x – s). Is that in that
form?

Student:

No.

Teacher:

Not quite, not technically. I’m only pointing that out. It’s irrelevant to solving this
problem, but this is something I just wanted to talk about. What I would have to do
is put this in this form is I would have to say okay, I’m gonna factor a 4 out of here
and that’s gonna be x plus – well, if I factor a four away from 3, what am I gonna
be left with? How about ¾? Right? Because when I multiply the 4 back through,
what’s gonna happen? 4 times x is gonna give me 4x. 4 times ¾ - well, four
[inaudible]. Then this one is x minus 1. Technically, in factored form, this thing
looks like this. It’s always 1x. I did wanna bring that point up but that’s not a big
issue.
Let’s go back up here. Let me get another sheet of paper. The solutions to this are
x = -3/4 and x = 1. I wanna draw a little graph. Here’s 1 and here’s -3/4. Now, the
trouble is is do I know whether this thing opens up or down?

Student:

It opens up.

Teacher:

Well, it’s a little hard to tell because, again, I have part of each side of the inequality
symbol. That makes it a little bit difficult. I know that this function crosses here and
here, right? How about I just build a little table and say I’m looking at the intervals
minus infinity to minus ¾. I’m looking for minus ¾ to 1. Then I’m looking from 1
through infinity. This is a very, very common practice in mathematics, building a
table here and testing.
This is gonna be my test point. I’m gonna use minus 1 here because it’s inside that
interval. I’m gonna use 0 here because it’s inside that interval. And I’m gonna 2
here because it’s inside that interval. Now, all I have to do is go back and test each
of those points in my original inequality. If I put 0 in here, is this thing true? If I put
0 in there is that a true inequality? Is that a hard question? What do I get on the left
side?

Students:

Zero.

Teacher:

Zero. And on the right side?

Students:

9.

Teacher:

Is 0 greater than or equal to 9?

Students:

No.
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Teacher:

No. So I know that it can’t be true in that interval. If I put 2 in here I get negative
6. Here I get negative 48 plus 9, is gonna be like negative 39. Is that true?

Students:

Yes.

Teacher:

Yes. If I put a negative 1 in there, is it gonna be true? Yes. So the solution is minus
infinity to minus ¾ - is it an equality or? Yes. So I need to put brackets on it. 1 to
infinity.
Either of those methods work. You can either think about the leading coefficient,
but that gets a little scrambled when you have parts of the equation on both sides
of the inequality. This is something we will come back to later on.
We will see you on Monday. I’ll put these up online in the, I think, class activities
or something, somewhere in the course information [inaudible] [00:17:43].

[End of Audio]
Duration: 18 minutes
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Teacher:

So, here is the inequality, No. 12. How do we wanna solve inequalities?
Turn it into an equality. So, it looks to me like what they did is turned it
into, by adding 1 to both sides, this equality. And it looks like they’re gonna
try to factor this. They factored out a -4. Then they factored it, and so…
Well, gee, how did they go from here to here? How did they get that last
thing there? Why are we solving the equality?

Student 1:

To find the 0’s.

Teacher:

To find the 0’s. Well, it looks like they have a nice little picture up here.
Here’s the (0, -3) and here’s the (0, 1). They drew the parabola opening
upside-down. Is that okay? How do I know it opens down?

Student 2:

Because of the -4.

Teacher:

Because of the -4 up here. So now, I want to figure out where on this graph
is this thing true. Is it the part that’s above the x-axis, or is it the part that’s
below the x-axis? And all I really need to do is what? Maybe pick a test
point? What would be a good value to try to test it? What would be a good
value?

Student 3:

0.

Teacher:

0. 0 is a pretty good value, right? So, basically, we’re gonna test if 0 makes
this true, what do I know? If 0 makes my original inequality true, what do I
know about the solution? It’s in this interval, right? Does 0 make this true?

Student 4:

No.

Teacher:

No. So, that means that between -3 and 1 does not work in there. And we
can also pick points either, for example, 2 would be a good one and -4 and
test it. We can make a table kind of situation.
I wanna move.

[End of Audio]
Duration: 3 minutes
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Teacher: Okay, so I wanted to also go through the solution to No. 12. No. 12 is the one where we
have to solve this quadratic inequality. And remember, the first step always, in this class, for
solving an inequality, the very first thing we’re going to do is solve the equality. Okay?
So, this group set this equation right here, solved it, and set it equal to 0. So, they moved this to
the other side and then replaced the inequality sign with an equal sign so that we can solve the
equality.
From this right here, from this factored form, we find that the x values that satisfy this equality are
-3 and 1. So, now that we know those two values, we know two different values that lie on the
graph of this function right here. We know the x-intercepts because when you plug in -3 and 1, the
output that you get is 0. So, from that, we know that this point right here, (-3. 0), and this point
right here, (1, 0), both of those have to be on the graph of our parabola.
And we know one additional piece of information. We know that this parabola has to open down
because we have this negative sign right here. So, if we have a negative leading coefficient, the
parabola opens down, so we have a shape that looks about like that.
So, now that we have a picture, we can go back and find the corresponding solution set to the
inequality. For our inequality, we want to figure out where this function is less than 0, so we want
to know all of the x values we can plug in to make this function less than 0, under the x-axis. So,
that’s going to include all the numbers from negative infinity up to -3 and the numbers from 1 up
to positive infinity.
Then, we have to determine also whether or not we should actually include -3 and 1 in our solution
set. Because right here we have an inequality, a less-than and not the less-than-or-equal-to, we
won’t actually include those points in our solution.
So, something that’s interesting to take away from this is, does it matter whether I draw my picture
like this or like this or like that? Does that change the solution set to this inequality? No. So, we
don’t need to know exactly what the function looks like. You don’t have to go through and graph
the function perfectly. All we need are where are the 0’s and whether it opens up or down because
once we have any of these three pictures, we’re able to find the solution set from any of them.
Any questions on that or anything to add? No? Okay.
[End of Audio]
Duration: 4 minutes
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Teacher:

Minus 8. And so we're given the function, and we're asked to solve the
inequality, F of X is less than or equal to zero. Or in other words, negative
2x squared plus ten 10x, minus 8 is less than or equal to zero. So we want
to first do this by using the graph. So that’s a little bit easier to maybe see
visually how we can solve this, and then we’ll extend that to just solving it
symbolically. So let’s say the graph – if we were given the graph. That’s
going to look something like this.
Or if we were given the sketch of the graph, it would look something like
this. So I want to know, given this graph, can we solve this inequality. First
of all, what does it mean to solve in inequality, or to solve an equation?
What do we mean when we say solve this? What are we looking for?

Student 1:

The X intercepts.

Teacher:

So in this case because we have a zero over here it would be X intercepts.
In general, how would you describe what it means when we ask you to
solve?

Student 2:

How did you get that?

Teacher:

How did I get it? So I'm saying assume you were provided the graph.

Student 2:

Oh.

Teacher:

So using the graph here, we're going to solve this inequality. And then we’ll
talk about what to do if we weren’t given the graph. So again, what does it
mean to solve?

Student 3:

If the X comes in different variables?

Teacher:

So to find the X values. To find the X values that do what? For example, if
I asked you to solve X squared equals 4, what would your answer be?

Student 2:

Well, just when you are trying to get both sides of the equation.

Teacher:

Exactly. You're looking for the X values that will make this statement true,
right. I could say X equals 1, but that’s not a solution because if I plug that
back in, that’s not a true statement. So it's really just asking for what x
values, when we say solve, that just means what X values make the
statement true. Right?
So if I had something – so we should be able to plug them back in, and it
should be a valid statement. So here I would have two solutions, X equals
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2 and X equals negative 2, right? If I just had 2x equals 4, I would only have
one solution. How many solutions will I have for something like this?
Student 1:

Two.

Teacher:

I'll have two solutions for when it's equal to zero, that’s what my graph says
at least. What about when I have an inequality? We're going to have a range
of values that interval. So it will normally be – here we're going to have our
solution will actually be a whole range of values. Right, because in order to
be less than zero, the function could be equal to negative 1, or negative 7,
or negative 3.
Any of those values will still make this statement true. So here we're
actually going to look for some interval of values that will satisfy this. So
that being said, how can I use the graph to see where this thing is less than
or equal to zero? So again, we're looking for X values that will make the
function less than or equal to zero?

Student 2:

You can look at all the values below the X value.

Teacher:

Right. So I want to know which X values have the function value below the
X axis. So for me, like for this graph, that’s everything all of these X values
will give me the correct thing, and all of these X values will give me the
correct thing. So I have two intervals, the entire interval below 1, and the
entire interval above 4. And so I would write this as negative infinity up to
1, and then 4 up to infinity. And how do I want to close these off?

Student 3:

[Inaudible] [00:04:18] or brackets.

Teacher:

Brackets because it's an or equal to, right? So that is my solution side right
here. So again, it's not just X equals 1 or X equals 4, any of these values if
I plug it in, it will be a number – a negative number, and so it will satisfy, it
will make this statement true. But if I plugged in 2, I would get some
positive value, which wouldn’t work. That’s why we exclude everything in
here. Okay? Any questions on that so far? Yeah?

Student 1:

In the book, it is showing that there is like three of them, is that like the
different types of problems?

Teacher:

What do you mean three of them?

Student 1:

Like, there's three, so like they had like the negative infinity to 1. And then
they have 1 to 4, and then they have 4 to infinity.

Teacher:

Yeah. So when you – so we first found – we first identified these values,
what's special about 1 and 4, as far as this equation is concerned?
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Student 2:

The X [inaudible] [00:05:18].

Teacher:

The X [inaudible], so it's when it's equal to zero. So if we find where it's
equal to zero and that breaks up the number line into three pieces, and we’ll
always be choosing which of those pieces we want to include in our solution
side. So if the question was where is not equal to zero, then we would
include all three intervals and just leave out those points. Okay? So what if
we were now given just the function, so we're not given the graph? So we're
given this and we want to solve the inequality G of X is – now let’s make it
greater than or equal to zero.

Student 1:

Can you like go find the factor 4?

Teacher:

I can still find the factor four because that gives me what?

Student 2:

The X intercept.

Teacher:

The X intercept, so that gives me where it is equal to zero. So whenever I
have it in inequality, I want to forget about the inequality for a second, and
just worry about where it's equal to zero, right? I first identified the points
where it was equal to zero here, then I figured out who I want at the inside
part or the outside intervals, right? So we do the same thing here. We solve
the equality first. And this is not at all specific to quadratic, so whenever we
get to more inequalities keep this kind of pie in mind.
And then like you said, when we want to find where this is equal to zero,
that’s putting it into factored form. So we can first factor out the 2, because
for factored form we're supposed to just tell the constant outside and then a
leading term of 1. I can do this. And then can anyone see how this will
factor? So I need a 1 and a 2, which one is –

Student 1:

Minus 1.

Student 2:

Minus 2.

Student 3:

Minus 2.

Teacher:

Minus 2, so that I'll end up with and plus one, right? Because then I'll have
minus 2x plus X gives me the negative X here. So my solutions are negative
1 and 2. But again, what are these my solutions for?

Student 1:

When it's equal.

Teacher:

When it's equal to zero. So how can I find out – so again, when it's equal to
zero that splits the number line through those three intervals, how do I know

161
which intervals I want to include?
Student 1:

Anything greater than zero.

Teacher:

So I want any interval that has values that give me greater than zero, so I
can just make a little number line, and test a couple values and see. So what
we can do – and this is what – this is the symbolic method, because we're
still using, just using the function. So what I'm going to say is: okay, well,
I know that my real line, my X values are portioned up into the numbers
less than negative 1, the numbers between negative 1 and 2, and then the
numbers greater than 2, okay?
And I know it's equal to zero at that point. So I want to know is it positive
or greater than zero in between or on the outsides? And so if I pick one value
here and it's positive, then all of these values have to be positive, because I
can't switch to negative, unless I've gone through a zero. So I can just pick
any test value, so what would be a nice value in between negative 1 and 2?

Student 1:

Zero.

Student 2:

One.

Teacher:

Yeah, zero or one, either one of those would be nice, maybe negative 2, and
then 3. So like I said these are called our test values. And so all I need to do
now is plug each one in here and see do I get less than zero or greater than
zero, negative or positive, and that will tell me if I want to include that
interval in my solution set or not. So if I pug in – oh, sorry, it was a G wasn’t
it? If I plug in negative 2, I'm going back to my original equation. I have
negative 2 squared minus 4.
And so here I'm going to get negative 2 squared is 4, 8 plus 4, minus 4. So
we get a G of negative 2 equals 8, which I really don’t care that it's 8. I just
care that it's greater than zero. So that means on this interval, I'm getting
positive values. Yeah?

Student 1:

Wouldn’t you [inaudible] [00:09:51] because of those [inaudible]?

Teacher:

Yes. I will come back to that idea in another second, that’s good, yes. So
that’s what we call the graphical method. We can use that to visualize what
the graph will look like. But this one is really important to know because
once we get past quadratic functions to things that are a little bit more
complicated, it's harder to maybe visualize the graph, but this method will
always work. So this is a really good one to know going forward. So if I
continue and try G of zero, what will I get if I plug in zero?

Student 1:

Negative 3.
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Student 2:

Negative 4.

Teacher:

Negative 4. And that one is less than zero. And you can try this on your
own, but by symmetry actually we're going to get 8 again at 3, which is
greater than zero. So what do I want to include in my solution set? The
outsides, right, because I wanted positive, or greater than or equal to zero,
so again I want all of this. Okay? So my solution set is therefore negative
infinity to negative 1, and 2 up to infinity.

Student 2:

I have a question in the second step of factor forming.

Teacher:

Right here?

Student 2:

Yeah. What happened there?

Teacher:

So I just – so factor form is supposed to just be a single X plus or minus the
value of single X. we don’t want any 2 in there. So we factor the constant
out first, and then we’ll be able to read the X intercepts right off. So I just
factored, like if we were to put this back, I would get 2x squared minus 2x,
minus 4. I just divided each term by two.

Student 2:

I see.

Teacher:

And I knew it had to be 2 because of [inaudible] [00:11:40].

Student 2:

What if 2 minus 1is like 4 minus X –

Teacher:

So if this had been 5x, now it would be 5 has X.

Student 2:

So I just make the equation [inaudible]?

Teacher:

Yeah, but the important part is the 1 out here.

Student 2:

Okay.

Teacher:

So yeah, so like I said this is the symbolic method. And then we also have
the graphical method. And what that means is basically just get a sketch like
this, right? So once we've gotten these two pieces of information, we know
that the graph, it's going to cross the graph at negative 1, and at 2. And so
now it's just a question of does our function look like this, or does our
function look like this? Those are the only two options, and which one is it?
Opening down or opening up?

Student 3:

Up.
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Teacher:

Opening up because of the positive leading coefficient. So once I've found
this value, these two values, I'm done because I know this looks like that,
and so if I want where the function is positive, I need everything out here.

Student 1:

Wait. Can you say that again? Like, so how do you know if it's positive or
facing downward or facing upward?

Teacher:

So [inaudible] [00:13:00] jump in there. How do we know that it looks like
this one and not the dotted line?

Student 2:

The leading coefficient.

Teacher:

The leading coefficient. So we were dealing with this function, the leading
coefficient was positive. And we don’t care if it looks like this or like that.
We don’t care how stretched it is. We just care about which side is it, when
it is below the X axis and when is it above the X axis? And so we get the
same answer here. So again, with quadratics, if you can just easily sketch
the function, this method works really nicely, but this one is also super
important moving forward to more complicated functions. So are there any
questions on either of those?
Okay. So then the last thing I wanted to say, on the activity, you also have
a question where instead being given the equation and asked for the solution
set, you were given the solution set and asked to find a potential function.
So let’s just really quickly look at an example like that. So let’s say we know
that we have some function H of X, which is positive or negative 3 to 4.
What could H of X be, if this a quadratic function? So what is this – what
do these two numbers correspond to?

Student 2:

The X intercepts.

Teacher:

The X intercepts, that’s going to be where my function was equal to zero.
So automatically I know that my function H of X is going to cross at
negative 3 and at 4. And so again, it's just a question of will my function
look like this, or it will look like this? And this time we can't tell by the
leading coefficient. This time we're trying to say: okay, well, it's supposed
to be positive, if I'm between negative 3 and 4, so which one do I want?

Student 2:

The downward facing.

Teacher:

The downward facing one because this one, the positive part is right there.
And so if I try to write down an equation, first of all what form will I
probably want to give my equation in?

Student 2:

The factored.
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Teacher:

The factored form because this was the information I was given. So if I have
a choice, I'm going to just use the simplest form. So I know it's going to be
X plus 3 and x minus 4. And then how do I know what my H should be?
Well, it said on the activity a possible function, because what's the only
requirement that I have for A if it's going to match this picture?

Student 3:

So you just plug in a number.

Teacher:

Well, I want – we said we wanted my parabola to look like this, which
means A is?

Student 3:

Negative.

Student 1:

Negative.

Teacher:

Negative. So H of X could be just negative X plus 3 or negative 27x plus 3.
It doesn’t matter; any of these functions would be okay, as long as we have
a negative out here, and these X intercepts. So that’s how we would kind of
move backwards for that other one that was on the activity. Okay? Are there
any questions on that? Okay. So again, kind of key steps here. So first of
all, if we're trying to solve an inequality, what's a good step, the first step
always? If we want to solve any inequality, the easier pace is to solve the
inequality to get our boundary points.
And then test points or sketch a graph to figure out which intervals in
between. And I'll say one other thing and then I'll let you go to work. If we
were given something that looked like this instead, solve X squared minus
4x plus 2 is less than or equal to 7, what might be another good first step?
Move the seven over, so that I have a zero on this side, right? So this
statement is exactly the same as –I mean, that whatever X values will make
this true, will also make this true. And once I've gone here, well now I just
change it to an equality, but we always like out quadratics to be equal to
zero. And that’s over there, and right here, okay?
That’s just one other thing to keep in mind. Alright, so hopefully this will
help you when you get to today’s activity, but I know I used up quite a bit
of time here, so we’ll kind of see where you all are at the end of class, and
then I'll tell you what you need to complete for tomorrow. Okay? Alright,
so go ahead and turn around and try to work in the same groups you’ve been
working in.

[End of Audio]
Duration: 18 minutes

